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Free boundary regularity and support propagation in mean field
games and optimal transport

Pierre Cardaliaguet * Sebastian Munoz Alessio Porretta *

Abstract

We study the behavior of solutions to the first-order mean field games system with a local coupling,
when the initial density is a compactly supported function on the real line. Our results show that the
solution is smooth in regions where the density is strictly positive, and that the density itself is globally
continuous. Additionally, the speed of propagation is determined by the behavior of the cost function
near small values of the density. When the coupling is entropic, we demonstrate that the support of the
density propagates with infinite speed. On the other hand, for a power-type coupling, we establish finite
speed of propagation, leading to the formation of a free boundary. We prove that under a natural non-
degeneracy assumption, the free boundary is strictly convex and enjoys C'*! regularity. We also establish
sharp estimates on the speed of support propagation and the rate of long time decay for the density.
Moreover, the density and the gradient of the value function are both shown to be Hélder continuous up
to the free boundary. Our methods are based on the analysis of a new elliptic equation satisfied by the
flow of optimal trajectories. The results also apply to mean field planning problems, characterizing the
structure of minimizers of a class of optimal transport problems with congestion.

Keywords: self-similar solutions; degenerate elliptic equations; intrinsic scaling; displacement convexity;
Lagrangian coordinates; free boundary; mean field games; Hamilton-Jacobi equations; continuity equation.
MSC: 35R35, 35Q89, 35B65, 35J70.
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1 Introduction

In this paper, we analyze the following first-order system of partial differential equations in the unknown scalar
functions (u, m):

{—ut +iud = f(m) (z,t) €Rx (0,7), an

my — (mug), =0  (x,t) e Rx (0,7), '

where f is an increasing function. Systems such as appear in the theory of mean field games (MFG
for short), which describes Nash equilibria in differential games with strategic interactions between a large
number of agents ([19, 20]). In that context, m represents the distribution density of a population of infinitely
many indistinguishable agents, while u is the value function of any generic agent, whose running costs depend
on the density distribution m.

The system shall also be complemented with initial and terminal conditions, which can take the form of a
given initial distribution mg and a final pay-off for the agents, which may itself be dependent on the density
of the population at the final time. In that case, the complete form of the system is as follows:

—ug + suZ = f(m) (z,t) e Rx (0,T)
me — (Mug), =0 (z,t) e R x (0,T) (MFG)
m(z,0) = mo(z), uw(z,T)=g(m(z,T)), =R

In (MFGJ), any such agent, typically represented by a dynamical state x(¢), optimizes some cost given by the
kinetic energy plus a congestion cost depending on the distribution of mass, that is,

. 1.
u(w,t)=ﬂtm;%{wt)=x /t 5|v(s>|2+f(m(w(s%s))ds+g(m(v(T)7T))-

In turn, the density evolves according to the optimal feedback control of the agents, (—u,). At equilibrium, the
value function of any single agent, and the density distribution of the population, satisfy the system
coupling the Hamilton—Jacobi (HJ) equation for u with the continuity equation for m.

Alternatively to prescribing a final cost, one may instead prescribe both the initial and final distributions
of the agents. This is the so-called mean field optimal planning problem, which takes the complete form:

g+ Lu2 = f(m) (2.8) € R x (0,T)
my — (Mug)y =0 (z,t) e R x (0,7) (MFGP)
m(z,0) =mo(x), m(z,T) =mp(z), z€R,
for some prescribed mass distributions mq, mr.
In this latter case, the system (MFGP]) can also be viewed as the first-order optimality conditions of an

optimal transport problem on the Wasserstein space of measures. In this context, one seeks to minimize the
functional

T T _ =
B(m,v) = / / 1 lv|2dmdt + / / F(m)dxdt subject to me — (vm)z =0 (1.2)
0 JRA 2 0 JRd m

(0) = mo,m(T) = mr



where F(s) = f; f(r)dr. This problem appears as a generalization of the dynamic formulation of the
mass transport problem (cf. [4]). Indeed, the classical dynamic version of the Monge-Kantorovich problem
corresponds to the case f = 0, whereas the resulting optimizer m(t) is the geodesic, in the Wasserstein space,
that connects mg and myp. The function u appears from the dual formulation, and «(0), «(T") are the so-called
Kantorovich potentials. Classical monographs on optimal transport theory are [I}, [32] [36]. The additional cost
term F'(m), which is convex whenever f is increasing, can be interpreted as an incentive to avoid congested
areas. Similar optimal transport problems with congestion have been widely investigated in the literature,
including their connection with MFG theory, since the solution of provides the minimizer (m, u,) of
B; see, for example, [2] 9, [I8], 2T} [30].

Since the courses given by P.-L. Lions at Collége de France, devoted to MFG theory, it was observed
that the increasing character of f would produce a regularizing effect in the solutions (u, m) of system ;
indeed, the first order system can be reformulated as a single degenerate elliptic equation for u in the space-
time variables (|25]). The approach suggested by Lions was recently developed and extended in [27], 28] 29] [31].
So far, in arbitrary dimensions, it is well understood that solutions are smooth under the blow-up assumption

lim f(m) = —o0, (1.3)
m—0t
provided that the marginals mg, mr are (strictly) positive, say for positive measures on a compact domain
(e.g. on the flat torus) or for Gaussian-like measures on the whole space. It was also established in [27]
that, for the one-dimensional case, assumption may be removed, thus requiring only the positivity of the
marginals.

Much less is known about what happens in case of compactly supported marginals. Regularizing effects of
the type L' — L° have been proven to hold (see |21 [31]), but the propagation of the support of the solution,
and even basic matters of regularity such as the continuity of the density, have largely remained open issues.

The purpose of this article is to investigate this question in the one-dimensional case of the space variable:
we address both the case of finite and infinite speed of propagation of the support of initial measures. Roughly
speaking, those two cases correspond to two model choices for the coupling function, namely f(m) = m? for
some 6 > 0, or f(m) = log(m). In the latter case, there is infinite speed of propagation, and the solution
starting with compact support becomes instantaneously positive and smooth. By contrast, when f(m) = m?,
we observe finite speed of propagation, and the solution evolves with compact support. This leads to new
interesting questions concerning the study of the free boundary d{m(¢) > 0}, which is the main focus of our
paper.

By way of analogy, which is also natural from the optimal transport viewpoint, for f = log(m) the evolution
of m is reminiscent of a nondegenerate diffusion, such as the heat equation. On the other hand, the case of a
power nonlinearity f resembles the behavior of degenerate slow diffusions such as the flow through a porous
medium (see [35]). This analogy becomes more compelling as in fact, when f(m) = m?, we exhibit a family of
self-similar solutions which evolves from a Dirac mass into a compactly supported measure. These solutions
are given by the formula

m(z,t) = 7 (R_O‘(lga) (;)zx/g, azﬁ, (1.4)

which is strongly reminiscent of the famous Barenblatt solution for the porous medium equation [3]. The
behavior exhibited by this class of compactly supported solutions serves as a prototype for our analysis of
problems (MFG)) and (MFGP). In order to describe our main results on the propagation of the support and
the characterization of the free boundary, we assume henceforth that

fm)=mf, 6>0, (1.5)

and that the initial measure mg is a continuous, compactly supported, probability density, with a bump-like
shape:

1
{mo > 0} = (ag,bp) and Fdist(x, {ap,bo})* < mp(x) < Codist(z, {ag, bo})*°, (1.6)
0



for some ayg, Cy > 0. In order to keep our main statement in a simpler form, we will assume here a consistent
condition on the terminal density, in case of problem (MFGP)),

{mr >0} = (a1,b1), and Cidist(a:, {a1,b1})* < mr(x) < Cydist(z, {a1,b1})°. (1.7)
1

However, more general situations will be considered later, allowing for the behavior of m¢ at the boundary of
its support to differ from the behavior of mg. Similarly, for problem (MFGJ), we will require here, for simplicity,
consistency between f and the terminal cost coupling g, namely

g(s) =cr s, for some cr > 0. (1.8)

We may now state our main result, which proves that the unique solution of (MFG) or (MFGP|) has a
compactly supported density and the free boundary 9{m(t) > 0} consists of two Lipschitz curves, which are
CU! under a suitable non-degeneracy assumption at the initial time. Those curves can be characterized in
terms of the flow of optimal trajectories for the agents’ optimization problem.

In fact, we will show that u is smooth inside the support of m, and the characteristic flow

{7(377 )= _uw(V(‘Tv ')7 )

v(2,0) ==

is well defined starting from x in the support of mg. Finally, we also show that the left and right free boundary
curves are, respectively, convex and concave, and in problem (MFG]) the support spreads outward in time.

Theorem 1.1. Let f be given by (1.5), and let 0 < a < 1. Assume that mg : R — [0,00) satisfies (1.6,
mb € C1*(ag,by), and mf is semi—conver. In case of problem (MFGP), assume also that m‘gT € CY*(ag, by)

satisfies (L.7). Let (u,m) be the solution to (MFGP), or to (MFG)) with g satisfying (1.8). Then (u,m) €
C2Y(Rx[0,T]) N {m > 0}) x CL*((Rx[0,T]) N {m > 0}), and the following holds:

loc loc
1. There exist two functions v, < yp € WH°°(0,T), such that
{m >0} ={(z,t) e Rx [0,T] : v(t) < x < yr(t)}. (1.9)
Moreover, the flow 7y of optimal trajectories is well defined on (ag, bg) % [0,T], we have
v € W ((ag, bo) x (0,T)) N C((ao, bo) x [0,T]), va >0, vo(t) =(ao,t), Yr(t) = y(bo, 1),
and v is a classical solution in (ag,by) x (0,T) to the elliptic equation

omy (mf)a
Vet + W’Yxm = W- (1.10)

2. If we assume further the concavity condition
(M) we <0 in {z € (ag,by) : dist(x, {ag, bo}) < 8} for some § > 0, (1.11)
then we have v, vyr € W2>(0,T), and there exists K > 0 such that, for a.e. t € [0,T],

1 1
?SWL(t)SK, and — K < ﬁR(t)g—E,

where K depends on T, Co, 0,571, [|(m8)2z) " |loos [(md)e(ad)],|(m8)x(by)| (and additionally on cr for
problem (MFG)), and on Cy for problem (MFGP) ).
Moreover, when (u,m) solves (MFG]), we have, fort € [0,T],

—K(er + (T —1t)) <9c(t) < —%(CT +(T'—1)), and %(CT +(T'=1)) <Ar(t) < K(er + (T —1)).



In relation to the main text, Theorem is a combination of Theorem (for the existence of the solution
(u,m) and its regularity in {m > 0}), Theorem (for the description of the free boundary) and Theorem
(for the regularity and convexity of the free boundary).

Remark 1.2. We now discuss the nondegeneracy conditions required on mg at the boundary of its support.
First, we note that the C*(ag,b) (and therefore W'>*(R)) condition on mf, together with (L., implies
that g > 7 in . In turn, the concavity assumption further restricts the behavior of mf, forcing
ap =3 in . However, this condition of a linear, nondegenerate behavior of m§ is natural (a case in point
being the self-similar solution itself), and should be compared with standard nondegeneracy conditions on the
initial data in other free boundary problems (e.g. in the study of the moving free boundary for the porous
medium equation, see [35]).

We also wish to highlight that, when dealing with problem , some asymmetry can be observed when
requiring some conditions (e.g. concavity-type assumptions) on mg but not on mqy. This kind of asymmetry
arises because we are referring to the forward flow v(x,t) in our statement. Of course, similar results will hold
when reversing the time flow and exchanging the roles of mg, mr.

Remark 1.3. We stress that the first part of Theorem remains true under more general conditions than
(1.7) (respectively, (1.8)). We refer the reader to Theorem which allows for the behavior of mg at the
boundary of its support to be different from the behavior of mg (respectively, in case of problem (MFG]), for
the function ¢(s) to be a different power than f).

The result in the second part of Theorem [I.I] corresponds exactly to the picture described by the self-

similar solution (1.4). Indeed, our next result shows that the free boundary propagates with strictly convex

(resp. concave) behavior at the left (resp. right) free boundary curve. In fact, if we strengthen the concavity

assumption on mj, we show that the free boundary evolves with the optimal speed given by the self-similar

solution. Moreover, the long time decay of the density occurs with the same rate, as exhibited by (1.4]).

Theorem 1.4. Under the assumptions of Theorem let (u, m) be the unique solution to (MFG|) or (MFGP)),
and let y be the associated flow of optimal trajectories. Assume in addition that —K < (m{)se < —+ in (ao, bo)
for some K > 0, and, in case of problem (MFG|), assume that cr = k1T in (L1.8)). If we define

a(t) = t if u solves (MFG]),
) dist(t,{0,T}) if u solves (MEGP)),

+
then there exists a constant C > 0 such that for every (x,t) € [ag, bo] X [0,T],

‘ o

YT o4’

%(1 +d(t)7) < [supp(m(-,1))| < CA+41)%), |y(z,t)] < CL+4()7), (1.12)
1 mo(x) mo ()
5(1+0¢!W < my(z,t),t) < cm, (1.13)

where C' = C (Co, k1,67, |aol, |bo|, K) in case of problem (MEG)), and C = C (Cy,Ch, |aol, |bol, |a1], [b1], K)
MFEGP))

in case of

Theorem [[.4] is nothing but Theorem [L.15] below. Let us stress that a crucial role in the proof of the
above results is played by the equation satisfied by the flow of optimal curves -y, namely . In particular,
the Lipschitz regularity of « is obtained by a maximum principle argument applied to ., which is derived
from (L.10). We obtain further insight by studying the equation of m in Lagrangian coordinates. Indeed, the
function v = f(m(y(z,t),t)) satisfies the (degenerate) elliptic equation

— (2(00) " vr), — (V5 '), = 0, (1.14)

where one can prove, assuming , that the positive quantity 7, is bounded below and above. This
elucidates the key distinction between the present problem and slow diffusions of porous medium type; equation
is diffusive (rather than parabolic) in the time variable. Relying on this equation, we establish the
regularity of m up to the free boundary. Namely, we prove that m is Holder continuous, through an application
of the intrinsic scaling regularity method (see [12] [I3] [33]). In turn, we show that Du is Holder continuous as
well. We can summarize these regularity results, contained in Theorem and [£:23] respectively, as follows:



8
Theorem 1.5. Under the assumptions of Theorem we have f(m) € C2 (R x (0,T)) and u € C’llo’c2 (R x

loc
(0,7)) for some 8 € (0,1).
Finally, our last result shows that the solutions of (|1.1) exhibit a different behavior when

f(m) = log(m). (1.15)

In contrast with the case of a power nonlinearity, the unbounded payoff as m | 0 given by implies that
the support of the density propagates with infinite speed. This behavior is observable in both problem
(with g(s) = crlog(s), ¢y > 0) and in the planning problem , which corresponds to the optimal
transport functional with the entropy term F(m) = mlog(m). More specifically, under the assumption
of mg being continuous with compact support (and similarly for my in the case of ), we establish the
existence of classical solutions (u,m) with m > 0 in (0,T).

Compared to Theorem the positivity of solutions on the whole space now makes it much more delicate
to use the flow of optimal curves v(z,t), which are no longer confined in a bounded set. This difficulty leads
us to require an extra symmetry and monotonicity assumption, namely that mg is even and nonincreasing
in (0,00) (and the same for the terminal density mg). We are able to take advantage of this assumption
by showing that the solution m(-,t) preserves this property for all ¢ € (0,7T), which is in itself a non-trivial
feature of the MFG system (see Lemma . However, we no longer require any special behavior of mg when
vanishing at the boundary of its support, avoiding conditions such as , . In fact, the support now
propagates instantly, regardless of the flatness of my.

Theorem 1.6. Let f be given by (1.15)), let a € (0,1), and assume that mq is a continuous, compactly
supported, density on R, which is Cllo’f in the set {mgy > 0}, even and nonincreasing on [0, 00).

1. If g(s) = crlog(s), for some cr > 0, then there exists a unique classical solution (u,m) € C%*(R x
(0,7]) x CYR x (0,T]) of (MFG) such that m is continuous and bounded on R x [0,T], positive on

R x (0,T) with m(0) = mo, and |z|*m(t) € L*(R), % € L*(R), for every t € (0,T).

2. If mp € C.(R) is even and nonincreasing on [0,00), then there exists a unique (up to addition of a
constant to u) classical solution (u,m) € C%*(R x (0,T)) x CY(R x (0,7)) of (MFEGP) such that m
is continuous and bounded on R x [0,T], positive on R x (0,T) with m(0) = mo,m(T) = mr, and

[w[>m(t) € LY(R), s € L¥(R), for every t € (0,T).

Theorem is Theorem below. As mentioned before, the symmetry and monotonicity assumption on
mg, which is required in Theorem [I.6] allows us to overcome certain difficulties in the obtention of classical
positive solutions in the whole space. These difficulties disappear in compact domains, as is seen in Theorem
where we prove the existence of classical periodic solutions, with m > 0 in (0,7"), under the only condition
that mg (and mr) are continuous and compactly supported.

Outline of the paper. The paper is organized as follows. In Section [2] we exhibit the class of self-similar
solutions which will serve as a prototype for our main results. Section [3] presents the key features of smooth,
periodic solutions with a positive density: structural properties, displacement convexity, Lipschitz estimates,
and a modulus of continuity for the density. Section [4] dealing with compactly supported solutions, is the
heart of the paper: starting with the existence of solutions (Subsection , it culminates with the regularity,
geometric properties, and long time behavior of the free boundary (Subsection , and the Holder regularity
of m and Du (Subsection . Section [5| is devoted to the entropic coupling (f = log) and the infinite speed
of propagation. Appendix [A] contains the computations for the self-similar solutions.

2 Self-similar solutions

We now exhibit a family of compactly supported, self-similar solutions of the system
—ug+sui=m’ (x,t) € R x(0,00),
me — (Mmug), =0 (z,t) € R x (0, 00), (2.1)
Jem(t)dz =1 t € (0,00),



where § > 0. By a solution of (2.1) we mean here that u is Lipschitz continuous and m continuous and
nonnegative, the first equation being understood in the sense of viscosity solutions, while the second equation
is satisfied in the sense of distributions. The solution is described in the following result.

Proposition 2.1. For 6 > 0, let us set

_— 2
240
and let R be the unique positive number such that fR( %(a — a2)y2)i_/0 dy = 1. A solution of (2.1) is

given by (u,m), with
1/6

o) = 0/, where o(y) = (R~ (@1 - a)y?)

+

and u defined as follows:
(i) either 6 =2 and

.1 {Mx — Rlogt if A<0 (2.2)
u(w,t) = 2R x| o|-vVAy )
v 2R log(! JoR ) ifA>0
where A = 22 — 8Rt,
(ii) or 0 # 2 and
aLz_R t2o—1 if A<0
= 2 a1 B = 2.3
e ={ T T s e >

2R
a(l—@)

t* and the function S = S(x,t) is defined implicitly by the equation:

Sy ——— 1_ — 2|8 + ~/2R0‘t— =0. (2.4)

The explicit construction of v can be understood by distinguishing two regions. First, one shows that, on
the support of m, u must be given by

where A = |x| —

2
u(z,t) = —a% +¢(t), with ¢(t) = —Rt=20/C+0) (2.5)

Outside the support of m, the values of u are extended along the optimal curves, which are straight lines in the
set {m = 0}. This leads to formula if § = 2, or to formula if  # 2. Note that A < 0 corresponds
with the support of m. Finally, we point out that w is defined up to an additive constant. The proof of the
statements made in Proposition [2.I] will be presented in Appendix [A]

We note the following relevant facts about this solution, which will serve as a model for our later assumptions
and results:

e At time t = 0, the measure corresponds to a Dirac mass at x = 0. For positive times ¢t > 0, in general,
the density m is merely Holder continuous.

e For each ¢ > 0, the function f(m) is always Lipschitz (away from ¢ = 0). Moreover, f(m(-,t)) is strictly
concave within the support, and, in particular, f(m(-,t)), is non-zero at the endpoints. A weaker, local
version of these conditions will serve as our non-degeneracy assumption on the initial distribution f(mg)
(see ([4.53) and (#.54)), in order to prove our main regularity result for the free boundary (Theorem
[4.14)), and the Holder continuity of m (Theorem . Moreover, the full strict concavity assumption
on f(mp) will yield our result on the optimal speed of support propagation and long time decay of m

(Theorem [4.15)).

e The value function w is smooth on the support of m but u,, blows-up at the interface (see Remark
7 at least when approaching from outside the support. In fact, it is shown in Proposition that
u € CY* for a certain 0 < s < 1. Accordingly, our general results will show that the C* regularity
exhibited by this explicit solution in fact holds for arbitrary solutions of the MFG system, at least under
the aforementioned non-degeneracy assumption (Theorem .




3 Structure and a priori estimates in the periodic setting

3.1 Structural properties of the MFG system

The results of the paper are systematically obtained by establishing a priori estimates on a regularized system
which has a smooth solution. In this subsection, we will explain the structural properties of the system ,
deriving the fundamental identities used throughout the paper. Here we assume that f* > 0 on (0,00), and
(u,m) is a classical solution to , with m being positive, and u, has at most a linear growth. Note that
we only assume m(-,0) = mg to be smooth and positive (no condition on the mass), so that the results of this
part are valid for equations with periodic boundary conditions as well as in the whole space.

We begin with the elliptic equation satisfied by wu, first derived by Lions in [25] (see also [28, BI]). It is
obtained by simply eliminating m = f~1(—u; + u2/2) from the system, thanks to the fact that f’ > 0.

Lemma 3.1. Let (u,m) be a classical solution to (1.1). The map u satisfies the quasilinear elliptic equation
— gy + 2Ug gy — (uE +mf (m))ugy =0 in R x (0,7) (3.1)
with m = f~1(—uy +u2/2).

We observe that is a degenerate elliptic equation for w; the uniform ellipticity being lost when m
vanishes. The study of is the starting point of the regularity theory developed in [25 28|, B1] under
conditions ensuring a positive control from below on m. In that case, equation turns out to be equivalent
to the system 7 at least for classical solutions. As it is customary for quasilinear problems, a key role is
played by gradient estimates, which are obtained through the maximum principle. We will recall this approach
in Subsection [3.2] For this purpose, it is convenient to introduce the linear second order operator

Q(v) 1= —vit + Uz — (U2 +mf (M) Ve, (3.2)
and accordingly, the linearized operator generated from ([3.1)):

L(v) = Q(v) + 2(Upt — UgUsz)Vs — <W + 1) Ugar (—0t + Uz V). (3.3)

For the rest of this section, the solutions will be tacitly assumed to be sufficiently smooth to justify the
computations below.

Lemma 3.2. Let u be a classical solution to , and Q, L be defined by and . Then we have
L(u;) =0, L(ug)=0
and the function w := f(m) satisfies
Q(w) — w3 + m(mf" (m) + 2f'(m))uz, = 0. (3-4)

Proof. The equations satisfied by wu¢, u, are obtained by differentiation of (3.1)). From L(u,) = 0 we also
obtain, by the chain rule,

L <;u2> = — (Ut — Uglipy)? — mf' (M)u2,. (3.5)
Hence,
L(f(m)) = L(—u; + %1@) = —(Ust = Ugtize)® — mf' (m)uz, = —f(m)7 — mf'(m)uz,. (3.6)
Now, using , we also have
L) =Qfm) = 22 = (T4 1) = )+ o))
(3.7)
_ mf"(m) /
=QUm) = 21(m2 + (" 1) s (),
where we used the equation of m in the last step. Putting together and yields . O



As our goal is to understand what happens when m vanishes or gets close to 0, we need to introduce
more geometric quantities related to the first order system (|1.1)). The first of these is the family of optimal
trajectories associated to the HJ equation satisfied by u: we define v : R x [0, 7] — R as the solution to

Ye(z,t) = —ug(y(z,t),t) in R x[0,T], ¥(z,0) =2 in R. (3.8)

By the standard theory of Hamilton-Jacobi equations, it is known that y(z, -) is the minimizer of the problem

T
. 1.
aeHllnff(t):r/t §|a|2 + f(m(e, 8)) ds +u(a(T), T).

The fundamental properties of  are given next.

Lemma 3.3. Let (u,m) be a classical solution to (1.1). One has

Vet (‘Ta t) = fl(m(/-)/(xa t)? t))mT (7(1:7 t)a t)7 V(Iv t) €Rx (07 T) (E’U,ZET equation}7 (39)
and
oz, t) = __mo(@) V(z,t) € R x (0,T) (conservation of mass), (3.10)
m(y(z,t),t)
or, equivalently,
v(w2,t) T2
/ m(z,t)dx :/ mo(z)dx Vz1,22 € R, t € [0,T7. (3.11)
v(z1,t)
Moreover v solves the quasilinear elliptic equation
/ !
- Wm — e = —WW in R x (0,T). (3.12)
Ya Ya

Before proving the lemma, it will be convenient to associate to (u,m) the solution M to the transport
equation

My —u, My =0 in R x [0, 7], M(z,0) = —/ mo(y)dy in R. (3.13)
0

Notice that (3.8) defines « as the curve of characteristics associated to this transport equation.

Lemma 3.4. Let (u,m) be a classical solution to (1.1)). One has M, = —m < 0 and M satisfies the quasilinear
elliptic equation

M? M,
— ﬁng + 2M My — My + My f'(—My)) My, =0 inR x (0,T). (3.14)
Proof. Differentiating (3.13]) in space, we see that p := — M, satisfies p; — (uzpt), = 0, with initial condition
1(0,z) = mg: this is exactly the equation satisfied by m, so that M, = —u = —m < 0. On the other hand,
by definition u, = M;/M,. Taking the derivative w.r.t. z of the equation for u (3.1]), we obtain (3.14]). O

Proof of Lemma[3.3. As v solves (3.8), we have
Vit = —Uga (7, 1) (—Usz (7, 1)) — Ut (7, ) = f/(m(’% t)mz (v, 1),

where the second equality comes from the derivation in space of the HJ equation. Thls 1s As M =—m,
(3.10) comes from the derivative in space of the transport equality M (v(z,t),t) = Then ) follows
by the integration in space of (3.10)).

By (3.9) and then (3.10), mu(v,t) = vt/ f (m(v,t)) = vee/f (mo/7vz). On the other hand, taking the
derivative in space of (3.10) gives (using again (3.10) and the expression above for m,. (v, t)):

Now = (mO)w . mOmw(%t)%c _ (mO)m%s _ 72 ~
m(y,t) (m(v,t))? mo F(mo/va)mo "

This is (3.12)). O




We finally compute the equation satisfied by v(z,t) = f(m(vy(x,t),t)). The map v is the r.h.s. of the HJ
equation viewed from the lens of the optimal trajectories.

Lemma 3.5. Let (u,m) be a classical solution to (1.1). The map v(x,t) = f(m(y(x,t),t)) satisfies the
quasilinear elliptic equation in divergence form:

(%) - Gartaarg™), =® (349)

If f(m) = m?, this equation simplifies into

. Vg Y .. Ov Ov %) +1 _
(i) — (%) — (%Ut)t =0, or (#1) — vge — ’T%UM + Uw,?%%” + 7Y w2 =0, (3.16)

while if f(m) = log(m), it becomes

_ (Uﬁ)x — (Yav1), = 0. (3.17)

Uy
Vi = —. 3.18
W= (3.18)

o= o) (-2, (319)

Thus, putting together (3.18) and (3.19) we get

Vg VY2
(%)w T e = (mof’(mo/%)>t7

which gives (3.15)), and thus (3.16)-(i) and (3.17). Finally, if f(m) = m?, developing (3.16)-(i) and using
(3.19)—which implies that v,+ = —(v.v:)/(0v)—leads to (3.16)-(ii). O

3.2 Displacement convexity estimates on m, Lipschitz estimates on u and existence
result

Before studying the problem with compactly supported marginals, we will begin obtaining some estimates for
the simpler periodic setting with strictly positive marginals. We are mostly interested in a priori estimates that
are independent of minmg and minmy. By approximation with positive densities m{, m7,, these estimates
will hold for the case in which mg and my are compactly supported.

Throughout the remainder of this section, R > 1 will denote a fixed constant, and we will analyze the
MFG system on the one-dimensional torus of length R, denoted by RT. Functions defined on RT are meant
to be R-periodic functions on R. We will consider the problem

{—ut +1u2 = f(m) (x,t) € RT x (0,7), (320)
my — (mug), =0  (z,t) € RT x (0,7),
complemented either with the initial-terminal conditions
m(z,0) =mo(x), u(z,T)=g(m(z,T)), =x€RT, (3.21)
or with the prescribed marginal conditions of the planning problem:
m(z,0) =mo(z), m(z,T)=mp(zx), =z € RT. (3.22)

10



The functions f,g : (0,00) — R are assumed to satisfy f’,¢’ > 0, with f,g € C?(0,0) and
m|f" (m)|

limsupmf’'(m) < oo, limsup ————+ < oo. 3.23
m—0+ ( ) m—0+ f/(m) ( )

The initial (and terminal) data mg, mz : RT — (0, 00) are understood to be C* functions satisfying

mo = mr, Mmg, mp > 0. (324)
RT RT

Moreover, we also assume that
f(mq), f(mr) € C*(RT). (3.25)

The fact that the system has smooth solutions when the marginals are strictly positive and the data
are sufficiently smooth is already known (see |28, Theorem 1.1]). In fact, we will see later (Theorem
that, under the present assumptions, (3.20)—(3.21)) and (3.20)—(3.22) both admit a classical solution (u,m) €
C2(RT x (0,T)) x C-*(RT x (0,T)).

We begin by recalling the so-called displacement convexity formula (see [I6] 27]), as well as an identity
which will later be useful to obtain energy estimates on the density.

Proposition 3.6. Assume that f € C1(0,00), and let (u,m) be a classical solution to (3.20)). Then we have

mf’(m)uiz + f(m)i = (fm)euz)z — (fF(M)2uz)e- (3.26)

Moreover, if h: (0,00) = R is twice differentiable, then

d72 m) = mh" (m)(mu? "(m)m?2
o [ mom = [ b, + ). (327

Proof. We start by multiplying the continuity equation by wu,,, which yields

2
MUL, + MyUplzy — MUz = 0.

As a result, differentiating the HJ equation for the term u,u,, we obtain

mu2, + Mg (g + f/(Mm)my) — mytiy, = 0, (3.28)

which, after multiplying by f’(m), yields
mf'(m)ud, + f'(m)*mi = (f(m)sus)e — (f(m)oti);.

This proves (3.26]). We note that (3.27) is merely special case of [27, Proposition 3.1], but we give a proof for
the reader’s convenience. Multiplying both sides of (3.28]) by mh” (m), we obtain

mh” (m)(mu2, + ' (m)m?2) = b (m)mmsuge — h" (m)meuz: = H(m) itz — H(M) gy,
where H(m) = mh'(m) — h(m). This may be rewritten as
mh' (m)(muz, + f'(m)m3) = (H(m)suz ), — (H(m)zu, ) (3.29)
Now, from the continuity equation,
h(m); = h(m)zus + mh' (m)ug, = (h(m) — mh'(m))zuz + (mh' (m)ug)e = —H(m)puz + (mh' (m)ug),.

Therefore,
(H(m)pug)s = —h(m)s + (mh'(m)ug) .

Substituting in (3.29)), we obtain

mh" (m)(mug, + f'(m)m3) = h(m)y + (H(m)ue)z — (mh' (m)ug)e
= h(m)ee — (h(m)ets)e — (MA (M)tat)s = h(m)ee — (B (m)(mtis):t)a,
and (3.27) then follows by integrating both sides of this equation in space. O

11



We now note that the density attains its extremum values at the extremal times.

Corollary 3.7. Assume that f € C1(0,00), and let (u,m) be a classical solution to . Then

Imllec < max(lm(-,0)loc. (-, T) ).
lm ™o < max (flm(, 07 - - T) 7] )

Proof. One first observes that, for any convex function h : (0, 00) — R, it follows from (3.27) that [, h(m) is
convex in time, which yields

[ tm) <o ([ w0, [ nmte )

The upper bounds on m and m~!, then follow by taking h(m) = m? and letting p — o0, respectively. O

Remark 3.8. These a priori estimates were proved in [I6]. They could have also been derived without the
displacement convexity formula, as an immediate consequence of Lemma below.

We will now review the Lipschitz estimates which can be established on u following the approach suggested
by P.-L. Lions in [25], and developed later in more generality in [28] [3T]. The following L* bounds on u and
m(-, T) are well-known consequences of the maximum principle and the Hopf-Lax formula (see [27, Propositions
4.1 and 4.2]).

Proposition 3.9. Assume that f,g € C*(0,00), f' > 0,9’ > 0, and mg,mr € C(T). If (u,m) is a classical

solution to (3.20)—(3.21), then we have, for (x,t) € RT x [0,T],

minmg < m(z,T) < maxmg,
f(minmg)(T —t) + g(minmg) < u(z,t) < f(maxmg)(T —t) + g(max myg).
Moreover, there exists a constant C = C(|| f(mo)|lso, [|f(m1)|lec) such that, if (u,m) solves (3.20)—(3.22)), then
osc(u) < C(T + R*T71).

We may now obtain a gradient estimate which, crucially, is independent of minm. Hereafter, we denote
by Du the vector formed by the space and time first derivatives, that is,

Du = (ug, ut) .
Moreover, we denote kg > 0 to be a constant such that

ml|f"(m)|

mf'(m), ——=—= < ko ¥V m e (0,2max(||mo|lco, [[mrle)] - (3.30)
f'(m)
Such a constant exists by virtue of (3.23). It is understood that the term with ||mr||« is treated as zero, in
case of conditions (3.21]).

Proposition 3.10. Assume that (3.23)), (3.24), and (3.25)) hold true, and let (u,m) be a classical solution to
(3.20)-(3.21)) or (3.20)—(3.22). There exists a constant C' such that

[Dullo < C.

where

C = C(K07R’ T’ Tﬁla ||f(m0)Hle°°a Hg(mo)”oo) Zf (’LL, m) solves " ’
C(ro, R, T, T4 (| f(mo) lwre, [ f(mr) lwi) if (u,m) solves (3.20)-(B-22),
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Proof. By rescaling, it is enough to consider the case R = 1. By approximatiorﬂ we may also assume that
u € C3(T x [0,7]) . We begin by noting that, using either Corollary or Proposition we have that
[m||s is controlled by ||mo|oo, and by [|m7||s in case of (3.22). Hence we will use for m(z,t) below.
We let v(z,t) = 1u? + 502, where @ is defined as

(osc (u) +2T)

T (T_t)a

u=u—minu+7T —

so that @(z,0) =u —maxu —T < =T, (2, T) =u—minu+ T > T, and |||l < (T + osc (u)). Let (zq,to)

be a point in which v achieves its maximum value. We note that, by the HJ equation, it is enough to bound
v. If ty = 0, then we have

l12(]“(m0) + 1u2 - l(osc (u) +27)).

—Up + UgVp = U f(M0) e + T Uz ~

Now, we have v, = 0 and v; < 0, and recall that @(z,0) < —T} so either f(mg) + $u2 — % (osc (u) + 2T') < 0,
in which case there is nothing to prove, or we deduce

0. e f(mo)e — (Flmo) + gu? — (osc (u) +27)).
This means 1
’U,i S uzf(mO):c - f(mO) + f(OSC (U) + 2T)7

N

and yields the required estimate. The case in which ty = T is similar, so we assume now that 0 <ty < T. We
begin by noting that, since v, = 0,

1
UgUgy = _Tuxuv
and, thus,
C
U | < T(T + osc(u)). (3.31)

Now, recall the definitions of the linear operators @, L in (3.2), (3.3). Using (3.5) we have
1
L (2ui> < — (Ut — Ugligs)? . (3.32)

On the other hand, since Q () = 0, we have

2
Q (;1]2) = —(—1 +u2)? —mf (m)az < —(—i; +u2)? = — (f(m) + %ui - %(osc (u) + 2T)> .

Observe that, by Corollaryand Proposition | f(m)] is bounded. Therefore, if f(m)+u2 < L(osc (u)+
2T), there is nothing to prove. Else,

1 1 1

and, thus, by definition of L, we obtain, using (3.30) and (3.31)),

1 1 1 2 1 "
L (2]’122) < —?)Q—Tu;l — ﬁ(_at + Uy iy )% + T(uzt — Ug Uy ) Ug T — T (W + 1) Uy (— Uy + Uy Ty )T
1

1 4
< —?)Q—Tui + oT (ko + 1)2 (um)2ﬂ2 + ﬁuiﬂﬁ + (ugt — Ugp Uy )

1 C
< — gt 7 (T ose (W) + (s — i)

1See the proof of Theorem for the details of such an approximation argument.
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Putting toghether the above inequality with (3.32]) we get

1 C
L(v) < —@ui + F(T + osc (u))?.

Now, since (zg, to) is a maximum point for v, we have L(v) > 0, which yields

C

ﬁ(T + osc (u))™.

Recalling that osc (u) is estimated from Proposition we conclude the estimate. O

4
u, <

We now show that, under the present assumptions, ((3.20)—(3.21)) and (3.20)—(3.22)) may be solved classically.
Theorem 3.11. Assume that conditions (3.23)), (3.24), and (3.25)) hold true. Then the systems (3.20])—(3.21)

and ([3.20)~(3.22) have a classical solution (u,m) € C**(RT x [0, T]) x CH*(RT x [0, T)), with m being unique.
In the case of , u s unique, and in the case of , u 1§ unique up to a constant.

Proof. The uniqueness is a standard result, proved through duality. We will do the proof of existence for

(13-20)—(3.22)); the alternative case of (3.20)—(3.21]) requires only minor modifications. We may approximate f
and the marginals with f¢ € C*(0, 00), m§, ms € C*(RT), such that f¢(m§), f¢(m%) is uniformly bounded in
CYH%(RT). Indeed, we may simply take

fo=Fxne, m§= () (mo) ¥ ne +coe), mp=(f) (F(mr) *ne + cre), (3.33)
where n® is the standard mollifier, and the non-negative constants co ., cr are adequately chosen such that
coe-Cre =0, [ppmG = [ppm% and lim. o co.c = lim. o crc = 0. With these regularized data, (3.20)(3.22)
has a unique classical solution (u®,m®) € C*(RT x [0,T]) x C*(RT x [0,T]) satisfying [ fOT u® =0 (see [27]
Thm 1.1]). Moreover, in view of Propositions and the solution is bounded in C*! x C?, uniformly in .
The result will then follow by letting ¢ — 0 and applying a version of R. Fiorenza’s convergence theorem for
elliptic oblique problems (see, for instance, [I7, Lem. 17.29], [24, Lem. 2, Cor. 1], [I4,[15]). For completeness,
we sketch the details for this argument, which amounts to a proof of Fiorenza’s result. From Lemma [3.1] the
functions u® solve the oblique quasilinear elliptic problem

—Tr(A(us, uf)D*uf) =0 (x,t) € RT x [0,T7,
—u(2,0) + 5(uf)?(2,0) = f(mf(x)) =« € RT,
—uj (2, T) + 5(u;)?(2,T) = f(mi(z)) « € RT,

where

0 = (9 ) ) (W 77N S S g

Since |[uf]|c1, |mf]loo ||(Mm®) 7! are uniformly bounded, this equation is uniformly elliptic, uniformly in e.
Thus, as a result of Lieberman’s C'»* estimate for oblique problems (see [23, Lem. 2.3]), there exists 0 < s < 1
and a constant C' > 0 such that

[|[uf||crs < C.

Therefore if 0 < &’ < 1, the difference v = u® — u¢ solves
—Tr(A°D%v) = Tr((A° — A°)D2us') (z,t) € RT x [0,T7,
—un(a,0) + L(u(2,0) + w3 (2,0))0,(2,0) = f(m§(x) — f(m§ (2)) @ € RT,
—vi(@,T) + 3(ug (2, T) + u (2, 7))oy (x,0) = f(m5(z)) - f(m5(x)) « € RT.
Let o/ = min(a, s). The standard Schauder estimates for linear oblique problems (see, for instance, |24, Lem.
1]) imply that
[vllg2.er < Cll|vlloo + U lgz.ar [[0lor + U [le2[v°]lorar + 1f (M) = F(mg )l or.er

+ £ (m7) = f(m)lorer + [lolloru” + " [l gzar)-
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Recalling the interpolation inequality for Holder spaces, || - ||c2 < 0| - ||c2z.e + Cs|| - ||co, we deduce that
’ ’ ’ 1 ’
lu® = llgz.or < Clo()(X + [[ullgzar + [l llgz.ar) + [[u”lle2 +1) < Z([ullgeor + 47 llc2.00)) +C

as €,¢/ — 0. Fixing a small ¢, and letting ¢ — 0, we see that ||u||,2..- must be bounded. Now repeating the
same argument but taking o/ = «, we see that ||u°||c2.« must be bounded as well, which means u° converges
to a solution u € C%%(RT x [0,T]). In turn, the C1* regularity of m follows from the HJ equation and the
C? regularity of f. O

3.3 Continuity of the density

In this section, we will prove that the function f(m) satisfies a uniform modulus of continuity, independent
of minm. This estimate is a crucial step in treating the setting of compactly supported solutions, because it
will allow us to prove that the density is globally continuous, despite the lack of a positive lower bound.

Lemma 3.12. Under the assumptions of Theorem let (u,m) be a classical solution to (3.20). Then
the function v = f(m) satisfies the mazimum principle and the minimum principle on each compact subset of
RT x [0,T].

Proof. By approximation, we may assume that v and m are smooth. Hence v = f(m) satisfies (3.4)). Now,
from the continuity equation, we have

mf' (m)uze = f(m)e — f(M)eue = vp — Vg,
and, therefore, substituting in yields
Q(v) — vz +m(mf"(m) +2f'(m))(mf'(m)) "> (v, — vyu,)? = 0. (3.34)

We notice that @ is a purely second order linear elliptic operator, and the remaining terms of (3.34) can
be written as first—order terms in v. Thus, v satisfies an elliptic equation with no zero—order terms. This
implies that v satisfies the maximum and the minimum principle on every compact subset of RT x [0,7], as
wanted. O

We now compute an energy estimate for the function v. Recall that kg is given by (3.30]).

Proposition 3.13. Under the assumptions of Theorem let (u, m) be a classical solution to (3.20)—(3.21)
or (3.20)—(3.22)), and let v = f(m). Then there exists C' such that

T
/ / |Dv|* < C
0 RT

C = C(’%OvR’ T7T_17 ”f(mO)Hlema Hg(mO)HOO) if (u7 m) solves " )
C(ko, R, T, T~ | f(mo)[wr.es, | f(mz)|lwre) if (u,m) solves (3.20) - (3.22),

Proof. Integrating (3.26) in space-time yields

where

/’/ mﬂmm@+ﬂmﬁ=/'ﬂmm%@—fw»%GUSO— F(m)ata (T),
0 RT RT

RT
where we used the gradient bound from Proposition If (u,m) solves (3.22)), then we use the bound on
ug and f(mr)z. If (u,m) solves (3.20), we have —f(m),u,(T) = —f'(m)g'(m)'u,(T)? < 0; so, in any case,

we obtain .
| mrm, s sz < c. (3.35)
o JRT
The bound on f(m); simply follows from the continuity equation:

Fm)i = (f(m)ats + mf'(m)ues)? < 2(f(m)5uz + (mf'(m)*uz,) < C(f(m); +mf'(m)u,),
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where the bound on u, and (3.30) were used in the last inequality. Integrating and using (3.35)), we get the
L? bound for f(m);. Finally, we have proved that

T
[ s pomz <c
0 RT

where C' depends on the same quantities as the bound of u, in Proposition [3.10 O

The interior continuity now follows from a classical computation, originally attributed to H. Lebesgue [22],
which implies that a sufficient condition for a W12 function in two variables to be continuous, is for it to
satisfy the maximum and minimum principle.

Proposition 3.14 (Interior modulus of continuity). Under the assumptions of Theorem let (u,m) be a
classical solution to . Then the function v = f(m) has the following logarithmic modulus of continuity,
valid for all concentric balls By, and B,,, 11 < ro contained in Qr.

(osen,, (1) 1og () < // Dul?,

Proof. Let r € [rq1, 2], and let 01,65 € [0,27]. Then, using polar coordinates with origin at the center of the
balls B,.,,

6

2 Qv
v(r,fs) —v(r,0,) = —db.
(r,02) —v(r,01) ) 0

Thus, integrating over a half circle and using the Cauchy-Schwarz inequality,

oscos, ( <f,//2ﬂ< )da

Now, in view of Lemma[3.12] v satisfies the maximum and minimum principle, so

oscp, (v) < oscap, (v).

(oscs,, ()% < 7r/027r (‘;Z)zde.

v\ 2 1 /ov\?> 1 /ov\?
2 e 7 _ . -
Dol _(8r) te (ae) 22 (ae) ’

1 27
;(OSCBT,I (v))* < 7r/ r|Dv|*df.
0

Integrating in 7 from ry to ry yields the result. O

and, thus,
On the other hand, we have

which then implies that

A slight variant of this argument, by integrating over semi-disks instead, yields the continuity estimate up
to the boundary.

Proposition 3.15 (Boundary modulus of continuity). Under the assumptions of Theorem let xo €T
and D,, and D,, be upper semi—disks of radii r1 < ra, centered at (x9,0). Then we have

(oscp,, (1))? log( )<2ﬂ / / [Df? + 4053 — 1) 0, (0) %

Similarly, if Dy, and D,, are lower semi—disks centered at (xo,T), one has

(0sep,. (1))’ log( )<27r// Dol + 4% — 7)o (T) 2.
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4 Finite speed of propagation and compactly supported solutions

This section, which is the main core of the paper, is dedicated to the study of solutions to problems (MFG]
and (MFGP)) with compactly supported density.

We will first obtain a preliminary existence (and uniqueness) result, under fairly general conditions on the
coupling functions f, g, assuming the initial density mg (and possibly the terminal density m7) to be compactly
supported. By a suitable choice of approximation of mg, my, we will show the property of finite speed of
propagation of the support, and the existence of a unique continuous solution with compactly supported density
m. This will allow us to build a rigorous framework for the study of the free boundary 0{(z,t) : m(z,t) > 0},
carried out in Subsection [£:2] and will be tightly connected to the analysis of the flow of optimal trajectories
associated to the optimization problem. The study of the regularity and geometric properties of the free
boundary, as well as of its spreading speed, will be analyzed for the model case of f(m) = m? 6 > 0. We
conclude by establishing space-time Holder regularity of the pair (m, Du) up to the free boundary.

4.1 Well-posedness results

Throughout this subsection, we will assume that
f.g € C?0,00)NC[0,00), f' >0, ¢ >0, and holds. (4.1)
For simplicity, and with no loss of generality, we will also normalize f so that
f(0)=0. (4.2)

As for the initial density (and possibly terminal density, in case of (MFGP))), we assume that mg, my € C.(R)
are compactly supported, non-negative functions, such that

/R mo = / mr =1, (4.3)

mo, m7 vanish, respectively, outside the intervals [ag, bo],[a1, b1]. (4.4)

and

Rather than (3.25)), we will instead assume that, for some a € (0, 1),
f(mg) € CH({mg > 0}), f(mr) € CH*({mp > 0}). (4.5)

We remark that, in particular, this assumption implies that f(mg), f(mz) € W1H°(R), but it allows for the
possibility that f(mg), or f(mr), might be discontinuous at the boundary of the support, when considered
as functions in R.

Our first goal will be to show the well-posedness of systems (MFG]) and (MEGP]). Since we know, from the
model case of Section [2] that, in general, the solution is not classical, we must work with a preliminary notion
of generalized solution. We recall that C,(R x [0,T]) denotes the space of bounded continuous functions.

Definition 4.1. We say that (u,m) € WH(R x (0,T)) x Cp(R x [0,T7) is a solution to (MFG) (respectively,
(MEGP)), if

(i) w is a viscosity solution to the HJ equation

—uy + %ui = f(m) (z,t) eRx(0,T),

(ii) m satisfies the continuity equation
my — (mug), =0 (x,t) € R x (0,T),

in the distributional sense, with m(-,0) = my.
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(iii) We have u(-,T) = g(m(-,T)) (respectively, m(-,T) = mr).

Remark 4.2. Different notions of weak solutions could have been used, alternatively to Definition In
particular, distributional subsolutions of the HJ equation have been frequently used for MFG problems with
a local coupling, both in case of final pay-off and in case of planning conditions (see e.g. [8], [9], [18], [30], and
the survey [10]). That approach is tightly related to the concept of relaxed minima of variational problems,
and avoids, for instance, any requirement of continuity and boundedness of m and u,. Of course a similar
approach would also apply to the present problems. However, since our primary goal in this article is the
analysis of the free boundary for compactly supported solutions, it seems more natural to work from the
beginning with the stronger notion of continuous solutions. It is also natural, in that context, to make use of
the standard framework of viscosity solutions for HJ equations.

Our goal in this subsection will be to prove the following well-posedness result. In what follows, C.(R)
denotes the space of continuous, compactly supported functions on R. Notice that, in particular, the result
shows that the unique solution is such that m has compact support.

Theorem 4.3. Assume that f,g satisfy (4.1] ., mo,mr € C.(R) satisfy (4.3 . ., and ko 1S as in
Then the following holds.

1. There exists a unique solution (u,m) to (MEG). Moreover, (u, f(m)) € CE((Rx[0,T)) N {m > 0}) x
CLY(Rx[0,T)) N {m > 0}). There exists a constant

loc
C = C(T, T, ko, || f(mo) lw., [supp(mo)], |9(mo)|loc)

such that
[ulloe < IIf (mo)lleeT + [lg(m0) oo [[1m/loc < [Imolloos supp(m) C [=C,C] x [0, T],
|Dullz~ < C, (4.6)
/ /|D N2 <o, (4.7
and, for (z,t),(Z,t) € R x [0,T],
C

[f(m(x, 1)) = f(m(T,1))] < (4.8)

Viog(le =z + [t —1)2)_
Finally, if ¢ >0 or g =0, then (u, f(m)) € Cﬁ;:((RX[O T)) Nn{m > 0}) x C’loc ((Rx[0,T]) N {m > 0}).

2. There exists a solution (u, m) to (MFGP)). The function m is unique, u is unique up to a constant on each
connected component of {m > 0}, (u, f(m)) € CZ*((Rx[0,T])N{m > 0}) x CL*((Rx[0,T]) N {m > 0}).

loc loc
Moreover, there exist constants K,C > 0, with

K = K(T, T, ko, [lf(mo)llse, ./ (m) | o, [supp(mo )|, [supp(mr)|, dist(supp(ma), supp(mr))),

C = C(K, [ f(mo)llwre, | f(mr)lwie),
such that

osc(u) < K [I17[| oo < max({mo[oo, [mr|lo0); supp(m) C [=C,C] x [0, T,

and , , hold.

Remark 4.4. We note that, due to lack of uniqueness for w in {m = 0} for the case of (MFGP)), the explicit a
priori estimate (4.6 for the solutions is limited to the support of m. However, the proof of Theorem will
show that there exists a solution to (MFGP) satisfying the global estimate

||u||W1,oo(R) <C,

where C' depends on the data as described above.
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4.1.1 From periodic to Neumann boundary conditions

As anticipated in Section[3] we intend to use the estimates for the periodic setting in order to build a solution to
(MFG)) and (MFGP)). However, it will be convenient to switch from periodic to Neumann boundary conditions.
Indeed, we will see later that this simplifies the analysis of the optimal trajectories, since they do not “wrap
around” the domain as they do in the periodic case. The following result shows that we may switch to this
point of view while preserving all of the estimates for the periodic setting.

Proposition 4.5. Assume that f,g satisfy ., and let 0 < a < 1 Assume that the positive functions mg,
mg € C(R) are such that m§, m§, = € outside of the interval [—r, 7], [* m§ = [T m%, and f(m§), f(m%) €

CL2(R). Assume that g’ > 0, and that holds, and let R > r. Conszder the system

—uj +5(uz)? = f(m®)  (x,t) € [-R,R] x (0,T)

m§ — (mfus), =0 (x,t) € [-R,R] x (0,T)

me(x,0) = m§(x), x € [-R, R) (4.9)
us(—R,t) =us(R,t) =0 te€l0,T],

where either u®(-,T) = g(m°(-,T)) or m*(-,T) = m5..
(i) There exists a unique solution (u®, m¢) € C*([-R, R]x [0,T]) x C1:*([— R R]x[0,T7) to (4.9) satisfying
us(-,T) = g(m®(-,T)). Moreover, there exists a constant C' = C(R, T, T, ko, || f(m§)|lw1., [[g(m§)]| ),

such that
[u]loe < 1F(ME)lscT" + [|g(m§) lloo; minmg < m® < maxmg, (4.10)

| Duf || oo < C / / N2 <o, (4.11)

and, for each (z,t), (z,t) € [-R, R] x [0,T7,

. co Jo ST 1D )P\
Fme(2,) — (7, B)] < € (mm T )_> - (412)

(ii) Up to an additive constant for u®, there exists a unique solution (u®,m¢) € C*>*([-R, R] x [0,T]) x
CH([-R, R] x [0,T)) to (4.9) satisfying m®(-,T) = m%. Moreover, there exist constants K,C > 0, with

K =K(R,T,T7" ko, [lf(m§)llos, If (7)), € = CE, |[f(m§)llwr.ee, | f(mT) |wr.)

such that
osc(u®) < K, min(minmg, minms) < m® < max(maxmg, maxms), (4.13)

and , hold.

Proof. For concreteness, we focus on the planning case, m®(-,T) = m%. For each z € [0, 2R)], define my(z) =
mg(z — R), and myp(xz) = m5(xr — R). Then these functions can be naturally extended to even, periodic
functions mg, mir € 4RT. With these marginals, the solution (a,m) to 7, given by Theorem
is even, as well as symmetric with respect to x = £2R. In particular, we have

Uz (0,t) = G, (£2R,t) = 0.
As a result, the functions (u, m®) defined by
u®(x,t) = a(x + R,t), m*(x,t) = m(z + R, t)

are classical solutions to 1-) The estimates on (u®,m®) readily follow by applying Corollary and
Propositions . - 3.14] and [3.15] - to the function (&,m). A similar discussion yields the result
for the final cost problem u ( T) =g(ms(-,T7)). O
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4.1.2 An estimate on the flow of optimal trajectories

Given a solution (u®,m?) to (4.9), we may define the flow of optimal trajectories
¥ [-R,R] x[0,T] = R

according to (3.8)). We remark that, when = £ R, the solution is the constant curve ¥ (z, -) = x. Additionally,
since u € C**([—R, R] x [0,T]), we have v¢ € C*([-R, R] x [0,T]), and 5 > 0. We begin by showing that
the trajectories starting in the support of m( remain in a bounded set, independently of R.

Proposition 4.6 (Finite propagation of the support). Under the assumptions of Proposition let R>1,
0 <e <1, and let (u®,m®) be a solution to @, and let v¢ be the flow of trajectories associated to (u®,m*).
Then there exists a constant T =7(r, T, T, ko, || f(m§) |wr1., | f (M) |[wr.ee, [|g(m§)||0c), such that

17Nl =y x 0,7y S 7

Proof. For simplicity, we write v = . We will treat separately the planning problem and the final cost
problem. First, assume that m®(-,T) = m%. In view of Lemma and the facts that y(—R, ) = —R, and
mo = 0 outside of [—r, 7], we have

Yy -r
/ my = mg = (R —r)e,
-R -R
where y = y(—r,T). Now, the left hand side is (strictly) increasing in y, and

my = (R —r)e,
-R

thus v(—r,T) = y = —r. Similarly v(r,T) = r. Since 7, > 0, this implies that vy([—r,7],T) C [-r,r]. Now,
given = € [—r, 7], we recall that

T

1

Vo) = argmin [ JIGP 4 fmE(ale), 0)dt + (D). T),
a€H(0,T),a(0)=zJo 2

Therefore, defining « : [0,7] — [—r, 7] to be the straight line segment connecting = and v(x,T), we have

T 1 2 € £
[ (hete0F + G, 0) ) e+ w707

T
1
S/ (2Idl2+f(m5(a(x,t),t))) dt +uf(y(2,T),T), (4.14)
0
that is,
T .2
/ §|’Yt($,t)‘2dt <T (2T2 + f(maxm®) — f(minm5)> <C.
0
In particular, given ¢ € [0,7], we have
1
et < v+ et =2z 0) <7+ VB [ Gk <re VO <0
0

This proves the result for the planning case. Next, we assume that u®(-,T") = g(m®(-,T")). Observe that, in this
case, while we do not know that y([—r,r],T) C [—r,r], we instead observe that u¢ is bounded independently
of R, due to Proposition Therefore, we have

T]. T
| 3hute 0Pt = o(@,0) - w0210 7) - [ s a0y < €.
0 0
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4.1.3 Compatible approximations and existence of solutions

In this section, we will apply Proposition to prove the well-posedness result, Theorem [{.3] For that
purpose, we will now build suitable C**(R) approximations m§ > 0 through a mild regularization procedure.
For , we must also build m%,, while requiring that the two are suitably compatible, in the sense that
they have the same mass. Furthermore, since these approximations will be needed later to prove finer results
about the free boundary, we will ensure that they are also compatible in the sense that [ag,bg] is mapped
bijectively onto [a1,b1] by the flow (-, T).

Definition 4.7. Given r > 0, we say that (m§, m%) is a r—compatible approximation of (mg, mr) if (m§, ms)
satisfies the assumptions of Proposition [£.5, m§ — mq, m% — my uniformly, and, for every R > r,

ao ai R R
/ mg z/ me and mg = ma. (4.15)
-R -R bo bo

Lemma 4.8 (Construction of r—compatible approximations). Under the assumption of Proposition let
r > 0 be such that
[a0—2,b0+2],[a1 —2,b1—|—2] C [—’I“,’I“}. (4.16)

There exists a pair of vector-valued functions no,nr € C°(R,[0,00)3) such that, for every e € (0,1), there
exist constant vectors co ¢, cr.e € [0,00)% such that the pair (m§, m$) defined by

mg = 71 (VF(mo)? + f(e)? + coe - mo), my = [TV f(mr)? + f(e)? + cr.e - nr) (4.17)

is a r-compatible approzimation of (mo,mr). Moreover, we have

lim ¢y = lim cp. =0, 4.18
e—0t 0 e—0t T ( )

1 1
o =0 in a0—1,3(2a0+b0)] U [3(a0+2b0),b0+1} s
. 1 1
nr =0 in {al -1, §(2a1 + bl)] U {3(@ +2by),b1 + 1|, (4.19)

and there exists a constant C = C(|supp(mo)|, |supp(mr)|, dist(supp(mq),supp(mr))) such that

£ (m5)[wr.ee ) < Cllf(my)llwre ) + f(€) + lcoel - 1nillor sy, J € {0, T}, (4.20)
C
[f(m5)z]cam) < m(l + [f(mg)z]co(@m,;>0y)) +1co.el ()2 @ rsy, 5 € {0, T} (4.21)
C C )
LF(m5)aloeom;zap < 5755 (LH (M )alen my>on) + s leoellms)aloe @ s, 5 €40, T} (4.22)
Finally if j € {0, T} and f(m;) is semi-convez, then
1f(m5)zallee®) < 1f(m))zallLe @) + [coel - 1) zall Lo )- (4.23)

Proof. We let 19.1,m0.2, 70,3 € CZ°(R) be non—zero, non—negative bump functions supported, respectively, on
= 1 ;
[a0—2,a0—1], §(2a0+b0),§(a0+2b0) , and [bo+1,b0+2].

Similarly, we take 571, n71,2, 77,3 € C2°(R) to be supported, respectively, on

Bl 1 -
[a1 — 2,(11 — 1], 5(20,1 + bl), g(al + 2b1) y and [bl + 1,b1 +2]
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With this, we can define
o = (770717770727770,3)’ nr = (77T,1a77T72777T73)-

We observe first that (4.19) holds by construction. Next, note that (4.16) guarantees that m§, m% = ¢ outside
of [—r,r]. For this reason, (4.15) will hold for all R > r as long as it holds for R = r. Now, we have

ao ai

ap ay
mg = FH(f(e) 4+ cemon), and my = F7HFE) + epenra).

-r -r —-r -r
If, say, ag < a1, then, taking clT’E = 0, there exists a unique choice of c(l)’g > 0 that ensures

aop al
g __ 13
mg = ma.
-T —-T
Similarly, if a1 < ag, we may take C%),s = 0 and choose an adequate c},s > 0. By the same reasoning, there
exists a choice of ¢} ., ¢ _ such that
T T
g __ 13
/ my = ma.
bo bo

We must also ensure that mg, m% have equal mass. For this purpose, we observe that

bo bo by by
mi= [P+ TR+ Gema), [ i = [ TR + )

And, as before, depending on which of the quantities fab;’ Y/ f(mo)? + f(e)?), f;ll Y/ fimr)? + f(e)?)
is larger, we may choose one of the numbers 0(2)’5, c2T7s to be zero, which leaves a unique way to choose the

remaining one in such a way that
bo b1

my = ma.
aop al
This, together with (4.15)), guarantees that the two functions have the same integral over [—R, R]. Now, (4.18))
is a straightforward consequence of (4.3), (4.4), and the fact that the vectors cq ¢, cr . were chosen so that

cheCp.=0forie{1,23}.

It remains to show the Lipschitz, C1®, and semi-convexity estimates on f(m§), f(m%). For concreteness, we
will only show these for f(m§), since the arguments for f(m%.) are identical. We have

FmE) = VI E T FER + coe-mo;  f(m) = —Lm mo)e
Fmo) + ()2

which readily yields (4.20). Now, given z,y € [—r,r|, we may write

FmE)a(@) — FmE)a(y) = coe - (n0)a(x) — (mo)a(y)) + LT = F(mo)(@) ] (mo)a(2)

VF(mo)?(z) + f(e)?

m f(mO)a:(x) — f(mO)LE(y) m m 1 _ 1
Hmow) Vf(mo)(2)? + f(e)? o)) ) VImo)(@)? + f(e)? V/F(mo)(y)? + f(€)2>
) () (£(mo)(@) = FOmo) ) (mo)u(@) | o Fmo)u(a) = fmo)a(y)
= o (m)a(0) — (m)a(o) + S5 BT B R o ) ()T RS

(f (mo)(y) — f(mo)())(f(mo)(y) + f(mo)(x))

+f(mo)(y) f(mo)(y) (

22

VI (mo)(@)? + f(e)?V/ F(mo)()? + f(e)2(v/f(mo) ()2 + £(2)? + /f (mo) (2)? + f(5)2)> '
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Thus, we obtain

o L

|f(mg)a (@)= f(m§)a(y)| < lcoellnolalz—y|*+
c 2 [eY

which yields (4.21). Similarly, if z,y € {mo > d}, we obtain (4.22). Finally, if mg is smooth, then

c f(mo) f(mo) s f(mo)3 f(mo)? f(mo)2
T — + - 3 + o TT
Fee = e T 1@ TP+ TR (fomo) + feE T ™)
o fmo)2f(e)
2 o)zl + i B2 Elr ~ leacllm)eel
= =1 (mo)zzlloc = Ico0.ell[(10)z2lo;
which shows . For a non-smooth mg, the result then follows by standard approximation. O

Having constructed the necessary approximations, we are now ready to prove the well-posedness theorem.

Proof of Theorem[].3 We begin with the case of . We first prove existence of a solution satisfying
the estimates. For this purpose, we choose the r-compatible approximations (mg, m3.) as defined by ,
where r > 0 is fixed and chosen large enough to satisfy , and take R > 27, where 7 is the constant
of Proposition In view of from Lemma the constant C' of Proposition may be chosen
independently of €. In particular, from , we may choose the solutions (u®,m¢) of Proposition in
such a way that [|u®|lo < C. Therefore, due to the bounds (4.11) and ([£.12), the family {(u,m®)}.c(0,1)
is bounded and equicontinuous, and we may extract a subsequence and conclude that (u®, m®) — (u,m) €
Who([=R, R] x [0,T]) x C([-R, R] x [0,T]), with (u, m) satisfying the required estimates.

Moreover, if (x,t) € {m > 0}, by the equicontinuity of {m*}.¢o,1), there exists an open set V' containing
(z,t) such that f'(m®)m® > 0, so that u satisfies a uniformly elliptic equation in V' (recall (3.1)). As a result,
if 0 < t < T, the standard interior C1'* estimates followed by the Schauder estimates (see [17, Thm. 13.6]
and [I7, Thm. 6.2], respectively) imply that (u,m) € C*% x C1'® in a neighborhood of (x,t). On the other
hand, if t € {0,T}, by proceeding as in the proof of Theorem through the C1® estimates for oblique
problems, followed by Fiorenza’s convergence argument (as detailed in the proof of Theorem , we see that
(u,m) € C** x C%“ in a neighborhood of (x,t). In particular, this shows that u solves the HJ equation in
the pointwise sense at (x,t).

Now, we claim that m € C.(R x [0,T]), with supp(m) C [-7,7] x [0,T]. Indeed, this follows from the fact
that, for each ¢ € [0,T7], m(-,¢t) has mass 1 and, by Lemma and Proposition

T T bo bo
m(-,t) = lim mS(-,t) > lim mg = mg = 1.
/;F ( ) 0 J_7 ( ) 0 Jaq 0 ao ’
On the other hand, we can extend u to W1>°(R x (0,T)) in the following way:

u(—R,t) ifzx<—-R
u(xa t) = .
uw(R,t) ifz>R.
Notice that, since us(£R,-) =0,
—ui (£R,t) = f(m®(£R,t)) — f(0) uniformly in ¢,

and, thus,
u®(£R,t) = f(0)(T —t) +u(£R,T) in C*1([0,T)).

In particular, we see that, for |z| > R,

7@ IIf(mo)zlliolw—yI“Jrf(E) [1f (mo)lleo[f (mo)alce (fmo >0y l2—yl



It is then straightforward to verify, by using the basic stability property of viscosity solutions under uniform
convergence (see [3]), that this extension (u,m) is a solution to (MEGP)), in the sense of Definition which
satisfies all the necessary estimates.

Now, to prove uniqueness, we assume that (@,m) is another solution. Since the function @ is a viscosity
solution to the HJ equation, and it is almost everywhere differentiable, it must also satisfy the equation
pointwise almost everywhere. Therefore, it also solves the equation in the distributional sense. Noting that
the pairs (u, m), (@t,7m) € WH(R x (0,7T)) x Cp(R x [0,T]) are sufficiently regular to serve as test functions,
we may apply the standard Lasry-Lions computation to the pair (u,m) and (@, m), obtaining

Azé;m+wmfmﬁ+meMﬂm—fWD:Q

Therefore, since the left hand side is non-negative, we conclude that m = m, and u, = @, in {m > 0}.
Finally, since m is continuous, {m > 0} is an open set, and thus u and @ at most differ by a constant on each
connected component of {m > 0}. For the case of , the proof is completely analogous, noting that in
applying Proposition we take g°(m) = g(m) +em, to satisfy the strict monotonicity assumption. We note
that, unless ¢’ > 0, the Lieberman and oblique Schauder estimates may not be applied at ¢ = T, hence the
weaker conclusion (u, f(m)) € CE*((Rx[0,T)) N {m > 0}) x CL*((Rx[0,T)) N {m > 0}). However, in the
special case g = 0, u satisfies a smooth Dirichlet boundary condition at ¢ = T, and thus we may apply the
Ladyzhenskaya-Uralt’seva and Schauder estimates for the Dirichlet problem (see [I7, Thm 13.7, Thm 6.19]) to
the limiting function u to still obtain the C:%((Rx[0,T]) N {m > 0}) regularity. Note that global uniqueness
follows because, since m is unique, the terminal value u(-,T) = g(m(-,T)) is uniquely determined. O

4.2 Analysis of the free boundary

Having established the existence and uniqueness of solutions, with compactly supported density, we now study
the set d({m > 0}), where (u,m) is the solution to (MFG|) or (MFGPJ). Henceforth, we restrict our analysis
to the case that, for some given constant # > 0, we have

fm)y=m’,  0>0. (4.25)

We will focus on the setting in which the initial distribution mg (and possibly mr, in case of problem (MFGP)))
are each supported exactly on an interval. That is, we will assume that

{mo > O} = (ao,bo) and {mT > O} = (al,bl), (426)

for some finite ag, by, a1, b;. Moreover, we will assume that my and mp decay like powers near the endpoints
of these intervals. In other words, there exist numbers g, a; > 0 such that

1
Fdist(x, {ag,b0})*® < mg(x) < Codist(z, {ag, bo})°, x € [ag, bo), (4.27)
0
1
Fdist(x, {a1,01})** < mr(x) < Cidist(z, {a1,b1})*, x € [a1, b1]. (4.28)
1

For concreteness, we will also assume here that
Qo 2> a1, (4.29)

but we remark that the opposite case can be studied, with analogous results, by simply considering the
time-reversed functions (—u(z,T — t), m(x,T — t)), which solve (MEGP)), but with the roles of mg and my
reversed.

Correspondingly, in case of problem , we assume that the coupling function g at final time satisfies,
for some given constants 67 > 0, ¢; > 0, with 6, > 6,

g(m) = e, Tmb. (4.30)

Remark 4.9. The factor of T in the definition of g is made explicit in order to adequately state the sharp long
time behavior result, Theorem This is the natural scaling for the final pay-off which is consistent with
the behavior of the self-similar solution, see Section 2. However we also note that our assumptions include, in
particular, the case of terminal condition (-, T) = 0.
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4.2.1 Characterization of the free boundary through the equation satisfied by the flow

In this subsection, we properly establish the existence of the free boundary curves together with their basic
characterization. Our main tool will be the elliptic equation satisfied by the flow v of optimal characteristics
(see (3.12)). We recall from Section 2| that @ € (0, 1) is defined by

o2
240

Theorem 4.10 (Characterization of the free boundary and the flow). Let f be given by (4.25). Assume that
4.3) —(4.5) and (4.26)-(4.30) hold, and that f(mg) is semi-conver. Let (u,m) be a solution to (MFG) or
NEGD).

Then there exist two functions v, < ygr € W1°°(0,T), such that

{m >0} = {(z,t) e Rx [0,T] : v.(t) < x < vgr(¢¥)}. (4.31)
Moreover, the flow v of optimal trajectories is well defined on (ag,bo) X [0,T], we have
v € W ((ag, bo) x (0,T)) N C (a0, bo) x [0,T]), va >0, vo(t) =(ao,t), Yr(t) = y(bo, 1),

and vy is a classical solution in (ag,by) x (0,T) to the elliptic equation

0 f(mo) f(mo)a

Vit + (%)2+0%@’ = AE (4.32)
Moreover, there exists a constant
C = C (T7 T717 CO? ”f(mo)”Wl*oov ”f(mo);a:HOOv 0, %7 Cl) Zf (’U” m) solves "
C(T, T, Co, Cu, [If (mo) lwr.ee, | f (mr) [wree, | f (1m0) 2 lloo, 0)  if (u,m) solves (MEFGP)),

such that

[ [[wre< (fag,bo) x 0,77) < C, (4.33)
and, for each (x,t) € (ag,bo) x [0,T],

1

amo(m) <m(y(x,t),1). (4.34)

Proof. Throughout this proof, as usual, the constant C' > 0 may increase at each step. We will first treat
the case in which (u,m) solves (MFGP). As in the proof of Theorem we let (u®, m®) be the solution to
(4.9) given by Proposition corresponding to the choices of m§, m5. given by . We may normalize the
solution to satisfy [ u(-,T) = 0. We also fix R large enough that (—R, R) contains both [ag — 2, by + 2] and
[a1 — 2,b1 + 2]. With this choice, we see from and that

ao ay R R
/ mg :/ m5, and mg = ma, (4.35)
-R -R bo by

which guarantees that v¢(ag,T) = a1, and ¢ (bg, T') = b1, or, equivalently, that v¢(-,T’) is a bijection between
supp mo and supp my. We are now interested in a Lipschitz bound for 7°. Recall that v = —uS (¢ (x,t),1),
80 [[V£ | oo ((ao,b0) x[0,77) 18 Dounded due to Proposition (we emphasize that our choice of R is already fixed).
Moreover, we have v € C?([—-R, R] x [0,T]) and, by Lemmawe know that it satisfies (3.12)); for the case
f(m) = m?, this equation may be rewritten as

0 € £ -
ot oA = R (4.36)

For K > 0, we set B
v=";, w=v-Kt% and ki =|f(mo)-
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We now want to show that, if K is chosen sufficiently large,

max w < max w. (4.37)
[ao,bo]X[O,T] 6([(10,60]X[0,T])

For this purpose we assume first that mg, m7 are smooth. Then ° is smooth as well, and differentiating
(4.36]) with respect to x, we get, for some function b(x,t), and sufficiently small & > 0,

0f(mg) f(m§)aa > —2k
0210 olt0 = ite

Vit + Vg + b(2,t) v, = (4.38)

where equation (4.23)) from Lemma was used in the last inequality. Recalling the definition of w, this yields
0.f(m5)

ok
’()2""9 wmm+b($,t)w$ Z W +KO[(]. *Oé)t 2. (439)

Wy +

Let (x0,t0) be an interior maximum point of w. Then the right hand side of (4.39) must be non-positive,
which may be rewritten as

1 1
le i+6 2—@ 2k1 1+6
t0) < | mm—  t¢7 = — | 5. 4.40
v(@o,to) < (Ka(l —a)) 0 <Ka(1 —a)) 0 (4.40)

Since max(g, p]x[0,r] W > 0, we have v(z¢,t9) > Kt§. Hence inequality (4.40) is impossible if we choose K
1o

1
) ' This shows (4.37). To remove the assumption that mg, m7. are

2]@1
T1-3)

sufficiently smooth to perform the above computations, we approximate them first with convolutions, as was
done in (but without any need to regularize f), and we simply note that is stable under such an
approximation.

In view of , it now suffices to bound w at the boundary points. When ¢t = 0, we have w = v = 1, and
when x = ag or = by, m§(x) = ¢ = minm?, so that, recalling ,

sufficiently large, namely if K > (

miw)

w(z,t) <wv(z,t) = @ 0.0 =

Therefore, we are only left with estimating v(z,T), for = € (ag, by). We will assume that z € (ao, 5 (ao + bo)),
since the converse case is completely symmetric. We first observe that the explicit form of the approximations

[@.17), where f(s) = s?, together with (4.27) and (4.28)), imply, for some constants cg, c1:

%(dist(m, {ag,bo})*® +¢) < m(x) < co(dist(z, {ag, bo})*® + ¢), x € (ag,by), (4.41)
and
(dist(x, {a1,0:})* +¢) <m3(z) < ¢y (dist(z, {a1,b1})** +¢€), x € (ay,by). (4.42)

/mgz/ mo (4.43)
aop al

we deduce from (4.41)—(4.42) that x — ag if and only if T — a;. Hence we can assume that T < L‘;bl and we

estimate

1
C1

Let us set T = v°(x,T); since we have

l((z —ap)® M 4 g(z —ap)) < /51? mg = /z ms < c1((T —a) ™ + (T — ar)).

ao

In particular, this implies that

1 1
C—(x —ap)® ™ <1 (T —a))™ ! or c—s(a: —ap) < c1e(T — ay),
0 0
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and since ag > a1 we deduce, for some constant C, that
(x—ap)*™ <C(T—ay)*.

As a result, using (4.41)—(4.42)), we have, for € small enough,

co(z —ap)™ +¢
me(ve(x,T),T) =~ L (@ —a1)* +¢ —

Cc1

v(x,T) =

We thus conclude that w < C, hence

Vo(z,t) < C(1+t%). (4.44)
This finally establishes that
17 w12 ([ao bo] x [0,77) < C, (4.45)
and, in particular,
() < mF (97 (. 1) 1) (4.46)

Now, recalling the proof of Theorem we see that m® converges uniformly to the unique weak solution

m of (MFGP)). Moreover, 4 — ~ uniformly in [ag, bo] % [0, T], and (4.33), (4.34) follow. Now, assume that
2o < y(ap,to). We have, for € small enough, o < ¥(aop, to), so Lemma [3.3| yields

z0 ap o ao
/ mES/ mS,:>/ mS/ mg =0,
-R -R -R -R
and, thus, m(x,tp) = 0. Similarly, m(xg,ty) = 0 whenever zy > y(bg,t9). On the other hand, if v(ag,ty) <
xo < v(bo, to), we have, by continuity, v(ag, to) = Y(co, to) for some ag < ¢y < bg. As a result, (4.34) yields

1
m(xo,t0> = m(’y(CO,to),to) > gmo(CO) > O7

and this proves (4.31). We now recall from the proof of Theorem that (u®, f(m®)) is bounded in
CE*(([-R,R] x [0,T]) N {m > 0}) x CL*(([-R,R] x [0,T]) N {m > 0}), independently of e. Thus, for

loc loc

(x,t) € (ag,bp) x [0,T], letting € — 0 in the relations
Ve = —up( (2, 1),1), g =
shows that v — « in CZ ((ag, bo) x [0, T]),
V= —ue(V(@, 1), 1), Yo = —— (4.47)

and, in particular, v € Ci’f‘((ao, by) x [0,T]). Finally, letting € — 0 in yields .

We now explain the necessary changes in the above proof to deal with the case that (u, m) solves .
We initially assume that ¢; > 0. The first modification lies in the proof of , since our previous argument
to estimate 75 (-, T") does not apply if m®(-,T) # m%. Assume then that the function w achieves its maximum
value at a point (zg,T), with ag < xo < by. We first observe that

so that
Y (T) =uy (V¥ (1), T) = g'(v° (-, T))ms (v (-, 1), T) -
1

Since mg = 7 f(m®), = %ﬁt, we get

7 (T) = ?'Ytst(')T) = Tey— (m)" O,
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Differentiating this relation with respect to x once more yields

0 0
Tclgl(mf)‘h*%tt = —v; — Tclgl(o1 — 0)(m®)r 0 (mE) 2y, £/ (mF) < —vy.
Now, evaluating this at xg, and using the fact that w; > 0 at (xg,T), we get
01, -\o,-6 —rro—1
Tc1§(m V1 % < —KaT* .

On the other hand, using w, = v, = 0 and Wy, = vz, <0, 1' yields vy > —1}21%. Hence we get

2ky 64 0,-0 al®2
T ite y(ms) <-K o
Using the uniform bound on m (see (4.10])) we obtain, for e sufficiently small,
1 2—«a 2—«a —
2k1c16 ™ TTve T %0 T®
v (S e) T I e~ T (4.48)
KT KT KT

If we choose K > C’%, then the right hand side of (4.48) is bounded above by KT%, which yields
w(z,T) < 0, completing the proof of (4.44)). We also observe that g = ¢;Tm? satisfies ¢’ > 0, which, as seen
in the proof of Theorem is still sufficient to obtain uniform bounds of (u°, f(m*®)) in

CQ’O‘(([—R, R] x [0,T])n{m > 0}) x C’l’a(([—R7 R] x [0, T]) N {m > 0}). (4.49)

loc loc

When ¢; = 0, we can repeat the present proof for ¢g°(m) = em?. The functions (uf, f(m?)) may still be
estimated in C2*x C'h® away from t = T', and we conclude as before, except that we are only able to obtain that

loc loc
v € OF% ((ag, bo) x [0,T)). However, since we know from Theoremthat u e CEY((R % [0,T]) N {m > 0}),
the regularity of v up to t = T follows from (4.47)). O

We now obtain the optimal upper bound for the time evolution of the quantity ~y,, which is attained by
the self-similar solutions of Section

Corollary 4.11 (Upper bound on +,). Under the assumptions of Theorem let (u,m) be a solution to
(MFG]|) or (MEGP)), let v be the flow of optimal trajectories for (u,m), and define

ot = t if u solves (MFG)), (4.50)
| dist(t,{0,T}) if u solves (MFGP). ‘
Then there exists a constant C > 0, with
C— C (Co, || £ (mo) gz | Lo (o >01) %1701) if u solves (MFG]), (4.51)
C (Co, C1, ||.f (m0) 7ol Lo (fmo>01)) if u solves (MEGP)),

independent of T, such that -
Yo (2, t) < C(1+ d(t)%).

Proof. In the proof of Theorem .10, we showed . In fact, by simply following the proof, one readily
sees that the constant C in (4.44) may be chosen independently of T', and depending only on the quantities
specified in (4.51). This observation applies for both (MFG]) and (MFGP)). Thus, for there is nothing
left to prove. As for , repeating exactly the same argument for the function w = v — K (T —t)® yields

Yo(z,t) < C(L+ (T —1)7).
Thus, combining this with (4.44]), we conclude that, for (u,m) solving (MFGP)
Yo (@) < C(1+min(E%, (T — 1)7)) = C(1+ d(t)7).
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4.2.2 (CbY! regularity, strict convexity, strict monotonicity, and long time behavior

In this subsection we obtain, under adequate compatibility and non-degeneracy assumptions on the data,
uniform W?2°°(0,T) estimates for the free boundary. Additionally, we obtain strict convexity and strict
concavity for the left and right free boundary curves, respectively, and prove that for the terminal cost
problem, 7 the boundary is spreading outward. Finally, we quantify the exact rate of propagation of
the support and the exact rate of decay in time for the density, which are the ones exhibited by the self-similar
solutions of Proposition
To obtain these extra properties on the free boundary, we strengthen the assumptions of the previous
subsection. In particular, we will require the following compatibility condition between terminal and initial
data, namely that
ap = (q, 91 = 0. (452)

where ag, aq,6; are defined in (4.27)—(4.30). This kind of assumption will guarantee that the function -, is
well-behaved at t = T. We will also strengthen the nondegeneracy assumption on mg by requiring

f(mg)ze < 0in {z € (ag, bo) : dist(x, {ap,bo}) < 6} for some § > 0. (4.53)
We observe that, since f(mg) is Lipschitz, li necessarily implies that oy = % in 1) and
f(mo)x(by) <0< f(mo)s(ad). (4.54)

We begin by obtaining a uniform lower bound on ~,(-,T) for solutions to (MFGP)).

Lemma 4.12. Under the assumptions of Theorem let (u,m) be a solution to (MFGP)), and assume that
ag = ay. Then there exists a constant C' = C(Cy, Cy), such that, for x € (ag,bo),

1
x 7T Zi
v(2,T) 2 5

Proof. With no loss of generality, we assume that z € (ay, % (ao + bo)), and that x is close enough to ag to
guarantee that v(z,T) € (a1, 2(a; 4 b1)). We have, by conservation of mass,

T y(x,T)
[ ma= [ e,
ag ai
Thus, in view of (4.27) and (4.28),

1 (v(z,T) —ar)*
_ aotl 5 & T — ao+1 —
Co(z — ag) > G (v(z,T) — a1) = (& — ag)@0

This, combined with (4.27)) and (4.28]) once more, implies that

< (CoCy) ™.

(x — ag)®°

(v(2,T) — ar)e

mo(x)

— > (CoCy)~MFaatn),
mT(’V(‘%T)ﬂT) _( ° 1)

Yo (2, T) = > (CoCy)

O

Next we obtain a global lower bound on ,. We also show that when (4.53) is strengthened to be both
strict and global, as occurs in the self-similar solution, this bound can be improved to yield the optimal rate
at which v, may grow in time, complementing the upper bound of Corollary

Proposition 4.13. (Lower bounds on v,) Under the assumptions of Theorem[{.10, let (u,m) be a solution
to (MFG)) or (MFGP)). Assume that (4.52) and (4.53)) hold. Then we have:

(i) There exists a constant C > 0 such that, for (z,t) € (ao,bo) x [0,T], m(vy(z,t),t) < Cmo(x), that is,

1
x 7t 2 N 4
Ya(2,t) = = (4.55)
and
o [C(Co67) i u solves (MIFG), w0
| C(Co, Cr, 071 if u solves (MEGP). ’
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(ii) Assume, in addition, that f(mg)es < —% < 0 in (ag, bo), and that c; > 0 in (4.30), and let ¢ be defined
as in (4.50). Then there exists a constant C > 0 such that the sharp estimate

Yoz, t) > = (1+4()%) (4.57)

Ql=

holds, and
o {C (C’o,cfl) if u solves (MFG)), (4.58)

C (Cy,C1,K) if u solves (MFGP).

Proof. We first treat the case in which (u,m) solves (MEGP)). Observe that, since f € C°°(0,00), the interior
Schauder estimates applied to imply that the solution (u,m) is C* in the set {m >0} N{0 <t < T},
and so by Lemma [3.5] the function

v(‘rﬂ t) = f(m('y(z, t)a t))

solves, for (z,t) € [ag, bo] % [0,T],
0 0 0+1
— Vit — %UII + vz%"/a:m + L’U_l’l)t? =0. (459)
g 0

xT

Since v = ﬂT”? (by (3.10)), using |) and vy = —2= (by (3.9)) we deduce

Ov vy (0f(mo)Vex 0+1 _; , ve [ flmo)s 0+1 _, ,
Vit — —5Vpe = ——3 ¥ —g vt E s T e ) T
< (% f(mO)x
=T\ )

Now, given 0 < & < 1, for each (x,t) € [ag, by] x [0,T], we let
w(z,t) =v(x,t) — Cf(mo)(z) — et,

where C > 1 is a constant large enough to guarantee that w(z,7) < 0, and w < 0 on the set {(x,t) :
dist(x, {ag,bo}) > d}. Such a constant exists because of Lemma and because, by 1] mo > Cioéao on
{z : dist(z, {ap,bo}) > d}. Observe that, as a result of (4.53) and (4.54)), we must have

f(mo)z # 0 on {z : 0 < dist(x, {ag,bo}) < 0} (4.61)
Let (zg,to) be an interior maximum of w on the set
S = {w > —et} N {dist(x, {ag,bo}) < 0}

We note that, in S, v(x,t) > Cf(mg). Moreover, at (zo,t0), vz = Cf(mg), and D?*w < 0. Therefore, in view
of (4.53), (4.60]), and (4.61), we infer that

Qv —1 _, f(mo)? Chv
0< —wy — Wy < —C L(v-C zz < 0. 4.62
S T g e S g gy (0 CT o)+ g o) )
This is a contradiction, so the maximum of w in S is achieved at 5. At such a point, we have either w = —¢t,

t=0,t=T, or dist(z,{agp,bp}) = 0. By our choice of C, in each of these cases we have w < 0. Therefore,
w < 0 on all of [ag, by] x [0,T], that is,

fm(y(z,1),t)) < Cf(mo(z)) +et,

and the result follows by letting ¢ — 0.
Now, to modify this for the terminal cost problem u(-,T) = 1T f(m(-,T)) (recall that (4.52)) holds), the
only issue we must address is that we do not know a priori that w < 0 at ¢ = T. It is therefore enough to
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prove that w cannot achieve a maximum in S at some (zg,T), where 29 € (ag, bg). Assume otherwise. On
one hand, we have, by (3.8) and the continuity equation,

Ut(x7 T) = f,(m)(mt + mz%)(V(% T)v T) = f/(m)(mt - mxux)('Y(Z‘v T))
= f'(m)mug, (v(x,T),T) = 0v(z, Ttz (y(z,T),T). (4.63)

On the other hand, by the definition of v and the chain rule,

Vg 1
M)z (Y(2,T),T) = — z, T)—————. 4.64
a1, 7) = () (@7 (464)
Differentiating the terminal condition implies that w,. (-, T) = c1Tf(m) (-, T), so that, in view of (4.63]) and

([4.64), we obtain
1 1
vy = Oty (Y(x0, T),T) = 0c1Tv f(m)ge (V(20,T), T) = Oc1 T <72Um _ Ux73%c:c> . (4.65)

Now, notice that wg,(20,T) = Vaz — Cf(Mo)zz < 0 and f(mg)zz(x0) < 0, 80 v, < 0. Hence, in view of

(4.32) and (3.9), we obtain

(4.66)
AR -

vy < —GClva%fym = —,Tov, (f(m())z U$> .
Ve
As a result, since wy > 0 and w, = 0, that is, v; > ¢ and v, = C f(mg),, recalling (4.61) and the definition of

S, we get
1 f(mo)2

’7% f(mo)

e<vy < —TC (v—Cf(mg)) <0.

This is a contradiction, which proves (4.55]).

To prove part (i), we now assume that f(mg)se < —7, where K > 0, and again we focus first on the case
where (u,m) solves (MFGP]). We repeat the above argument, but with a different choice for the function w,
namely

w(z,t) = v(x,t) — ((t) f(mo)(x), where ((t)=C <1¢.1¢0 + (T_lt)ae) (4.67)
Since f(mg) is now globally concave, we may also redefine S to be simply
S = {w > 0}.
Then, instead of , we obtain
Ov 1 f(mo)? C(tg)bv

0 S — Wyt — 72w:rw S %C(tO)
T T

Fomo) +¢"(to) f(mo) + ~ f(mo)za

< Fmo)™F (#(mo) 3¢ (to) + C(t0)0F (o))

(4.68)

1

where we used that v, = (@) * due to (3.10). Since f(mo)ze < —+, and v > ((t) f(mg) because w > 0,
we estimate the right hand side of (4.68)) obtaining

1 2
0 < = mo) (=" (t0) + 05c¢(00)**F ).
It is straightforward to check that, choosing C' sufficiently large, independently of T', { satisfies

" 1 2
— (t)+0EC(t)2+ > 0.
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Therefore, with this choice of ¢, we obtain a contradiction. Moreover, since w(-,0) = w(-,T) = —oo, we
conclude that the set S must be empty. That is,

’U(m7t) S C(t)f(m0)<.’17), (.’E,t) € (ao,bo) X (OvT)a

which, combined with (4.55]), readily implies (4.57)). Finally, we prove (4.57)) for the case in which (u, m) solves
(IMFG]). We again define w according to (4.67)), but this time ( is defined by

C
C(t) = taig? te (OaT)

We may now follow the same proof as for (MFGP)), with the only issue being that we no longer have w(-,T) =
—o0, and, thus, we must consider the case of a maximum point (zg,T’) of w. We begin by noticing that, since

Way = Ve — C(T) f(mo)ze <0, w, =0, and w; > 0, (4.65) implies

1 f(mo)? OciTv 1
@) = aT0 s ey © =~ g BT

OciTv 1

C(T)fmo) < v < =g

This may be rearranged as
_0
ak o 5 —ah
v(xg, T) < (q) T f(mo)(x0) := CoT ™ f(mg) (o).
Therefore, if we choose C' > Cs, we conclude that v(xg, T) < {(T)f(mo)(x0), as wanted. O
We can now establish our main regularity result for the free boundary.

Theorem 4.14 (Regularity and convexity of the free boundary). Under the assumptions of Theorem
let (u, m) be a solution to (MFG) or (MEFGP)). Assume that and hold. Let v, = ~y(ao,-), YR =

v(bo,-) be, respectively, the left and right free boundary curves. Then yr,yr € W2>(0,T), and there exist
constants K1, Ko, with

K1 = K1(Co, [7alloss [ £ (mo)z(ag) |, 1 £ (mo)a(bg )| ™) and Ky = K2(Co, 175 o, | (m0)x(ag )1, | £ (mo)«(by)1)

such that, for a.e. t € [0,T],

1 1
— <A < K. — Ko <A < ——. 4.
xS Ho(t) < Ka, and 2 <AR() < K (4.69)

Moreover, when (u,m) solves (MFG]), we have, fort e [0,T],

—Ka(eT+H(T—t)) < u(t) < _Kil(ClT+(T_t))v and K%(clTﬂL(T—t)) < AR(t) < Ka(aT+(T-1)). (4.70)

Proof. By symmetry, it is enough to show the estimates for v,. Let ¢t € (0,7T), and let h > 0 be such that
(t —h,t+h) C (0,T). We begin by noting that (4.32)) may be written as

ot = 1 <f(”;o)> _
YV Yz z

We therefore have, for (zo,7) € (ag, 2E%) x [0, 7],

/(:O Vet (z, T)dx = /(:0 % <f<;;;0)> dr = J;(;g) (xo) — /Q:O <71x> f(;go)dx, (4.71)

where in the last step we integrated by parts and used the fact that v, is bounded below and f(mg)(ag) = 0.
Using the identity
(1) fomg) 1 (1 (f(mo)> ) f(mo)$)
Y)e ¥ 0\ \ ¥ . AT
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we infer from (4.71]) that

g 1\ f(m mo) 1 % f(mo)e
/ fytt(m77')dx = (1 — 0) 1+0 0 (7 ) 0 dx + 5/ ’y1+0 dx.
ag T Yz ao T

Multiplying this equality by 6 and adding to (4.71]) yields

=0 0 f(mo) L[ f(mo)s
e = g D) + w a

(0]

Recalling that f(mg) is Lipschitz, with f(mg)(ag) = 0, and that -y, is bounded above and below, we conclude
that, for z( sufficiently close to ay,

1 o
ol — (20 —ap) < / Vet (z, 7)dx < Co(zo — agp). (4.72)

Next, observe that, for z € (ag,xo),

t+s
Y(x, t + h) + y(z,t — h) — 2v(x,t) = / / Y (x, T)dTds,
t

and, therefore, integrating both sides,

x0 h t+s x0
/ Y(z,t + h) +y(x,t —h) — 2y(z, t)dx :/ / / et (z, T)dxdTds.
0 t—s ao

ao

Using (4.72)), we see that this yields

é(l‘o - ao)h2 < / 7(I7t+ h) + V(Iat - h) - 2’)/(1‘7t)dI < O('TO - aO)hza

0

so, dividing by (z¢ — ag) and letting xo — ag, we obtain

1
ahz < p(t+h) +0(t —h) — 2v.(t) < CR?,

which yields (4.69).
Now assume that (u,m) solves (MFG)). Recall that, since u(-,T) = ey Tf(m(-,T)), we have

7%, T) = —ca1Tyu(-,T). (4.73)
We observe that, by Taylor’s theorem, for x € (ag, by) and small h > 0, we have

T

A T =) =@ T) = e D)+ [ (5= (7 = W), s

Thus, integrating from ag to xg and using (4.73)), we obtain

Zo

/zo (2, T = ) — (2, T)dz = hclT/

ao ao

T
Yee(x, T)dx —|—/ / (s = (T — h))yu(zx, s)dsdz,

so we infer from (4.72) that, for xg sufficiently close to ag,

ClT

c ——h(zo —ag) + —h (o —ap) < / Y(z, T —h) —v(z,T)dx < Ce1Th(xe — ag) + %Chz(xo —ayp).

2C

ao

Dividing by (z — ag) and letting zo — ag, we see that

T ) 1,
+—h2< —h) — < + =Ch2.
s Ch (T~ h) = 71(T) < CerTh+ 5Ch
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Finally, dividing by h and letting h — 0T yields

—ciT
—CC1T < ’}/L(T) < a .
C
Thus, in view of (4.69)), and noting that 4. (¢) = v, (T) — ftT 41 (s)ds, we obtain (4.70). O

Finally, we show that the support grows with algebraic rate @ =
algebraic rate —a, as is expected from the model case of Section [2}

ﬁ, and the density decays to 0 with
Theorem 4.15 (Optimal rate of propagation and long time decay). Under the assumptions of Theorem
let (u,m) be a solution to (MFG|) or (MFGP)), let v be the associated flow of optimal trajectories, and let

4 :[0,T] — [0,00) be defined by ([A.50). Assume also that —K < f(mg)ze < —% in (ag,bo) for some K > 0.
Then there exists a constant C > 0, with

C (Co,crert Jaol, lbol, K) if u solves (MEG),
C = , (4.74)
C (Co, C1, |agl, |bol, a1, |b1], K) if u solves (MFGP),
such that, for every (z,t) € [ag, bo] x [0,T],
1 — _ _
SO0 < [supp(m(,1)] < CO+ DT, )] < CO+ 0, (4.75)
1 mo(x) mo(x)
) < 1),1) < 00 4.76
¢ ataqm = m0@D.0 < O am (4.76)

Proof. Recalling (3.10)), we observe that (4.76]) is simply obtained from combining the upper bound on -,
from Corollary and the lower bound on 7, from Proposition

S A0 < (e, < CO+ 0T, (4.77)

Now, integrating (4.77)) between ag and by immediately yields the first equation of (4.75). Moreover, for the
second equation of (4.75]), it suffices to show that, for each ¢y € [0, T, there exists at least one xg € [ag, by] such

that |y(zo,t0)| < C. When (u, m) solves (MFG)), this follows from the fact that, by Theorem supp(m(-,t))
is expanding, and, thus, in particular, y(zg,tg) = ag for some xy € [ag, by]. On the other hand, if (u, m) solves

(MFGP)), Theorem implies that supp(m) is a convex set. Therefore, we may choose 7y(zo,%o) to be the
first coordinate of the intersection between R x {to} and the line segment {(1—s)(ag,0)+s(a;,T): 0 < s < 1}.
O

4.3 Regularity of the solution up to the free boundary
4.3.1 Intrinsic scaling and Hé6lder continuity of m

In this subsection, we show how the bounds on v, and the intrinsic scaling of the problem allow us to improve
the logarithmic modulus of continuity for m to a Holder one. Throughout the section, we continue to assume

that f is given by (4.25) , and we will assume the conditions of Theorem [4.14] namely (4.26)—(4.30) together
with (4.52)) and (4.53]). We will focus on obtaining Hélder regularity estimates for the function

v(a,t) == fm(y(x,1),1),  (2,t) € [ao, bo] x [0,T]. (4.78)

This is equivalent to obtaining Holder estimates for m(z,t), in view of (4.33]) and (4.55)).
Our first result is a simple corollary of the bounds on =, stated in the form of a Harnack inequality (cf.
[13, Thm 11.1]).

Proposition 4.16 (Harnack inequality). Let the assumptions of Theorem be in place, and let (u,m) be
a solution to (MFG) or (MFGP)), and let v be defined by (4.78). There exists a constant

C = C(Co, Ialloos 175 1o, 0)
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such that the following alternative holds. Let xo € (ag,bo), and let p > 0 be such that (xo—p,xo+p) C (ag, bo).
Then either p > Ldist(xo, {ao, bo}) and SUD (30— p,zo+p) x 0,7V < Cp, or p < dist (g, d(ao, by)) and

sup v<C inf . (4.79)
(xo—p,z0+p)x[0,T] (zo—p,0+p) x[0,T]

Proof. For simplicity, we normalize ag = 0, and by symmetry we may assume that xg < %". Then, in view of

1] (where, we recall, ap = % under the current assumptions), and the fact that ~, = mov’é is bounded

above and below, we have, for some constant C, and every (z,t) € (xg — p,x0 + p) X [0, T,

1
Yol <w(z,t) < Cux. (4.80)

Case 1: p < %xo. Then l| implies

1 /1
sup v<C (i’)xo) =3C? < <xo>) <302 inf V.
(zo—p,zo+p) X [0,T] 2 C\2 (z0—p,z0-+p) X [0,T]

Case 2: %xo < p. Then, in view of (|4.80)

sup v < C(xog + p) < 3Cp.
(zwo—p,x0+p)x[0,T]

O

We note that, unlike in the linear theory, the above Harnack inequality is not yet sufficient to obtain
Holder regularity, because the result does not hold for, say, translations of the solution. Instead, we will
proceed by obtaining analogues of the Caccioppoli inequality and De Giorgi type lemmas, adapted to the
scaling of the equation satisfied by v (recall ), which is much more diffusive in time than in space near
the free boundary.

Lemma 4.17 (Intrinsic Caccioppoli inequality). Let the assumptions of Theorem hold, and let (u,m)
be a solution to (MFG)) or (MEGP)). There ezists a positive constant C = C(||Vz| s, |72 *lloo) such that, for
each ¢ € C((ag,bo) x (0,T)), and each k > 0, we have

bo T bo T
/ / (W= (0))2 + () (6* (1)) dtde < C / / PEW)A(C + (0v) LR dtd, (4.81)
ag JO ap JO

where YF(v) = (v — k).

Proof. In view of Lemma [3.5] and recalling that v is smooth in (ag,bo) x (0,7, we know that v satisfies
— ('y;lva:)m — (VI(HU)_lvt)t =0. (4.82)
Testing this equation against the function v (v)*¢? yields

bD T bo T
/ / v 0% + 7a(60)02) () (0) = — / / 2 () (7 0o 1 (00) Murly).  (4.83)
ao 0 ag 0

We may estimate the right hand side as follows:

bo T 1 bo T
[ 2t s v e e < 5 [ [ @oate 4 a0 1ed)
ao 0 ap 0

bo T
)2 (1 ¢? 1,2
”/ao /O V() (1 G T (0v) ¢, (4.84)
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We also notice that () (v) = EX+(v—k)>0, 50 that, as a result of (4.83) and (4.84),

bo T bo T
[ sttt s et <4 [ [ 602001 4 (606,
ao 0 aop 0
The result now follows from the fact that v, is bounded above and below by positive constants.

O

Our De Giorgi type lemma will be proved for the following special domains, adapted to the scaling of the
equation (4.82).
Definition 4.18. Given (x¢,t) € (ag,bo) x (0,7) and p > 0, we define the intrinsic rectangle R,(xo,%o) of
radius p centered at (xg,to) by

Ry (x0,t0) := (w0 — p,x0 + p) X (to — (Bv(x0,10)) "2 p, to + (Bu(wo,t0)) " p)

Lemma 4.19 (De Giorgi type lemma on intrinsic rectangles). Let the assumptions of Theorem hold, and
let (u,m) be a solution to (MFG)) or (MFGP)). There exists a positive constant v, with

v =17 Co, [alloos 172 loo)

such that the following holds. Let (xg,to) € (ag,bo) X (0,7), 0 <71 < i,

~ = min v, T = max o, w=p" —pu" =oscp, (s v),
WS min W= max = Rap(zo,t0) (V)
and )
p < 5 min (dist(xo, {a0,bo}), (Bu(z0, to)) ¥ dist (o, {o,T})) . (4.85)
Then

{+(v — (uF F 2rw)) > 0} N Ray (o, to)| < v|Rap(x0,to)| implies that +v < +(u* Frw) in R,(xo, to).

Proof. We begin by noting that, in view of (4.85)) and Proposition Ry, (z0,t0) C (ao,bo) x (0,T") and, for
some constant k; > 0,

max v<k; min o. (4.86)
Ry, (zo,to) Ryp(z0,t0)
We now define, for n > 0,
'I”n:T'-F%T, pn:p+27pv kn =UpT Frapw.

and we choose non-negative functions ¢, € C2°((ag,bo) x [0,7]) such that ¢, =1 on R, ., (z0,t0), ¢ =0
outside of R, (zo,%0), and
c2n C2"(v(xo, t)) 2
((Cn)al < —5  [(Ga)il < :
P p
As a result of Lemma [£.17, (4.81) holds when taking ¢ = (,, and
Y(v) =ty (v) = (v = k7).

On (z,t) € Qap == (z0 — 2p, 0 + 2p) X (to — 2p,to + 2p), we now define the rescaled functions wy, (,: by

wit (@,1) = Uy (ol o + (v(zo,t0) "2 (t = 10))), Tl ) = Gl to + (Bo(w0,10) "2 (¢ — to).
We see that may be written as

/; O (w2 + v, to)o  wh)?) < C [ WE)(C)2 + v(wo, to)v 1 (C)?)-

2p Q2p
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In view of (4.86)), up to increasing the constant C', we thus obtain

o _ can
& Duwi < C /Q D¢, P(w)? < 2 / (w2, (4.87)

Q2p P P

This is now the usual (rather than intrinsic) Caccioppoli inequality, and thus by the standard De Giorgi
iteration argument (e.g. see [34, Lem. 5]), writing wE = lim,,_,,, w;-, we see that there exists v > 0 such that

{wE > 0} N Qa,| < v|Qq,| implies that wE =0 in Q,. (4.88)
Now, writing
V3 (v) = (v = (1" Frw))s,
we have wE = ¢E (v(z, to + (Bv(wo,t0))"2(t — to))). Scaling back the time variable we have Q2| =
(6v(z0,t0)) 2| Rap(wo, to)| and
[{wg > 0} N Q| = (Bu(wo, 1)) {15 (v) > 0} N Ray(wo, to)-
Thus, we conclude the proof by noticing that (4.88]) may be equivalently written as:
|{’l/1(:)t(’l)) > 0} n Rgp(!E(],to”S V|R2p($0,t0)| 1mphes that ’l/)oio (’U) =0in Rp(l'(),t()).
O

Corollary 4.20 (Reduction of oscillation). Let the assumptions of Theorem be in place. Assume that
the intrinsic rectangle R,(xo,1t0) satisfies , There exists a constant 0 < o < 1, independent of the choice
of xg,tg and p, such that

OSCR, (0,t0)V < T OSCR, , (z0,t0) V- (4.89)

Proof. The proof of this corollary, included for the reader’s convenience, will be a standard application of the
classical arguments that yield interior Holder continuity for functions that satisfy the Caccioppoli inequality
(originally due to E. De Giorgi [11]. See also, for instance, [34]). Let v,r, u™, u~, and w be as in Lemmam
To simplify notation, we write R, := R,(xo, ).

We begin by defining zg : [-2,2] x [-2,2] = [-1,1] as

zo(x,t) == 2wt (v(xo + p(x — xp),to + (GU(Q:O,tO))*%p(t —tg)) — ;f) -1
Notice that, since 16 = |[—2,2] x [—2,2]|, we must have
|20 < 0] >8or |20 >0] >8. (4.90)

We assume the former, and remark that the proof in the alternative case is completely analogous. We define,
forn > 1, z, : [-2,2] x [-2,2] = (—o00, 1] by

Zn(x,t) = ﬁ(zo — (1 —4r™)). (4.91)

Notice that z, is nonincreasing, and we have
Zn > 0= v>put —2r'"w,
and, thus, by a change of variables,

2
]{ 2,2]x[—2,2] D= = ]ic pi(vi + (Bv(z0,t0)) " 0})
—29)x[-2,

2n,,2
2p{v>pt —2rnw} 4retw
2

:”—f ()2 + (Bv(zo,t0)) " 0(v)?), (4.92)
R2p

47"2”0.)2
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where 1(v) = (v — pt + 2r"w)T. By Proposition we thus infer that

C 2
/[—2 2] % [~2,2] Dz < 3 ]{% (W (v)z + (Bv) " (v)7) (4.93)

T2nw2
2p

where, as usual, C' is a generic constant that could be increased line by line. On the other hand, Proposition

and Lemma imply that

/ (®()7 + (Bv) " (v)}) < %/ d(v)? < CwPr®(Gu(wo, to)) /2. (4.94)
Ra, P” JRy,

Thus, we deduce from the last two inequalities that
/ |Dzf? < C, (4.95)
[—2,2]x[—2,2]

where C' is independent of n. Now, assume that, for some § > 0 and some n > 1, we have
|zn—1 < 0] > 8+ (n—1)d. (4.96)

We will show that, as long as
|z > 0] > v, (4.97)

then (4.96)) must also hold when n is replaced by n + 1. Observe that, since we have

T —r(l - (4.98)

then (4.97) may be rewritten as
|zn—1 > (1 —=7r)| > (4.99)

On the other hand, since the first alternative in (4.90) was assumed to hold, we have
|2n_1 < 0| > |20 < 0] > 8. (4.100)

We recall that r < i. A straightforward compactness argumentﬂ then shows that, in view of (4.95]), (4.99)),
and (4.100)), if 6 > 0 is chosen sufficiently small, depending only on »~! and C, then

|0<Zn_1 <177‘| > 4.
Thus, we deduce from (4.96)) and (4.98) that
|z, <0| > |2n—1 <0+ [0 < 2p—1 <1—7] >8+nd.

Since the left hand side is bounded above by 16, this recursive process must fail after finitely many steps, and,
therefore, there exists n > 1, depending only on v~! and C, such that does not hold. Rewritten in
terms of v, this means that

{v > pt —2r"w} N Rap| < v| Ryl

Thus, by Lemma v < put —r"win R,. In particular,

oscg, (v) < pt —r"w—p” = (1 —=7r")w = (1 —r")oscg,, (v).

We may now prove our main regularity result for the density.

2The explicit form of this estimate is known as the De Giorgi isoperimetric inequality (see |34, Lem. 10]).
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Theorem 4.21 (Hélder continuity of the density up to the free boundary). Let the assumptions of Theorem
be in place, and let (u,m) be a solution to (MFG|) or (MFGP)). Let 0 < §p < min (1, %T), and let o be
the constant of Corollary[f.20. There exist constants C >0, 0 < s < 1, with

C =C (65", Cos [Valloo 175 oo 0, (1 =) ™), 571 = s7HCo, 7alloes 177 Hloes (1 =)™,
such that

£ (m(y(s )5 Dles (jao.bo) x 60, 7—50]) < C-
In particular, m is Hélder continuous on R X [6g, T — dg].
Proof. Let (zo,t0), (z1,t1) € (ag,bo) X [60, T—do], where 1 < xg. As usual, we will consider intrinsic rectangles

centered at (xo,), so we abbreviate R, := R,(zo,t). As in the proof of Proposition we may assume
that ag = 0 and zg < %min (bo, 1), and write, for some constant k; > 1, and each (z,t) € Ry,

kix <w(z,t) < kyz. (4.101)
1

Therefore, zg < \/zo < \/k1v(zg,to). Hence, letting
1
po = ———=00T0, a = max(|ry — x|, /Ov(xo,t0)[t1 —tol),
NCERY) (I s v/ Ov(zo, to)| )

we see that, in particular, py satisfies (4.85)). Setting now

a = max(|z1 — x|, \/Ov(zo,to)|t1 — to|)

we distinguish two alternative cases.
Case 1. (z1,t1) € Ra,,. Equivalently, we have a < 4pg. Let n > 0 be the unique integer such that

1
4n gn—1 Po-
TIterating Corollary [4.20L we see that, in view of (4.101]),

1
(v) < U"_IOSCR4PO (v) < gonkl(xo +4pp) < Cg”po(‘sal.

,(n,npo =

1
—po<a<

OSCR,

Moreover, by increasing the value of o if necessary, we may assume that o > % , so that s = —log o (log4)~!
satisfies 0 < s < 1. Thus, observing that (z1,t1) € Ry~n-1,, and n > —log (pala) (log4)~!, we have
[o(@1,t1) — v(0, t0)| < Clpga)*pody " < Cpg 8y (|1 — ol* + (Bu(xo, b)) 2 [t — to|*)-
Case 2. (z1,t1) ¢ Rap,. Then a > 4pg, and so, since z; < x¢, appealing to the lower bound on 7, =

1
(f(mo(z))v(x,t)~1)?, and allowing the constant C' to increase at each step, we have

[o(21,t1) = v(z0, t0)| < C(f(mo)(@1) + f(mo)(x0)) < 2CCFzo < C5 ' po
< Cdyta < O85 (|xy — zo| + V/Ov(20,t0)|t1 — to]).
Finally, to see that m itself is also Holder continuous, we simply observe that, by (4.33) and Proposition
the inverse of the map (z,t) — I'(z,t) := (y(z,t),t) is Lipschitz. Therefore, since f=! : [0,00) — [0, 00) is
Hélder continuous on bounded sets,
m=f"tovol ! :supp(m)N (R x [5y, T — &]) — R
is the composition of Holder continuous functions. O

Remark 4.22. The result of Theorem [£:21] may be improved to obtain Hélder continuity up to the initial
time t = 0, by working with one-sided (in time) analogues of the intrinsic rectangles R,. Moreover, in the
case of , the Holder regularity may be established up to t = T as well, by simply imposing on my
the same assumptions as those of mg, and applying the continuity result at t = 0 to the reflected functions
(—u(z, T —t),m(z, T —1)).
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4.3.2 Holder continuity of Du

We now address the regularity of u in view of the Holder regularity of m. For (MFGP), since the solution is not
unique outside of {m > 0}, we choose to work with the specific u that was constructed in the proof of Theorem
With this choice, for both (MFG)) and (MEGP)), we observe that u is the unique BUC(R x [0, T]) viscosity
solution to the HJ equation with terminal condition u(-,7"). This implies that u satisfies the representation
formula

T
1

u(x,t) = inf /7'52—1— m(y(s),s)) ds + u(y(T),T).

@O= o [ GO+ Fm( (), ) ds +u((D). 1)

We also note that, from the proof of Theorem the function —u(x, T —1t) is also the unique viscosity solution

to the HJ equation with terminal condition —u(-,0), and, therefore, also satisfies the representation formula.

8
Theorem 4.23. Assume that f(m) is in CJ_. Then the map u is Cllo’c2 in R x (0,T).

loc*

Proof. In view of the proof of Theorem we know that u, is globally bounded. Let us first check that u
is locally semiconcave with a semiconcavity modulus of the form w(r) = Cr#/2. The argument is known and
goes back to [6]. Fix (x,t) € R x I, where [ is a fixed compact sub-interval of (0,7T). Let v be optimal for
u(z,t) and 0 < |h|, ' < 7 small. We set

Ye(s) = (0 s+ 05) + 03 (s = (t+7)) Vst t+7],

where 07 = 7 0F =t — 0t 1), 0F = — £ Note that
OF(tEh)+05 =¢t, 05 (t+7)+ 05 =t+7, ya(t£h)=axh ve(t+7)=7(t+7),
so that
wlx+h,t+h)+ulx —ht—h)—2u(x,t)

t+1 1 ) t+1 1 ) t+T1 1 )
< / La + FOn(ya, ))ds + / LA+ fm(r—.s))ds — 2 / L1 + Fm(y, 5))ds
v 2 2 .2

</t+791+|-+9+/9+2+1f( ( 0F ((s—6H)/6F — (¢ —05)/67)) d
=, 5 |17+ 03/01 o7 m7(3)+3((3 5 )/0] (+T>)7(5 2)/1))8

t+7
[ T 05 07 4 Fm(a(s)+ 65 (5= 05)/65 = (4 ), (5= 0767 )

t+7 1
2 [ SRE + Sl (s) )i
t
Using the Holder regularity of f(m) and the fact that u is bounded we find

w(x+h,t+h") +ulx —h,t —h') — 2u(x,t)
" - 2 o1 2 -

< [ 30F+ 07 =2 +50F +65) + 5650 + (67 /07 s

t+7
[ st 17 = Drm (). 5)ds
t

t+7 1
+CI/t 97(‘9;((8_9;)/%_(HT)”BH((S—@J)/@D—s|f@)ds

t+7
+Cf/t %(Ié);((s—%)wf—(t+7))\5+|((3_9;)/g;)_s|ﬁ)ds

= C(TZT(hgy)z + TZT(}L()h/)z + Cl(lh|ﬁ7' + |h/|67'))
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where C' = O(||tuz]|00), since |¥| = |uz|. We choose 7 = (|h| + h')? with § = 1 — 3/2, which leads to
W@+ ht+h) +u(x —h,t —h') — 2u(z,t) < C(|h| + b)) T2

This inequality implies the local semiconcavity of u with modulus w(r) = Cr#/2 |7, Thm. 2.1.10].

We now set w(z,t) = —u(x,T —t). Then, as above, w is locally semiconcave with a modulus w(r) =
CrP/? since the semiconcavity property does not rely on the regularity of the terminal value. Hence u is
semiconcave and semiconvex with modulus w. Following [7, Thm. 3.3.7], the derivatives of u are therefore
locally 5/2—Ho6lder continuous. O

5 Infinite speed of propagation: the case of entropic coupling
This section is devoted to the special case of so-called entropic coupling, namely when f(m) = logm. We will

show that, in this case, the evolution of m has the property of infinite speed of propagation; marginals with
compact support evolve into positive, smooth densities.

5.1 The periodic case

As before, we start by considering periodic solutions defined on the torus RT, for arbitrarily large R:

—ug + 3u2 =log(m) (z,t) € RT x (0,T), (5.1)
me — (Mug)y =0 (z,t) € RT x (0,7), )
complemented either with prescribed marginals
m(z,0) = mo(x), m(z,T) =mp(z), z € RT. (5.2)
or with final pay-off condition
u(z,T) = g(m(z,T)), z € RT. (5.3)

We define solutions which are smooth in (0,7, with traces at ¢t = 0,¢t = T in the space of measures. For
this purpose, we denote by P(RT) the set of Borel probability measure on RT, endowed with the weak—x
convergence.

Definition 5.1. We say that (u,m) is a (classical) solution of if (u,m) € C?>(RT x (0,T)) x C1(RT x
(0,7)), m > 01in RT x (0,T) and the equations are satisfied in a classical sense. For mg, mp € P(RT), we say
that is satisfied if m € C(]0,T]; P(RT)) and m(0) = mg, m(T) = mz. Respectively, we say that is
satisfied, if m € C([0,T]; P(RT)), m(T) € L*(RT) and lim;_,;- u(z,t) = g(m(z,T)) for every z € RT.

The main result of this subsection is the following theorem.
Theorem 5.2. Assume that mg, mp € C.(RT). Then the following holds:

1. There exists a unique (up to addition of a constant to u) solution (u,m) of (5.1)—(5.2) such that m €
L>(RT x (0,T)). In addition, u,m € C*>°(RT x (0,T)).

2. Assume that g(s) = crlog(s), for some cp > 0. Then there exists a unique solution (u,m) of (5.1)—(5.3)
such that m € L>*(RT x (0,T)). In addition, u,m € C*(RT x (0,T]) and m > 0 in (0,T].

We recall (see Theorem 3 ) that, if mg,mr € CH%(RT) and are strictly positive, then the problems
(5-2) and (5.1)-(-3) admlt a unique classical solution (u,m) (up to addition of a constant to u, in case
of planmng condltlons (5.2)). Therefore, for the proof of Theorem we will proceed by approximating
mo, mp with strictly positive smooth measures.

As a first step, we derive estimates which are independent of lower bounds of mg, mr as well as independent
of R. We denote by Wa(u,v) the 2-Wasserstein distance between measures [,V € P(RT), and, for a single
measure 4 € L'(RT), we denote the entropy of p by E(u) = [pyplogpdr and by Ma(u fmr || dp its
second order moment.
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Proposition 5.3. Let (u,m) be a solution of (5.1), and assume that u,m are continuous in RT x [0,T].

1. If (u,m) solves (5.1)—(5.2)), there exists a constant K, only depending on T, E(myg), E(mr), Ma(mg), Ma(mr)
(and independent of R) such that

T T
/ m |ug|? dadt +/ / |m log(m)| dxdt < K, (5.4)
o JRT o JRT
sup / m(t)|z|*dr < K, (5.5)
t€(0,T) JRT
and
sup / m(t)u? dx + sup / m(t) logm(t)’ <K. (5.6)
te(0,7) JRT te(0,T) RT

As a consequence, it also holds that

Wa(m(t),m(s)) < K|t —s|z2 Vi se(0,T). (5.7)

2. If (u,m) solves (5.1)-(5.3) (with g(m) = crlog(m)), then the estimates (5.4), (5.5)), (5.7) hold, for some
K only depending on T, E(my), Ma(myg). If cr > 0, then (5.6) holds true as well, with K depending also
on (cp)~ 1.

Proof. We first consider the case of problem (5.1)—(5.2). Using the equation of m, we compute

d1 1
—7/ m|z|>de = = mt|x\2dz:7/ TM Uy
dt 2 Jgr 2 Jrr RT

1 1
<= m|x|2d1’+7/ m |ug|? da .
2 Jrr 2 JRrr

Hence, Gronwall’s lemma implies that, for some constant depending only on 7',

T
/ m(t) |z)? de < COr / m |u,|? dx+/ mo |z|? dx . (5.8)
RT o JRr RT

On the other hand, we know that (m,u,) is the optimizer of the functional

T 1 T . . = . T T
B(m,v) := / / — |v|*dm +/ mlog(m)dxdt, subject to mi — (vm)y = 0 in BT (0,7)
0 JRT 2 o JRT m(0) =mo,m(T) =mr.

This means that

T T T, oy T
/ / m |ug|* dedt + / mlog(m) dxdt < / / — [v|?dp + / / wlog(p) dedt
o JRrT o JRr 0 JRT 2 0 JRT

for any (p,v) such that py = (pv)g, with p(0) = mo, u(T) = myp. Let us take p as the Wasserstein geodesic
connecting mg, mr. By McCann’s classical displacement convexity result for Wasserstein geodesics [26], we
know that [, plog(u)dx is convex, hence

/ plog(p) de < max (E(mg),E(mr)) .
RT

We deduce that

T T
/ / m|ux\2dzdt+/ mlog(m) dzdt < Cp Wa(mo, mr) + max (E(mg) ,E(mr)) .
o JRr o JRr
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This yields, for some constant C' independent of R,

T T T
/ m |ug|? dadt + / (mlog(m))y dadt < C + / (mlogm)_dxdt. (5.9)
o JRr o Jrr o Jrr

Here and below, the constants will be independent of R, although they may depend on T, £(myg), E(mr),
Ms(mg), M2(my). Since (slogs)_ < c+/s we have

/ (mlogm)_dxdt < c/ \/>d:cdt
RT

<c+5// (|z* + da:dt—i—C// ———— dadt
RT RT1+|~’C\

by Young’s inequality. Then (5.9)) yields

T T T T
1
/ m|u$\2dxdt+/ (mlog(m)) 4 dadt < C—i—e/ m(|x|2+1)da:dt+05/ / T dxdt.
o JRr o JRr o Jrr o Jrrl+ |zl (5.10)

(5.10)

From , after integration we deduce
T T
/ m (|2 + 1)dadt chT/ / m [ |2 dadt + Cp Ma(mo)
0 RT 0 RT
T
< eTCT/ m (|z)? + 1)dzdt + C(e, T, mg) .
0 RT

Choosmg € sultably small, we get an estimate for fo Jrrm (2> +1)dzdt. In turn, from (5.10) and (G-11), we
deduce . Now, the right-hand side in (5.8)) is controlled, and we get the estimate ll Moreover, from
the equation satisfied by m and the estima, we immediately deduce (5.7)).

We are left with the pointwise estimate of [ RT mu? dx. For this purpose, we observe that

d
— [ mu? dr — mlogmdx} = 0. (5.12)
dt |/ pr RT
Therefore,
1 (7
mu? dr — mlogmdx:—/ { mu? dr — mlogmdac}dt.
RT RT T RT

We deduce that

mu? dx — mlogm dx
RT RT

T T
< 1 / m|uz|2dxdt+/ / |mlog(m)|dxdt ; < C'. (5.13)
T \Jo Jrr o JRr

Since, by the displacement convexity formula (3.27)), we have

mlogmdz < max (E(mg),E(mr)),
RT

we conclude by ((5.13) that ‘ / M logm dx| is bounded, so [’ AT mu? dx is bounded above, uniformly in ¢. This

yields (5.6]).
In case of problem ([5.1))—(5.3)), the only difference is in the first estimate, (5.4). By the optimality condition,
using that g(s) = crlog(s), we know that

1 /7 T
/ u(x,0)modz < f/ / ,u|v\2dxds+/ / 1 logudxds—l—c;p/ ur log(ur) dx
RT 2Jo Jrr o JRr RT
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for any curve p(t) such that p(0) = mg and u(T) = pr, with p = (1v),.
It is enough to choose some pup with finite entropy to obtain a global estimate of the right-hand side. Since
we also have, by duality,

T T
/ / m |ug|? dadt + / mlog(m) dzdt + cr / m(T) log(m(T))dx = / u(z,0) mo dx
o JRr o JRr RT RT

we get immediately (5.9) if ¢ = 0. If ¢ > 0, we estimate the term at ¢t = T in a similar way as in (5.10]),
(5.11), and we end up with

T T
/ / m |ug|? dadt + / / |m log(m)| dxdt + cp / |m/(T) log(m/(T))| dx <
o Jrr o Jrr RT

T
1
C’+5/ m(|a:|2+1)d:cdt+s/ m(T)(\m|2+1)dz+Cs(l+T)/ S —"
o JRT RT rr 1+ |7

Using (5.8)) and choosing € suitably small, the estimates (5.4]), (5.5 and (5.7)) follow as before. Notice that, if
er > 0, we also estimate £(m(T')) and then we are back to the previous case, obtaining (5.6) as well. O

Now we show a local bound on the value function u, which is independent of the period R.

Proposition 5.4. Let (u,m) be a solution of (5.1), and assume that u,m are continuous in RT x [0,T].

1. If (u,m) solves (5.1)—(5.2), there exists a constant C' > 0, depending on ||mo||co, |7 ]lco, M2(mo), Ma(my),
but independent of R, such that, if we normalize u such that [w(T)mr =0, then we have

_ %(1 F1e) < ula ) < %(1 +le?) Ve (0,T),z €R. (5.14)

2. If (u,m) solves (5.1)—(5.3) (with g(m) = crlog(m)), then the estimate (5.14]) holds for some C only

depending on ||mo|leo, Ma(mo), cr.

Proof. First we consider the case of (5.1)—(5.2), and we adapt a similar proof given in [3I, Lemma 4.2] for
bounded domains.
We observe that, from the standard duality between u, m we have

T T
/ / m|um|2dxdt+/ mlog(m) dxdt :/ u(x,0)mg 7/ u(z, T)my
o JRr o JRr RT RT
which implies, using Proposition and [u(T)my = 0, that
/ u(z,0)mo > —K . (5.15)
RT

Notice that the constant depends on myg, my through the entropy, by Proposition [5.3} however, for bounded
functions, £(m) is itself estimated in terms of Ma(m) and ||m||c-

Now, let us consider the Wasserstein geodesic u(-) which connects, in time (0,t), mo with any measure A,
supposed to be compactly supported in (—R/2, R/2). This means that u(t) = A, u(0) = mg and ps = (pv) in
(0, 1), for some v such that fg fRT |v|2du < co. By duality with the equation satisfied by u, we have

1/t t t
—/ u(x,t)d/\—i—/ w(x,0) mo dx + 7/ / |ug|? o dxds :/ / I logmdxds+/ / v U, drds
RT RT 2 Jo Jrr 0o JRT o JRr

I 1t
< f/ / lug |? pdads + f/ / plv|? dzds + Tlog(||m|eo V 1)
2Ji Jrr 2Jo Jrr
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which yields

1 t
/ u(m,t)d/\z/ u(a:,O)modx—f// o] dzds — Tlog(||ml|ee v 1)
RT RT 2 0 RT

> _K — %Wg()\,mo)Q — Tlog(||mllso V1),

where we used (5.15) and the scaling of Wasserstein geodesic. If we let A converge (in the weak-* topology)
towards a Dirac mass d,,, we get

c
u(oo,t) 2 ~K =5 [ fao — yPdmo(y) ~ T loglmll v 1).
R

We recall that, by Corollary [lm(t)||o is controlled by the initial-terminal values. Hence, there exists a
constant C, depending on ||mo||ec, |7 |lec, T and Ma(mg), Ma(my), such that

C
u(wo,t) 2 = (1+|wol?)

A similar argument (instead of ([5.15) we simply use that || gy W@, T)mp = 0) shows the upper bound u(zo, ) <

7%= (1 + |zo|?) and concludes the proof of (5.14).
In the case of (5.3)), the duality equality takes the form

T T
/ m |ug|* dedt + / mlog(m) dxdt = / u(x,0)mo — CT/ m(T)log(m(T))dx
0o JRrT o JRr RT RT

and follows again from Proposition We also recall that the L bound on m is given by Proposition

Then we obtain as before the lower estimate of u. For the upper estimate, we just observe that
Jpr w(T)ym(T)dx = cp [ppm(T)log(m(T))dx and this is bounded above (uniformly with respect to R) if
either ¢ = 0 or ¢p > 0 (from Proposition . Hence we repeat the argument above using any geodesic
connecting m(7T) with a Dirac mass. O

In the next step we aim at showing that, if (u,m) is a solution of (5.I)), then m(t) becomes positive for
t > 0 even if starting from a compactly supported initial measure. For this purpose, we use in a key way the
displacement convexity estimates. However, we warn the reader that, while the estimates of Proposition [5.3]
and were all independent of the period R, this will not be the case for the following bounds on log(m).

Lemma 5.5. Let (u,m) be a solution to (5.1), where mg,mp > 0. Set K = max(||mollco, [|m7]lcc). Then,

for each integer p > 1,
d? P
ﬁ/}%T ‘log (%)‘ > 0. (5.16)

Moreover, there exists a constant C > 0, depending on |mg||co, ||m71||0, such that, for each t € [0,T],

o (S)[* < n [ o (22 s o

Proof. Letting h(m) = log(% )P, we obtain

i = e (2) & o = o1 (2) e (2

We observe that, by Corollary and by definition of K, we have 2 < 1. Hence, in the range of m, h is

positive and convex when p is even, and negative and concave when p is odd. The displacement convexity

formula (3.27)) yields

d2
G [ nm = [ W, ),
RT RT
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which, in particular, shows ([5.16)), and, setting p = 1, we obtain
[ (s (3),) = s [ _boe ()
og | — < — og (—])|.
RT K/ dt?
On the other hand, by the fundamental theorem of calculus, and the fact that m is a density, we have

o (52) - ()] <, (e G).)"
O

o0

and (5.17) follows.
We can now state the (local in time) uniform bound from below, which is independent of |[my ||, M7 |0

Proposition 5.6. Let (u,m) be a solution to (5.1)), where mg, mr > 0. There exists a constant Cr > 0, only

depending on ||molleo, |mrllee and R, such that, for each t € (0,T)
1 1 )

[logm(t)[|c < Cr <t2 + m
%),

=

Z]. In view of (5.16} -, we have, for integers p > 1 and s € (0,

Proof. Let tg € [0,
/T to/ log (22 %< / log (™0 = %) 2p+/ og (ML —to+9)\[*’
1 1
2p\ P 2p\ P
_ T _
< / log (m(to s)) N / log (m( to + 3)) .
RT K RT K
Thus, integrating in s, we infer that
1 t
T—to P97 —2tg)r [TF 2\ ¥
([ [ G =252 7 (e (G
0 ) RT
and letting p — oo yields
m\ [|2 9 [T-% m(t) 2
1 <7>H <= 1 (> dt.
H E\K L (RTx[to,T—to]) _ to B\ K .
LT — %] satisfying 0 < ¢ <1, ¢(=11in

37

Now, integrating against a test function ¢ supported in |
(2,7 — %], and \C”\ << 72, we get
2 C R
— / / ’10g ‘dt+
L) RT

L (RTX[t(),T to]) 0
]7 and hence, by the HJ equation, we

Finally, by Proposition u is bounded by C(I;R ) on [to, T — to
estimate “
o [Lhes (@)=
o el BAK) T T
This yields
m C(1+ R?)
Jre= () <=
K /Lo (RTx [to,T—t0]) t5

which implies the result
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Finally, we have all the ingredients for the proof of Theorem [5.2

Proof of Theorem We start with the case of problem (5.1)—(5.2). Let mg, m$. be two sequences
of functions such that m§, ms € CH*(RT), m§,ms > 0 in RT x [0,7] and m§, ms converge uniformly to
mg, mr respectively. Such an approximation can be readily built by convolution, for instance. By Theorem
there exists a smooth positive solution (u¢,m®) of (5.1), where we normalize u® such that

/ u®(T)msdx =0.
RT

By Corollary 3.7, we know that m® is uniformly bounded. Then, from Proposition [5.4] we deduce that u® is
locally bounded in (0,T"). It also follows from Proposition that log(m®) is locally bounded in (0,7) (i.e.
m?® is locally uniformly bounded below). In turn, this implies that w, is locally bounded in (0,7'); one can use

for example [31, Thm 6.5] which show that # + log(m?®) < Cs for every x € RT,t € (a+ 6,b — ¢), where
C;s only depends on § and the bound on € in (a,b). Since u® satisfies

— Upp 4+ 2uptig — (U2 4 gy =0, (5.18)

once (uf), is locally bounded then the above equation becomes a quasilinear equation which has bounded
uniformly elliptic coefficients in any compact subset of RT x (0,7"). By a standard bootstrap regularity from
Schauder’s estimates, we deduce that ¢ is locally bounded in C* (for every k € N,a € (0,1)). Hence, u®
converges in RT x (0,7) towards a function u which is C*°. Since m® = exp(—(u®); + |(u%).]?/2), we also
have m® converging to some m € C*°(RT x (0,7T)). But the global estimates also imply that m € L>®(Qr).
In addition, by , we also have that m®(¢) is equi-continuous in the Wasserstein space of measures, hence
it uniformly converges in [0,T]. We deduce that m € C°([0,T]; P(RT)) and m(0) = mo, m(T) = myp. This
concludes the proof that (u,m) is a solution of (5.1)), which is classical inside (0, 7).

In case of problem 7, the proof is similar, except that we only approximate mg. The L* bound
on m* follows from Proposition [3.9] then we argue as before to deduce that m* is locally uniformly bounded
below, and u®, m¢ are locally bounded in C*®. Applying Propositions and to problem f for
t € (T/2,T), we conclude that u., Du® are uniformly bounded up to ¢ = T, and m® is bounded below up to
t = T. By regularity of equation up to the boundary ¢t = T, we conclude that u, m are smooth up to
t =T and u(T) = er log(m(T)).

For the uniqueness of solutions, we use some argument which was already developed for much weaker
notions of solutions ([8], [10], [30]). Let (u,m) be a solution which is classical inside, as in Definition
and such that m € L*(RT x (0,T)). First we notice that, from (5.12)), the bound on m implies that
mu2 € L*(RT x (0,T)). Next we observe that u satisfies —u; + u2 < log(||m||s), so (up to a time translation)
we can assume that u(-,z) is nondecreasing. this implies that u(¢) admits one-sided traces at t = 0, t = T,
namely two measurable functions (not necessarily finite) defined as u(z,0") = ltif{)l u(z,t) € RU {—o0},

u(z, T™) = lti%lu(a:,t) € RU {+o00}. We first show that u(07) € L!(dmyg); indeed, since (u,m) is smooth in
RT x (0,T), we know that

t1 tl
/ u(to)m(to) — / u(ty)m(ty) = / mu —|—/ mlog(m), VO<ty<t; <T. (5.19)
RT RT to JRT to JRT

Choosing, for instance, t; = T, it follows that [, u(to)m(to) is bounded below, for every arbitrarily small

to. Since u is nondecreasing, we deduce [, u(s)m(to) > —C for any s > to; letting ty — 0 (and using that
m € C([0,T]; P(RT))) yields [ppu(s)mg > —C. Then by monotone convergence we deduce, as s — 07, that
Jp w(0T)my > —C'. Since the opposite inequality is clear by monotonicity and Proposition we find that
u(0") € L'(dmy). Similarly we reason to show that u(T~) € L'(dmy) (in case of problem (5.2)) or that
m(T)log(m(T)) € L*(RT) (in case of with cg > 0).

Now, with a truncation argument, from the equality we will show that (u,m) satisfies

T T
/RT u(0T)dmg — /RTu(Tf)dm(T) :/0 - mu? +/0 RTmlog(m). (5.20)

3The proof in [31] is given for Neumann boundary conditions, but applies identically to periodic solutions
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Indeed, we first replace u by truncations uy := min(k, max(u, —k)), we multiply the HJ equation by m and
we integrate in (to,t1); next we can let tg — 07, ¢; — T~ (using the weak-* convergence of m and the strong
L' convergence of uy, at t = 0,¢t = T). Then we finally let & — oo (thanks to u(0%) € L!(dmg),u(T™) €

LY(dm(T))) and we obtain (5.20)).

In a similar way, one can prove that, for any couple of solutions (u,m), (@, m), it holds

/RTu(oﬂdmo—/RTu(T*)dm(T) < /OT /Mm <uz wy — ;u2> +/OT [ intogm). (520

The proof of ((5.21)) can be done, as before, replacing first w with its truncation u and integrating in (to, ¢1):

5 1 h _
/ ug(to)m(to) —/ ug(t1)m(ty) / / < Ug) ol — 5( k)2) +/ mlog(m) L{jul<k} -
RT RT to JRT to JRT

The right-hand side integrand is easily dominated from above. Once more, we can let first ty — 0,¢; — T and
then k — oo, in order to get (5.21)).

From ([5.20), (5.21), the uniqueness follows as in the classical Lasry—Lions monotonicity argument. For
problem (5.1)~(5.2)), we take two solutions normalized such that [, u(T~)dmp = [, a(T~)dmp = 0. Using
-, (5.21)) for both couples we obtain that

/tLE(“L%i(W% )+ /’LT< - g (=)

+A | (mlog(m) — i log(m))(m — ) <0,

which implies m = m and u, = t,. From the HJ equation we deduce that © — 2« = C, and this concludes the
proof. For the problem (5.1)—(5.3), we proceed similarly and we get uniqueness using the coupled condition
u(T) = g(m(T)). O

5.2 Preservation of monotonicity of the solutions

In this subsection, we show that the MFG system preserves a certain monotonicity property. As the phenomenon
does not depend on the specific form of the coupling functions f and g, we suppose here that f and g are
smooth and nondecreasing on (0, 00). We work in the periodic setting and assume the structure condition:

the densities mg, mp : RT — R are even,

nonincreasing on [0, R/2] and nondecreasing on [—R/2,0]. (5.22)

Lemma 5.7. Assume that (u,m) € C*(RT x [0,T]) x C*((RT x [0,T))) is the unique classical solution to
(3.20)(3.21)) or (3.20)—(3.22)), such that m is positive on RT x [0,T] and (5.22) holds. Then

vVt € [0,T], m(-,t) : RT — R is even, nonincreasing on [0, R/2] and nondecreasing on [—-R/2,0].  (5.23)

In addition any optz'mal tmjectory v(zx,-) starting from x € [0,R/2] is concave in time. Finally, for the
MFG problem (3.20)—(3.21), v(z,-) is nondecreasing in time for any x € [0, R/2] and u, is nonpositive in
[0, R/2] x [0, T]

Of course, par approximation, this preservation of the structure also holds in the whole space: in the next
subsection, we shall use it in the case f(m) = log(m) to build classical solutions in the whole space. In the
case f(m) = m?, it shows that, if mg, mz are even on R and nonincreasing on [0, +00), then any trajectory
starting from x € [0, R/2] is concave in time: compare with Theorem

Proof. We do the proof in the MFG case, i.e., when (u, m) solves (3.20 , with the proof for the planning
problem ([3.20) - being similar and s1mpler By the symmetry assumptlon and the uniqueness of the
solution, m( t),u(-,t) are even for any ¢ € [0, T]. Thus m,(0,t) = u,(0,¢t) = 0. Let us set

M(z,t)=1/2 — /09” m(y,t)dy, (z,t) € [0,R/2] x [0,T].
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We first note that M is a classical solution to

My _ M
o (( A ) Di,tM> + My f/(=My) My, =0 in [0, R/2] x (0,T) (5.24)
with boundary condition, for (z,t) € [0, R/2] x [0, T],

M(0,t) =1/2, M(R/2,t) =0, M(x,0) = My(z), where My(z) =1/2 — /Ow mo(y)dy, (5.25)

and
My(2,T) + My (2,T)g' (—M (2, T))Myy(z,T) = 0. (5.26)

The elliptic equation (5.24) was proved in Lemma (where we also explained that u, = M;/M,). The
boundary conditions at = 0 and ¢ = 0 hold by definition. For x = R/2, it comes from the fact that
m is a probability measure and from the symmetry. The boundary condition at t =T comes from the
boundary condition for w, which implies that

(M /M) (2, T) = ug(x,T) = (g'(m)ma) (2, T) = g' (= Mz (2, T))(— Mag (2, T)).

The main part of the proof consists in showing that & — M(z,t) is convex on [0, R/2] for any ¢ € [0,T].
For this we consider the map

M(z,t) = — inf)\) AM (y,t) + (1 — M) M(z,¢t).
y+(1-Nz=uz,
v,z €[0,R/2], A € [0,1]

Note that M < M and that M is continuous and satisfies the boundary condition (5.25) by our assumption
on mg. We now prove that M is a viscosity supersolution to the elliptic equatio and satisfies the
boundary condition in the viscosity sense.

Assume that ¢ is a test function touching M from below at (o, %) € (0, R/2) x (0,T). If tg < T, we have
to check that ¢, (zo,t0) # 0 and that

¢ e
—Tr (( j@ 1¢ ) D;tqs) + b f' (—02)bee >0 at (z0,t0). (5.27)
o

If to = T, we have to prove that

?bt <x0> T) + ¢I (mOv T)gl(_¢z (3707 T>)¢$a: (‘TOv T) > 0. (5'28)

Note that, if M(xo,to) = M(zo,10), these inequalities hold because M satisfies (5.24) and (5.26)). Thus, we
assume from now on that M (zo,t0) < M(x0,t0). Let yo < g < zg and Ao € (0,1) be optimal in the definition
of M(LI?(), to)

In this step we assume that to < T. By optimality of (yo, 20, o), and the fact that, by symmetry,
M,2(0,t0) = m4(0,t0) = Mya(R/2,t0) = my(R/2,t0) = 0, we have that

(0, to) = Mzoto)=Mlyoto)

20—Y0
¢I(‘r07t0) = Mx(y()?to) or Yo = Oa (b:L’(xO»tO) = MI(Z()utO) or zop = R/27 (529)
Gz (T0,t0) <0, Mye(yo,to) >0, Myz(20,t0) > 0.

Fix 6,0;,05 € R such that A\gf; + (1 — A\g)f2 = 0, with 6; =0 if yo = 0 and 63 = 0 if zg = R/2. For h and s

small, we have

¢(l‘0 + ho,to + S) < M(.’L‘Q + h,ty + S) < /\oM(yo + 01h,to + S) + (1 — Ao)M(ZO + O5h,tg + S),
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with an equality at h = s = 0. This implies that
bt (0, t0) = MoMi(yo, to) + (1 — Ao) M¢(20, to), (5.30)

and
62¢m:13 e(b:ct G%Mxm 91 M angz 92M1
( 060 op ) (@010) Ao g T ) (hosto) £ (1= Do) (gt T ) (20, o).
. . . . 1 -1 . .
Multiplying the previous inequality by ( 11 ) > 0 and taking the trace gives

(02(/59595 — 200, + ¢tt) (zo,t0)

2 (5.31)
<X (91Mm 201 My + Mtt) (yo,to) + (1 — )\0)( — 205 My + Mtt) (20, 10)-

Let us choose § = ¢¢(x0,t0)/d=(z0,t0), 01 = Mi(yo,to)/ M (yo, to) and 02 = My (z0,t0))/ Mz (20, to): this choice

is licit because, if yo = 0, the boundary conditions (5.25) imply that M;(0,¢3) = 0, and thus ¢; = 0. We
obtain in the same way that 6, = 0 if zo = R/2. Then (5.29) and (5.30) imply that Agf; + (1 — Ag)f2 = 0
holds. With this choice of 6, 8; and 05, (5.31) becomes

2
(ﬂqsza: - ¢t ¢wt + ¢tt) (.’1,‘0, tO)

o7 s
M? M? M? M?
< Mo Mes = 235 Mat + M) (0 10) + (1= Xo) (75 Maw = 275 Mot + Mac ) o o)

= )\O(Ma:f (_ I)Mmm)(y07t0) + (1 - AO)(Mmf,(_ m)sz)(Z()vtO)v

where we used the equation satisfied by M for the last equality. Recalling that M, < 0, that f’ > 0 and that
me(:(/O,tO) Z 0 and Mza:(z[)utO) Z 0 Whlle ¢za:(x07t0) S 0 (by " giVGS "

We now assume that to = T and check the boundary condition ([5.28). To fix the ideas, we assume that
yo > 0 and zg < R/2, the other cases being similar. Note that (5.29) still holds in this case. Moreover, as, for
any s < 0 small we have

d(xo, T + 5) < M(xo, T +5) < MM (yo, T + 5) + (1 — A\g)M (20, T + s),
we get
G¢(w0, T) > AoM¢(yo, T) + (1 — Xo) My (20, T).
Thus, as ¢, (x9,T) <0, ¢’ > 0 and ¢ye(x0,T) < 0 while My, (yo,T) > 0 and M,,.(20,T) > 0,

bt(20, T) + ¢pu (0, T)g' (=2 (x0, T)) Pz (w0, T) > Mo My (y0, T) + (1 — Xo) My (20, T)
> Xo(Mi(yo, T) + M (yo, T)g' (=M (yo, T)) Mea (y0, T)
+ (1 - Ao)(Mt(Zo,T) + Mz(zOvT)g/(_M:v(Z()vT))MCDI(ZOVT)) = 0,

which is (5.28]).

Conclusion. We have proved that M is a viscosity supersolution to the elliptic equation satisfied by M
(including the boundary conditions). Using the regularity of M, we can choose A > 0 (large) and ¢ > 0
(arbitrarily small) such that the map M, x(z,t) = M(x,t) — 2¢ + eexp{—At} is a classical strict subsolution
of this equation (including the boundary conditions). This implies that Me » < M. Then, letting € — 0, we
get M < M. As by construction, M < M, we conclude that M = M; hence M is convex with respect to the
x variable, and then m = —M,, is nonincreasing with respect to the x variable on [0, R/2] x [0,T]. Fix now
z € [0, R/2] and let v(x,-) be optimal solution starting from (z,0), i.e. the solution to

Y = —ug (7, t), v(z,0) =z
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By symmetry and periodicity, u,(0,t) = u,(R/2,t) = 0 for ¢t € [0,7]. Therefore y(z,t) € [0,R/2] for
(x,t) € [0,R/2] x [0,T] and, in view of the Euler equation (3.9) and the monotonicity of m, ~ is concave in t.
Differentiating the terminal condition (3.21]) with respect to the space variable implies that

’Yt(livT) = —g’(m(’y(z,T),T))mx(’y(x,T),T) > 0.

As ~y(z,-) is concave, we infer that v;(x,-) is nonnegative on [0,7]. As v = —u,(y) and = — ~(z,t) is onto
from [0, R/2] to itself, this implies that u, is nonpositive. O

5.3 Solutions in the whole space

We now work in the whole space, returning to the entropic coupling function f(m) = log(m) (and g(m) =
cr log(m(T))). Our main result is the existence of a classical solution to or to under the
structure condition . We adapt Definition to the case that x belongs to the whole space. In what
follows, P2(R) will denote the set of Borel probability measures on R with a finite second order moment,
equipped with the 2-Wasserstein distance.

Definition 5.8. We say that (u,m) is a (classical) solution to if (u,m) € C?(Rx(0,7))xC1(Rx(0,T)),
with m > 0 in R x (0, T}, if m € C([0, T]; P2(R)) with m(0) = my, if the equations are satisfied in the classical
sense for t € (0,7) and, finally, if m(T) € L*(R) and lim,_,7— u(z,t) = g(m(x,T)) for every x € R.

Similarly, we say that (u,m) is a (classical) solution to (MFGP)) if (u,m) € C?*(Rx (0,T)) x C* (R x (0,T)),
with m > 0in R x (0,7, if m € C([0,T]; P2(R)) with m(0) = mo and m(T) = my, and if the equations are
satisfied in the classical sense for t € (0,T).

Let us notice that, whenever (5.22)) holds, in view of the preservation of symmetry property of Lemma 5.7
the solutions to the MFG system with periodic and Neumann boundary conditions coincide. For this reason,
we will not require the analysis of Subsection [{.1.1] in this case.

Theorem 5.9. Assume that f(m) = log(m).

1. Assume that mo, m7 are continuous, compactly supported densities on R, even, nonincreasing on [0, 00),

with mo € C’ﬁ)g({mo > 0}). Then there exists a unique (up to addition of a constant to u) solution

(u,m) € C?(Rx (0,T))x CL{R x (0,T)) of (MEGP)) such that m is continuous and bounded on R x [0,T]

ult )2) € L*(R), for every t € (0,T).

and T ]

2. Assume that mo is a continuous, compactly supported density on R, even, nonincreasing on [0, 00), with
with mo € O ({mo > 0}), and g(s) = crlog(s), for some cp > 0. Then there exists a unique solution
(u,m) € CQ(R x (0,7]) x C*(R x (0,T]) of (MFG) such that m is continuous and bounded on R x [0,T)

t
and % € L>(R), for every t € (0,T).
Let us start with a priori estimates for positive periodic solutions:

Lemma 5.10. Suppose that (5.22) holds and that (u,m) € C*(RT x [0,T]) x C1(RT x [0,T]) is a classical
solution to (5.1)—(5.2) or to (5.1)—(5.3) on RT x (0,T") with m positive in RT x[0,T]. Let~: RT x[0,T] — RT
be the associated flow of optimal trajectories.

1. (Global estimates) There exists Co > 0 depending only on T', E(myg), E(mr), Ma(mg) (and Ma(mr) for
the planning problem), such that:

sup / *m(x,t)dz < Cj, Wo(m(t), m(s)) < Colt — s|'/? Vs, t € [0,T). (5.32)
t€[0,7]J RT
and o o
0/ 2 0 2
- — < < . .
; (x +1)_u(x,t)_(T_t)(x +1) (5.33)

Moreover, for any (x,t) € (—R/2,R/2) x [0,T],
max{HmoHoo, ||mT||oo} lf( u, m satzsﬁes
m(l",t) < { HmOHoo Zf( u,m satzsﬁes (534)
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and

R/2 3/2
(8Co) '/ </| mo(y)dy> < m(y(z,1),1). (5.35)

x|

2. (Interior estimates) Fix any 6 € (0,(1/2) A (T/4)) and a € (1,(R/2 — 1)), with R > 4. For any
n € (0,R/2) and 0 € (n, R/2) such that

R/2 1/2
5%/2(8Co) "2 |log (/ mo(y)dy> > 2a, (5.36)
0—n
one has
i 0—mn,t .
teg)lggé]v( n,t) >a (5.37)
and
[m, 1/ml|c2.0((—a.ayx6.0-5)) < C~ 1671 [Imollses Mz, Ko, Co),
where

R/2 -1
Ko := [lmg || oo ((—0,0)) + mollcre((—0,0y) + </0 mo(y)dy> : (5.38)

Proof. Estimates (5.32)) and (5.33) are given in Proposition By Lemma the solution (u,m) satisfies
(5.23), and = — ~(z,t) is increasing on [0, R/2], with v(0,¢) = 0 and v(R/2,t) = R/2 for any ¢ € [0,T].

Step 1: Bounds on the density. The upper bounds on m in (5.34]) hold by Proposition Let us now prove
R]2

the lower bound (5.35)). Let € [0, R/2) and k = (2Co)"/?( [, mo(y)dy)~'/%. We first assume that k < R/2.
Then, by (5.23)) (for the second inequality) and (5.32)) and the choice of k (for the last one), we have

R/2 R/2 k R/2
/ mo(y)dy = / m(y, 1)y < / m(y, t)dy + /k m(y, t)dy

y(z,t) v(x,t)Ak

R/2
< mlE A (0. 00—k A ) + 57 [ .y
R/2
< mlk A0k~ kA t) 45 [ mo(w)dy.

This implies that v(x,t) < k and (5.35) in this case. Next we suppose that k& > R/2. Then the same
computation shows that

R/2

R/2 3/2
mo(y)dy > (2Co)~'/? (/ mo(y)dy> :

where the last inequality holds because k > R/2. Thus we have proved (5.35) for = € [0, R/2). The result for
negative x holds by symmetry.

m(y(.t),1) > (2/R) /

x

Step 2: Elliptic estimates. We now prove C% estimates for v, and w = log(m(y)). Recalling from (3.10)
that v (z,t) = mo(z)/m(y(x,t),t), we note that (5.34) and (5.35]) imply that ~, is locally bounded above and
below:

1/2
= mr(x)” 3 < @) < (8C) mo(m)g/z V(z,t) € (~R/2,R/2) x [0,T].  (5.39)
max{||mo|| oo, [|m7]0o R/2
Pllee- ime (2 mo(y)dy)
Let w(x,t) = log(m(y(x,t),t)). Then w solves the elliptic equation in divergence form (see (3.17)):
1
— (Yawi)e — <7wm) =0 in(—R/2,R/2) x (0,T). (5.40)
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Fix n € (0,R/2) and § € (0,7/4). Let § € (n,R/2) and Ky be defined by (5.38)). As, by (5.34), (5.35) and
(5-39),

|w| + |%L| + |1/7I| < C(K9’ HmOHOC’ HmT”OOvCO) on [_070] x [OvT]v
we infer by elliptic regularity that
[ wllco.e ((—04n/3.0-n/31x15/3.7—573) < C(n™*, 671, Ko, [[molloo, [|m7||scs Co)-
Recalling that v, = mo/m(y) = mge™", this implies that
7z 1/ | co-o ((—4n/3,0-n/31x (6 /3,783 < C (71,67, Ko, [[mollso, [m | oc, Co)-
On the other hand (see (3.12)) with f(s) =logs), 7y solves the elliptic equation

1 (m
Vet + ’yi; = 7( 0)a
’71; fY-E mo

on (—R/2,R/2) x (0,T), ~¥(z,0) =z on [-R/2,R/2].
Using the Schauder estimates, we therefore have

V]l 20 ((—0-4m/2,.0—n/2)x 6/2,7—s/2) < C(n™ 1,67 Ko, [mollocs [mr]lss, Co).- (5.41)
Returning to (5.40]), we obtain, again by the Schauder estimates,

wllez.o((—o4n,0-mxsr—s5) < C(n™" 671, Ko, [mollso, [|mrlso, Co). (5.42)

Step 3: Lower bound on . We claim that, for any § € (0,(1/2) A (T'/4)) and any = € [0, R/2),

R/2
log ( / mo (y)dy>

= 1.
a se[tirzlsg}?;p] v(z,s) +

1/2

min _(x,t) > (1-6) | (R/2) A | 8*3(Co)'/?

—-1]. 5.43
te(8,T—3) ( )

Proof of (5.43): Fix x € [0,R/2), t € [0, T — 0] and set

Since we want a lower bound for a, we can assume that a < R/2. Then, recalling (3.11)) and the fact that
m(-,t) is nonincreasing, we have for any s € [t — §2,¢ + §2],

R/2 R/2 a

[ mawdy = [ miysay= [ gy = (0= ofes)mlas) = ma.s)
x ~(z,s) v(z,s)

Using the previous inequality together with the HJ equation, and integrating in (¢ — §2,¢ + §2), we get

R/2 t+62 t462
262 log / mo(y)dy Z/ log(m(a,s))dsz/ —uy(a, s)ds
T t

_52 t—62

> — ( o + o ) (a®> +1) > —8a? Cyo~!

t—02 T —t—62
where we used (5.33) and the fact that a > 1 and §/2 <t — 62 <t+62 < T —§/2. Thus, up to increasing the

value of C, we obtain
R/2
log / mo(y)dy
x

R/2
log ( / mo(y)dy>

1/2
a> 53/20(;1/2

This proves that
1/2

> (R/2) A | 63/2(C)1/2
sé[tir}sgft(_pgz]’y(x’s)—( /) ( 0)
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As 7(z,-) is nonnegative and concave, letting so be a maximum point of v(z,-) in [t — 62, + §2],

t T—1t X T—1
y(w,t) > (Solsoe[t,t—s-zS?] + Mlsoe[t—62,t]) v(s0) > mm{t 16T —t+42 } Y(s0) > (1 =6)7(s0)-

Using our estimate on 7(x, s9) = maxp_s2 ¢442) 7 gives (5.43)).

Step 4: Interior estimate of m. Fix 6 € (0,(1/2) AT/4) and a € (1,(R/2—1)), with R > 4. Now assume that
n € (0,R/2) and 0 € (n, R/2) are such that (5.36) holds. Then

R/2
log ( /6 ) mo(y)dy>

[, m™ o2 ((—aayx6.0-6)) < C 871 Ko, [mollos, [l o, Co)-
Indeed, let v=1(-,t) : (=R/2,R/2) — (—R/2, R/2) denote the inverse in space of v(-,t). We first claim that
vy Y[-a,a] x [6,T —6]) € (=0 +n,0 —n) x [6,T — 6]. Indeed, otherwise, there exists t € [§,T — §] and
x € [—a,a] such that (z,t) ¢ v((=0+n,0 —n) x [0, T —d]). This means that = ¢ yv((—0+n,0 —n),t). As (-, t)
is continuous, vanishes at x = 0 and is increasing, this implies that a > |z| > (6 — n,t), which, by ,
contradicts (5.44)). In particular, holds. Recalling (5.41)), v~! is bounded in C*® in [~a,a] x [0, T — 4]
and then mplies the C*“ bound on log(m) = w o~y ~!. This implies that m and 1/m are bounded in
C?® in [—a,a] x [6,T — 4. O

1/2

(1—=368) [ (R/2) A | 63/%(Co)~Y/2 1| >a+1. (5.44)

We claim that

Proof of Theorem[5.9 (i) We prove the existence of a classical solution. We start with the planning problem
and explain at the end of the proof the necessary changes for the problem.

Let [—bo, bo] (resp. [~br,br]) be the support of mg (resp. of mr). For R > R := max{bg, br}, let m{t and
mit be the continuous periodic map of period R such that mf = my and mf = mr on (—R/2, R/2). We let
m?‘ = mf *n. and m¥’5 = mit x n. where 7 is a standard mollifier, smooth, even and positive on R. Then,
for R > R and € > 0, mgz’E and m?’e are smooth, positive and satisfy . Let (uft¢, m®<) be the classical

solution to ([3.20)(3.22) given by Theorem By Lemmal[5.7, m!¢ satisfies (5.23).
We now prove an interior estimate for m*¢. Fix a > 1 and § € (0,(1/2) A (T/4)). Choose Ry > 4 such

that (Ro/2 — 1) > a+ 1. Fix also rq € (0,b") large enough such that

bo
log ( mo (y)dy>
T0

This is possible as f:;o mo(y)dy — 0 as ro — (b°)~. We then set 0 = (19 + by)/2 and n = (bg — r9)/2. We
finally choose ¢y € (0,7/4) such that, for € € (0, ¢),

bo
log ( / my ’E(y)dy>

Then, for any R > Ry, € € (0, ¢), condition (5.36)) holds for m§. By Lemma [5.10}

1/2

832 (Cy) 12 >2a+41.

1/2

. R/2 1 [R/2
§3/2(8C,) /2 > 2a and / m e (y)dy > 5/ mo(y)dy.
0 0

[, 1/m™ e c2o (—asayx (5.7—5)) < Cn 671 Kg, [ |oos » 175 oo, CF)
=C(n~ " 07" Kg, Imollso: lmrllss, CF),  (5.45)

where C§ depends only on T, £(mn), E(mE), Ma(ml), Ma(mlt), and thus only on T', £(my), £(m7), Ma(mq),
My (i), and

1
R/2
K§ = 1|(mg") " Hlpoo ((—0.0y) + 1720 lcra((—o.0)) + (/9 m?f@)@)

bo

1
< |lmg Ml oo ((—o—eo,0-+c0)) + Mollcro((—o—co,64c0)) 2 (/b mo(y)dy> , (5.46)

0—1/2
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which is finite since 6 + ¢y = by — 7. This shows that

||mR7E; 1/mR,€||C2'“((*a,a)X(5,T75)) < C(a, 5_1, T7 mo, mT)'

R,e) R,e

Since log(m is uniformly Lipschitz continuous in (—a,a) x (6,7 — ) and since the map u'>€ is a locally
uniformly bounded solution of a HJ equation with r.h.s. log(m®€), uf*¢ is uniformly Lipschitz continuous in
(—a/2,a/2) x (26, T — 25). By (3.1) (with f = logs), we know that u’"¢ satisfies the elliptic equation

— Upp 4+ 2uptip — (U2 4 gy = 0. (5.47)
Hence, by elliptic regularity, we obtain
[ 2o ((—ay2,0/2) % (26,7—25)) < Cla, 67", mo, mr, Co).

We can now use the estimates above and the first part of Lemma to find (a subsequence) of (uf¢, mf€)
which converges, as € — 07 and then R — oo, to a pair (u, m) which is a C%? solution of the MFG system
(1.1) in R x (0,7) with f(m) = log(m) and such that:

m € C°([0,T], P2(R)), m(0) = mo, m(T) = mr,.

Moreover, by construction, m(-,t) is even and @ — m(z,t) is nonincreasing on [0, +00) for any ¢ € [0, T].

Let us finally check the continuity of m at ¢ = 0 (the case t = T being symmetric). Let ¢, — 07. Then the
maps m(-,t,) are nonincreasing on [0, 00) and converge weakly-* (as measures) to mg which has a continuous
density: this limit is therefore locally uniform.

We now consider the (MFG]) problem. We regularize m(lf *“ as above and let (uf", mf€) be the classical
solution to (5.1)-(5.3). Let 4" be the associated flow of optimal trajectories. Let us recall that, under our
structure condition, y™¢(z, ) is concave and nondecreasing in time for any z € [0, R/2].

Fix a > 1 and ¢ € (0, (1/2) A (T'/4)). We can choose Ry, 0, n and €y > 0 as in the first part of the proof
such that, for R > Ry and € € (0, ¢),

R/2 " 1 [R/2
/9 my " (y)dy > 5/6 mo(y)dy > 0

and
[, 1/mP | c2o (—asayx (5.7—8)) < Cla, 61, T, mo, mr).

With this choice we also have (estimate (5.43) in Lemma [5.10))

i 0—mn,t) > a.
tegngrl_g]v( n:t) >a

Recall also that, by (5.34) and (5.35)), for any (x,t) € (—R/2, R/2) x [0,T],

R/2 3/2
(8Co) ™ </| | mff‘(y)dy) < mPe(y(,£),£) < [P o < [|m0]le.
xT

Hence for any (y,t) € [0,a] x [0, T], there exists x € [0,6 — 5] with v®¢(z,t) = y and therefore

3/2
R,e R,e 1 —1/2 R/2 !
Imollee 2 m™(y, ) = m™*(v(z,1),2) = 5(8Co) , mo(y)dy |

which proves that m¢ is bounded above and below in [—a,a] x [6,T]. Next we show a Lipschitz bound for

uft€ in [0,a] x [§,T]. For any (y,t) € [0,a] x [§,T], there exists = € [0,y] such that v¢(x,t) = y. Recall that
'th’E(x,t) = —uz(y,t). On the other hand, by concavity of y/*¢(z, ),

0<%z, 8) Sy +4 (e, t)(s —1) Vs €[0,T].
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Thus (choosing s = 0 and using that y < a and t > 4)
0 <y (2, t) = —uft(y,1) < y/t < afs.

By symmetry, this proves that
[\ Lo ((—aa)x[5,7) < @/6.

Let us finally check a local bound for u¢. We already have a bound below (Lemma [5.10). As uf®¢(-,t) is
nonincreasing on [0, R/2] and (0, -) = 0, we have, for (z,t) € [0,a] x [4,T):

S

T
1
uf(z, 1) < uf(0,t) = / §|’7R’E(0,3)\2 + In(m™<(v(0,5))) ds + cp In(m™<(v<(0,7),T))
t
< Clm™, 1/m"™| Lo oy x sy < Cla, 671,

R,e €

We have proved positive upper and lower bounds for m®¢ and Lipschitz bounds for ¢ independent of

R, e on [—a,a] x [§,T]. By the elliptic equation (5.47) satisfied by u*¢, we can infer that

[u\l c2.0((—a/2.a/2x 257 < Cla, 6 1),

We can then conclude as before.

(ii) The uniqueness of solutions is proved with the same kind of argument used in Theorem First of
all, we observe that, since m(t) € P2(R) and u(t)/(1+ |x|?) € L>=(R), then we have u(t)m(t) € L*(R) for any
t € (0, 7). This implies that a similar equality as holds, namely

/Ru(to)m(to)—/Ru(tl)m(tl) :/t:l/Rmui—&—/t:l/leog(m) VO <to<t <T. (5.48)

As in the proof of Theorem we deduce from (and the time-monotonicity of u) that u(07) € L (dmy)
and u(T~) € L*(dm(T)). Then, using a truncation argument for u and the continuity of m, inequality
is extended up to tg = 0 and t; = T, obtaining the equivalent of but integrated for € R. Notice that
the same truncation argument for u as in Theorem [5.2| works here, because m has finite moments (uniformly
in time), so actually [, ux(¢)m(t) ends up being continuous in [0,7] for fixed k. In a similar way, we obtain
the equivalent of for x € R, and we conclude from the Lasry-Lions monotonicity argument as in the
compact case.

O
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A Construction of the self-similar solutions
The goal of this appendix is to prove the statements made in Proposition [2.1] regarding the construction of

the self-similar solution, as well as to provide a precise analysis of the regularity of the value function u. We
begin by showing that, inside the support of m, the system is solved in the classical sense.
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Lemma A.1. Let u,m be defined as in Proposition[2.1. Then m is a weak solution of the continuity equation,
u 15 C in the support of m, and u satisfies, in the classical sense,

0

1
—ug + §|um|2 =m’ in {m>0}.

Proof. We set v*(t) = +(2R/(@ — @?))'/?t™, and we note that

{m(t,)) >0} = {(z,1), v (t) <z <~y"()}.
Here we have, according to (2.5) and if m(x,t) > 0, :

x? 1 ,x
T Rppm20/(2+0) | S 52
22t TR

1 22
—Ut + §|u1,|2 = —-a = —(a - az)ﬁ + Rt_Qe/(2+9)

while )
5 1 5.,z 5 1. T
By the definition of @, we have af = 20/(2 + ), and @ + 2a& = 2. Thus we conclude that
1
—uy + iui = f(m(z,t)) in {m > 0}.
On the other hand, for any test function ¢ € C°(R x (0,T)), we have

() _ _
o(z, t)ym(x, t)de = i/ oz, Ot YP(x/t*)dx

dt [y dt /-

(@) 3 B B - . )
-/ _ py (DO il ) (-t TG/ E7) 2t o))

where
() . LA ) .
/ oz, )z (x/t*)dx = —ta/ (pz(z, ) + p(2,1))p(x/t¥)dx.
Y= (@) ¥~ ()
So
d () _ _ -
i Lo omte e = [ o 0770w e T ot 1))
vy (t
= /(g@t(;v,t) — @u(z, t)ug(x,t))m(x, t)de.
R
This shows that m solves the continuity equation. O

We now extend the definition of u outside the support of m, and analyze its behavior near the interface.
We recall that the free boundary is the set {A = 0}, where A = |z| — , /a(filfa)ta.

Lemma A.2. For each (z,t)€ {A > 0}, the equation has a unique positive solution S € (0,t), and Sis a
smooth function of (x,t). Furthermore, the function S = S(x,t) extends continuously to {A > 0}, S(x,t) =1t
on A =0, and one has the estimates

_1_

t 1—-a
> Al
S za(ptg) (A1)
It — S(x,t)] < Cot' "3 A3, (A.2)

1
1

1
where ¢y = (%) T nd Cy = (m)
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Proof. Let us set Cpr := a(fil_?‘a); hence the interface A = 0 is the curve |z| = Crt®. We define
Then, we have

F(x,t,5) = —|z|s' = + Cr(at + (1 — @)s).

(A.3)
OF _ _
g(x,t, s)=—(1—-a)s *(|z| - Crs®).

implicit function theorem guarantees that the function S is smooth in {A > 0}. We now show a lower bound
1
on S, by taking s = (ath

(A.4)
Notice that, since A(z,t) > 0, %—F(x,t,s) < 0 for s € [0,t]. Moreover, F(z,t,0) = aCrt > 0, and F(x,t,t) =
—t17¥A < 0. Hence there exists a unique S € (0,t) with F(z,t,S) = 0. Now, since

%I:(x,t,S) < 0, the
1-a . . —
|a:\+A) . First we note that, since @ < 1, we have

C t 1—16
5 (R) <t in{A>0}
||
Hence s € (0,t). Moreover, we have

F(x,t,s) = — i

aCrt+ Cr(at+ (1 —a@)s) >0
T+ ACCR r(@t + ( )s) =
Consequently, since %—f < 0on (0,t), and F(x,t,S) =0, we have S > s, that is,

1
aCprt \7°
S(x,t) > [ —2E~ .
0> (%)
This is (A.1). Finally, we are now concerned with the continuous extension to A = 0. First of all, we rewrite
(2.4) as

aCr(t - 8) = §'7%(|z| - CrS®)
which yields

(A.5)
1 4 5t%—58% -

aCr(t—9)(1—- =857 =S'PA
aCr(t = 5) ( a t—S >
We can then use the elementary inequality

(A.6)
(155)(1_10)S (1 1, 1—u®

valid for all real numbers w € (0,1). Using this inequality with w = 2, we deduce from (A.6)

aCr(1 —@)
2t
which reduces to

(t—8)> < S™YA < tTOA,

I

It — S| < Cot' "5 A2

by setting Cp = Ra(%—a)) . From this estimate, one sees that if (z,,t,) € {A > 0} is such that (z,,t,) =

(ZEo,to) S {A = 0}, then |S(I,t) - t| — 0. O
We can now establish the Hélder regularity of Du.

1
—u + iui =m?

Proposition A.3. There exists 0 < s < 1 such that the function u (defined in (2.2) or (2.3)) is smooth away
from A =0, and is uniformly C** on compact subsets of (0,00) x R. Moreover, it is a viscosity solution of
in R x (0,7).
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Proof. Given (z,t) € {A > 0}, u(x,t) has been defined through the method of characteristics; outside the
support of m, the characteristics are straight lines that join (z,t) to a unique point (Z,.S) belonging to the
curve {A = 0}. This means that

u(x,t):u(f,S)Jr%(t,S)wz’ {xz)\(t—S)+x, A= —u,(z,S) =2

which leads to the value S = S(z,t) defined by and, correspondingly to the formulas or . By
construction, relying on the method of characteristics, it follows that u satisfies —uy + 3u2 = 0 in {A > 0},
and u is actually a viscosity solution in the whole R x (0,T).

Let us now look at the regularity of u. Since S is smooth away from A = 0, so is u. More precisely,
recalling that S is given by the equation

aCgrt = Slia|$| — (1 —@)CRrS (A7)

we have, by implicit differentiation,
—sgn(z)S
(1 —a)(|z| - CrS®)

Suppose that 8 # 2, so u is given by (2.3)), which simplifies into

Sy =

(A.8)

__20R oz1 QR | ogo
U=—5——7 S T at S .
Therefore,
t _

uy = —2aR <1 — S> §¥a-2g

and from (A.8) and (A.5) we see that this simplifies to:
2R -
=g A9

By Proposition we deduce that u € C1(R x (0,7)); in fact, we can see that u € C*, if we prove a uniform
C? bound for S on compact subsets near A = 0. To this purpose, let K be a compact subset of A > 0, and let
(z,t), (T, t) be two points in K. We write S = S(7,¢). With no loss of generality, we may assume that S > S.

By formula (A.7)), we have
S| — Sz — (1 —@)CRr(S — S) = Cr(t — 1)

which yields, by using S1=% > S1=9 4+ (1 —@)S~%(S — S)

(1-a)
Sa

By definition of A, and Proposition we deduce

(2| — CrST) (S — §) < Calt — | + S 7|z — 1.

(lz == + |t — 1)
A

IS — S| < Kz )
Suppose now that A > (|x —z| + [t — #|)7, for some o € (0,1). Then we get

S = 81 < Kyg (lo =]+t —7) .
On the other hand, if A < (|z — | + |t —#|)°, then we also have

A<(|o—2|+t—%)" + A=Al <Cr(jlz—F|+ [t —7)°
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because A is a Lipschitz function of (z,t) far from ¢ = 0 (it is also globally @-Hélder, as well). Hence we

estimate, using (A.2)

S =S| < IS =t + [t =7 +[7— S| < Comax(t,)'~F (A} +A%) 4t =7 < Co (lo —3| + 1t ~17))F .

This concludes with the Holder bound of S(z,t), and therefore with the C1* regularity of u. Finally, for the
case § = 2, we argue in the same way by using formula (2.2)); notice that u is explicit in this case, because

(2.4) is a quadratic equation in v/S.

O

Remark A.4. We observe that the solution u found above is not W2, In fact, by differentiating once more

(A.9) one gets

W [2R Sol “0
1-a (|$| - a(%ﬁa) SE)
Now, as A — 0, S — ¢, and thus the denominator |z| — a(%l—{a) S® — 0. Hence ug, is unbounded.

The same holds for the case 8 = 2, since we have

AR 4R
e— VAT VA@—-VA)

Uy = —

So ug, is again unbounded as A — 0 .
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