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Abstract

In the following pages we take a fresh look at the ancient Indian C'hakravala or Cyclic
algorithm for solving the Brahmagupta-Fermat-Pell quadratic Diophantine equation in
integers taking account of recent developments. This is the oldest general algorithm (1150
CE) for solving this equation. The algorithm can be proved directly in its own terms,
following a recent work by A. Bauval, to always lead to a periodic solution in a finite number
of steps. We review a slightly modified version of this work. It forms the basis of a re-
interpretation of this algorithm in the framework of a reduction theory of binary indefinite
integer valued quadratic forms on which the modular group SL(2,Z) acts. The reduction
condition of this algorithm are restated in terms of the roots of the quadratic form. The
SL(2,Z) action on (reduced) roots of this form furnish semi-regular continued fractions
which are periodic and which furnish SL(2,7Z) automorphisms of the quadratic form. Very
much as in the classical theory of Gauss, this gives solutions of the Brahmagupta-Fermat-
Pell equation. We give a proof that the solution at the end of the first cycle is fundamental
(positive and least). We also give the conversion to regular continued fractions which
involve larger periods. A number of worked out examples are given to illustrate the main
points and this for the benefit of the uninitiated reader.

1. Introduction

The present work is concerned with integer solutions of the Brahmagupta-Fermat-Pell
equation. This is the well known quadratic Diophantine equation:

y*> — Daz? =1 (1.1)

where D > 0 is a positive non-square integer. By a non-square integer we always mean an
integer which is not a perfect square.
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As an associated problem we have

y> — Dz? =m (1.2)

where m is any integer, positive or negative. We are interested in solving (1.1) in integers.
But other cases (1.2) arise in intermediate steps of the Chakravala or Cyclic algorithm
for solving (1.1) which is the subject of this work. We are interested in positive integer
solutions.

This equation has a long history, (Weil [W] Chapter 1). It has come to be known as the
"Pell equation” due to an erroneous attribution of Euler (see e.g. the MacTutor article
[MT] which gives an account of the history). This error has however propagated through
history. Integer solutions of this equation were in fact studied systematically in some
particular cases (see later) by the Indian mathematician Brahmagupta (circa 628 CE).
Bhaskaracharya (commonly referred to as Bhaskara II) (1150 CE) gave an algorithm
(the so-called Chakravala or Cyclic algorithm) in 1150 CE to solve this equation in the
general case. However this algorithm is said to be older and has been attributed to Jayadeva
(mid 11th century CE) in [KS]. In any event it is the version of Bhaskara I which is known
explicitly (Datta and Singh, [DS Part 2]) and to which we will refer. As recounted by Weil
in [W], five hundred years later Fermat (1657 CE), who was unaware of the earlier work of
Brahmagupta and Bhaskara 11, proposed the study of integer solutions of this equation.
It is thus proper to call this the Brahmagupta-Fermat-Pell equation.

We give further details of some of the historical work, which might not be known to all.
Brahmagupta obtained integer solutions of (1.1) for some particular cases, e.g. D = 83, 92,
exploiting a composition law known as Brahmagupta’s identity. The Diophantus identity
(see [W]) is the particular case D = —1 of Brahmagupta’s identity which is algebraic and
thus true for arbitrary D. The composition law generates new solutions (in fact an infinite
number) given a particular one. Furthermore, exploiting his composition law, he showed
that integer solutions of (1.2) for m = —1,+2, +4 implied the solution of (1.1), m = 1.
This is reviewed in [DS], Part 2. The algebraic identity of Brahmagupta was rediscovered
later by Euler. Bhaskaracharya (Bhaskara IT) (c.1150 CE) exploited Brahmagupta’s
composition law to devise the Cyclic or Chakravala algorithm, for solving this equation
in the general case. Bhaskara II solved many difficult cases (D=61, 67 etc) using the
Cyclic algorithm. Narayana (circa 1340- 1400 CE) solved the cases D = 97, 103 using
the same algorithm. These solutions are reviewed in [DS], Part 2. This algorithm is the
subject of this work.

Fermat in 1657 CE issued a challenge to English mathematicians to obtain integer
solution of this equation for the case D=61, not knowing the earlier solution given by
BhaskaraIl. In response, the English mathematician Viscount Brouncker solved the case
D = 61 as well as other cases. See Weil [W] for Brouncker’s method. Euler, starting
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1730 CE, solved particular cases of this equation using the continued fraction for /D
and noticed the periodicity of the continued fraction. Later Lagrange took up Euler’s
continued fraction method and proved the existence of periodic solutions after a finite
number of steps. All of this is recounted by Weil in [W]. For the Indian work see [W, pages
14-24] and [DS, Part 2]. The Indian algorithm was known to work for all the cases that
had been tried. But a proof, in its own terms, that the algorithm would always work in a

finite number of steps was missing. This would come later.

So matters stood until in 1929-30 Ayyangar, [A1], in a pioneering work, took up the
analysis of the Chakravala algorithm in terms of the evolution of particular indefinite (in-
teger valued) binary quadratic forms (which he called Bhaskara reduced forms). However,
Ayyangar’s proof of the finiteness and periodicity of the Chakravala algorithm is marred
by some lacunae, as was noted by Bauval [B]!. This has since then been corrected, and, as
an improvement of Ayyangar’s earlier work, a new proof of the finiteness and periodicity
of this algorithm has been produced by Bauval in [B]. A version of the results in [B] is

given later.

Ayyangar [A2], in 1940-42, developed a type of semi-regular continued fractions (Near-
est Square Continued Fractions), noted NSCF. According to Ayyangar the NSCF was the
natural sequel to Bhaskara’s cyclic method. However the connection of his NSCF with the
Chakravala algorithm is unclear as was pointed out by Selenius ([Se] and [Sel, Se2| ). The
semi-regular continued fractions of [A2] and those derived directly from the Chakravala al-
gorithm (see Section 5) are not always the same. As mentionned earlier, in the Chakravala
algorithm a successor step is not always unique (see later). This produces sequences which
split and join up locally with, however, the same common fundamental solution of the
Brahmagupta-Fermat-Pell equation. This will be seen in Sections 3 and then in Section
5, where the semi-regular continued fractions (SRCF) are derived. The case D = 29 was
pointed out in [B]. The cases D = 97, 58 are further examples of this phenomenon. One
now has only to compare this with Ayyangar’s NSCF sequences for the same cases as they
appear in [A2] and where this non-uniqueness does not appear to occur. Thus it appears
that the NSCF continued fractions do not always coincide with the SRCF derived from

In particular a successor step in the algorithm is not always unique. This and some other technical gaps are

pointed out in the various footnotes of [B].
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the Chakravala algorithm. They do so only when the successor step is unique. 2

These notes are organized as follows:

In section 2, we recall briefly Brahmagupta’s composition law (identities) and some of his
solutions. Moreover we prove by iteration that if there is one positive integer solution,
then there is an infinite number of them. This was stated by Brahmagupta himself. We
show in a now standard way that they provide units of a quadratic ring and that, if all
the units have been obtained, there is a fundamental unit (the smallest solution).

In section 3, we give a version of the Chakravala or Cyclic algorithm. In particular the
algorithm is designed to solve (1.1) whereas (1.2) plays an auxiliary role in intermediate
stages of the algorithm. The integer m in (1.2) is thus allowed to be positive or negative.
This therefore differs from the version in [B] where the equation to be solved has an
absolute value taken. This does not distinguish between m = +1 and m = —1, and m
called k in [B] is always positive. It is useful for various reasons to separate the two cases
which are very different. The positive equation (m = 1) is always solvable when D is a
positive non-square integer, and the solutions are periodic with even period and infinite
in number. The solvability of the negative equation (m = —1) is a harder problem. If we
have a solution for m = —1, then a second iteration (see later) using the Brahmagupta
composition produces a solution for m = 1. However to obtain solutions for the case
m = —1 additional conditions have to be imposed on D.3

Selenius in [Sel, Se2]] develops what he calls the ideal half-regular continued fraction (ideal SRCF) as a
counterpart of the Chakravala algorithm. The following issue arises: For D = 58 on page 31 of [S2],
Selenius transforms a regular (RCF) to a semi-regular continued fraction for \/58 (by a singularization process
which is opposite to that of Perron’s transformation of a SRCF to an RCF). However he obtains only one of the
two possible SRCF. We can compare this with those derived from the Chakravala algorithm in Section 5 of
this paper. See example 5 in section 5 for the case D = 58 where the the semi-regular (SRCF) and regular
continued fractions (RCF) are given. The two split SRCF sequences (/1 and V_ cycles) give the same RCF
by the Perron tranformation. This RCF coincides with that of Selenius. It appears that the possibility of non-
uniqueness in the Chakravala algorithm and the SRCF's engendered therefrom is absent in the considerations

of Selenius. For further work on the NSCF of Ayyangar see [MRW], [MR].

3 There is a well known result, see e.g ([S1],theorem 5.1), that the equation for M = —1 has no solution

if D is divisible by a prime P = 3 (mod 4). Moreover, it is well known (see e.g. Stark ([S1], theorem 7.26)
) that the equation for 1M = —1 is solvable if the continued fraction expansion of \/E has a period length
that is odd. It was shown by Legendre in [Le] and Dirichlet in [D, §837 page 141, footnote 71] that D = 1
(Il’lOd 4) is a necessary condition for solvability of the ™M = —1. More recently it has been shown by Mollin
and Srinivasan ([MS]) that a necessary and sufficient condition for the solvability of the negative equation is
that D = 1(m0d 4) together with Yg = —1(mod 2D) where Yo, Lo is the fundamental solution of the
m=1 equation (1.1), ’y2 — D£U2 = 1, with ) as above. Illustrative examples for this result are the cases

D = 61, 29, 97, 13, 41, see e.g. examples 2, 3, 4, 6, 7 of Section 5 where the fundamental solutions of the
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Another reason is that for the derivation of continued fractions from the algorithm we
have to distinguish the two cases.* Hereafter we consider only the m = 1 case ((1.1) to be
solved, and, as mentioned earlier, (1.2) where positive and negative values of m occur plays
an auxiliary role in the algorithm in intermediate stages. However the principal results of
Bauval, namely her Proposition 1 and Theorem 2 (Main Theorem) in [B], remain valid
after some trivial changes.

It will be useful to summarise briefly some features of the algorithm as it figures in Sections
3, 4 and 5. In Weil’s notation, [W], a solution of equation (1.2) at a given stage n of the
algorithm

DaZ +my, = b2,

can be represented as (an,b,;m,). The integers in this triple are relatively prime. The
algorithm (Section 3) introduces another positive integer v, chosen to fullfil two conditions:
(1) v = —Vp—1 (mod m,) and amongst such v,, (2) v, is then chosen so as to make
|v2 — D] least in the congruence class (mod m,). To start the algorithm, we take vy =
0,a0 = 0,bp = 1,mg = 1. The algorithm then gives (an+1,bn+1;Mn+1) as well as the
integer v, 1. In particular m,, 1 is given by m,y1m, = v2 — D. In fact it is enough to to
record the evolution of the triple (my,, v, m,11) (as noted in [A1]) to prove the finiteness
and periodicity of the algorithm.

The condition (2) above on v, viz that |2 — D] is least in the congruence class (mod
my,) does not imply that the choice of v, is unique. This is behind the phenomenon of
twin successors and sequences as first pointed out in [B]. This produces sequences which
split and then join up (locally) with, however, the same common fundamental solution
of the Brahmagupta-Fermat-Pell equation. Explicit examples show this and these will be
found in Section 3. In particular, as mentioned earlier, the cases D = 29, 97, 58 exhibit
twin successors and are worked out in detail. The other examples which are worked out
are for D = 61, 67 (unique successors) with solutions due to Bhaskarachaya himself, and
in section 5 the additional cases D = 13, 41 to illustrate the occurence of short periods
in continued fractions. The phenomenon of twin successors and sequences have their
counterparts in the semi-regular continued fractions which are derived from the algorithm
in Section 5.

Section 4 is devoted to results which were obtained in [B]. We adopt the terminology in
[B] and call (my,,v,, m,11) a step if it satisfies the conditions (1) and (2) given above.
Proposition 4.3 gives equivalent characterisations of a step. A step (mpy, Vn, Mpt1) is
reduced if the reverse triple (1,41, s, my,) is also a step. Thus |v2 — D| is least both
in the congruence class (mod m,) and the congruence class (mod myy1). Theorem 4.6

positive equation are given and the premises of the theorem of [MS] can be verified.

4 This is very much as in the case of the reduction theory of Gauss (see Dirichlet [D, Chapter 4]).

29/july/2023 [5] 1:5



shows that the successor of every step is reduced. The first step is seen to be reduced and
therefore every step of the algorithm is reduced. This leads to Theorem 4.8 which proves
that the number of steps is finite and produces a cycle. Proposition 4.3 and Theorem 4.6
closely follow results obtained in [B, Proposition 1, Theorem 2 ]. In Appendices 1 and 2
detailed proofs are given of Proposition 4.3 and Theorem 4.6. These are amplified versions
of the proofs given in [B, Proposition 1 and Theorem 2|. Given the brevity of the proofs
in [B] we hope this will be useful.

In Section 5, we adopt some of the considerations in Gauss [DA] and Dirichlet [D], Chapter
4, but now in the framework of the analysis of the Chakravala algorithm in Section 4. After
the work of Fermat (see [W]), Lagrange ([L], see [W]), Legendre ([Le], see [W]) and Gauss
([G-DA], see [D]) were the first to consider binary quadratic form representation of integers.
Lagrange introduced the notion of equivalent forms under G L(2,7Z) transformations, and a
reduction theory of quadratic forms which is efficient for the positive definite case and leads
to easy proofs of the various Fermat theorems on the sums of squares. This culminated in
the great work of Gauss ([G-DA]) who, in particular, gave a complete theory of reduction
for indefinite binary quadratic forms and this leads to the solution of (1.1). Gauss’s work
is covered in the Dirichlet lectures [D], edited and supplemented by Dedekind, and this
constitutes our principal reference. The modular group SL(2,Z) (whose elements Gauss
called proper substitutions) plays an important role in Gauss’s theory and this will be the
case in our context.

We consider the step (m, v, m’) as an indefinite binary quadratic form with integer coeffi-
cients (in the notation of Gauss)

Q(z,y) = ma® + 2wy + m'y?

where v is chosen so that |v? — D| is least in the congruence class (mod m) (see section
4). The discriminant of this form is A(Q) = 4(v? — mm’) = 4D where we take D > 0,
non-square and fixed. Forms with the above property for the middle coefficent may be
called best forms (mod m). Such forms are steps (in the sense of Section 4) and they
are reduced and are thus also best (mod m’). Note that the determinant of this form is
det Q = mm’ — v?2 = —D and thus the form is indefinite.

The condition that v is best (mod m) can be restated in terms of the roots of the quadratic

form Q(w, 1)

Q(w,1) = mw? +2vw+m' =0

The principal root is
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and its conjugate is

Proposition 5.1 states that the necessary and sufficient condition that v is best (mod m)

is

wi| <1

provided |m| < v/D. Thus w, is a proper fraction. It can be shown (see Remark 5.3) that
the other root w_ satisfies |w_| > 1. These two conditions figure in the reduction theory
of Gauss, where in addition there is a third condition, namely that the roots have opposite
signs (see [D], §74).

From Theorem 4.6 and Corollary 4.7 the step (m,v,m’) is reduced (reduced form) and
thus (m/,v,m) is also a step (reduced form). Hence v is best both (mod m) and (mod
m'). Moreover |m’| < v/D. We will refer to (m/,v,m) as the reversed step.

The quadratic form corresponding to the reversed step is the reversed form

QU (x,y) = m'z” + 2vay + my®

whose principal root is

m_ —v+VD
W) = —

and since v is best (mod m’), and |m’| < v/D, we have by Proposition 5.1

Wi <1

The modular group SL(2,7Z) acts on quadratic forms by acting on the form matrix (Section
5 and [D], §54, §63). There is a modular transformation Ss (see equation (5.16) below)
which maps a step (considered as a reduced form) to the successor form

S5 : (myv,m’") — (m',v/',m")

where v+ 1/ = —dm’ and 0 is an integer. Thus v’ = —v (mod m’). For the successor form
(m/,v",m") to be a step (reduced form) we must have |w’ | < 1. Here w/, is the principal
root of the quadratic form (m’, v/, m”). This fixes § but not uniquely. There can be twin
successors as explained earlier. This is the content of Theorem 5.4. It is shown in Section 5
that the cyclic algorithm then arises naturally. The modular group SL(2,Z) acts naturally
on roots of forms (Section 5 and [D], §73) and thus on roots of steps which are reduced
forms. The action of the transformation Ss on principal roots is given in section 5. Its
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iteration leads to semi-regular continued fractions (SRCF) which are convergent (Proposi-
tion 5.5, Lemma 5.6 and Proposition 5.7) and are periodic. The SL(2,7Z) automorphisms
of the quadratic form constitute a subgroup (its elements are called automorphs) which act
on the roots. As shown in [D, §62] there is a 1 — 1 correspondence between the elements of
this subgroup and solutions of the Brahmagupta-Fermat-Pell equation. The periodicity of
the SRCF (together with symmetry properties of Lemma 5.11) provide us with such au-
tomorphs and thus all solutions of the Brahmagupta-Fermat-Pell equation. The solutions
obtained at the end of the first cycle are fundamental: positive and least. This is shown
in Section 5 (see Proposition 5.12) Although not strictly necessary, we nevertheless give
for comparison the transformation to regular continued fractions (RCF) together with the
(same) fundamental solutions. This involves cycles with longer period lengths. However
for the RCF the non-uniqueness of successors disappears. We give a number of examples.
Appendix 3 contains the proof of Lemma 5.6, and in Appendix 4 we give a proof of Lemma
5.11 which gives a generalisation to the SRCF of the Galois inverse period theorem and
its symmetry consequences, needed earlier.

Remark 1.1. The history of this equation can be found in the book by André Weil, [W]. The
work in number theory of the early Indian mathematicians and astronomers (Aryabhata,
Brahmagupta, Bhaskara Il (Bhaskaracharya) and others) and then the later European
contributions (Fermat, Brouncker, FEuler, Lagrange, and Legendre) is recounted in this
book. For Gauss’s theory (not covered in [W]) see the beautiful Dirichlet lectures [D],
posthumously edited and supplemented by Dedekind.

Remark 1.2. A basic text which gives an account of the Indian work (500 CE- 1400 CE)
with translations of the relevant passages from the Sanskrit is Datta and Singh: [DS].

Remark 1.3 A brief historic account of work related to this equation can be found in [MT].

Remark 1.4. 1 bring to the reader’s attention two interesting books on the history of Indian
Mathematics by Divakaran [Di] and Plofker [Pl]. T have profited from them.

Acknowledgements: 1 wish to thank P. P. Divakaran for stimulating my interest in this
subject. This has led to the present study. I thank Erhard Seiler for his continuing interest
as well as for his efforts towards procuring for me some works of Selenius ([Sel] and [Se2])
which are not easily available. T am grateful to Sergey Alexandrov and Jean-Bernard Zuber
for reading these notes and for their pertinent questions and comments.

2. Brahmagupta’s composition law and applications

Let D be a positive, non-square integer. Let m be an integer. Througout the following
the triple (z,y;m) will denote an integer solution of

Dz? +m = y? (2.1)
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Proposition 1.1: The Brahmagupta Composition law (628 CE)

Let (x;,y;;m;) be two such triples. There exists a composition

(z1,91;m1) ® (z2,y2;m3) = (T3, y3; m3) (2.2)
such that
T3 = T1Y2 + T2Y1

ys = Dx122 + 1192 (2.3)

ms = mimso

Proof : For j = 1,2 we write

y; — D} = (y; + VDx;)(y; — VD)

We have

(y1 + \/53?1)(3!2 + \/51’2) = (11y2 + Dx122) + \/5(131312 + z2y1)

Similarly

(y1 — VDx1)(y2 — VDx2) = (y1y2 + Dx122) — VD(21y2 + 2241)

Multiplying out the last two equations gives

mima = (y3 — Dx?)(ys — Dx3) = (Dzyw2 + y1y2)? — D(w1y2 + 22y1)? (2.4)

Remark :The last equation is an algebraic identitity: Brahmagupta’s identity. Since this
is an algebraic identity, D can be arbitrary. Choosing e.g. D = —1 we get Diophantus’s
identity.

Proposition 1.2: (after Brahmagupta):

If the equation

Dz? 41 = ¢? (2.5)

where D is a nonsquare, positive integer, has one positive integer solution (x1,y;) , then
it has infinitely many positive solutions (x,,y,), for all integers n > 1. The (z,,y,) are
generated by the formula
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Yn + 2oV D = (y1 + xl\/ﬁ)”

Proof. The proof is by iteration of the composition law of Proposition 1.1 applied to the
integer triple (z,y;1). Define the quadratic ring

Z(VD)={n=y+VDzx: y,x €L}
The ring has a norm N () defined by

N(n) =ni = (y + VDz)(y — VDzx) = y* — Da*
Thus the integer triple (z,y;1) corresponds to a unit of the ring: N'(n) = 1.

More generally we obtain an infinite number of solutions (x,,, y,; 1), as follows: Let n > 1.

Nn = Yn + \/E'Tn = (yl + \/5331)11 = 77?11

where 71 = y1 + v D1 is a unit. Then its norm is

N(??n) = Mnin = (7717_71)” =1

and thus (z,,y,;1) are solutions. If (x1,y1;1) is a positive solutions then all (z,,y,;1)
are positive solutions. Thus Proposition 1.2 implies that there are an infinite number of
positive solutions. Of the solution set {(z,,yn; 1)} one of them is the smallest because the
solutions grow with increasing integer values of x (equivalently y) as is easy to show. =

Suppose now we have found all the positive solutions. Then, by the above argument,
one of them is the smallest labelled (zp,yp;1). This is the fundamental solution and
np = yp + xpVD is the the fundamental unit. All other units are generated by the

formula 07, for all n > 1 as the next proposition shows.

Ordering units: Recall that a unit of a quadratic ring is an element n = y + zv/D where
y, x are integers and nij = 1. Here 7 is the conjugate 77 = y — xv/D. We can order the units
by ordering the integers y or equivalently the integers x since 07} = 1 implies y?> = Dxz? +1.
Thus we can say that the fundamental unit 7p is the smallest unit.

Proposition 1.3 (after Dirichlet) : All units are generated from the fundamental unit
np by the formula 17, for all n > 1 and there are no others.

Proof: That n}, are units follows from Propositionl.2, n},np™ = (np7np)™ = 1. We now
prove that there are no others. The following argument is borrowed in essence from [D,
§85]. Suppose n =t + uy/D is a unit not in the list np, all n > 1. Then for some n,

ny <n <yt
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Set ' = nyp™. Plainly, n’ is a unit, since n'n’ = (nn)(7En}) = 1.
Then
np"np < mip"™ < 1ip"npno
or
1<n <np
which contradicts the assumption that np is a fundamental unit. =

Remark: The Chakravala algorithm (see later), like those of Lagrange and Gauss, solves
the equation for all positive, non-square D and gives all the positive periodic solutions. At
the end of the first period the algorithm gives the fundamental solution (zp,yp). That
this is so is shown in section 5, Proposition 5.12. The formula

Yn + xn\/ﬁ - (yD + xD\/B)n

then generates all the solutions and there are no others as proved in Propositions 1.2 and
1.3. The fundamental solution is unique: the Chakravala, Lagrange and Gauss algorithms
give the same fundamental solution, as follows from Proposition 1.3.

For completeness, we now give two elementary applications of the composition law, both

due to Brahmagupta. These are borrowed from [DS, Part 2].

Example 1 : Solve in integers

83x2 + 1 = y? (2.6)

Solution : Notice that the triple (x = 1,y = 9;m = —2) is a solution to

8322 — 2 = o (2.7)

Composing this triple with itself gives
(1,9; —2) o (1,9; —2)) = (18,164;4) = (', ¢y';m’)

which is a solution to

Dividing out by 4 gives
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Thus the triple (9,82;1) is an integer solution to (2.6). =

Example 2: Solve in integers

9222 + 1 = 3> (2.8)

Solution : Suppose x = 1,y = 10, m = 8. By composing with itself

(1,10;8) ® (1,10;8) = (20,192;64) = (z/,3/;m’)

In other words, with the above values,

922"% + 64 = y'?

Now division by 82 gives

Therefore (2" = 2'/8 = 5/2,y" = y'/8 = 24;1) satisfies the beginning equation. Com-
posing withitself gives

(2", y";1) e (2", 4" 1) = (120,1151;1)

Thus (120, 1151 ;1) is an integer solution. =

Remark : Before taking up the Chakravala algorithm, we will state a result due to Brah-
magupta which shows that for four cases when integer solutions of the auxiliary equation
(2.2) are given, then the integer solutions of (1.1) can be straight away obtained. In the
Chakravala algorithm (to be given later), as a shortcut, one can stop when one of these
cases arise without going to the end of the cycle. The proof (which is based on the com-
position law) is sketched in [W] (Chapterl) and given in more detailed fashion in [DS],
Part 2, pages 157-160. We do not give the proof here because in the C'hakravala or cyclic
algorithm which is the subject of the present study it is not necessary to make use this
theorem. However it is useful to know it, because in many instances it cuts short the work

without going to the end of the period.
Proposition 1.4: (Brahmagupa)

Existence of integer solutions a, b of
Da* +m = b?
for m = —1, 42, £4 imply the existence of integer solutions (x,y; 1) of
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Dz?+1= y2
1: For m = —1: we have the integer triple (2ab,2b% + 1;1)
2: For m = £2: we have the integer triple (ab,b* F 1;1)
3: m =4, beven : we have the integer triple (%b, % —1;1).

4: m =4, b odd: we have the integer triple (%(b* — 1), 2(b? — 3);1).

3
5. m = —4 : we have the integer triple (2(b%+3)(b>+1), (B> +2)[2 (0> +3)(* +1) —1];1)
3. The Chakravala algorithm of Bhaskara IT (1150 CE)

We want to solve the Brahmagupta-Fermat-Pell equation (1.1) which we repeat

Dz? +1 = > (3.1)
where D is a positive non-square integer.

Consider the associated equation

Da? 4+ m = b (3.2)

where the members of the triple (a,b;m) are relatively prime integers. The following
Lemma will be used repeatedly to produce the recursion.

Lemma 3.1 (Bhaskara II) (see [DS], part 2):

Let v be any positive integer. Then

(au+b)2+ (v — D) _ (Da+bu)2 (3.3)

m m m

D(

Proof
We have the identitity

D1?+ (v®* — D) =12 (3.4)

We compose the triple (a, b;m) with the triple (1,v; (v? — D) according to Brahmagupta’s
composition law (Proposition 1.1) to get the triple (av + b, Da + bv; m(v? — D). In other
words

D(av + b)*> + m(v*> — D) = (Da + bu)2
Now divide the previous eqation by m? to get
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(av+b),2 (¥* - D) Da +bv .2
D( )"+ = ( ) (3.5)
m m m
which proves the lemma. =

We now describe the Chakravala algorithm of Bhaskara II for solving (3.1). In an inter-
mediate step, Bhaskara solved a linear Diophantine equation by the pulverizer or kuttaka
method (see [DS], part 2) of Aryabhata and Brahmagupta. However, as noticed in [Al]
and [W, page 23], this is equivalent in the present context to a congruence condition.

We will solve the auxiliary equation (3.2) iteratively to obtain a sequence of quadruples
(@nybp;my, vy) where the three members of the triple (ay, b,;m,) consists of relatively
prime (coprime) integers. v, is a positive integer. We use the standard notation: if a,b are
integers then a|b means a divides b. Two integers a, b are relatively prime if ged(a,b) = 1.
It is convenient to state again (3.2)

Da? +m, = b2 (3.6)

The positive integers v,, play an auxiliary role, but are needed for the algorithm to be
defined.

The Chakravala algorithm

To start the algorithm we choose:

aozo,bozl;mozl,V,1 =0 (37)
The subsequent steps are defined as follows:

1. Choose v, = —v,_1 ( mod m,,) and amongst these v, choose v, such that |2 — D| is
least in the congruence class (mod m,,). We then say (following the convenient terminology
in [B]) that the positive integer v, is best (mod m,,).

Remark 1: By definition of the choice of vy, my|(vyn + vp—1).

Remark 2: There may be more than one choice of v, which is best, as remarked in [B].
This will be illustrated for the cases D = 29, 97, 58.

2. Suppose after n iterations we have the quadruple (ay,by,;my,v,) where (ay, by;my,)
are relatively prime integers. Then applying Bhaskara's Lemma composing the triples

(@n, by my) and (1, v,; (V2

< — D) gives us the recursion

anVn + by,
gy = L T bn) (3.8)
mpy
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Da,, + b,v,

bpyg = — 3.9
+1 N ( )
Mpyy = —n_ 2 3.10

+1 My, ( )

(3.8), (3.9) and (3.10) imply the recurrence relations:

U2 :am_lM —ay, (3.11)
Mnp+4+1

bpio = anM — b, (3.12)
mn—l—l

Now mu41 | (Un41 + vn). Therefore the coefficients in (3.11) and (3.12) are integers.
Theorem 3.2 :

Gn+t1,bn+1, Mps1 are relatively prime integers.

Proof. By assumption a,, b,,, m,, are relatively prime integers.

1. We will first prove that a,;1 is an integer. To this end first eliminate b,, between (3.8)
and (3.9). We get

Moy (Dps1 — UnGnit) = an(D — 12) (3.13)

whence
(bn+1 — VnGpi1) = —Mpy1ay (3.14)
by — Vne1Gn = —MpQn_1 (3.15)

From (3.8) we get

Ap+4+1Myp = AplVn + bn - an(Vn + Vn—l) + (bn - anyn—l)

Dividing the last equation by m,, and using (3.15) we get

an+1 _ a/n(l/nn;i_ l/n—l) a1 (316)

Since a,, a,—1 are integers and m,,|(vy, + v,—1) we have a,1 is an integer.
2. Next we prove that b, 1, m,4+1 are integers. From (3.13)
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mMn

a_(bn-i-l = Vpany1) = (D — Va%b) (3.17)
Now m,, and a,, are relatively prime. The right hand side of (3.17) is an integer. Therefore
an|(bpt1 — Vnapy1). Hence

b 1 — VUnQpt1 D — 2 .
nt nontl — % = —myy1 = integer
(075 mpy
Therefore
bni1 = VnQpi1 — GpMyiq = integer (3.18)

We have thus proved that b,,+; and m,,41 are integers.

3. Next we prove that a,41,bn41, Mpy1 are pairwise relatively prime. From (3.8) we
obtain

MpGpi1bn = (@nlp + bp)by = apvyby, + b2
= a,Vnby, + (Dai +my)
= ap(vpby + Day) + my,

- anmnbn—i—l + my,

where in the last step we have used (3.9). Now dividing out by m,, we obtain

an—l—lbn — anbn+1 =1 (319)

From (3.19) we see that a,11,b,41 are relatively prime and (a,11,bn41, Mpy1) are rela-
tively prime. The theorem has been proved =

The analysis of this algorithm will be given in Section 4. We make some prelimnary
observations. v, has been chosen such that v2 is nearest to D as possible in absolute
value, within the congruence class (mod m,). The condition |m,| < vD is shown in
Section 4 to hold uniformly. Recall m,m,+1 = v2 — D. It follows that |[v2 — D| < D
whence we obtain the bound 0 < v,, < V2D

To display the cyclical structure of the algorithm it will be enough to record the evolution of
the triple (my,, V5, myp+1). The triple represents (Gaussian notation) the binary quadratic

form

Qn(z,y) = mpz? + 2,2y + My y? (3.20)

and the discriminant of the form is by its definition A(Q,) = 4(v2 —mum, 1) = 4D. The
quadratic form can be represented by the matrix
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an(m” Y ) (3.21)

Un Mnp41

whence the determinant of the form is det(Q,) = mpmu41 — 1/721 = —D, showing that
the form is indefinite. The number D is positive, non square and fixed. Since the co-
efficients are integers with the above uniform bounds, the number of possible triples (or
forms) (my,, vy, mp41) of fixed discriminant is finite. Therefore the successive forms must
eventually repeat themselves. This is the origin of the cyclical structure of the Cakravala
algorithm which will be proved in Section 4.

If the cyclic algorithm leads to one of the cases m = 4+1,+£2, +4, then as a shortcut we can
apply Brahmagupta’s Theorem 3. Independently of this, as shown later, this algorithm
always gives an integer solution of (3.1). If not stopped artificially to exploit the above
short cut, the full sequence leading to the solution will display the cyclical structure. We
give a few examples which display these features. The cases in examples 3.1 and 3.2 were
solved by Bhaskarall (see [DS]). Example 3.3, mentioned in [B], illustrates the possibility
of twin successors and thus of a sequence splitting into two sequences which join up in the
cycle. Examples 3.4, and 3.5 also illustrates this point.

Example 3.1 (Bhaskara I1, 1150 CE) (see [DS, part 2]):
Solve in integers the case D = 61 :

6122 + 1 = >

The auxiliary equation is:

61la® +m = b?

Step 0:
V1 = O,CLO = O,bo = 1,m0 =1

This is the trivial solution.

Step 1: (a1,,b1,m1,v0). We must have mg|(vo + v—1). Using the values from step 0, we
have 1 is any integer such that |vZ —61] is least. This gives 19 = 8. Thus m; = 13 —61 =3
and a; = 1,b; = 8. We thus have

ajq :1,b1 :8,m1 :3,V0:8

Step 2: (ag, by, ma,v1). Must have my|(v1 + ). This implies 3|(v; + 8), and |v¥ — 61] is
2
least. Therefore v; = 7, my = VlT_Gl = —4, a9 = (7T4+8)/3 =5, by = (61 4+ b111)/3 =

(61 + 56)/3 = 39. We thus have
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CL2:5,b2 :39,m2:—4,V1 =7

Proceeding in this way we have to obtain (a,11,bn+1,Mpt1, V) until n = 13 when we get
the desired result (mi4 = 1).

(a14 = 226153980, b14 = 1766319049, m14 = 1,113 = 8)

To display the cyclical structure of the Cakravala it is enough to record the sequence
(M, U, Mypt1). Starting with n = 0, the full cycle ends at n = 13, in other words after 14
steps. We have

{(1,8,3),(3,7,—4),(-4,9,-5),(—5,6,5),(5,9,4)(4,7,-3),(—3,8,—1);
(—-1,8,-3),(-3,7,4), (4,9,5),(=5,6,-5),(—5,9,—4),(-4,7,3),(3,8,1)} (3.22)

The sequence reverses itself after 7 steps (marked with a semi colon). From step 8 each
member is the reverse of the previous one, to end up finally at step 14 which is the reverse
of the first step and gives mq4 = 1.

Boundedness of my,,v,: Observe in the above cycle that the maximum value of |m,,| is 5.

We have |m,| < v/D, where D = 61 for all n in the cycle. Moreover the maximum value

of v, is 9 < /2 x 61. Thus v, < V2D.

Remark : Just after 2 steps we get m = —4, so we could have applied Brahmagupta’s
Proposition 1.3 to the triple
(a=ag =5, b=by =39;m =mg = —4) to obtain

1
T = OLl)5(192 +3)(b* 4+ 1) = 226153980
1
y= (b2 +2) (5(132 +3) (B2 +1) — 1) — 1766319049
as the least solution of 6122 + 1 = y2. This short cut however breaks the cycle.

Example 3.2, (Bhaskara II). Solve in integers the case D = 67 :

672 + 1 = o>

The auxiliary equation is:

67a° + m = b
0: (CL():O,bo: 1,m0:1,1/_1 :0) .

1: mo|(vo +v_1) = 1|vg. Therefore vy is any integer: |3 — 67| is least. 1y = 8 We get
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(al = l,bl :8,m1 :—3,1/() :8)

2 : my|(v1 + 1) = ((—=3)|(v1 + 8). Possible choices are v; = 4,7,10...... Of these we must

2
have |v? — 67| is least. This gives vy = 7. my = ”1__367 = 6. ay = —5,by = —41. Taking

absolute values we get

(CLQ :57b2 :41,m2 :6,V1 :7)

3. ma|(v2 +1v1) = 6|(r2+7), and |3 — 67| least. This gives v2 = 5 and m3 = @ =—T.
We get

(ag = 11,b3 = 90,777,3 = —7,V2 =5
4. ma|(v3+v2) = (=7)|(v3+5), and |v2—67] least. This gives v3 = 9 and my = % = —2.
We get

(a4 = 27, b4 = 221, my = —2, V3 = 9)
We have taken absolute values for ay, by.

Henceforth we record only the sequence

(mna Un, mn-i-l)
to display the cyclical nature of the algorithm.

5. (mg,vg4,ms) : ,
my|(vs +v3) = (=2)|(v4 +9), and |v3 — 67| least. This gives vy = 9 and ms = Vg‘_;;})? =

8(1:2%7 = —7. Therefore we have obtained the triple

(m4 = —2, Vg = 9,7715 = —7)

6. (m5,y5,m6) .
ms|(vs +v4) = (=7)|(v5 +9), and |v2 — 67| least. This gives v5s = 5 and mg = = =

2(5:7(5)7 = 6. Therefore we have obtained the triple

(m5 = —7, Vs = 5,m6 = 6)

7. (me, vs, m7) :
me|(ve + vs) = 6|(vs + 5), and |V — 67| least. This gives vg = 7 and my; = ve—67 _

26T — —3. Therefore we have obtained the triple

(m6 = 6, Vg = 7, mr = —3)
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8. (mr,v7,mg) :

my|(vr + vg) = (=3)|(v7 + 7), and |v2 — 67| least. This gives v; = 8 and mg = ng—_;w =
64_;367 = 1. Therefore we have obtained the triple
(my; = =3,v7 =8,mg =1)
Thus the solution has been reached in Step 8:
(ag = 5967,bg = 48842, mg = 1)
Remark : Since we reached my = —2 in Step 4, a short cut via Brahmagupta’s Theorem

3 already gives (x = 5967,y = 48842, m = 1).

The full sequence (my,, vy, my+1) which displays the cyclical nature is

{(1,8,-3),(-3,7,6),(6,5,—7),(-7,9,-2); (-2,9,-7),(-7,5,6),(6,7,—-3),(—3,8,1)}
(3.23)
From step 5 onwards the sequence reverses itself. This is a typical feature of the Cakravala
cycle. Once again we observe for all n in the cycle |m,| < VD since the maximum value
of |my| in the cycle is 7 and 7 < v/67. Moreover 0 < v, < v/2D, since the maximum value
of v, is 9 and 9 < /2 x 67.

Twin successors:

Bauval [B] pointed out the possibility of local splitting and joining of a Cakravala se-
quence. When |m| < v/D, m is even and v is best (mod m), this occurs when v has two
values v4 which are equidistant from D. We have

0O<vi-D=D-1?

Twin successors are of the form (see Section 4, Lemma 4.2) (m, vy, m') where m is even

and vy is best (mod m) , and

= /iM
v = m £ 5

|m/|2 + |m|2

=D
4
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This leads to twin sequences. This possibility was absent in the Ayyangar analysis. We
will first see this from an illustrative example when D = 29, see[B]. Further examples are
when D = 97 and when D = 58.

Example 3.3 : Solve in integers the equation

2922 + 1 = o>
The auxiliary equation is

29a® +m = b
We proceed as earlier to obtain the sequence (my,, vy, My41).
0:

(CLO = O,bo = 1,m0 = 1,1/_1 = 0)

1: (mo, Vo,ml)I

To obtain vy the only condition to meet in this case is [v3 — 29| is least. This gives vy = 5.

vg—29

mo

—4

my1 =
Thus we obtain the triple

(mo, vo,m1) = (1,5, —4)
2: (ml,yl,mz):
m1|(v1 + v9) = 4|(v1 + 5), The possible values are 1, = 3,7,11,..... We have to have

| — 29| is least. This happens for both v; =v_ =3 and v; = v, =7 . In fact

v =3 :19—-29 =20

vy =7 :]49 — 29| = 20

So we can choose either of the values and thus the sequence is split. This leads to twin

successors

1. v_ = 3. Then

(my,v1 =11 =v_,mg) = (—4,3,5)
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2. vy = 7. Then
v —29 20
ma N —4—

-5

Mo =

(my,v1 = vy, me) = (—4,7,-5)

[
2

preceding this example. Thus choices 11 = vy have led to twin successors:

2
Observe that my is even, vy = |ma|+ , and 29 = m3 + 7L, thus verifying the assertions

(1,5,—4) /' (—4,v_ = 3,5) : sequence 1

(1,5,—4) \, (—4,v, =7,-5) : sequence 2
(v— sequence: Successor of (my,v_,my) = (—4,3,5) is (ma, v2, m3).

We obtain vy : ma|(ve +v_) = 5|(v2 +3). Then possible choices vo =,2,7,12,.... Of these
vy = 7 = v; makes |v3 — 29| least. Then

and thus

(mo,ve = vy, mg) = (5,7,4)

and thus successor of (mq,v_,ma) is (ma, v+, ms). In section 4 we will see that is a general
feature.

We have v3 : m3|(vs + v2) = 4|(v3 + 7). Then possible choices v3 = 1,5,9,.... Of these
v3 = 5 makes |v3 — 29| least. Then

Thus

(m?n Vs, m4) = (47 57 _1>
We have so far obtained for for the v_ sequence:

(1,5,—4),(—=4,v_ = 3,5), (5, vy = 7,4), (4,5, —1);

v sequence : The successor of (mq,v14,ma) = (—4,7,—5) is (ma, v2, m3)
Vo : ma|(ve +v14) = 5|(v2 + 7). Possible choices 1o = 3,8, .... Of these vy = v_ = 3 makes
|v3 — 29| least. Then
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mgz_—5:4

and we obtain for the triple (mq, vo, m3):
(—=b,v_ =3, 4)
Thus the successor of (mq, vy, mso) is (meo,v_, m3).

v3 : ma|(vs + v—) = 4|(v3 + 3). Possible choices v3 = 5,9,.... Of these v3 = 5 makes
|2 — 29| least. Then

my=— =—1

4
and we obtain for the triple (mg, v, my):
(4,5,—1)
Thus for the v, sequence we have obtained so far

(1757 _4)7 (_47 vy = 77 _5)7 (_571/— = 374)7 (47 5; _1)7

At (4,5,—1) the two sequences have merged. After the vy and v_ have merged the
sequences reverse to complete the cycle. The same phenomenon of twin successors, local
splitting and merging is met in the reverse parts. Therefore we have 4 cycles. The point
where the sequences reverse is indicated by a semi-colon.

The completed sequence v_ cycles are

{(1,5,—4), (=4,v_,5), (5,v4,4), (4,5, —1);
(—1,5,4), (4,v4,5), (5,v_, —4), (—4,5,1)} (3.24)

v_ bis cycle :

(1,5,—4),(—-4,v_,5),(5,vy,4),(4,5,—1);(—1,5,4), (4,v_,=5), (=5, vy, —4),(—4,5,1)
The completed v, cycle is
{(17 57 _4)7 (_47 Vi, _5)7 (_55 V—74)7 (4a 57 _1);
(—=1,5,4),(4,v_,=5),(=5,vy,—4),(—4,5,1)} (3.25)
and v, bis cycle :
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(1,5,—4),(—=4,vy,—5),(=5,v_,4),(4,5,-1);(—1,5,4), (4,v4,5), (5,v_,—4),(—4,5,1)

which shows the cyclical nature of the twin sequences. Finally observe that after 4 steps the
two sequences above have merged at the triple (4,5, —1). Working through the algorithm
gives us the common solution (a4 = 13,b4 = 70; —1) to the equation

2002 — 1 =b?

where a = a4 and b = by. The full cycle is however reached after 8 steps when we obtain
as the common solution (ag = 1820, bg = 9801;1). This is most easily seen by applying a
shortcut which is Brahmagupta’s composition after 4 steps:

(a,b;—1) e (a,b; —1) = (2ab, 29a* + b*;1) = (1820, 9801;1)

where a = a4 = 13, b = by = 70. This is the common solution at the end of the cycle
where the two sequences have merged again.

Example 3.4: D = 97. This will illustrate once more twin successors. We will record the
steps (Mg, Vp, My41), the solution of the Brahmagupta-Fermat equation will be found in
Section 5. We start with v_; =0, mg = 1.
1. (mo,v0,m1). Since mg = 1, the only condition to meet is that |y — 97| is least. This
gives ng = 10 and my = 1§ — 97 = 3.Thus

(mo, Vo,ml) = (1, 10,3)

2. (my,v1,mz2). We must have 3|(10 4+ v4). This gives vy, = 2,5,8,11, 14, .... as possible

) . 9 .. V297 o4
choices. v; = 11 makes |v7 — 97| least. This gives my = = = 5 = 8 Therefore

(mla VlamQ) = (37 1178)

3. (ma,ve,m3). We must have 8|(11 + v1). This gives 15 = 5,13, .... as possible choices.
Both the choices v = 5,13 make |2 — 97| least. In fact |52 — 97| = 72 and [132 — 97| = 72.
Define

Va2 4+ = ]_3, Vo = 5

Then v2 and v2 are equidistant from 97 in absolute value. This leads to twin sequences
as follows.

2 p—
4. vy branch : For the choice v = v = 13 we have m3 = V+8 T % = 9. Therefore

(mQ,Z/Q,mg) = (8, Vo + = 13,9)
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(m3 = 9,v3,my). We must have mg|(v5 + 13) This gives v3 = 5,14, ... and it is seen that
2

—97 2
v3 = 5 makes |v3 — 97| least. Thus v3 = v_ Therefore my = = S = 2 = 3

Therefore

(m33V37m4> == (971/2,— — 57 _8)

5. (m4 = —8,v4,ms5). We must have 8|(vy + 5). This gives vy = 3,11,19, ... as possible

2
: : : —97 _
choices. |12 — 97| is least for the choice v4 = 11. Thus ms = ”4m4 = 12197 — 24 — 3

Therefore

(m47 Vg, m5) - (_87 117 _3)

6. (ms = —3,v5,mg). We must have 3|(vs + 11). This gives v5 = 1,4, 10, 13, ... as possible
2
vz —97 100—97

choices. |v2 — 97| is least for the choice vs = 10. Thus mg = — =~ =L

Therefore

(m5>V57m6) = (_37 107 _1)

We have thus obtained for the v branch:

(1,10,3), (3,11,8), (8,4 = 13,9), (9, v_ = 5, —8), (=8,11,—3), (3,10, —1);  (3.26)

v_ branch: We have

(mo = 1,19 = 10,m; = 3), (m1 = 3,11 = 11,my = 8), (mo,v2 = v_ =5,mz = —9)
where the last integer comes from mg = % = -9
(mg = —9,v3,my4). We must have ms|(vs + 5), or 9|(v3 + 5). Possible choices are vz =
4,13,22,... The choice v3 = 13 = v, makes |nj — 97| least. Whence my = 199597 = —§,
Thus
(ms,v3,my) = (—9,v4 = 13,-8)
(myg = —8,v4,m5). We must have my|(vy + v3), or 8|(v4 + 13). Possible choices are vy =

3,11,19, ... Of these choices v4 = 11 makes |[v? — 97| least. We have mj = %;97 = -3.
Thus

(m47 Vy, m5) - (_87 117 _3)

(ms = —3,v5,mg). We must have ms|(vs + v4), or 3|(vs + 11). Possible choices are

vs = 1,4,7,10,13,.... Of these choice vs = 10 makes |v7 — 97| least. We have mg =
2

V5n;597 = 100-97 — 1. Thus
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(m5,V5,m6) - (_37 107 _1)

We have thus obtained so far for the v_ branch

(1,10,3), (3,11,8), (8,v_ = 5,-9), (=9, v, = 13, —8),(=8,11, —3), (3,10, —1); (3.27)

Observe that the v, branch given by (3.26) and the v_ branch given by (3.27) have
merged at the step (—3,10, —1). After the v, and v_ have merged the sequences reverse to
complete the cycle. The same phenomenon of twin successors, local splitting and merging
is met in the reverse parts. Therefore we have 4 cycles. They are

vy cycle
(1,10,3),(3,11,8), (8, v+ = 13,9), (9, v— = 5,—-8),(-8,11,-3), (-3, 10, —1);
(—1,10,-3),(-3,11,-8), (=8, v_- =5,9), (9, v+ = 13,8), (8,11, 3),((3,10,1) (3.28)
vy bis cycle
(1,10,3),(3,11,8), (8, v+ = 13,9),(9,v_ = 5,-8),(—8,11, -3), (-3, 10, —1);
(—1,10,-3),(—3,11,-8), (—8,v4 = 13,-9), (—9,v_ =5,8), (8,11, 3),(3,10,1)  (3.29)
v_ cycle
(1,10,3),(3,11,8), (8, v— =5,-9), (-9, vy = 13,-8),(-8,11,-3),(—3,10, —1);
(—-1,10,-3),(-3,11,-8), (=8, vy = 13,-9),(-9,v_ =5,8),(8,11,3),(3,10,1) (3.30)
v_ bis cycle
(1,10,3),(3,11,8),(8,v— =5,-9), (-9, vy = 13,-8),(—8,11, -3),(—3,10, —1);

(1,10, -3), (3,11, —8), (=8,v_ = 5,9), (9, v, = 13,8)8,11,3), (3,10, 1) (3.31)

These 4 cycles produce the same solution (6377352,62809633;1) of the Brahmagupta-
Fermat equation which can be seen from the algorithm. This will be seen again in Section
5.

Example 3.5: D = 58. This is our final example of twin successors. We will record the
steps (Mg, Vp, Mp41), the solution of the Brahmagupta-Fermat equation will be found in
Section 5. We start with v_; =0, mo = 1.

1. (mo,vo, m1). Since mgo = 1, the only condition to meet is that |2 — 58| is least. This
gives ng = 8 and my = 1§ — 58 = 6.Thus
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(m07 o, ml) = (13 8’ 6)

2. (mq,v1,m2). We must have 6|(8 4+ 11). This gives 11 = 4,10, 16, .... as possible choices.
Both the choices v; = 4,10 make |v? — 58] least. In fact [42 — 58] = 42 and |10% — 58] = 42.
Define

M+ = 10, V- = 4

Then V_% and 2 are equidistant from 58 in absolute value. This leads to twin sequences
as follows.

2
v —5H8 _
*6 = % = —7. Therefore

3. v_ branch : For the choice v; = v_ = 4 we have my =

(my,v1,me) = (6,v_ =4,-7)

(mg = —7,v9,m3). We must have ma|(v1 +12), or 7|(4+ v2). This gives vo = 3,10, ... and

2
it is seen that v, = 10 makes |v5 — 58| least. Thus v = vy = 10 Therefore ms = %m—_js -
10°-58 _ 42 _ G Therefore
mao 7

(ma,va,m3) = (=7,v4 = 10, —6)

4. (mg = —6,v3,my). We must have 6|(10 + v53). This gives v3 = 2,8,14, ... as possible

2
. . . —58 _
choices. |v2 — 58| is least for the choice v3 = 8. Thus my = ”3m3 =08 = 8 — 1,

Therefore

(m37 Vs, m4) - (_67 87 _1)

5. (my = —1,v4,m5). We must have —1|(v4 + 8). This gives vy = 1,2,3,4,...7,8,9, ... as
vi=58 _ 64-58 _ _g

possible choices. |v3 — 58] is least for the choice v4 = 8. Thus ms = — —

Therefore
(m4, Vy, m5) = (—1, 8, —6)
At this point the sequence has already reversed. The complete sequences are:
v_ cycle
(1,8,6),(6,v— =4,-7), (=7, vy =10, —6),(—6,8,—1);

(—1,8,—6), (=6, = 10,=7), (=7, v_ = 4,6), (6,8,1) (3.32)

v_ bis cycle

(17 87 6)7 (6; v = 47 _7)7 (_7; Vy = 10; _6)7 (_67 87 _1)7
(—1,8,—6), (—6,v_ = 4,7), (7,v,. = 10,6), (6,8,1)
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In a similar way we compute the the other of the twin sequences.

v4 cycle:

(1,8,6), (6, v, = 10,7), (7,v_ = 4,—6), (—6,8,—1);

(—1,8,—6), (—6,v_ = 4,7),(7,v, = 10,6), (6,8,1) (3.33)

v4 bis cycle

(1,8,6), (6,v,. = 10,7), (7,v_ = 4,—6), (—6,8,—1);
(—1,8,—6), (—6,v4 = 10,—7), (—7,v_ = 4,6), (6,8, 1)

The two sequences merge at the midpoint, (—6,8, —1), and then reverse to complete the
cycles. Working through the algorithm we obtain from the twin sequences the same fun-
damental solution (2574,19603);1) to the Brahmagupta-Fermat- Pell equation. This will
be seen again in Section 5, from the periodic semi-regular continued fraction engendered
by this algorithm.

4. The Chakravala algorithm produces a cycle after a finite number of steps.
This section is based principally on the work of Bauval, [B].
Definition 4.1: Best (mod m)

Let D > 0 be a non-square integer. Let v > 0, and m be integers. Then following Bauval

2

[B] we say that v is best (mod m) if in the congruence class (mod m), v is nearest to

D in absolute value. In other words for all v/ > 0, and v/ = v (mod m)

|D — 12| < |D —v"? (4.1)
If |m| < V/D, then v is best if v is one of two positive integers v; and v, such that
vi < D <vi= (v +|m|)? (4.2)
If only one is best, then we say it is strictly best.

If m is even and vy and vy are both best then

D—vi=vi-D (4.3)
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Lemma 4.2 (Twins):

Suppose m is even and v1 = v_, v = v4 are both best (mod m). Then we have twins

(m, vy, m') satisfying

— /j:|m|
ve = |m/| >
and
2
D: 112 ‘m|
m'? + 120

Proof: Since v1 = v_, vy = vy are both best, we have

D—v? =vi — D =|m|nm/|

where
V2 < D <vi=(v_+]|m|)?
Therefore
mlfm’| = (v— +m|)? = D = v2 + |m? + 2v_|m| — D
whence

[mllm’| = —|m[lm/| + [m[* + 2v_|m|

Dividing out by 2|m| we obtain

and
_ o Iml
v = vt fml = ' +

(4.4)

(4.9)

which proves (4.4). Now square each of (4.8) and (4.9) and then add the squares to get

1 2
R R

which proves (4.5). =

Proposition 4.3 , (after Bauval [B], Proposition 1) : Suppose |m| < v/D, v> — D =
elm||m’| where e = 1if v > D and ¢ = —1 if v? < D (which follows from v2 — D = mm/).

Suppose also v is best (mod m). Then the following inequalities are equivalent
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(1) v is best (mod m)

2
(2) Im/|* + |mT| <D (4.10)

(3) v > || +g% (4.11)

(2) = |m/| < VD.
Proof of Proposition 4.3: This is given in Appendix 1. =

The above implies that in the Chakravala recursion |m,| < /D for all positive integers
n.

Remark: The same inequalities also figure in Ayyangar [A1l], page 237, but the his deriva-
tion of (2) from (3) by a squaring argument is false when ¢ = —1. See equation (14), p
237 of [Al]. Various errors in [Al] are pointed out in [B].

Definition 4.4: Steps and Reduced steps: We shall say, following Bauval [B], that
the triple (m,v,m’) is a step if |m| < v/D, |v? — D| = |m||m/| and v is best (mod m). If v
is also best (mod m'), then we have a reduced step. If (m,v,m’) is a reduced step then
clearly (m’,v,m) is a step. If (m,v,m’) is a reduced step then both

|m/[*

|2+ - < D (4.12)

|m’|*

m)2+ L < p (4.13)

Corollary 4.5: Let (m, v, m’) be a step. If |m’| > |m| then the step is reduced.

Proof of Corollary 4.5: The inequality (4.10) for the step can be rewritten as

|

3
(' = m?) + |mf’ + == < D

Since |m/| > |m|, we get

||

m2+ L < p (4.14)
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which proves the Corollary.

Theorem 4.6 (after Bauval [B], Theorem 2 ): The successor of any step is reduced: If
(m, v, m’) is a step and (m/, v/, m") is a successive step, we have |m| < v/D and |m’| < VD,
elm|lm/| = v? — D, g|lm/||m"| = V"> — D, m/|(v + V') and

1) |+ mT <D (4.15)
12
2) w2+ mT <D (4.16)

then

m//2
3) |mP+

<D (4.17)

and thus the successor step (m/, v/, m') is a reduced step.
Corollary 4.7: All steps are reduced:

The first step (mg, v, m1), where my = 1 is easily seen to be reduced. By Proposition 4.3,
2 2

|m1|2+% < D, and |m;| < v D. Furthermore |m0\2+% <1+ £ < D, since D > 2.

Hence the first step is reduced and therefore by Theorem 4.6 all steps are reduced.

Proof of Theorem 4.6: The proof is given in Appendix 2.
Lemma 4.8: Twin succesors

Suppose m is even and both vy = |m/| £ |—’;| are best (mod m) as in Lemma 4.2. Then
the successor step of (m, vy, m') is (m/, v, —m).

Proof: By Theorem 4.6 and Corollary 4.7, all steps are reduced. Thus each step (m, vy, m’)
is reduced and thus each of vy is best (mod m) as well as being best (mod m’). From
this it can be shown that the successor step of (m, vy, m’) is (m/,v_,m”). Indeed, let the
successor step of (m,vy,m') be (m’,v/,m"). Then v/ is best (mod m’). Moreover v_ is
best (mod m'), since the step (m,v_,m’) is reduced. The solution is v/ = v_.

Consider the successor step (m/,v_,m""). Again, since by Theorem 4.6 and Corollary 4.7,
all steps are reduced, we have that (m/,v_,m) is a reduced step. Therefore v_ is best
(mod m’) and best (mod m'’). Since v_ is best (mod m), from Lemma 4.2, and also best
(mod m') since (m,vm') is a reduced step, it follows that m” = em, where ¢ = £1, and
the step (m/,v_,em) is the successor of the step (m,vy,m’). It remains to fix the sign
factor e. Now m/m = vi — D, and from (4.7) vi > D. Therefore m and m’ have the
same sign. Since m”’m’ = v2 — D and v?2 < D, m"” = em has the opposite sign of m’
and therefore opposite sign of m. Thus ¢ = —1. Therefore we have proved that the step
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(m, vy, m) has as successor step (m’, v_, —m). Similarly we prove that the step(m,v_, m’)
has as successor step (m/, vy, —m). =

Theorem 4.9: The Chakravala algorithm produces a finite sequence which is a cycle :

Proof: The algorithm produces the sequence of steps (m,, v, m,11). From Proposition
4.3 we have |m,| < /D for all n. From this and m,;m, 1 = v> — D we have [v2 — D| < D,
whence 0 < v, < v/2D for all n. Therefore the number of possible steps is finite. From
Theorem 4.6 we have that if (m,, vy, my41) is a step, then its reverse (myy1, vy, my) is
also a step. Therefore the total number of steps is even, say 2r. The 2r steps complete a
cycle. The mid point, before reversal, is reached after r steps. We now have two cases.

Case 1: Each step has a unique successor. We then have a sequence of r successive steps
and then the reversed sequence of r steps to complete a cycle. Thus the cycle is

(1; o, m1>7 (mh vy, mZ)a ------- ) (m’r—27 Vr_2, mr—1)7 (mr—lv Vr—1, mr)7
(mT7 Vp—1, m’rfl)a (mrfla Vy_2, mT*Q)? """" 9 <m27 Vi, ml), (m17 , ]-)

Case 2: A step has a twin successor. In this case we have twin sequences. By Lemma 4.8,
the successor of (m,vy,m’) is (m',v¢, —m) where vy = |m/ H:@ Moreover, following
the argument in [B], a twin successor can only occur once before the midpoint of the cycle.
Assume that the twin successor occurs at the j-th step. We then have two sequences. For
each sequence we indicate by a semicolon the step at which the sequence is reversed. The
two sequences merge at the (j + 3)rd step. Thus the split is local. See the illustrative
Examples 3.3 (D = 29), 3.4 (D = 97) and 3.5 (D=58).

(17 V07m1)7 (mlv V1, m2)7 """" ) (mj—la I/j—17m)7 (m’ Vg, m/)(m/a v, _m)7 (_m7 Vj+27mj+3);
(mjts, Vita, —m)(—m,v_,m')(m', vp,m)(m,vj_1,mj_1),....... , (ma,v1,mq), (my,v0,1)

and

(17 Vo, m1)7 (mla V1, m2)7 """" ’ (mj—17 Vj—17m)7 (ma V—7m/)(m/7 Vi, _m)7 (_m7 Vjt2, mj+3);
(mj+3, Vjta, —m)(—m, Vy, m’)(m/, I/_,m)(m, Vi1, mj_1>, ....... s (mg, V1, ml), (ml, o, 1)

5. The Chakravala algorithm and it’s semi-regular continued fractions

We will consider the action of modular transformations on steps. A modular transfor-
mation is the action of the group SL(2,Z). For this it is useful to identify the step
(My,, U, Mypt1) with the binary quadratic form
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Qn('ra y) = mnxz + Qany + mn+1y2 (51)

with an extra condition: the middle coefficient v, is best, i.e. |v2—D| is least in the modulus
class (mod m,,). Such forms can be called best forms. A(Q,) = 4D is the discriminant of
the form, and this is by definition

A(Qyn) = 4(V2 — mymyy1) = 4D

The main reason, in this context, for the quadratic form interpretation is for studying
the action of the modular group SL(2,Z). It has been known, since Gauss, that the
modular group, and some particular transformations engender the evolution of the forms
(m,v,m’) — (m’,v/,m"). Additional conditions have to be imposed to ensure reducibility
to impose boundedness of forms. Furthermore reduced forms are reversible: if (m, v, m’) is
a reduced form so is (m’,v,m”). This leads to periodicity. The Gauss reduction condition
is in terms of the roots of the quadratic form. On the other hand the best forms of
the Chakravala algorithm are also reduced (Theorem 4.6 and Corrolary 4.7). We shall
see in the following that the Chakravala algorithm is also produced by SL(2,Z) action
supplemented by the best condition. We shall also see that the best condition is equivalent
to a condition on roots of the quadratic form (but different from those of Gauss). The best
forms are bounded and periodic, and the action of the modular group on the roots leads to
periodic semi-regular continued fractions. The modular group action and the C'hakravala
periodic semi-regular continued fractions lead to automorphisms of the quadratic form.
Each such automorphism (automorph) gives (as in the classical theory of Gauss) a a
solution of the Brahmagupta-Fermat-Pell equation. The solution obtained at the end
of the first cycle is fundamental: it is positive and least. This is proved in Proposition
5.12. The tranformation to regular continued fractions turns out to be unnecessary. This
transformation is also given for completeness but the periods are much longer than those
of the semiregular continued fractions.

Remark: In the following we use the terms steps and best forms equivalently.

The quadratic form can be represented by the matrix

Q= (m" n ) (5.2)

Un Mnp4+1

whence the determinant of the form is det(Q,) = mpmp41 — 1/,21 = —D, showing that
the form is indefinite. The number D > 0 is not a square and is fixed. Since the coef-
ficients are integers with uniform bounds (Theorem 4.9) , the number of possible forms
(My,, Y, Mypt1) of fixed discriminant is finite. Therefore the successive forms eventually

repeat themselves. We have proved earlier (Theorem 4.6) that every best form (= step)
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arising in the Chakravala process is reduced. This leads (Theorem 4.8) to finite sequences
which are cyclical.

5.1 Action of the modular group SL(2,7) on steps = best forms
Let (a,b,c) with integer entries represent the quadratic form

Q(a, b, c) = ax?® + 2bxy + cy? (5.3)

Then Q(a, b, c) can be represented by the matrix

Q(a,b,c) = (Z b) (5.4)

Cc

with

A(Q) = —4det Q = 4(b* — ac) = 4D (5.5)

The matrix M € SL(2,7)

v 0

with

det M =ad —pBy=1

acts on the form (a, b, c)

(a,b,¢) = (a', V', ) (5.7)

by its action on the on the matrix ) representing the quadratic form

/ b/
Q(a,b,¢) = Q'(d',b'd) = MTQ(a,b,c)M = <Z, c’) (5.8)
with transformed coefficients
a' = aa® + 2bay + cy? (5.9)
V' =aaB +b(ad + By) + o (5.10)
¢ = af? + 2068 + 6> (5.11)

By computation we find that the discriminant A(Q’) of Q' satisfies
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A(Q') = (ad = B7)°A(Q) = A(Q) (5.12)

so that modular transformations leaves the discriminant invariant.
Right neighbouring forms

Definition 5.0: Following Dirichlet ([D], page 107) we will say that (a,b,c) has a right
neighboring form (a’, ¥, ¢’) if the following three conditions are satisfied : that the dis-
criminant is the same, that ¢’ = ¢ and ¥’ = —b (mod a’). The last condition means that
b+ b is divisible by a’. In other words that for an integer § we have b+ b = —a’d. These
conditions are fulfilled by the choice of the modular transformation Ss below.

Let 6 be an integer. Consider the SL(2,7) matrix

si= () }) (5.13)

Under the transformation Ss : (a,b,¢) — (a’, 0, )
we get

a=c, b =—-b—cb ¢ =a+ 205+ cs?
We thus have the map after re-labelling
Ss: (a,b,a’) — (a', 0, a")
where
V =-b—dé, a =a+2b5+d'd? (5.14)
Thus (a/,b',a”) is a right neighbouring form of (a, b, a’).
5.2 Modular transformations of steps/best forms to steps/best forms..

The previous developments ((5.13) - (5.14) ) apply directly to a Chakravala step (m, v, m’)
considered as a best form. Under the modular transformation S5 given by (5.13) we have

S5 : (myv,m’") — (m',v/,m") (5.15)

where Sj is the matrix

S; = <_01 (15) (5.16)

We identify (a,b,a’) with (m,v,m') and (a’,V',a”) with (m/,v,m”). Then from (5.14) we
get
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=0 (5.17)

Since 0 is an integer this means

V' = —v (mod m’) (5.18)

Moreover we obtain from (5.14), the above identification and (5.17)

/
" V—+v

m/

(v—1") (5.19)

From (5.19) and mm’ = v? — D since (m, v, m’) is a step, we get

m’ = (5.20)

(5.20) also follows from the fact that the discriminant is left invariant under modular
transformations:

2

7 mm' = VIQ

—m'm"” =D (5.21)

The form (m’,v',m”) is a right neighbour of the step according to Definition 5.0 and thus
vV = —v — m/§ for any integer 6. We now pick this integer § by demanding that V' is
best (mod m') (see Definition 4.1). In other words, v/ is nearest to v in the | - | norm in
the congruence class mod (m'). This ensures that the right neighbour (m/,v',m”) is a
Successor Step of the C'hakravala algorithm and thus reduced by Theorem 4.6. However
the choice of § is not unique so that there may be more than one successor step. To see

this, remark that

v+
/

5= —

m

and two choices of v/ may be equally best (mod m') as shown earlier.

We now give an equivalent condition in terms of the roots of quadratic forms for a right
neighbour of the Chakravala step (as defined above) to be a successor step (and thus a
reduced step).

We consider the roots of the quadratic form (m, v, m’)

mw? + 2vw +m’ =0 (5.22)

The roots are

oo vEVD (5.23)

m
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Define

(5.24)
to be the first or principal root.

Proposition 5.1: Let (m,v,m') be a quadratic form. Assume D > 0 is a non-square
integer, v > 0 is an integer and |m| < v/D. Then the condition v is best (mod m) (see
Definition 4.1) is equivalent to the condition that the principal root |w,| < 1.

Proof: v is best (mod m) implies that |v? — D] is least in the congruence class (mod m).
Assume |m| < v/D. Then v is vy or v where

0<wy <VD<vy =11+ |m| (5.25)

Suppose v = v;. Then

0<v<VD<v+|m| (5.26)

Therefore

|—v+VD| _|m| _

lwp| = ———F— < =1 (5.27)
m| m|
Suppose v = v5. Then
v—|m|<vVD<v (5.28)
or
0<v—VD<|m| (5.29)
Therefore
— VD
|w+|:M<|_m|:1 (5.30)
m| m|
Therefore in both cases v = 11 or ¥ = vy we have |wy| < 1. Thus v is best in the
congruence class (mod m) = |w,| < 1.
Conversely suppose |w4| < 1. Therefore
| — v+ VD] < |m (5.31)

Suppose v < v/D. Then from (5.31)
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0<—v+VD < |m|

and hence

v < VD <v+|m| (5.32)

Suppose v > v/D. Then from (5.31) we have

0<v—VD<|m|

and hence

v—|m|<VD<uv (5.33)

Therefore the condition |wy| < 1 = v is best mod m. This completes the proof that the
condition |wy| < 1 and the condition that v is best in the congruence class (mod m) are

equivalent. m

Corollary 5.2: The condition |wy| < 1 implies that the form (m,v,m’) is reduced. For,
Proposition 5.1 says that v is best (mod m) and therefore (m,v,m’) is a step. Theorem
4.6 and its corollary then says this step is reduced and equivalently the form is reduced.

Remark 5.3: Comparison with Gauss reduction, see [D]

1. Besides the above reduction condition |w; | < 1, we have trivially |w_| > 1 where (using
v >0)

v+ VD] _ v++vVD

ml |m]

w_| =
In fact since |m| < v/D (see Section 4) and v > 0 we have

lw_| > @ =1
VD
lwy] < 1 and |w—| > 1 are also two of the conditions of Gauss reduction (see Dirichlet-
Dedekind [D] Chapter 4, §74 ). However, Gauss has a third condition, namely the roots
w4 and w_ have opposite signs. As a consequence in the Gauss reduction 0 < v <
v D. Furthermore, as a consequence for the Gauss reduced form (m,v,m’), the outer
members m, m’ have opposite signs. In the Chakravala reduction this third condition of
Gauss (namely that the roots w; and w_ have opposite signs) is absent. In the Gauss
theory a reduced form has exactly one reduced form as a right neighbour (see [D], §77).
A Chakravala reduced form has at least one and at most two reduced forms as right
neighbour(s) (the latter case coresponds to twin successors of Section 4). As pointed out
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there it is possible to encounter local splitting and merging of sequences (see Lemma 4.2 in
Section 4 and the examples for D = 29, 97, 58 in section 3). However the solution of the
Brahmagupta-Fermat-Pell equation remains the same (see later) for the complete cycles
of the split/merged sequences.

Theorem 5.4:

Let (m,v,m’) be a Chakravala step. Let Ss be the modular map (5.15) and (5.13):

Ss: (m,v,m') — (m/,v/,m")

where Sy is given by (5.13)

si=(5 5) (530

where ¢ is an integer. The map S5 gives (m/,v/;m") as a right neighbour with v/ =
—v —m/é.

Let w’, be the principal root of

m'w? + 200 +m” =0

—' +VD

m/

W, = (5.35)
Then the right neighbour (m’,v’,m") with v/ = —v —md is a step if and only if |/ | < 1.
Then v/ is best (mod m’) and this fixes the integer 0.

As a consequence by Theorem 4.6 the successor step (m',v',;m") is a reduced step i.e.
(m"" v ,m') is also a step.

Proof: The map Ss is given by (5.15) et seq till (5.20). (m/,v',m”) is a right neighbour
of the step (m,v,m’). The latter being a step implies |m| < v/D and then Proposition
4.3 implies that |m/| < v/D. As a right neighbour v/ = —v (mod m’), and from the map
Ss we have v/ = —v — m/¢, where ¢ is the integer in S5 Amongst all these v/ one is to be
chosen as follows: Let w/_ be the principal root given by (5.35). Suppose |w/ | < 1 Then by
Proposition 5.1 (applied to w’,) , v’ is best (mod m’). Therefore (m’,v’, m") is a successor
step and thus, by Theorem 4.6, is a reduced step. Conversely suppose (m/,v',m”) is a
step. Then v/ is best (mod m’). Therefore by Proposition 5.1, |w/ | < 1. =

5.3 Action of the modular group on roots of quadratic forms

If Q(z,y) = ax®+2bxy+cy? and Q'(2',y') = a’z"?+2V' 2"y’ +cy'? is its modular transform,
then Q(x,y) = Q'(2',y') identically. If @ is represented by the matrix in (5.4), then
Q' = MTQM where M is given by (5.6). If £ = (x,%) represented as a column vector and

¢ = (2',y), then (£,Q¢) = (¢,Q'¢). Hence & = M¢'. Thus
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()= D) 63

x=oax + By, y=yr" +5 (5.37)

Therefore

whence

The roots w,w’ of the quadratic forms Q(z,y), Q' (z',y") are just the values of the ratios

!
T and % where these forms vanish. Therefore

y
!/
W= o’ + 8 (5.38)
yw' 4+ 0
Inverting this we get
Sw —
W 2w=b8 (5.39)
—Yw + &

Let wi,w!, be the principal roots, where

_ -b+VD

a

W
As a consequence of (5.39) we get

, -V +vD
T

Thus principal roots are transformed to principal roots.

5.4 Action of modular group on roots of Cakravala steps and semi-regular
continued fractions

Let (m,v,m’) be a Cakravala step. Let S5 be the modular map (5.15):

Ss i (m,v,m') — (m/,v/,m")

(m, v, m’) is a step and therefore by Propsition 5.1, its principal root |wy | < 1. By Theorem
5.2, (m',v',m") is a step if and only if its principal root satisfies |w/,| < 1. Thus w and
|w!y | < 1 are proper fractions. Now specialising the action of the modular group on roots
of quadratic forms given by (5.39) to S5 we get
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0 —wly
For n > 0 take the sequence of modular maps
S5n : (mn7 Un, mn+1) — (mn—|—17 Un+1, mn+2) (541)
where
I _Vn t Vi1 (5.42)
Mn+1

and (M, Vn, My1) is a step and thus |w4 ,| < 1. Then (my41, Vny1, Mny2) is a step <=
|wt nt1] < 1. By Proposition 5.1, v,,41 is best mod my,4+1. This fixes (but not uniquely)
Vn+1 (= =V, mod my,11). This fixes in turn the integer ¢,, and thus the map S5, . We now
get from (5.40) with wy = w4 p, W\ = Wi g1

1

= 5.43
On — Wi nt1 ( )

Wt,n

Semi-Regular Continued Fraction (SRCF):

Henceforth we simplify notation by writing w = w, for the principal root. From (5.43) we
have by iteration the continued fraction

1

A
Wp = 77—
Mn Mn—l—l |5n—|—2

1
-1
-1

TR (5.44)

On +

On+t1 +

Proposition 5.5 :

The continued fraction given by (5.44) (starting with n = 0) can be transformed into a
standard form of a semi-reqular continued fraction (SRCF') (or hal f —regular in the sense
of Perron [P], Chapter 5, §35, page 149 et seq)

w=1—+—+—+ .o+ . (5.45)
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where the integers

and the ¢,, = £1 are as follows:
kn = |0nl], €n = —(sign d,_1 X sign d,)1, €9 = (sign dp)1 (5.47)
kn, > 2=
kn + 5n+1 2 1 (548)

and therefore the infinite irregular continued fraction (5.45) is a Semi-Regular Continued
Fraction (SRCF), (see Perron, [P], §35, page 149 et seq).

Remark: This may be called Bhaskara's continued fraction as it has been derived directly
from his algorithm and should be distinguished from the NSCF in [A2]. We simply refer
to it as the SRCF in the following.

=

Proof: We have k,, = |6,|. Define ¢, = — el —3=. Therefore g, = —sign d,,. Now

on
substituting d,, = —’;—," in (5.43) we get

/

—€
n= T 5.49
“ kn =+ 5%wn+1 ( )
We set ¢’ | = 1. Define ¢,, = —¢],_;¢),. Then g9 = —¢(,. We have
En = —(sign d,—1 x sign d,)1, g9 = (sign d,)1 (5.50)

Now we obtain a recursion relation for the SRCF. From (5.49), multiplying both sides by

/

€ and setting

n—1
n = €p_1Wn (5.51)
we get
En
n=— 5.52
5 kn + 5n—|—1 ( )

with & = wy. Iterating (5.52) we have the complete quotient

g = ool yenmal (5.53)

Starting from n = 0 we get the SRCF

29/july /2023 [42] 5:42



eol e  e2 En
== —+ — 4+ =+ ...+ —=+ .. 5.54
wo = &o |k0+|k1+|k2+ +|kn+ (5.54)

Thus (5.45) and (5.47) have been proved. That k, > 2 is the statement of Lemma 5.6
below and is proved in Appendix 3. The proof of Proposition 5.3 is complete. =

Lemma 5.6: Let (m,v,m') and (m’,v',m") be any two successive steps. By definition

5— _V—I—/V/
m
Define
/
b — |5] _ V+v
/|
Then
k>2

The proof which depends on the fact that all steps are reduced (Theorem 4.6 and Corollary
4.7) is given in Appendix 3.

Proposition 5.7: A semi-regular continued fraction

gol  e1]  e9f En|
wy=—+——+—4 e + ... 5.55

where €, = +1 and k,, > 2 converges.

Proof: This is the Tietze convergence theorem, given in Perron [P], Chapter 5, §35, page
149, Satz 1. This theorem was proved under the weaker condition k,, > 1, and k,,+€,41 > 1
for all n > 0. This condition is obviously satisfied if k,, > 2. The proof is quite easy under
the condition k,, > 2 of Proposition 5.5 and we shall give it. To this end define the

convergents

3 3 3 En—
Pn_ 2o o] eol | encl

= . 5.56
dn |7€0 |/€1 |/<72 |kn—1 ( )

for all n > 1. Then p,, q, satisfy recurrence relations for all n > 1. These are conveniently

written in matrix form

(pn pnl) — <pn1 pn2) (knl 1) (557)
Adn dn—1 dn—1 dn—2 €n—1 0
where pg =0, p_1 =1 and ¢ =1, g_1 = 0. We obtain for n > 1,
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whence

Zﬁ _ knflpnfl + E€n—1Pn—2
dn kn—lQn—l + En—1q9n—2

(5.58)

Iterating the matrix recurrence relation we get

Pn  Pn-1 _ 0 1 kO 1 ]{71 1 kn—l 1
(qn Qn1> = (1 0) (60 0 e 0] e 1 0 (5.59)
Taking determinants

Pndn-1 — qnPn—1 = (—1)"Teger.en1 (5.60)

Dividing both sides by ¢,¢,—1 we get

Pn  DPn-1 (—1 n+1 €0€1..--En—1 (5.61)

dn dn—1 dndn—1

From the matrix recurrence relation we have for all n > 1,

qn = kn—lQn—l +En—1qn—2 (562)

where g =1, g-1 =0
Lemma 5.8: g, is a positive strictly monotonic increasing sequence.

Proof: Assume ¢q,,_1 > ¢q,_2 > 0. Then we have, using k,, > 2,

dn —Qqn—1 = (k:n—l - 1)(]n—l +En_1qn—2
> (knfl - 1)Qn72 +Een—1qn—2
> (n-—2 + En—1G9n—-2 = (1 + 8n—l)Qn—2 > 0

Therefore ¢, > ¢n—1 > 0. For n =1, ¢ = ky > 2 and therefore ¢; > 0. For n = 2,

@2 —q = (k1 —1)q1 +¢;
>q+e1=ky+e1>0

Therefore by induction for all n > 1 we have ¢, > ¢,_1 >0foralln > 1. =

Let m > 1 be any fixed integer. From (5.61) we have, by using a telescopic sum and that

qn is strictly monotonic increasing,

m
Pn+m o Zﬁ <

m
; i 1
Pntj  Pntj-1 ‘ < Z < m (5.63)
ntm  dn =1 Inti Antj-1 =1 Intidntj—1 Ant1dn

Since g,, > 0 is strictly monotonic increasing, we have ¢,, — co as n — oo and hence
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Pim _Pnl g

dn+m dn

Therefore {%} is a Cauchy sequence and thus converges. The limit defines wg. =

Lemma 5.9: For n > 1 we have

Proof: The conditions of Satz 1 in the convergence theorem of Perron [P], Chapter 5, §35,
page 149, are true here because k,, > 2. The lemma follows from equations (9) and (10)
on page 151 of [P]. =

Remark: A simple inductive proof of (5.64) is given by A. Offer in his Lemma 6 , [O].

In a semi-regular continued fraction the convergents do not have a fixed sign. Therefore
it is useful for later purposes (see the proof of Proposition 5.12) to have a uniform bound.

Lemma 5.10: The sequence of convergents {z—:} is uniformly bounded :

Proof: From (5.61),

n

]ﬁ :Z(—l)j—H €0€1.---€5—1 (565)

=1 45951

Using the bound (5.64) in Lemma 5.9, we have that the sequence {£*} is uniformly bounded

above by

Pn 1 1 1 <1 1

—|<1+= — <1+4= - == 2 5.66
where ( is the Riemann zeta function and ((2) = %2. .

Remark: (5.66) is a very rough bound as it ignores all cancellations, but it suffices for our
purpose as we shall see later. In practice, it is seen that ]2—”| is a proper fraction less than
1, and this may seem intuitively obvious since we are approximating an irrational wy and

lwo| < 1. See the examples at the end of this section.
Periodicity:

The SRCF of the Chakravala algorithm is periodic because it corresponds to a reduced
step cycle with period length 2r (Theorem 4.8). Therefore 6,49, = 0, which implies
Knt2r = kn. Moreover €, 5. = €, and hence e,,42, = €,. We thus have in a period of
length 2r
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50\ 51\ 52\ €2r—1|
wop=*—+ — + — + ...
° ko~ |k1 k2 |kar_1

* + (5.67)

The asterisks mark the beginning and end of a cycle. Within this cycle of period 2r we
may have a cycle of shorter period. An argument in [D], §83, page 140, shows that the
case that the SRCF period is shorter than the step period 2r can only occur if r is odd.
We have as illustrated below

Eop+i = &4, k2rp+i = kz : Vi Z 0 (568)

Moreover if in addition r is odd and only if r is odd

kr+i = ki, Epts — &4 ¢ \4) >0

Additional symmetries follow from a generalisation to SRCF of the Galois theorem on
inverse periodicity for RCF (regular continued fractions) given in Perron ([P], §23, Satz 6,
page 83 and §24, page 87)

Lemma 5.11: Generalized Galois inverse periodicity for SRCF:

We have
€ € € €9y Eop_
goz\/5+u0:2y0+w0:2u0+*i’+—1|+l|+ ..... 2 2|+ 2r—1] (5.69)
ko |k1 ke kor—2  |kar_1
On the other hand by inverse periodicity we get
€2r—1| | E2r—2| e1] €0
= kor_1 + % + + o+ — + * 5.70
T  kg—y | k2r—s ko [kor—1 (5.70)
Proof: This is given in Appendix 4. =
From (5.69) and (5.70) we have the following Galois symmetry relations
Ei —E2p—_1—4 - 0 < 1 < 2r —1 (571)
k‘i = kgr_g_i : 0 S 1 S 2r — 2 (572)
]{igr_l = 21/() (573)
As an immediate consequence of (5.71), we see that the sequence ¢g, 1, ...... ,E2r_1 can be

written as

€0y €Ly -eeeen yE€r—1,8r—1,Er—2, ..., €1, €0
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Therefore,

EQELwvnnnt Eoqr—1 = 8%6% ...... 82 1= 1 (574)

a result we shall use afterwards.

5.5 Solving the Brahmagupta-Fermat-Pell equation

As shown earlier an SL(2,7Z) transformation has a natural action on a quadratic form and
therefore on its (principal) roots:

w—w
_aw' + B
w= PO (5.75)
where
@ B ¢ 50(2,2) (5.76)
v o9 ’ '

The SL(2,7Z) automorhisms of the quadratic form form a subgroup. Each element of this
subgroup has been baptised an automorph. Let S4 be an automorph. Then under S, we
have w — w:

aw + f3

w= poR (5.77)

It is shown in [D, Chapter 4, §62] that there is a 1 — 1 correspondence between such
automorphs and solutions of the Brahmagupta-Fermat-Pellian equation. The periodic-
ity of the SRCF (5.67) provides us with such an automorph, and thus a solution of the
Brahmagupta-Fermat-Pell equation as we will now see. From (5.67) we have

_ &l al | el €271

= — + — + + 5.78
"= oo TTe e T TR o) (5.78)
From (5.58) we have
eo| €1l e2] €or—1|  kor—1D2r—1 + €20—1D2r—2
_— 4+ — + — + ... = 5.79
ko k1 k2 |kar—1  kor—1@2r—1 + €2r—1G2r—2 (5:79)
Now po,_1,Par—2,q2r—1,qor—2 are independent of ko,._1. Therefore
eol el e2 €2r—1] (k2r—1 + wo)p2r—1 + €2r—1D2r—2
wg= — + — + — +.... = 5.80
0 |ko |k1 | ko |(kar—1 + wo) (kor—1 4+ wo)qar—1 + €2r—1G2r—2 ( )
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In the previous equation we now use (see (5.58) )

Dar = kor—_1D2r—1 + €2r—1P2r—2

Q2r = kor—1G2r—1 + €2r—1q2r—2 (5.81)
to get
wo = wopP2r—1 + P2r (5.82)
woq2r—1 1 qor
Claim

Sp = (pz“l p”) € SL(2,7) (5.83)
q2r—1  G2r

and therefore (5.82) is an automorph.

Proof: Since the entries are all integers we just have to verify that S4 is unimodular. From
(5.60) and Lemma 5.11, (5.74) we have

2r+1

det S4 = par—192r — q2r—1P2r = —(—1) €0€1..-E2r—1 = 1

which proves the claim. =

Let us write for ease of notation
Sy= (Prr-r P} _ (o B 5.84
4 (Q2r—1 qor ¥ 9 ( )
which defines «, 3,7, d, namely:

@ =por—1, B=D2r, V= G2r—1, 0 = q2r (5.85)
From (5.82), and the identification (5.85) we get

awgy + B
wg= ——— 5.86
’ Ywo + 0 (5.86)
From (5.86) we derive
ywi 4+ (0 — a)wg — B =0 (5.87)
On the other hand, wy = wy o = %@ is the principal root of the quadratic form

(mg, Vg, m1) where my = 1. This is a properly primitive form (in the sense of Gauss,see
[D], p 104) since its divisor o = ged(mo, 2v9,m1) = 1. We will compare (5.87) with

mows + 20w + my = 0 (5.88)
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Let u be an integer. The divisor 0 = 1. Hence comparing (5.87) with (5.88) we get

7= Mol
d — a = 2vu, (5.89)
b =—miu
We get
d+a==20— (6§ — o) =25 — 2vyu = even integer
Therefore

5+ =2t (5.90)

where ¢t = integer. From (5.90) and (5.89) we get

a=1t—1yu

0 =t+ vou
(5.91)
b =—miu
v = mou
Now use ad — v = 1. Then from (5.91) we get
2 — (12 —memp)u® =1 (5.92)
From the definition of m; we have
vy —momy = D
Therefore
t? —Du? =1 (5.93)

which is the Brahmagupta-Fermat- Pellian equation.

Remark: (5.91) and (5.93) figure in [D], (§62, page 105) , with notational differences and
taking account that in our case o = 1. These results are due to Gauss (G-DA, §162).

Finally, from (5.91) and the identification (5.85) we get

Por—1 — & = t— ou
por = = —miu

(5.94)
q2r—1 =7 = MolU

QQr:5:t+V0u
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Since mg =1, (5.94) =

U= (q2r—1 (5 95)
t = par—1 + V0Gq2r—1

which solves the Brahmagupta-Fermat-Pell equation t* — Du? = 1 from the convergent
—zjrj of the SRCF for a full period 2r.

Fundamental solution:

Proposition 5.12: The solution of the Brahmagupta-Fermat-Pell equation t2 — Du? = 1
given by the Chakravala algorithm at the end of the first cycle is fundamental, i.e. it is
positive and the least of all the other solutions given at the end of successive cycles.

Proof: The solution is given by (5.95). First we show that the solution is positive for
non-square D > 7. Then we lift this restriction. Observe that

U =qor_1>0

On the other hand

DP2r—1 |)

t > qor—1 (Vo — |
q2r—1

From (5.66) of Lemma 5.10 we have the estimate

Now ((2) = %2 = 1.644934...... It is easily seen that since for D > 7, vy > 3 we have

2

1 x
t>3—=-——>0
> 5 6>

For D = 2,5,6 the partial quotients are positive and therefore t > 0 together with u > 0.
For D = 3, vy = 2. Explicit computation (see later) shows |§jr—:| < 1. . Therefore u > 0,
and t > 0 for all non-square D > 0.

Next we show that this solution is the least. Suppose we have performed n cycles. This
corresponds to a period 2nr. Let u,,t, be the solution after n cycles. We have

Unp = q2nr—1 (5 96)
tn = Ponr—1 + VoG2nr—1

By the previous argument we have u,, > 0 and t,, > 0 for D > 7. For D = 2,5, 6 the partial
quotients are positive and therefore u,, > 0, t,, > 0. For D = 3 we have vy = 2 and the
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Claim below proves \%| < 1 for all n > 1. Therefore for all non-square D > 2 we have
uy > 0, t, > 0 which establishes that the solutions after each cycle remain positive. Now
Up = Qanr—1 1S strictly monotonic increasing with increasing n by Lemma 5.8. Moreover the
equation t2 = Du2 + 1 implies then that ¢, is strictly monotonic increasing. Therefore, of
this infinite set of solutions, the solution uq, t; after the first cycle is the least and positive.
It is thus the fundamental solution. =

Let (t1,u1) = (tp,up) be the above fundamental solution. Then all the solutions (;,u;),
J > 1, are generated by the composition law of Proposition 1.2 :

tj -l-Uj\/B = (tD +uD\/ﬁ)j

That these give all the solutions and there are no others was proved in Proposition 1.3.
We will now prove the Claim that was made above.
Claim: For D = 3 and all n > 1 we have |Z22=1| < L.

Proof: For D = 3 we have vy = 2. From the algorithm we have the period length 2r = 2
and

=% + —% 5.97
wo * ’4 + |4 ( )
Now 2(n + 1)r — 2nr = 2r = 2. Therefore
Pa(nt1yr—1 _ =1 =1 panr—1|
QQ(n—l—l)nr—l |4 |4 |q2nr—1
whence
n T— 4 nr— nr—
P2(nt1)r—1 _ ~ (4g2nr—1 + P2nr—1) (5.98)
42(n+1)r—1 15qonr—1 + 4p2nr—1
Assume for n > 1 that
[P2nr=t) g (5.99)
q2nr—1
That this assumption is true for n = 1 is seen below.
Then from (5.98) we get
4+ ‘p2nr71 5
P2(n+1)r—1 q2nr—1
<—x<1 5.100
d2(n+1)r—1 15— 4|%| 11 ( )
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From (5.97) we have for n = 1, |%| =B = 1 < 1. Therefore by induction we have
foralln > 1,

Porrl < (5.101)
donr—1

and the claim has been proved. =

A number of examples are given below.
Remark 5.8: From SRCF to RCF

We have seen how from the penultimate convergent at the end of the first full period of
the SRCF (corresponding to the Chakravala cycle) we get the fundamental solution of the
Brahmagupta-Fermat-equation. Fundamental solutions can of course also be obtained by
converting the SRCF to an RCF (regular continued fraction) where all the partial quotients
have 41 as numerator. The RCF has only positive partial quotients and has an increased
(even) period length (see below) This accounts for the fact that the computations are
longer. Although from the point of view of the C'hakravala algorithm this is unnecessary

we nevertheless give this transformation for the sake of comparison.

To do this we perform the transformation 7; of Perron ([P], §37, page 159 et seq) for the
SRCF (5.67)

VD = Vo + wo = 1 —}—*6—0‘ + 6_1‘ 4 8_2‘ + ‘_.'€2r—1|
|k0 ‘kl ‘kQ ’k2r—1

* -+ (5.102)

The transformation 77 consists in the following:
Before each partial quotient with ¢; negative insert |1—1| and replace all minus signs by plus.

Change the denominators k; of the partial quotients as follows:

kj — k‘j . if € = +17€j+1 = +1
kj - kj—1: ife;=+1ej41=—1ore; = —1,gj41 =+1 (5.103)
k’j—>k‘j—22 iij:—l,Ej_H:—l.

Moreover for the cases €y = +1, 1y is either unchanged or vy — 1y — 1 as defined below.

Period of RCF:

Let eg,é1,....,€9-_1 be the partial numerators of the SRCF. 2r is the length of the full
period of the SRCF. Let n = #{j : ¢; = —1}. Then 7 is even. It is easy to show that the
length of the full period of the RCF is 2r + n = 2p.

Remark: This accounts for the fact that the number of steps in the computation of SRCF
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convergents is less than those of the corresponding RCF.

Under the transformation 7; the expression (5.67) for the principal root wy given by a
SRCF is now transformed to its RCF and vy changed to 1

Ti: VD =vy+wy=1v,+wo (5.104)
RCF
where v =1 if eg = 1 and ) = vy — 1 if g = —1, and
1 1 1]
wo =k— + — + — + ... *+ (5.105)
RCF |/430 |/~€1 |l€2 |/€2p_1

The k; > 1 are the integers obtained in the 7; transformation above.
Claim: v}y is the integer part of v/D.

Proof :Recall that v is the integer such that 1 is nearest to D in absolute value in the
congruence class (mod 1) (see Definition 4.1 and(4.1), (4.2) with mo = 1) From its defini-
tion (see (5.47) together with §y = —%1”1, and m; = v — D, we have g = (signd,)1 =
(—sign(v2 — D))1. Therefore if ¢g = 1 then 13 < D and nearest to it in which case v}, = vy,
is the integer part of v/D. If g = —1 then 12 > D and nearest to it. Hence (vy —1)? < D
and nearest to it. Therefore v = 1y — 1 is the integer part of VD. =

We define the convergents of the RCF

P11 1
el O O
Q; ko [k K2 ki1

Py, Q; satisfy the recurrence relation (5.58) where we set all ¢; = 1. In particular

Pn - '%n—lpn—l + Pn—2a Qn = Kfn—lQn—l + Qn—2 (5106>

where Py = 0,P_; = 1, and Qo = 1,Q_1 = 0. Moreover x; > 1. Therefore @, >
Qn_1+ Qn_2, whence Q,, > Q,_1 > 0. Whence @), > 2Q),,_2, and by iteration Q)o, >
2"Qy = 2"and similarly Q2,11 > 2"Q1 > 2". Therefore Q,, > 2", As before the
sequence {S—”} is uniformly bounded above by a constant and Cauchy:

Po Py 11
Qn Qn—l Qn—lQn o 2n—2

As a consequence g—" — wyp.

—0

The solution of the Brahmagupta-Fermat-Pell equation is now obtained exactly as before

((5.78) et seq with obvious changes,( p; = P; and ¢; — Q;, ¢;j = 1, k; = k; ) but now

from the convergent % of the RCF which is the ratio of two positive integers. We have
P

to replace (5.95) by
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U= Q2p—1

/ (5.107)
t= Py, 1+15Q2,-1

where 1) = vy if g = 1 and 1) = vy — 1 if ¢g = —1. We have proved in the Claim
above that 1/, is the integer part of v/ D. This gives an explicitly positive solution of the
Brahmagupta-Fermat-Pell equation from the convergent % of the RCF:

o

t* —Du* =1 (5.108)

For n > 1 define

Up = Q2np—1

, (5.109)
tn = Pan—l + VOQan—l

As before u,, is positive and strictly monotonic increasing with increasing n. The equation
(5.108) then implies that ¢, is positive and strictly monotonic increasing. Therefore uq, ¢,
is the fundamental solution. =

Remark: Ever since Lagrange the regular continued fraction for v/D has been used to
prove the existence of fundamental solutions. But, in so far as the Chakravala algorithm
is concerned, we have seen that this is not really necessary. The fact that at the end of the
first Chakravala cycle the solution is fundamental has been directly proved in Proposition
5.12 at the level of the SRCF which is the natural outcome of this algorithm seen as a
reduction theory of quadratic forms.

The RCF solutions are illustrated for the cases D = 67,29,97, 58,13 in the Examples 1, 3,
4, 5, 6 below.

Examples:
We consider some illustrative examples of the SRCF (specific to the Chakravala algorithm)

for w4 o which is the principal root of the form (mg, vy, m1). We give the corresponding

fundamental solution of the Brahmagupta-Fermat equation from the convergent 22-=*,

2r—
q2r—1
where 2r is the full period, from (5.95).

From the definition of wy

—Vo—l-\/ﬁ

W+,0 = Mo

we have, since m, = 1,

VD ={VD}+wi,
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where {v/ D} = 1y, the integer nearest to v/D in absolute value in the congruence class
(mod 1). 5

Thus the SRCF of w, o gives the SRCF of VD. These examples illustrate also the
periodicity of the SRCF. The period length of the cycle is 2r which is also the period
length of the continued fraction. But when r is odd the SRCF has within its period of
length 27 a short period of length r in illustration of earlier remarks. We mark by asterisks
the beginning and end of a cycle. For D = 67, D =29, D = 97 and D = 58 we have for
the SRCF the period length 2r. For D =29, D = 97 and D = 58 we have twin successors
and local branching and joining as illustrated in Section 3. Correspondingly we will find
two SRCF which at the end of the full cycle give the same fundamental solution of the
Brahmagupta-Fermat-Pell equation. On the other hand, for D = 61, 13, 41 the SRCF
have the short period length r. However for the solution of the Brahmagupta-Fermat-
Pell equation we will need the full cycle with period 2r. We point out that of the seven
examples below of the SRCF corresponding to the cyclic algorithm, all agree with the
NSCF computed by Ayyangar [A2] except for those corresponding to the cases D = 29,
D = 97 and D = 58 where twin successors occur. In addition we illustrate for the cases
D = 67,29,97,58, 13, Perron’s transformation of the SRCF to the RCF and the ensueing
fundamental solution of the Brahmagupta-Fermat equation as explained in Remark 5.8.
above. To each twin SRCF (D = 29,97,58) corresponds an unique RCF. Note also that
if the period in the RCF is odd, then we must double it to get an even period because
we are solving the positive, (m = 1), Brahmagupta-Fermat-Pell equation for which the
period is even. We then see that the RCF even period is longer than for the SRCF,
and sometimes much longer (see e.g example 4 below where the first SRCF period is 12
whereas for the RCF the first even period is 22. Computationaly, the SRCF is faster than
the corresponding RCF.

In the following we compute in turn from the complete step cycle given by the cyclic
Vn+Vn+l
Mn41
g0 = (sign dg)1. We will need the convergents

algorithm, the integers §,, = — , kn = |0n|, and &, = —(sign d,, X sign d,,—1)1 with

Pn €0| €1| 82\ €n—1|
e =L T R
an ko k1 ke |kp—1

(5.110)

in particular when n = 2r — 1 for solving the Brahmagupta Fermat Pell equatuin (see
(5.95) ).

1. D =67. {¥/D} = 1y = 8. The step cycle is given by (2.4).

(1,8,-3),(-3,7,6),(6,5,—7),(-7,9,-2); (-2,9,-7),(-7,5,6), (6,7, —3),(—3,8,1)

5 Vg is Ot in general the same as [\/ D] the integer part of V/ D.
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The step period is 2r = 8 and r = 4 is even. We now compute

*50:5,(51 :—2,52:2,53:9,54:2,55 :—2,56:5,67:—16*
ko =5k =2,ky =2,ks =9,ky =2, ks =2, ke =5, kr = 16

60:1,61 :1,82:1,83:—1,64:—1,5521,6621,67:1

Therefore we obtain (writing wy instead of wp + for simplicity)

\/67:8+WO

where
BT RS TR (N TR TN RS T
wp=,—+—4+—-—4+—+—+ -+ =+ —
T TR TR T2 TR 5|16
after which the same sequence repeats itself. The SRCF period is ¢ = 2r = 8. To obtain
the solution of the Brahmagupta-Fermat equation we need the following convergent of wg:

P2r—1 _ b7
q2r—1 qr

B (O U R T TRt
BTRTRT TR TRTE

1106
5967

Thus pa,—1 = 1106 and g2,—1 = 5967. From (5.95) and vy = 8 we obtain

u = q2r—1 = 5967,
t =por_1+ oqar—1 = 1106 + 8 x 5967 = 48842

which gives the fundamental solution of the Brahmagupta-Femat equation
t?—67u’ =1

Perron’s transformation 7; of SRCF to RCF leads to

\/67:8+*1_‘+1_’+1_‘+1_’+1_‘+1_|+1_|+1_‘+1_’+1_’*
TR L TR T TR 2 e

The period of the RCF is 2p = 2r+n = 8 +2 = 10. We have the convergent % = %.

The solution of the Brahmagupta-Fermat equation 2 — 67u? = 1 is given by
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U= q2p—1 = 5967,
t= P2p—1 —+ Voq2p—1 = 1106 + 8 x 5967 = 48842

as before.

2. D=61. {V/61} = 1y = 8. The step cycle is given by (3.20).

(1,8,3),(3,7,—4), (—4,9,-5), (=5,6,5), (5,9,4), (4,7, —3), (=3,8, —1);
(—1,8,-3),(—3,7,4),(4,9,5), (5,6, —5), (—5,9, —4), (—4,7,3), (3,8, 1)

The step period length is 2r = 14, and thus » = 7 which is odd. From this we compute

S0 = —5.6) = 4,55 = 3,05 = —3.6, = —4,05 = 5,05 = 16,
67 = 5768 = _4759 = _37610 = 37611 = 4—7612 = _57513 =—16

from which we obtain

k0:5,k1:4,k2:3,k3:3,k4:4,k5:5,k6:16;

Eo = —1,81 = 1,82 :—1,83 = 1,842 —1,85 = 1,86 = —1;
er=—l,eg =1,e9 = —l,e190=1,611 = —l,e120 =1,613 = -1

From the above we see that the step cycle period length is 2r = 14 whereas the SRCF
period length is ¢ = r = 7 and thus shorter. We have

V61 = 8 + wy

where

et e U et R P Y
wp=—+—+—+—=+— + =+
0 5 4T3 I3 |4 |5 |16

and for the full period 2r = 14 we have
e O e OO L e S OO Ot e | SO e R B R s

To solve the Brahmagupta-Fermat equation using (5.95) we need the convergent
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DP2r—1 _ P13

q2r—1 q13

e U e U e e (N B U N B L B
T TR TR T T T M B BT
—42912791

226153980

Thus pa,—1 = p13 = —42912791 and g2,—1 = q13 = 226153980. From vy = 8 and (5.95) we
obtain

U = qor—1 = 226153980,
t = par—1 + vogar—1 = —42912791 + 8 x 226153980 = 1766319049

which gives the fundamental solution of the Brahmagupta-Fermat equation
t? —6lu* =1

3. D =29. {V/D} = 5. In section 3 we have seen that there are twin sequences which
merge. On reversing the same phenomenon take place. We consider the v, and v_ cycles.
To these correspond twin SRCF

20=5+ wo,v,
29=5+ wo,v_
of period length 2r = 8.

v_ cycle:

(1,5, —4), (—4,v_ = 3,5), (5,v4 = 7,4), (4,5, —1);
(—1,5,4), (4, vy = 7,5), (5,v_ = 3,—4), (—4,5,1)

o =2,01 = —2,00 = —3,65 = 10,64 = —3,65 = —2,56 = 2,67 = —10
ko =2,k1 =2, ks = 3,ks = 10, ks = 3, k5 = 2, kg = 2, k7 = 10

Eo = 1,61 = 1,52 = —1,83 = 1,64 = 1,65 = —1,66 = 1,67 =1

I P PR T Ot NP IR I
Wy = *k— — - R — RN — —
2727 3 "o 372 127 10
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vy cycle:

(1,5,—4),(—=4,vy =17, -5), (=5, v_ = 3,4), (4,5, —1);

(-1,5,4),(4,v_ =3,-5), (b, vy =7,—-4),(—4,5,1)

0o =3,01 =2,00 = —2,03 =10,04 = —2,05 = 2,06 = 3,07 = —10
ko =3,k =2, ko =2,k =10,ks = 2, k5 = 2, kg = 3, ky = 10
60:1,61 :—1,52 :1,63:1,84:1,85 :1,66:—1,67:1

whence

*1|+_1|+1’+ 1| +1|+1|+_1|+ 1,
Wy, =*=+—+—+—+—+ —+ — + —
TR T2 TR T T30

For the v_ cycle, we have the convergent

b2r—1 _ P7
q2r—1 B qv7
TR U VS VS R R
12 |2 13 10 |3 |2 |2
~ 701
1820

For v cycle , we have the convergent

D2r—1 _ P7

(_Izr—1_Q7

T T T O T TR
13 |2 2 |10 |2 |2 13
701
1820

So for both cycles we have py,._1 = py = 701 and ¢o,.—1 = q7 = 1820. So from vy = 5 and
(5.95) we have the common solution for the twin SRCF for D = 29

u = go,—1 = 1820,
t = por_1 + 19q2r—1 = 701 + 5 x 1820 = 9801

which gives the fundamental solution of the Brahmagupta-Fermat-Pell equation

2 —29u°% =1
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We now perform the Perron transformation (see Remark 5.8) 73 : SRCF — RCF. For
both the v_ and vy cycles we get the same RCF:

1 o1 1 1 1 1 o1 1 1 1
29=5+*—+—-+—+—+—+—+—+—+— +—
V2 et T TR T TR Tt T e T "
The period of the RCF (see Remark 5.8) is 2p = 2r + n = 8 + 2 = 10. Computation now
gives for the convergent

Q2p—1 1820 q2r—1

Hence we get the same solution u = 1820, ¢ = 9801 of the equation u? — 29t? = 1.

4. D = 97. {V/D} = vy = 10. We have twin successors shown in Section 3. We consider the
vy and v_ cycles given in (3.28) and (3.30). The period length is 2r = 12. Correspondingly
we have the SRCF

97 =10 + w07y+
97 =10 4+ w1
of period length 2r = 12.

v_ cycle:
(1,10,3),(3,11,8),(8,v— =5,-9),(-9,v, = 13,-8),(—8,11,-3),(-3,10, —1);

(=1,10,-3),(=3,11, —8), (=8, v, = 13,-9), (=9, v_ = 5,8),(8,11,3),(3,10,1) (5.111)

From this we have

0o = —7,01 = =2,02 = 2,03 = 3,04 = 7,05 = 20,
0 = 7,07 = 3,08 = 2,09 = —2,010 = —7,611 = —20

From this we have k,, = |6, |. Next, we compute &,,. Recall g9 = sign dg, €, = —(signd,) x
(sign 6,,—1). Thus,

Eo = —1,61 = —1,82 = 1,83 = —1,64 = —1,65 =—1
g6 = —ler=—-leg=—-l,eg =1,e10= —l,enn = —1
We have the SRCF corresponding to the v_ cycle
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ot et T e e § e § At Bt B
Wy =Hk o+ o

7T TR T Te T TR

T i i
|2 |7 |20
The SRCF period is 2r = 12. We need the convergent % in order to solve the
Brahmagupta-Fermat equation.

D2r—1 _ P11

q2r—1 q11

_—u+—u+u+—u+—u+—1+—u+—u+—u u+—u
7 2 2 3 7 20 |7 3 2 2 |7
—963887

6377352

vy cycle:

(1,10,3), (3,11,8), (8, vy = 13,9), (9, v_ = 5, —8), (=8, 11, —3), (=3, 10, —1);

(—-1,10,-3),(-3,11,-8),(—8,v_ =5,9), (9, v+ = 13,8),(8,11,3), ((3,10,1) (5.112)
We have

50 = —7, 51 = —3,62 = —2,(53 = —|—2,54 = —|—77 (55 = _|_207
56 = +77 57 = +27 58 - _2,59 — _3,510 - —7, 511 = —20

k, = |0,| and the &, are as follows:

€0 = _1361 - _1752 - _1753 - 1754 - _1755 - _17
¢ = —l,er =—1l,eg = 1,69 = —1,610 = —1,611 = —1

This gives the SRCF corresponding to the v cycle:

~1 -1 -1 1 -1 -1 -1 -1 1 -1 -1 -1
+ —+ +— +

T T T e TRt Tt T T T T

Wo,vy = *

We compute
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Por—1 _ ]ﬂ
g2r—1 q11

B e e S O e P S |
[ RE 7 "0 7 T2 TR

| —963887

6377352

So for both v; and v_ cycles we have py,_1 = p11 = —963887 and g2,—1 = q11 = 6377352.
Hence from vy = 10 and (5.95) we have the common solution for D = 97

U= qor_1 = 6377352,
t = Par_1 + Vogar—1 = —963887 + 10 x 6377352 = 62809633

This gives the fundametal solution of the Brahmagupta-Fermat-Pell equation
2 —97Tu? =1

We now perform the Perron transformation 77 : SRCF — RCF (see Remark 5.8) for both
the v_ and v cycles. The two RCF coincide and we get

L L O | s | | I R I
97 =9 da + b b o b= o by
V9 TR AT A TR AT TRE TR T

IR T O O e O
1 5 |t |t & |3 1 1 1|5 |1 ]18
The period of the RCF is 2p = 2r +n = 12 + 10 = 22. Clearly the period of the RCF is
much longer than that of the SRCF and the number of steps to compute the convergents

is much increased. Computation gives for the convergent

Py,_1 5413465
Qap—1 6377352

whence (see Remark 5.8) we get

u = Q2p—1 = 6377352

and

t =Py 1+ (vg—1)Q2p—1 = 5413465 + 9 x 6377352 = 62809633
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which gives the same solution of the Brahmagupta-Fermat equation u?—97t2 = 1 as before.

5. D =58. {/D} = 1y = 8. We have twin successors shown in Section 3, Example 3.5.
We consider the v and v_ cycles given in (3.32) and (3.33). The period length is 2r = 8.
Correspondingly we have the SRCF

58 = 8 + wo,u,

58 =8 4+ wpu_

We compute as before the SRCF from the v_ and vy cycles. The SRCF corresponding to
the v_ cycle

[ I s s R | RS TS [

e e
“0, 2 RT3 T T3 T2 T 16
The SRCF period is 2r = 8. We need the convergent ij—j‘
P2r—1 _ 22
q2r—1 ar

_—1|+1|+1|+—1|+—1|+—1 1]
12 2 130 16 |3 12 ]2
—989

2574

vy cycle:

The SRCF corresponding to the v cycle:

P e U DS | R e "
w v = _— _— —_ _— _— —_ _— _—
v+ 3712 "2 716 2 ]2 3 |16

We compute

D2r—1 _ P7
q2r—1 qr

I T T (O T |
E 2 12 16 2 2 |3
—989

2574

So for both v, and v_ cycles we have pa,.—1 = pr = —989 and 2,1 = ¢y = 2574. Hence
from 1y = 8 and (5.95) we have the common solution for D = 58

U = qor—1 = 2574,
t = por_1 + 9q2r—1 = —989 + 8 x 2574 = 19603
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This gives the fundamental solution of the Brahmagupta-Fermat-Pell equation

2 —58u% =1

Perron’s transformation 7; of the SRCF for the vy and v_ cycles to the RCF’s (see Remark
5.8) lead to the same RCF

S (RS TR U U NS (S NSNS B USNS US U
O S R T R R R VR T R I R T R TR TV

The period of the RCF is 2p = 2r +n = 8 + 6 = 14. We have the convergent pq—jgj = %-

The solution of the Brahmagupta-Fermat equation 2 — 58u? = 1 is given by

u = Qgp_l = 2574,
t= P2p—1 + (l/o — 1)Q2p_1 = 1585+ 7 x 2574 = 19603

as before.

6. D =13. {/D} = vy = 4. The step cycle is

(1,4,3),(3,2,—3),(—3,4,—1);(—1,4,-3),(—-3,2,3),(3,4,1)

The cycle period is 2r = 6 and thus » = 3 which is odd. We obtain the SRCF by computing
first

do = —2,01 =2,00 =8,03 =2,04 = —2,05 = —8

after which the sequence repeats itself. Taking absolute values we have the k,,

ko=2,k1 =2,ka =8,k3 =2,ky =2,ks =8

Next we compute the ¢,,. We have

80:—1,81:1,82:—1,63:—1,84:1,85:—1
Thus
V13 =4+ w
*—1|+1\+—1]+*
wp=*— + — + —
PR PR

The full period 2r = 6 gives
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B I T R s T
Wy = *k—— — _ — — N
TR TR T2 T2 R

To solve the Brahmagupta-Fermat- Pell equation we need the convergent

D2r—1 _ Ps5
QQT—1_Q5
e I B [
2 2T T2 T2
—71
180

So par—1 =ps = —71 and ¢a2,—1 = g5 = 180. So from vy = 4 and (5.95) we get
u = q2,—1 = 180,
t= P2r—1 + Voq2r—1 = —714+4 x 180 = 649

which gives the fundamental solution of the Brahmagupta-Fermat equation

2 —13u> =1

Perron’s transformation 77 of the SRCF to the RCF (see Remark 5.8) leads to

Vis=34sd g W A A b A A
L e

: : _ _ _ P2p—1 __ 109
The period of the RCF is 2p = 2r +1n = 6 + 4 = 10. We have the convergent qzzil = 150

The solution of the Brahmagupta-Fermat equation 2 — 13u? = 1 is given by

U = Q2p71 = 1807
t= P2p—1 + (1/0 — 1)Q2p—1 =109+ 3 x 180 = 649

as before.

7. D =41. {/D} = 1y = 6. The step cycle is

(1,6,-5),(—5,4,5),(5,6,—1);(—1,6,5),(5,4,—5),(—5,6,1)

The cycle period is 2r = 6 and thus » = 3 which is odd. We obtain the SRCF by computing
first

0g=2,01 =—2,00 =12,03 = —2,04 = 2,05 = —12
after which the sequence repeats itself. Taking absolute values we have the k,,

29/july /2023 [65] 5:65



kOZQ,le:2,k2:12,k3:2,]€4:2,k‘5:12

Next we compute the €,,. We have

60:1,81 :1,62 :1,63:1,64:1765 =1

Thus
\/4_11:64—&)0
FEUI I T
wo =*—+ — + —
"7 2 T2 T 12

The full period 2r = 6 gives

v oy, o o 1 1
=, + o+t ok

TR TR T2 TR TR T

To solve the Brahmagupta-Fermat- Pell equation we need the convergent

D2r—1 _ Ps5
q2r—1 g5

AT TR 1|
S22 12 2 |2

_ 12
320

SO par—1 = ps = 129 and ¢o,—1 = ¢5 = 320. So from vy = 6 and (5.95) we get

u = gor—1 = 320,
t = par—1 + VoQar—1 = 129 4+ 6 x 320 = 2049

which gives the fundamental solution of the Brahmagupta-Fermat equation
2 —4lu? =1
Appendix 1

Proof of Proposition 4.3 : We have |m| < v/D. Since v is best mod m, it is one of two
positive integers 11 or v, satisfying

vi < D <vi= (v +|m|)? (6.1)
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Recall also that v2 — D = g|m||m’| where ¢ = +1 according as v is greater or less than

v D. We now have two cases according as v > D or v < v D.

1. Suppose v > v/D. Then ¢ = +1 and v?> — D = |m||m’/|. and v, = v in (4.2) and
v1 = v — |m|. We have

v -~ D<D—(v—|m|)?=(D-v? +2vm— |m|?
whence

2
Vz—Dgy\m]—%

Use 2 — D = |m||m/| and factor out |m|. This gives

v > |m/| + @ (6.2)

which proves that (1) (Proposition 4.3) = (3) when v > v/D. Working backwards from
(6.2) we can prove (3)= (1) of the proposition. In fact from (6.2) and v — D = |m||m/|
(since v > v/D ) we have

°-D [m|

4 /
ISV Ty

2

whence

2(1* — D) < 2im|v — |m|]? = —(v — |m|)* + 1/*

whence

0<v?—D<D-—(v—|m|)?

This implies

(v—|m))* < D < v?

which states that n is best mod m when v > +/D. Thus we have shown that (3) of
Proposition = (1). Hence we have shown when v > v/D, we have (1) <= (3).

We will now show that (3) <= (2). Squaring inequality (6.2) gives
Ik

m
V2 > |m/|* + m/|lm| + =~

4

Now |m/||m| = v? — D. Therefore
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[m?

|2+ L < D (6.3)

which is (2) of the Proposition. On the other hand suppose (2) is true. Then we have

m
D+ fmjm'| > (jm'| + 71y (6.4

Since v > v/D we have |m||m’| < v? =D or D+ |m||m’| < v2. Therefore from (6.4) we get

Im]

2)2

v > (Im/| +
Now taking square roots we get (6.2). Thus we have proved the chain of implications

(1) <= 3) —= (2)
which proves the Proposition for the case v > v/D.
2. We will now prove the Proposition for the case v < v/D.
Suppose v < v/D. In this case ¢ = —1 and v? — D = —|m||m/|. Then v, = v in (4.2) and
vo = v+ |m|. We have
D—1v*<(v+|m|)?—=D=v?*—D+2vm|+ |m|? (6.5)

Therefore transfering v? — D to the left and using v? — D = —|m/||m/|, we get

2|mllm/| < 2vim| + |m|*

Dividing out by 2|m| we get

Im]

v>|m|— 5

(6.6)

which proves that (1) = (3) of the Proposition. We now prove that (3) = (1). Starting
from (6.6) and v> — D = —|m||m/| we have

2
D—v?> |m|(1/+|—m|) zm\l/+|m—|
2 2
or
2(D —v?) > (v +|m|)? — v?
whence
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0<v?<D<(v+|m|)?

which is (1). We have thus proved that when v < v/D, we have (1) = (3) of the Proposi-

tion.
We will now prove that (1) <= (2) when v < V/D.

First we prove (1) = (2). Starting from (6.5)

2
D—l/2§y\m[+%
whence
2
V2+V|m|—D+@ZO
or
m| o, m/?
R
Therefore
2

2 2
Note that |m| < v/D implies D > |m|* > % and hence D — % > 0. All quantities in
the previous inequality are positive, so we can take square roots to get

2
Vo JpmEml
4 2

[m|?

Furthermore, since D > 5, we have
p_ ImP > ml® _ml® _ m®
4 2 4 4

Therefore squaring positive quantities we get

2 2 2 2
R B L O O L Y M 1
ez 4 5 ) T Il 4

m|\| D — == > D —v* = |ml|[n|

Therefore

Dividing out by |m| and then squaring gives us
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2

which proves (2) of the Proposition. Thus (1) = (2).
Next we prove (2) = (1).

Essentially we work backwards. From (2) we have

2
miy/ D~ "5 > il = D~ ?

whence

25 (\/D— m| _ M 2
v 2 4 5 )
It was established earlier that
im[* _ |m|?
D——>—
4 4
so that
im[? _ |m|
D—— >
4 — 2
Therefore taking square root of (6.7) we get
[m| [m|?
s/ p— 20
vt 2 4

The right hand side is positive. Hence taking the square of (6.8) we get

2
D—l/2§y|m|+%

which is (6.5) and thus

0<v?<D<(v+|m|)?

(6.7)

(6.8)

Therefore we have also shown (2) = (1). Thus (1) <= (2). Therefore for v < v'D we
have shown by transitivity (1) <= (2) <= (3). The proof of Proposition 4.3 is now
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complete. m

Appendix 2
Proof of Theorem 4.6:

(m,v,m’) is a step and (m/, ', m") is a successor step. As steps they satisfy (see statement
of Theorem 4.3)

2

(1) P +5-<D (6.9)
2
(2)  |m"P+ mT <D (6.10)
and we have to prove that
112
3) |m[*+ —m4 <D (6.11)

in which case the successor step (m/, ', m’") is a reduced step.

Now (3) follows from (2) if |m/| < |m”| by Corollary 4.5. And (3) follows from (1) if
|m”| <|m|. Thus from now on we assume that

Im| < |m"| < |m/| (6.12)

Recall that v? — D = g|lm||m/| and v — D = &'|m/||m’|. Furthermore since m/|(v + 1)
we have for some positive integer [,
Vit =|mll (6.13)

Therefore

1 —v) = (V' +)((V' —v) = V2 = v =[] — e[mlm/|

Dividing out by |m/| we get

o]
]// — Uy = M (614)

Adding (6.13) and (6.14), we get

e'lm"| — e[m|

22U = |m'|l + l

(6.15)
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Now |m| < |m”| by assumption. Therefore

ot — 1 & =]
l
Now ¢ = 41. Therefore
1 ! 1 1
g5 i €200 o1

On the other hand, subtracting (6.14) from (6.13), we get

Ly, Em| —elm]
v = 5(|m - f) (6.17)

From (6.9), Proposition 4.1 and (6.17) we have

1 A
—<|m’|l— M) > WH&M (6.18)
2 l 2

Our strategy is to show first that low values of [ are excluded.

1. Suppose [ = 1. Then from (6.18) we get

m|

1
5 (Im' = &lm”| + eml) = | + 727

or
Lo o /
5 (I =&Im"1) =
or
—&'|m”| = |m/|
If ¢/ =1, then |m/| < 0, which is impossible. If &/ = —1, then |m”| > |m/| which is contrary

to hypothesis (6.12). Therefore

I1#1
2. Suppose [ = 2. Then from (6.18)

e'fm” —€\m!>

1
§<|m’|2— > |m'|+e—

or

('[m"] +elm]) <0
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If ¢ =1, then

(Im”| +¢elm[) <0

Then € = 1 leads to contradiction. If e = —1 then

m"[ < |m|

which contradicts hypothesis (6.12).Therefore for ¢’ = 1 we must have | # 2. Thus

g=1=1>3

If ¢ = —1, then | > 2. From (6.16)

or

(6.19)
For ¢/ =1 we have [ > 3. Therefore

m”|

1 1 ol
1/_2(|m]l i 23 lm’|3 l

This is true for all [ > 3. Therefore the second term is as small as one pleases. Hence

1
v 2 S| = | + 5|

DN o

From (6.12), |m/| > |m”| and therefore

v >

DN o

1
| = || + 5 |m"| (6.20)
From (6.19) (case ¢’ = —1) and (6.20) (case ¢’ = +1) we get

1
vV > m/| + 6’§|m”| (6.21)

and this implies from Proposition 4.1

12
m’|? + —|m4 C<p (6.22)
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Therefore (m’, v/, m’) is a reduced step and thus Theorem 4.3 has been proved. =

Appendix 3
Proof of Lemma 5.6:

Let (m,v,m’) and (m/,v"”,m”) be two successive steps. From Theorem 4.6 and Corollary
4.7 we have that all steps are reduced. We will show that this implies that £ > 2 where

v+

||

k=

In the proof we will make use of some of the results in Appendix 2 where we gave the proof
of Theorem 4.6. Recall that, from Proposition 4.3 beginning paragraph, v? — D = g|m||m/|
and similarly v'? — D = &'|m/||m”|, where €, ¢ = +1. Furthermore for consistency of

notation with Appendix 2 we define I = k so that as in (6.13)

v+ =|m'l

and we have to prove [ # 1.
We have to consider the following 6 cases :

1. Im| < |m/| < |m”|
2. Im"| < |m'| < |m)|
3. |m/| < |m| < |m”|
4, Im"| < |m| < |m/|
5. Im| < |m”| < |m/|
6. |m/| < |m"| < |m)|

Suppose | = 1. We have proved in Appendix 2, (6.18) and the lines following it, that when
e’ =1, 1+# 1. On the other hand, when ¢’ = —1 we have |m”| > |m/|, which is contrary to
the hypotheses of Cases 2), 4), 5). Therefore | # 1 in these cases. It remains to consider
Cases 6, 1, 3.

Case 6. We shall now show that for Case 6, [ # 1. Suppose [ = 1. Assume &’ = —1, since
otherwise, as earlier, [ # 1. Now by Theorem 4.6 and Corollary 4.7 all steps are reduced.
Thus the step (m,v,m’) is reduced. Therefore v is best mod m and also mod m/, since
(m/,v,m) is a step. Hence, by Proposition 4.3 and Definition 4.4 we have

v > |m| + g\m'y (6.23)
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Combining this with (6.17) we get (by assumption [ = 1) with ¢’ = —1 (otherwise [ # 1)

1

€
5 (114 Im"| +elm] ) > |m] + S’ (6:24)
whence
1 1
S=a)lm’| = m|(1 = 2) = 5|m"|
or
(1 =e)|m| = [m|(2 — &) — |m"] (6.25)
1. e = 1. From (6.25) we get |m| < |m”| which contradicts Case 6.
2. ¢ = —1. From (6.25)
2lm'| = 2|m| + (Im| — [m"|)
For Case 6, we have |m| > |m”|.
Therefore
m| = [m]
which contradicts Case 6. Therefore [ # 1.
It remains to show that for Cases 1 and 3 , [ # 1. We can take ¢/ = —1 because if &’ = 1

then [ # 1 as shown in Appendix 2. We now consider in turn

Casel. Suppose | = 1. (m/,v/;m") is reduced, and therefore v/ is best mod m’ and also

best mod m”'. Hence from Proposition 4.3 we have

/
I// Z |m//| +€|77; ’

1!
V> | +€|ﬂ; |

We also have from (6.15), on taking l =1 and ¢’ = —1

1
v =S (im| = |m"| = e|ml)

From (6.28) and (6.27) we get

1 2
(|~ "~ elml) > |+ <72

or
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m/| = [m"| — elm| > 2|m/| + £[m”|
whence
—(L+e)[m"] = [m| + e|m|
For e = —1 we get |m| > |m/| which contradicts Case 1. On the other hand if ¢ = 1 we

get |m| < 0 which is impossible. Therefore [ # 1.

Case 3. Suppose [ = 1. Assume &’ = —1, otherwise if ¢/ = 1 then [ # 1 as shown earlier.
From (6.28) and (6.26) we have

1 /
L) = ) = elml) > ) 4 7
2 2
or
[m/| — [m"| — elm| > 2|m"| 4 e|m’|
whence
(1 —¢)|m/| — elm| > 3|m”| (6.29)

There are now two possibilities.
1. e = 1. Then |m”| <0, which is impossible.
2. ¢ = —1. From (6.29) we have

2lm’| + |m| = 3|m”|

Therefore

m| = [m"] +2(m"” — |m])

For Case 3, we have |m”| > |m’|. Therefore from the previous inequality |m| > |m/|, which
contradicts Case 3. Therefore | # 1. Therefore we have now proved in all the possible
cases 1) - 6) that [ # 1. The proof of Lemma 5.6 is complete. =

Appendix 4

Generalisation of Galois inverse period theorem and symmetry consequences to semi-
regqular continued fractions(SRCF)

Proof of (5.71) ,(5.72) and (5.73) :

Perron [P] (§23, pages 82-83 ) gave a simple proof the Galois inverse period theorem (Satz
6) for regular continued fractions (RCF) and as a consequence obtained in (§24, page
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87) additional symmetries for the partial quotients of the RCF. Here, following closely
the above considerations in [P], we generalize the Galois inverse period theorem and its
symmetry consequences for the partial quotients of the SRCF. A similar generalization is
given in [A2], §5.6.1, pages 32-34.

Recall that from (5.24) and (5.67)

I~ €0| €1| €2| 527’—1’
19(): D=V0—|—CUO=I/0—|—*—+—+——|—....
|k’0 |/€1 |]€2 ‘k2r—1

(6.30)

where we have used mg = 1 and that the SRCF is periodic with period 2r. vy = [v/D] is
the integer closest to v/D in absolute value in the congruence class (mod 1). We have the
periodicity of the partial quotients by €49, = €; and k;j 2, = k;. It is convenient to make
a slight change of notation. We define 7; , x; by the equations

mj=ej_1: 1<j<2r (6.31)
/<Jj = kj_l 01 S j S 2r (632)
Ko = 1 (633)

with the same periodicity. The SRCF (6.30) now reads with ko = 1y

Yo = Ko +*77_1| 4 2| + +....772’“’
k1 [K2 K2y

* (6.34)

The SRCF (6.34) is generated by the recursion relation

9=k + 2L g<j<or—1 (6.35)
Vj1
and by periodicity
1927" = Ko + 41 = Kor + ﬂ (636)
Vori1 1

Let 1§j be the conjugate of 9;. It obeys the same recursion relation, namely

Ui =rj+ 2 0<j<or—1 (6.37)
Vj1
whence
S/CL S N— (6.38)
Vj1
Define
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L (6.39)

Vj1
From (6.38) and (6.39) we obtain
Corj = hij + —12 (6.40)
Cor—j+1
We rewrite (6.40)
Gi= o+ 21t << —1 (6.41)
i+1
Therefore
Co= gy + el el el ] (6.42)
|[Kar—1 Ko —2 K1 |Car
From (6.39) and periodicity we obtain
m M2r+1
Cor=—F=—5"=0 6.43
th Var+1 (6.43)
From (6.42) and (6.43) we obtain
Co= rgg + a2l el el m] (6.44)
[Kor—1  [K2r—2 K1 |Kor

Reverting back to the original notation in (6.31) and (6.32) we have the analogue for the
SRCF of the Galois inverse periodicity

527’71| 527‘72| €1| €0|
=kor_1 +* + +o+—+ 6.45
= Y T ko |k2r—1 (6.45)
where from (6.43)
€0
= —— 6.46
Co 7 (6.46)

We now obtain the additional symmetry relations. From

\/5:190:&0+*n—1’+77—2|++....772’"’* (6.47)
k1 |k |Kar
we obtain
\/5 — Ko = ﬂ
21
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whence

m 7)2| 773\ 772r|
———— =1 =R A+ ok
VD —ry VT kg T ks |Far

From (6.48) we obtain for the conjugate 1,

Py = ——
\/54—&0

whence

1
—= = 771(\/5 =+ Iio)
(41
From (6.43) and (6.49) we obtain
Go =4+ = (VD + o)

1

(6.48)

(6.49)

(6.50)

where we have used 77 = 1. Now from (6.50) and(6.30) we obtain directly (remembering

Rg = Vo)

eol | el | e €27 2|

=D =92 =2 — — —
Co \/_-i-l/o Vg + wo Vo+*|k0+|k1+|k2+ +|k2r—2

We compare (y given by (6.51) above with (y given in (6.42):

Co= hyyy 4wzt el el ol

*
|k2r—2 |k2r—3 |k0 |k2r—1

to obtain the symmetry relations of (5.71), (5.72) and (5.73) :

Ei = E9p—_1—4 - 0§i§2r—1
ki:/{igr_g_i . 0§Z§2T—2
kar—1 =219

The proof of (5.71), (5.72) and (5.73) is complete. =
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