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Abstract
Let LA be the logarithmic Laplacian operator with Fourier symbol 21In (|, we study the
expression of the diffusion kernel which is associated to the equation
du+Lau=0 in (0,5) x RY, u(0,-) =0 in RV \ {0}.
We apply our results to give a classification of the solutions of
Ou+ Lau=0 in (0,T) xRN,
{ u(0,)=f in RV
and obtain an expression of the fundamental solution of the associated stationary equation in

RY, and of the fundamental solution u in a bounded domain, i.e. L u = kép in the sense of
distributions in ©, such that u = 0 in RV \ Q.
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1 Introduction
The logarithmic Laplacian £, in RY (N > 1) is defined by the expression

u(x)1p, (@) (y) — u(y)

Loz = ¢ dy + pyu(z),
su@) =y | =T (@)
where 9
Cy = W_N/QF(%) o PN 3:21112"‘@[’(%)_"1/}(1)’
N
wy = |SN] = dS, SV is the unit sphere in RN, T' is the Gamma function, 1 = FT/ is the
N

associated Digamma function. In this article our first aim is to study the Cauchy problem

Ou+ Lau=0 in (0,T) x RY,
{ uw(0,-) = f in RY, (L)
where f is a measurable function in RY and 7' € (0, &).
The historical model for diffusion equation is the heat equation
ug(t,z) — Au(t,z) =0, (x,t) € (0,T) x RY, (1.2)

for which Widder proved in [36] the uniqueness among nonnegative classical solutions and provided
the representation

1 z—yl?
u(t,z) = ~ /]RNe 4t u(0,y) dy.
2

(4mt)
By a classical solution u we intend a function u belonging to C ([O, T) x RN ), such that ug, ug,q; €
C ((O,T) x RN ) satisfying (1.2) everywhere (see [21,37] and the references therein).

In recent years, there has been a renewed and increasing interest in the study of diffusion
equations involving linear and nonlinear integro-differential operators, and this growing interest is
justified both by important progresses made in understanding nonlocal phenomena from a PDE or
a probabilistic point of view, see e.g. [1,4-9,26,27,29-32] and the references therein, and by their
wide range of applications. Among nonlocal differential order operators the simplest examples are
the fractional powers of the Laplacian, which exhibit many phenomenological properties. Recall
that for s € (0, 1), the fractional Laplacian (—A)® can be written as a singular integral operator
defined in the principle value sense

u(@) — u(y)

(—A)’u(z) = en,s lim WLEEE v,

e—0+ RN\ B (z) ‘.’L‘ —
(N+25)

2
I'(1-s)

N
where cy s = 22577 2 s > 0 is a normalized constant such that for a function u € C2°(RY),

F((=A)u)(€) = (27)" 2 / e"TE((=A)Su) (z) dr = [£]*T(¢)  for all £ € RV,

RN



Here and in the sequel both F and = denote the Fourier transform. A representation formula for
the s-fractional diffusion equation

u 4+ (=A)Pu=0 in (0,T) x RY, (1.3)
was recently proved in [2]. It is based upon the s-fractional diffusion kernel
Py(t,z) = t 2P (f%x) , (1.4)
where
P(z) := / e EIE e,
RN
Note that Py € C* ((0,00) x RY) (see e.g. [3,17]). Under suitable conditions on f, a solution of
(1.3) with initial data u(0,-) = f is expressed by the formula

wylt) = [ Pt =9I dy.
RN
It is well-known that the following two limits hold when s tends 0 or 1:

lim (—A)°u(z) = —Au(z) and S£%1+(—A)su(x) =u(z) for u € CERY),

s—1—

see e.g. [15]. Furthermore the following surprising expansion at s = 0 is proved in [11]
(=A)*u(z) = u(x) + sLou(z) + o(s) as s — 07 for all u € C2(RY) and z € RY

where the formal operator

d
N % s=0
is the logarithmic Laplacian; more precisely (see e.g. [11]),

LA (—A)®

(i) for 1 < p < oo, there holds L u € LP(RY) and (_A)% — Lauin LP(RY) as s — 07;

(i) F(Lau)(&) = (2In|&])u(€) for ae. £ € RN,

Recently, the following related topics on the logarithmic Laplacian has been investigated: the
eigenvalues estimates [10,23], log-Sobolev inequality [19], semilinear problems [13,22]. The domain
of definition of £, is the space Domg, (RY) := £ (RY) N Cp(RY), where

X(RN) = du:RY - R measurable : / L:C)’Ndx < 400
gy 1+ |z
and Cp(O) is the space of uniformly Dini continuous functions u in O such that for any x € O
1
dr
/ sup  |u(z) —u(y)|— < +o0.
0 yeO,|ly—z|<r r

Ifue (RN ) then L u can be defined as a distribution with the duality product (Lau, ) for
every ¢ € S(RY) where S(RY) denotes the Schwartz space of C* fast decaying functions.

Applying the inverse Fourier transform to the Fourier expression of the diffusion equation as-
sociated to the kernel defined in (ii), we obtain that the formal diffusion kernel of the logarithmic
Laplacian has the following expression

Pt z) = /RN €]t e de, (1.5)

From now on, this formula defines the logarithmic diffusion kernel.



Proposition 1.1. Let the logarithmic diffusion kernel Py, be defined by (1.5), then

Pu(t,z) = Po(t)|a ™ for (t,2) € (0,%) x (RV\ {0}), (1.6)
where . _tl_‘(Nth)
Po(t)y=nm"24 () (1.7)

Furthermore, we have that
(i) Pult,") ¢ L"(RN), but Pu(t,-) € LN]—V%’OO(RN) for every t € (0, %), where LN%%’OO(RN) is
the Marcinkiewicz space with exponent ﬁ;

(i3) P (t,-) blows up uniformly in any compact set of RN as t — (%)_ More precisely there holds
forax #0
lim (N —26)Pu(t, z) = 2> Nw,,.

t%(%)_
(i1i) For any x # 0,
lim Py (t, ) = 0
Jim P (t, )
and lim Py (t,-) = do in the sense of distributions, i.e.

t—0t

lim Pu(t, z)p(z)dz = ©(0) for ¢ € C.(RY).

t—0t+ JrRN

In the next table we emphasise the striking differences between Py, and P; for s € (0, 1),

Lifespan | Time asymptotics Behaviour at x = 0 | Decay as |z| — o0
Ps | (0,+00) | decay rate 72 at infinty | smooth || 2N
Pm | (0, %) blow-up rate 15, singular |z|?—V |2

Furthermore, Py, (¢, -) is the fundamental solution of the fractional Laplacian (—A)* for ¢ € (0,1).
In the sequel we call the expression below the logarithmic diffusion equation

Ou+ Lau =0, (1.8)
without presuming in what sense it holds.

Definition 1.2. We say that a function u defined in C([O,T) X RN> is a strong solution of the

logarithmic diffusion equation (1.8) with initial data f € C(RY), if u(t,.) € Domc(RY) for all
t > 0 and the following conditions hold:

(i) By € c((o,T) x RN);
(ii) u € c([o,T) X RN);
(iii) the equation is satisfied pointwisely, i.e. for every (t,z) € (0,T) x RV
Owu(t,x) + Lau(t,z) =0, (1.9)

and u(0,x) = f(x) for every x € RV,



As a consequence of the equation, in this framework the function (¢, x) — Lau(t, z) is continuous

in (0,7) x RV,

We prove the following analogue of Widder’s representation for the logarithmic Cauchy problem.

Theorem 1.3. Let0 < T < & and f be a nonnegative function in C(RM)NLY (RN, (1+|z|)*T~Ndz).
Then problem (1.1) admits a unique strong solution u = uys, which is positive and has the form

uf(t,z) = /RN Pu(t,x — o) f(y)dy = Po(t) oy * f(x), Y (t,x) € [0,T) x RV,

— |x‘2t—N

where Iy () 1s the Riesz kernel of order 2t. Moreover

2
lim (N —2t)ug(t,x) =

t=(5)" (4m)=

Furthermore, the following implications hold:
(i) If f satisfies for some M >0 and 7 < —N

05 flx) <M+ |z))" for zeRYN,
then there exists ¢ = ¢(N, f) > 1 such that for any (t,z) € (0,T) x RV

PO (1 o) < uglt,) < e
where Py is defined in (1.7).

(i1) If f satisfies for some M > 1 and 7 € (—N, —2T)

Po(t)

(1l Y,

O [al) < f(@) < MUt [a])” for x € RV,

then there exists ¢ = ¢(N, M,T) > 1 such that for any (t,z) € (0,T) x RN

1Po(t)
2t

(1i3) If it is assumed that, for some M > 1,

Po(t)
2t

(14 |27 <up(t, o) < e = (1 + )7

T+l < f@) < MO )N or @ eRY,

then there exists ¢ = n(N, M) > 1 such that for any (t,x) € (0,T) x RN

Po(t)
2t

LPo()

021+ o)V Ine + fa) < up(t) < ¢

wllfllzy for any x e RY.

(1+ \x|)2t*N In(e + |z|).

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

Involving a signed initial data, we have the same Widder’s representation by the linearity of

the operators.

Corollary 1.4. Let 0 < T < % and f € LYRY, (1 + |z|)*T~Ndx) N C(RYN). Then problem (1.1)

admits a unique strong solution u = uy expressed by (1.10). Moreover, (1.11) holds.

Note that the bounds of the strong solution in Theorem 1.3 show that the function u¢(t,-) does
not belong to L'(RY). Hence we propose a definition of weak solutions to (1.8) valid for more

general initial data f.



Definition 1.5. We say that the function u is a weak solution of the logarithmic diffusion equation
(1.9) with initial data f € Li (RYN) if the following conditions hold:

loc
(i) uw € L <(O,T’] , LY(RN, (1+ |:E|)2(T_T,)_Nda:)) for every T < T';
(ii) u e C ((0,T), LL,(RY));

(111) For ¢ € Xg and any T' € (0,T) there holds
Tl
/ / [—0sp + Lapludtde = / ©(0,-) fdx — / uw (T, z) ¢ (T', z) d, (1.15)
0o JRN RN RN
where Xo = {¢ € CH[0,T) x RY): ((t,-) € CLRYN) for all t € [0,T)}.

When f = u is a Radon measure, identity (1.15) is replaced by

/OT' /]RN [=0vp + Lap]udtdr = /RN ©(0,)dp — /RNu (T',z) ¢ (T', z) da. (1.16)

Our first existence and uniqueness result which shows the role of the Widder’s type represen-
tation is as follows.

Theorem 1.6. Assume 0 <T < & and f € LYRY, (1 + |2|)*~Ndz), then problem (1.1) admits
a unique weak solution uy expressed by

us(t,r) = . Pu(t,z —y)f(y)dy forallt e (0,T), ae. xRV, (1.17)

The result is also valid if f is replaced by a Radon measure p in RY satisfying

/ (1+ |2))2 N d|u|(z) < oo. (1.18)
RN
Of particular importance is the case where u is a Dirac mass.

Corollary 1.7. Let 0 < T < %, then Py, is the unique weak solution of

ou+ Lau=0 in (0,T) xRN,
(1.19)

u(0,-) =& in RV,

Notice that,
(a) from the uniqueness, the classical solution obtained in Theorem 1.3 is a weak solution of (1.1);

(b) for a nonnegative function f € L'(RY), the weak solution wus s of the fractional diffusion
equation of (1.3) exists for (0, +00) x R, while the solution of the nonlocal diffusion equation (1.1)
¥)~ in accordance with the

exists only in (0, %) x RV, and it blows up locally in RV as t — (&

expression (1.11).
The final aim of this study is to use the diffusion kernel P, to give an expression of the
fundamental solution of the logarithmic Laplacian, that is the solution of

Liu=Fks in D'RY). (1.20)



Theorem 1.8. Let N > 3, then the operator LA has a radially symmetric fundamental solution
Oy, in RN expressed by

1 1
q>1n(x)=/0 Po(t)|x|2t_th+/0 Po(t)/RN o — g2 No (y)dydt for &€ RV\ {0}, (1.21)

where

t)y=m"1 ——=—= 1.22
and ®1 is the fundamental of the Helmoltz equation —Au —u = &g in D' (RN) expressed via Hankel
functions.

Furthermore there exist two positive constants ¢ = c¢1(N) and c¢; = co(N) such that

x|~ x|~

Py (x) — co1 <eci— for all =z € B1(0)\ {0} (1.23)
In® |z| In” |z| e
and
[P ()] < co ] for |z| > 2, (1.24)
where

o =4 ¥ ().

Our idea is to apply the parabolic operator 9; + L to connect the fundamental solutions of the
logarithmic Laplacian with the one of the Helmholtz operator —A — I. This requires the lifespan
of Py, to contain the interval (0,1]. When N > 3, it is well defined since Py(t) for t =1 < &, but
it fails when N = 2, since in that case Py(1) = +o00. However we conjecture that the fundamental
solution @y, exists for N = 1,2 and it decays like \m|% as |z| = 4o0.

In a bounded Lipschitz domain €2 containing 0, we consider the problem below, the solution of
which is the fundamental solution in €2,

{EAu =9 in D'(Q), (1.25)

u=0 in RN\ Q,
where D’'(2) denotes the space of distributions in 2 that is the topological dual of the space D(Q)
of C* functions with compact support endowed with the inductive limit topology (see [28]). We

denote by o(La,€) the spectrum of £, in Q with zero condition in €, that is the set of A\ € R
such that there exists a nontrivial solution to

Lau=Au in €,
(1.26)

u=0 in RV\Q.
It is proved in [11] that (LA, Q) = {)\z(Q)}kzl where k +— )\z (Q) is increasing and

Hm A () = +o0.

k—4o00

Furthermore ker(LA + )\f(Q)) is 1-dimensional and generated by a positive function ¢;. First we
characterise the fundamental solution of £, in €.



Theorem 1.9. Let N > 1, Q be a bounded Lipschitz domain satisfying a uniform exterior sphere
condition, containing By and such that 0 ¢ o(La,Y). Then problem (1.25) possesses a fundamental
solution @f}l and there exists cg3 > 0 such that

] ]

In? |z|| ~ n’ ||

@ﬁ(aﬁ) — ¢

for x € B1(0) \ {0}. (1.27)
Furthermore, there holds near 0S)
02@)| =0 () foraire (0= (1.28)
" [mp(a) '2)
where p(x) = dist(z, 0€2).
We also gives some estimates of @y, is some Orlicz classes and we prove, at least if N > 4, that
under mild assumptions on f the function u = &y, * f is Dini continuous. It is therefore a strong

solution of
Lau=f  in RY, (1.29)

Theorem 1.10. Let N >4, 0 > 1 and f € L*(RY) N L>(RY), where

LR = {h e L (RM): esssup(1+ |y))?|f(y)| < oo} : (1.30)
yERN

Then for any R > 0 there exists ¢y = c4(N, R, 0) such that

Cq

[P+ f(x) — Ppy + f2)] < 1+ In%(|z — 2/|)

(fller + [ fllgoes) — for allz,2" € Br,  (1.31)

where

£l oo = esssup(1+ |y])°[ f(v)]. (1.32)
yERN

In the previous theorem the assumption N > 4 is made necessary by our method based upon
the key estimates obtained in Theorem 5.6 (see the remark after its proof). We conjecture that the
above result is still valid when N > 3, up to some modifications of the estimates.

The paper is organized as follows. Section 2 is devoted to the study of the diffusion kernel Py,
of 0 + L, and to the existence and the representation of classical solutions of (1.1). Section 3 is
devoted to the Cauchy problem associated to the logarithmic Laplacian, first in the weak sense and
then in the classical sense, based upon the proof of the uniqueness of weak solutions. In section
4, we construct the fundamental solution of the logarithmic Laplacian using the diffusion kernel,
representation formula for solutions of the Cauchy problem and precise estimates of the kernel of
Helmholtz operator in RY. In Section 5 we use the estimates of @), to prove some imbedding
properties in Orlicz spaces, to obtain point-wise estimate of V®;,, in RY \ {0} and to prove that
the solution of the Dirichlet problem in R¥ is Dini continuous.

2 Basic properties

In the course of this paper ¢ will denote a generic positive constant, depending on different param-
eters (which can be specified in some cases), but not on the variable, the value of which can vary
from one occurence to another. In some cases, in order to avoid misunderstanding, we introduce
constants ¢’ or ¢”.



2.1 The logarithmic diffusion kernel
Proof of Proposition 1.1. We recall (see e.g. [33, Chapter V, p. 117]) that

F(l-N=a@)- ™" in S'RY)

with

o(t) =27 N2 2 7,
I'(=3%)
Consequently, if 7 £ —N, we have that
1
]_‘—1 . —N—1 i I T : Sl RN
(-7 = 517w S@Y)

and
F'1)=6 in S'(RM).

From the properties of the Fourier transform there holds
O Pu(t,€) + 21 ¢ Pua(t, €) = 0, (2.1)

which implies .
Pun(t, &) = e Ml = g7 for (t,€) € (0, ) x RV \ {0}.

By the inverse Fourier transform,
Pu(t,x) = Po(t)|z[* N for (t,x) € (0,5) xRY,

where, we recall it,

N F(N—Qt)
Po(t 247t 2
o =TT
Clearly Py is a positive and smooth function in (0, %) and it vanishes at ¢ = 0. The expression of

Pin shows that Py, (¢, -) does not belong to L'(R™M) for any t € (0, ), this is part (i).
Since xI'(x) — 1 as « | 0 we obtain

Pot)- M52 5 (4m)~2 DY) as ¢ ()

This implies that for any x # 0

N
Puwl(t,z) - NE% — (4m)” 2 I’_l(%) as t — (%)_

Now (ii) follows by the fact that

2 2

lim D(Y%2) Y —#)=1 and lim |z[* N =1 forz#0.
N, _ N, _
t—=(3) t—(5)

Because lin%) I'(1) = oo, we have for any x # 0,
T—

lim Py (¢, z) = 0.
Ay Pt )
For the proof of part (iii), if ¢ € C.(RY) has support in B,,, for any e > 0 there exists § > 0
such that
[p(x) —p(0)] <€ if |z| <.



Then

N TR 2N
+r24 tf Y (p(x) — 9(0)) da
r(1—1) Jp,
We have that N
N I'(2=
2 4tr((13t; — w*%r(g) as t— 0T,
2%_N odtw w
t/ le|2 N de = 2N 5 TN a5 ¢ 0T
» 2 2
and
" / 22N (o) — (0)) da| <t / 2N o(z) — (0)] da
By, Bs
T / 2N (@) — (0)] da
Bao\Bé
<IT+1II.
Then
I <ewyd® = ew, ast—0
and

I < H‘P”LOOWN(Ugt — 5%) —0 ast—0.

Since € is arbitrary and

we obtain
lim P (t, x)p(z) dz = ¢(0).

t—0t+ JrN

Lemma 2.1. Assume 7 <0 and (t,z) € (0,—35) x RN then
(i) If =N < 7 < 0 there ezists c = c¢(N,T) > 1 such that

1
Smin (ol e 4o} < [ o PNyl dy < FlaP
ct RN t
(11) If T = —N there exists ¢ = ¢(N,T) > 1 such that
1 . _ _ - c -
Smin {Ja2 = Infe +fol). ¢+ o) < [ o=y ) dy < Sl In(e + o).
(i1i) If T < —N there exists ¢ = ¢(N,T) > 1 such that

1 _ _ c _
cmin (et o) < [ o=y PN 7 dy < S ma {Ja2 oY)

10



Proof. Assume = # 0. The integral over RY is the sum of the integrals over B|.(0), over B ()
2 2
and over RV \ (Bm (0) U Bqg (x)) Clearly
2 2

- (2+[z)" %-N wy |zl2 4+ |=)T
=y N1+ |y) dy < |z -y N dy = -2
/Bx (x) 27 By (2) 92t-+71+1 t
2 2
(2.2)
and
%-N . (2+3!w\)7/ A-N wy |z*(2 4 3lz))7
— 1 dy > ——+— — dy > .
/le (-77) ‘x y‘ ( " ‘y’) V= 27 Blzl (x |:I; y| v= 22t+7—+1 t
2 2
(2.3)

Concerning the integral over B, (0), one has
2

Lz]

3 2t—N P}
M’mthWN (14 r)rNtar < o =y N (1 + Jy)" dy
2 0 B, (0)

% =]
2t—N 5
< L Qt_NwN / 2 (L+7)"rN"tar.
2 0
If || — oo, there holds
’$|N+r
i __ 1401)) if -N 0,
g e e i SN <<
LA =0 ] (14 0(1)) if r—=—N,
(14 o0(1)) it 7<-N

for some explicit value ¢*, and if z — 0,
lel N
2 T

(1+ T)TTN_ldT = 2|N|N(1 + o(1)).

0
This implies

inf{|z|2*7, |z|*} it —-N<7<0,
/ z =y N+ y))Tdy < e inf{lz|* N In(jz| + e)], |z[*} i T=-N, (2.4)
P © inf{ |22V, |22} it r<-N
and
inf{|z|2*7, |z|*} if —N<7<0,
/ 2 —y* N (1 + Jy)" dy >1 inf{|z* N In(|z| + e), [z[*} if - N =, (2.5)
B © it 2Pty it —N>7

where the constant ¢ depends only on N.
Finally, we consider the integral over RV \ (B (0) U By

2

(),

L]
2

/ o=y Nyl dy
RN\ (B|,) (0)UB I @)

2

—fapm [ Jex = N (Jaf !+ J2"
RN\ (B (0)UB1 (e2))

1 1
2 2

11



where e, = % This integral is invariant by rotation, thus we can assume that ey = (0,0,...,1) €
RY. The function

ol > H(jal) = | e — 2N (Ja] ™! + |2I)" dz
]RN\(B% (O)UB%(eN))
is increasing, therefore
0= lim H(ly|) < H(|z|]) < / leny — 2|2 N|2|"dz == H(c0) < .
ly| =0 RN\ (B} (0)UB) (en))

This yields
2 =y "N (1 fy)T dy < [2TTH (c0). (2.6)

/]RN\(BM (0)UB | (z))

2

2
For the lower bound, B% (0) U Bi(en) C B3(0), therefore

1
2

len — 2[* 7N (|2 7+ [2)7dz 2 / len — 227N (|27 + [2))7 d2
RN\ B5(0)

/RN\(B% (0)UB) (ex)

2N [ e s
2

o
> 22t_NwN/ rzt_l(\ac]_l + )" dr.
2

But the following relation holds

oo [e.9]
/ 2|z 4 )T dr = |:1:|_2t_7/ s (s +1)"ds > cmin {1, |x\_7_2t} :
2 2|x|

This implies

/ & — N (14 yl)7 dy > cmin {Jo7 1} (2.7)
RN\(BBA(O)UB@(I))

Since 0 < t < —3 the proof follows by combining (2.2)—(2.7). O

Remark 2.2. When |z| > 1, the estimates in Lemma 2.1 with possibly a new constant ¢ = ¢(N, T) >
1 can be expressed under the following form:

) 1 _ c .
) Lt < / oy ) dy < ST ifr e (<N, 0);
Ct RN t
. 1 _ _ _ c _ )
(i)l e +Ja) < /R ey P N )N dy < N inge+ Jal) i = N

1
i) LjatN < / e gP N+ )T dy < e N ifr< —N
Ct RN t
(2.8)

12



Proposition 2.3. Let T € (0, %) and f € CL(RY) such that f, |V f| € L*(RN). Then the function
uy defined by

uslt) = [ Pultia =) ) dy, (2.9

is a strong solution of (1.1).
(i) Since the mapping: f +— Pu(t,-) * f is increasing and Py(t) > 0, if assume furthermore that
f # 0 is nonnegative and

f(x) < M1+ |z))" for zeRY

for some M >0 and 7 < —N, then there exists ¢ > 2 such that for any (t,z) € (0,T) x RY,
1 _ ¢ -
ZPo (1 |2 <up(tz) < SPo()(1 + [2])* 7, (2.10)

where Py is defined in (1.7).

(i) Moreover, if it is assumed that

(1 lal) < f@) < MOt )7 for o € RY

for some T € (—N,—=2T| and some M > 1, then there exists ¢ > 1 such that for any (t,x) €
(0,T) x RY,

é%(t)(l L) < gt 2) < SPo(E)(1 4 a5 (2.11)

(iii) At last, if assume also that, for some M > 1,

1

A1) < fl@) < MA+[)™ for zeRY,
then there exists ¢ > 1 such that for any (t,z) € (0,T) x RV,

épo(t)(l + |93|)2t_N In(e + |z|) < us(t,z) < %Po(t)(l + |x])2t_N1n(e + |x]). (2.12)

Proof. First we note that if

up(t,z) = ox Pi(t,z) f(x — z)dz = Po(t) Lo * f(z), (2.13)

then classicaly

—~

(1)

(1, €) = Po(t) o % [ (€) = 7>o<t>4tw15w_t)r§\2tf(§> = [¢I7* f(©),
2
because of the identity (1.7). Therefore
Oy (t,§) = =2 [¢|f(§) = F (Qruy + Laus) =0, (2.14)

Thus the equation is verified in the space S'(R™) (see [28] for the duality between S(RY) and
S'(RY) and the Fourier transform therein).

(i) Since uy is defined by (2.9) and Vf € LY(RY) N C(RYN), for all integers 1 < i < N the
expressions

Op,up(t,x) = / Pun(t, 2)0y, f(x — 2) dz,
RN
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are well-defined and are continuous functions of (z,t). As a consequence, uf(t,-) € C1(RY).
For the time-derivative, we note that

O Pm(t,z) = Ph(t)|z)? =N + 2Py ()| N In ||,
then

Owus(t,x) = . O Pi(t,2)f(x — 2)dz
R

= P [PV @ 2 de 4 2P [Nl o )

which is continuous at any point (t,z) € (0,7) x RY. Next we prove that

lim uf(t,2) = f(z) for any 2 € RY, (2.15)
t—0t

by adapting the proof of Proposition 1.1-(iii). For z € RN, R > |z| + 1 we write

uf(t,x) = /BR(x) Pi(t,2)f(x — z)dz + /B Pu(t,z)f(x — z)dz.

7(®)

Since f is uniformly continuous on Br(z), we have again

lim Pu(t,z)f(x —z)dz = f(x).

t—0t Br(z)

By Holder and Gagliardo-Nirenberg inequalities

1 N—-1

L@ENIN g, : T — 27T ds N
< Po(t) (/B%(x)u d) (/B%(x)m ) d)
< cPo(t) (/B

N
|2|@—NIN dz) / IV f|dz
i RN

<dPo) [ 19114

/ Pu(t,2)f(x — 2)dz
B (z)

Since Py(t) — 0 as t — 0, (2.15) follows. This implies that
us € c([o, 2) % RN> mcl((o, 2) % ]RN>.

Since (2.14) holds, it follows that uy satisfies (1.8); as a consequence it is a strong solution of (1.1).
Let R > 1 such that supp(f) C Bg, then if |z| > 2R,

1
§]a:| <|r—y| <3|z|] for y € Bpg,

and if f is a nonnegative non identically zero function,
|$|2t_N . |2t—N dy = . 2t—N du < |x|2t_N
Sn=ar 1l eyy < o lz —yl" "V fy)dy = e = yI" 7 f (W) dy < gy ey,

Br
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and if |z| < 2R, we have that

B B CRZt
[t =P )y < gy [ Y @z = S e

Bsgr

for some ¢ = ¢(N) > 0.

If we assume that 0 < f(z) < M(1+ |z|)” and 7 < —N, then the right-hand side part of (2.10)
follows directly from Lemma2.1-(iii). For the left-hand side, we can suppose that |[f1g,| 1 > 0
for some R > 0 and we have for |z| > 2R,

| 2—N
WHleRHLl(RN)S/ lz —y[* " f(y)dy.

Br
This implies (2.10) up to changing the constant c.
(i) If we assume (1 + [z])” < f(z) < M (1 + |z|)7, then (2.11) follows from Lemma 2.1-(i).
(ili) If we assume -(1 + |z[)™ < f(z) < M(1+ |z|)~", then (2.12) follows from Lemma
2.1-(ii). g
The next results will be used later on

Lemma 2.4. There holds

lim tT(t) = 1, (2.16)
t—0

lim £2T7(t) = —1 (2.17)
t—0

and
: 31/
=2. 2.1

lim 77" (t) = 2 (2.18)

In particular
_N
2

P(0) = 2 (X) and PY(0) =272 (DY) - T'()). (2.19)

Proof. Since we have

o] Zt S 1 o]
I'(t) :/ 2 lem%dy = [e‘z] + / e *dz,
0 t =0 tJo

we obtain (2.16). For IV there holds

o0 t t 00 00 /ot t
I'(t) = / A nze "z = | (s — 2) 6_2] +/ (z Inz— 22> e *dz
0 t t o Jo \t t

1 (@)
=5 / (tzt Inz — zt) e “dz.
0

Then (2.17) follows. For I we also have

o0 t t 9t o0
I(t) = / 27N n? ze 7 dz = [(z In?z — 22—2 Inz+ §> e_Z]
0 t t t -

2t 2t 2z¢
+ Sz 25 Inz+ “d
/0 <t n"z— 25z t3>€ z

o
/ (tzzt In2z —2t2tnz + 22t) e “dz.
0

1
G
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Hence (2.18) follows by integration by parts. The first formula in (2.19) follows directly from (2.17).
The second is a little more involved and left to the reader. O

Given tg € (0, %), we consider the backward problem

Ou—Lau=0 in [0,¢9) x RV,
(2.20)

u(tg,") =g in RV,
The existence of strong solutions of (2.20) is established below.

Corollary 2.5. Let tg € (0,%) and for g € CH(RY), we denote

wltr) = | Pulto =~z =)o) du, (221)
then vy is a strong solution of (2.20),

vg € C([O,to] X RN> ﬂC1<(0,t0] X RN),
and we have, for some ¢ > 0 dependent of || f|| L1y and || f]| Loo my

oyt )] < e 00 = 1)

<o (1+z))20=D=N " for (t,x) € (0,9) x RV, (2.22)
o

Proof. Note that the backward diffusion kernel 9y, is
On(t,z) = Pi(to —t,z) in [0,t9) x RY.

Then the proof is the same as the one of Proposition 2.3. O

2.2 Maximum principles

We first recall some maximum principles for the logarithmic Laplacian valid in bounded domains [11,
Corollary 1.9]:

Lemma 2.6. Let Q C RN be a bounded Lipschitz domain. Then LA satisfies the mazimum principle
in 0 if one of the following conditions is satisfied:

(i) ha(x) + py > 0 on Q, where

1 1
ha(r) = ey </Bl(z)\Q |z — y|Ndy - /Q\Bl(a:) |z — y\Ndy>; (2.23)
(ii) 19 < 2N exp (5 (v(5) =) ) IB1(0)].

The role of ho(x) 4+ pn is clear since the following expression,

_. u(z) —uly) c u(y) " ule
Laul) = ey [ Py ey [ STy (ha) 4o Jute) 220

is an alternative definition of the logarithmic Laplacian.

For the associated diffusion operator, we have the following maximum principle:
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Corollary 2.7. Let Q C RY be a bounded Lipschitz domain. Assume v € C([0,T) x Q) such that
O € C((O,T) X Q) satisfies pointwise

v+ Lav>0 in (0,7) x Q,

(2.25)
v>0 in ((o,T) x (RN \ Q)) U ({0} x ]RN).
If hg + pn >0 on Q, then
v>0 dn [0,T) x Q.
Proof. We proceed by contradiction, assuming that for any 77 € (0,7, we have that
v (to, o) := min _wv(t,x) < 0. (2.26)
[0,T"]xQ
Clearly (to,zo) lies in (0,7 x . Therefore v; (xg,t9) < 0 and thus
[:A’U(to,xo) Z 0. (2.27)

This yields a contradiction by using the expression (2.24), since

U(tO) 370) - ’U(t[), y) / U(t07 y)
Lav(tg, :c/ dy — ¢ —————dy + (ha(xzg) + v(to, o) < 0,
av(to, zo) = cy R T Y7 Jog oo g8 Y (Q( 0) ﬂN) (to, zo)

from (2.26) and (hg(ajo) + pN>v(t0, xo) > 0 from the assumption on hq + pn. O

In the following result we get rid of the restriction hq + py > 0 provided the boundary value
of v is bounded from below.

Lemma 2.8. Let Q C RY be a bounded Lipschitz domain and v € C([0,T) x Q) such that Oy €
C((O,T) X Q) which satisfies pointwise the following inequalities
v+ Lv>0 in (0,T)xQ,
vz 0 in (0,7)x (RV\Q), (2.28)
v(0,-) >¢ in
for some ¢ > 0. Then

v>0 n [0,T) x Q.

Proof. We proceed by contradiction. Let ¢ty > 0 be the smallest ¢ > 0 such that v(to,zg) = 0 for
some zg € . Then v(t,z) > 0 for all (¢,x) € (0,%9) x 2. Thus 9y (ty, xo) < 0 and

U(t07y)
Lav(tg, xg) = —c¢ / ——"=dy > 0,
v ) N RN\JTO—?AN:U

where the equality holds only if u(tg,-) = 0 a.e. in RY. Since v is continuous in ([0,7) x )
nonnegative and not identically 0 on the boundary, we are led to a contradiction. O
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3 The Cauchy problem

3.1 Uniqueness of weak Solutions
Our uniqueness result for weak solutions is the following.

Theorem 3.1. Let T € (0, %) and u be a weak solution of the equation with zero initial data

Ou+Lyu=0 in (0,T) x RV,
(3.1)

uw(0,) =0 in RY.
Then u(t,z) = 0 for every t € (0,T) and for almost every x € RV,

Proof. Step 1. We fix 0 € C} (RN) with compact support in Bg, for some Ry > 0. We aim to
prove that

/ u (to, x) O(x)dx = 0.
RN

For t € [0,tp), we define
@9 = Pn(to —t,) * 0.

By Corollary 2.5, function ¢y is a strong solution of

{atv—Lszo in [0,ty) x RN, 52)
v(tg,-) =6 in RV,
Then
foo(t, )] = | (Puto =) <) (@)] £ L= g 4 o,
where % is bounded as t — #o and ¢ > 0 depends on Ro, to and [|0|[ 11wy, (0] Loo (mvy-

Applying (2.21) to the derivatives of § € C! (Bg,), we also have
Vot )] = | (V) Pulto—t,)) (t.2)

= | (Putto — 1)+ (v0) ) t, )|

CPO (t() — t)

1 2(to—t)—N
e

where ¢ > 0 depends on Ry, to and [|[V0| 11 @ny, [[VO| poo@mny-
For R > 2R, we define

nR(‘T) = 770(%) and wR(‘T7t> = (109(x7t)77R(x)7
where 1 : [0,4+00) — [0, 1] is a smooth, non-increasing function such that

m=1 in [0,3] and no=0 in [1,400).

18



As a test function in (3.1) we take 1,,. Since yy is a strong solution, we have that

’/RNu(to,x)H(:c)wR(x)dx‘ = ‘/Oto /]RN [unr(z)0wpe — ula(,(t, )] dz dt’

- ‘/Oto /RN uEA(SOG(l—nR))dx dt‘

to
< [ ul]es (ot = ) fae ar
0o JRN
The main point is to show that
to
lim / ul ’EA((pg(l - nR)) ’dx dt = 0. (3.3)
R—oo Jg RN

Step 2. We claim that there exists a positive constant ¢ independent of t such that for R >> 1
‘[,A (gpg(l — 77R)> (t, x)‘ < ¢min {RQ(to_t)_N In R, |m|2(t°_t)_N In |:c|}, (3.4)

for any (t,x) € (0,T) x RV,
(i) In the sequel we take R >> 1. If z € Br, then By(z) C Br(z) C Br, thus
4 4 2

1
]a:—y]>tl|y| for y € RN\ Br.
2
Since 1 —nr = 0 in Br, we have that
2
—o(t, y)(1 —nr(Y))
Lalpat - m))t2)| = ] [ ay
‘ A( ) ‘ N RN\Bpg v —y[N
2
<

t,y)|
4N / g dy
Y EM\Bg (L + JyhN

to—t
é 0730(0)/ (1 + |y‘)2(t07t)72N dy
to - t RN\B%
S C/R2(t0_t)_N7
) ) . . Polto—1t) .
the last inequality, being a consequence of the fact that 1th]r? I exists. Therefore, for any
—1o 0—
t €[0,to] and = € Bk,
4
|La(o(1 = nR))(t,2)| < RN, (3.5)

(ii) Next, if # € Bagr \ Br, we note that pg(1 —ng) is C!, then
4

wo(1 —nr))(t,x) — (wo(1 —nr))(t,y)

(
c 1— 2 < / d
‘ A(W( nR))( ZE)‘ CN’ By (x) |z — y|N y}
—pp(1 —nRr)) (L, y)
+ dy| + 1—ng)|.
CN’ /RN\(BIS‘UBl(x)) |z —yN y‘ [oxpo(1 —nR)|
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From the estimate on g there holds if % < |z| < 2R,

[(o(1 — nr))(t, z)| < cR¥t0=H-N,

Furthermore
wo(1 —nr))(t,z) — (wo(1 —nr))(t, y)
! N0 = Lol =m0 gy < sy 9t ) Va0
B (x) |z —y| y€B1(x)
C —_4)—
< E(1+|$|)2(t° 2 NX[§,31(|$|)
< CRQ(t()—t)—JV—l7
and
— 1-— t
‘/ (e ( URJ?{)( ) Gy < / Isae(t,yj)vl a
RN\ (B g UB1 (2)) [z —y| RN\ (BRUBi (@) |7 = V]
2 2
Q(to—t)—N
< lyl dy.

c wee v
N /]RN\(BguBl(m)) |z —y|N

Since R >> 1, we have

Q(toft)fN 1
/ |y‘ 5 dy S (R/2)2(t0—t)—N / < dy
Brs@\Bi() [T =l Brs(@\Bi(z) |7 =Yl

< cRXto—t)=N |y R

Clearly

/Bm\(B%uBR/g(x)) |z —y[N
and

’y|2(t0—t)—N
/ = dy S / ’y‘Q(to—t)—ZN dy — CRQ(tO_t)_N.
RN\B4R ‘x - y‘ RN\B4R

Thus, for any t € [0,ty] and = € Bar \ Br, we have that
4

1La(po(1 —nr))(t,2)] < cR*PI"NInR.

(iii) Finally, for z € RY \ Bag,

‘EA(cpg(l—nR))(t,x)‘ < CN) /B 1()¢e(t,’i)_—ys’0]3(t,y) dy’

—(po(1 —nr))(t,

+c /
Y RN\(BguBl(ac)) |z —y|N

y)
dy| + lpyp(t,)].
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We estimate the three terms on the right-hand side of this inequality as follows. Obviously

pxpat, )| < claPT007N,

next

t,x) — t, -
[ el gl g < s [Teta)] < et + a0,
Bi(x) |z -y yEB (2)

and finally

‘ / —(o(1 —nR))(t,y)
]RN\(BguBl(x)) |z —y|¥

ol < T
y‘ RN\(BgUBl(J})) ‘x_y‘N

|y|2(t0—t)—N
c / W
RN\(BguBl(z)) |z -y

IN

From these estimates, we obtain the following series of inequalities (with e, = ﬁ—‘)

x
2(to—t)—N
/ |yl "y
Bl @\Bi(x) T =Y

Ky

1
ol 2(t0t)N/ dy
o B (@)\Bi@) [T =yl

lz|
z

IN

to—t)—N In |

4

IN

clz|*

| |2(to—t)—N
/ By < ™ [ 20N gy
Blay 0\Bg (0) |z — | Bl (0\B (0
< C|:E|2(t0_t)_N,
|y|2(toft)fN

/Bzx(m)\(Bw OUBL (@) == ylN
a 1

— lapt-0- | [P0 N o,
Ba(ex)\(By (0)UB} (e)) ez — 2|V
— C|x’2(t0_t)_N,
and
/ Mdy _ ’x‘Q(to—t)—N/ M dz
RM\By, (@) [T =9IV RM\B, |€z— 2V
— C‘l’|2(t0_t)_N.

Therefore, for any t € [0,t0] and z € RN \ Bag

‘EA(go@(l — nR))(t, x)’ < c]a:|2(t0*t)*Nln |].

21
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Step 3. End of the proof. Assuming that (3.4) holds, we have

IN

/ lul|£a(eo(1 —nr))|dx c/ |u| min {R2(t0_t)_Nln R, |z[2to=)=N1p ]ac\} dz
RN RN

(3.8)

IN

[t )1+ 2l TV ),
RN
where
V(@) = (14 [2))V =2 min { R20=0-Nn R, [[200=0-Nn [z |
< min {RZ(toft)dT In R, |z|2te=0=2T"1y |$|} (3.9)
< Ro=9)=2Tyh R

Clearly the right-hand side of (3.9) tends to 0 uniformly in RY as R — oo. This implies that
right-hand side of (3.8) shares this property. It follows that

/ u (to, x) 0(x)dz =0
RN

by the dominated convergence theorem, thus wu(tg,z) = 0. Because to < T is arbitrary, u is
identically zero. O

3.2 Strong positive solutions

In this subsection we give a representation of the positive strong solutions of (1.1) as a Poisson
type integral.

Lemma 3.2. Let T € (0,%), u be a strong solution of (1.1) and {os}s>0 C C(RY) a sequence
of mollifiers with support in Bs. Then u* o5 is a strong solution of (1.1), which converges locally
uniformly to u in [0,T] x RN,

Proof. We recall that the topological dual of S(RY) endowed with its usual Frechet topology of
semi-norms

|@lla.r == sup |R(z)D%(x)| for a € NV and R(z) € R[z]
z€RN

is S’/(RY)), the elements of which are called slowly increasing distributions (see e.g. [28]). The
Fourier transform is an isomorphism of S'(RY) into S’(RY) and clearly Dom(LA) C S'(RV): if
¢ € S(RY) the following duality formulas hold

d
<'F(ut + ‘CAU)790> = <ut7‘F90> + <]:‘CAU7 90> = @<U7F90> + <]:£Au7 90>
d
= a(]—"u, o)+ 2In|.|Fu, @) = (Ot + 21n|.|a, ¢).|

Therefore there holds

Multiplying by 65 and using the fact that 54 = o5 * u, we obtain
o5 *u+2In || o5 *u = 0.

Since g * u is C°°, it follows that os * u is a strong solution of (1.8). As for the convergence of
05 *u to u, it is a classical result since u € C([0,T) x RY). O
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Lemma 3.3. Let T € (0, %) and f be a nonnegative function in C(RN)NLY(RYN, (1+ |z|)?T—Ndx).
If u 2 0 is a strong solution of (1.1), then

u(t7x) > ,Pln(ux - y)f(y) dy f07" (tvw) € [OvT) X RN'
RN

Proof. For r > 2 we denote by ¢, € c? ’1(]RN ) the following cut-off function,

1 for |z| <r-—1,
or(x) =< r—|z| for r—1<|z|<r,
0 for |z| >,

and by {os}s>0 C C°(RY) a sequence of mollifiers with support in Bs. We set f, s = @, f * 05 and
define the function v, ;5 by the expression

Ufr,é(ta $) = /]RN Pln(tv T — y)fr,é(y)dy = Pln(ta ) * (f'r,é) (-73)

By Proposition 2.3 v, s is a positive strong solution of

Ovrs + Lavy =0 in (0,7) x RV,
(3.10)
Ur,&(oa ) - fr,é in RV,
By (2.10) we have for (t,x) € (0,7) x RY and independently of § and r,
Po(t _
0 < onsltuz) < e(llfll + o 20) 22D (1 4 a2y, (3.11)

2t

where, we recall it, P%Et) is bounded as t — 0.

Let fi(z) = (1 + |z|)™ with 7o € (—&, —T) and

wo = Pm(t,-) * fi.
By Proposition 2.3-(ii) there holds
wo(t,z) > (1 + |z))?T  for (t,x) € (0,T) x RY,
where 0 > 2t + 79 > 2t — N. From (3.11) for every € > 0 there exists p = p(€) > r such that
0 <vp5(t,z) S ewp(t,x) forany |z| 2 p, t€[0,T),

and since u is nonnegative in [0,7) x RV, us := u * 05 is also nonnegative, thus

0 <vp5(t,z) S ewp(t,x) < ewo(t,x) + us(t,z) for any |z| 2 p, t €[0,T).
Clearly

0r5(0,2) = (@ru % 75)(0,2) < us(0, 2) < cw(0,7) + ug(0, ) for any |a] < p.

Next we set
ws = us +cwo —vy5 in (0,T) x RY.
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Then
ws ( =ecwp+ (1 —p,)f)*0s in RV,

0,-)
and ws(0,-) > e(1+p)™ >0 in B,(0). By Lemma 2.8 ws > 0 in (0,T) x B,(0), that is,
vps <ewog+u for x| < p and t €[0,7T).
Because € > 0 could be chosen arbitrary, the previous inequality implies that,
vt 2) < us(t,x) for all (z,t) € RN x [0,T),

and this is independent of p. Therefore
wltia) 2 Poft) [ o=y N ((Fi) + 05)0)dy

When § — 0, us — u locally uniformly in [0,7) x RY by the previous lemma and (fy,)*os — for,
uniformly in B,, thus

/ & — g2 N (Fior) * 05)(y)dy — / 1z — 52N fo, (y)dy,
RN RN

by the monotone convergence theorem. Therefore

ult, x) > Po(t) / & — 42N fo (y)dy.

RN

Because r — v, is increasing as lim ¢, = 1, we conclude that
r—00

i Po(t) [ 1o = o Forto)dy = Polt) [ o~V ) dy < ult.2)

r—00 R

by the monotone convergence theorem. This ends the proof. O
The next easy to prove result is fundamental in the sequel.

Corollary 3.4. Let 0 <7 < T < % and u be a strong nonnegative solution of
du+Lau=0 in (0,T) xRN (3.12)
such that u(t,.) € LY(RN, (1 + |2|)2T=Ndx) for allt € [0,T]. Then for any (t,x) € (0,7 —7) x RV,
/ Pu(t,x —y)u(r,y)dy < u(t + 7, ). (3.13)
RN

As a consequence, we have for every x € RN andt € (0,T — 1),

T—t T—t
/ Pin(t,z — y)u(r,y)dydr < / u(t + 1, x)dr. (3.14)

0 RN 0

Proof. Let T € (0,T). Then the function ¢ — u<">(t,.) := u(t + 7,.) is a strong solution of

du+Lyau=0 in (0,7 —7)xRY (3.15)
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satisfying ©<7> (0, z) = u(r, ) for all x € RV. Hence it is larger than Uy<r>(0,) in (0,7 —7) x RY.
It follows that for all (t,z) € (0,7 —7) x RY

u(lt+r7,2)=u~""(t,z) > Uy<r>(0,)(t,T) = P (t,x — y)u(r,y) dy, (3.16)
RN

which ends the proof. O

Now we prove our main result:

Proof of Theorem 1.3. Proof of (1.10). For 0 < T < %, let u 2 0 be a strong solution of equation
(1.1) with initial data f € C(RN) N LY(RY, (1 + |2])>! ~Ndx). Our aim is prove to that u is a weak
solution of (1.1).

N
We first prove that for T' < 5,
we L0, 7], L' (RN, (1 + [>T~ Ndg)).
Take an arbitrary 0 < 7" < T < %; then (3.14) with z = 0 and ¢t = T — 7" shows that
T/

T/
| [ et g = 7P [ ulr) )Ny ar
0 RN 0 RN

IN

Tl
< / u(t + 7,0)dr
0
T
< / u(7,0)dr < +o0,
¢

where Py is bounded in [0, 7] because to T’ < §.
We claim that u € C ((0,T), L .(RY)).

loc

For given € > 0 and any R > 0, if |t; — t2| small enough, there holds that

by the continuity of u. As a consequence, the strong solution of (1.1) is a weak solution.
Define now the function
w=u-— Pln * fa

then w = 0 by Lemma 3.3.
It is clear that w is a strong solution of (3.1), so it is a weak solution by above arguments. Now
we apply Theorem 3.1 to obtain that

w(z,t) =0 for almost every (t,z) € (0,T) x RV,
By the continuity of strong solutions, we have that

Uzpln(t, )*f
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Proof of (1.11). Observe that

where N2 .
I'(~==+1 N\ N\
i Dy (N as t— (=) .
T(t) 2 2
Given an arbitrary ¢ € (0,1) and 2 € RY, there exists o € (0, %) such that

0< / fly)dy <e and / |z — y|2t_N dy <,
RN\B%«))) BQ(O))

and for fixed g, there is 59 € (§, %) such that for ¢ € [so, §)
|z —y[* N —1] <,
uniformly in B 0) \ By(z). Therefore, we have that
4
|52 (Piat. ) * ) (@) = Il 1)

< g2y [ =y = 1] 1) dy
Bé(g)\BQ(z)

s [ e @ [ ey - 1) dy)
RN\B%(()) BQ(w)

<o [ fdyer [ f@)dy e [ o= o Nay)
B%(O)\BQ(I) RN\B%(O) Bo(z
< el fllr@ny + [ £l Loo vy + e,
which implies (1.11) since € is arbitrary.
The decays at infinity in (¢) and (i7) follows by Proposition 2.3. O

Corollary 3.5. Let 0 < T < %, FeCRMNLYRYN, (14 |2))?"Ndz) and u(t,z) = 0 be a strong
solution of (3.12). Then:
(i) the strong solution of (1.1) is a weak solution;

(ii) forti,to >0, +to < T,
P (t1, ) * (Pln(tg, )) * f) = Pu(t1 +t1,-) * f. (3.17)

Proof. The main point in the proof of Theorem 1.3 is to show that the strong solution of (1.1) is
a weak solution and P, (¢,-) * f is the unique solution of (1.1). By the uniqueness, Corollary 3.4
could be improved in the sense that

Pty ) *u(r,") =u(t+7,-)

and
Pln(tla ) * (Pln(t27 ) * f) = Pln(tl + t1, ) *® f
for t; +to < T. We complete the proof. O
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3.3 Existence of weak solutions

Proof of Theorem 1.6. Let f be nonnegative function in L'(R™); there exists a sequence of
nonnegative functions {f,, }nen in Co(RY) N LY(RY) such that

0< fu<fop1<---<f inRV

and

lim (f(z) = fa(z))dz = 0.

n—-+oo RN

The Cauchy problem

ou+Lau=0 in (0,T) x RV,
(3.18)

u(0,-) = f, in RY,

has a unique strong solution

wlti) = Po(®) [ o=y )y,

and the mapping N 3 n — u,, is nondecreasing and
Polt) [ =N oy < Pote) [ =l f0)dy = s t.2),

where uy is well defined since f € L*(RY). From Corollary 3.5, u,, is a weak solution of (3.18) and
then

(2)p(0,z) dx — / un (T, 2) o (T',2) dz (3.19)

T/
/ / [—unOipr + unLap] dtdz =
0 RN RN

RN

for every function ¢ € C* ([0, T) x RN ) such that (¢, -) has compact support in RY and ¢ € [0, T).
Note that uy is the limit of {u,}, i.e.

Pott) [ =N Sy = Pote) tim [ o= P fu )y

n—-+4oo RN

Step 1: we prove that uy € L'((0,T"), LY(RY, (1 + |x|)2(T_T/)_Nd:r) for any T" € (0,T). Observe
that Py(t) < ct for t € (0,7"] and then

e urta s BTN ae < e [ [ ey ) el 2T dy s
RN RN JRN

=t (L o= PN )TN )y

IA

C/ (14 [y =21 21N f(y)dy
RN

IN

c [ el f )y,
RN
where we used the fact, by Lemma 2.1,

[ o= PV ol 2T D < S )
RN

c
t
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Step 2: we prove that uy € C ((0,T), Li . (RY)).

Fixed ty € (0,7) and g9 >> 1, for an arbitrary € € (0, 1), there exist o € (O,i) and sg €
(0, W) such that for |t — to] < so

IPo(t) — Polto)] < e, /B FRIGLTEYS

and for z € B,,(0)
Ha: — )N — |z — y\zto*N‘ < ¢ uniformly for y € RN\ B,(z).
Then

/ g (t, %) — ug(ty, 2)|de
B

Q0

(0)
= [ [ e wayde—pote) [ [ sle -y Nayde
Boy (0) JRY Boy (0) JRY

IN

/B ©) /RN Po(t)|z — y** N = Polto)|x — yI* V| f(y)dy dz

A

Po(t) — Polto)] / F)le -y Ndy da
BQO(O) RN
+Po(to)/ / ||z — y[P N — |z — y[* V| f(y) dy d=
By (0) JRN\By(x)
(ko) / / (Il =y + e — g N) f(y) dy de
BQO(O) By(z)

< ce+ 770(150)(/

By, (0)

swaye el [ rways e et [ f)

R
< ce,

which implies that uy € C ((0,T), Lj,.(RY)).

Now we can pass to the limit in (3.19) as n — 400 and we obtain that

T/
/ / [—upOppr +upLap] dtdae = f(x)p(0,2)dr — / wp(T', 2)p(T", x) d.
0 JrRN RN RN

As a conclusion, we get P, (¢, ) * f is the unique weak solution by Theorem 3.1. O
Proof of Corollary 1.7. Given T € (0, %), let ¢, € (0, NfT) with n € N such that

t, -0 asn— +oo,

then uy,, := P (t, + -, -) is the strong and the weak solution of the Cauchy problem

owu+ Lau =0 in (0,7) xRN
(3.20)
u(0,-) = Piu(tn,-) in RN,

therefore
Tl
/ / [—unOipr + upLap] dtdz = Pun(tn, x)p(0,z) dx—/ U, (T’,a:) % (T',a:) dz. (3.21)
0o JRrN RN RN

We note the the limit of {P, (¢, + -, ) }n is Pl in related space and Py, (t,, ) — g, then passing to
the limit of (3.21), we obtain that Py, is a weak solution of (1.19). O
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3.4 The initial trace
Let Q be a bounded Lipschitz domain in RY. Following [11] we define

H(2) = {U € Lio(RY) t ulge = 0,//| - Md:cdy < oo} , (3.22)

|z — y|

and C.p(Q) the space of uniformly Dini continuous functions with support in Q. Then H(S2)
contains C. p(€2) and it is an Hilbert space for the norm

ulr) —u 2 %

and the associated inner product

_ / / (u(@) — u(y))(v(z) — v(y) dudy. (3.24)
lz—y|<1

|z —y[NV

The following fundamental result is proved in [11]

Theorem 3.6. The imbedding of H(QY) into L*(Q) is compact and the operator LA admits an
increasing sequence of eigenvalues {)\z(ﬂ)} tending to infinity with corresponding eigenfunctions
¥, k € N*. Furthermore )\f () is simple and ¢, o, has constant sign. Finally, LA satisfies the
mazimum principle if and only if )\f (Q) > 0, which in turn is satisfied if one of the two conditions
(i) or (ii) of Lemma 2.6 is satisfied.

Lemma 3.7. Let p € C(RY) be a positive uniformly continuous function such that for any 6 > 0

there exists mg > 0 such that
z)

sup < mg. 3.25
|lx—z|<0 p(z) ( )

If {o5}s5¢(0,1) 18 a sequence of smooth mollifiers with support in Bs and u € L;(RN) where
L) = {o € Lh®) s [ lolpde <0
then u* o5 — u in L})(RN).

Proof. Let € > 0 and u € L;(RN) Then there exists R > 0 such that ||u13%||L’17 < §. There exists
up, € Ce(Bpr) such that ||ulp, — unHL1 < . Then

U—U 0§ =U— Up + Up — Up ¥ 0§ + Up *x 05 — U * Tg.
There holds

lu—wx o5y < llu—unllpy + llun —un * osl|Ly + [lun * 05 — u* os]| 2

<I+1I1TI+111.

Il = /
Brys

/BM /35 [un(@) — un(z — y)| o5(y)p(z)dyda

< sup p(x) sup |up(z) — up(z —y)|.
2| <R+6 ly|<6

Now I

IN

/ wn(@)as()dy |l ~ y)os(w)dy plr)da
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For n fixed, there exists dp such that for 6 < dp, one has I1 < 7. Finally,
11T = / |(up, — u) % os5(x)|p(x)dx
RN
< [ [ Nuno =) ute = plostdup@ids + [ [ futa = plos(udyple)ds
Bgrys 7 Bs Bgr+s J/ Bs

< sup pla)ln =l +ms [ [ Jute = plosw)dyola )i
|z|<R+5 Brys J Bs

<| sup plx)+ms |5
|o|<R+6 4
Combining the three estimates we complete the proof. Il
Theorem 3.8. Let u be a nonnegative strong solution of (1.9) in (0,T) x RN. Then
uwe L0, T LYRY, (1 + |z))~), (3.26)

for any T" < T. There exists a nonnegative Radon measure p in RN satisfying (1.18) such that

lim u(t,z)((z)dr = C(x)du(zx), (3.27)
t—=0 JrN RN
and there holds
u(t,x) > Pu(t,z —y)du(y) for all (t,z) € (0,T) x RV, (3.28)

RN
Proof. Step 1: Let u € Domy, (RY), then given bounded Lipschitz domain Q, the following identity
holds

u
/gpLQCAud:E:)\f(Q)/ugol’ﬂda:—cN/ gol’ﬂ(x)/ ialyd:r:. (3.29)
Q Q Q Q

ez —y|N

Indeed, we have

[ erntsvde= [ @ (e [ SOty oy [ My o)+ v ute)) do

lz —y|V

= o) (e [ 222500 4 ot + ) 0 (0)) o

lz —yNV
u(y)
—cy /Q%’Q /QC 7|$ — y|Ndydx

AL (©) / W / o1 (@) / ) g da.
Q Q Q

e |z —y|N

Step 2: Construction of the initial trace. We multiply the equation by ¢, , and get

d L u(y
& [t orpa@ie =3 @) [ uttaro,a@ite = ey [ ool [ iy 0. 330)
t Ja Q Q e |z =yl

Hence

L
t s e () /Q u(t, x)‘PLQ (z)dz

30



is an increasing nonnegative function, which therefore admits a nonnegative limit ¢(2) when ¢t — 0.
This implies in particular that for any compact set G C Q and 7" € (0,7),

/0 . /G u(t, z)dwdt < oo. (3.31)

Let ¢ € C2°(£2) which vanishes outside the open set G C G C Q, ¢ > 0, then

£ag) =y [ SE=ED (o) + px) (o),

/G C(@)Lault, z)dz = /G u(t, £)Lal(z / ((z /G e |) dydz. (3.32)

It follows that

d r t,
pn (/ u(t, z)¢(x)dx — HEACHLoo(G)/ / S, ) dmds) > ¢y / C(x /C ‘x(_i‘)Ndydx > 0.

thus

(3.33)
Hence t — [ u(t,z)((x)dx admits a nonnegative limit £(¢) when ¢ — 0%, and
T/
0 < 0(0) < I1aCll (0 / / u(t, z)dadt + / (T, 2)C () da. (3.34)
0 G G

Now [[LaCllze@) < l[¢llc2(c), therefore the mapping ¢ +— £(() is a positive distribution, hence a
measure. By a partition of umty, we construct the nonnegative Radon measure i such that

lim u(t,x)((z)dr = Cdu(x) for all ¢ € C.(RY). (3.35)

t—0 JrN RN

This measure is uniquely defined and is called the initial trace of u. Finally there holds from (3.32),

/GU(T’,x)g(x)dx—/RN Cdp(z) :—/OT//Gu(t,m)CAc(:E)dm—i-cN /OT//Gg(a:) /GCMdedxdt.
(3.36)

Step 3: the relation (3.26) holds. We derive from (3.33) and (3.35)

/ T T’ L,
/Gu(T,a:)g‘(x)de ||£AC||LO<>(G)/O /Gu(s,x)da:ds—k/RN Cdu(az)—i-cN/O /GC(:I:) /Gc ’;(_gi)]vdydxdt.

Since (3.31) holds we obtain that

T/
/ / /c|$_ |Ndydx<—|—oo.

We take G = By and ( =1 on By, then

T/
t
/ / / Ly)]vdydwdt < 400.
0 JByJBS |z —yl
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If 2 € By and y € BS, |z —y| > (|]y| + 1), hence

Tl
/ / A dydt < oo
o Iyl

Combined with (3.31), this inequality implies (3.26).

Step 4: the inequality (3.28) is verified. Let {os}s~0 be a sequence of smooth mollifiers with support
in Bs, pus = % 05 and us = u * 5. Then

/Gw( 2)C(x )dx—/T// LaC(x)us(t, dzdt+/ C(@)us(0, 2)dz

T/
—I—c/ /g /“”y)dydxdt.
e |z =y

When 6 — 0, us converges to u uniformly on compact subsets of (0, 7] x RY and in L'((0,7") x Bg)
for any R > 0. As in Step 3 we have that us € L'(0,7"; LY(RY, (1 + |=|)~"), and by Lemma 3.7
it converges to u in L'(0,7"; LY(R™, (1 + |2|)~"). Consequently, it follows from (3.36) that the
following limit exists with explicit value,

fim [ C@us(0, )= [ C()d(a)

6—0
/RN ) /]RN </ u(t,y)os(z — )dy> ((z)dx
/JRN e (/ 75 = y)C(:c)d:c) dy

/ ut, y)(C * 65)(y)dy

RN

Furthermore,

where 65(y) = 0s(—y). Therefore

/ us(0, z)¢(x)dzr = lim ua(t,x)é(x)dQE:/ (C*65)(y)du(y) :/ C(y)ps(y)dy,
RN RN

t—=0 JrN RN

where ps = p* os. This implies that us is a strong solution with initial data us. We apply Lemma

3.3 and get
Us > Upxog

which yields to (3.28) by letting § — 0. O

4 Fundamental solutions of L,

We first give the proof of the existence and asymptotic properties of the solutions of the Helmholtz
equation in R¥.
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4.1 Existence in RV

Lemma 4.1. If N > 3, the fundamental solution ®1 to the equation

—Au—u=20 inDRY). (4.1)
satisfies
Oy (z) = enalz* N (1 +o(1)) as x — 0, (4.2)
and
sin(|a| — YT .
Oy (z) = — v (L+0(z]7")) as[z] — o0 (4.3)
2(2n]a]) "

Proof. The equation reduces to the classical Helmoltz equation
—Au—u=275 in RN (4.4)

The method for obtaining ®; is standard but for the sake of completeness, we recall some elements.

The function @ is radial, thus, if we define w by ®1(r) = rlfgw(r), it satisfies the Bessel equation

of order % —1

w'(r —92)2
W (r) + ; ) 4 (1 _ (N4T22>> w(r) =0 on (0,00). (4.5)

The solution of (4.5) is a linear combination of two Hankel functions respectively of the first kind
Hg\}) . and of the second kind H(Ezll, that is
2

2

w(r) = Aﬂgll(r) + Bﬂgll(r). (4.6)
We find A and B if we use the relation
ISV lim » VL) = —| SV,
r—0

which yields with B = 0,

!
lim ((1 — N> e_%Hgvl) (r) +riT <H§\}) ) (r)) = —|sN-.
r—0 2 51 51

The Hankel functions have the following behaviours when r — 0 (see e.g. [35]),

INC kA
N A )]
R TN (4.7)
L ,(r) _ - (¥ —1) /2 7 1+ D)
T-1 a 4w r i
Putting altogether these estimates we find
A:i<1)g”,
4 \ 27
and
w - (L) HY 0 (1.9
T\ 2 Fovh '



which implies

MH—NQ +o(1)) asr—0. (4.9)

472
The Hankel function is oscillatory at infinity with asymptotic frequency 27. Expression (4.3) can
be found in [24, see (5.16.1)-(5.16.3]. Note in particular the following rough a priori estimate,

(I)l (’I“) =

=z

1®1(x)] < Comax{|a]>N, |2 7} (4.10)
for x € RV \ {0}. This ends the proof. O
The next estimate involving the Riesz kernel In,(z) := |z|>**~" will be used several times in

the sequel.

Lemma 4.2. If N > 3 and o € (0,1), then there holds for x € B1 \ {0} and some ¢ > 0,
clz[? 2t N fN>4and0<a<l, or N=3 and 0 < < 3
[Toq * @1 (x)] < clnﬁ ifN=3and =1 (4.11)
c iszSand%<a<1.

There also holds if x € BY,

N+41

x| "2 if $<a<l,
[ I20 % @1](z) < . (4.12)
CelzP*= 2% if0<a<i,
Proof. We have
o il(a) = | [ o=y N )ay
]RN
(4.13)

< C/ |z =y Ny>Ndy + ¢;
B

< Cu(x) + Do ().

/c |z — y[?* N (y)dy

By

Step 1. We have near x = 0,

Cala) = claf2*+2N / 22 Ney — 2PNz,
1

[]

where ey = (0,0,...1). If N >4 and for any o € (0,1), or if N =3 and 0 < o < % , we have,
Co(z) = c|z?o+2N </ 122 Nen — z]zaNdz> (14 o0(1)) when z — 0. (4.14)
RN
IfN:3anda:%, we have

Cu(z) = c (ln L) (1+o0(1)) when z — 0. (4.15)

||
Finally, if N = 3 and % < a <1, we have

Co(z) = (1+0(1)) when z — 0. (4.16)
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Concerning the second term D,, we use the oscillations of ®;(x) when |x| — oco. There holds
@ =y P2 = PN+ O(ly* ) when [y] — o,

and (N 1)
o 1=N - 1) _1tN
®1(y) = cylyl 2 sin <|y| - 4> +0 (Iyl 2 ) when |y| — oo.

Furthermore these two estimates hold uniformly with respect to x € By. Therefore, for z € B;
small enough and A > 1 large enough, we have

< +

/ |z —y** Ny (y)dy / |z —y|** Ny (y)dy
BA\B:[ BA\Bl

:c'—i—c/ 20— gin (r—( )W) dr+0</ 7"20‘N2+3dr> .
A 4 A
By integration by parts,

/ 7“2(1_% Sil’l (7- —_ (]V_l)ﬂ—> d’l" — 7,204—% cos <T _ (N B 1)7T>
A 4 4 r=A
+<20¢—N+1>/ J2a-bE (T_(N—l)ﬂ') i
2 A 4

/BC @~y N Dy (y)dy| < ¢ + AT (4.17)
1

where ¢ = ¢/(A) > 0 and this term is bounded whenever A is fixed. Combining (4.13) and (4.17)
we obtain estimate (4.11) when 0 < |z| < 1 for some ¢ > 0.

' / 2 — PN By (y)dy
Bf

This implies
Do(z) =

Step 2. When |z| is large, we write

1-N
o il@) <er [ oy Ny Py v | [ oy Ve

B B¢ (4.18)
< Cq(x) + Dy ().
By a change of variable
/ |$_y|2a—N|y|%dy: |x|2a+1_2N/ ’eN—Z‘Qa_N‘Z|%d2’.
By B
[z]
If |z| > 2, then |2| < % thus |ey — 2| > 3, hence
1
_ Ta] _ 2N+1—20¢
/ ley — 222Nz 2 dz < zN—%N/ P = SN
B 0 N+1
Ta]
This yields
- 2N+1—2a
Cale) € =g e, (4.19)
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Concerning Dy (z), we have for |y| > 1,

1(0) = el sin (I - 7)ol

where (3 is a bounded function. Then

B 1-N | N -7
/ |z —y**Ny| = Sm<|y!—( I ) >
BC

1

1+ N

1Bl / @ — PNy 5 dy.
B
(4.20)

Do(z) < c

We first notice that

[t =y = o[ e sV
B§ Be,
Tl (4.21)
= ‘l‘|2°‘—N+1 (/ len — Zza—N‘Z|_1ENdZ> (1 +o(1)).
RN

For the second term, its treatment depends on the value of o with respect to %
- If % < a < 1 we use spherical coordinates y = (r,0) and x = (p,0), then

[ o=y sin (1) - T ay
B¢ 4
/ / 5 (r? + p? — 2rpo, )~ 2 sin (T‘ _ W=D UW) dsdr
SN - 4
—1 N-—-1 *
= —/ |:T‘N2 (r® + p? — 2rp(o, 9>)a_% cos <r — ()7r>] as
SN-—1 4

r=1

o N (N -1)m
/ /SN ) dr . (7“ + p? — 2rp(0, ) 2)005 <r— 1 >d5’dr
=—J1 + Jo.

We have that
|| < e(l+ |z)* 2

Furthermore, since

- N -1 ~n- a—Z
4 (T%(TQ + p? = 2rplo, 9))6“_%) = P (7“2 +p? = 2rplo, 0))" *
. 2 (4.22)

N-—1 N+42

+ o= N) T (= plo,0) (% + g — 2rpl0,60)*

uniformly with respect to p < 2r and (o,6) € S¥=1 x S¥N~1 we obtain that .J; satisfies ,
o] < a2
Combining these estimates on J; and Jy with (4.19), we obtain

N+1

|Toq * ®1](z) < |72 if |x| > 1. (4.23)
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-If0<a< %, we cannot use directly the integration by parts method since the function (r,0) —

(r — plo,0))(r? + p? — 2rp{o, 9>)a7¥ is not integrable near (p,#). We have for |z| > 2

Ny N N-1)rm NN N —1)r
J e (e E e B e MY (e
{ 1
1

<|yl<2z|

N-1
+/ & — y[?* Ny 3 sin <|y!—(4)7r> dy
ly|>2lz]

=K + K.

We estimate the terms K; by two different methods. Using again the spherical coordinates intro-
duced above,

— N-—-1
| K| < / / e (r2 + p? — 2rp(o, 9>)0‘_% sin <r — ()7T> dSdr
2lz| J SN~ - 4
- N -1 o
< / [TN21(T2 + p? = 2rplo, 9))‘“_% coS (r - 7( M)} dsS
SN-1 4 r=2|xz|
N -1
/ / P (7“2 +p* = 2rp(o, 9>)a_%) cos <r — 7( )W) dSdr
2‘33| SN-1 dT’ 4
=Ko+ Kop.
Clearly K93 < c\xl%‘ . Using (4.22) we have
d (N-1oo oo a—Z 20— £3
- (r T2 4 7 = 2p(0,0)°7F )| < e
r
which yields Kj o < c|x]2a by integration.

For estimating K; we make the change of variable already but with a totally different point of view,

- N -1
_ a5 / e — oo ap'F s ezl - ST ) o
1<l

z|<2

(4.24)
- N -1
e / ew = oo s fels) - ) i+ O,
By

We estimate the main term by real interpolation theory. Let T}, be the mapping from L!(Bs) to R
defined by

f=T,(f) = ; f(2)sin <p|z| - (N;1)7T> dz, (4.25)

clearly
To(H < Nl (Bo)- (4.26)
Also, if f € WH(By), then r — f(r,.) is continuous from W1 (By) into L'(SN~1), therefore

~Dr cos 2p—M
/Bzf(z)sin (p|z|—<N41)> dz = — ( ; ) - f@s

1 z (N—-1)m
+ p/BQ<Vf, §> cos <p\z| - 4) dz.
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This implies
c
To(f)] < ;Hf”lel(Bz)? (4.27)

where ¢ > 0 is independent of p. By Lions-Petree’s real interpolation method theorem [25] and
because
W(By) = [W'(By), L' (Bs)]

s,17

for 0 < s < 1, with the notations therein, we derive

IT,(f)] < gr\fuws,wz)- (4.28)

The function z — F(z) := |ey — z\zo‘_N\z|% belongs to W1(By) for any a > 3, to W22 51(By)
for any € > 0 if a < % This implies that for any € > 0 there exists C. > 0 such that

N+1

|Ky| < Celz)?*T 72 for all |2| > 2, (4.29)
and finally we prove
N+1
|Log * ®1](z) < |z "2 if 2| > 1. (4.30)
Combining (4.19), (4.23) and (4.30), we obtain the estimate (4.12), valid for any € > 0 if o < %
and |z| > 1, which is the claim. O
Proof of Theorem 1.8. Let
1 1
() = / Pra(t, ) dt = / Po®)eN dt for z £ 0. (4.31)
0 0

Clearly wu, is radially symmetric and decreasing with respect to |z|. Since Py, satisfies (1.9), we
integrate in ¢ over (0, 1). Using the the Fourier isomorphism between S(RY) and S’'(RY), we have
for any ¢ € S(RY),

(Cawd) = (ea (| P, yir). )= el 17 | [ P, it )

1 1
= [ enliFPue ) w = [ 0FPu). o
= <‘F[Pln(o’ )]7§0> - <f[7)ln(1’ )]790> = <Pln(07 ) - P1n<17 ')7 ()5>
and we get

rg -1

Latte(@) =Pun(0:2) = Pin(l,w) = =275 3

2|2~V for |z| > 0. (4.32)

It follows from [34, Theorem 5] that Pp,(1,-) is the fundamental solution of —A in RY expressed
by Ig(x) = CN71’1"27N.
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Step 1: Properties of the function .
We have that for 0 < |z| < 1,

U*(l') _ / 73 2t N)lIn|z| dt

2t N)ln |z| dt

_ 1 2t—N
N [21n]x|7)0(t)|x’ ]t:o 21n|x\

- [t - [ ’<>*x'”‘NT:Z

/ Je@=N)nla gy
21n|x\
_ P en, PO | n Po) o
N 21n]a:\’x‘ +(2ln]az\)2‘m| (2ln]a:\)2m
(2t N)lIn |z|
21nya;\ / dt.

From Lemma 2.4, P(0) = 7~/2T'(%) and P{ is bounded on [0, 1], hence

/ o(26—N)In 2] dt‘ c /16(2tN)1n|z| d < e |
21H!$| ~ (Infz)* Jo = (Infz])®
Therefore, we obtain that for 0 < |z| < 1,
L(5) fa~ 2|~
«(x) — . 4.33
u (@) = (ln\x|)2‘ = Cnlz))? (4.33)
It is worth noting that for |z| = 1, we have
1
z) = / Po(t) dt
0
For the asymptotic behavior of u, when |z| — oo, we have that for |z| > 1,
1
0 < u(z) < c/ te(2t=N)Inlzl gt
0
1 t=1 1 t=1
e[t e 38
21n|z| =0 (21n|z|) =0
< 2-N ¢ -N
=@l G

Since Py, is a weak solution of (1.19), then taking 77 = 1 and ¢(t,-) = ¢ € CL(RY) in (1.16) we
infer that

1
0 = / / (—@go—l—EAgp)Plndxdt—go(O,O)+ P (1, z) o(1, x)dx
RN RN

= [ uLspde— @0+ [ PuLo)pds
RN RN
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As a consequence, u, is a weak solution of
Lty =6 — P(1,-) in D'(RY), (4.35)

and a classical solution of
Loty = —Pp(1,-) in RV {0}. (4.36)

Step 2: There exists v1 such that
Lav; = P(1,-) in D'(RY). (4.37)

Given f € LY(RN, (1 + |z|)?T~Ndz), denote

1
uf(x) :/0 Pu(t,-) * f(t,z)dt.

Then

1
Coup(z) = /0 [ LsPulta — o) f ) dyar

= [ o[ Putte -0 av = 5@ - o)+ ).
Now we aim to choose f such that
f(@) = Pm(1, ) * f(z) = Pu(l, 2).
Since Piy(1,-) is the fundamental solution of —A, f satisfies
—~Af—f=0d in D'RN). (4.38)

Therefore, @4 is a solution of (4.38) and

1 1
V1 (SU) = /0 (Pln(t, ) * (I)l)(l‘,t)dt == /0 Po(t)(lgt * <I)1)(ac)dt, (439)

satisfies (4.37).

Step 3: Asymptotic estimates of vy
3-(i): Estimate near x = 0. Since for 0 < ¢t < 1 we have that %t < Po(t) < ct, we deduce from
Lemma 4.2 that if |z| < 2 we have when N > 4,

1 2 2 2-N
1 |z
vi(x <c:c2_N/ t$2tdt:caz2_N< i - =] ) c——5—, 4.40
(o) < claft™ [ it = etV (G - p b e ) <ol (40)
and when N = 3 )
o1 ()] < clz| ! / tHloat+ << — S 4 & (4.41)
B 0 2~ 4z|ln*|z| 2
3-(i): Estimate as |x| — oo. If |x| > 2 we have for any € > 0
N+l 3 2t eS N '
o1 (2)] < cg\xy-ﬁf/ to|2dt + x\-z/ Hatdt < — (4.42)
0 ! 2% Inal
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Step 4: Asymptotics of the fundamental solution of LA
From (1.25)-(4.37) the function ®y,, = u. + vy satisfies

LD, =06  inD'RN).

Using (4.33), it follows from (4.40)-(4.41) that for 0 < |z| < e~! there holds for some ¢ > 0

N -N —-N
() - 57513/)2 (1§||x)2 = %'ffi | (443)
Using (4.42) we obtain, for |z| large enough and some positive constant ¢ > 0,
Do) < e (1.44)
In |z|
This ends the proof. O

Remark 4.3. [t is important to notice from (4.43) that @, € Li, (RY).

4.2 Existence in bounded domains

Let Q be a bounded Lipchitz domain and H(2) denote the space of all measurable functions
u: RN = R with u = 0in RV \ Q and

J/AC RIS

a:yeIRN _ ‘N
cc’fy|§l ‘.’L’ Y

Note that H(2) is a Hilbert space under the inner product

o (u(a) — u(y)(wla) — w())
) =F [ [ o1 ey

and with the associated norm ||ul|gq) = /& (u,u). By [12, Theorem 2.1], the embedding: H($2) —
L%(Q) is compact. Let

Er  H(Q) x H(2) — R, Er(u,w) = E(u,w) — /RN (j kU — pNu)wda:.

where

JiRY SR, j(2) = cylpmp, (2)]2] 7.

For additional properties of &r, see Sections 3, 4 in [11]. If )\f (©2) > 0, there is some ¢ > 0 such that
Er(u,u) > c€(u,u).

We recall that ng € C°(RY) is the cut-off function defined in the proof of Theorem 3.1 and
n(x) = mo(|x)
Lemma 4.4. The function La(n®1,) is uniformly bounded in RN \ {0}.
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Proof. Set v = n®}, in RY \ {0}, then

v(z) —v(y) / v(y)
Lav(z)=c / — 2 dy — ¢ —> —dy + pyv(z
avlr) = ey Biz) 1t —ylN Y JBe@) 17—yl py(e)

—¢ x q)ln(x)_qjln@/) c ) — q)ln(y)
=eun(e) [Py e [ o) —n) .
. 1(y) P (y) ola '
N/Bf(x) |z —y|V 4+ prol)
. (n(z) —n(y))Pw(y)
B N/RN |z —y|N -
Then
. (n(z) = 1)Pw(y) . n(z) P (y) . (n(x) = n(Yy))Pm(y)
Farln) = /B o e [ N/&\B% ey

(i) If y € By \ Bi, the function ®y, is bounded. If x € By, then By \ B% C Bs(x), hence
2

As(@)] < ey [l (oy15) [Tl [

Bs(x)

o =y Ndy < 3cyw, 1Pl oo B8y ) [V o

We recall that w,, is the (N-1)-volume of the unit sphere S¥~1. If z € BS, then

’ (n(z) —n(y))Pm(y)

lz —y|V

‘ < 2”(I)1n||L°°(B1\B%)-

Combining these two estimates we obtain
|As(z)| < ¢ for all z € RV \ {0}

for some ¢1 > 0.
(i) If y € Bf, we write

Az(iﬁ):CN/B n(x)éln(y)dy:CN/B n(x)éln(y)derCN/B (@) )

¢ |z —y|N 2\B1 |z —y|V 3 |z —y|V
= Ay ($) + Agg(l‘).
Then Agi(x) =0 if |z[ > 1 and

dy

— 2 _ _ forall x € By.
B |z —y[N-1

Ao (2) < ey IV0]| 2o [ Bra |l 2 (5515 /
Ba\

This implies that Bj(x) is uniformly bounded. Concerning Bz(x) which vanishes also in B, we

have \<I> ( )|
Ao () < ¢ / Pm(y)]
2(0) <o | yl- )N

By (4.44) the integral is convergent and we obtain Combining these two estimates we obtain that

dy for all x € Bj.

|As(2)| < ¢ for all z € RV \ {0},
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for some ¢ > 0.
(iii) If z € B%, Ai(z) =0. If 2| > 1,

) < | 1l
2 1

a quantity which is uniformly bounded. If § < |z| < 1 we write since (y) = 1 therein

n(y) — n(z)|em(y) 1n(y) — n()]em(y)l
A1(2)] < ey /B%\Bé o pelay e, /B S ety

SCw”q’lnHLOO(BI\Bl)||V77”L°°/ ]de+CN6N/ lom(y)|dy
23 B%\B% |z — | B%

3

dz N
< eplulimopop 19l [ + et louliny)
2

1)
3
Hence it follows that for some ¢ > 0

|A1(z)| < ¢ for all z € RV \ {0}.

Combining the three estimates we obtain the claim. O

Lemma 4.5. Set h = LA(n®w)1q. If 0 & o(La,Q) there exists a unique function w € HNC(Q)
such that

(4.46)

Law=h in €,
w=0 in Q°.

Proof. The function h is bounded hence it belongs to L?(Q2). By [12, Theorem 2.1] the embedding of
H(Q) into L?(2) is compact and by [11, Theorem 3.1] C°(€2) is dense in H(2). Then the operator
L is a Fredholm operator and since 0 is not an eigenvalue, there exists a unique w € H(£2) such
that (4.46) holds in the weak sense, and by density such that

Er(w, () = /Qth$ for all ¢ € H(2).

By [11, Theorem 1.11] the function w is continuous and it satisfies

lw(z)| = O (M) for all 7 € <0, ;) , (4.47)

near J€) where we recall that p(x) =dist(z, 99). This ends the proof. O
Proof of Theorem 1.9. Set @ﬁ = n®), —w. Then @ﬁ vanishes in Q¢ and satisfies

LA®l=0 in Q\{0}.

Estimates (5.1) follows from (4.43) and (4.47). The same holds with (1.28) and actually this
estimate is already obtained in [11, Theorem 1.11]). Now let { € C2°(Q2), then

/ PR LACdr = / NP Laldr — Ep(w, () = Ay — As.
RN RN
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We have that
Ay =cy /]RN n(m)@ln(:c)/ Mdydm -y /RN n(m)@ln(ac)/B &dydaﬁ

Bi) |z =yl c(@) lz —yN

+pN /RN n(x) P (z)((x)dx
. . ) () = mS)(y) , . VISl .

|z —y|N c(@) [z —yN

—cCy /RN Py () /RN WC(y)dyda: + pn /RN ()P (x)¢(x)dx

|z —y

0o [ tulo) [ PO )y,

and, by (4.45),
As = /]RN CLAMPi)dz = ¢, /RN ¢(x) /RN W@n(y)dydaj
— e [ ou@) [ MDD 0()apar
RN RN

|z —y

This implies that Lo®{! = dp in D'(Q). O

5 Regularity estimates

This section is devoted to the proof of some regularity estimates. We decompose the fundamental
solution @, of LA in RN under the form

Py = Pulp, + Pulpe = Py + P (5.1)

Lemma 5.1. Let N > 3. If f € L®(RY) then ®y,,1 % f is uniformly continuous and there exists
¢ > 0 such that

@11 % Flloo < el Flloc (5.2)
Proof. By estimate (1.23) @, 1 € L'(RY). Estimate (5.2) follows and classicaly @y, 1 * f is uniformly
continuous. O

Similarly we derive from (1.24),

Lemma 5.2. Let N > 3 , then @i, € LN2(RY). If f € LY (RY) for all ¢ < 35, then @,z f
is uniformly continuous and
1@1m,2 * flloo < €l Il 2 - (5.3)

In the next result we prove some regularity estimate of extended Marcinkiewicz type for ®,.

Proposition 5.3. Assume N > 3, then for some ¢ = c¢(N) > 0 there holds
1
Eini(A) ={z € By : |Pm1(x)| > A} C {x € By :|z| <c(An?)) N} forallA>1, (5.4)

hence

(5.5)



Furthermore, if N > 3,

Eino(X) :={z € Bf : |Pima(z)| > A} C qz e Bf : 2] < % forall0 <A <1 (5.6)
()
which implies
c

meas {Ein2(\)} <

< (5.7)
A3 | In AV

and if N = 3,
Bno(\) = {z € BS 1 |Bp(z)| > A} C {x € BS:|z| < e%l} foral0<A<1,  (5.8)

which yields
Nc

meas {Ep2(N)} < cye ™. (5.9)
Proof. If € Ej,1(A), then from (1.23),

(14 1n? [a]) ¥ < 3.
_|_

which implies in particular |z|V < %, thus 1+ In?|z| > 1 ﬁ In? (%), which yields

!w\N< c¢N?
TAN?+I? (5))

from what estimates inequalities (5.4) and (5.5) follow.
Next, if € Ejy2(A), then by (1.24), for some constant a; > 0

| ’371\7
x|l 2
A<a———
_all—i-ln|x]7

which implies (1 +In|z)|z| 2" < 4. If N = 3 we deduce that (5.8) and (5.9) hold. If N > 4, we

2

have in particular 1 < |z| < (“71) N=3_ From the monotonicity properties of the function

N-3

r— (1+nr)r =z :=u(r) for r > 1,

we can find some 6 > 0 such that
This implies

Hence we obtain (5.6) and (5.7). O

In the next result we derive estimate of ®y,, in Orlicz classes Lj; for some suitable functions M.
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Theorem 5.4. Let M : Ry — Ry be a C' increasing function such that M(0) =

1- If M satisfies
> M(t)

5 t2In?t

dt < oo,

then M (|¢m,1]) € L' (By).
2- If N > 3 and M satisfies

3(N—1)

1

2 M

.
0 ¢~ |[Int|N

then M (|¢m2|) € L'(BY).

3- If N =3 and M satisfies
Nc
x

1
2 M(t
/2<>6<OO,
0

then M (|¢mzel]) € L' (BS).

0.

(5.10)

(5.11)

(5.12)

Proof. 1- Set ey 1(A\) = meas (Eiy1(A)) and let o € (0,1) such that ¢ 1(z) > 2if 0 < |z| < o

Then

B, 1\Ba

M (|1 (2))der = /B M(Juma (2))d + /B M (|t (2))dz

< [ Mwdenao+ [ Ml ()

By standard results on Stieljes integral

tn - Ttn tn

— M(t)dem(t) = — | M(t)emm 1 (t) , + M’ (t)er 1 (t)dt
2 - - 2

- T tn tn M/(t)

< — | M(t)ep 1(t

< = [Mtewma(t)] + TP
- 1y (] [ M)

< —

>~ _M(t)eln,l(t)_2 + [tant]Q + ) t21n2t 1

where {t,} is a sequence tending to infinity and such that

tn M(t,
lim (tn)

n=oo Jo  t,In%t,

dt = 0.

Hence

tn 2 < M(t)
li M(t)dem1(t) < |14+ — dt
BLLY A ()61,1()_< +ln2>/2 22t <>
This implies 1. The proof of 2 and 3 is similar.

Lemma 5.5. Let N > 3, then there holds

IV®, ()| < cmax {|x|1*N, |xr¥} for all z € RV \ {0}.

More precisely, since ®1 is radial,

er' =N (1 4 0(1)) as r — 0,
(I)’l(r) = . ( (N+D)r
cSIH<TNT14>(1 +0(1) asr— +o.
T

46

2
Int

)t

(5.13)

(5.14)



Proof. If ®1(x) = ®;(|x|) is the solution of the Helmholtz equation in RY, then Z = ®/ satisfies

N -1 N -1
7'+ —Z7'+(1-
r r2

)Z =0 on (0,00).

Set z(r) = r%_lZ(r), we have that
2

1
1 /

- 1
Z+r2+< 4r2

)z:O on (0, 00),

which is a classical Bessel equation. Using the asymptotic expressions of Hankel functions we obtain

Z(r)y=cr N1 +0(1) asr—0

and
sin (r - 7(]\/21)”) 1
Z(r)y=c ~— (1—|—O<>> as r — +oo.
r-z r
Thus
er!=N(1 +o(1)) as r — 0,
®i(r) =1 n (7« _ W) . (5.15)
c I <1—|—O<>> as r — +00,
r-z r
which ends the proof. O

Theorem 5.6. Let N > 4, then there exists ¢ > 0 such that

|CC’_N_1 1

LI [ 1 g2

|V®1,(x)] < cmax for all z € RV \ {0}. (5.16)

Proof. We recall that
1 1
Bn(o) = wula) + 0a(o) = [ PoO Ve + [ PP« () @)
0 0
Step 1: Estimate of Vu,. There holds
1
|Vu(z)] :/ Po(t)(N — 2t)|z[2~N-1dt
0

1
§c|x|_1_N/ a2 dt
0

B c|x’17N c‘x’lfN Cm‘flfN

© 2Infz]  Al?|z| | 4A®|a|

if |z| ¢ {0,1}. One has
Cx‘_l_N

V * < —
V()] < 4102 |z

(14 0(1)) as x — 0 (5.17)
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and
C:L‘|17N

21n |z

By standard asymptotic expansion near |z| =1,

<c‘x|1—N c’x|1—N Cx,—l—N)
2In|z|  4In?|z|  41n®|z|

[Vu(z)| < (I1+0(1)) as || — oo. (5.18)

lim [Vu,(z)| <c lim
lz|—1 lz|—1

=c. (5.19)

when |z| = 1. Therefore z — |Vu,(x)| is uniformly bounded on B¢ for any € > 0.
Step 2: Estimate of V. We write

1
vi() = /0 Po(t) (|- 5 () (w)dt
1 1
= [P [t vE e avies [P [ ey )y

1

thus .
Vi (z) :/0 Po(t)(|.|2t_N * Vi (.))(x)dt.

Setting e, = %, we have

/ PO(t)/ |z =y (V@1 (y), ey)dydt
0 B

c
1

1
Va@l<e [ [ Poole -y Ny Nayde +
0 JB
= Ag(z) + A7 (z).
Step 2-1: Estimate of Ag(x). We have

1
Ag(z) < c’|:v]1N/ t]a:\%/ len — 22N 2|t Ndzdt
0 B

[z

1
= c/|x]1_N/ len — z| V]2tV </ t|z|*|en — z|2tdt) dz
BL 0

]

2 2 2 2
_ 1— _
R i e e L L CEE
B3

2In(|z|leny — 2|) 41n2(\x|]eN —zl)

]

Set ¢ = |z|(z — en), then

Ag(x) < Jal'N /

Bi(—|zlen)

-N RN AN s 1—¢
- e 14 (i + amaey) % 6

We set |¢| = 1 + m, then by standard expansion we have

1P
By " awe(qy NI

Step 2-1-(i): Estimate of Ag(x) when x — 0. If |z| < 1, then

N s 1-N Con-N (¢ 1—[¢
aola) <2 [ e bl (i + i)

< 9Ny / [len + <N (2 + O([¢] — 1]))dc,
Bi(—|zlen)
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therefore

limsup Ag(z) < 2%¢ [ ¢V 2+ O(¢] - 1) (5.21)
z—0 By
Step 2-1-(i1): Estimate of Ag(x) when |x| — co. We have directly from (5.20)
PN 1-N
Agla) < & lelen +¢[*Vd ) (1+ o(1)
2In[z] \ /By (~[alen) (5.92)

_ c/‘;l':':' </B |z|1_Ndz) (1+0(1)).

Combining (5.21) and (5.22) we deduce that
‘.’L‘|2_N

< ¢mi 1
Ag(z) < ¢min {1, (1 5 2]

} for all z € RV \ {0}. (5.23)

Step 2-2: Estimate of A7(x). Using (5.15) we have as in (4.20)

1 - N -1
[P [ rx—y|2tN|Wsm(m—(4)”) dydt
0 B¢

1

1
+ / Po(t) / & — PNy~ 5 dydt
0 B¢

1

A7(3§') S

Clearly
1
_ _N+1
Ka(z) < ¢ / z— | Ny / ta — y|P'dtdy
B¢ 0
o wa f Jr—y? 1—rx—y12>
<c — N 2 —+ dy.
<e [l (e )
We have

_ N1 Ny N1 lz|%|en — 2|2 1—|z*leny — 2|? )
Ky(z) = clx|” 2 ey —z| V2|72 + dz.
2() ‘ /BC len — 2|77 <2(1n\x|+ln]eN—z) 4(In |z| + In ey — 2[)2

1
[z]

When |x| is small. The integral defining Ks(x) is convergent since N > 4 and we have by integration

by part
2cc,, |z |?

(N +1)|In|z||
The term K;(z) has already been partially estimated in Lemma 4.2. By (4.17) we have

_ 1-N | N —-1)r
|/ |z —y|* Ny 2 sin (Iyl—(él)) dy
By

uniformly with respect to 7. This implies that

! _Ny 12N N— 1)
[ pater [ o=t sin (1 - ST aye
0 B¢

1

Ky (z) = (14 0(1)) as x — 0.

<c iflz| <1,

<S¢
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and finally
A7(z) <c¢ forall x € By \ {0}.

When |z| is large. we use the results of Lemma 4.2, inStep II-Estimate of II,. By (4.21) we have

1 1 N1
[ ote) [ o= oVl e < [P [ (jew = Vel ) s
0 B¢ 0 B¢

1
1
< ‘x]_NH/ len — 2|~ N\ |_N+1/ t|w]2t]eN—z]2tdtdz
Be 0

1
[z]

g W : e L
< el /Bf(—|tc|eN)|C| fox +JoI” d (21 A" a2 -

since the last term has already been estimated in (5.20). Therefore

1
/ Po(t) / @ — PNy dyd
0 B¢

1
_ N1
< |23 / 1IN len + 21| F
¢(—|zlen)

# (L 1o

2mm|c] " 412 yq) de i= M(x).

The above integral is convergent, but the limit when |z| — oo is a little more tricky to obtain: Let
a > 2, for |x| > 2a, we write

_Ng1 N 1 ¢P 1- C|2>
- /f(—|xeN) < ’eN el d (21n|<| " 41n’ 9 “

—N41 -N 1 |C|2 1_|C|2>d
- </ /f( |x|eN)ch> <7 e = lal” d (2111!(! +41n2\<\ ‘

Th
en et 1 c? | 1-lg?
Mi@) < 1ol [ 107 en + jal e <21n|<|+41n2|<|>d<
T N
< |z /B <l <2lny§y e |<I> “
< ca)la| 5.

Next, since a > 2,

_ N1 P S5 T Ll
Ma(z) < |2~ / e + 2 71¢) T K g
Bg

In |¢]
()
= t|” 2 d< .
/Bca len + 1l In|t| +1Injz| ~ In|z|
Ta|
Therefore,
c

Combining (5.17), (5.18), (5.19), (5.23) and (5.24), we obtain (5.16), which ends the proof. O

50



Remark The restriction N > 4 appears to be purely technical, but our technique which is based
upon the delicate use of a series of semi-convergent integrals appears very sensitive to the dimension.
However we conjecture that the estimates holds whenever N > 3.

We recall that ®, = uy + v1 with the notations of Theorem 1.8
Lemma 5.7. Let N >4 and f € LY(RY), then vy * f is Lipschitz continuous and

o1 % f(a) — v f(y)] < clll fllpalz -yl (5.25)

Proof. By Theorem 5.6-Step 2 we have

c

<1 I —
Vou(@)] < 15, (@) + T

The proof follows by Young’s inequality for convolution. Il
The regularity concerning u, * f is more involved.

Lemma 5.8. Let 0 > 1, and f € L®°(RY; (1 + |y)?). Then u. x f is Dini continuous and for any

R > 0 there exists for some constant ¢ = ¢(N, R) > 0,

N < el flloc.0

Il 2,2 € Bg, 5.26
T mi(|z— ) 0T € Br (5.26)

|t 5 f () — w5 f(
where || fllso0 is defined in (1.32).
Proof. Let R > 0, we have
[ 5 f(2) = wax f(2)] = ' /0 X0 /]R Mz =y =2 =y PN f(y)dydt

< [1f o / ) /]R N =P e =y PN (1 )yt

< 1f o / Polt) [ ko= o+ = P 1 fy = o)

<ol [ 1 [ Nl + P = PN oy = 0l P

‘

1
+ CHf!oo,e/ t/ |z — 2" +y* N — |y N[ (1 + |y — o|) Pdydt
o JBg
< | flloop (A(lz — 2’|, 2") + B(|z — 2’|, 2")) ,

where we have denoted
1
Al =olay = [ ¢ [ flo=a N = P 0y )yt
0 B,

and

1
B(la - o|,a') = / " / = 2 4+ 2N — [y2N| (14 Jy — ') Pdydr.
0 Br

o1



R
We suppose that max{|z|,[2'|} < 3.

1
Allz - '),') < c / ’ / = 2 4 2N — [N (14 )~ dyds
o JBg

1
< C/ t‘:U /|2t—9/ Hexfx’ _ Z|2t—N _ ’z‘Qt—N‘ (|.CI} —:L',’_l + |z|)_9dydt
Be
Jo—a’|
/ =P [ e PN = Y (=7 )y
_ R
Te=a]
< c/ tle — a'|? ‘9/ |z\2t N }||z|_1ez,x/ —e, 2N — 1‘ (|Jz — 2|71 + |z|)_9dydt.
0 Be
|z—a/|

Since by standard Taylor expansion
N —2t

“’Z‘_lex—z’ _ ez|2t—N _ 1| <
2]

(1+0(1)) as|z| = oo,
we deduce that

R

|z—x

1 [
A(lz —2'],2") < c// tlx — 2|20 r2=270 gt
0

|

1
<z — .Z‘/|R_1_6/ tR¥dt (5.27)
0

oy R? +1—R2 | — 2|
c :
- \2InR  4m?’R/) R’
Since |z — 2'| < £, we have for a < 4,

1
Bz — o), ') < / " / llz — 2 4+ y2N — 2] (14 Jy — 2'))~dyds
0 Br

1
< / tlx — .Z'/’Qt/ [ 22N — \z|2t_N‘ dzdt.
0 B g

[o—a']

1 1
< 2/ tlz — :c'|2t/ |22 N dzdt +/ t|z — :1:’|2t/ Hex_gcz — 2N — |z|2t_N‘ dzdt
0 a 0 B R \Ba
=]
< Ag + Ay.
Then 1 2,2 12,2
_ 1— |z —
AgScN/t|ﬂz—x’|2ta2tdt:cN< 2 :n|c} + 2‘x $|a>
0 2In(|z — 2'[a)  41n*(|z — 2'|a) (5.28)
2c '
< TN (14o(lz—2)),
< s (1ol )
and .
Ao < / o — x’]Qt/ 2] eg_sr — es2N — 1] 22N dds
0 B r \Ba
. lo— “}él
< c/ ta — x’|2t/'x 22 g (5.29)

R#-1 tdt
12t 2t—1
<c/ |z m] (| /|2t T —a o 1"
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We have that

1 2t—1 1
R tdt tdt
112t 2t—1 / 2t—1 1y 2t—1
- B B p - R — (alz — e
/0 |z — 2’| (x — a > 57— 1 |z — \/0 ( (a]z — x'|) ) 57— 1

and
R2-1 _ (CL|£L‘ o xl\)?t—l _ e(2t—1)lnR _ 6(215—1)(111a|ac—x’|)

R

=(2t—1)In <a|x — > + 0 ((2t —1)*(In* R+ In*alz — 2'|)) .

'

By integration,

R ip2t—1y _ tdt R 2 2 /
This finally yields to
/ R 2 2 /
Ag<clz—2/||In{ ———— | + O (In* R+ In*alz — 2|))| . (5.30)
alx — /|

We notice that the leading term when x — 2’ — 0 is coming from the estimate of By and it gives
the Dini modulus of continuity expressed by (5.26). This ends the proof. O
Proof of Theorem 1.10. 1t follows directly from Lemmas 5.7 and 5.8. O
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