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Abstract

Let L∆ be the logarithmic Laplacian operator with Fourier symbol 2 ln |ζ|, we study the
expression of the diffusion kernel which is associated to the equation

∂tu+ L∆u = 0 in (0, N2 )× RN , u(0, ·) = 0 in RN \ {0}.

We apply our results to give a classification of the solutions of{
∂tu+ L∆u = 0 in (0, T )× RN

u(0, ·) = f in RN

and obtain an expression of the fundamental solution of the associated stationary equation in
RN , and of the fundamental solution in a bounded domain, i.e.

L∆u = kδ0 in D′(Ω) such that u = 0 in RN \ Ω.
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1 Introduction

The logarithmic Laplacian L∆ in RN (N ≥ 1) is defined by the expression

L∆u(x) = cN

∫
RN

u(x)1B1(x)(y)− u(y)

|x− y|N
dy + ρNu(x),

where

cN := π−N/2Γ(N2 ) =
2

ωN
, ρN := 2 ln 2 + ψ(N2 ) + ψ(1),

ωN := |SN | =

∫
SN
dS, SN is the unit sphere in RN , Γ is the Gamma function, ψ = Γ′

Γ is the

associated Digamma function. In this article our first aim is to study the Cauchy problem{
∂tu+ L∆u = 0 in (0, T )× RN ,

u(0, ·) = f in RN ,
(1.1)

where f is a measurable function in RN and T ∈ (0, N2 ).

The historical model for diffusion equation is the heat equation

ut(t, x)−∆u(t, x) = 0, (x, t) ∈ (0, T )× RN , (1.2)

for which Widder proved in [35] the uniqueness among nonnegative classical solutions and provided
the representation

u(t, x) =
1

(4πt)
N
2

∫
RN

e−
|x−y|2

4t u(0, y) dy.

By a classical solution u we intend a function u belonging to C
(
[0, T )× RN

)
, such that ut, uxixj ∈

C
(
(0, T )× RN

)
satisfying (1.2) everywhere (see [21,36] and the references therein).

In recent years, there has been a renewed and increasing interest in the study of diffusion
equations involving linear and nonlinear integro-differential operators, and this growing interest is
justified both by important progresses made in understanding nonlocal phenomena from a PDE or
a probabilistic point of view, see e.g. [1, 4–9, 26–31] and the references therein, and by their wide
range of applications. Among nonlocal differential order operators the simplest examples are the
fractional powers of the Laplacian, which exhibit many phenomenological properties. Recall that
for s ∈ (0, 1), the fractional Laplacian (−∆)s can be written as a singular integral operator defined
in the principle value sense

(−∆)su(x) = cN,s lim
ε→0+

∫
RN\Bε(x)

u(x)− u(y)

|x− y|N+2s
dy,

where cN,s = 22sπ−
N
2 s

Γ(N+2s
2

)

Γ(1−s) > 0 is a normalized constant such that for a function u ∈ C∞c (RN ),

F((−∆)su)(ξ) := (2π)−
N
2

∫
RN

e−ix·ξ((−∆)su)(x) dx = |ξ|2sû(ξ) for all ξ ∈ RN .
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Here and in the sequel both F and ·̂ denote the Fourier transform. A representation formula for
the s-fractional diffusion equation

ut + (−∆)su = 0 in (0, T )× RN , (1.3)

was recently proved in [2]. It is based upon the s-fractional diffusion kernel

Ps(t, x) = t−
N
2sP

(
t−

1
2sx
)
, (1.4)

where

P(x) :=

∫
RN

eix·ξ−|ξ|
2s

dξ.

Note that Ps ∈ C∞
(
(0,∞)× RN

)
(see e.g. [3, 17]). Under suitable conditions on f , a solution of

(1.3) with initial data u(0, ·) = f is expressed by the formula

us,f (t, x) =

∫
RN
Ps(t, x− y)f(y) dy.

It is well-known that the following two limits hold when s tends 0 or 1:

lim
s→1−

(−∆)su(x) = −∆u(x) and lim
s→0+

(−∆)su(x) = u(x) for u ∈ C2
c (RN ),

see e.g. [15]. Furthermore the following surprising expansion at s = 0 is proved in [11]

(−∆)su(x) = u(x) + sL∆u(x) + o(s) as s→ 0+ for all u ∈ C2
c (RN ) and x ∈ RN

where the formal operator

L∆ :=
d

ds

∣∣∣
s=0

(−∆)s

is the logarithmic Laplacian; more precisely (see e.g. [11]),

(i) for 1 < p ≤ ∞, there holds L∆u ∈ Lp(RN ) and (−∆)su−u
s → L∆u in Lp(RN ) as s→ 0+;

(ii) F(L∆u)(ξ) = (2 ln |ξ|) û(ξ) for a.e. ξ ∈ RN .

Recently, the related topics on the logarithmic laplacian has been investigated: the eigenvalues
estimates [10,23], log-Sobolev inequality [19], semilinear problems [13,22], The domain of definition
of L∆ is the space DomL∆

(RN ) := L
(
RN
)
∩ CD(RN ), where

L
(
RN
)

=

{
u : RN → R measurable :

∫
RN

|u(x)|
1 + |x|N

dx < +∞
}
.

and CD(O) is the space of uniformly Dini continuous functions u in O such that for any x ∈ O∫ 1

0

1

r
sup

y∈O, |y−x|≤r
|u(x)− u(y)|dr < +∞.

If u ∈ L
(
RN
)

then L∆u can be defined as a distribution with the duality product 〈L∆u, ϕ〉 for
every ϕ ∈ S(RN ).

Using the Fourier transform, the formal diffusion kernel of the logarithmic Laplacian has the
following expression (see e.g. [11, p. 2])

Pln(t, x) :=

∫
RN
|ξ|−2teix·ξdξ. (1.5)

From now this formula defines the logarithmic diffusion kernel.
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Proposition 1.1. Let the logarithmic diffusion kernel Pln be defined by (1.5), then

Pln(t, x) = P0(t)|x|2t−N for (t, x) ∈
(

0, N2

)
×
(
RN \ {0}

)
, (1.6)

where

P0(t) = π−
N
2 4−t

Γ(N−2t
2 )

Γ(t)
. (1.7)

Furthermore, we have that

(i) Pln(t, ·) 6∈ L1(RN ), but Pln(t, ·) ∈ L
N

N−2t
,∞(RN ) for every t ∈ (0, N2 ), where L

N
N−2t

,∞(RN ) is
the Marcinkiewicz space with exponent N

N−2t ;

(ii) Pln(t, ·) blows up uniformly in any compact set of RN as t→ (N2 )−. More precisely there holds
for x 6= 0

lim
t→(N

2
)−

(N − 2t)Pln(t, x) = 22−NωN .

(iii) For any x 6= 0,
lim
t→0+

Pln(t, x) = 0,

and lim
t→0+

Pln(t, ·) = δ0 in the sense of distributions, i.e.

lim
t→0+

∫
RN
Pln(t, x)φ(x) dx = φ(0) for φ ∈ Cc(RN ).

In the next table we emphasise the striking differences between Pln and Ps for s ∈ (0, 1),

Lifespan Time asymptotics Behaviour at x = 0 Decay as |x| → ∞

Ps (0,+∞) decay rate t−
N
2s at infinty smooth |x|−2s−N

Pln (0, N2 ) blow-up rate 1
N−2t singular |x|2t−N |x|2t−N

Furthermore, Pln(t, ·) is the fundamental solution of the fractional Laplacian (−∆)t for t ∈ (0, 1).
In the sequel we call the expression below the logarithmic diffusion equation

∂tu+ L∆u = 0, (1.8)

without presuming in what sense it holds.

Definition 1.2. We say that u is a strong solution of the logarithmic diffusion equation (1.8) with
initial data f , if the following conditions hold:

(i) ∂tu ∈ C
(

(0, T )× RN
)

;

(ii) u ∈ C
(

[0, T )× RN
)

;

(iii) the equation is satisfied pointwise, i.e. for every (t, x) ∈ (0, T )× RN

∂tu(t, x) + L∆u(t, x) = 0, (1.9)

and u(0, x) = f(x) for every x ∈ RN .
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Note that in this definition we assume that L∆u(t, x) exists for all (t, x) ∈ (0, T )×RN . This prop-
erty needs a minimal regularity for x 7→ u(t, x) such as the Dini continuity CD. As a consequence
of the equation, in this framework the function (t, x) 7→ L∆u(t, x) is continuous in (0, T )× RN .

We prove the following analogue of Widder’s representation for the logarithmic Cauchy problem.

Theorem 1.3. Let 0 < T ≤ N
2 and f be a nonnegative function in C(RN )∩L1(RN , (1+|x|)2T−Ndx).

Then problem (1.1) admits a unique strong solution u = uf , which is positive and has the form

uf (t, x) =

∫
RN
Pln(t, x− y)f(y) dy = P0(t)I2t ∗ f(x), ∀ (t, x) ∈ [0, T )× RN , (1.10)

where I2t(x) = |x|2t−N is the Riesz kernel of order 2t. Moreover

lim
t→(N

2
)−

(N − 2t)uf (t, x) = 2‖f‖L1 for any x ∈ RN . (1.11)

Furthermore, the following implications hold:

(i) If f satisfies for some M > 0 and τ < −N

0 � f(x) ≤M(1 + |x|)τ for x ∈ RN ,

then there exists c = c(N, f) > 1 such that for any (t, x) ∈ (0, T )× RN

P0(t)

ct
(1 + |x|)2t−N ≤ uf (t, x) ≤ cP0(t)

t
(1 + |x|)2t−N , (1.12)

where P0 is defined in (1.7).
(ii) If f satisfies for some M > 1 and τ ∈ (−N,−2T ]

1

M
(1 + |x|)τ ≤ f(x) ≤M(1 + |x|)τ for x ∈ RN ,

then there exists c = c(N,M, τ) > 1 such that for any (t, x) ∈ (0, T )× RN

1

c

P0(t)

2t
(1 + |x|)2t+τ ≤ uf (t, x) ≤ cP0(t)

2t
(1 + |x|)2t+τ . (1.13)

(iii) If assume that for some M > 1,

1

M
(1 + |x|)−N ≤ f(x) ≤M(1 + |x|)−N for x ∈ RN ,

then there exists c = n(N,M) > 1 such that for any (t, x) ∈ (0, T )× RN

1

c

P0(t)

2t
(1 + |x|)2t−N ln(e+ |x|) ≤ uf (t, x) ≤ cP0(t)

2t
(1 + |x|)2t−N ln(e+ |x|). (1.14)

The counter part of this result is the following characterisation of the initial trace of any
nonnegative solution of (1.9).

Theorem 1.4. Let 0 < T ≤ N
2 and f ∈ L1(RN ). Then problem (1.1) admits a unique strong

solution u = uf expressed by

uf (t, x) =

∫
RN
Pln(t, x− y)f(y) dy = P0(t)I2t ∗ f(x), ∀ (t, x) ∈ [0, T )× RN , (1.15)

where I2t(x) = |x|2t−N is the Riesz kernel of order 2t. Moreover

lim
t→(N

2
)−

(N − 2t)uf (t, x)) =
2

(4π)
N
2 Γ(N2 )

∫
RN

f(y)dy for any x ∈ RN . (1.16)
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Note that the previous inequalities show that the function uf (t, ·) does not belong to L1(RN ).
Hence we propose a definition of weak solutions to (1.8) valid for more general initial data f .

Definition 1.5. We say that the function u is a weak solution of the logarithmic diffusion problem
if the following conditions hold:

(i) u ∈ L1
(

(0, T ′] , L1
(
RN , (1 + |x|)2(T−T ′)−Ndx

))
for every T ′ < T ;

(ii) u ∈ C
(
(0, T ), L1

loc(RN )
)
;

(iii) For ϕ ∈ X0 and any T ′ ∈ (0, T ) there holds∫ T ′

0

∫
RN

[−∂tϕ+ L∆ϕ]udt dx =

∫
RN

ϕ(0, ·)f dx−
∫
RN

u
(
T ′, x

)
ϕ
(
T ′, x

)
dx, (1.17)

where X0 =
{
ζ ∈ C1([0, T )× RN ) : ζ(t, .) ∈ C1

c (RN ) for all t ∈ [0, T )
}

.

When f = µ is a Radon measure, identity (1.17) is replaced by∫ T ′

0

∫
RN

[−∂tϕ+ L∆ϕ]udt dx =

∫
RN

ϕ(0, ·)dµ−
∫
RN

u
(
T ′, x

)
ϕ
(
T ′, x

)
dx. (1.18)

Our first existence and uniqueness result which shows the role of the Widder’s type represen-
tation is as follows.

Theorem 1.6. Assume 0 < T ≤ N
2 and f ∈ L1(RN , (1 + |x|)2T−Ndx), then problem (1.1) admits

a unique weak solution uf expressed by

uf (t, x) =

∫
RN
Pln(t, x− y)f(y) dy for all t ∈ (0, T ), a.e. x ∈ RN . (1.19)

The result is also valid if f is replaced by a Radon measure µ in RN satisfying∫
RN

(1 + |x|)2T−Nd|µ|(x) <∞. (1.20)

Of particular importance is the case where µ is a Dirac mass.

Corollary 1.7. Let 0 < T ≤ N
2 , then Pln is the unique weak solution of{
∂tu+ L∆u = 0 in (0, T )× RN ,

u(0, ·) = δ0 in RN .
(1.21)

Notice that,
(a) from the uniqueness, the classical solution obtained in Theorem 1.3 is a weak solution of (1.1);

(b) for a nonnegative function f ∈ L1(RN ), the weak solution us,f of the fractional diffusion
equation of (1.3) exists for (0,+∞)×RN , while the solution of the nonlocal diffusion equation (1.1)
is exists only in (0, N2 ) × RN , and it blows up locally in RN as t → (N2 )− in accordance with the
expression (1.16).

The final aim of this study is to use the diffusion kernel Pln to give an expression of the
fundamental solution of the logarithmic Laplacian, that is the solution of

L∆u = kδ0 in D′(RN ). (1.22)
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Theorem 1.8. Let N ≥ 3, then the operator L∆ has a radially symmetric fundamental function
Φln in RN and there exists c = c(N) > 0 such that∣∣∣∣Φln(x)− c0

|x|−N

ln2 |x|

∣∣∣∣ ≤ c |x|−Nln3 |x|
for all x ∈ B 1

e
(0) \ {0}, (1.23)

where
c0 = 1

4π
−N

2 Γ
(
N
2

)
.

Furthermore there exist a positive constants c1 such that

|Φln(x)| ≤ c1|x|
3−N

2

ln |x|
for |x| ≥ 2. (1.24)

Our idea is to apply the parabolic operator ∂t+L∆ to connect the fundamental solutions of the
logarithmic Laplacian with the one of the Helmholtz operator −∆ − I. This requires the lifespan
of Pln to contain the internal (0, 1]. When N ≥ 3, it is well defined since P0(t) for t = 1 < N

2 , but
it fails when N = 2, since in that case P0(1) = +∞. However we conjecture that the fundamental

solution Φln exists for N = 1, 2 and it decays like |x|
1−N

2 as |x| → +∞.
In a bounded Lipschitz domain Ω containing 0, we consider the problem below, the solution of

which is the fundamental solution in Ω,{
L∆u = δ0 in D′(Ω),

u = 0 in RN \ Ω.
(1.25)

We denote by σ(L∆,Ω) the spectrum of L∆ in Ω with zero condition in Ωc, that is the set of λ ∈ R
such that there exists a nontrivial solution to{

L∆u = λu in Ω,

u = 0 in RN \ Ω.
(1.26)

It is proved in [11] that σ(L∆,Ω) = {λLk (Ω)}k≥1 where k 7→ λ
L

k (Ω) is increasing and

lim
k→+∞

λ
L

k (Ω)→ +∞.

Furthermore ker(L∆ + λ
L

1 (Ω)) is 1-dimensional and generated by a positive function φ1. First we
characterise the fundamental solution of L∆ in Ω.

Theorem 1.9. Let N ≥ 1, Ω be a bounded Lipschitz domain containing B1 and such that 0 /∈
σ(L∆,Ω). Then problem (1.25) possesses a fundamental solution ΦΩ

ln and there exists c > 0 such
that ∣∣∣∣ΦΩ

ln(x)− c0
|x|−N

ln2 |x|

∣∣∣∣ ≤ c |x|−Nln3 |x|
for x ∈ B 1

e
(0) \ {0}. (1.27)

Furthermore, there holds near ∂Ω

|ΦΩ
ln(x)| = O

(
1

| ln ρ(x)|τ

)
for all τ ∈

(
0,

1

2

)
, (1.28)

where ρ(x) = dist(x, ∂Ω).
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We also gives some estimates of Φln is some Orlicz classes and we prove at least if N ≥ 4 and
under mild assumptions on f the function u = Φln ∗ f is Dini continuous and is therefore a strong
solution of

−L∆u = f in RN . (1.29)

Theorem 1.10. Let N ≥ 4, θ > 1 and f ∈ L1(RN ) ∩ L∞,θ(RN ), where

L∞,θ(RN ) :=

{
h ∈ L∞loc(RN ) : ess sup

y∈RN
(1 + |y|)θ|f(y)| <∞

}
. (1.30)

Then for any R > 0 there exists c = c(N,R, θ) such that

|Φln ∗ f(x)− Φln ∗ f(x′)| ≤ c

1 + ln2(|x− x′|)
(‖f‖L1 + ‖f‖L∞,θ) for all x, x′ ∈ BR, (1.31)

where
‖f‖L∞,θ = ess sup

y∈RN
(1 + |y|)θ|f(y)|. (1.32)

The paper is organized as follows. Section 2 is devoted to the study of the diffusion kernel Pln

of ∂t + L∆ and to the existence and the representation of classical solutions of (1.1). Section 3 is
devoted to the Cauchy problem associated to the logarithmic Laplacian, first in the weak sense and
then in the classical sense, based upon the proof of the uniqueness of weak solutions. In section
4, we construct the fundamental solution of the logarithmic Laplacian using the diffusion kernel,
representation formula for solutions of the Cauchy problem and precise estimates of the kernel of
Helmholtz operator in RN . In Section 5 we use the estimates of Φln to prove some imbedding
properties in Orlicz spaces, to obtain point-wise estimate of ∇Φln in RN \ {0} and to prove that
the solution of the Dirichlet problem in RN is Dini continuous.

2 Basic properties

In the course of this paper c will denote a generic positive constant, depending on different pa-
rameters (which can be specified in some cases), but not on variable, the value of which can vary
from one occurence to another. In some cases, in order to avoid misunderstanding, we introduce
constants c′ or cj , j = 1, 2, ...

2.1 The logarithmic diffusion kernel

Proof of Proposition 1.1. We recall (see e.g. [32, Chapter V, p. 117]) that

F(| · |τ ) = σ(τ)| · |−N−τ in S ′(RN )

with

σ(τ) := 2τ+Nπ
N
2

Γ( τ+N
2 )

Γ(− τ
2 )
.

Consequently, if τ 6= −N , we have that

F−1
(
| · |−N−τ

)
=

1

σ(τ)
| · |τ in S ′(RN )

8



and
F−1(1) = δ0 in S ′(RN ).

From the properties of the Fourier transform there holds

∂tP̂ln(t, ξ) + 2 ln |ξ| P̂ln(t, ξ) = 0,

which implies
P̂ln(t, ξ) = e−2t ln |ξ| = |ξ|−2t for (t, ξ) ∈ (0, N2 )× RN \ {0}.

By the inverse Fourier transform,

Pln(t, x) = P0(t)|x|2t−N for (t, x) ∈ (0, N2 )× RN ,

where, we recall it,

P0(t) = π−
N
2 4−t

Γ(N−2t
2 )

Γ(t)
.

Clearly P0 is a positive and smooth function in (0, N2 ) and it vanishes at t = 0. The expression
of Pln shows that Pln(t, ·) does not belong to L1(RN ) for any t ∈ (0, N2 ), this is part (i). Since
xΓ(x)→ 1 as x ↓ 1 we obtain

P0(t) · N−2t
2 → (4π)−

N
2 Γ−1(N2 ) as t→ (N2 )−.

This implies that for any x 6= 0

Pln(t, x) · N−2t
2 → (4π)−

N
2 Γ−1(N2 ) as t→ (N2 )−.

Now (ii) follows by the fact that

lim
t→(

N
2 )−

Γ(N−2t
2 )(N2 − t) = 1 and lim

t→(
N
2 )−
|x|2t−N = 1 for x 6= 0.

Because lim
τ→0

Γ(τ) =∞, we have for any x 6= 0,

lim
t→0+

Pln(t, x) = 0.

For the proof of part (iii), if φ ∈ Cc(RN ) has support in Bσ0 , for any ε > 0 there exists δ > 0 such
that

|φ(x)− φ(0)| ≤ ε if |x| ≤ δ.

Then ∫
RN
Pln(t, x)φ(x) dx = π−

N
2 4−t

Γ(N−2t
2 )

Γ(1− t)
t

(∫
Bσ0

|x|2t−N dx

)
φ(0)

+ π−
N
2 4−t

Γ(N−2t
2 )

Γ(1− t)
t

∫
Bσ0

|x|2t−N (φ(x)− φ(0)) dx.

We have that

π−
N
2 4−t

Γ(N−2t
2 )

Γ(1− t)
→ π−

N
2 Γ(N2 ) as t→ 0+,

9



t

∫
Bσ0

|x|2t−N dx =
σ2t

0 ωN
2
→ ωN

2
as t→ 0+,

and

t

∣∣∣∣∣
∫
Bσ0

|x|2t−N (φ(x)− φ(0)) dx

∣∣∣∣∣ ≤ t
∫
Bδ

|x|2t−N |φ(x)− φ(0)| dx

+ t

∫
Bσ0\Bδ

|x|2t−N |φ(x)− φ(0)| dx

≤ I + II.

Then
I ≤ εωN δ

2t → εωN as t→ 0,

and
II ≤ ‖φ‖L∞ωN (σ2t

0 − δ2t)→ 0 as t→ 0.

Since ε is arbitrary and

π−
N
2 Γ(N2 )ωN = 2,

we obtain

lim
t→0+

∫
RN
Pln(t, x)φ(x) dx = φ(0).

�

Lemma 2.1. Assume τ < 0 and (t, x) ∈ (0,− τ
2 )× RN , then

(i) If −N < τ < 0 there exists c = c(N, τ) > 1 such that

1

ct
min

{
|x|τ+2t, t+ |x|2t

}
≤
∫
RN
|x− y|2t−N (1 + |y|)τ dy ≤ c

t
|x|2t+τ .

(ii) If τ = −N there exists c = c(N, τ) > 1 such that

1

ct
min

{
|x|2t−N ln(e+ |x|), t+ |x|2t

}
≤
∫
RN
|x− y|2t−N (1 + |y|)−N dy ≤ c

t
|x|2t−N ln(e+ |x|).

(iii) If τ < −N there exists c = c(N, τ) > 1 such that

1

ct
min

{
|x|2t−N , t+ |x|2t

}
≤
∫
RN
|x− y|2t−N (1 + |y|)τ dy ≤ c

t
max

{
|x|2t+τ , |x|2t−N

}
.

Proof. Assume x 6= 0. The integral over RN is the sum of the integrals over B |x|
2

(0), over B |x|
2

(x)

and over RN \
(
B |x|

2

(0) ∪B |x|
2

(x)
)

. Clearly∫
B |x|

2

(x)
|x− y|2t−N (1 + |y|)τ dy ≤ (2 + |x|)τ

2τ

∫
B |x|

2

(x)
|x− y|2t−N dy =

ωN
22t+τ+1

|x|2t(2 + |x|)τ

t

(2.1)
and∫

B |x|
2

(x)
|x− y|2t−N (1 + |y|)τ dy ≥ (2 + 3|x|)τ

2τ

∫
B |x|

2

(x)
|x− y|2t−N dy ≥ ωN

22t+τ+1

|x|2t(2 + 3|x|)τ

t
.

(2.2)
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Concerning the integral over B |x|
2

(0), one has

|3x|2t−NωN
22t−N

∫ |x|
2

0
(1 + r)τrN−1dr ≤

∫
B |x|

2

(0)
|x− y|2t−N (1 + |y|)τ dy

≤ |x|
2t−NωN
22t−N

∫ |x|
2

0
(1 + r)τrN−1dr.

If |x| → ∞, there holds

∫ |x|
2

0
(1 + r)τrN−1dr =


|x|N+τ

2N+τ (N + τ)
(1 + o(1)) if −N < τ < 0,

ln |x|(1 + o(1)) if τ = −N,

c∗(1 + o(1)) if τ < −N,

for some explicit value c∗, and if x→ 0,∫ |x|
2

0
(1 + r)τrN−1dr =

|x|N

2NN
(1 + o(1)).

This implies

∫
B |x|

2

(0)
|x− y|2t−N (1 + |y|)τ dy ≤ c


inf{|x|2t+τ , |x|2t} if −N < τ < 0,

inf{|x|2t−N ln(|x|+ e)|, |x|2t} if τ = −N,

inf{|x|2t−N |, |x|2t} if τ < −N,

(2.3)

and

∫
B |x|

2

(0)
|x− y|2t−N (1 + |y|)τ dy ≥ 1

c


inf{|x|2t+τ , |x|2t} if −N < τ < 0,

inf{|x|2t−N ln(|x|+ e), |x|2t} if −N = τ,

inf{|x|2t−N , |x|2t} if −N > τ,

(2.4)

where the constant c depends only on N .

Finally, we consider the integral over RN \
(
B |x|

2

(0) ∪B |x|
2

(x)
)

,∫
RN\
(
B |x|

2

(0)∪B |x|
2

(x)
) |x− y|2t−N (1 + |y|)τ dy

= |x|2t+τ
∫
RN\
(
B 1

2
(0)∪B 1

2
(ex)
) |ex − z|2t−N (|x|−1 + |z|)τ dz,

where ex = x
|x| . This integral is invariant by rotation, thus we can assume that eN = (0, 0, ..., 1) ∈

RN . The function

|x| 7→ H(|x|) :=

∫
RN\
(
B 1

2
(0)∪B 1

2
(eN )

) |eN − z|2t−N (|x|−1 + |z|)τ dz

is increasing, therefore

0 = lim
|y|→0

H(|y|) ≤ H(|x|) ≤
∫
RN\
(
B 1

2
(0)∪B 1

2
(eN )

) |eN − z|2t−N |z|τ dz := H(∞) <∞.
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This yields ∫
RN\
(
B |x|

2

(0)∪B |x|
2

(x)
) |x− y|2t−N (1 + |y|)τ dy ≤ |x|2t+τH(∞). (2.5)

For the lower bound, B 1
2
(0) ∪B 1

2
(eN ) ⊂ B2(0), therefore∫

RN\
(
B 1

2
(0)∪B 1

2
(eN )

) |eN − z|2t−N (|x|−1 + |z|)τ dz ≥
∫
RN\B2(0)

|eN − z|2t−N (|x|−1 + |z|)τ dz

≥ 22t−N
∫
RN\B2(0)

|z|2t−N (|x|−1 + |z|)τ dz

≥ 22t−NωN

∫ ∞
2

r2t−1(|x|−1 + r)τ dr.

But the following relation holds∫ ∞
2

r2t−1(|x|−1 + r)τ dr = |x|−2t−τ
∫ ∞

2|x|
s2t−1(s+ 1)τ ds ≥ cmin

{
1, |x|−τ−2t

}
.

This implies ∫
RN\
(
B |x|

2

(0)∪B |x|
2

(x)
) |x− y|2t−N (1 + |y|)τ dy ≥ cmin

{
|x|2t+τ , 1

}
. (2.6)

Since 0 < t < − τ
2 the proof follows by combining (2.1)–(2.6). �

Remark 2.2. When |x| ≥ 1, the estimates in Lemma 2.1 with possibly a new constant c = c(N, τ) >
1 can be expressed under the following form:

(i)
1

ct
|x|2t+τ ≤

∫
RN
|x− y|2t−N (1 + |y|)τ dy ≤ c

t
|x|2t+τ if −N < τ < 0;

(ii)
1

ct
|x|2t−N ln(e+ |x|) ≤

∫
RN
|x− y|2t−N (1 + |y|)−N dy ≤ c

t
|x|2t−N ln(e+ |x|) if τ = −N ;

(iii)
1

ct
|x|2t−N ≤

∫
RN
|x− y|2t−N (1 + |y|)τ dy ≤ c

t
|x|2t−N if τ < −N.

(2.7)

Proposition 2.3. Let T ∈ (0, N2 ) and f ∈ C1(RN ) such that f, |∇f | ∈ L1(RN ). Then the function
uf defined by

uf (t, x) =

∫
RN
Pln(t, x− y)f(y) dy, (2.8)

is a strong solution of (1.1).
(i) Since the mapping: f 7→ Pln(t, ·) ∗ f is increasing and P0(t) > 0, if assume furthermore that
f 6= 0 is nonnegative and

f(x) ≤M(1 + |x|)τ for x ∈ RN

for some M > 0 and τ < −N , then there exists c > 2 such that for any (t, x) ∈ (0, T )× RN ,

1

ct
P0(t)(1 + |x|)2t−N ≤ uf (t, x) ≤ c

t
P0(t)(1 + |x|)2t−N , (2.9)

where P0 is defined in (1.7).
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(ii) Moreover, if assume that

1

M
(1 + |x|)τ ≤ f(x) ≤M(1 + |x|)τ for x ∈ RN ,

for some τ ∈ (−N,−2T ] and some M > 1, then there exists c > 1 such that for any (t, x) ∈
(0, T )× RN ,

1

ct
P0(t)(1 + |x|)2t+τ ≤ uf (t, x) ≤ c

t
P0(t)(1 + |x|)2t+τ . (2.10)

(iii) At last, if assume also that, for some M > 1,

1

M
(1 + |x|)−N ≤ f(x) ≤M(1 + |x|)−N for x ∈ RN ,

then there exists c > 1 such that for any (t, x) ∈ (0, T )× RN ,

1

ct
P0(t)(1 + |x|)2t−N ln(e+ |x|) ≤ uf (t, x) ≤ c

t
P0(t)(1 + |x|)2t−N ln(e+ |x|). (2.11)

Proof. First we note that if

uf (t, x) =

∫
RN
Pln(t, z)f(x− z) dz = P0(t)I2t ∗ f(x), (2.12)

then

ûf (t, ξ) = P0(t)Î2t ∗ f(ξ) = P0(t)4tπ
N
2

Γ(t)

Γ(N2 − t)
|ξ|−2tf̂(ξ) = |ξ|−2tf̂(ξ),

because of the identity (1.7). Therefore

∂tûf (t, ξ) = −2 ln |ξ|f̂(ξ) =⇒ F (∂tuf + L∆uf ) = 0. (2.13)

Thus the equation is verified in S ′(RN ).

(i) Since uf is defined by (2.8) and ∇f ∈ L1(RN )∩C(RN ), for all integers 1 ≤ i ≤ N the expressions

∂xiuf (t, x) =

∫
RN
Pln(t, z)∂xif(x− z) dz,

are well-defined and are continuous functions of (x, t). As a consequence, uf (t, ·) ∈ C1(RN ).
For the time-derivative, we note that

∂tPln(t, x) = P ′0(t)|x|2t−N + 2P0(t)|x|2t−N ln |x|,

then

∂tuf (t, x) =

∫
RN

∂tPln(t, z)f(x− z) dz

= P ′0(t)

∫
RN
|z|2t−Nf(x− z) dz + 2P0(t)

∫
RN
|z|2t−N (ln |z|)f(x− z) dz,

which is continuous at any point (t, x) ∈ (0, T )× RN . Moreover, from Proposition 1.1,

lim
t→0+

uf (t, x) = f(x) for any x ∈ RN ,
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which implies that

uf ∈ C
(

[0, 2
N )× RN

)
∩ C1

(
(0, 2

N )× RN
)
.

Since (2.13) holds, it follows that uf satisfies (1.8); as a consequence it is a strong solution of (1.1).

Let R > 1 such that supp(f) ⊂ B̄R, then if |x| > 2R,

1

2
|x| ≤ |x− y| ≤ 3|x| for y ∈ BR,

and if f is a nonnegative non identically zero function,

|x|2t−N

2N−2t
‖f‖L1(RN ) <

∫
RN
|x− y|2t−Nf(y) dy =

∫
BR

|x− y|2t−Nf(y) dy ≤ |x|
2t−N

32t−N ‖f‖L1(RN ),

and if |x| ≤ 2R, we have that∫
RN
|x− y|2t−Nf(y) dy ≤ ‖f‖L∞(RN )

∫
B3R

|z|2t−N dz =
cR2t

t
‖f‖L∞(RN )

for some c = c(N) > 0.

If we assume that 0 ≤ f(x) ≤ M(1 + |x|)τ and τ < −N , then the right-hand side part of (2.9)
follows directly from Lemma2.1-(iii). For the left-hand side, we can suppose that ‖f1BR‖L1 > 0
for some R > 0 and we have for |x| ≥ 2R,

|x|2t−N

2N−2t
‖f1BR‖L1(RN ) ≤

∫
BR

|x− y|2t−Nf(y)dy.

This implies (2.9) up to changing the constant c.

(ii) If we assume 1
M (1 + |x|)τ ≤ f(x) ≤M(1 + |x|)τ , then (2.10) follows from Lemma2.1-(i).

(iii)- If we assume 1
M (1 + |x|)−N ≤ f(x) ≤M(1 + |x|)−N , then (2.11) follows from Lemma2.1-(ii).

�

The next results will be used later on

Lemma 2.4. There holds
lim
t→0

tΓ(t) = 1, (2.14)

lim
t→0

t2Γ′(t) = −1 (2.15)

and
lim
t→0

t3Γ′′(t) = 2. (2.16)

In particular

P ′0(0) = π−
N
2 Γ(N2 ) and P ′′0 (0) = 2π−

N
2
(
Γ(N2 )− Γ′(N2 )

)
. (2.17)

Proof. Since we have

Γ(t) =

∫ ∞
0

zt−1e−zdz =

[
zt

t
e−z
]∞
z=0

+
1

t

∫ ∞
0

zte−zdz,
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we obtain (2.14). For Γ′ there holds

Γ′(t) =

∫ ∞
0

zt−1 ln ze−zdz =

[(
zt

t
ln z − zt

t2

)
e−z
]∞
z=0

+

∫ ∞
0

(
zt

t
ln z − zt

t2

)
e−zdz

=
1

t2

∫ ∞
0

(
tzt ln z − zt

)
e−zdz.

Then (2.15) follows. For Γ′′ we also have

Γ′′(t) =

∫ ∞
0

zt−1 ln2 ze−zdz =

[(
zt

t
ln2 z − 2

zt

t2
ln z +

2zt

t3

)
e−z
]∞
z=0

+

∫ ∞
0

(
zt

t
ln2 z − 2

zt

t2
ln z +

2zt

t3

)
e−zdz

=
1

t3

∫ ∞
0

(
t2zt ln2 z − 2tzt ln z + 2zt

)
e−zdz.

Hence (2.16) follows by integration by parts. The first formula in (2.17) follows directly from (2.15).
The second is a little more involved and left to the reader. �

Given t0 ∈ (0, N2 ), we consider the backward problem{
∂tu− L∆u = 0 in [0, t0)× RN ,

u(t0, ·) = g in RN .
(2.18)

The existence of strong solutions of (2.18) is established below.

Corollary 2.5. Let t0 ∈ (0, N2 ) and for g ∈ C1
c (RN ), we denote

vg(t, x) =

∫
RN
Pln(t0 − t, x− y)g(y) dy, (2.19)

then vg is a strong solution of (2.18),

vg ∈ C
(

[0, t0]× RN
)
∩ C1

(
(0, t0]× RN

)
,

and we have, for some c > 0 dependent of ‖f‖L1(RN ) and ‖f‖L∞(RN )

|vg(t, x)| ≤ cP0(t0 − t)
t0 − t

(1 + |x|)2(t0−t)−N for (t, x) ∈ (0, t0)× RN . (2.20)

Proof. Note that the backward diffusion kernel Qln is

Qln(t, x) = Pln(t0 − t, x) in [0, t0)× RN .

Then the proof is the same as the one of Proposition 2.3. �
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2.2 Maximum principles

We first recall some maximum principles for the logarithmic Laplacian valid in bounded domains [11,
corollary 1.9]:

Lemma 2.6. Let Ω ⊂ RN be a bounded Lipschitz domain. Then L∆ satisfies the maximum principle
in Ω if one of the following conditions is satisfied:

(i) hΩ(x) + ρN ≥ 0 on Ω, where

hΩ(x) = cN

(∫
B1(x)\Ω

1

|x− y|N
dy −

∫
Ω\B1(x)

1

|x− y|N
dy
)

; (2.21)

(ii) |Ω| ≤ 2N exp
(
N
2

(
ψ(N2 )− γ

))
|B1(0)|.

The role of hΩ(x) + ρN is clear since the following expression,

L∆u(x) = cN

∫
Ω

u(x)− u(y)

|x− y|N
dy − cN

∫
RN\Ω

u(y)

|x− y|N
dy +

(
hΩ(x) + ρN

)
u(x) (2.22)

is an alternative definition of the logarithmic Laplacian.

For the associated diffusion operator, we have the following maximum principle:

Corollary 2.7. Let Ω ⊂ RN be a bounded Lipschitz domain. Assume v ∈ C([0, T )× Ω̄) such that

∂tv ∈ C
(

(0, T )× Ω̄
)

satisfies pointwise∂tv + L∆v ≥ 0 in (0, T )× Ω,

v ≥ 0 in
(

(0, T )× (RN \ Ω)
)
∪
(
{0} × RN

)
.

(2.23)

If hΩ + ρN ≥ 0 on Ω, then
v ≥ 0 in [0, T )× Ω.

Proof. We proceed by contradiction, assuming that for any T ′ ∈ (0, T ), we have that

v (t0, x0) := min
[0,T ′]×Ω̄

v(t, x) < 0. (2.24)

Clearly (t0, x0) lies in (0, T )× Ω. Therefore vt (x0, t0) ≤ 0 and thus

L∆v(t0, x0) ≥ 0. (2.25)

This yields a contradiction by using the expression (2.22), since

L∆v(t0, x0) = cN

∫
Ω

v(t0, x0)− v(t0, y)

|x0 − y|N
dy − cN

∫
RN\Ω

v(t0, y)

|x0 − y|N
dy +

(
hΩ(x0) + ρN

)
v(t0, x0) < 0,

from (2.24) and
(
hΩ(x0) + ρN

)
v(t0, x0) ≥ 0 from the assumption on hΩ + ρN . �

In the following result we get rid of the restriction hΩ + ρN ≥ 0 provided the boundary value
of v is bounded from below.
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Lemma 2.8. Let Ω ⊂ RN be a bounded Lipschitz domain and v ∈ C([0, T ) × Ω̄) such that ∂tv ∈
C
(

(0, T )× Ω̄
)

which satisfies pointwise the following inequalities
∂tv + L∆v ≥ 0 in (0, T )× Ω,

v � 0 in (0, T )× (RN \ Ω),

v(0, ·) ≥ c in Ω,

(2.26)

for some c > 0. Then
v > 0 in [0, T )× Ω.

Proof. We proceed by contradiction. Let t0 > 0 be the smallest t > 0 such that v(t0, x0) = 0 for
some x0 ∈ Ω. Then v(t, x) > 0 for all (t, x) ∈ (0, t0)× Ω. Thus ∂tv(t0, x0) ≤ 0 and

L∆v(t0, x0) = −cN
∫
RN

v(t0, y)

|x0 − y|N
dy ≥ 0,

where the equality holds only if u(t0, ·) ≡ 0 a.e. in RN . Since v is continuous in ([0, T ) × Ω̄)
nonnegative and not identically 0 on the boundary, we are led to a contradiction. �

3 The Cauchy problem

3.1 Uniqueness of weak Solutions

Our uniqueness result for weak solutions is the following.

Theorem 3.1. Let T ∈ (0, N2 ) and u be a weak solution of the equation with zero initial data{
∂tu+ L∆u = 0 in (0, T )× RN ,

u(0, ·) = 0 in RN .
(3.1)

Then u(t, x) = 0 for every t ∈ (0, T ) and for almost everywhere x ∈ RN .

Proof. Step 1. We fix θ ∈ C1
c

(
RN
)

with compact support in B̄R0 for some R0 > 0. We aim to
prove that ∫

RN
u (t0, x) θ(x) dx = 0.

For t ∈ [0, t0), we define
ϕθ = Pln(t0 − t, ·) ∗ θ.

By Corollary 2.5 ϕθ is a strong solution of{
∂tv − L∆v = 0 in [0, t0)× RN ,

v(t0, ·) = θ in RN .
(3.2)

Then

|ϕθ(t, x)| =
∣∣∣(Pln(t0 − t, ·) ∗ θ

)
(x)
∣∣∣ 5 cP0(t0 − t)

t0 − t
(1 + |x|)2(t0−t)−N ,

where P0(t0−t)
t0−t is bounded as t→ t0 and c > 0 depends on R0, t0 and ‖θ‖L1(RN ), ‖θ‖L∞(RN ).
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Applying (2.19) to the derivatives of θ ∈ C1
c (BR0), we also have

|∇ϕθ(t, x)| =
∣∣∣((∇θ) ∗ Pln(t0 − t, ·)

)
(t, x)

∣∣∣
=

∣∣∣(Pln(t0 − t, ·) ∗ (∇θ)
)

(t, x)
∣∣∣

≤ c
P0(t0 − t)
t0 − t

(1 + |x|)2(t0−t)−N ,

where c > 0 depends on R0, t0 and ‖∇θ‖L1(RN ), ‖∇θ‖L∞(RN ).
For R > 2R0 we define

ηR(x) = η0

(
|x|
R

)
and ψR(x, t) := ϕθ(x, t)ηR(x),

where η0 : [0,+∞)→ [0, 1] is a smooth, non-increasing function such that

η0 = 1 in [0, 1
2 ] and η0 = 0 in [1,+∞).

As a test function in (3.1) we take ψR . Since ϕθ is a strong solution, we have that∣∣∣ ∫
RN

u (t0, x) θ(x)ψR(x)dx
∣∣∣ =

∣∣∣ ∫ t0

0

∫
RN

[uηR(x)∂tϕθ − uL∆(ψR(t, x))] dx dt
∣∣∣

=
∣∣∣ ∫ t0

0

∫
RN

uL∆

(
ϕθ(1− ηR)

)
dx dt

∣∣∣
5

∫ t0

0

∫
RN
|u|
∣∣∣L∆

(
ϕθ(1− ηR)

)∣∣∣dx dt.

The main point is to show that

lim
R→∞

∫ t0

0

∫
RN
|u|
∣∣∣L∆

(
ϕθ(1− ηR)

)∣∣∣dx dt = 0. (3.3)

Step 2. We claim that there exists a positive constant c independent of t such that for R >> 1∣∣∣L∆

(
ϕ(1− ηR)

)
(t, x)

∣∣∣ ≤ cmin
{
R2(t0−t)−N lnR, |x|2(t0−t)−N ln |x|

}
, (3.4)

for any (t, x) ∈ (0, T )× RN .

(i) In the sequel we take R >> 1. If x ∈ BR
4

, then B1(x) ⊂ BR
4

(x) ⊂ BR
2

, thus

|x− y| > 1 + |y|
4

for y ∈ RN \BR
2
.

Since 1− ηR = 0 in BR
2

, we have that∣∣L∆

(
ϕθ(1− ηR)

)
(t, x)

∣∣ = cN

∣∣∣ ∫
RN\BR

2

−ϕθ(t, y)(1− ηR(y))

|x− y|N
dy
∣∣∣

5 4NcN

∫
RN\BR

2

|ϕθ(t, y)|
(1 + |y|)N

dy

5 c1
P0(t0 − t)
t0 − t

∫
RN\BR

2

(1 + |y|)2(t0−t)−2N dy

5 c2R
2(t0−t)−N ,
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the last inequality, being a consequence of the fact that lim
t→t0

P0(t0 − t)
t0 − t

exists. Therefore, for any

t ∈ [0, t0] and x ∈ BR
4

, ∣∣L∆

(
ϕθ(1− ηR)

)
(t, x)

∣∣ ≤ c2R
2(t0−t)−N . (3.5)

(ii) Next, if x ∈ B2R \BR
4

, we note that ϕθ(1− ηR) is C1, then

∣∣L∆

(
ϕθ(1− ηR)

)
(t, x)

∣∣ ≤ cN

∣∣∣ ∫
B1(x)

(
ϕθ(1− ηR)

)
(t, x)−

(
ϕθ(1− ηR)

)
(t, y)

|x− y|N
dy
∣∣∣

+cN

∣∣∣ ∫
RN\
(
BR

2
∪B1(x)

) −ϕθ(1− ηR)
)
(t, y)

|x− y|N
dy
∣∣∣+ |ρNϕθ(1− ηR)|.

From the estimate on φθ there holds if R
4 ≤ |x| ≤ 2R,

|(ϕθ(1− ηR))(t, x)| ≤ cR2(t0−t)−N .

Furthermore∣∣∣ ∫
B1(x)

(
ϕθ(1− ηR)

)
(t, x)−

(
ϕθ(1− ηR)

)
(t, y)

|x− y|N
dy
∣∣∣ ≤ sup

y∈B1(x)
|∇ϕθ(t, y)||∇ηR(y)|

≤ c1

R
(1 + |x|)2(t0−t)−Nχ[R

2
,R](|x|)

≤ c1R
2(t0−t)−N−1,

and ∣∣∣ ∫
RN\
(
BR

2
∪B1(x)

) −(ϕθ(1− ηR)
)
(t, y)

|x− y|N
dy
∣∣ ≤ ∫

RN\
(
BR

2
∪B1(x)

) |ϕθ(t, y)|
|x− y|N

dy

≤ c1

∫
RN\
(
BR

2
∪B1(x)

) |y|2(t0−t)−N

|x− y|N
dy.

Since R >> 1, we have∫
BR/8(x)\B1(x)

|y|2(t0−t)−N

|x− y|N
dy ≤ (R/2)2(t0−t)−N

∫
BR/8(x)\B1(x)

1

|x− y|N
dy

≤ cR2(t0−t)−N lnR.

Clearly ∫
B4R\

(
BR

2
∪BR/8(x)

) |y|2(t0−t)−N

|x− y|N
dy ≤ cR2(t0−t)−N ,

and ∫
RN\B4R

|y|2(t0−t)−N

|x− y|N
dy ≤

∫
RN\B4R

|y|2(t0−t)−2N dy = cR2(t0−t)−N .
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Thus, for any t ∈ [0, t0] and x ∈ B2R \BR
4

, we have that∣∣L∆

(
ϕθ(1− ηR)

)
(t, x)

∣∣ ≤ cR2(t0−t)−N lnR. (3.6)

(iii) Finally, for x ∈ RN \B2R,∣∣∣L∆

(
ϕθ(1− ηR)

)
(t, x)

∣∣∣ ≤ cN

∣∣∣ ∫
B1(x)

ϕθ(t, x)− ϕθ(t, y)

|x− y|N
dy
∣∣∣

+cN

∣∣∣ ∫
RN\
(
BR

2
∪B1(x)

) −(ϕθ(1− ηR)
)
(t, y)

|x− y|N
dy
∣∣∣+ |ρNϕ(t, x)|.

We estimate the three terms on the right-hand side of this inequality as follows. Obviously

|ρNϕθ(t, x)| ≤ c|x|2(t0−t)−N ,

next ∣∣∣ ∫
B1(x)

ϕθ(t, x)− ϕθ(t, y)

|x− y|N
dy
∣∣∣ ≤ sup

y∈B1(x)
|∇ϕθ(t, y)| ≤ c1(1 + |x|)2(t0−t)−N ,

and finally∣∣∣ ∫
RN\
(
BR

2
∪B1(x)

) −(ϕθ(1− ηR)
)
(t, y)

|x− y|N
dy
∣∣∣ ≤ ∫

RN\
(
BR

2
∪B1(x)

) |ϕθ(t, y)|
|x− y|N

dy

≤ c1

∫
RN\
(
BR

2
∪B1(x)

) |y|2(t0−t)−N

|x− y|N
dy.

From these estimates, we obtain the following series of inequalities:∫
B |x|

4

(x)\B1(x)

|y|2(t0−t)−N

|x− y|N
dy ≤ c|x|2(t0−t)−N

∫
B |x|

4

(x)\B1(x)

1

|x− y|N
dy

≤ c|x|2(t0−t)−N ln |x|4 ,

∫
B |x|

4

(0)\BR
2

(0)

|y|2(t0−t)−N

|x− y|N
dy ≤ c|x|−N

∫
B |x|

4

(0)\BR
2

(0)
|y|2(t0−t)−N dy

≤ c|x|2(t0−t)−N ,

∫
B2|x|(x)\

(
B |x|

4

(0)∪B |x|
4

(x)
) |y|2(t0−t)−N

|x− y|N
dy

= |x|2(t0−t)−N
∫
B2(ex)\

(
B 1

4
(0)∪B 1

4
(ex)
) |z|2(t0−t)−N

|ex − z|N
dz

= c|x|2(t0−t)−N ,
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and ∫
RN\B2|x|(x)

|y|2(t0−t)−N

|x− y|N
dy = |x|2(t0−t)−N

∫
RN\B2

|z|2(t0−t)−N

|ex − z|N
dz

= c|x|2(t0−t)−N .

Therefore, for any t ∈ [0, t0] and x ∈ RN \B2R∣∣∣L∆

(
ϕθ(1− ηR)

)
(t, x)

∣∣∣ ≤ c|x|2(t0−t)−N ln |x|. (3.7)

Step 3. End of the proof. Assuming that (3.4) holds, we have∫
RN
|u|
∣∣L∆

(
ϕθ(1− ηR)

)∣∣dx ≤ c

∫
RN
|u|min

{
R2(t0−t)−N lnR, |x|2(t0−t)−N ln |x|

}
dx

≤
∫
RN
|u(t, x)|(1 + |x|)2T−NVR(x)dx,

(3.8)

where
VR(x) = (1 + |x|)N−2T min

{
R2(t0−t)−N lnR, |x|2(t0−t)−N ln |x|

}
≤ min

{
R2(t0−t)−2T lnR, |x|2(t0−t)−2T ln |x|

}
≤ R2(t0−t)−2T lnR.

(3.9)

Clearly the right-hand side of (3.9) tends to 0 uniformly in RN as R → ∞. This implies that
right-hand side of (3.8) shares this property. It follows that∫

RN
u (t0, x) θ(x)dx = 0,

by the dominated convergence theorem, thus u(t0, x) = 0. Because t0 < T is arbitrary, u is
identically zero. �

3.2 Strong positive solutions

In this subsection we give a representation of the positive strong solutions of (1.1) as a Poisson
type integral.

Lemma 3.2. Let T ∈ (0, N2 ), u be a strong solution of (1.1) and {σδ}δ>0 ⊂ C∞c (RN ) a sequence
of mollifiers with support in Bδ. Then u ∗ σδ is a strong solution of (1.1), which converges locally
uniformly to u in [0, T ]× RN .

Proof. Since u is a strong solution, there holds

∂tû+ 2 ln |ξ| û = 0.

Multiplying by σ̂δ and using the fact that σ̂δû = σ̂δ ∗ u, we obtain

∂tσ̂δ ∗ u+ 2 ln |ξ| σ̂δ ∗ u = 0.

Since σ̂δ ∗ u is C∞, it follows that σδ ∗ u is a strong solution of (1.8). As for the convergence of
σδ ∗ u to u, it is a classical result since u ∈ C([0, T )× RN ). �
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Lemma 3.3. Let T ∈ (0, N2 ) and f be a nonnegative function in C(RN )∩L1(RN , (1+ |x|)2T−Ndx).
If u = 0 is a strong solution of (1.1), then

u(t, x) ≥
∫
RN
Pln(t, x− y)f(y) dy for (t, x) ∈

[
0, T

)
× RN .

Proof. For r > 2 we denote by φr ∈ C0,1
c (RN ) the following cut-off function,

φr(x) =


1 for |x| ≤ r − 1,

r − |x| for r − 1 < |x| ≤ r,

0 for |x| ≥ r,

and by {σδ}δ>0 ⊂ C∞c (RN ) a sequence of mollifiers with support in Bδ. We set fr,δ = φrf ∗ σδ and
define the function vr,δ by the expression

vr,δ(t, x) =

∫
RN
Pln(t, x− y)fr,δ(y)dy = Pln(t, ·) ∗

(
fr,δ
)
(x).

By Proposition 2.3 vr,δ is a positive strong solution of{
∂tvr,δ + L∆vr = 0 in (0, T )× RN ,

vr,δ(0, ·) = fr,δ in RN .
(3.10)

By (2.9) we have for (t, x) ∈ (0, T )× RN and independently of δ and r,

0 < vr,δ(t, x) 5 c(‖f‖L∞ + ‖fφr‖L1)
P0(t)

2t
(1 + |x|)2t−N , (3.11)

where, we recall it, P0(t)
2t is bounded as t→ 0+.

Let f1(x) = (1 + |x|)τ0 with τ0 ∈ (−N
2 ,−T ) and

w0 = Pln(t, ·) ∗ f1.

By Proposition 2.3-(ii) there holds

w0(t, x) ≥ c(1 + |x|)2t+τ0 for (t, x) ∈ (0, T )× RN ,

where 0 > 2t+ τ0 > 2t−N . From (3.11) for every ε > 0 there exists ρ = ρ(ε) > r such that

0 < vr,δ(t, x) 5 εw0(t, x) for any |x| = ρ, t ∈ [0, T ),

and since u is nonnegative in [0, T )× RN , uδ := u ∗ σδ is also nonnegative, thus

0 < vr,δ(t, x) 5 εw0(t, x) 5 εw0(t, x) + uδ(t, x) for any |x| = ρ, t ∈ [0, T ).

Clearly

vr,δ(0, x) = (φru ∗ σδ)(0, x) 5 uδ(0, x) 5 εw(0, x) + uδ(0, x), for any |x| 5 ρ.

Next we set
wδ = uδ + εw0 − vr,δ in (0, T )× RN .
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Then
wδ(0, ·) = εw0 + ((1− φr)f) ∗ σδ in RN ,

and wδ(0, ·) ≥ ε(1 + ρ)τ0 > 0 in B̄ρ(0). By Lemma 2.8 wδ > 0 in (0, T )× B̄ρ(0), that is,

vr,δ < εw0 + u for |x| 5 ρ and t ∈ [0, T ).

Because ε > 0 could be chosen arbitrary, the previous inequality implies that,

vr,δ(t, x) 5 uδ(t, x) for all (x, t) ∈ RN × [0, T ),

and this is independent of ρ. Therefore

uδ(t, x) ≥ P0(t)

∫
RN
|x− y|2t−N ((fφr) ∗ σδ)(y)dy.

When δ → 0, uδ → u locally uniformly in [0, T )×RN by the previous lemma and (fφr) ∗σδ → fφr
uniformly in Br, thus∫

RN
|x− y|2t−N ((fφr) ∗ σδ)(y)dy →

∫
RN
|x− y|2t−Nfφr(y)dy,

by the monotone convergence theorem. Therefore

u(t, x) ≥ P0(t)

∫
RN
|x− y|2t−Nfφr(y)dy.

Because r 7→ vr is increasing as lim
r→∞

φr = 1, we conclude that

lim
r→∞

P0(t)

∫
RN
|x− y|2t−Nfφr(y)dy = P0(t)

∫
RN
|x− y|2t−Nf(y) dy 5 u(t, x),

by the monotone convergence theorem. This ends the proof. �

The next easy to prove result is fundamental in the sequel.

Corollary 3.4. Let 0 < τ < T < N
2 and u be a strong nonnegative solution of

∂tu+ L∆u = 0 in (0, T )× RN (3.12)

such that u(t, .) ∈ L1(RN , (1 + |x|)2T−Ndx) for all t ∈ [0, T ]. Then for any (t, x) ∈ (0, T − τ)×RN ,∫
RN
Pln(t, x− y)u(τ, y) dy ≤ u(t+ τ, x). (3.13)

As a consequence we have for every x ∈ RN and t ∈ (0, T − τ),∫ T−t

0

∫
RN
Pln(t, x− y)u(τ, y)dydτ 5

∫ T−t

0
u(t+ τ, x)dτ. (3.14)

Proof. Let τ ∈ (0, T ). Then the function t 7→ uτ (t, .) = u(t+ τ, .) is a strong solution of

∂tu+ L∆u = 0 in (0, T − τ)× RN (3.15)
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satisfying uτ (0, x) = u(τ, x) for all x ∈ RN . Hence it is larger than uuτ (0,.) in (0, T − τ) × RN . It
follows that

u(t+ τ, x) = uτ (t, x) ≥ uuτ (0,.)(t, x) =

∫
RN
Pln(t, x− y)u(τ, y) dy for all (t, x) ∈ (0, T − τ)× RN ,

(3.16)
which ends the proof. �

Now we prove our main result:

Proof of Theorem 1.3. Proof of (1.15). For 0 < T ≤ N
2 , let u = 0 be a strong solution of equation

(1.1) with initial data f ∈ C(RN )∩L1(RN , (1 + |x|)2T−Ndx). Our aim is prove to that u is a weak
solution of (1.1).

We first prove that for T ′ < N
2 ,

u ∈ L1
(
[0, T ′], L1

(
RN , (1 + |x|)2(T−T ′)−Ndx

))
.

Take an arbitrary 0 < T ′ < T < N
2 ; then (3.14) with x = 0 and t = T − T ′ shows that∫ T ′

0

∫
RN

u(τ, y)(1 + |y|)2t−Ndydτ =

∫ T ′

0
P0(τ)

∫
RN

u(τ, y)(1 + |y|)2t−Ndy dτ

5
∫ T ′

0
u(t+ τ, 0)dτ

<

∫ T

t
u(τ, 0)dτ < +∞,

where P0 is bounded in [0, T ] because to T < N
2 .

We claim that u ∈ C
(
(0, T ), L1

loc(RN )
)
.

For given ε > 0 and any R > 0, if |t1 − t2| small enough, there holds that∫
BR(0)

∣∣u(t1, y)− u(t2, y)
∣∣dy ≤ ε

∫
BR(0)

dy

by the continuity of u. As a consequence, the strong solution of (1.1) is a weak solution.
Define now the function

w = u− Pln ∗ f,

then w = 0 by Lemma 3.3.
It is clear that w is a strong solution of (3.1), so it is a weak solution by above arguments. Now
we apply Theorem 3.1 to obtain that

w(x, t) = 0 for almost every (t, x) ∈ (0, T )× RN .

By the continuity of strong solutions, we have that

u = Pln(t, ·) ∗ f.
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Proof of (1.16). Observe that

P0(t) = π−
N
2 4−t

Γ(N−2t
2 )

Γ(t)

= π−
N
2 4−t

Γ(N−2t
2 + 1)

Γ(t)

2

N − 2t
,

where

π−
N
2 4−t

Γ(N−2t
2 + 1)

Γ(t)
→ π−

N
2 4−

N
2 Γ(

N

2
)−1 as t→ (

N

2
)−.

Given an arbitrary ε ∈ (0, 1) and x ∈ RN , there exists % ∈ (0, 1
4) such that

0 <

∫
RN\B 1

% (0)
)
f(y) dy ≤ ε and

∫
B%(0))

|x− y|2t−N dy ≤ ε,

and for fixed %, there is s0 ∈ (N4 ,
N
2 ) such that for t ∈ [s0,

N
2 )∣∣|x− y|2t−N − 1

∣∣ ≤ ε,
uniformly in B̄ 1

%
(0) \B%(x). Therefore, we have that∣∣N−2t

2

(
Pln(t, ·) ∗ f

)
(x)− ‖f‖L1(RN )

∣∣
≤ N−2t

2 P0(t)
(∫

B 1
% (0)
\B%(x)

∣∣|x− y|2t−N − 1
∣∣f(y) dy

+

∫
RN\B 1

% (0)

∣∣|x− y|2t−N − 1
∣∣f(y) dy +

∫
B%(x)

∣∣|x− y|2t−N − 1
∣∣f(y) dy

)
≤ c
(∫

B 1
% (0)
\B%(x)

f(y) dyε+

∫
RN\B 1

% (0)

f(y) dy + ‖f‖L∞(RN )

∫
B%(x)

|x− y|2t−Ndy
)

≤ c(‖f‖L1(RN ) + ‖f‖L∞(RN ) + 1)ε,

which implies (1.16) since ε is arbitrary.

The decays at infinity in (i) and (ii) follows by Proposition 2.3. �

Corollary 3.5. Let 0 < T ≤ N
2 , f ∈ C(RN )∩L1(RN , (1 + |x|)2T−Ndx) and u(t, x) = 0 be a strong

solution of (3.12). Then:
(i) the strong solution of (1.1) is a weak solution;

(ii) for t1, t2 > 0, t1 + t2 < T ,

Pln(t1, ·) ∗
(
Pln(t2, ·) ∗ f

)
= Pln(t1 + t1, ·) ∗ f. (3.17)

Proof. The main point in the proof of Theorem 1.3 is to show that the strong solution of (1.1) is
a weak solution and Pln(t, ·) ∗ f is the unique solution of (1.1). By the uniqueness, Corollary 3.4
could be improved in the sense that

Pln(t, ·) ∗ u(τ, ·) = u(t+ τ, ·)

and
Pln(t1, ·) ∗

(
Pln(t2, ·) ∗ f

)
= Pln(t1 + t1, ·) ∗ f

for t1 + t2 < T . We complete the proof. �
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3.3 Existence of weak solutions

Proof of Theorem 1.6. Let f be nonnegative function in L1(RN ); there exists a sequence of
nonnegative functions {fn}n∈N in Cc(RN ) ∩ L1(RN ) such that

0 ≤ fn ≤ fn+1 ≤ · · · ≤ f in RN

and

lim
n→+∞

∫
RN

(
f(x)− fn(x)

)
dx = 0.

The Cauchy problem {
∂tu+ L∆u = 0 in (0, T )× RN ,

u(0, ·) = fn in RN ,
(3.18)

has a unique strong solution

un(t, x) = P0(t)

∫
RN
|x− y|2t−Nfn(y)dy,

and the mapping N 3 n→ un is nondecreasing and

P0(t)

∫
RN
|x− y|2t−Nfn(y)dy ≤ P0(t)

∫
RN
|x− y|2t−Nf(y)dy := uf (t, x),

where uf is well defined since f ∈ L1(RN ). From Corollary 3.5, un is a weak solution of (3.18) and
then∫ T ′

0

∫
RN

[−un∂tϕt + unL∆ϕ] dt dx =

∫
RN

f(x)ϕ(0, x) dx−
∫
RN

un
(
T ′, x

)
ϕ
(
T ′, x

)
dx (3.19)

for every function ϕ ∈ C1
(
[0, T )× RN

)
such that ϕ(t, ·) has compact support in RN and t ∈ [0, T ).

Note that uf is the limit of {un}, i.e.

P0(t)

∫
RN
|x− y|2t−Nf(y)dy = P0(t) lim

n→+∞

∫
RN
|x− y|2t−Nfn(y)dy.

Step 1: we prove that uf ∈ L1
(
(0, T ′), L1(RN , (1 + |x|)2(T−T ′)−Ndx

)
for any T ′ ∈ (0, T ). Observe

that P0(t) ≤ ct for t ∈ (0, T ′] and then

t

∫
RN

uf (t, x)(1 + |x|)2(T−T ′)−N dx ≤ ct

∫
RN

∫
RN
|x− y|2t−Nf(y)(1 + |x|)2(T−T ′)−N dy dx

= t

∫
RN

(∫
RN
|x− y|2t−N (1 + |x|)2(T−T ′)−Ndx

)
f(y)dy

≤ c

∫
RN

(1 + |y|)2t−2T ′+2T−Nf(y)dy

≤ c

∫
RN

(1 + |x|)2T−Nf(y)dy,

where we used the fact, by Lemma 2.1,∫
RN
|x− y|2t−N (1 + |x|)2(T ′−T )dx ≤ c

t
(1 + |y|)2t+2(T ′−T ).
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Step 2: we prove that uf ∈ C
(
(0, T ), L1

loc(RN )
)
.

Fixed t0 ∈ (0, T ) and %0 >> 1, for an arbitrary ε ∈ (0, 1), there exist % ∈ (0, 1
4) and s0 ∈(

0, min{t0,T−t0}
4

)
such that for |t− t0| < s0∣∣P0(t)− P0(t0)

∣∣ < ε,

∫
B%(0)

f(y) dy ≤ ε,

and for x ∈ B̄%0(0)∣∣|x− y|2t−N − |x− y|2t0−N ∣∣ ≤ ε uniformly for y ∈ RN \B%(x).

Then ∫
B%0 (0)

|uf (t, x)− uf (t0, x)|dx

=
∣∣∣P0(t)

∫
B%0 (0)

∫
RN
|x− y|2t−Nf(y)dy dx− P0(t0)

∫
B%0 (0)

∫
RN

f(y)|x− y|2t0−Ndy dx
∣∣∣

≤
∫
B%0 (0)

∫
RN

∣∣P0(t)|x− y|2t−N − P0(t0)|x− y|2t0−N
∣∣f(y)dy dx

5
∣∣P0(t)− P0(t0)

∣∣ ∫
B%0 (0)

∫
RN

f(y)|x− y|2t−Ndy dx

+P0(t0)

∫
B%0 (0)

∫
RN\B%(x)

∣∣|x− y|2t−N − |x− y|2t0−N ∣∣f(y) dy dx

+P0(t0)

∫
B%0 (0)

∫
B%(x)

(
|x− y|2t−N + |x− y|2t0−N

)
f(y) dy dx

≤ cε+ P0(t0)
(∫

B%0 (0)
f(y) dy ε+ ε%N0

∫
RN

f(y) dy + c(%−2t
0 + %−2t0

0 )

∫
B%(x)

f(y)dy
)

≤ cε,

which implies that uf ∈ C
(
(0, T ), L1

loc(RN )
)
.

Now we can pass to the limit in (3.19) as n→ +∞ and we obtain that∫ T ′

0

∫
RN

[−uf∂tϕt + ufL∆ϕ] dtdx =

∫
RN

f(x)ϕ(0, x) dx−
∫
RN

uf (T ′, x)ϕ(T ′, x) dx.

As a conclusion, we get Pln(t, ·) ∗ f is the unique weak solution by Theorem 3.1. �

Proof of Corollary 1.7. Given T ∈ (0, N2 ), let tn ∈ (0, N−2T
4 ) with n ∈ N such that

tn → 0 as n→ +∞,

then un := Pln(tn + ·, ·) is the strong and the weak solution of the Cauchy problem{
∂tu+ L∆u = 0 in (0, T )× RN

u(0, ·) = Pln(tn, ·) in RN ,
(3.20)

therefore∫ T ′

0

∫
RN

[−un∂tϕt + unL∆ϕ] dtdx =

∫
RN
Pln(tn, x)ϕ(0, x) dx−

∫
RN

un
(
T ′, x

)
ϕ
(
T ′, x

)
dx. (3.21)

We note the the limit of {Pln(tn + ·, ·)}n is Pln in related space and Pln(tn, ·)→ δ0, then passing to
the limit of (3.21), we obtain that Pln is a weak solution of (1.21). �

27



3.4 The initial trace

Let Ω be a bounded Lipschitz domain in RN . Following [11] we define

H(Ω) =

{
u ∈ L1

loc(RN ) : u1Ωc = 0,

∫ ∫
|x−y|≤1

(u(x)− u(y))2

|x− y|N
dxdy <∞

}
, (3.22)

and Cc,D(Ω) the space of uniformly Dini continuous functions with support in Ω. Then H(Ω)
contains Cc,D(Ω) and it is an Hilbert space for the norm

‖u‖H(Ω) =

(∫ ∫
|x−y|≤1

(u(x)− u(y))2

|x− y|N
dxdy

) 1
2

, (3.23)

and the associated inner product

〈u, v〉H(Ω) =

∫ ∫
|x−y|≤1

(u(x)− u(y))(v(x)− v(y)

|x− y|N
dxdy. (3.24)

The following fundamental result is proved in [11]

Theorem 3.6. The imbedding of H(Ω) into L2(Ω) is compact and the operator L∆ admits an

increasing sequence of eigenvalues {λLk (Ω)} tending to infinity with corresponding eigenfunctions

φ
k,Ω

, k ∈ N∗. Furthermore λ
L

1 (Ω) is simple and φ1,Ω has constant sign. Finally, L∆ satisfies the

maximum principle if and only if λ
L

1 (Ω) > 0, which in turn is satisfied if one of the two conditions
(i) or (ii) of Lemma 2.6 is satisfied.

Lemma 3.7. Let ρ ∈ C(RN ) be a positive uniformly continuous function such that for any θ > 0
there exists mθ > 0 such that

sup
|x−z|≤θ

ρ(x)

ρ(z)
≤ mθ. (3.25)

If {σδ}δ∈(0,1] is a sequence of smooth mollifiers with support in Bδ and u ∈ L1
ρ(RN ), then u∗σδ → u

in L1
ρ(RN ).

Proof. Let ε > 0 and u ∈ L1
ρ(RN ). Then there exists R > 0 such that ‖u1BcR‖L1

ρ
< ε

4 . There exists

un ∈ Cc(BR) such that ‖u1BR − un‖L1
ρ
< ε

4 . Then

u− u ∗ σδ = u− un + un − un ∗ σδ + un ∗ σδ − u ∗ σδ.

There holds

‖u− u ∗ σδ‖L1
ρ
≤ ‖u− un‖L1

ρ
+ ‖un − un ∗ σδ‖L1

ρ
+ ‖un ∗ σδ − u ∗ σδ‖L1

ρ

≤ I + II + III.

Now I ≤ ε
2 .

II =

∫
BR+δ

∣∣∣∣∫
Bδ

un(x)σδ(y)dy −
∫
Bδ

un(x− y)σδ(y)dy

∣∣∣∣ ρ(x)dx

≤
∫
BR+δ

∫
Bδ

|un(x)− un(x− y)|σδ(y)ρ(x)dydx

≤ sup
|x|≤R+δ

ρ(x) sup
|y|≤δ
|un(x)− un(x− y)|.
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For n fixed, there exists δ0 such that for δ ≤ δ0, one has II ≤ ε
4 . Finally,

III =

∫
RN
|(un − u) ∗ σδ(x)|ρ(x)dx

≤
∫
BR+δ

∫
Bδ

|(un(x− y)− u(x− y)|σδ(y)dyρ(x)dx+

∫
BR+δ

∫
Bδ

|u(x− y)|σδ(y)dyρ(x)dx

≤ sup
|x|≤R+δ

ρ(x)‖un − u‖L1(BR+δ) +mδ

∫
BR+δ

∫
Bδ

|u(x− y)|σδ(y)dyρ(x− y)dx

≤

(
sup
|x|≤R+δ

ρ(x) +mδ

)
ε

4
.

Combining the three estimates we complete the proof. �

Theorem 3.8. Let u be a nonnegative strong solution of (1.9) in (0, T )× RN . Then

u ∈ L1(0, T ′;L1(RN , (1 + |x|)−N ), (3.26)

for any T ′ < T . There exists a nonnegative Radon measure µ in RN satisfying (1.20) such that

lim
t→0

∫
RN

u(t, x)ζ(x)dx =

∫
RN

ζ(x)dµ(x), (3.27)

and there holds

u(t, x) ≥
∫
RN
Pln(t, x− y)dµ(y) for all (t, x) ∈ (0, T )× RN . (3.28)

Proof. Step 1: Let u ∈ DomL∆
(RN ), then given bounded Lipschitz domain Ω, the following identity

holds ∫
Ω
φ1,ΩL∆udx = λ

L

1 (Ω)

∫
Ω
uφ1,Ωdx− cN

∫
Ω
φ1,Ω(x)

∫
Ωc

u(y)

|x− y|N
dydx. (3.29)

Indeed, we have∫
Ω
φ1,ΩL∆udx =

∫
Ω
φ1,Ω(x)

(
cN

∫
Ω

u(x)− u(y)

|x− y|N
dy − cN

∫
Ωc

u(y)

|x− y|N
dy + (hΩ(x) + ρN )u(x)

)
dx

=

∫
Ω
u(x)

(
cN

∫
Ω

φ1,Ω(x)− φ1,Ω(y)

|x− y|N
dy + (hΩ(x) + ρN )φ1,Ω(x)

)
dx

− cN
∫

Ω
φ1,Ω

∫
Ωc

u(y)

|x− y|N
dydx

= λ
L

1 (Ω)

∫
Ω
uφ1,Ωdx− cN

∫
Ω
φ1,Ω(x)

∫
Ωc

u(y)

|x− y|N
dydx.

Step 2: Construction of the initial trace. We multiply the equation by φ1,Ω and get

d

dt

∫
Ω
u(t, x)φ1,Ω(x)dx+ λ

L

1 (Ω)

∫
Ω
u(t, x)φ1,Ω(x)dx = cN

∫
Ω
φ1,Ω(x)

∫
Ωc

u(y)

|x− y|N
dydx ≥ 0. (3.30)

Hence

t 7→ e−λ
L

1 (Ω)t

∫
Ω
u(t, x)φ1,Ω(x)dx
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is an increasing nonnegative function, which therefore admits a nonnegative limit `(Ω) when t→ 0.
This implies in particular that for any compact set G ⊂ Ω and T ′ ∈ (0, T ),∫ T ′

0

∫
G
u(t, x)dxdt <∞. (3.31)

Let ζ ∈ C∞c (Ω) which vanishes outside the open set G ⊂ G ⊂ Ω, ζ ≥ 0, then

L∆ζ(x) = cN

∫
G

ζ(x)− ζ(y)

|x− y|N
dy + (hG(x) + ρN ) ζ(x),

thus ∫
G
ζ(x)L∆u(t, x)dx =

∫
G
u(t, x)L∆ζ(x)dx− cN

∫
G
ζ(x)

∫
Gc

u(t, y)

|x− y|N
dydx. (3.32)

It follows that

d

dt

(∫
G
u(t, x)ζ(x)dx− ‖L∆ζ‖L∞(G)

∫ T ′

t

∫
G
u(s, x)dxds

)
≥ cN

∫
G
ζ(x)

∫
Gc

u(t, y)

|x− y|N
dydx ≥ 0.

(3.33)
Hence t 7→

∫
G u(t, x)ζ(x)dx admits a nonnegative limit `(ζ) when t→ 0+, and

0 ≤ `(ζ) ≤ ‖L∆ζ‖L∞(G)

∫ T ′

0

∫
G
u(t, x)dxdt+

∫
G
u(T ′, x)ζ(x)dx. (3.34)

Now ‖L∆ζ‖L∞(G) ≤ ‖ζ‖C2(G), therefore the mapping ζ 7→ `(ζ) is a positive distribution, hence a
measure. By a partition of unity, we construct the nonnegative Radon measure µ such that

lim
t→0

∫
RN

u(t, x)ζ(x)dx =

∫
RN

ζdµ(x) for all ζ ∈ Cc(RN ). (3.35)

This measure is uniquely defined and is called the initial trace of u. Finally there holds from (3.32),∫
G
u(T ′, x)ζ(x)dx−

∫
RN

ζdµ(x) = −
∫ T ′

0

∫
G
u(t, x)L∆ζ(x)dx+ cN

∫ T ′

0

∫
G
ζ(x)

∫
Gc

u(t, y)

|x− y|N
dydxdt.

(3.36)

Step 3: the relation (3.26) holds. We derive from (3.33) and (3.35)∫
G
u(T ′, x)ζ(x)dx ≥ ‖L∆ζ‖L∞(G)

∫ T ′

0

∫
G
u(s, x)dxds+

∫
RN

ζdµ(x)+cN

∫ T ′

0

∫
G
ζ(x)

∫
Gc

u(t, y)

|x− y|N
dydxdt.

Since (3.31) holds we obtain that∫ T ′

0

∫
G
ζ(x)

∫
Gc

u(t, y)

|x− y|N
dydx <∞.

We take G = B2 and ζ = 1 on B1, then∫ T ′

0

∫
B1

∫
Bc2

u(t, y)

|x− y|N
dydxdt <∞.
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If x ∈ B1 and y ∈ Bc
2, |x− y| ≥ 1

3(|y|+ 1), hence∫ T ′

0

∫
Bc2

u(t, y)

(|y|+ 1)N
dydt <∞.

Combined with (3.31), this inequality implies (3.26).

Step 4: the inequality (3.28) is verified. Let {σδ}δ>0 be a sequence of smooth mollifiers with support
in Bδ, µδ = µ ∗ σδ and uδ = u ∗ σδ. Then∫

G
uδ(T

′, x)ζ(x)dx =

∫ T ′

0

∫
G
L∆ζ(x)uδ(t, x)dxdt+

∫
RN

ζ(x)uδ(0, x)dx

+ cN

∫ T ′

0

∫
G
ζ(x)

∫
Gc

uδ(t, y)

|x− y|N
dydxdt.

When δ → 0, uδ converges to u uniformly on compact subsets of (0, T ]×RN and in L1((0, T ′)×BR)
for any R > 0. As in Step 3 we have that uδ ∈ L1(0, T ′;L1(RN , (1 + |x|)−N ), and by Lemma 3.7
it converges to u in L1(0, T ′;L1(RN , (1 + |x|)−N ). Consequently, it follows from (3.36) that the
following limit exists with explicit value,

lim
δ→0

∫
RN

ζ(x)uδ(0, x)dx =

∫
RN

ζ(x)dµ(x).

Furthermore, ∫
RN

uδ(t, x)ζ(x)dx =

∫
RN

(∫
RN

u(t, y)σδ(x− y)dy

)
ζ(x)dx

=

∫
RN

u(t, y)

(∫
RN

σδ(x− y)ζ(x)dx

)
dy

=

∫
RN

u(t, y)(ζ ∗ σ̂δ)(y)dy

where σ̂δ(y) = σδ(−y). Therefore∫
RN

uδ(0, x)ζ(x)dx = lim
t→0

∫
RN

uδ(t, x)ζ(x)dx =

∫
RN

(ζ ∗ σ̂δ)(y)dµ(y) =

∫
RN

ζ(y)µδ(y)dy,

where µδ = µ ∗ σδ. This implies that uδ is a strong solution with initial data µδ. We apply Lemma

3.3 and get
uδ ≥ uµ∗σδ ,

which yields to (3.28) by letting δ → 0. �

4 Fundamental solutions of L∆

We first give the proof of the existence and asymptotic properties of the solutions of the Helmholtz
equation in RN .
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4.1 Existence in RN

Lemma 4.1. If N ≥ 3, the fundamental solution Φ1 to the equation

−∆u− u = δ0 in RN . (4.1)

satisfies

Φ1(x) = cN,1|x|2−N (1 + o(1)) as x→ 0, (4.2)

and

Φ1(x) = −
sin(|x| − (N−1)π

4 )

2(2π|x|)
N−1

2

(1 +O(|x|−1)) as |x| → ∞ (4.3)

Proof. The equation reduces to the classical Helmoltz equation

−∆u− u = δ0 in RN . (4.4)

The method for obtaining Φ1 is standard but for the sake of completeness, we recall some elements.

The function Φ1 is radial, thus, if we define w by Φ1(r) = r1−N
2 w(r), it satisfies the Bessel equation

of order N
2 − 1

w′′(r) +
w′(r)

r
+

(
1− (N − 2)2

4r2

)
w(r) = 0 on (0,∞). (4.5)

The solution of (4.5) is a linear combination of two Hankel functions respectively of the first kind

H
(1)
N
2
−1

and of the second kind H
(2)
N
2
−1

, that is

w(r) = AH
(1)
N
2
−1

(r) +BH
(2)
N
2
−1

(r). (4.6)

We find A and B if we use the relation

|SN−1| lim
r→0

rN−1Φ′1r) = −|SN−1|,

which yields with B = 0,

lim
r→0

((
1− N

2

)
e−

N
2 H

(1)
N
2
−1

(r) + r1−N
2

(
H

(1)
N
2
−1

)′
(r)

)
= −|SN−1|.

The Hankel functions have the following behaviours when r → 0 (see e.g. [34]),

H
(1)
N
2
−1

(r) = −i
Γ(N2 − 1)

π

(
2

r

)N
2
−1

(1 + o(1)),(
H

(1)
N
2
−1

)′
(r) = i

(N − 2)Γ(N2 − 1)

4π

(
2

r

)N
2

(1 + (1)).

(4.7)

Putting altogether these estimates we find

A =
i

4

(
1

2π

)N
2
−1

,

and

Φ1(r) =
i

4

(
1

2πr

)N
2
−1

H
(1)
N
2
−1

(r), (4.8)
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which implies

Φ1(r) =
Γ(N2 − 1)

4π
N
2

r2−N (1 + o(1)) as r → 0. (4.9)

The Hankel function is oscillatory at infinity with asymptotic frequency 2π. Expression (4.3) can
be found in [24, see (5.16.1)-(5.16.3]. Note in particular the following rough a priori estimate,

|Φ1(x)| ≤ C0 max{|x|2−N , |x|
1−N

2 } (4.10)

for x ∈ RN \ {0}. This ends the proof. �

The next estimate will be used several times in the sequel.

Lemma 4.2. If N ≥ 3 and α ∈ (0, 1), then there holds for x ∈ B 1
e
\ {0} and some c > 0,

|Eα ∗ Φ1(x)| ≤


c|x|2α+2−N if N ≥ 4 and 0 < α < 1, or N = 3 and 0 < α < 1

2

c ln 1
|x| if N = 3. and α = 1

2

c if N = 3 and 1
2 < α < 1.

(4.11)

There also holds if x ∈ Bc
1,

|Eα ∗ Φ1|(x) ≤

 c|x|2α−
N+1

2 if 1
2 < α < 1

Cε|x|2α−
N+1

2
+ε if 0 < α ≤ 1

2 ,
(4.12)

Proof. We have

|Eα ∗ Φ1|(x) = cN

∣∣∣∣∫
RN
|x− y|2α−NΦ1(y)dy

∣∣∣∣
≤ c1

∫
B1

|x− y|2α−N |y|2−Ndy + c1

∣∣∣∣∣
∫
Bc1

|x− y|2α−NΦ1(y)dy

∣∣∣∣∣
≤ Iα(x) + IIα(x).

(4.13)

Step I. We have near x = 0,

Iα(x) = c1|x|2α+2−N
∫
B 1
|x|

|z|2−N |eN − z|2α−Ndz,

where eN = (0, 0, ...1). If N ≥ 4 and for any α ∈ (0, 1), or if N = 3 and 0 < α < 1
2 , we have,

Iα(x) = c1|x|2α+2−N
(∫

RN
|z|2−N |eN − z|2α−Ndz

)
(1 + o(1)) when x→ 0. (4.14)

If N = 3 and α = 1
2 , we have

Iα(x) = c1

(
ln 1
|x|

)
(1 + o(1)) when x→ 0. (4.15)

Finally, if N = 3 and 1
2 ≤ α < 1, we have

Iα(x) = c′1(1 + o(1)) when x→ 0. (4.16)
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Concerning the second term IIα, we use the oscillations of Φ1(x) when |x| → ∞. There holds

|x− y|2α−N = |y|2α−N +O(|y|2α−N−1) when |y| → ∞,

and

Φ1(y) = c∗N |y|
1−N

2 sin

(
|y| − (N − 1)π

4

)
+O

(
|y|−

1+N
2

)
when |y| → ∞.

Furthermore these two estimates hold uniformly with respect to x ∈ B1. Therefore, for x ∈ B1

small enough and A > 1 large enough, we have∣∣∣∣∣
∫
Bc1

|x− y|2α−NΦ1(y)dy

∣∣∣∣∣ ≤
∣∣∣∣∣
∫
BA\B1

|x− y|2α−NΦ1(y)dy

∣∣∣∣∣+

∣∣∣∣∣
∫
BA\B1

|x− y|2α−NΦ1(y)dy

∣∣∣∣∣
= c′ + c

∫ ∞
A

r2α−N+1
2 sin

(
r − (N − 1)π

4

)
dr +O

(∫ ∞
A

r2α−N+3
2 dr

)
.

By integration by parts,∫ ∞
A

r2α−N+1
2 sin

(
r − (N − 1)π

4

)
dr = −

[
r2α−N+1

2 cos

(
r − (N − 1)π

4

)]∞
r=A

+

(
2α− N + 1

2

)∫ ∞
A

r2α−N+3
2 cos

(
r − (N − 1)π

4

)
dr.

This implies

IIα(x) =

∣∣∣∣∣
∫
Bc1

|x− y|2α−NΦ1(y)dy

∣∣∣∣∣ ≤ c′ + c′′A2α−N+1
2 , (4.17)

where c′ = c′(A) > 0 and this term is bounded whenever A is fixed. Combining (4.13) and (4.17)
we obtain estimate (4.11) when 0 < |x| ≤ 1 for some c > 0.

Step II. When |x| is large, we write

|Eα ∗ Φ1|(x) ≤ c1

∫
B1

|x− y|2α−N |y|
1−N

2 dy + c1

∣∣∣∣∣
∫
Bc1

|x− y|2α−NΦ1(y)dy

∣∣∣∣∣
≤ Ĩα(x) + ĨIα(x).

(4.18)

By a change of variable∫
B1

|x− y|2α−N |y|
1−N

2 dy = |x|2α+ 1−N
2

∫
B 1
|x|

|eN − z|2α−N |z|
1−N

2 dz.

If |x| ≥ 2, then |z| ≤ 1
2 thus |eN − z| ≥ 1

2 , hence∫
B 1
|x|

|eN − z|2α−N |z|
1−N

2 dz ≤ 2N−2αωN

∫ 1
|x|

0
r
N−1

2 dr =
2N+1−2αωN
N + 1

|x|−
N+1

2 .

This yields

Ĩα(x) ≤ 2N+1−2αωN
N + 1

|x|2α−N . (4.19)
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Concerning ĨIα(x), we have for |y| ≥ 1,

Φ1(y) = c|y|
1−N

2 sin

(
|y| − (N − 1)π

4

)
+ β(y)|y|−

1+N
2 ,

where β is a bounded function. Then

ĨIα(x) ≤ c

∣∣∣∣∣
∫
Bc1

|x− y|2α−N |y|
1−N

2 sin

(
|y| − (N − 1)π

4

)∣∣∣∣∣+ ‖β‖L∞
∫
Bc1

|x− y|2α−N |y|−
1+N

2 dy.

(4.20)
We first notice that∫

Bc1

|x− y|2α−N |y|−
1+N

2 dy = |x|2α−
N+1

2

∫
Bc1
|x|

|eN − z|2α−N |z|−
1+N

2 dz

= |x|2α−
N+1

2

(∫
RN
|eN − z|2α−N |z|−

1+N
2 dz

)
(1 + o(1)).

(4.21)

For the second term, its treatment depends on the value of α with respect to 1
2 .

- If 1
2 < α < 1 we use spherical coordinates y = (r, σ) and x = (ρ, θ), then∫

Bc1

|x− y|2α−N |y|
1−N

2 sin

(
|y| − (N − 1)π

4

)
dy

=

∫ ∞
1

∫
SN−1

r
N−1

2 (r2 + ρ2 − 2rρ〈σ, θ〉)α−
N
2 sin

(
r − (N − 1)π

4

)
dSdr

= −
∫
SN−1

[
r
N−1

2 (r2 + ρ2 − 2rρ〈σ, θ〉)α−
N
2 cos

(
r − (N − 1)π

4

)]∞
r=1

dS

+

∫ ∞
1

∫
SN−1

d

dr

(
r
N−1

2 (r2 + ρ2 − 2rρ〈σ, θ〉)α−
N
2

)
cos

(
r − (N − 1)π

4

)
dSdr

:= −J1 + J2.

We have that
|J1| ≤ c(1 + |x|2)α−

N
2 .

Furthermore, since

d

dr

(
r
N−1

2 (r2 + ρ2 − 2rρ〈σ, θ〉)α−
N
2

)
=
N − 1

2
r
N−3

2
(
r2 + ρ2 − 2rρ〈σ, θ〉

)α−N
2

+ (2α−N) r
N−1

2 (r − ρ〈σ, θ〉)(r2 + ρ2 − 2rρ〈σ, θ〉)α−
N+2

2 ,

(4.22)

uniformly with respect to ρ ≤ 2r and (σ, θ) ∈ SN−1 × SN−1, we obtain that J2 satisfies ,

|J2| ≤ c|x|2α−
N+1

2 .

Combining these estimates on J1 and J2 with (4.19), we obtain

|Eα ∗ Φ1|(x) ≤ c′|x|2α−
N+1

2 if |x| ≥ 1. (4.23)
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- If 0 < α ≤ 1
2 , we cannot use directly the integration by parts method since the function (r, σ) 7→

(r − ρ〈σ, θ〉)(r2 + ρ2 − 2rρ〈σ, θ〉)α−
N+2

2 is not integrable near (ρ, θ). We have for |x| > 2∫
Bc1

|x− y|2α−N |y|
1−N

2 sin

(
|y| − (N − 1)π

4

)
dy =

∫
1<|y|<2|x|

|x− y|2α−N |y|
1−N

2 sin

(
|y| − (N − 1)π

4

)
dy

+

∫
|y|>2|x|
|x− y|2α−N |y|

1−N
2 sin

(
|y| − (N − 1)π

4

)
dy

= K1 +K2.

We estimate the terms Kj by two different methods. Using again the spherical coordinates intro-
duced above,

|K2| ≤

∣∣∣∣∣
∫ ∞

2|x|

∫
SN−1

r
N−1

2 (r2 + ρ2 − 2rρ〈σ, θ〉)α−
N
2 sin

(
r − (N − 1)π

4

)
dSdr

∣∣∣∣∣
≤

∣∣∣∣∣
∫
SN−1

[
r
N−1

2 (r2 + ρ2 − 2rρ〈σ, θ〉)α−
N
2 cos

(
r − (N − 1)π

4

)]∞
r=2|x|

dS

∣∣∣∣∣
+

∣∣∣∣∣
∫ ∞

2|x|

∫
SN−1

d

dr

(
r
N−1

2 (r2 + ρ2 − 2rρ〈σ, θ〉)α−
N
2

)
cos

(
r − (N − 1)π

4

)
dSdr

∣∣∣∣∣
= K2,1 +K2,2.

Clearly K2,1 ≤ c|x|2α−
N+1

2 . Using (4.22) we have∣∣∣∣ ddr (rN−1
2 (r2 + ρ2 − 2rρ〈σ, θ〉)α−

N
2

)∣∣∣∣ ≤ cr2α−N+3
2 ,

which yields K2,2 ≤ c|x|2α−
N+1

2 by integration.
For estimating K1 we make the change of variable already but with a totally different point of view,

K1 = |x|2α−
N−1

2

∫
1
|x|<|z|<2

|eN − z|2α−N |z|
1−N

2 sin

(
|x||z| − (N − 1)π

4

)
dz

= |x|2α−
N−1

2

∫
B2

|eN − z|2α−N |z|
1−N

2 sin

(
|x||z| − (N − 1)π

4

)
dz +O(|x|2α−N ).

(4.24)

We estimate the main term by real interpolation theory. Let Tρ be the mapping from L1(B2) to R
defined by

f 7→ Tρ(f) :=

∫
B2

f(z) sin

(
ρ|z| − (N − 1)π

4

)
dz, (4.25)

clearly
|Tρ(f)| ≤ ‖f‖L1(B2). (4.26)

Also, if f ∈W 1,1(B2), then r 7→ f(r, .) is continuous from W 1,1(B2) into L1(SN−1), therefore

∫
B2

f(z) sin

(
ρ|z| − (N − 1)π

4

)
dz = −

cos
(

2ρ− (N−1)π
4

)
ρ

∫
|z|=2

f(2, .))dS

+
1

ρ

∫
B2

〈∇f, z
2
〉 cos

(
ρ|z| − (N − 1)π

4

)
dz.
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This implies

|Tρ(f)| ≤ c

ρ
‖f‖W 1,1(B2), (4.27)

where c > 0 is independent of ρ. By Lions-Petree’s real interpolation method theorem [25] and
because

W s,1(B2) =
[
W 1,1(B2), L1(B2)

]
s,1
,

for 0 < s < 1, with the notations therein, we derive

|Tρ(f)| ≤ c

ρs
‖f‖W s,1(B2). (4.28)

The function z 7→ F (z) := |eN − z|2α−N |z|
1−N

2 belongs to W 1,1(B2) for any α > 1
2 , to W 2α−ε,1(B2)

for any ε > 0 if α ≤ 1
2 . This implies that for any ε > 0 there exists Cε > 0 such that

|K1| ≤ Cε|x|2α+ε−N+1
2 for all |x| ≥ 2, (4.29)

and finally we prove

|Eα ∗ Φ1|(x) ≤ c′|x|2α+ε−N+1
2 if |x| ≥ 1. (4.30)

Combining (4.19), (4.23) and (4.30), we obtain the estimate (4.12), valid for any ε > 0 if α ≤ 1
2

and |x| ≥ 1 , which is the claim. �

Proof of Theorem 1.8. Let

u∗(x) =

∫ 1

0
Pln(t, x) dt =

∫ 1

0
P0(t)|x|2t−N dt for x 6= 0. (4.31)

Clearly u∗ is radially symmetric and decreasing with respect to |x|. Since Pln satisfies (1.9), we
integrate in t over (0, 1) and get

L∆u∗(x) =

∫ 1

0
L∆Pln(t, x) dt = −

∫ 1

0
∂tPln(t, x) dt

= Pln(0, x)− Pln(1, x) = −
Γ(N2 − 1)

Γ(1)
√

2πN/2
|x|2−N .

(4.32)

It follows from [33, Theorem 5] that −L∆u∗(.) is the fundamental solution of −∆ in RN expressed
by E1(x) = cN,1|x|2−N .

Step 1: Properties of the function u∗.
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We have that for 0 < |x| < 1,

u∗(x) =

∫ 1

0
P0(t)e(2t−N) ln |x| dt

=

[
1

2 ln |x|
P0(t)|x|2t−N

]t=1

t=0

− 1

2 ln |x|

∫ 1

0
P ′0(t)e(2t−N) ln |x| dt

=

[
1

2 ln |x|
P0(t)|x|2t−N

]t=1

t=0

−
[

1

(2 ln |x|)2
P ′0(t)|x|2t−N

]t=1

t=0

+
1

(2 ln |x|)2

∫ 1

0
P ′′0 (t)e(2t−N) ln |x| dt

=
P0(1)

2 ln |x|
|x|2−N +

P ′0(0)

(2 ln |x|)2
|x|−N − P ′0(1)

(2 ln |x|)2
|x|2−N

+
1

(2 ln |x|)2

∫ 1

0
P ′′0 (t)e(2t−N) ln |x| dt.

From Lemma 2.4, P ′0(0) = π−N/2Γ(N2 ) and P ′′0 is bounded on [0, 1], hence∣∣∣ 1

(2 ln |x|)2

∫ 1

0
P ′′0 (t)e(2t−N) ln |x| dt

∣∣∣ ≤ c

(ln |x|)2

∫ 1

0
e(2t−N) ln |x| dt ≤ c |x|

−N

(ln |x|)3
.

Therefore, we obtain that for 0 < |x| < 1
e ,∣∣∣u∗(x)−

Γ(N2 )

4πN/2
|x|−N

(ln |x|)2

∣∣∣ ≤ c |x|−N

(− ln |x|)3
. (4.33)

It is worth noting that |x| = 1, we have

u∗(x) =

∫ 1

0
P0(t) dt.

For the asymptotic behavior of u∗ when |x| → ∞, we have that for |x| > 1,

0 < u∗(x) ≤ c
∫ 1

0
te(2t−N) ln |x| dt

= c

([
1

2 ln |x|
t|x|2t−N

]t=1

t=0

−
[

1

(2 ln |x|)2
|x|2t−N

]t=1

t=0

)
≤ c

ln |x|
|x|2−N +

c

(ln |x|)2
|x|−N .

(4.34)

Since Pln is a weak solution of (1.21), then taking T ′ = 1 and ϕ(t, ·) = φ ∈ C1
c (RN ) in (1.18) we

infer that

0 =

∫ 1
4

0

∫
RN

(
− ∂tϕ+ L∆ϕ

)
Pln dx dt− ϕ(0, 0) +

∫
RN
Pln (1, x)ϕ(1, x)dx

=

∫
RN

u∗L∆φ dx− φ(0) +

∫
RN
Pln (1, x)φ dx.
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As a consequence, u∗ is a weak solution of

L∆u∗ = δ0 − Pln(1, ·) in D′(RN ), (4.35)

and a classical solution of
L∆u∗ = −Pln(1, ·) in RN \ {0}. (4.36)

Step 2: There exists v1 such that

L∆v1 = Pln(1, ·) in D′(RN ). (4.37)

Given f ∈ L1(RN , (1 + |x|)2T−Ndx), denote

uf (x) =

∫ 1

0
Pln(t, ·) ∗ f(t, x) dt.

Then

L∆uf (x) =

∫ 1

0

∫
RN
L∆Pln(t, x− y)f(y) dy dt

= −
∫ 1

0
∂t

∫
RN
Pln(t, x− y)f(y) dy dt = f(x)− Pln(1, ·) ∗ f(x).

Now we aim to choose f such that

f(x)− Pln(1, ·) ∗ f(x) = Pln(1, x).

Since Pln(1, ·) is the fundamental solution of −∆, f satisfies

−∆f − f = δ0 in D′(RN ). (4.38)

Therefore Φ1 is a solution of (4.38) and

v1(x) =

∫ 1

0
(Pln(t, ·) ∗ Φ1)(x, t)dt =

∫ 1

0
P0(t)(Et ∗ Φ1)(x)dt, (4.39)

satisfies (4.37).

Step 3: Asymptotic estimates of v1

3-(i): Estimate near x = 0. Since for 0 ≤ t ≤ 1 we have that 1
c t ≤ P0(t) ≤ ct, we deduce from

Lemma 4.2 that if |x| < 1
e we have when N ≥ 4,

|v1(x)| ≤ c|x|2−N
∫ 1

0
t|x|2tdt = c|x|2−N

(
|x|2

2 ln |x|
− |x|2

4 ln2 |x|
+

1

4 ln2 |x|

)
≤ c|x|2−N

4 ln2 |x|
, (4.40)

and when N = 3

|v1(x)| ≤ c|x|−1

∫ 1
2

0
t|x|2tdt+

c

2
≤ c

4|x| ln2 |x|
+
c

2
. (4.41)

3-(i): Estimate as |x| → ∞. If |x| > 2 we have for any ε > 0

|v1(x)| ≤ Cε|x|−
N+1

2
+ε

∫ 1
2

0
t|x|2tdt+ |x|−

N+1
2

∫ 1

1
2

t|x|2tdt ≤ c′

|x|
N−3

2 ln |x|
. (4.42)
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Step 4: Asymptotics of the fundamental solution of L∆

From (1.25)-(4.37) the function Φln = u∗ + v1 satisfies

L∆Φln = δ0 in D′(RN ).

Using (4.33), it follows from (4.40)-(4.41) that for 0 < |x| ≤ e−1 there holds for some c1 > 0∣∣∣∣∣Φln(x)−
Γ(N2 )

4πN/2
|x|−N

(ln |x|)2

∣∣∣∣∣ ≤ c|x|−N

ln3 |x|
. (4.43)

Using (4.42) we obtain, for |x| large enough and some positive constant c2 > 0,

|Φln(x)| ≤ c2|x|
3−N

2

ln |x|
. (4.44)

This ends the proof. �

Remark 4.3. It is important to notice from (4.43) that Φln ∈ L1
loc(RN ).

4.2 Existence in bounded domain

Let Ω be a bounded Lipchitz domain and H(Ω) denote the space of all measurable functions
u : RN → R with u ≡ 0 in RN \ Ω and∫∫

x,y∈RN
|x− y|≤1

(u(x)− u(y))2

|x− y|N
dxdy < +∞.

Note that H(Ω) is a Hilbert space under the inner product

E(u,w) =
cN
2

∫ ∫
x,y∈RN
|x− y|≤1

(u(x)− u(y))(w(x)− w(y))

|x− y|N
dxdy,

and with the associated norm ‖u‖H(Ω) =
√
E(u, u). By [12, Theorem 2.1], the embedding: H(Ω) ↪→

L2(Ω) is compact. Let

EL : H(Ω)×H(Ω)→ R, EL(u,w) = E(u,w)−
∫
RN

(
j ∗ u− ρNu

)
w dx.

where
j : RN → R, j(z) = cN 1RN\B1

(z)|z|−N .

For additional properties of EL see Sections 3, 4 in [11]. If λ
L

1 (Ω) > 0, there is some c > 0 such that

EL(u, u) ≥ cE(u, u).

We recall that η0 ∈ C∞c (RN ) is the cut-off function defined in the proof of Theorem 3.1 and
η(x) = η0(|x|)

Lemma 4.4. The function L∆(ηΦln) is uniformly bounded in RN \ {0}.
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Proof. Set v = ηΦln in RN \ {0}, then

L∆v(x) = cN

∫
B1(x)

v(x)− v(y)

|x− y|N
dy − cN

∫
Bc1(x)

v(y)

|x− y|N
dy + ρNv(x)

= cNη(x)

∫
B1(x)

Φln(x)− Φln(y)

|x− y|N
dy + cN

∫
B1(x)

(η(x)− η(y))
Φln(y)

|x− y|N
dy

− cN
∫
Bc1(x)

η(y)Φln(y)

|x− y|N
dy + ρNv(x)

= cN

∫
RN

(η(x)− η(y))Φln(y)

|x− y|N
dy.

(4.45)

Then

L∆v(x) = cN

∫
B 1

2

(η(x)− 1)Φln(y)

|x− y|N
dy + cN

∫
Bc1

η(x)Φln(y)

|x− y|N
dy + cN

∫
B1\B 1

2

(η(x)− η(y))Φln(y)

|x− y|N
dy

= A1(x) +A2(x) +A3(x).

(i) If y ∈ B1 \B 1
2
, the function Φln is bounded. If x ∈ B2, then B1 \B 1

2
⊂ B3(x), hence

|A3(x)| ≤ cN‖Φln‖L∞(B1\B 1
2

)‖∇η‖L∞
∫
B3(x)

|x− y|1−Ndy ≤ 3cNωN ‖Φln‖L∞(B1\B 1
2

)‖∇η‖L∞ .

We recall that ωN is the (N-1)-volume of the unit sphere SN−1. If x ∈ Bc
2, then∣∣∣∣(η(x)− η(y))Φln(y)

|x− y|N

∣∣∣∣ ≤ 2‖Φln‖L∞(B1\B 1
2

).

Combining these two estimates we obtain

|A3(x)| ≤ c1 for all x ∈ RN \ {0}

for some c1 > 0.

(ii) If y ∈ Bc
1, we write

A2(x) = cN

∫
Bc1

η(x)Φln(y)

|x− y|N
dy = cN

∫
B2\B1

η(x)Φln(y)

|x− y|N
dy + cN

∫
Bc2

η(x)Φln(y)

|x− y|N
dy

= A21(x) +A22(x).

Then A21(x) = 0 if |x| > 1 and

A21(x) ≤ cN‖∇η‖L∞‖Φln‖L∞(B2\B1)

∫
B2\B1

dy

|x− y|N−1
for all x ∈ B1.

This implies that B1(x) is uniformly bounded. Concerning B2(x) which vanishes also in Bc
1, we

have

A22(x) ≤ cN
∫
Bc2

|Φln(y)|
(|y| − 1)N

dy for all x ∈ B1.

By (4.44) the integral is convergent and we obtain Combining these two estimates we obtain that

|A2(x)| ≤ c2 for all x ∈ RN \ {0},
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for some c2 > 0.

(iii) If x ∈ B 1
2
, A1(x) = 0. If |x| ≥ 1,

|A1(x)| ≤ cN

(|x| − 1
2)N

∫
B 1

2

|Φln(y)|dy,

a quantity which is uniformly bounded. If 1
2 < |x| < 1 we write since η(y) = 1 therein

|A1(x)| ≤ cN
∫
B 1

2
\B 1

3

|η(y)− η(x)|φln(y)

|x− y|N
dy + cN

∫
B 1

3

|η(y)− η(x)|φln(y)|
|x− y|N

dy

≤ cN‖Φln‖L∞(B 1
2
\B 1

3
)‖∇η‖L∞

∫
B 1

2
\B 1

3

1

|x− y|N−1
dy + cN6N

∫
B 1

3

|φln(y)|dy

≤ cN‖Φln‖L∞(B 1
2
\B 1

3
)‖∇η‖L∞

∫
B 3

2

dz

|z|N−1
+ cN6N‖φln‖L1(B 1

3
).

Hence it follows that for some c3 > 0

|A1(x)| ≤ c2 for all x ∈ RN \ {0}.

Combining the three estimates we obtain the claim. �

Lemma 4.5. Set h = L∆(ηΦln)1Ω. If 0 /∈ σ(L∆,Ω) there exists a unique function w ∈ H ∩ C(Ω)
such that {

L∆w = h in Ω,

w = 0 in Ωc.
(4.46)

Proof. The function h is bounded hence it belongs to L2(Ω). By [12, Theorem 2.1] the embedding of
H(Ω) into L2(Ω) is compact and by [11, Theorem 3.1] C∞c (Ω) is dense in H(Ω). Then the operator
L∆ is a Fredholm operator and since 0 is not an eigenvalue, there exists a unique w ∈ H(Ω) such
that (4.46) holds in the weak sense, and by density such that

EL(w, ζ) =

∫
Ω
hζdx for all ζ ∈ H(Ω).

By [11, Theorem 11] the function w is continuous and it satisfies

|w(x)| = O

(
1

| ln ρ(x)|τ

)
for all τ ∈

(
0,

1

2

)
, (4.47)

near ∂Ω where we recall that ρ(x) =dist(x, ∂Ω). This ends the proof. �

Proof of Theorem 1.9. Set ΦΩ
ln = ηΦln − w. Then ΦΩ

ln vanishes in Ωc and satisfies

L∆ΦΩ
ln = 0 in Ω \ {0}.

Estimates (5.1) and (1.28) follow from (4.43) and (4.47). Now let ζ ∈ C∞c (Ω), then∫
RN

ΦΩ
lnL∆ζdx =

∫
RN

ηΦlnL∆ζdx− EL(w, ζ) = A4 −A5.
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We have that

A4 = cN

∫
RN

η(x)Φln(x)

∫
B1(x)

ζ(x)− ζ(y)

|x− y|N
dydx− cN

∫
RN

η(x)Φln(x)

∫
Bc1(x)

ζ(y)

|x− y|N
dydx

+ ρN

∫
RN

η(x)Φln(x)ζ(x)dx

= cN

∫
RN

Φln(x)

∫
B1(x)

(ηζ)(x)− (ηζ)(y)

|x− y|N
dydx− cN

∫
RN

Φln(x)

∫
Bc1(x)

(ηζ)(y)

|x− y|N
dydx

− cN
∫
RN

Φln(x)

∫
RN

η(x)− η(y)

|x− y|N
ζ(y)dydx+ ρN

∫
RN

η(x)Φln(x)ζ(x)dx

= ζ(0)− cN
∫
RN

Φln(x)

∫
RN

η(x)− η(y)

|x− y|N
ζ(y)dydx,

,

and, by (4.45),

A5 =

∫
RN

ζL∆(ηΦln)dx = cN

∫
RN

ζ(x)

∫
RN

η(x)− η(y)

|x− y|N
Φln(y)dydx

= −cN
∫
RN

Φln(x)

∫
RN

η(x)− η(y)

|x− y|N
ζ(y)dydx.

This implies that L∆ΦΩ
ln = δ0 in D′(Ω). �

5 Regularity estimates

This section is devoted to the proof of some regularity estimates. We decompose the fundamental
solution Φln of L∆ in RN under the form

Φln = Φln1B1 + Φln1Bc1 = Φln,1 + Φln,2. (5.1)

Lemma 5.1. Let N ≥ 3. If f ∈ L∞(RN ) then Φln,1 ∗ f is uniformly continuous and there exists
c > 0 such that

‖Φln,1 ∗ f‖∞ ≤ c‖f‖∞. (5.2)

Proof. By estimate (1.23) Φln,1 ∈ L1(RN ). Estimate (5.2) follows and classicaly Φln,1∗f is uniformly
continuous. �

Similarly we derive from (1.24),

Lemma 5.2. Let N ≥ 3 , then Φln,2 ∈ L
2N
N−2 (RN ). If f ∈ Lq′(RN ) for all q′ ≤ 2N

N+2 , then Φln,2 ∗ f
is uniformly continuous and

‖Φln,2 ∗ f‖∞ ≤ c‖f‖ 2N
N+2

. (5.3)

In the next result we prove some regularity estimate of extended Marcinkiewicz type for Φln.

Proposition 5.3. Assume N ≥ 3, then for some c = c(N) > 0 there holds

Eln,1(λ) := {x ∈ B1 : |Φln,1(x)| > λ} ⊂
{
x ∈ B1 : |x| ≤ c

(
λ ln2 λ

)− 1
N

}
for all λ > 1, (5.4)

hence
meas {Eln,1(λ)} ≤ c

λ ln2 λ
. (5.5)
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Furthermore, if N > 3,

Eln,2(λ) := {x ∈ Bc
1 : |Φln,2(x)| > λ} ⊂

{
x ∈ Bc

1 : |x| ≤ c

λ
2

N−3 ln
(

1
λ

)
}

for all 0 < λ < 1 (5.6)

which implies

meas {Eln,2(λ)} ≤ c

λ
2N
N−3 | lnλ|N

, (5.7)

and if N = 3,

Eln,2(λ) := {x ∈ Bc
1 : |Φln,2(x)| > λ} ⊂

{
x ∈ Bc

1 : |x| ≤ e
c
λ
−1
}

for all 0 < λ < 1, (5.8)

which yields

meas {Eln,2(λ)} ≤ cNe
Nc
λ . (5.9)

Proof. If x ∈ Eln,1(λ), then from (1.23),

(1 + ln2 |x|)|x|N ≤ c

λ
,

which implies in particular |x|N ≤ c
λ , thus 1 + ln2 |x| ≥ 1 + 1

N2 ln2
(
c
λ

)
, which yields

|x|N ≤ cN2

λ
(
N2 + ln2

(
c
λ

)) ,
from what estimates inequalities (5.4) and (5.5) follow.

Next, if x ∈ Eln,2(λ), then by (1.24),

λ ≤ c1
|x|

3−N
2

1 + ln |x|
,

which implies (1 + ln |x|)|x|
N−3

2 ≤ c1
λ . If N = 3 we deduce that (5.8) and (5.9) hold. If N ≥ 4, we

have in particular 1 ≤ |x| ≤
(
c1
λ

) 2
N−3 . From the monotonicity properties of the function

r 7→ (1 + ln r)r
N−3

2 := µ(r) for r > 1,

we can find some θ > 0 such that

µ

θ( c1λ ) 2
N−3

ln
(
c1
λ

)
 ≥ c1

λ
.

This implies

Eln,2(λ) ⊂

x : 1 ≤ |x| ≤ θ
(
c1
λ

) 2
N−3

ln
(
c1
λ

)
 .

Hence we obtain (5.6) and (5.7). �

In the next result we derive estimate of Φln in Orlicz classes LM for some suitable functions M .
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Theorem 5.4. Let M : R+ → R+ be a C1 increasing function such that M(0) = 0.

1- If M satisfies ∫ ∞
2

M(t)

t2 ln2 t
dt <∞, (5.10)

then M(|φln,1|) ∈ L1(B1).

2- If N > 3 and M satisfies ∫ 1
2

0

M(t)

t
3(N−1)
N−3 | ln t|N

dt <∞, (5.11)

then M(|φln,2|) ∈ L1(Bc
1).

3- If N = 3 and M satisfies ∫ 1
2

0

M(t)e
Nc
λ

λ2
<∞, (5.12)

then M(|φln,2|) ∈ L1(Bc
1).

Proof. 1- Set eln,1(λ) = meas (Eln,1(λ)) and let α ∈ (0, 1) such that φln,1(x) ≥ 2 if 0 < |x| ≤ α.
Then ∫

B1

M(|φln,1(x)|)dx =

∫
Bα

M(|φln,1(x)|)dx+

∫
B1\Bα

M(|φln,1(x)|)dx

≤ −
∫ ∞

2
M(t)deln,1(t) +

∫
B1\Bα

M(|φln,1(x)|)dx.

By standard results on Stieljes integral

−
∫ tn

2
M(t)deln,1(t) = −

[
M(t)eln,1(t)

]tn
2

+

∫ tn

2
M ′(t)eln,1(t)dt

≤ −
[
M(t)eln,1(t)

]tn
2

+

∫ tn

2

M ′(t)

t ln2 t
dt

≤ −
[
M(t)eln,1(t)

]tn
2

+
[
M(t)

t ln2 t

]tn
2

+

∫ tn

2

M(t)

t2 ln2 t

(
1 +

2

ln t

)
dt,

where {tn} is a sequence tending to infinity and such that

lim
n→∞

∫ tn

2

M(tn)

tn ln2 tn
dt = 0.

Hence

lim
n→∞

∫ tn

2
M(t)deln,1(t) ≤

(
1 +

2

ln 2

)∫ ∞
2

M(t)

t2 ln2 t
dt <∞.

This implies 1. The proof of 2 and 3 is similar. �

Lemma 5.5. Let N ≥ 3, then there holds

|∇Φ1(x)| ≤ cmax
{
|x|1−N , |x|−

N−1
2

}
for all x ∈ RN \ {0}. (5.13)

More precisely, since Φ1 is radial

Φ′1(r) =


cr1−N (1 + o(1)) as r → 0,

c
sin

(
r− (N+1)π

4

)
r
N−1

2

(1 +O
(

1
r )
)

as r →∞.
(5.14)
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Proof. If Φ1(x) = Φ1(|x|) is the solution of the Helmholtz equation in RN , then Z = Φ′1 satisfies

Z ′′ +
N − 1

r
Z ′ + (1− N − 1

r2
)Z = 0 on (0,∞).

Set z(r) = r
N
2
−1Z(r), we have that

z′′ +
1

r
z′ +

(
1− N2

4r2

)
z = 0 on (0,∞),

which is a classical Bessel equation. Using the asymptotic expressions of Hankel functions we obtain

Z(r) = cr1−N (1 + o(1)) as r → 0,

and

Z(r) = c
sin
(
r − (N+1)π

4

)
r
N−1

2

(
1 +O

(
1

r

))
as r →∞.

Thus

Φ′1(r) =


cr1−N (1 + o(1)) as r → 0,

c
sin
(
r − (N+1)π

4

)
r
N−1

2

(
1 +O

(
1

r

))
as r →∞,

(5.15)

which ends the proof. �

Theorem 5.6. Let N ≥ 4, then there exists c > 0 such that

∣∣∇Φln(x)
∣∣ ≤ cmax

 |x|−N−1

1 + ln2 |x|
,

1√
1 + ln2 |x|

 for all x ∈ RN \ {0}. (5.16)

Proof. We recall that

Φln(x) = u∗(x) + v1(x) =

∫ 1

0
P0(t)|x|2t−Ndt+

∫ 1

0
P0(t)(|.|2t−N ∗ Φ1(.))(x)dt.

Step 1: Estimate of ∇u∗. There holds

|∇u∗(x)| =
∫ 1

0
P0(t)(N − 2t)|x|2t−N−1dt

≤ c|x|−1−N
∫ 1

0
t|x|2tdt

=
c|x|1−N

2 ln |x|
− c|x|1−N

4 ln2 |x|
+
cx|−1−N

4 ln2 |x|
.

if |x| /∈ {0, 1}. One has

|∇u∗(x)| ≤ cx|−1−N

4 ln2 |x|
(1 + o(1)) as x→ 0, (5.17)
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and

|∇u∗(x)| ≤ cx|1−N

2 ln |x|
(1 + o(1)) as |x| → ∞. (5.18)

By standard asymptotic expansion near |x| = 1,

lim
|x|→1

|∇u∗(x)| ≤ c lim
|x|→1

(
c|x|1−N

2 ln |x|
− c|x|1−N

4 ln2 |x|
+
cx|−1−N

4 ln2 |x|

)
= c. (5.19)

when |x| = 1. Therefore x 7→ |∇u∗(x)| is uniformly bounded on Bc
ε for any ε > 0.

Step 2: Estimate of ∇v1. We write

v1(x) =

∫ 1

0
P0(t)(|.|2t−N ∗ Φ1(.))(x)dt

=

∫ 1

0
P0(t)

∫
B1

|x− y|2t−NΦ1(y))dydt+

∫ 1

0
P0(t)

∫
Bc1

|x− y|2t−NΦ1(y))dydt,

thus

∇v1(x) =

∫ 1

0
P0(t)(|.|2t−N ∗ ∇Φ1(.))(x)dt.

Setting ey = y
|y| , we have

|∇v1(x)| ≤ c
∫ 1

0

∫
B1

P0(t)|x− y|2t−N |y|1−Ndydt+

∣∣∣∣∣
∫ 1

0
P0(t)

∫
Bc1

|x− y|2t−N 〈∇Φ1(y), ey〉dydt

∣∣∣∣∣
= A6(x) +A7(x).

Step 2-1: Estimate of A6(x). We have

A6(x) ≤ c′|x|1−N
∫ 1

0
t|x|2t

∫
B 1
|x|

|eN − z|2t−N |z|1−Ndzdt

= c′|x|1−N
∫
B 1
|x|

|eN − z|−N |z|1−N
(∫ 1

0
t|x|2t|eN − z|2tdt

)
dz

= c′|x|1−N
∫
B 1
|x|

|eN − z|−N |z|1−N
(
|x|2|eN − z|2

2 ln(|x||eN − z|)
+

1− |x|2|eN − z|2

4 ln2(|x||eN − z|)

)
dz.

Set ζ = |x|(z − eN ), then

A6(x) ≤ c′|x|1−N
∫
B1(−|x|eN )

|ζ|−N
∣∣eN + |x|−1ζ

∣∣1−N ( |ζ|2

2 ln(|ζ|)
+

1− |ζ|2

4 ln2(|ζ|)

)
dζ. (5.20)

We set |ζ| = 1 +m, then by standard expansion we have

|ζ|2

2 ln(|ζ|)
+

1− |ζ|2

4 ln2(|ζ|)
= 2 +O(||ζ| − 1|) as |ζ| → 1.

Step 2-1-(i): Estimate of A6(x) when x→ 0. If |x| ≤ 1
2 , then

A6(x) ≤ 2Nc′|x|1−N
∫
B1(−|x|eN )

∣∣eN + |x|−1ζ
∣∣1−N ( |ζ|2

2 ln(|ζ|)
+

1− |ζ|2

4 ln2(|ζ|)

)
dζ

≤ 2Nc′
∫
B1(−|x|eN )

||x|eN + ζ|1−N (2 +O(||ζ| − 1|))dζ,
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therefore

lim sup
x→0

A6(x) ≤ 2Nc′
∫
B1

|ζ|1−N (2 +O(||ζ| − 1|))dζ. (5.21)

Step 2-1-(ii): Estimate of A6(x) when |x| → ∞. We have directly from (5.20)

A6(x) ≤ c′ |x|
2−N

2 ln |x|

(∫
B1(−|x|eN )

||x|eN + ζ|1−Ndζ

)
(1 + o(1))

= c′
|x|2−N

2 ln |x|

(∫
B1

|z|1−Ndz
)

(1 + o(1)).

(5.22)

Combining (5.21) and (5.22) we deduce that

A6(x) ≤ cmin

{
1,
|x|2−N

ln(1 + |x|)

}
for all x ∈ RN \ {0}. (5.23)

Step 2-2: Estimate of A7(x). Using (5.15) we have as in (4.20)

A7(x) ≤

∣∣∣∣∣
∫ 1

0
P0(t)

∫
Bc1

|x− y|2t−N |y|
1−N

2 sin

(
|y| − (N − 1)π

4

)
dydt

∣∣∣∣∣
+

∫ 1

0
P0(t)

∫
Bc1

|x− y|2t−N |y|−
N+1

2 dydt

≤ K1(x) +K2(x).

Clearly

K2(x) ≤ c
∫
Bc1

|x− y|−N |y|−
N+1

2

∫ 1

0
t|x− y|2tdtdy

≤ c
∫
Bc1

|x− y|−N |y|−
N+1

2

(
|x− y|2

2 ln |x− y|
+

1− |x− y|2

4 ln2 |x− y|

)
dy.

We have

K2(x) = c|x|−
N+1

2

∫
Bc1
|x|

|eN − z|−N |z|−
N+1

2

(
|x|2|eN − z|2

2(ln |x|+ ln |eN − z|)
+

1− |x|2|eN − z|2

4(ln |x|+ ln |eN − z|)2

)
dz.

When |x| is small. The integral defining K2(x) is convergent since N ≥ 4 and we have by integration
by part

K2(x) =
2ccN |x|2

(N + 1)| ln |x||
(1 + o(1)) as x→ 0.

The term K1(x) has already been partially estimated in Lemma 4.2. By (4.17) we have∣∣∣∣∣
∫
Bc1

|x− y|2t−N |y|
1−N

2 sin

(
|y| − (N − 1)π

4

)
dy

∣∣∣∣∣ ≤ c1 if |x| ≤ 1,

uniformly with respect to τ . This implies that∣∣∣∣∣
∫ 1

0
P0(t)

∫
Bc1

|x− y|2t−N |y|
1−N

2 sin

(
|y| − (N − 1)π

4

)
dydt

∣∣∣∣∣ ≤ c2,
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and finally
A7(x) ≤ c3 for all x ∈ B1 \ {0}.

When |x| is large. we use the results of Lemma 4.2, inStep II-Estimate of ĨIα. By (4.21) we have∫ 1

0
P0(t)

∫
Bc1

|x− y|2t−N |y|−
N+1

2 dydt ≤
∫ 1

0
t|x|2t−

N+1
2

∫
Bc1

(
|eN − z|2t−N |z|−

N+1
2

)
dz

≤ |x|−
N+1

2

∫
Bc1
|x|

|eN − z|−N |z|−
N+1

2

∫ 1

0
t|x|2t|eN − z|2tdtdz

≤ |x|−
N+1

2

∫
Bc1(−|x|eN )

|ζ|−N
∣∣eN + |x|−1ζ

∣∣−N+1
2

(
|ζ|2

2 ln |ζ|
+

1− |ζ|2

4 ln2 |ζ|

)
dζ,

since the last term has already been estimated in (5.20). Therefore∫ 1

0
P0(t)

∫
Bc1

|x− y|2t−N |y|−
N+1

2 dydt

≤ |x|−
N+1

2

∫
Bc1(−|x|eN )

|ζ|−N
∣∣eN + |x|−1ζ

∣∣−N+1
2

(
|ζ|2

2 ln |ζ|
+

1− |ζ|2

4 ln2 |ζ|

)
dζ := M(x).

The above integral is convergent, but the limit when |x| → ∞ is a little more tricky to obtain: Let
a > 2, for |x| > 2a, we write

|x|−
N+1

2

∫
Bc1(−|x|eN )

|ζ|−N
∣∣eN + |x|−1ζ

∣∣−N+1
2

(
|ζ|2

2 ln |ζ|
+

1− |ζ|2

4 ln2 |ζ|

)
dζ

= |x|−
N+1

2

(∫
Ba

+

∫
Bc1(−|x|eN )∩Bca

)
|ζ|−N

∣∣eN + |x|−1ζ
∣∣−N+1

2

(
|ζ|2

2 ln |ζ|
+

1− |ζ|2

4 ln2 |ζ|

)
dζ

= M1(x) +M2(x).

Then

M1(x) ≤ |x|−
N+1

2

∫
Ba

|ζ|−N
∣∣eN + |x|−1ζ

∣∣−N+1
2

(
|ζ|2

2 ln |ζ|
+

1− |ζ|2

4 ln2 |ζ|

)
dζ

≤ |x|−
N+1

2 2
N+1

2

∫
Ba

|ζ|−N
(
|ζ|2

2 ln |ζ|
+

1

4 ln2 |ζ|

)
dζ

≤ c(a)|x|−
N+1

2 .

Next, since a > 2,

M2(x) ≤ |x|−
N+1

2

∫
Bca

∣∣eN + |x|−1ζ
∣∣−N+1

2
|ζ|2−N

ln |ζ|
dζ

=

∫
Bca
|x|

|eN + t|−
N+1

2
|t|2−N

ln |t|+ ln |x|
dζ ≤ c′(a)

ln |x|
.

Therefore,

M(x) ≤ c

1 + ln |x|
for all x ∈ Bc

1. (5.24)

Combining (5.17), (5.18), (5.19), (5.23) and (5.24), we obtain (5.16), which ends the proof. �

Remark The restriction N ≥ 4 appears to be purely technical and we conjecture that the estimates
holds whenever N ≥ 3.

We recall that Φln = u∗ + v1 with the notations of Theorem 1.8
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Lemma 5.7. Let N ≥ 4 and f ∈ L1(RN ), then v1 ∗ f is Lipschitz continuous and∣∣v1 ∗ f(x)− v1 ∗ f(y)
∣∣ ≤ c|‖f‖L1 |x− y|. (5.25)

Proof. By Theorem 5.6-Step 2 we have

|∇v1(x)| ≤ c31B1(x) +
c

1 + ln |x|
1Bc1(x).

The proof follows by Young’s inequality for convolution. �

The regularity concerning u∗ ∗ f is more involved

Lemma 5.8. Let θ > 1, and f ∈ L∞(RN ; (1 + |y|)θ). Then u∗ ∗ f is Dini continuous and for any
R > 0 there exists for some constant c = c(N,R) > 0,

∣∣u∗ ∗ f(x)− u∗ ∗ f(x′)
∣∣ ≤ c‖f‖∞,θ

1 + ln2(|x− x′|)
for all x, x′ ∈ BR, (5.26)

where ‖f‖∞,θ is defined in (1.32).

Proof. Let R > 0, we have

∣∣u∗ ∗ f(x)− u∗ ∗ f(x′)
∣∣ =

∣∣∣∣∫ 1

0
P0(t)

∫
RN

(|x− y|2t−N − |x′ − y|2t−N )f(y)dydt

∣∣∣∣
≤ ‖f‖∞,θ

∫ 1

0
P0(t)

∫
RN

∣∣|x− y|2t−N − |x′ − y|2t−N ∣∣ (1 + |y|)−θdydt

≤ ‖f‖∞,θ
∫ 1

0
P0(t)

∫
RN

∣∣|x− x′ − y|2t−N − |y|2t−N ∣∣ (1 + |y − x′|)−θdydt

≤ c‖f‖∞,θ
∫ 1

0
t

∫
BcR

∣∣|x− x′ − y|2t−N − |y|2t−N ∣∣ (1 + |y − x′|)−θdydt

+ c‖f‖∞,θ
∫ 1

0
t

∫
BR

∣∣|x− x′ − y|2t−N − |y|2t−N ∣∣ (1 + |y − x′|)−θdydt

≤ c‖f‖∞,θ
(
A(|x− x′|) +B(|x− x′|)

)
.

We suppose that max{|x|, |x′|} ≤ R
8 .

A(|x− x′|) ≤ c
∫ 1

0
t

∫
BcR

∣∣|x− x′ − y|2t−N − |y|2t−N ∣∣ (1 + |y|)−θdydt

≤ c
∫ 1

0
t|x− x′|2t−θ

∫
Bc R
|x−x′|

∣∣|ex−x′ − z|2t−N − |z|2t−N ∣∣ (|x− x′|−1 + |z|)−θdydt

≤ c
∫ 1

0
|tx− x′|2t−θ

∫
Bc R
|x−x′|

∣∣|ex−x′ − z|2t−N − |z|2t−N ∣∣ (|x− x′|−1 + |z|)−θdydt

≤ c
∫ 1

0
t|x− x′|2t−θ

∫
Bc R
|x−x′|

|z|2t−N
∣∣||z|−1ex−x′ − ez|2t−N − 1

∣∣ (|x− x′|−1 + |z|)−θdydt.
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Since

||z|−1ex−x′ − ez|2t−N − 1 =
N − 2t

|z|
(1 + o(1)) as |z| → ∞,

we deduce that

A(|x− x′|) ≤ c′
∫ 1

0
t|x− x′|2t−θ

∫ ∞
R

|x−x′|

r2t−2−θdrdt

≤ c′′|x− x′|R−1−θ
∫ 1

0
tR2tdt

≤ c′′
(

R2

2 lnR
+

1−R2

4 ln2R

)
|x− x′|
R1+θ

.

(5.27)

Since |x− x′| ≤ R
4 , we have for a < 4,

B(|x− x′|) ≤
∫ 1

0
t

∫
BR

∣∣|x− x′ − y|2t−N − |y|2t−N ∣∣ (1 + |y − x′|)−θdydt

≤
∫ 1

0
t|x− x′|2t

∫
B R
|x−x′|

∣∣|ex−x′ − z|2t−N − |z|2t−N ∣∣ dzdt.
≤ 2

∫ 1

0
t|x− x′|2t

∫
Ba

|z|2t−Ndzdt+

∫ 1

0
t|x− x′|2t

∫
B R
|x−x′|

\Ba

∣∣|ex−x′ − z|2t−N − |z|2t−N ∣∣ dzdt
≤ A8 +A9.

Then

A8 ≤ cN
∫ 1

0
t|x− x′|2ta2tdt = cN

(
|x− x′|2a2

2 ln(|x− x′|a)
+

1− |x− x′|2a2

4 ln2(|x− x′|a)

)
≤ 2cN

ln2(|x− x′|a)
(1 + o(|x− x′|),

(5.28)

and

A9 ≤
∫ 1

0
t|x− x′|2t

∫
B R
|x−x′|

\Ba

∣∣||z|−1ex−x′ − ez|2t−N − 1
∣∣ |z|2t−Ndzdt

≤ c
∫ 1

0
t|x− x′|2t

∫ R
|x−x′|

a
r2t−2drdt

≤ c
∫ 1

0
|x− x′|2t

(
R2t−1

|x− x′|2t−1
− a2t−1

)
tdt

2t− 1
.

(5.29)

We have that∫ 1

0
|x− x′|2t

(
R2t−1

|x− x′|2t−1
− a2t−1

)
tdt

2t− 1
= |x− x′|

∫ 1

0

(
R2t−1 − (a|x− x′|)2t−1

) tdt

2t− 1

and

R2t−1 − (a|x− x′|)2t−1 = e(2t−1) lnR − e(2t−1)(ln a|x−x′|)

= (2t− 1) ln

(
R

a|x− x′|

)
+O

(
(2t− 1)2(ln2R+ ln2 a|x− x′|)

)
.

By integration,∣∣∣∣∫ 1

0

(
R2t−1 − (a|x− x′|)2t−1

) tdt

2t− 1

∣∣∣∣ ≤ ln

(
R

a|x− x′|

)
+O

(
ln2R+ ln2 a|x− x′|)

)
.
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This finally yields to

A9 ≤ c|x− x′|
[
ln

(
R

a|x− x′|

)
+O

(
ln2R+ ln2 a|x− x′|)

)]
. (5.30)

We notice that the leading term when x − x′ → 0 is coming from the estimate of B1 and it gives
the Dini modulus of continuity expressed by (5.26). This ends the proof. �

Proof of Theorem 1.10. It follows directly from Lemmas 5.7 and 5.8. �
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[14] A. de Pablo, F. Quirós, A. Rodŕıguez, J. L. Vázquez: A general fractional porous medium
equation. Commun. Pure Appl. Math. 65, 1242–1284 (2012).

[15] E. Di Nezza, G. Palatucci, E. Valdinoci: Hitchhiker’s guide to the fractional Sobolev spaces.
Bull. Sci. Math. 136(5), 521–573 (2012).

[16] S. Djitte, M. Fall, T. Weth: A fractional Hadamard formula and applications. Calc. Var. Part.
Diff. Equ. 60(6), No. 231, 31 pp (2021).
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