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The Cauchy problem associated to the logarithmic Laplacian
with an application to the fundamental solution
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Laurent Véron?

Institut Denis Poisson, CNRS-UMR 7013
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Abstract

Let LA be the logarithmic Laplacian operator with Fourier symbol 21In|{|, we study the
expression of the diffusion kernel which is associated to the equation

du+Lau=0 in (0,5) xRN, 4(0,-) =0 in RV \ {0}.
We apply our results to give a classification of the solutions of
Ou+Lau=0 in (0,7) x RN
{ uw(0,-)=f in RN

and obtain an expression of the fundamental solution of the associated stationary equation in
RY, and of the fundamental solution in a bounded domain, i.e.

Lau=Fkéy in D'(Q) suchthat u=0 in R\ Q.
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1 Introduction
The logarithmic Laplacian £, in RY (N > 1) is defined by the expression

u(x)1p, (@) (y) — uw(y)

,Cul':CN dy+pNU$)
sule) = ey [ IR (@
where 9
ex = V() = . pn=2I2+ V(&) + (1),
N
wy = |SV] = dS, SV is the unit sphere in RV, I' is the Gamma function, ¢ = FT/ is the
N

associated Digamma function. In this article our first aim is to study the Cauchy problem

Ou+ Lau=0 in (0,T) x RY,
{ uw(0,-) = f in RY, (L)
where f is a measurable function in RY and 7' € (0, &).
The historical model for diffusion equation is the heat equation
ug(t,z) — Au(t,z) =0, (x,t) € (0,T) x RY, (1.2)

for which Widder proved in [35] the uniqueness among nonnegative classical solutions and provided
the representation

1 z—yl?
u(t,z) = ~ /]RNe 4t u(0,y) dy.
2

(4mt)
By a classical solution u we intend a function u belonging to C ([O, T) x RN ), such that ug, ug,q; €
C ((O,T) x RN ) satisfying (1.2) everywhere (see [21,36] and the references therein).

In recent years, there has been a renewed and increasing interest in the study of diffusion
equations involving linear and nonlinear integro-differential operators, and this growing interest is
justified both by important progresses made in understanding nonlocal phenomena from a PDE or
a probabilistic point of view, see e.g. [1,4-9,26-31] and the references therein, and by their wide
range of applications. Among nonlocal differential order operators the simplest examples are the
fractional powers of the Laplacian, which exhibit many phenomenological properties. Recall that
for s € (0,1), the fractional Laplacian (—A)® can be written as a singular integral operator defined
in the principle value sense

: u(z) — u(y)
—A)’u(xr) = ey lim ————="dy,
(=AY ule) = exs I, BBy 17— Y2
95— N T(HE2) . . . N
where cy s =21 2 s F(lis) > 0 is a normalized constant such that for a function v € C°(R™Y),

F((=A)u)(€) = (27) "2 / e X (= A)u)(x)de = |€)?°U(€)  for all € € RY.

RN



Here and in the sequel both F and = denote the Fourier transform. A representation formula for
the s-fractional diffusion equation

us + (—A)¥Pu=0 in (0,7) x RY, (1.3)
was recently proved in [2]. It is based upon the s-fractional diffusion kernel
Py(t,z) =t 2P (t—ix) : (1.4)
where
P(z) := / eI e
RN

Note that Py € C* ((0,00) x RY) (see e.g. [3,17]). Under suitable conditions on f, a solution of
(1.3) with initial data u(0,-) = f is expressed by the formula

wsltn) = [ Pt = )f)dy.
RN
It is well-known that the following two limits hold when s tends 0 or 1:

lim (—A)*u(z) = —Au(z) and  lim (—A)*u(z) = u(z) for u € C2(RY),

s—1— s—0t
see e.g. [15]. Furthermore the following surprising expansion at s = 0 is proved in [11]
(—A)u(z) = u(x) + sLau(z) + o(s) as s — 07 for all u € C2(RY) and z € RY

where the formal operator
d

=2 (=A)
ds s:O( )

is the logarithmic Laplacian; more precisely (see e.g. [11]),

;CA:

i) for 1 < p < oo, there holds L, p (GEYC N AU in as s — 07,
(i) for 1 < p < oo, there holds Lu € LP(RV) and CRLU=Y £ 4y in LP(RN) 0+
(i) F(Lau)(&) = (2In]¢])u(€) for ae. £ € RV,

Recently, the related topics on the logarithmic laplacian has been investigated: the eigenvalues
estimates [10,23], log-Sobolev inequality [19], semilinear problems [13,22], The domain of definition
of L, is the space Domg, (RY) := 2 (RN) N Cp(RY), where

X(RN): uw:RYN SR measurable:/ de<+oo .
RN].‘{”.’E‘N

and Cp(O) is the space of uniformly Dini continuous functions u in O such that for any x € O
11
/ -  sup J|u(z) — u(y)|dr < +oo.
0 T yeo,ly—z|<r

Ifue? (]RN ) then L, u can be defined as a distribution with the duality product (L.u, ) for
every ¢ € S(RV).

Using the Fourier transform, the formal diffusion kernel of the logarithmic Laplacian has the
following expression (see e.g. [11, p. 2|)

Pu(t, ) := /RN ]2t e de, (1.5)

From now this formula defines the logarithmic diffusion kernel.



Proposition 1.1. Let the logarithmic diffusion kernel Py, be defined by (1.5), then

Pu(t,z) = Po@)|zN  for (t.z) e (o, g) x (RN \ {0}), (1.6)
where . _tI‘(NE%)
Polt) = 4T (1.7)

Furthermore, we have that

1) Pult,- LY RN, but Pn(t,-) € LNLV?t’C: RN for every t € (0, ), where LNJX%’:3 RN) s
2
the Marcinkiewicz space with exponent —N]X 5% 5

(ii) Pia(t,-) blows up uniformly in any compact set of RN ast — (%)_ More precisely there holds
forx #0
lim (N —26)Pu(t, z) = 2> Nw,.
t%(%)—
(iii) For any x # 0,
lim Py, (t,z) =0,
t—0+

and lim+ Puw(t, ) = 0o in the sense of distributions, i.e.
t—0

lim Pi(t, 2)é(x)dz = ¢(0) for ¢ € C.(RY).

t—0t+ JrN

In the next table we emphasise the striking differences between Py, and P for s € (0, 1),

Lifespan | Time asymptotics Behaviour at x = 0 | Decay as |z]| — oo
Ps | (0,400) | decay rate £ at infinty | smooth || 25—
P | (0, %) blow-up rate x5; singular |z|?~V ||2 NV

Furthermore, Py, (¢, -) is the fundamental solution of the fractional Laplacian (—A)* for ¢ € (0,1).
In the sequel we call the expression below the logarithmic diffusion equation

Ou+ Lau =0, (1.8)
without presuming in what sense it holds.

Definition 1.2. We say that u is a strong solution of the logarithmic diffusion equation (1.8) with
initial data f, if the following conditions hold:

(i) By € c((o,T) X RN);
(ii) u € c([o,T) X RN);
(i4i) the equation is satisfied pointwise, i.e. for every (t,z) € (0,T) x RN
Owu(t,x) + Lau(t,z) =0, (1.9)

and u(0,x) = f(x) for every x € RV,



Note that in this definition we assume that £ u(t, r) exists for all (¢, z) € (0,T)xRY. This prop-
erty needs a minimal regularity for x +— wu(¢,z) such as the Dini continuity Cp. As a consequence
of the equation, in this framework the function (t,x) + L u(t,x) is continuous in (0,7) x RV,

We prove the following analogue of Widder’s representation for the logarithmic Cauchy problem.

Theorem 1.3. Let0 < T < % and f be a nonnegative function in C(RN)NLY RN, (1+|z])*"—Ndz).
Then problem (1.1) admits a unique strong solution u = uy, which is positive and has the form

ustyr) = [ Palte — ) ) dy = o)l = 1), ¥(ha) € [0,T) xRN, (110)
R
where I (x) = |2|*=N is the Riesz kernel of order 2t. Moreover
lim (N —2t)uy(t,x) = 2||f||p1  for any = € RY, (1.11)
t—(5)~
Furthermore, the following implications hold:
(i) If f satisfies for some M >0 and T < —N
05 flz) <M+ |z))" for zeRYN,

then there exists ¢ = ¢(N, f) > 1 such that for any (t,z) € (0,T) x RV

PO (0 a2 < ugtt,0) < 2B 1 4y, (1.12)

where Py is defined in (1.7).
(i1) If [ satisfies for some M > 1 and 7 € (—N,—2T]

L0t ) < fl@) < MU+ J2l) for e RY,

M
then there exists ¢ = ¢(N, M, 7) > 1 such that for any (t,x) € (0,T) x RN
LR 3 a2+ < gt < 20 1 g e (1.13)
(iii) If assume that for some M > 1,
%(1 Fla) ™ < f) < ML+ |2)Y  for x €RY,
then there exists ¢ = n(N, M) > 1 such that for any (t,z) € (0,T) x RV
L) (1 )2 e + o) < gty 2) < 208 (14 Jal)2V Ine + Ja). (1.14)

c 2t 2t
The counter part of this result is the following characterisation of the initial trace of any

nonnegative solution of (1.9).

Theorem 1.4. Let 0 < T < % and f € LY(RYN). Then problem (1.1) admits a unique strong
solution v = uy expressed by

up(t,) = | Pult:z —y)f(y)dy = Po() I+ f(x), V(t,2) €[0,T) x RY, (1.15)
R
where I (x) = |2|?*~N is the Riesz kernel of order 2t. Moreover
lim (N —2t)us(t,z)) = 1\,2/ f(y)dy for any x € RY. (1.16)
t= (%)~ (4m)= D (&) Jry

5



Note that the previous inequalities show that the function us(t,-) does not belong to L'(RY).
Hence we propose a definition of weak solutions to (1.8) valid for more general initial data f.

Definition 1.5. We say that the function u is a weak solution of the logarithmic diffusion problem
if the following conditions hold:

(i) u € L <(O,T’] , Lt (RN, (1+ |x])2(T7T/)*Nd:):>> for every T' < T}

(ii) w € € ((0,T), Lo (RY));

(111) For ¢ € Xg and any T' € (0,T) there holds
T/
/ / [=0rp + Lapludtdr = / ©(0,-)fdx — / u (T, z) ¢ (T, z) d, (1.17)
0 JRN RN RN
where Xo = {¢ € CH[0,T) x RY) : ((t,.) € CZ(RY) for allt € [0,T)}.

When f = u is a Radon measure, identity (1.17) is replaced by

/OT' /]RN [=0p + Lapludt dz = /RN 0(0, - )dp — /RN u (T, 2) ¢ (T',2) da. (1.18)

Our first existence and uniqueness result which shows the role of the Widder’s type represen-
tation is as follows.

Theorem 1.6. Assume 0 < T < g and f € LYRY, (1 + |2)?T=Ndz), then problem (1.1) admits
a unique weak solution uy expressed by

up(t,x) = / Pu(t,z —y)f(y)dy for all t € (0,T), a.e. z€RYN. (1.19)
RN
The result is also valid if f is replaced by a Radon measure p in RY satisfying

/sz(l + |2 Nd|p|(z) < oo. (1.20)

Of particular importance is the case where u is a Dirac mass.

Corollary 1.7. Let 0 < T < %, then P, is the unique weak solution of

Ou+Lau=0 in (0,T) xRN,
(1.21)

u(0,) =8y in RN,
Notice that,

(a) from the uniqueness, the classical solution obtained in Theorem 1.3 is a weak solution of (1.1);

(b) for a nonnegative function f € L'(RY), the weak solution us of the fractional diffusion
equation of (1.3) exists for (0, +00) x RV, while the solution of the nonlocal diffusion equation (1.1)
is exists only in (0, %) x RY and it blows up locally in RY as t — (%)_ in accordance with the
expression (1.16).

The final aim of this study is to use the diffusion kernel P, to give an expression of the
fundamental solution of the logarithmic Laplacian, that is the solution of

Liu=kéy in D'(RY). (1.22)



Theorem 1.8. Let N > 3, then the operator La has a radially symmetric fundamental function
@y, in RY and there exists ¢ = ¢(N) > 0 such that

il

On? lz[| = In® |z

Dy, (z) — ¢

for all z € B%(O) \ {0}, (1.23)

where v
o=1r ¥ ().

Furthermore there exist a positive constants ¢y such that

3—N
cl‘x’T

| P ()] < for |z| > 2. (1.24)

In|z|

Our idea is to apply the parabolic operator 0; + L to connect the fundamental solutions of the
logarithmic Laplacian with the one of the Helmholtz operator —A — I. This requires the lifespan
of Pj, to contain the internal (0,1]. When N > 3, it is well defined since Py(t) for t =1 < %, but
it fails when N = 2, since in that case Py(1) = +o00. However we conjecture that the fundamental
solution @y, exists for N = 1,2 and it decays like \x|% as |x| — +oo.

In a bounded Lipschitz domain €2 containing 0, we consider the problem below, the solution of
which is the fundamental solution in 2,

£AU = 50 in D/(Q),
(1.25)
u=0 in RV\Q.

We denote by o(L4, ) the spectrum of L, in © with zero condition in ¢, that is the set of A € R
such that there exists a nontrivial solution to

{EAU =Au in €,

1.26
u=0 in RV\Q. (1.26)

It is proved in [11] that (LA, ) = {)\z(Q)}kzl where k — )\Z () is increasing and

Hm A () = +o0.

k—4o00

Furthermore ker(L, + )\f (©)) is 1-dimensional and generated by a positive function ¢;. First we
characterise the fundamental solution of £, in .

Theorem 1.9. Let N > 1, Q be a bounded Lipschitz domain containing By and such that 0 ¢
(L, ). Then problem (1.25) possesses a fundamental solution @ﬁ and there exists ¢ > 0 such

that

S N

o (z) — co

for x € Bé (0)\ {0}. (1.27)

In?|z|| = In®|z]

Furthermore, there holds near 02

B2 ()| = O (1> for all r € (0, ;) , (1.28)

[ Inp()[7
where p(x) = dist(x, 092).



We also gives some estimates of @y, is some Orlicz classes and we prove at least if N > 4 and
under mild assumptions on f the function u = &y, * f is Dini continuous and is therefore a strong
solution of

—Lau=f  inRY, (1.29)

Theorem 1.10. Let N >4, # > 1 and f € L'(RN) N L>®9(RYN), where
L®Y(RN) = {h € L2 (RY) :esssup(1 + [y)?|f(y)] < oo} . (1.30)
yERN

Then for any R > 0 there exists ¢ = ¢(N, R, 0) such that

[P # f(2) = P * f(2')] < (I fllzr + 1l o) for all z,a" € Br,  (1.31)

c
14 In?(|z — ')

where

£l oo = esssup(1+ |y])°[ f(v)]. (1.32)
yERN

The paper is organized as follows. Section 2 is devoted to the study of the diffusion kernel Py,
of 0 + L, and to the existence and the representation of classical solutions of (1.1). Section 3 is
devoted to the Cauchy problem associated to the logarithmic Laplacian, first in the weak sense and
then in the classical sense, based upon the proof of the uniqueness of weak solutions. In section
4, we construct the fundamental solution of the logarithmic Laplacian using the diffusion kernel,
representation formula for solutions of the Cauchy problem and precise estimates of the kernel of
Helmholtz operator in RY. In Section 5 we use the estimates of @), to prove some imbedding
properties in Orlicz spaces, to obtain point-wise estimate of V&, in RY \ {0} and to prove that
the solution of the Dirichlet problem in R¥ is Dini continuous.

2 Basic properties

In the course of this paper ¢ will denote a generic positive constant, depending on different pa-
rameters (which can be specified in some cases), but not on variable, the value of which can vary
from one occurence to another. In some cases, in order to avoid misunderstanding, we introduce
constants ¢’ or ¢j, j = 1,2, ...

2.1 The logarithmic diffusion kernel
Proof of Proposition 1.1. 'We recall (see e.g. [32, Chapter V, p. 117]) that
F(-D)=o@- 7" in S'RY)

with

P(=5%)

N
2T+N7T77.
I'(-3)

o(r):=
Consequently, if 7 £ —N, we have that

FU N ) = —— |- i S(RY)



and
F 1) =48 in S'(RY).

From the properties of the Fourier transform there holds

AiPia(t, €) + 210 |€] Pia(t,€) = 0,

which implies .
Pun(t,€) = e 2l = g7 for (t,€) € (0, F) x RY\ {0}.

By the inverse Fourier transform,
P (t,z) = Po(t)|z|* N for (t,z) € (0, %) x RV,

where, we recall it,

Clearly Py is a positive and smooth function in (0, ﬂ) and it vanishes at ¢ = 0. The expression

2
of Py, shows that P, (t,-) does not belong to LY(RY) for any ¢ € (0, %), this is part (i). Since
zl'(x) — 1 as x | 1 we obtain

Po(t) - Y52 — (477)_% ) as t—(§)".

This implies that for any = # 0
N
Pu(t,z) 252 = 4m) 2 I°Y(E) as t— (§).
Now (ii) follows by the fact that

lim T(A5E) (Y -t) =1 and lim |z[* N =1 forz#0.
Ny N,
t—=(5) t—(3)

Because lin%) I'(1) = oo, we have for any x # 0,
T—

lim P, (t,z) = 0.
Jim Pt )
For the proof of part (Z”)’ if ¢ € CC(RN) has support in By, for any € > 0 there exists § > 0 such
that
lp(x) — #(0)] <€ if |z <o

Then
Pt 2)6(z) do = 7~ 24t UVE%)t( 2 Ndx) $(0)
RN Lt —1) \Ja,,
+”_g4t1;((ivi))t/go |2 (¢(x) - ¢(0)) da
We have that N F(Nim) N
77_74_tI‘(1it) —a 2T(4) as t— 0%,



2t
_ oglw w
t/ |x|2tNd1::M—>7N as t— 0%,
O

2
0
and
' / 2PN (9(x) — 6(0)) da| < ¢ / 22N (o) — B(0)] da
Boyg Bs
T / 22N g(z) — 6(0)] da
BO'O\B6
<I+1I.
Then
I< echSQt —ew, ast—0,
and

IT < H¢HL<>owN(U(2)t —6%) =0 ast—0.

Since € is arbitrary and

we obtain

lim P (t,x)p(z)dz = ¢(0).

t—0t JrN

Lemma 2.1. Assume 7 <0 and (t,z) € (0,—%) x RN, then
(i) If =N < 1 < 0 there exists c = c¢(N,7) > 1 such that

1
i {Jaf 2 Lo < [ o= g PN () dy <
ct RN t
(ii) If T = —N there exists c = ¢(N,7) > 1 such that
1 . _ _ _ c _
min (e Vinfe + [ol). ¢+ o2} < [ o= gY@ IV dy < SN hn(e+ ),
(111) If T < =N there exists c = ¢(N,T) > 1 such that
1. - - c -
comin (oY, o) < [ o=y PN ) dy < S ma {Ja oY)

Proof. Assume x # 0. The integral over RY is the sum of the integrals over B (0), over B, (x)

2 2
and over RV \ (Bm (0) U Bq (x)) Clearly
2 2
- (24 |z|)" - wy |z(2+|x])T
[ ey < SO [ ey = e FEE
2 2
(2.1)
and
- (24 3z|)" 2% N wy |22+ 3Jz))"
jz =y N+ )T dy > S o —y[* N dy > 5 :
/B;| (z) o7 B% @) 92t+7+1 n

(2.2)

10



Concerning the integral over B (0), one has
2
[
3x 2t—Nw a5 3 B
|2|2t—NN/ (1 +7)7rdr < / o =y N (1 + [y])" dy
0 Bl (0)
2t—N le|
< |x|22tNWN / ) (L+7)rVtar.
0

If |x| — oo, there holds

&(1 +o(1)) if -N<7<0

5 7, N—1 2NHT(N +7) e
/O (L r)"r770dr = 1 12](1+ (1)) if =N,
c*(140(1)) if 7<-N,

for some explicit value c*, and if z — 0,

||

]

/0 )Y e = 51 o))
This implies
inf{|z|2*7, |z|?} it -N<7<0,
/ lz =y N1+ y))"dy < e inf{|z[* N In(|z| +€)|, |z[*} if T=-N, (2.3)
PO inf{|z[2-N], |2[2) it 7<-N,
and
inf{|x|2F7, |z|*} if —N<7<0,
/ 2 —y* N (1 + Jy)" dy >1 inf{|z* N In(|z| +e), [z[*} if —N =7, (2.4)
P it 2Pty it - N>7

where the constant ¢ depends only on N.

Finally, we consider the integral over RV \ (Bm (0) U Bla| (a:)),

2 2

o =y (1 + lyl)" dy

/IRN\(B 121 OB (@)

= [af?t+ / lew — 22N (2] + [2])7 d,
BN\ (B (0)UB) (er))

where e, = ﬁ This integral is invariant by rotation, thus we can assume that ey = (0,0,...,1) €
RY. The function

x| = H len — 2N (a7 + [2))7 d2

(o) = |
EV\ (B, (0)UB} (en)

is increasing, therefore

0= tim H(jy|) < H(a]) < / lew — 22Nz dz 1= H(oo0) < 0.
ly| -0 RN\ (B (O)UB%(eN))

Nl

11



This yields

/ & — gV (14 )7 dy < o H(oo). (2.5)
RN\ (B ) (0)UB | (x))
2 2

For the lower bound, B% (0) U Bi(en) C B3(0), therefore

/RN\(B

N

1(0UB] (en))
2 2

x
> 22t_NwN/ 7“275_1(|31:|_1 + )" dr.
2

But the following relation holds
o0 o0
/ r2 |z )T dr = \x]_%_T/ s (s +1)"ds > emin {1, |z| 7} .
2 2|z
This implies
/ o= 9PN (1 4+ yl)” dy > cmin {Jof**7, 1} 26)
RN\(B%(O)UB@ (@)
Since 0 < t < —7 the proof follows by combining (2.1)—(2.6). O

Remark 2.2. When |z| > 1, the estimates in Lemma 2.1 with possibly a new constant ¢ = ¢(N,T) >
1 can be expressed under the following form:

1
(Z) 7|x’2t+‘r S/ |1,‘ _y|2th(1 + |y!)7dy S E’x|2t+‘r if _N<r< O;
ct RN p
U G B ) .o |
(i) &|x’2t Nln(6+ z|) < /RN | _y|2t N(l +ly|) Ndy < ¥|x‘2t Nln(e+ @) if 7= —N;

1
(i) Lle N < / @ — PN 4 ) dy < Sl N if r < —N.
Ct RN t
(2.7)

Proposition 2.3. Let T € (0, %) and f € CH(RN) such that f, |Vf| € L*(RY). Then the function
uy defined by

uf(t7 LE) = BN 7Dln(tv T — y)f(y) dy7 (28)

is a strong solution of (1.1).
(i) Since the mapping: f — Puw(t,-) * f is increasing and Py(t) > 0, if assume furthermore that
f # 0 is nonnegative and

flx) < MQA+|z))" for zeRY

for some M >0 and 7 < —N, then there exists ¢ > 2 such that for any (t,x) € (0,T) x RY,
1 _ c -
Do)+ )N < up(t,z) < s Po()(1 + ), (2.9)

where Py is defined in (1.7).

12



(i) Moreover, if assume that

SO [l < f(@) < MUt [al)” for x € RY,

for some 7 € (=N, —=2T] and some M > 1, then there exists ¢ > 1 such that for any (t,x) €
(0,T) x RN,

éPo(t)(l + |2 < up(t,z) < %Po(t)(l + |z|)2HT. (2.10)

(iii) At last, if assume also that, for some M > 1,

S+ < (@) < MO +a) N for B,

then there exists ¢ > 1 such that for any (t,z) € (0,T) x RV,

PO+ [PV (e + fel) < ug(t,2) < SR+ e V(e +al). (@11)

Proof. First we note that if

urlta) = [ Pult2)f@=2)dz = PolO) T+ £(0) (2.12)
then
Tt ) = Polt) o+ F(€) = Po<t>4twgr(1;t_)w|fr”f<f> e fe),
because of the identity (1.7). Therefore
iy (t,€) = —2Im[¢|f(€) = F (Opus + Laus) =0. (2.13)

Thus the equation is verified in S'(RY).
(i) Since uy is defined by (2.8) and Vf € LY (RY)NC(RY), for all integers 1 < i < N the expressions

Oyup(t,2) = / Pint, )05, f(z — 2) dz,
RN

are well-defined and are continuous functions of (z,t). As a consequence, uf(t,-) € CL(RY).
For the time-derivative, we note that

O Pw(t,z) = Pé(t)]m|2t_N + 2730(t)|:v|2t_N In |z|,
then
duslts) = [ APt -2
]RN

= P [ P =) dz 2P0 [Nl - )

which is continuous at any point (¢, z) € (0,7) x RY. Moreover, from Proposition 1.1,

lim uf(t,z) = f(z) for any z € RY,
t—0+

13



which implies that
up € c([o, 2) % RN) mcl((o, 2) x RN).

Since (2.13) holds, it follows that u satisfies (1.8); as a consequence it is a strong solution of (1.1).
Let R > 1 such that supp(f) C Bg, then if |z| > 2R,

1

5]33\ < |z —vy| <3Jz| for y € Bpg,

and if f is a nonnegative non identically zero function,

|z[*~N 2N 2A-—N [N
Lind N — oyl dy = — |2t dy< =2
e ey < [ e =P @y = [ =y 1) dy € G e

and if |z| < 2R, we have that

CRQt
t

/ & — 4N F(y) dy < [|fl] ) / 22N 4z = L e
RN Bsr

for some ¢ = ¢(N) > 0.

If we assume that 0 < f(z) < M(1 + |z|)” and 7 < —N, then the right-hand side part of (2.9)
follows directly from Lemma2.1-(iii). For the left-hand side, we can suppose that |[f1p,| 1 > 0
for some R > 0 and we have for |z| > 2R,

| 2—N
QNQtHleRHLl(RN)S/ lz —y[* " f(y)dy.

Br
This implies (2.9) up to changing the constant c.
(ii) If we assume 77 (1+ |z|)7 < f(z) < M(1+ |z|)7, then (2.10) follows from Lemma2.1-(i).
(iii)- If we assume 2 (1 + |z[)™N < f(x) < M(1+ |2|)~", then (2.11) follows from Lemma2.1-(ii).

O
The next results will be used later on
Lemma 2.4. There holds
lim tI'(¢t) = 1, (2.14)
t—0
lim £2T7(¢) = —1 (2.15)
t—0
and
im 3T (t) = 2. 2.1
lim 7T (t) = 2 (2.16)
In particular
N N
Py(0) =7 2() and Pg(0) =272 (N(5) - T"(5)). (2.17)

Proof. Since we have
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we obtain (2.14). For I there holds

o0 t t o0 0o /ot t
') = A lnzeFde = |(Zlme— 2 ) e + i
t t2 t 2
0 z2=0 0

1 o
Then (2.15) follows. For I'” we also have

I(t) = A2 e de = (S m?z— 25 Iz + 22 ) e
2 3
0 t t t 0

<2t 2t 220\ _
+/0 <tln 22t21nz+t?’>ezdz

1 oo
(tQZt In?z — 2t2tInz + QZt) e “dz.

_t30

Hence (2.16) follows by integration by parts. The first formula in (2.17) follows directly from (2.15).
The second is a little more involved and left to the reader. 0

Given tg € (0, %), we consider the backward problem

Ou— Lau=0 in [0,t9) x RY,
(2.18)

u(ty,) =g in RV,
The existence of strong solutions of (2.18) is established below.

Corollary 2.5. Let tg € (0,4) and for g € CLRY), we denote

vg(t,x) = /RN Pu(to —t, 2 —y)g(y) dy, (2.19)
then vy is a strong solution of (2.18),

vy € C([0,t0] x RY) NC (0, 0] x RY),
and we have, for some ¢ > 0 dependent of || f|| 11w~y and || f|[ poo m)

Po (t() —

[0g(t,2)] < e— tt)(1+ya;\)2<to—t>—N for (t,z) € (0,tg) x RY. (2.20)
0

Proof. Note that the backward diffusion kernel Qy, is
an(t, ac) = P]n(t() - t,x) in [O,to) x RV,

Then the proof is the same as the one of Proposition 2.3. O
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2.2 Maximum principles

We first recall some maximum principles for the logarithmic Laplacian valid in bounded domains [11,
corollary 1.9]:

Lemma 2.6. Let Q C RN be a bounded Lipschitz domain. Then LA satisfies the mazimum principle
in 0 if one of the following conditions is satisfied:

(1) ha(x) + pny > 0 on Q, where

1 1
ho(z) =c¢ / dy/ ——dy); 2.21
(=) N( Bine [z —ylV O\Bi(2) [z —ylV ) (2.21)

(ii) 191 < 2V exp(§ (v(3) =) ) 1B (0)].

The role of hg(x) 4+ pn is clear since the following expression,
u(r) — uly) u(y)
Loz :cN/ dy — cn dy+<hg:v +pN)U$ 2.22
U =N J Ty e 2 — oY @tonfula) (222

is an alternative definition of the logarithmic Laplacian.

For the associated diffusion operator, we have the following maximum principle:

Corollary 2.7. Let Q C RY be a bounded Lipschitz domain. Assume v € C([0,T) x Q) such that
O € C((O, T) x Q) satisfies pointwise

v+ Lyv>0 in (0,T) x £,

2.23
v>0 in ((O,T)X(RN\Q))U({O}X]RN). (2.23)
If ho + py >0 on Q, then
v>0 in [0,T) x Q.
Proof. We proceed by contradiction, assuming that for any 77 € (0,T"), we have that
v (tg,z0) := min_v(t,x) < 0. (2.24)
[0,71xQ
Clearly (o, z0) lies in (0,7) x Q. Therefore v; (xo,%9) < 0 and thus
Lav(to, xo) > 0. (2.25)

This yields a contradiction by using the expression (2.22), since

v(to, z0) — v(to,y) / v(to, y)
Lav(to, x :c/ dy —c ———"—dy + ( hq(zg) + v(tg, xg) < 0,
svliozo) =ex | SRR [ Toa— gy 2+ (o) + o Jotio a0

from (2.24) and <hQ(x0) + pN)v(to, xo) > 0 from the assumption on hq + pn. O

In the following result we get rid of the restriction hq + py > 0 provided the boundary value
of v is bounded from below.
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Lemma 2.8. Let Q C RY be a bounded Lipschitz domain and v € C([0,T) x Q) such that O €
C((O,T) X Q) which satisfies pointwise the following inequalities
v+ Lrv>0 in (0,T) x Q,
vz0 dn (0,T)x (RVN\Q), (2.26)
v(0,:) > ¢ in 9,
for some ¢ > 0. Then

v>0 n [0,T) x Q.

Proof. We proceed by contradiction. Let ¢ty > 0 be the smallest ¢ > 0 such that v(to,z9) = 0 for
some zg € . Then v(t,z) > 0 for all (¢,x) € (0,%9) x 2. Thus 9y (ty,xo) < 0 and

t
Lv(to, x0) = _CN/ %dy >0,
RN |Zo — Y|

where the equality holds only if u(tp,-) = 0 a.e. in RY. Since v is continuous in ([0,T) x Q)
nonnegative and not identically 0 on the boundary, we are led to a contradiction. O

3  The Cauchy problem

3.1 Uniqueness of weak Solutions
Our uniqueness result for weak solutions is the following.

Theorem 3.1. Let T € (0, %) and u be a weak solution of the equation with zero initial data

Ou+Lyu=0 in (0,T) xRV,
(3.1)

u(0,-) =0 in RV,
Then u(t,z) =0 for every t € (0,T) and for almost everywhere x € RV,

Proof. Step 1. We fix 6 € C} (RN) with compact support in Bg, for some Ry > 0. We aim to
prove that

/ u (to, z) O(x) dz = 0.
RN

For t € [0,tg), we define
Yo = Pln(to —t, ) * 0.

By Corollary 2.5 g is a strong solution of

Ow—Lav=0 in [0,t9) x RY,
(3.2)
v(tg,") =6 in RV,
Then Polto 1)
ot o) = | (Punlto = £,) 0) (2)| £ =021 4 fa] 2007,
to—t
where Pot(otﬂzt) is bounded as ¢ — t9 and ¢ > 0 depends on Ry, to and [|0]| 1wy, [0 poomny-
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Applying (2.19) to the derivatives of § € C! (Bg,), we also have
Vot )] = |((V8) «Pulto—t,)) (t.2)

= | (Putto— 1)+ (v0) ) t, )|

Cpo(to —t)
to —t
where ¢ > 0 depends on Ry, to and [|[V0| 11wy, [[VO| poomny-
For R > 2R we define

ne(z) =no (%) and Y (x,t) == gz, t)n, (),

where 1 : [0,4+00) — [0, 1] is a smooth, non-increasing function such that

(14 [a])20=0=H,

m=1 in [0,3] and no=0 in [1,400).

As a test function in (3.1) we take 1,,. Since yy is a strong solution, we have that

| /R (i, @) O()vn(e)de| = | /0 ! /R  unn(e)Ohpy — uLa(t (1, )] de d]

to
= ‘/ / uﬁA<<Pe(1 - UR))dl“ dt‘
o JrN
to
[l |es (et = ) o
0 JRN
The main point is to show that

lim Oto /RN |ul ‘EA(QOQ(]. - nR)) ‘da: dt = 0.

17

R—o0

Step 2. We claim that there exists a positive constant c independent of t such that for R >> 1

‘[,A<<,0(1 - T]R)>(t, :1:)‘ < cmin {R2(t°_t)_N In R, |2t~ =N1p |x]},

for any (t,z) € (0,T) x RV,
(i) In the sequel we take R >> 1. If x € Br, then Bi(x) C Br(z) C Br, thus
4 4 2

1
|z —y| > —Z‘y’ for yERN\B%
Since 1 —nr = 0 in Br, we have that
2
—¢o(t,y)(1 — nr(y))
La(po(l—nr))(t,z)] = CN‘/ dy
| L (0o ) (t,z)| . P—
2
t,y)l
< e [ el
- EM\Bg (L+ JyhN
Poltog —t
é e Ot( 0 ; )/ (1_’_’y|)2(t07t)72Ndy
U RN\Bpg
2
§ CQRQ(toft)va

18
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Poltg —t
the last inequality, being a consequence of the fact that lim M

exists. Therefore, for any
t—to to —
t €[0,to] and = € Br,
4

1La(00(1 =) (t,7)| < RN, (3.5)
(ii) Next, if z € Bag \ Bz, we note that pg(1 —ng) is C1, then
4

(1—nr))(t,z) — (wo(1 —nr))(t,y)

(0
[La(0o(1 = nr))(t,2)| < CN’ /Bl(x) iz — gV dy’
—o9(1 —1r))(t,y)
+ dy| + 1-— .
CN‘ /RN\(BI;LJBI(I)) lz — |V y‘ lpno(1 —nR)

From the estimate on ¢y there holds if % <|z| < 2R,

[(o(1 — nr))(t, z)| < cR¥t=H-N,

Furthermore
wo(1 —ngr))(t,z) — (po(1 —nr))(t,y
[ 0 2) = (ol =) gy < sup [Tt ) Vg o)
Bi(x) |z — yeB (z)
C1 AN
< Lt 209Ny ()
S C]_RQ(tO_t)_N_l,
and
—(po(L —nr))(t,y) t,
| (ol =) gy o o)l
RN\(BguBl(z)) lz =yl ]RN\(BguBl(x)) |z — y
2(t0—t)—N
. s
RN\(B§UB1(J:)) lz — 9]
Since R >> 1, we have
2(to—t)—N
Brs@\Bi(z) 1T =Yl Brys(@)\Bi(z) [T =Yl

< cR2to-)-N1y R,

Clearly

/ |y|2(to—t)]:[N e cRQ(tO*t)*N,
B4R\(B7§UBR/8(:L")) |z — |

and

’y‘Q(toft)fN
RN\Byr lz -yl RN\Byr
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Thus, for any ¢ € [0,t9] and x € Bar \ Br, we have that
4

1La(po(1 —nr))(t,2)| < cR¥M0=O="Nn R, (3.6)

(iii) Finally, for z € RV \ Bag,

—py(t,y)
E cpg (1 —ng tx < CN‘/ dy‘
‘ ° )) Bi(x) |IL‘ - y|N

—(po(1 = nR)) (t, y)
+ dy| + t 2.
cN‘/RN\(BgUBI(w)) P y‘ Py p(t, )|

We estimate the three terms on the right-hand side of this inequality as follows. Obviously

|pN(709(t7x)| < C|m|2(t0_t)_N7
next
t,x) — t,y -
‘/B()%( Ix) yslofi( )dy‘ = 8119112 )W@@(t’y)| < el e,
1(x yei(x
and finally
‘/ —(po(1 = 1r)) (1, y) dy’ _ / ot vl o,
RN\ (B pUB, |z —y|V N ]RN\(BRUB1 ) |z —y|N

< ¢ -
! /RN\(BguBl(x)) |z —y|¥

From these estimates, we obtain the following series of inequalities:

2(to—t)—N
/ ly[** —dy < c|$|2(to—t)—zv/ ;Ndy
B oy (x)\B1 (x) [z =yl @\Bi() 1T — Y|

Ba|
I

A

c|:n|2(t°_t)_N In %,

‘y|2t° —H-N N
/ e dy <z N/ |y 20DV gy
Bl O\Bg(©) 7~ By (0\Bg
4 s 2
< C’x‘Q(tO t)—N

|y|2 to—t)—N
J o
BQ\I\(I)\(B 2| (0 )UB|I (x)) |z —y|

‘4
_ ‘$|2(to—t)—N /
Ba(en)\(B

— c|x’2(t0*t)*N

Q(toft)fN
] &

L (UB) (er)) €2 = 2|V
4 4

)
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and

/ |y|2(t0_t)_N dy — |x‘2(t0t)N/ |Z|2(to_t)_N dZ
RN\ By, () |z — 3/|N RN\ B, lex — Z|N

— c‘x|2(t07t)fN.
Therefore, for any t € [0,t] and € RV \ Bag
[£a(0(1 = nR)) (¢, 2)| < el N In fa). (3.7)

Step 3. End of the proof. Assuming that (3.4) holds, we have

/ |u|’£A(cp9(1 —ngR))|dz < c/ \u|min{R2(t°_t)_N In R, || ?(to=t)=N 1n|x\}daz
RN RN

(3.8)
< [ el )TNV (@)
RN
where
Vo(z) = (1+|z))V 2" min {RZ(tO_t)_N In R, |z|>(to=)=N1p ]a:|}
< min {RQ(tO*t)QT In R, |z|2te=D=2T"1y |x]} (3.9)

< R2to—t)-2T1, R

Clearly the right-hand side of (3.9) tends to 0 uniformly in RY as R — oco. This implies that
right-hand side of (3.8) shares this property. It follows that

/ u (to, ) O(x)dz = 0,
RN

by the dominated convergence theorem, thus wu(tg,z) = 0. Because to < T is arbitrary, u is
identically zero. O

3.2 Strong positive solutions

In this subsection we give a representation of the positive strong solutions of (1.1) as a Poisson
type integral.

Lemma 3.2. Let T € (0, %), u be a strong solution of (1.1) and {os}s>0 C CL(RY) a sequence
of mollifiers with support in Bs. Then u x s is a strong solution of (1.1), which converges locally
uniformly to u in [0,T] x RV,

Proof. Since u is a strong solution, there holds
i+ 2In|¢la = 0.
Multiplying by 65 and using the fact that 654 = o5 * u, we obtain
005 ¥ u+ 2In|¢| a5 xu = 0.

Since g * u is C°°, it follows that os * u is a strong solution of (1.8). As for the convergence of
o5 *u to u, it is a classical result since u € C([0,T) x RY). O

21



Lemma 3.3. Let T € (0, %) and f be a nonnegative function in C(RN)NLY(RYN, (1+ |z|)?T—Ndx).
If u 2 0 is a strong solution of (1.1), then

u(t7x) > ,Pln(ux - y)f(y) dy f07" (tvw) € [OvT) X RN'
RN

Proof. For r > 2 we denote by ¢, € C! ’1(RN ) the following cut-off function,

1 for |z| <r-—1,
Or(x)=qr—|z| for r—1<|z|<r,
0 for |x| >,

and by {0s}5>0 C C°(RY) a sequence of mollifiers with support in Bs. We set f.5 = ¢,.f * 05 and
define the function v, ;5 by the expression

Ufré t $ / Pln fré( )dy = Pln(ta ) * (fr,é) (m)

By Proposition 2.3 v, s is a positive strong solution of

Ovrs + Lavy =0 in (0,7) x RV,
(3.10)

Ur&( ) fr5 in RV,

By (2.9) we have for (¢,z) € (0,7) x R and independently of § and r,

0 <ot ) < el + 1170, 0D (1 faly N, (3.11)

25& ) is bounded as t — 0.

Let fl(a:) =(1+ \x|)70 with 79 € (=4, —T) and

wo = Pm(t,-) * fi.
By Proposition 2.3-(ii) there holds
wo(t,z) > (1 + |z))?T  for (t,x) € (0,T) x RY,
where 0 > 2t + 79 > 2t — N. From (3.11) for every € > 0 there exists p = p(€) > r such that
0 <vp5(t,z) S ewp(t,x) forany |z| 2 p, t€[0,T),
and since u is nonnegative in [0,7) x RV, us := u * 05 is also nonnegative, thus
0 <vp5(t,z) S ewp(t,x) < ewo(t,x) + us(t,z) for any |z| 2 p, t €[0,T).
Clearly
vr5(0,2) = (pru*05)(0,2) = us(0,2) < ew(0,x) + us(0,x), for any |z| < p.

Next we set
ws = us +cwo —vy5 in (0,T) x RY.
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Then
ws(0,-) = ewo + (1 = ¢,)f) x05 in RY,

0,-)
and ws(0,-) > e(1+p)™ >0 in B,(0). By Lemma 2.8 ws > 0 in (0,T) x B,(0), that is,
vps <ewog+u for x| < p and t €[0,7T).
Because € > 0 could be chosen arbitrary, the previous inequality implies that,
vps(t,2) < ug(t,x) for all (z,t) € RN x [0,T),

and this is independent of p. Therefore
wstia) 2 Poft) [ o=y ((F0n) o))

When § — 0, us — u locally uniformly in [0, 7)) x RV by the previous lemma and (f¢,) * 05 — fb,
uniformly in B,, thus

[ o= P00 won)wldy = [ o= PN 6w
RN RN
by the monotone convergence theorem. Therefore

ultia) = Polt) [l =N 16, ().

Because r — v, is increasing as lim ¢, = 1, we conclude that
T—00

iim Po(t) [ 1o = o fon iy = Polt) [ o= o f)dy S ut.a),

r—00 R

by the monotone convergence theorem. This ends the proof. O
The next easy to prove result is fundamental in the sequel.

Corollary 3.4. Let 0 <7 < T < % and u be a strong nonnegative solution of
du+Lau=0 in (0,T) xRN (3.12)
such that u(t,.) € LY(RN, (1 + |2|)2T=Ndx) for allt € [0,T]. Then for any (t,x) € (0,7 —7) x RV,
[ Paltsx = y)utr) dy < ut + 7,2) (3.13)
RN

As a consequence we have for every x € RY and t € (0,T — 1),

T—t T—t
/ Pin(t,z — y)u(r,y)dydr < / u(t + 1, x)dr. (3.14)

0 RN 0

Proof. Let 7 € (0,T). Then the function t — wu,(t,.) = u(t + 7,.) is a strong solution of

du+Lyau=0 in (0,7 —7)xRY (3.15)
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satisfying u,(0,z) = u(r,z) for all € RY. Hence it is larger than Uy, (0,) 0 (0,7 —7) x RN, It
follows that
u(t +7,2) = ur(t, @) 2 uy,(0,)(t, ) = / Pu(t;z — y)u(r,y)dy forall (t,2) € (0,7 —7) x R,
RN
(3.16)
which ends the proof. O
Now we prove our main result:

Proof of Theorem 1.3. Proof of (1.15). For 0 < T < %, let u = 0 be a strong solution of equation
(1.1) with initial data f € C(RV) N LY(RY, (1 + |2])?"~Ndz). Our aim is prove to that u is a weak
solution of (1.1).

N
We first prove that for T' < 5,
we LN, 7], LY (RN, (1 + |2])*T-T)~Naz)).

Take an arbitrary 0 < 7" < T < &; then (3.14) with = 0 and t = T'— 7" shows that

T/

»
| [ atna+uYayar Potr) [ utr )0+ Ny dr
0 RN RN

0

IN

T/
< [ utes o
0

T
< / u(7,0)dr < +o0,
t

where Py is bounded in [0, 7] because to T’ < .
We claim that u € C ((0,T), LL.(RY)).

loc

For given € > 0 and any R > 0, if |t; — t2| small enough, there holds that

by the continuity of u. As a consequence, the strong solution of (1.1) is a weak solution.
Define now the function
w=u—Py*f

then w = 0 by Lemma 3.3.
It is clear that w is a strong solution of (3.1), so it is a weak solution by above arguments. Now
we apply Theorem 3.1 to obtain that

w(z,t) =0 for almost every (t,z) € (0,T) x RV,
By the continuity of strong solutions, we have that

uzpln(ta )*f
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Proof of (1.16). Observe that

mo(t) = n¥attCs)

(%2 +1) 2

— -5 4—t
m I'(¢) N —2t’
where N2
I'(===+1 N N
7['7% 4t(1%‘(t))—>771;] 4721—‘(2)71 as t — (5)7

Given an arbitrary € € (0,1) and = € RY, there exists ¢ € (0, 1) such that

0< / fly)dy <e and / |z — y[2t_N dy <,
RN\B%@) By(0))

and for fixed g, there is sg € (%, %) such that for ¢ € [so, %)
lz =y —1| <
uniformly in B 1(0) \ By(z). Therefore, we have that
|52 (Pt ) # £) (@) = [ £l 1)

< ag2pye)( [ e = oY — 1] () dy
By ) \Be(a)

+/ \Ix—yl2tN—1\f(y)dy+/ [l =y~ ~ 1] () ay)
RM\B1 ) Bo(z)

SC(/ f(y)dy6+/ f(y)dy+||f||Loo(RN)/ |1‘—y|2t_Ndy)
Pho e FV L By()

) ®
< c(llfllr@ny + [ £l Loo vy + e,
which implies (1.16) since € is arbitrary.
The decays at infinity in (7) and (i7) follows by Proposition 2.3. O

Corollary 3.5. Let 0 < T < &, f € CRN)NLYRYN, (1 + |z])?TNdx) and u(t,z) = 0 be a strong
solution of (3.12). Then:
(i) the strong solution of (1.1) is a weak solution;

(ii) for t1,ta >0, t1 +to < T,
P(t1,-) * (Pm(t2, ) * f) = Pmlts +t1,)  f. (3.17)

Proof. The main point in the proof of Theorem 1.3 is to show that the strong solution of (1.1) is
a weak solution and P, (¢,-) * f is the unique solution of (1.1). By the uniqueness, Corollary 3.4
could be improved in the sense that

Pty ) *u(r,") =u(t+7,-)

and
Pln(tla ) * (Pln(t27 ) * f) = Pln(tl + t1, ) *® f
for t; +to < T. We complete the proof. O
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3.3 Existence of weak solutions

Proof of Theorem 1.6. Let f be nonnegative function in L'(R™); there exists a sequence of
nonnegative functions {f,, }nen in Co(RY) N LY(RY) such that

0< fu<fop1<---<f inRV

and

lim (f(z) = fa(z))dz = 0.

n—-+oo RN

The Cauchy problem

ou+Lau=0 in (0,T) x RV,
(3.18)

u(0,-) = f, in RY,

has a unique strong solution

wlti) = Po(®) [ o=y )y,

and the mapping N 3 n — u,, is nondecreasing and
Polt) [ =N oy < Pote) [ =l f0)dy = s t.2),

where uy is well defined since f € L*(RY). From Corollary 3.5, u,, is a weak solution of (3.18) and
then

(2)p(0,z) dx — / un (T, 2) o (T',2) dz (3.19)

T/
/ / [—unOipr + unLap] dtdz =
0 RN RN

RN

for every function ¢ € C* ([0, T) x RN ) such that (¢, -) has compact support in RY and ¢ € [0, T).
Note that uy is the limit of {u,}, i.e.

Pott) [ =N Sy = Pote) tim [ o= P fu )y

n—-+4oo RN

Step 1: we prove that uy € L'((0,T"), LY(RY, (1 + |x|)2(T_T/)_Nd:r) for any T" € (0,T). Observe
that Py(t) < ct for t € (0,7"] and then

e urta s BTN ae < e [ [ ey ) el 2T dy s
RN RN JRN

=t (L o= PN )TN )y

IA

C/ (14 [y =21 21N f(y)dy
RN

IN

c [ el f )y,
RN
where we used the fact, by Lemma 2.1,

[ o= PV ol 2T D < S )
RN

c
t
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Step 2: we prove that uy € C ((0,T), Li . (RY)).

Fixed ty € (0,7) and g9 >> 1, for an arbitrary € € (0, 1), there exist o € (O,i) and sg €
(0, W) such that for |t — to] < so

IPo(t) — Polto)] < e, /B FRIGLTEYS

and for z € B,,(0)
Ha: — )N — |z — y\zto*N‘ < ¢ uniformly for y € RN\ B,(z).
Then

/ g (t, %) — ug(ty, 2)|de
B

Q0

(0)
= [ [ e wayde—pote) [ [ sle -y Nayde
Boy (0) JRY Boy (0) JRY

IN

/B ©) /RN Po(t)|z — y** N = Polto)|x — yI* V| f(y)dy dz

A

Po(t) — Polto)] / F)le -y Ndy da
BQO(O) RN
+Po(to)/ / ||z — y[P N — |z — y[* V| f(y) dy d=
By (0) JRN\By(x)
(ko) / / (Il =y + e — g N) f(y) dy de
BQO(O) By(z)

< ce+ 770(150)(/

By, (0)

swaye el [ rways e et [ f)

R
< ce,

which implies that uy € C ((0,T), Lj,.(RY)).

Now we can pass to the limit in (3.19) as n — 400 and we obtain that

T/
/ / [—upOppr +upLap] dtdae = f(x)p(0,2)dr — / wp(T', 2)p(T", x) d.
0 JrRN RN RN

As a conclusion, we get P, (¢, ) * f is the unique weak solution by Theorem 3.1. O
Proof of Corollary 1.7. Given T € (0, %), let ¢, € (0, NfT) with n € N such that

t, -0 asn— +oo,

then uy,, := P (t, + -, -) is the strong and the weak solution of the Cauchy problem

owu+ Lau =0 in (0,7) xRN
(3.20)
u(0,-) = Piu(tn,-) in RN,

therefore
Tl
/ / [—unOipr + upLap] dtdz = Pun(tn, x)p(0,z) dx—/ U, (T’,a:) % (T',a:) dz. (3.21)
0o JRrN RN RN

We note the the limit of {P, (¢, + -, ) }n is Pl in related space and Py, (t,, ) — g, then passing to
the limit of (3.21), we obtain that P, is a weak solution of (1.21). d
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3.4 The initial trace

Let Q be a bounded Lipschitz domain in RY. Following [11] we define

H(Q) = {u € LL (RY) : ulge = 0,//| » dedy < oo} , (3.22)
z—y|<

and C.p(Q2) the space of uniformly Dini continuous functions with support in Q. Then H(2)
contains C. p(€2) and it is an Hilbert space for the norm

u\r) —u 2 %
lullm@) = (//_ - dedy) ; (3.23)

and the associated inner product

_ / / (u(@) — u(y))(v(z) — v(y) dudy. (3.24)
lz—y|<1

|z —y|V

The following fundamental result is proved in [11]

Theorem 3.6. The imbedding of H(Q) into L*() is compact and the operator La admits an
increasing sequence of eigenvalues {)\z(ﬂ)} tending to infinity with corresponding eigenfunctions
Gpqs k € N*. Furthermore )\T(Q) is simple and ¢, , has constant sign. Finally, La satisfies the

mazximum principle if and only if )\f () > 0, which in turn is satisfied if one of the two conditions
(i) or (ii) of Lemma 2.6 is satisfied.

Lemma 3.7. Let p € C(RY) be a positive uniformly continuous function such that for any 6 > 0
there exists mg > 0 such that

| suF<9 PE ) (3.25)

If {os}s5¢(0,1) is a sequence of smooth mollifiers with support in Bs and u € L},(RN), then uxos — u
in L(RY).

Proof. Let € > 0 and u € L},(RN) Then there exists B > 0 such that [lulpe ||L1 < 7. There exists
un € Ce(Br) such that [[ulp, — unl|ry < 7. Then

U—U*O§ =U— Up + Up — Up ¥ T5 + Up *x 05 — U * Tg.
There holds
= wx o5 13 < llu = unll gy + [t — e * 05 13 + un % 05 — w05 12

<I+ITI+111

Il = /
Brys

/BM /35 [un(@) — un(z — y)| o5(y)p(z)dyda

< sup p(x) sup |up(z) — up(z —y)|.
2| <R+6 ly|<6

Now I <

/ wn(@)as()dy |l ~ y)os(w)dy plr)da
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For n fixed, there exists dp such that for 6 < dp, one has I1 < 7. Finally,
11T = / |(up, — u) % os5(x)|p(x)dx
RN
< [ [ Nuno =) ute = plostdup@ids + [ [ futa = plos(udyple)ds
Bgrys 7 Bs Bgr+s J/ Bs

< sup pla)ln =l +ms [ [ Jute = plosw)dyola )i
|z|<R+5 Brys J Bs

<| sup plx)+ms |5
|o|<R+6 4
Combining the three estimates we complete the proof. Il
Theorem 3.8. Let u be a nonnegative strong solution of (1.9) in (0,T) x RN. Then
uwe L0, T LYRY, (1 + |z))~), (3.26)

for any T' < T. There exists a nonnegative Radon measure p in RN satisfying (1.20) such that

lim u(t,z)((z)dr = C(x)du(zx), (3.27)
t—=0 JrN RN
and there holds
u(t,x) > Pu(t,z —y)du(y) for all (t,z) € (0,T) x RV, (3.28)

RN

Proof. Step 1: Let u € Domy, (RY), then given bounded Lipschitz domain Q, the following identity
holds

jg¢LQ£Audx::Af(Q)/£u¢Lde-qV/£¢LQ@gjé ldziNdydx. (3.29)

|z —

Indeed, we have

/Q b, o Latidz = /Q b10(2) (cN /Q uw) —uly) g, o /Q u(y)dy—i—(hg(a:)—i-PN)u(x)> iz

|z —y|V ¢ |z —y|N

~ [u) (ex [ P08 = o) iy 4 (hate) + o) 6y0(a)) do

u(y)
—ec ) dyda
Né¢m/?w—mNy

:ﬂﬂm%f%ﬁ%wyégﬂﬂéu%%@M.

|z —

Step 2: Construction of the initial trace. We multiply the equation by ¢, , and get

% Qu(t,x)qﬁl’n(:c)dm—i—)\f(ﬂ)/gu(t,x)qﬁl’ﬂ(:c)dx = cN/QqﬁLQ(:E) /Qc mdydx >0. (3.30)
Hence

L
s e M (1 /Q u(t,x)¢, o(z)dr
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is an increasing nonnegative function, which therefore admits a nonnegative limit ¢(2) when ¢t — 0.
This implies in particular that for any compact set G C Q and 7" € (0,7),

/0 . /G u(t, z)dwdt < oo. (3.31)

Let ¢ € C2°(£2) which vanishes outside the open set G C G C Q, ¢ > 0, then

Lalla / (@ y|N @) =W g 4 () + o) C(a),

= u X X r — C X M X
/G () Lault, z)de = /G (t, ) Lal(z)dz — ey /G () /G dyde. (332)

clz—vy

thus

It follows that

i(/G( 2)¢(@)dz — | LaCll (G // s:cdwds>>cN/C /Gp’x_y’)Ndydx>O

(3.33)
Hence ¢ — [ u(t,z)((x)dx admits a nonnegative limit £(¢) when t — 0%, and
T/
0 < 0(0) < I1aCll (0 / / u(t, )dzdt + / (T, 2)C () da. (3.34)
0 G G

Now [[LaCllze@) < l[¢llc2(c), therefore the mapping ¢ +— £(() is a positive distribution, hence a
measure. By a partition of umty, we construct the nonnegative Radon measure p such that

lim u(t, x)((x)dr = Cdu(x) for all ¢ € C.(RY). (3.35)

t—0 JrN RN

This measure is uniquely defined and is called the initial trace of u. Finally there holds from (3.32),

/Gu(Tl,aj)C(x)dx—/RN Cdp(z) = —/OT//Gu(t,I)ﬁAC(:C)da:—i-cN /OT//Gg(a:) /GCMdedxdt.
(3.36)

Step 3: the relation (3.26) holds. We derive from (3.33) and (3.35)

/ T T t,
/Gu(T,a:)g‘(x)de ||£AC||LO<>(G)/O /Gu(s,x)da:ds—k/RN Cdu(az)—i-cN/O /GC(x) /GC ‘;L(_;/‘)Ndydxdt.

Since (3.31) holds we obtain that

Tl
/ / /c|:c— |Ndydac<oo.

We take G = By and ( =1 on By, then

T/
t
/ / / Ly)}\,dydxdt < 0.
0 JB1JBs |z =y
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If 2 € By and y € BS, |z —y| > (|]y| + 1), hence

Tl
/ / A dydt < oo
o Iyl

Combined with (3.31), this inequality implies (3.26).

Step 4: the inequality (3.28) is verified. Let {os}s~0 be a sequence of smooth mollifiers with support
in Bs, pus = % 05 and us = u * 5. Then

/Gu5(T 2)C(z )dm—/T//ﬁAC Yus(t, da:dt+/ C(@)us(0, 2)dz

T/
(t,
+cN/ /g / ’Z‘S_ ?”])dedxdt.

When 6 — 0, us converges to u uniformly on compact subsets of (0, 7] x RY and in L'((0,7") x Bg)
for any R > 0. As in Step 3 we have that us € L'(0,7"; LY(RY, (1 + |=|)~"), and by Lemma 3.7
it converges to u in L'(0,7"; LY(R™, (1 + |2|)~"). Consequently, it follows from (3.36) that the
following limit exists with explicit value,

fim [ C@us(0, )= [ C()d(a)

6—0
/RN ) /]RN </ u(t,y)os(z — )dy> ((z)dx
/JRN e (/ 75 = y)C(:c)d:c) dy

/ ut, y)(C * 65)(y)dy

RN

Furthermore,

where 65(y) = 0s(—y). Therefore

/ us(0, z)¢(x)dzr = lim ua(t,x)é(x)dQE:/ (C*65)(y)du(y) :/ C(y)ps(y)dy,
RN RN

t—=0 JrN RN

where ps = p* os. This implies that us is a strong solution with initial data us. We apply Lemma

3.3 and get
Us > Upxog

which yields to (3.28) by letting § — 0. O

4 Fundamental solutions of L,

We first give the proof of the existence and asymptotic properties of the solutions of the Helmholtz
equation in R¥.
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4.1 Existence in RV

Lemma 4.1. If N > 3, the fundamental solution ®1 to the equation

~Au—u=275 inRY. (4.1)
satisfies
Oy (z) = enalz* N (1 +o(1)) as x — 0, (4.2)
" sin(|z| — Y5HT) .
O (2) = - v (L+0(z[77)) as|z] = o0 (4.3)
2(2n]a]) "

Proof. The equation reduces to the classical Helmoltz equation
—Au—u=75 inRY, (4.4)

The method for obtaining ®; is standard but for the sake of completeness, we recall some elements.

The function @ is radial, thus, if we define w by ®1(r) = rlfgw(r), it satisfies the Bessel equation

of order % —1

w (r _09)\2
W (r) + ﬁ ) 4 (1 _ W) w(r) =0 on (0,00). (4.5)

The solution of (4.5) is a linear combination of two Hankel functions respectively of the first kind
Hg\}) . and of the second kind H(Ezll, that is
2

2

w(r) = Aﬂgll(r) + Bﬂgll(r). (4.6)
We find A and B if we use the relation
ISV lim » VL) = —| SV,
r—0

which yields with B = 0,

!
lim ((1 — N> e_%Hgvl) (r) +riT <H§\}) ) (r)) = —|sN-.
r—0 2 51 51

The Hankel functions have the following behaviours when r — 0 (see e.g. [34]),

Y -1 £
10 === (2)7 o))
2 N (4.7)
40 ,(r) O (¥ -1) (2 3 1+ D)
T-1 B 4T r '
Putting altogether these estimates we find
A:i<1)g”,
4 \ 27
and
w -t (L) HY 0 (1.9
T\ 2 Fovh '



which implies

MH—NQ +o(1)) asr—0. (4.9)

42
The Hankel function is oscillatory at infinity with asymptotic frequency 27. Expression (4.3) can
be found in [24, see (5.16.1)-(5.16.3]. Note in particular the following rough a priori estimate,

(I)l (’I“) =

=z

B, (2)] < Comax{|z]>™N,|z| 2 } (4.10)

for x € RV \ {0}. This ends the proof. O
The next estimate will be used several times in the sequel.

Lemma 4.2. If N >3 and a € (0,1), then there holds for x € B1 \ {0} and some ¢ > 0,

0]x|2a+2_N fN>4dandd<a<l, or N=3 and0<a<%
|Eq * ®1(z)| < clnﬁ if N =3. and o = 5 (4.11)

c ifN:3and%<Oz<1.

There also holds if v € BY,

|z[2e~ o ifi<a<i1
|Eq * ®1](z) < (4.12)
Celzf*~ 72t ifo<a<i,
Proof. We have
Bur i) x| [ o= oV out)a
RN
(4.13)

<o /B & — g2 NP Ny + e
1

< Iy(x) + I, (2).

/BC |z —y** Ny (y)dy

1

Step 1. We have near x = 0,

(@) = o2 [ o Njey — P Naz,

1
[z]

where ey = (0,0, ...1). If N >4 and for any a € (0,1),or if N =3 and 0 < a < % , we have,
Io(x) = ¢ |z T2 (/RN 12> Nley — z\zo‘_Ndz> (14+o0(1)) when z — 0. (4.14)
IfN:3and04:%, we have
I(z) = (ln ﬁ) (I14+o0(1)) when z — 0. (4.15)

Finally, if N = 3 and % < a < 1, we have

Io(z) = (1 +0o(1)) when z — 0. (4.16)

33



Concerning the second term II,, we use the oscillations of ®;(z) when |z| — oco. There holds
@ =y P2 =y PN+ O(ly* ) when [y] — o,

and (N 1)
o 1=N - 1) _1tN
®1(y) = cylyl 2 sin <|y| - 4> +0 (Iyl 2 ) when |y| — oo.

Furthermore these two estimates hold uniformly with respect to x € By. Therefore, for z € B;
small enough and A > 1 large enough, we have

< +

/ |z —y** Ny (y)dy / |z —y|** Ny (y)dy
BA\B:[ BA\Bl

:c'—i—c/ 20— gin (r—( )W) dr+0</ 7"20‘N2+3dr> .
A 4 A
By integration by parts,

/ 7“2(1_% Sil’l (7- —_ (]V_l)ﬂ—> d’l" — 7,204—% cos <T _ (N B 1)7T>
A 4 4 r=A
+<20¢—N+1>/ J2a-bE (T_(N—l)ﬂ') i
2 A 4

/Bc & — 22 NPy (y)dy| < ¢ + A (4.17)
1

where ¢ = ¢/(A) > 0 and this term is bounded whenever A is fixed. Combining (4.13) and (4.17)
we obtain estimate (4.11) when 0 < |z| < 1 for some ¢ > 0.

' / 2 — PN By (y)dy
Bf

This implies
II,(z) =

Step II. When |z| is large, we write

1-N
Fordil@ <er [ o=yl Ty v [ ooy

B ¢ (4.18)
< Iy(z) + I ().
By a change of variable
| o=y i S ay = a5 [ ey o a
By B
[z]
If |z| > 2, then |2| < % thus |ey — 2| > 3, hence
1
_ Ta] _ 2N+1—20¢
/ |eNfz|2a_N|z|%dz < 2N_2awN/ riTdr = Nilevmr%
B 0 +
Ta]
This yields
- 2N+1—2a
To(a) € =g P, (4.19)
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Concerning II,,(z), we have for |y| > 1,

1(0) = el sin (I - 7)ol

where (3 is a bounded function. Then

B 1-N | N —1)rm
/ |z —y|** Ny| = Sln<|y|—( I ) >
BC

1

_ _ 1N
Io(a) < e 8l [ o= Ny F dy.

Bl
(4.20)

We first notice that

[t =y = o[ e — s
B§ Be,
Tl (4.21)
= ‘l‘|2°‘—N+1 (/ len — Zza—N‘Z|_1ENdZ> (1 +o(1)).
RN

For the second term, its treatment depends on the value of o with respect to %
- If % < a < 1 we use spherical coordinates y = (r,0) and x = (p,0), then

[ o=y sin (1) - T ay
B¢ 4
/ / 5 (r? + p? — 2rpo, )~ 2 sin (T‘ _ W=D UW) dsdr
SN - 4
—1 N-—-1 *
= —/ |:T‘N2 (r® + p? — 2rp(o, 9>)a_% cos <r — ()7r>] as
SN-—1 4

r=1

o N (N -1)m
/ /SN ) dr . (7“ + p? — 2rp(0, ) 2)005 <r— 1 >d5’dr
=—J1 + Jo.

We have that
|| < e(l+ |z)* 2

Furthermore, since

- N -1 ~n- a—Z
4 (T%(TQ + p? = 2rplo, 9))6“_%) = P (7“2 +p? = 2rplo, 0))" *
. 2 (4.22)

N-—1 N+42

+ o= N) T (= plo,0) (% + g — 2rpl0,60)*

uniformly with respect to p < 2r and (o,6) € S¥=1 x S¥N~1 we obtain that .J; satisfies ,
o] < a2
Combining these estimates on J; and Jy with (4.19), we obtain

N+1

| By + @) () < x> 2 if |x| > 1. (4.23)
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-If0<a< %, we cannot use directly the integration by parts method since the function (r,0) —

(r — plo,0))(r? + p? — 2rp{o, 9>)a7¥ is not integrable near (p,#). We have for |z| > 2

Ny N N-1)rm NN N —1)r
J e (e E e B e MY (e
{ 1
1

<|yl<2z|

N-1
+/ & — y[?* Ny 3 sin <|y!—(4)7r> dy
ly|>2lz]

=K + K.

We estimate the terms K; by two different methods. Using again the spherical coordinates intro-
duced above,

— N-—-1
| K| < / / e (r2 + p? — 2rp(o, 9>)0‘_% sin <r — ()7T> dSdr
2lz| J SN~ - 4
- N -1 o
< / [TN21(T2 + p? = 2rplo, 9))‘“_% coS (r - 7( M)} dsS
SN-1 4 r=2|xz|
N -1
/ / P (7“2 +p* = 2rp(o, 9>)a_%) cos <r — 7( )W) dSdr
2‘33| SN-1 dT’ 4
=Ko+ Kop.
Clearly K93 < c\xl%‘ . Using (4.22) we have
d (N-1oo oo a—Z 20— £3
- (r T2 4 7 = 2p(0,0)°7F )| < e
r
which yields Kj o < c|x]2a by integration.

For estimating K; we make the change of variable already but with a totally different point of view,

- N -1
_ a5 / e — oo ap'F s ezl - ST ) o
1<l

z|<2

(4.24)
- N -1
e / ew = oo s fels) - ) i+ O,
By

We estimate the main term by real interpolation theory. Let T}, be the mapping from L!(Bs) to R
defined by

f=T,(f) = ; f(2)sin <p|z| - (N;1)7T> dz, (4.25)

clearly
To(H < Nl (Bo)- (4.26)
Also, if f € WH(By), then r — f(r,.) is continuous from W1 (By) into L'(SN~1), therefore

~Dr cos 2p—M
/Bzf(z)sin (p|z|—<N41)> dz = — ( ; ) - f@s

1 z (N—-1)m
+ p/BQ<Vf, §> cos <p\z| - 4) dz.
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This implies
c
To(f)] < ;Hf”lel(Bz)? (4.27)

where ¢ > 0 is independent of p. By Lions-Petree’s real interpolation method theorem [25] and
because

Wel(By) = [WhL(By), L'(By)]

for 0 < s < 1, with the notations therein, we derive

IT,(f)] < gr\fuws,wz)- (4.28)

The function z — F(z) := |ey — z\za_N\z| o belongs to W1(By) for any a > 3, to W22 51(By)
for any € > 0 if a < % This implies that for any € > 0 there exists C. > 0 such that

| K| < C€\$|2O‘+E_% for all |z| > 2, (4.29)

and finally we prove

|Eq * ®1(z) < c’|;1c|2"‘+6_1\f;1 if |z| > 1.

NO|— \_/

(4.30
Combining (4.19), (4.23) and (4.30), we obtain the estimate (4.12), valid for any € > 0 if a <
and |z| > 1, which is the claim. O

Proof of Theorem 1.8. Let

1 1
- / Pra(t, ) dt = / Po®)eN dt for z £ 0. (4.31)
0 0

Clearly wu, is radially symmetric and decreasing with respect to |z|. Since Py, satisfies (1.9), we
integrate in ¢ over (0,1) and get

Laug(x / LAP(t,x)dt = / Oy P (t, )
(4.32)
= Puw(0,z) — Pp(l,x) = |2_N

It follows from [33, Theorem 5] that —L,ux(.) is the fundamental solution of —A in RY expressed
by E1 ($) =
Step 1: Properties of the function us.
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We have that for 0 < |z| < 1,

u(z) = /73 =N Inlel qy

1 2N / o(26-N)n |
— t dt
[21n]w|7)0( Iz ]t:o 21n|x\
1 2t—N =1 1 / 2t—N =
I ] [P()\ ES }
[mnm o L@2In]z[)2"° —0
/ Je@=N)nla| gy
21n|x\
P een . Po0) n Po(l) | an
= T T @ (m@\)?‘“”
(2t N)ln |z|
21nyx\ / dt.

From Lemma 2.4, P,(0) = 7~ V/20(X) and P/ is bounded on [0, 1], hence
0 2 0

/ e (2=N)Inlal dt‘ c /16(2t—N) el g < ¢ [~
e = M le)? Jy = “{n 2])?
Therefore, we obtain that for 0 < |z| < 1,
N _ _
ey~ LI )
) N (2| = |
It is worth noting that |x| = 1, we have
1
= / Po(t) dt
0
For the asymptotic behavior of u, when |z| — oo, we have that for |z| > 1,
1
0 < ux(z) < c/ te(2t=N)Inlzl q¢
0
1 t=1 1 t=1
—c t|IE|2t_N _ 7|x|2t—N (434)
21n|z| P (21n |x])? A
< 2-N ¢ —-N
Stfel T Gl

Since Py, is a weak solution of (1.21), then taking 7/ = 1 and o(t,-) = ¢ € CHRYN) in (1.18) we
infer that

1
0 = /4 / (_6t<p+£Agp)P1nd$dt—g0(0,0) + P (1, z) o(1, x)dx
RN RN

= / usLag dx — ¢(0) —|—/ P (1,2) pdx.
RN RN
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As a consequence, u, is a weak solution of
Lty =6 — P(1,-) in D'(RY), (4.35)

and a classical solution of
Loty = —Pp(1,-) in RV {0}. (4.36)

Step 2: There exists v1 such that
Lav; = P(1,-) in D'(RY). (4.37)

Given f € LY(RN, (1 + |z|)?T~Ndz), denote

1
uf(x) :/0 Pu(t,-) * f(t,z)dt.

Then

1
Coup(z) = /0 [ LsPulta — o) f ) dyar

= [ o[ Putte -0 av = 5@ - o)+ ).
Now we aim to choose f such that
f(@) = Pm(1, ) * f(z) = Pu(l, 2).
Since Piy(1,-) is the fundamental solution of —A, f satisfies
—~Af—f=0d in D'RN). (4.38)

Therefore @4 is a solution of (4.38) and

1 1
v (z) = /0 (Pun(t, ) * ®1)(z, t)dt = /0 Po(t)(Ey + 1) (z)dt, (4.39)

satisfies (4.37).

Step 3: Asymptotic estimates of vy
3-(i): Estimate near x = 0. Since for 0 < ¢t < 1 we have that %t < Po(t) < ct, we deduce from
Lemma 4.2 that if |z| < 2 we have when N > 4,

1 2 2 2-N
_ _ 1 clz|
vi(x <cm2N/ tx2tdt:cx2N< 2] - i > , 4.40
‘ 1( )|— | | 0 | ‘ | ‘ 21H’1’| 41n2|x‘ 41n2|x’ — 41n2|(1:| ( )
and when N = 3 )
o1 ()| < cla| ™! / ot 4+ 5 < ——— 4= (4.41)
0 27 4z|In®|z| 2
3-(i): Estimate as |x| — oo. If |x| > 2 we have for any € > 0
N+1 % N+1 1 /
o1 ()] gcg\xy-ﬁf/ t\x!tht+m\_2/ Hatdt < — (4.42)
0 ! 2% Inal
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Step 4: Asymptotics of the fundamental solution of LA
From (1.25)-(4.37) the function @}, = u* + v; satisfies

LD, =06  inD'RN).

Using (4.33), it follows from (4.40)-(4.41) that for 0 < |z| < e~! there holds for some ¢; > 0

N -N —-N
R T RE W (443)
Using (4.42) we obtain, for |z| large enough and some positive constant co > 0,
3—N
[P (2)] < % (4.44)
This ends the proof. O

Remark 4.3. [t is important to notice from (4.43) that @, € Li, (RY).

4.2 Existence in bounded domain

Let Q be a bounded Lipchitz domain and H(2) denote the space of all measurable functions
u: RN = R with u = 0in RV \ Q and

J/AC RIS

a:yeIRN _ ‘N
cc’fy|§l ‘.’L’ Y

Note that H(2) is a Hilbert space under the inner product

v (u(z) — uly) (w(x) ~w) ,
Eluw) =3 / veRY. i —y N dady,

and with the associated norm ||ul|gq) = /& (u,u). By [12, Theorem 2.1], the embedding: H($2) —
L%(Q) is compact. Let

Er  H(Q) x H(2) — R, Er(u,w) = E(u,w) — /RN (j kU — pNu)wda:.

where

JiRY SR, j(2) = cylpmp, (2)]2] 7.

For additional properties of &r, see Sections 3, 4 in [11]. If )\f (©2) > 0, there is some ¢ > 0 such that
Er(u,u) > c€(u,u).

We recall that ng € C°(RY) is the cut-off function defined in the proof of Theorem 3.1 and
n(x) = mo(|x)
Lemma 4.4. The function La(n®1,) is uniformly bounded in RN \ {0}.
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Proof. Set v = n®}, in RY \ {0}, then

Lav(z) = CN/ Mdy - CN/ ﬂdy + pnv(z)

Bi(z) ‘il} - y‘N $(x) ’LIZ‘ - y’N
. (I)ln(x) — (I)ln(y) / q)ln(y)
mennte) [ PRI Py e [ )~ ) s

iy
- CN/ 1(y)21a(y) (]\‘7,;) dy + pnov(x)
B¢(x) |z —y|

(4.45)

:cN/ (n(@) = n@)Puly) ;.

RN |z —y|V
Then
r)—1 (Dn T (‘I)n ) — (I)n
Lav(z) ZCN/B1 (n ‘L_;‘Nl <y)dy+CN /Bcwdw@v /Bl\Blm( )‘x 71@;)‘])\[ 1 (y)dy

— Ay () + As(w) + As(x).

(i) If y € By \ Bi, the function ®y, is bounded. If x € By, then By \ B% C Bs(x), hence
2

[Aa(0)] < e [l |Vl |

Bs(x)

o =yl Ndy < Senwy [Pl pe (s ) [Vl -

We recall that w,, is the (N-1)-volume of the unit sphere S¥~1. If z € BS, then

’ (n(z) —n(y))Pm(y)

lz —y|V

‘ < 2”(I)1n||L°°(B1\B%)-

Combining these two estimates we obtain
|As(z)| < ¢ for all z € RV \ {0}

for some ¢1 > 0.
(i) If y € Bf, we write

A2(1‘):CN/BC77(Q:)(I)IH(y)dy:cN/B n(x)q)ln(y)dy—i—CN/B wdy

|z —y|V gz —yN ¢ |z —ylN
= A21 (CL') + Agg(l‘).

Then Ay (x) =0 if |z[ > 1 and

d
Agl(l‘) < CN||V77”L°°||q)ln||L°°(Bg\B1)/ Y for all z € Bj.

By\B; |z —y|N -1

This implies that Bj(x) is uniformly bounded. Concerning Bz(x) which vanishes also in B, we

have |<I> ( )|
Ao (2) < ¢ / Pm)]
2(B) <ev | Q- )F

By (4.44) the integral is convergent and we obtain Combining these two estimates we obtain that

dy for all xz € Bj.

|[As(2)| < ¢z for all z € RV \ {0},
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for some ¢y > 0.
(iii) If z € B%, Ai(z) =0. If 2| > 1,

) < | 1l
2 1

a quantity which is uniformly bounded. If § < |z| < 1 we write since (y) = 1 therein

@ <oy [ OO, [0l
By

Bi\B1 |z —y|V |z —y|V
2 3

3

< exll@ul=y iy Vil [

dy+cN6N/ |1 (1) |dy
B By

1\B1 ’f]f - y|N_1
2 3

dZ N
< CNH(I)IHHLOO(B%\B%)anHL‘X’ /33 T + cn6 ||¢IHHL1(B%)'
2
Hence it follows that for some c3 > 0
|A1(z)| < o for all z € RV \ {0}.

Combining the three estimates we obtain the claim. O

Lemma 4.5. Set h = LA(n®w)1q. If 0 & o(La,Q) there exists a unique function w € HNC(Q)
such that

Law = h in €,
(4.46)

w=0 in Q°.
Proof. The function h is bounded hence it belongs to L?(2). By [12, Theorem 2.1] the embedding of
H(Q) into L?(2) is compact and by [11, Theorem 3.1] C°(€2) is dense in H(2). Then the operator

L is a Fredholm operator and since 0 is not an eigenvalue, there exists a unique w € H(£2) such
that (4.46) holds in the weak sense, and by density such that

Er(w, () = /Qth$ for all ¢ € H().

By [11, Theorem 11] the function w is continuous and it satisfies

lw(z)| = O (M) for all 7 € <0, ;) , (4.47)

near J€) where we recall that p(x) =dist(z, 99). This ends the proof. O
Proof of Theorem 1.9. Set @ﬁ = n®), —w. Then @ﬁ vanishes in Q¢ and satisfies

LA®=0 inQ\ {0}

Estimates (5.1) and (1.28) follow from (4.43) and (4.47). Now let ¢ € C2°(12), then

/ P2LACdT = / NP Laldr — Ep(w,() = Ay — As.
RN RN
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We have that

. R Ca)—cly) 0 D\ (1 W)
Ay = N/RN ()@ )/BM Sy N/RN ()@ )/Bm Yy

+ pN /RN n(x) P (z)¢(x)dx
. . ) () = mS)(y) , . W) 4o
—ex [ on) [ dydz ey [ wu(o) [ dydw

|z —y|N c(@) lz —ylN

—cN /RN Py () /RN WC(y)dydx + pn /RN ()P (x)¢(x)dx

|z —y

—c) e [ oule) [ Iy

and, by (4.45),
ti= [ ceatmpiis=ey [ o) [ MO0 )dyds
v [ oulo) [ PO )y,

lz —y

This implies that Lo®{! = dp in D'(Q). O

5 Regularity estimates

This section is devoted to the proof of some regularity estimates. We decompose the fundamental
solution @, of LA in RN under the form

Py = Plulp, + Pulpe = Py + Pino (5.1)

Lemma 5.1. Let N > 3. If f € L®(RY) then ®y,,1 % f is uniformly continuous and there exists
¢ > 0 such that

@11 # Flloo < el Flloc (5.2)
Proof. By estimate (1.23) @, 1 € L'(RY). Estimate (5.2) follows and classicaly @y, 1 * f is uniformly
continuous. O

Similarly we derive from (1.24),

Lemma 5.2. Let N > 3 , then @i, € LN2(RY). If f € LY (RY) for all ¢ < 35, then @z f
is uniformly continuous and
1@1m,2 * flloo < €l Il 2 - (5.3)

In the next result we prove some regularity estimate of extended Marcinkiewicz type for ®,.

Proposition 5.3. Assume N > 3, then for some ¢ = c¢(N) > 0 there holds
1
Eini(A) ={z € By : |Pm1(x)| > A} C {x € By :|z| <c(An?)) N} forallA>1, (5.4)

hence

(5.5)



Furthermore, if N > 3,

Eino(X) :={z € Bf : |Pima(z)| > A} C qz e Bf : 2] < % forall0 <A <1 (5.6)
()
which implies
c

meas {Ein2(\)} <

< (5.7)
A3 | In AV

and if N = 3,
Bno(\) = {z € BS 1 |Bp(z)| > A} C {x € BS:|z| < e%l} foral0<A<1,  (5.8)

which yields
Nc

meas {Ep2(A)} < cyer. (5.9)
Proof. If € Ej,1(A), then from (1.23),

(14 1% [a]) ¥ < 3.
_|_

which implies in particular |z|V < %, thus 1+ In?|z| > 1 ﬁ In? (%), which yields

!w\N< c¢N?
TAN?+I? (5))

from what estimates inequalities (5.4) and (5.5) follow.
Next, if € Eiy2(A), then by (1.24),

| ‘371\7
x| 2
A< ———
_Cll—i-ln]a:\’

which implies (1 +In|z|)|z| 2" < . If N = 3 we deduce that (5.8) and (5.9) hold. If N > 4, we
2"
have in particular 1 < |z| < (%) N=3_ From the monotonicity properties of the function

N-3

r— (1+nr)r =z :=u(r) for r > 1,

we can find some 6 > 0 such that
This implies

Hence we obtain (5.6) and (5.7). O

In the next result we derive estimate of ®y,, in Orlicz classes Lj; for some suitable functions M.
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Theorem 5.4. Let M : Ry — Ry be a C' increasing function such that M(0) = 0.

1- If M satisfies
> M(t)

5 t2In?t

dt < oo,

then M(|¢w1]) € L (B).
2- If N > 3 and M satisfies

3(N—1)

1

2 M

.
0 ¢~ |[Int|N

then M(|¢m2|) € L' (BY).

3- If N =3 and M satisfies
Nc
x

1
2 M(t
/2<>6<OO,
0

then M (|¢m2]) € LY(BY).

(5.10)

(5.11)

(5.12)

Proof. 1- Set e} 1(A) = meas (Eiy,1(A)) and let a € (0,1) such that ¢y, 1(z) > 2 if 0 < |z| < o

Then

By 1\B04

M| (2)))dar = /B M| (2))da + /B M| (2)))dz

< — /:O M(t)dewm1(t) + /Bl\Ba M (|1 (7)) da.

By standard results on Stieljes integral

tn - Ttn tn

— M (t)dem(t) = — | M(t)emm 1 (t) , + M (t)e 1(t)dt
2 - - 2

- T tn tn M/(t)

< — | M(t)ep 1(t

< = [Mtewma(t)] + AP
- 1y (] [ M)

< —

>~ _M(t)eln,l(t)_2 + [tant]Q + ) t21n2t 1

where {t,} is a sequence tending to infinity and such that

tn M(t,
lim (tn)

n=oo Jo  t,In%t,

dt = 0.

Hence

tn 2 < M(t)
li M(t)dem1(t) < |14+ — dt
BLLY A ()61,1()_< +ln2>/2 22t <>
This implies 1. The proof of 2 and 3 is similar.

Lemma 5.5. Let N > 3, then there holds

V@, ()| < cmax {mHV, ur%} for all z € RV \ {0},

More precisely, since ®1 is radial

ert=N (14 0(1)) as r — 0,
(I)’1 (T) = . (N+DL)m
c%(l +0 (%)) as r — oo.
r- 2
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Proof. If ®1(x) = ®;(|x|) is the solution of the Helmholtz equation in RY, then Z = ®/ satisfies

N -1 N -1
7'+ —Z7'+(1-
r r2

)Z =0 on (0,00).

Set z(r) = r%_lZ(r), we have that
2

1
1 /

- 1
Z+r2+< 4r2

)z:O on (0, 00),

which is a classical Bessel equation. Using the asymptotic expressions of Hankel functions we obtain

Z(r)=cr N1 +0(1)) asr—0,

and
sin (7“ — LUZI)W) 1
Z(r)=c g 1+0| - as 1 — 00.
rz r
Thus
ert=N(1 +0(1)) asr — 0,
i(r) =1 4n (T _ %) . (5.15)
c T (1—1—0()) as r — 00,
roz r
which ends the proof. ]
Theorem 5.6. Let N > 4, then there exists ¢ > 0 such that
|V 1 N
|V®,(x)] < cmax 5 for all x € R™ \ {0}. (5.16)
1+1In |{L‘| /1+1n2|x]
Proof. We recall that
1 1
B(o) = ') + 0a(o) = [ PoO Ve + [P 5 () @)
0 0
Step 1: Estimate of Vu*. There holds
1
V' (z)] = / Pot)(V — 26) 2N "d
0
1
< c|x]1N/ t|z|*tdt
0
_ C|1:’1_N B C|x|1_N C$|_1_N
© 2Injz|  4ln?|z]  4n® |z’
if |x| ¢ {0,1}. One has
C:E|_1_N
Vu*(z)] < ——5——(1+0(1)) as x — 0, (5.17)
41n” |z|
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and
C:L‘|17N

21n |z

By standard asymptotic expansion near |z| =1,

<c‘x|1—N c’x|1—N Cx,—l—N)
2In|z|  4In?|z|  41n®|z|

[Vu*(z)| < (I1+0(1)) as || — oo. (5.18)

lim [Vu*(z)| < ¢ lim
lz|—1 lz|—1

=c. (5.19)

when |z| = 1. Therefore z — |Vu*(x)| is uniformly bounded on B¢ for any € > 0.
Step 2: Estimate of V. We write

1
vi() = /0 Po(t) (|- 5 () (w)dt
1 1
= [P [t vE e avies [P [ ey )y

1

thus .
Vi (z) :/0 Po(t)(|.|2t_N * Vi (.))(x)dt.

Setting e, = %, we have

/ PO(t)/ |z =y (V@1 (y), ey)dydt
0 B

c
1

1
Va@l<e [ [ Poole -y Ny Nayde +
0 JB
= Ag(z) + A7 (z).
Step 2-1: Estimate of Ag(x). We have

1
Ag(z) < c’|:v]1N/ t]a:\%/ len — 22N 2|t Ndzdt
0 B

[z

1
= c/|x]1_N/ len — z| V]2tV </ t|z|*|en — z|2tdt) dz
BL 0

]

2 2 2 2
_ 1— _
R i e e L L CEE
B3

2In(|z|leny — 2|) 41n2(\x|]eN —zl)

]

Set ¢ = |z|(z — en), then

Ag(x) < Jal'N /

Bi(—|zlen)

-N RN AN s 1—¢
- e 14 (i + amaey) % 6

We set |¢| = 1 + m, then by standard expansion we have

1P
By " awe(qy NI

Step 2-1-(i): Estimate of Ag(x) when x — 0. If |z| < 1, then

N s 1-N Con-N (¢ 1—[¢
aola) <2 [ e bl (i + i)

< 9Ny / [len + <N (2 + O([¢] — 1]))dc,
Bi(—|zlen)
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therefore

limsup Ag(z) < 2%¢ [ ¢V 2+ O(¢] - 1) (5.21)
z—0 By
Step 2-1-(i1): Estimate of Ag(x) when |x| — co. We have directly from (5.20)
PN 1-N
Agla) < & lelen +¢[*Vd ) (1+ o(1)
2In[z] \ /By (~[alen) (5.92)

_ c/‘;l':':' </B |z|1_Ndz) (1+0(1)).

Combining (5.21) and (5.22) we deduce that
‘.’L‘|2_N

< ¢mi 1
Ag(z) < ¢min {1, (1 5 2]

} for all z € RV \ {0}. (5.23)

Step 2-2: Estimate of A7(x). Using (5.15) we have as in (4.20)

1 - N -1
[P [ rx—y|2tN|Wsm(m—(4)”) dydt
0 B¢

1

1
+ / Po(t) / & — PNy~ 5 dydt
0 B¢

1

A7(3§') S

Clearly
1
_ _N+1
Ka(z) < ¢ / z— | Ny / ta — y|P'dtdy
B¢ 0
o wa f Jr—y? 1—rx—y12>
<c — N 2 —+ dy.
<e [l (e )
We have

_ N1 Ny N1 lz|%|en — 2|2 1—|z*leny — 2|? )
Ky(z) = clx|” 2 ey —z| V2|72 + dz.
2() ‘ /BC len — 2|77 <2(1n\x|+ln]eN—z) 4(In |z| + In ey — 2[)2

1
[z]

When |x| is small. The integral defining Ks(x) is convergent since N > 4 and we have by integration

by part
2cen|x)?

(N +1)|In|z||
The term K;(z) has already been partially estimated in Lemma 4.2. By (4.17) we have

_ 1-N | N —-1)rm
‘/ |z —y* Ny = sin (Iy\—(4)> dy
By

uniformly with respect to 7. This implies that

! CNp =N N—1r
[ pater [ o= sin (1 - ST aye
0 B¢
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Ky (z) = (14 0(1)) as x — 0.

<c if|z| <1,

S C2,




and finally
A7(xz) <cg forall z € By \ {0}.

When |x| is large. we use the results of Lemma 4.2, inStep II-Estimate of 1I,. By (4.21) we have

1 N+1
[P0 [ e s [Ca [ (e - s a
0 B¢ 0 B¢

1
1
< m—NJl/ len —z|—N|zy—Nz“/ ta||ey — 2|2 dtdz
B 0

Tal
,M _N 1 |C|2 1-— |C|2
<l /Bf(|x|eN) <7 e+ Iel” C‘ <21n RS C\) @

since the last term has already been estimated in (5.20). Therefore

1
/%m/ Ny dydt
0 B¢

1
<wr/ N len + ol ¢ F
¢(—|zlen)

_l’_

(rq2 1 |cP?
2In[g] " 42

) d¢ = M(z).

The above integral is convergent, but the limit when |z| — oo is a little more tricky to obtain: Let
a > 2, for |x| > 2a, we write

_N+1 _N 1 ‘C‘Q 1— C‘Q)
r|” 2 ¢ ey + |x|7°¢ ( + d¢
| /f<—|xeN) lewt el ’ 2In[¢|  4In?[¢|

N4 -N 1 |C|2 L |C|2) d
e </a /c( |z|eN)ﬂBc> < ‘eN—i_ o C‘ <21n|<’ " 41112‘C‘ ‘

Then
v I¢|? 1—[¢[?
My (2) < |z Nley + |zt < + d
( ) ‘ | /Ba‘ﬂ ‘ N | ‘ C’ 21U|C| 41n2’q C
_Nl N4 N[ ¢ 1 )
< + d
= / < (2mmr i)
N
< c(a)lz] :
Next, since a > 2,
L¢P

N+1 T
My(x) <l|z|" 72 [ l|en+]|=|7%¢| 2 d
o) <ol [ fox 1ol

N [t|>~N d(a)
= t ——d( < .
/c e+ e e S e

“a
[z]

Therefore,

c
M(z) < ———
(z) = 1+1In|z|

Combining (5.17), (5.18), (5.19), (5.23) and (5.24), we obtain (5.16), which ends the proof. O

Remark The restriction N > 4 appears to be purely technical and we conjecture that the estimates
holds whenever N > 3.

We recall that ®, = u* + v1 with the notations of Theorem 1.8

for all x € BY. (5.24)
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Lemma 5.7. Let N >4 and f € L'(RY), then vy * f is Lipschitz continuous and

o1 # f(2) —v1 % F@)] < elll fll |z — yl. (5.25)

Proof. By Theorem 5.6-Step 2 we have
c
|Voui(x)] < eslp,(z) + mljgf(x).
The proof follows by Young’s inequality for convolution. O
The regularity concerning u* * f is more involved

Lemma 5.8. Let 0 > 1, and f € L¥(RN; (1+ |y|)?). Then u* % f is Dini continuous and for any
R > 0 there exists for some constant ¢ = ¢(N, R) > 0,

cll flloo

ln2(|x—:v/])

[u* x fz) —u * f(2)] < = for all z,x’ € Bp, (5.26)

where || flloo0 is defined in (1.32).

Proof. Let R > 0, we have

1
|u x f(z) —u” % f(2')] = ‘/0 7’0(75)/ (Jo =y~ — |2’ =y ™) f(y)dydt

]RN

1
< ”f”oo,@/o Po(t) /RN Hm _ y‘Qt—N - |$/ _ y’2t—N‘ (1 + !y\)_adydt
1
< Hf”oo,e/o Po(t) /RN ||z — a2’ — y[2t=N \y|2t’N\ (1+ |y — ') Cdydt
1
Slflbea | [l o P 0 by )
R

1
sl oo [0 [ lle=at =y <P (1 ly = ')y
< || flloop (A(lz — 2')) + B(|lz — 2'])) .

We suppose that max{|z|, 2|} < %.

1
Az —2/|) < c/ t/ o — 2 =y — |y PN (1 + [y]) P dydt
0 JBg

1
<o [ tlom P [ e = PN = N (= w4 J2]) s
0 B¢

R

lo—2]

1
< c/ |tz — :U’]Qt_e/ Hem,xr — z\Qt_N — |z]2t—N‘ (|lx — x’\_l + \z\)_edydt
0 Be
1

R

B

<e / ta — /2" / 22N [ll2] ey — €PN <1 (o — !+ |2]) P dydt.
0 B¢

_R __
le—a']
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Since N o
2| tegw —e /2N —1 = |7_‘(1 +0(1)) as |z| = oo,
4

we deduce that .
o
Az —2']) < c’/ t|z — x'\Qt_e r2 =27 gt
0

R

lo—a']

<o —a'|R7170 / tR*dt (5.27)
0

</ R? +1—R2 |z — 2|
- 2InR  4In?*R) RV~

Since |z — 2'| < £, we have for a < 4,
1
Blo /)< [t [ flo—a’ =gV P (0l - o)y
0 JBg
1

< / tlz — x/|2t/ Hex_x/ — 2N — ]z|2t_N| dzdt.
0 B r

|

|lze—x

1 1
< 2/ tlz — x'Qt/ 2|2 N dzdt +/ tlx — :r’]Qt/ |les—u — 2 H=N \z\2t_N| dzdt
0 By 0 B_Rr \Ba

7
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S AS + Ag.
Then ) L .
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CN ,
— (1 + o(|]x — 2'|),
= W2 — oy D
and )
Ag < / tlx — x’|2t/ 112] epar — o — 1] 22 Ndzdt
0 B R \Ba
1 |z— alz%l
< C/ t!w—x’\”/'m 2y (5.29)
0 a
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We have that

R2t-1 tdt 1 tdt
12t 2—1 _ / 2t—1 1\ 2t—1
/]m—x\ ( /‘Qtl—a >2t_1—]:1:—ac\/0 (R — (a]z —2'|) )2t—1

R2-1 _ (a’x N x/‘)Qtfl _ e(2t71)lnR . e(2t71)(1na|xfm’|)

R
=2t—1ln|—— 2t — 1)*(In® R+ In? a|z — 2])) .
(2t )n<a|x—x’|>+0((t )*(In” R + In? alz — 2']))
By integration,

1
/ (R*~! — (a|lz — 2/|)*7 ) QMltl' <In (R) + O (In* R+ In?a|z — 2'])) .
0 _

t alx — 2|
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This finally yields to

Ag < clx — 2| [ln (R

alx — 2|

)+o (In® R +1n*alz — 2'|))| . (5.30)

We notice that the leading term when x — 2’ — 0 is coming from the estimate of By and it gives
the Dini modulus of continuity expressed by (5.26). This ends the proof. O

Proof of Theorem 1.10. It follows directly from Lemmas 5.7 and 5.8. O
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