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ON A VLASOV-FOKKER-PLANCK EQUATION FOR STORED

ELECTRON BEAMS

LUDOVIC CESBRON AND MAXIME HERDA

ABSTRACT. In this paper we study a self-consistent Vlasov-Fokker-Planck equa-
tions which describes the longitudinal dynamics of an electron bunch in the
storage ring of a synchrotron particle accelerator. We show existence and
uniqueness of global classical solutions under physical hypotheses on the ini-
tial data. The proof relies on a mild formulation of the equation and hypoel-
liptic regularization estimates. We also address the problem of the long-time
behavior of solutions. We prove the existence of steady states, called Haissin-
ski solutions, given implicitly by a nonlinear integral equation. When the
beam current (i.e. the nonlinearity) is small enough, we show uniqueness of
steady state and local asymptotic nonlinear stability of solutions in appropri-
ate weighted Lebesgue spaces. The proof is based on hypocoercivity estimates.
Finally, we discuss the physical derivation of the equation and its particular
asymmetric interaction potential.

KEYWORDS: Vlasov-Fokker-Planck; Hypocoercivity; Hypoellipticity; Syn-
chrotron radiation; Wakefield; Haissinski solutions.
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1. INTRODUCTION

We are interested in the study of a Vlasov-Fokker-Planck (VFP) equation which
models the dynamics of an electron bunch in the storage ring of a synchrotron
particle accelerator. In these devices, the particles rotate at a velocity close to the
speed of light in an almost circular motion. Thanks to various electromagnetic
devices such as bending magnets, wigglers and radio-frequency (RF) cavity, the
particles are kept close to the ideal trajectory of the so-called synchronous electron
and emit light in the form of synchrotron radiation. As each particle creates its
own electromagnetic field the bunch is also subject self consistent interactions.

In this context, the particles can be described by their distribution function
f = f(t,z,v) evolving in time ¢ > 0. The phase space variables (x,v) € R? are
dimensionless quantities. The x variable stands for the longitudinal position rel-
ative to the synchronous particle along the ideal orbit. The v variable denotes
the deviation from the nominal energy of the synchronous particle. The notation
for phase space variables usually differs in the physics literature (see for instance
[37, 7, 30, 36]). Here for the sake of comparison with other models from mathemat-
ical kinetic theory we keep the (x,v) notation even if it does account for absolute
position and velocity of particles.

The Vlasov-Fokker-Planck system describing the dynamics reads

Orf + 00, f + (Fy(t,x) — ax)dy f =200, (vf + 60, f),

(1) Fr(t,z) = —10, K * p(t,x) = —[/ 0. K(x —y)f(t,y, w)dydw,
R2
£0,z,0) = f*(z,v).

The parameters «, v, 0 and I are assumed to be positive and the latter will be re-
ferred to as beam current. The quantity p(t,z) = [; f(t,z,v)dv is the macroscopic
density of particles. In the equation, the first transport term contributes to the off-
set of particles with higher or lower energy than that of the synchronous electron.
The contribution —ax to the relative energy accounts for the linearized field of the
RF cavity, which is tuned to confine the particles near the synchronous electron.
The Fokker-Planck part of the equation on the right-hand side models the variation
of energy due to synchrotron radiation. The damping term comes from a balance
between the loss of energy due to synchrotron radiation and the gain due to the
acceleration by the RF cavity. The diffusion part of the Fokker-Planck equation
accounts for random quantum fluctuations in the energy, due to the emission of
photons. Self-consistent electromagnetic interactions are encoded in the mean-field
term Fy(t,2) which is proportional to the longitudinal part of the electric field
emitted by the particles, called the wakefield. It depends on a potential K = K ()
which in practice is bounded with bounded but discontinous derivative meaning
that typically K € W1 (R). Compared to, for instance, a Coulomb interaction
potential for electrostatic plasmas, here K does not need to be an even function of
the position. Typically there are x € R such that

(2) K(x) # K(~a).
Equivalently, the Fourier transform of the wakefield potential —0,K, called the
impedance in this context, has a non trivial real part. The wakefield potential
depends on the characteristics of the accelerator. However, to fix ideas, in the
idealized case of an electron moving near the speed of light in free space on a
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circular orbit, K is supported on the half line {x > 0} meaning that an electron
interacts only with electrons ahead of it on the orbit. The asymmetry is due to the
geometry of the trajectories and the relativistic nature of the dynamics.

This paper is devoted to the analysis of (1) for a general asymmetric interac-
tion kernel K € W, We study the well-posedness of the model, regularity of
solutions, steady states as well as the long-time behavior of solutions in a weakly
nonlinear regime (i.e. for I small enough). Compared to similar models that are
studied in the mathematical literature, because of (2), equation (1) lacks the usual
free energy estimate (see Section 3.3) which yields a Lyapunov functional. This is,
from the mathematical point of view, the main originality of this model (see for
instance [35, Section 17] in comparison). However, this seemingly harmless gen-
eralization of the model changes dynamical properties of the equation in highly
nonlinear regime, where complex behaviors such as instabilities or limit cycles can
exist. Let us also mention that the focus here is not put on the form of the external
confinement potential, which is taken quadratic here as it arises naturally in the
derivation of the model. In Section 4, we give more details, as well as both formal
and rigorous arguments concerning the derivation of equation (1) and the typical
kernel K in the context of storage rings.

Vlasov-Fokker-Planck equations have attracted a lot of attention since the sem-
inal paper of Chandrasekhar [9]. Different flavors are used to model systems of
interacting particles in astrophysics, plasma physics, particle accelerator physics...
As in (1) they combine a Vlasov part, i.e. the left-hand side, and a Fokker-Planck
part, i.e. the right-hand side. The mean field interaction kernel K can then en-
code a variety of self-consistent interactions. One of the most studied version is the
Vlasov-Poisson-Fokker-Planck (VPFP) equation, which is (1) — and higher dimen-
sional versions — with K the fundamental solution of either —A, or A,, namely
a Coulomb or a Newton interaction kernel. Because of the importance of VPFP
in the literature, we will often compare (1) with VPFP in the following. Its well-
posedness has been studied in [29, 11, 34, 33, 4]. In the present paper we will rely
on the mild (Duhamel) formulation of (1) in order to construct solutions, as in
[34]. Indeed since the potential is quadratic one can use the explicit fundamental
solution of the linear equation (I = 0).

Vlasov-Fokker-Planck equations are degenerate parabolic equations since the
diffusion occurs only in the v variable. The question of the regularity of solutions via
hypoellipticity theory [25] has been studied for linear VFP with various confining
potentials [22, 21], as well as for VPFP [5]. For (1), we will once again use the
fundamental solution to derive regularization estimates. Let us mention however,
that methods purely based on energy estimates and functional analysis tools could
also be used to derive regularization estimates (see for instance [35, Section A.21]).

For the nonlinear Vlasov-Fokker-Planck (1), one expects a stationary solution of
the form

1,2
(3) fo(x,v) = Le_ﬁaoo(x),
with M the initial mass

(4) M= /R2 f(z,v)dzd.

In the context of VPFP, such states are called Maxwell-Boltzmann densities which
can be found by solving a nonlinear Poisson equation to find 0 (see for instance
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[12] or [24, Section 3]). More generally when the potential is symmetric, there
is a variational characterization of stationary solutions which can be studied with
classical methods from calculus of variation. Under assumption (2), this charac-
terisation is not satisfied anymore and one determines ¢°° by finding a fixed point
of a nonlinear and nonlocal mapping. In the particle physics literature, this fixed
point equation (and their solutions) is called Haissinski equation (resp. solutions)
in reference to [20]. Let us point out [36] and references therein for further details
on this topic.

Concerning the long-time behavior, in the linear case I = 0 one easily shows
convergence towards the unique stationary state (here a Gaussian) with rate (here
exponential) depending on the confining potential (here quadratic). In more gen-
eral linear settings, quantitative convergence estimates can be established thanks
to hypocoercivity methods [22, 35, 13, 6]. Research in this direction has been very
active in the past couple of decades. Hypocoercivity methods have also been used
for nonlinear models. For (1) with symmetric interactions, K € W% and confine-
ment on the torus (instead of through a quadratic potential), we refer to [35, Section
A.21]. With the same Lipshitz assumption on 9, K and more general confinements,
we refer to the probabilistic approaches [3, 19] relying on the SDE interpretation of
(1) through Langevin type equations. Concerning VPFP, asymptotic stability in
weakly nonlinear regimes and perturbative setting is shown in [23, 24]. For specific
kinetic models, hypocoercivity methods have been successful in nonlinear settings
without smallness assumptions in [16] and in [1]. In the latter, which concerns
VPFP in dimension 1 (which is (1) with the symmetric kernel), the hypocoercivity
method is coupled with an important a priori estimate which is the free energy
estimate which yields a Lyapunov functional for the nonlinear equation. As soon
as (2) is satisfied such a Lyapunov functional becomes unavailable and one expects
asymptotic stability of the stationary solutions only in weakly nonlinear regime,
namely when [ is small enough. This is what we are going to show thanks to a L?
hypocoercivity method. In the strongly nonlinear regime, which is of high interest
for applications, there are theoretical [7], numerical [32] and experimental [15] ev-
idences in the literature of instabilities or time-periodic limit cycles. The former
have been shown in some situations to be stable, or stabilizable via a control on
the intensity of the confinement, namely the parameter « (see [14]). In the context
of particle accelerator physics, these well-known complex behavior are referred to
as microbunching instability. The mathematical study of this regime is out of the
scope of the present paper.

Finally, let us mention that (1) models only the longitudinal dependency of the
electron bunch along the orbit. More complete models which include a transverse
description have been developed [8] in the context of particle accelerators. In dif-
ferent context there have also been many papers concerning the purely transverse
description of beams [10, 17].

Main results. We first show the well-posedness and regularity of solutions of (1).

Theorem 1.1 (Global well-posedness). Let f* € L*(R?) be non-negative and let
0,K € L*(R). There exists a smooth classical solution f € C([0,00), L*(R?)) N
C>((0,00) x R?) to the Vlasov-Fokker-Planck equation (1). Moreover fort > 0, the
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solution is non-negative, f(t,x,v) > 0, and the total mass is conserved

/ [ ft20)dado = / /R ", v)dede.

Furthermore, for any n,m € N there is Cp p, m > 0 such that fort € (0,T]
1020 FOllzs g2 < Crmm (87575 1) £l 11 2.

Finally, the mapping f™ € LY (R?) — f € C([0,T], LL.(R?)) is Lipschitz continu-
ous, where L} (R?) denotes the cone of non-negative functions in L*(R?).

3m
2

The proof of this result in Section 2.4 is based on the construction of mild
C([0,00), L'(R?)) solutions using the explicit fundamental solution of the linear
Vlasov-Fokker-Planck equation. Regularization estimates also rely on precise esti-
mates on the fundamental solution which are then used in the Duhamel formulation
of the nonlinear equation.

Then, we show the following theorem concerning stationary states of (1).

Theorem 1.2 (Steady states). For any M > 0 and K € WHP(R), p € [1,00],
there exists a stationary solution f of (1) with mass M which is of the form (3)
where 0% is a fived point of the mapping

2
e %~ Kro(@)

22
which is such that supxeRWQJ(m‘)eﬂT\ < oo for any 0 < B < «/f and n € N.
Moreover, for any K € L*(R), there is C > 0 such that if

co
I < Ithres = ,
M| K ||

then there is a unique integrable stationary solution of the form (3).

The proof of this result in Section 3.2 relies on the use of a Schaefer fixed point
theorem. The key element is to define the right fixed point formulation, i.e. the
right mapping 7. This normalized formulation is inspired by the work of Warnock
et. al. [37, 36]. It allows for a free L' bound on 7T (o), which is crucial in the proof.
Let us mention that a similar uniqueness result was claimed in [37].

Finally, we prove the local nonlinear asymptotic stability of Haissinski steady
states. Given f°°, we introduce the L? space for the measure du> = (f>°)~tdzdv,
characterized by its norm

lgllz2(ueey = Nlg(f7) "2 | 2
Then we have the following result.

Theorem 1.3 (Long-time behavior). Let f* be a steady state given by Theorem 1.2
and f be the solution of (1). There are constants Cy,Cy that depend only on «, 0, v
and | K ||wi. such that if the initial data is such that

(5) IM < (Y,
and

(6) VM f™ = £ 2(ueey < Co,
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then there exists A that depend only on «,0,v and | K ||y1., as well as a constant
Cs3 > 1 depending additionally on M such that

Hf(t) — foo||L2(uoo) < Cge_)‘tHfm — fOOHLZ(#oo) , fort>0.

The proof of this result, in Section 3.5 is based on the hypocoercivity framework
of [13]. The main technical challenge lies in the control of terms (both linear and
nonlinear) coming from mean field interactions. In particular in order to derive the
weak nonlinearity condition (5) and close estimates, one needs to precisely track the
dependence of various constants on the parameters of the model (see for instance
Lemma 3.8). All the constants appearing in Theorem 1.3, and their dependance
on the parameters of the model, can be found in our proofs, in particular the
dependence of the decay rate. However, let us mention that it is known that
hypocoercivity estimates, even in simple cases do not yield sharp decay rates, even
after carefully optimizing each inequality (see [13]).

The locality condition (6) can be replaced by a more restrictive condition on the
smallness of mass M < C5/2, by using the embedding L?(u>°) C L(R?).

Observe that we prove exponential decay to equilibrium in a smaller space than
that of our well-posedness result in Theorem 1.1, since functions in L?(u>) C
L'(R?) decay at least like Gaussians at infinity. Thanks to the regularization prop-
erties of (1) and the space enlargement techniques developed in [27, 18] it might be
possible to extend our result to slowly decaying initial data.

Finally, the last results of this paper are contained in Section 4 which is dedi-
cated to the derivation of (1), and more precisely the derivation of the interaction
kernel from Maxwell equations. We formalize mathematically in Proposition 4.1
and Proposition 4.4, the derivation of the free space wakefield (due to Murphy,
Krinsky and Gluckstern [28]) which is the typical example of asymmetric interac-
tion kernel K arising in particle accelerator physics (see Figure 2 in Section 4 for
an illustration).

Outline. The rest of the paper is organized as follows. In Section 2 we prove the
global well-posedness result of Theorem 1.1. In Section 3, we are concerned with the
long-time behavior of solutions, and prove Theorem 1.2 and Theorem 1.3. Finally,
in Section 4, we give details about the derivation of the model and the wakefield
potential in particular in Proposition 4.1 and Proposition 4.4.

Acknowledgements. The authors warmly thank Serge Bielawski, Clément Evain,
Eléonore Roussel and Christophe Szwaj for enlightening discussions on the model
(1) in the context of particle accelerator physics.

M.H. acknowledges support from the CYNA project of the CY Initiative of Excel-
lence.

2. THE CAUCHY PROBLEM

In this section we address the well-posedness of the nonlinear Vlasov-Fokker-
Planck equation (1). We build mild solutions to the equation using the explicit
formula for the fundamental solution of the Vlasov-Fokker-Planck equation. Then
we show that any mild solution is actually a smooth classical solution.
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2.1. Fundamental solution of linear VFP. We first compute the fundamental
solution of the Vlasov-Fokker-Planck equation with a confining potential. This type
of computations are classical and date back to Chandrasekhar [9]. The formula for
the fundamental solution of VFP without external forcing term can be found for
instance in [9, 33, 4]. Here we compute the G = G(7, z, y, v, w) solving

(7) 0;G +v0,G — ax0,G = 2v0,(vG + 00,G), T >0, (x,v) € R?
and such that for any integrable function fi* € L'(R?) one has

lim G(r,z,y,v,w) f™(y,w)dydw = f*(z,v), a.e. (z,v)€R?

T—0+ R2
In other words G(0,z,y, v, w) = do(x — y)do(v — w).

Proposition 2.1. The fundamental solution of (7) is given by the following bi-
variate Gaussian

®) G- WdleT@eXp (~5e7s0 ) where = (1) - 50(1).

and the matrices B(1) and (1) are defined as follows. Let w real or pure imaginary
such that w?* = o — v? (take any root) and define s(7) = w (if w = 0 then
s(t) =17) and (1) = cos(wT). Then

Br) = e (c(f) +us(r)  s(r) ) |

—as(T) e(t) —vs(T)

and the covariance matrix is

_(0/a O\ _y ar () + (vs(r) + c(r))?/a —ows(
2(r) = < 0 9> be™ ( —2us?(7) as?(7) + (vs(r) —

with determinant

det(X(7)) = %6721}7 (sinh®(v7) — v2s2(7)) .

Proof. In Fourier variables G = G’(T, 7,y,&,w) solves
9-G — nd:CG + afd, G = —20E9:G — 200G,
starting at G(O, n,y,&,w) = exp(—iny — i€w). Define

A<0 1), and B(1) = e,

—a —2v

Using the method of characteristics, one finds that this transport equation is readily
solved by

G(Ta Y, 57 w) = exp <_in(Ta m, 6) - in(Ta m, 6) - 2V9 /OT Z(57 n7€)2d8)

(Jena-aer().

Let By(7) be the second column of the matrix B(r) = (1), B2(7)) and define

(1) = 46 /O BQ(T)BQ(T)Tds
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Then G is given by the Gaussian

et =o ((0) 202(2) -3() =0(7))

which yields the result, by inverse Fourier transform.

An immediate consequence of (8) is the following.

Remark 2.2 (Long time behavior). Observe that for all z,y,v,w € R one has

2 2
lim G(7,z,y,v,w) = %exp (_owc — v) )
0

T—00
From the explicit formula (8) we now derive estimates on the G.
Proposition 2.3 (Kernel estimates). For all 7 > 0 and z,y,v,w, € R,
G(r,z,y,v,w) >0

and

(9) / G(1,z,y,v,w)dzdv = 1,
R2

(10) // G(r,z,y,v,w)dydw = e*7.
R2

Moreover, for any p € [1, 0]

(11) HG(T)”LZ?W(LQU) N r20-3) 4 1,
and

—o(1-1 2ur
(12) IGM) e, 1.0) Soaw (772078 1) %,

Proof. The integrals are straightforward (just notice that det(B(r)) = e=2"7).
Then we need a lower bound on det(X(7)). Observe that for all 7 > 0, det(X(7)) >
0. Moreover det(3(7)) = O(r*) when 7 — 0 and lim,_,, det(X(7)) = 6?/«. Thus
det(X(7)) = min(7%,1). Therefore, for all z,y,v,w, € R one has

1
|G(T,I,y, v, w)| 59,0@’/ (7.2 + 1) :

which yields (11) and (12) by interpolation between Lebesgue spaces. (]

Proposition 2.4 (Kernel partials estimates). For all 7 > 0 and v,w € R one has

(13) / OwG (1, 2,y,v,w)dzdv = / 0,G(1,z,y,v,w)dzdv =0
R2 R2
Moreover for all a,b,c,d € N

(14) 105080508 G e, uy ) S (77 F7E 1) 7
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Proof. Let e; = ((1)) and ez = (V) be the canonical basis of R2. Using the explicit
formula (8) for the kernel, one computes

OwG = (—0up' )G = (—ey BTS™1)G,
which vanishes after integration in x,y (since it is proportional to the expectation
of a centered Gaussian). The same happens for J,G and thus it proves (13). To
compute higher order derivatives let us write, for combinatorial purposes, oy pu =
Oz tty Ot = Oppt, O3t = Oypt, Oapt = Oyt and let us define a;; = —8iuTZ_18ju and
by = —Ogit' £ 1. Then observe that the ratio 8;358;836’/(? is given by the sum
of all the products between a;;’s and by’s with 1, j, k ranging from 1 to 4 and such
that the indices 1,2, 3,4 appear exactly a,b, ¢, d times respectively in the product.
In particular, there is a polynomial p of degree a + b + ¢ + d such that
|0205050G) < |27 20| |7 20,573 9y il [S20,ml 'p(IZ 2 )G

From there asymptotic expansions reveal that

+o(r73) asT—0,

SR uf? = el S(r) ey = § 0T
7 +0o(1) as T — 00.
1 1
. ~or +o(r7") asT —0,
ol = e S(r)ep = V0T
] +o(1) as T — 00.
1 —— 4 o(r3 as 7 — 0,
S 20,? = ] B) TS B(r)er =4 vt T
o(17?) as 7 — 00.
1 -1
— 4o as T — 0,
40,2 = ] B(r) TS(r) B(r)es = { vor ) T
o(t™1) as 7 — 00.
This proves (14) with a constant depending only on a, b, ¢, d, o, v, 6. ([

Remark 2.5. It is well-known that for the VFP equation (7) is hypoelliptic [25,
22, 21]. In the regularization estimate (14), the hypoelliptic nature of the PDE can
be seen through the singularity at 7 — 0F. FEach 8, and 0, derivatives bring a
0(7’1/2) singularity in the estimate so the regularization properties are similar to
that of the heat equation, because of the diffusion in the v variable. Conversely each
0, and Oy derivatives bring a bigger O(173/?) singularity, reflecting the degeneracy
of the kinetic Fokker-Planck operator and the interplay between transport in the x
variable and diffusion in the v variable.

2.2. Mild solution of the VFP equation. Let us first consider the linear VFP
equation

15) { Ouf + v, f + (F(t,z) — ax)d, f =200, (vf + 00, f),

15 ,
f(0,2,0) = f™(z,v).

with a given force field F'. We build a mild solution for this equation using the

explicit representation of the Vlasov-Fokker-Planck semigroup through its funda-

mental solution. The method is strongly inspired by the papers of Victory, O’'Dwyer

[34] and Bouchut [4].
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Definition 2.6. We say that f € C([0,00), LY(R?)) is a global mild solution of
(15) with force field F € L*=([0,00) x R) and initial data f™ € L*(R?) if for all
t >0 and a.e. (z,v) € R? one has

ft,z,v) = /R2 G(t,x,y,v,w)fm(%w)dydw

t
+1/ /’ BuG(t — 5,2y, v,w)F(s,4) £ (5, , w)dyduwds.
0 R2

Proposition 2.7. Given F € L>([0,00) x R) and f™™ € L*(R?), there is a unique
mild solution f € C(]0,00), L*(R?)) of the linear Viasov-Fokker-Planck equation
(15). This solution conserves mass

/ ft,z,v)dedv = // f™(x,v)dedv, Yt > 0.
R2 R2

and satisfies the additional estimate
(16) 19w f@)llzy, S (A +¢72).
Proof. Let T > 0 and let us define the operators G and Hp acting on
Yr =C([0,T], L' (R?))
by
flt,x,v) = //R2 G(t,z,y,v,w)f(t,y, w)dydw,

t
Hef (o) = [ [[ 0,6 s.0.0.0.0)F(s.9) 5.y, w)dyduds,
0 JJr2
Then using Proposition 2.3 with p = 1 and (14) one obtains

1
1G lvr < [ fllvrs 1Hlye S T2NE | Lse, | fllyr

so that G and Hp are well defined and bounded. Moreover, using (14) repeatedly,
one has for some constant C' > 0 depending only on «, § and v that, for all so > 0,

[HEfllzy , (s0) < (ClIF[ g, )" an(s0)l9llvz

x,v

where

(msp) 3

Snln ﬂTL 1 u;
2 du = .
n / / \/811—8 =% [[1/0 \/1—uu F(%—i—l)

Since the right-hand side of the last inequality defines a normally convergent series
for any sgp > 0 and since Yr is a Banach space one can define the sum

f _ZH gfm

which by definition solves f = Gf™ + Hp f and is therefore a mild solution of (15).
Uniqueness is readily obtained by linearity of the equation and the estimate on



ON A VLASOV-FOKKER-PLANCK EQUATION FOR STORED ELECTRON BEAMS 11

Hr and conservation of mass follows from (9) and (13). For the estimate on the
velocity derivative observe that it solves

Do f(t,2,0) = / 8, (t, 2,9, v, w) " (y, w)dyduw
]RZ

t
- / / a’uG(t - S5%,Y,0, w)F(S7 y)awf(s7 Y, ’lU)dydU)dS
0 R2

Therefore as for the construction of f, by iterating the right-hand side one finds
the estimate, which essentially relies upon (14) and the integrability of the time
singularity. O

Next we investigate uniform almost everywhere bounds on the solution. The non-
negativity of density is easily proved formally using the PDE, but is not obvious on
the mild formulation. In order to get back to the differential formulation we use a
mollification argument inspired by Lions and Masmoudi [26].

Lemma 2.8 (L* bounds and non-negativity). Let f be the mild solution of (15).
On the one hand, if f™ > 0 then f(t) > 0 for all t > 0. As a consequence
IF@Olles, = If™cs, for all t > 0. On the other hand if f"* € L>(R?) then
fe LE([0,00), L, ).

loc

Proof. Let us start with the second property. If f® € L> then by (10) and (16)

t
I£Olle € S + 1l [ (145 heeds,
0

which proves the claim. For the non-negativity, we assume without loss of gen-
erality that f™ € L' N L>. One recovers the L' case a posteriori by a density
argument. Assume that fi* > 0 and let f. be a mollification of f such that
1. = fllimr iz, — 0 when & — 0, [,/ < [, F(®)]lz2 and 2 > o.
Let us also introduce g. = Gfi" + Hrf.. Observe that by the boundedness prop-
erties of the operators G and Hr one has [|g: — fcl|z~(0,1,L,) — 0. Moreover g.

satisfies
Orge + 00, ge — axdyge = 200, (vge + 00,9:) — FO, fe.

Multiplying the equation by —2¢g; = —2 max(—g., 0) and integrating in all variables
it is rather straightforward to obtain the estimate

t
oz (1, < Loz Oz, +20 [ oz ()1 0o

t
2Pl lge ~ Sz, [ 10u9)ds,
0

where we used that 2(9,f-)g9- = 2(0yf-)(9- — f=) — 20,((f7)?). The first term
of the right-hand side is null since g.(0) = f* > 0 and uniformly on finite time
intervals the last term tends to 0 as € tends to 0. Therefore using a Gronwall
argument and taking the limit ¢ — 0 eventually proves that f > 0. [

From the resolution of the VFP equation with a given force field we now build
a solution to the nonlinear equation by an iteration argument.
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Proposition 2.9. Assume that the interaction potential K = K(x) is such that
0,K € L*(R) and let f™ be a non-negative integrable function. Then there is a
unique mild solution f € C([0,00), L*(R?)) of the nonlinear Viasov-Fokker-Planck
equation (1). It conserves mass and non-negativity. Moreover the mapping f™ €
LY (R?) — f € C([0,T], L (R?)) is Lipschitz continuous, where L1 (R?) denotes the
cone of non-negative functions in L'(R?).

Proof. We use an iteration scheme. Let fO = fi* and define f"*! as the mild
solution of (15) with the force field F™ = —19,K  p". Let us show that (f"), is
a Cauchy sequence in Yr = C([0, T], L*(R?)). Since

frtt— = "Hpn(f"“ — ")+ (Hpr — Hpn-1) f"
One has

t
n+1 _fn N
L) — Ol < /

(1) — 1 Il

+1F () = F 7 () e 7 (6) s, ) ds
which by Gronwall yields
LFHE = Ol

t t
<o ([ I Olizas) [ Ea i 0P 0l 16,

Using non-negativity and conservation of mass one has || f™(s)||z: = = [|f™[z: .

Combining this with Young’s convolution inequality one has || F"(s)||pee < I[|02K ||zl f™[lz1 .
Therefore '
1

150 = Olls, <O [ =76 = 1" (9l

with Cp = C’I||8$K\|Loc\|fin||L; ) exp(C\/TlHazKHLooHfin||L; ). Tterating this
bound one obtains,

202(rT) =1 f™ L,

TG +1)
Since the right-hand side is summable (f™),, is a Cauchy sequence in the Banach
space Yr and its limit f is a non-negative mild solution of (1). Lipschitz continuity

(and uniqueness) w.r.t. the initial data can be obtained with a Gronwall type
argument on the same type of estimates. ]

LF7 ) = e, <

2.3. Hypoelliptic regularity estimates. In this section we investigate the reg-
ularization properties of (1).

Proposition 2.10. Under the assumptions of Proposition 2.9, for oll T > 0 and
n,m € N there is Crp.m > 0 such that for t € (0,T]

_n_ 3m ;
10202 F D)1, < Cronm (87575 + 1) 1fl1s -
Proof. The result can be proved by induction on the derivatives. We do not fully
detail the proof but just the main ideas and crucial points. As a preliminary
comment observe that f — Fy is a bounded operator from LL(W321) to W2°
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for any s € N with norm equal to I||0,K||p~. Then, similarly to the proof of
Proposition 2.7 let us notice that 9, f should solve

O f(t,x,v) = / 0,G(t, x,y,v,w) ™ (y, w)dydw

- / [ 2.6 = s.0,5,0.0)Fy(5.0)00 5,3 w)dpduds
0 R2

but using the estimate of Proposition 2.4 and the same type of iteration argument
as Proposition 2.7. one builds a unique solution to this fixed point equation which
satisfies the desired estimate.

For the x derivative observe from formula (8) that if one defines

(8)
o= () ani) = (o )

then 0,G(7) = —byz(7)0yG(T) — bya (7)0wG(T), therefore 9, f must be the solution
of the linear fixed point problem

O f(t,x,v) = / 8,G(t, z, y, v, w) f (y, w)dydw
/ //R yo(t = $)0uG(t = 5,2, y,0,0)Fp, ¢ (5,9) f (s, y, w)dyduwds
" / //]R? bus(t = 8)0uwG(t = 5,2, y,0,w) Fy(s,y) 0w f (s, y, w)dydwds
///w ye(t = $)0uG(t = s, 2,y v,w)Fy(s,y)0y f (s, y, w)dydwds,

which again can be solved by the estimate of Proposition 2.4 and the same type
of iteration argument as Proposition 2.7. Observe that the key element is the
singularity of each term of the right hand side (except the first one) at s — ¢~ and
s — 07, which must be integrable to close the estimate.

The argument can be pursued for higher order derivatives with a small modi-
fication to take into account the growing singularity appearing in the lower order
derivatives. For instance one seeks for 92, f as a solution of

02, f(t, x,v) / 02, G(t,z,y,v,w) f(y, w)dydw
/ // mw - a a G( S,Sﬂ,y,’U,U))Ff(s,y)awf(&y,’LU)dyd’U)dS
R2
t/2
[ ] et = 990,60 = s..p.00)Fy(5.9)0 5. )y
R2
// // my 8 G( Saxayvv,w)Fayf(svy)awf(sava)dydwds
2 R2

// //]R 2y (t — )0, G(t — s,x,y,v,w)Ff(s,y)(?;wf(s,y7w)dydwds.
2 2

Notice the splitting of the time integral and the appropriate distribution of the
0, derivative to ensure integrability of singularities in time. The reasoning can be
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continued for higher order derivatives and one obtains that 9]'02" f(t) has the same
singularity as 07707 G(t) when ¢ — 0. O

Corollary 2.11. Under the assumptions of Proposition 2.9, any mild solution (1)
is a smooth classical solution f € C([0,00), L*(R?)) N C>((0,00) x R?) satisfying
the first two equations of (1) point-wise for all t > 0 and (x,y) € R? and the last
equation a.e. (z,y) € R2.

2.4. Proof of Theorem 1.1. The proof of Theorem 1.1 is completed by combining
Proposition 2.9, Proposition 2.10 and Corollary 2.11.

2.5. Additional properties. We end Section 2 with additional properties on the

Vlasov-Fokker-Planck equation.

Lemma 2.12 (L? norms). For any T > 0 and p € [1,+00] one has
||f||L°°(O,T;LP(]R2)) < Hfin||Lp(R2)62V(lfl/P)T

Proof. Let p < +00. One has
d
O ee) = //R (=0:(vf?) + 8u((Fy(t,2) — ax) fP) + 2upfP =19y (vf + B, f)) dvda

_ // 2wp(p — 1) 720, f(vf + 60, f)dvda
RZ

IN

_ / /}R 20(p = 1)00,f"dvde = 2w(p = VI B}, g

The claim is obtained after a Gronwall lemma. The case p = +oco is obtained as a
limit. [l

In the next lemma we recall the continuity equation.

Lemma 2.13 (Continuity equation). It holds that

(17) Op+0,j=0, where j(t,x) :/vf(t,x,v)dv.
R

Proof. Integrate (1) in the v variable. O

3. STEADY STATES AND LONG-TIME BEHAVIOR

3.1. Haissinski solutions. In this section we investigate the existence and unique-
ness of stationary solutions to equation (1) of the form

foo(xvv) =

where M > 0 denotes the mass and ¢ is normalized, namely
1
M [ Jre

In order to solve (1), one observes that ¢ should be a fixed point of the mapping

[(x,v)dvdr = / o (z)dx = 1.
R

22
e~ o 7%K*U($)

(18) T(o)(z) :=

a1

f]R e‘%‘%K*”(y)dy'
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Let us introduce the Banach spaces
22
X = {o € C(R) such that sup |U(JU)|eﬁT < 400}
z€R
with 0 < 8 < a/f endowed with the norm

2
o]l = sup |o(z)] e 5.
rER

We use Schaefer’s fixed point theorem to show that 7 has a fixed point.

Proposition 3.1. Assume that K € L and 0, K € L? for some p € [1,00]. Then
there exists a fized point o to the map T : X — X. Moreover, c°° is positive, has
integral [, 0> =1 and 90> € X for all n > 0.

Proof. To begin with, observe that thanks to Young’s convolution inequality and
Holder inequality, for any G € LP?, one has the estimate

|G * ol <Gllzrllollpe < CpllGllzrllollx

with a finite C;, > 0 and p’ = (1 — p~)~!. Then we complete the proof in three
steps.

Step 1: T is compact.

Let R > 0 such that ||o]|x < R. Then for e = (a/6) — 8 > 0.

ex?

0< 7’(0)(33)61%82 < (2779/a)%621M”K”L°°”U”Ll_# < (270 )7 MO K Lo =5

and

ex

0. T(0)(@)]e"F < (2m0/a)} T MNP (o] 4 [MC, 0, K | 0 R)e™ 5

In particular 7 (o) € X and there is Cgr > 0 depending on || K|y, |0 K] rr and
the parameters such that

T(o) € Yr:={v € X, |W]x + [[0zv]lx < Cr}.

Let (vn)n be a sequence in Yg and for any positive integer m define K,,, = [—m, m].
Then (vy,|k,, )n is equicontinuous, so by Arzela-Ascoli and a diagonal argument one
can find a subsequence (ng)x and a continuous function v such that for all m > 1

lVne — Ve, — 0, as k — oo

but since the sequence and limit belong to a ball of X of radius at most Cg, one
has

2 2
o, = vl < I (n, =)™ Plle,) +20re™™ /2

so one can take m large enough and then k large enough to make the r.h.s. as small
as desired. It follows that Yy is sequentially compact, and thus 7 is compact.
Step 2: Schaefer’s condition.

Let A € [0,1] and consider o € X such that

AT (o) = 0.
Then ||o]|r = A < 1 therefore
loll < 1T (o)l < (270/ )z X MKz

so T has a fixed point .
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Step 3: Properties of fived points o™ .
First, since 0 = T (0*°), 0> is positive and has an integral equal to 1. Then,
observe that by successive differentiation that

o™ (2) = Pz, 0, K%0™, ..., 9, Kx0"0™)T (™)

for some multivariate polynomial P(X7, Xs,..., X, +1). We proceed by induction.
Assume that 0¥¢> € X for all 0 < k < n, then for any polynomial,

Baz?

x—e 2 P(x,0,Kx0(x),...,0, Kxdyc™>(x)) € L™.
22
Moreover x +— T (o*° (:1:))6ﬁT € X and therefore 9" 1o> € X. O

Proposition 3.2 (Uniqueness at low current). If the current intensity is such that

co
I< Ithres =
M| K|| L~

with C > 0 a universal constant, then T : L' — L' has at most one fized point.

Proof. From the proof of Proposition 3.1, it is clear that 7 : L' — L' is a well-
defined. Let 01,09 € L' be two fixed points. Then one obtains

ff]R' 677{1(1223—?/2) ’67%(K*01(I)+K*O’2(y)) _ 67%(K*02(z)+K*01(y)) dxdy

lo1—oallp: <

ff]R2 6_%_%(K*Ul(w)+K*Uz(y))dIdy ’
which yields, since || K * o||pe < || K| poc]|o]|/L1, that

||0’1 — 0'2||L1 S eSIéM

1Klleoe 2LM) || oo [0y — 0o 11

The contraction property then applies as soon as the condition of the statement is
satisfied with C' = W (2) ~ 0.24, where W is the Lambert function. O

We end this section with upper bounds on the potential associated with the
density o*°.

Lemma 3.3. The quantity V°° = —1In(c°) can be estimated by
o 2
02V ()] < €% = 3+ (554) 10:K
Proof. Using V°° = —In(T (c°°)) and Young’s convolution inequality one obtains
102Vl < § + L5 10K || L 020%| 1.

Young’s inequality then yields

f0:0™ s = [1.v =l < 3 [ (B0 K= + (HA0.K =) V<) eV
where

/|6wV°°|2e_VOO _ /agvooe—‘f“ < 02V .
Combining everything yield the result. O

3.2. Proof of Theorem 1.2. The proof of Theorem 1.2 is obtained by combining
the results of Proposition 3.1 and Proposition 3.2.
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3.3. Free energy estimate and symmetry of the interaction kernel. Next
we derive a so-called free energy (or entropy) estimate for the solutions of (1). Let us
precise that here, free energy does not refer to a particular physical quantity in the
context of particle accelerators. The name is chosen by mathematical analogy with
global quantities arising in other models. Let us first decompose the interaction
potential into an even and an odd part, namely

(19) Ke(l') — K((E) +2K(_$) , Ko(l_) _ K(‘T> _QK(_:I;) )
We define
’U2 Oé.’E2
(20) £(t) = 9//R Flog fdvdz + %//]R %fdvdx
+ g/w K®(z —y)p(t, z)p(t, y)dzdy.

Remark 3.4. Observe that for the last term, K€ can be replaced by K without
changing the value of the integral.

Proposition 3.5 (Entropy estimate). One has

K—I—Q // f\vf—i—Ga , fI2dvde = —I/ 0. K°(x —y)j(t, x)p(t, y)dady.

where j is defined in (17).
Proof. On the one hand,

dt( // flogfdvdm+//“ rav fdvdx)

// Ou((IFf —ax)f) 4+ 2vd,(vf 4+ 00, f)) (910g(f) +0+ ; + 372) dvde
]RZ

://R2 (aasvf+(IFf—a:c)vf))dvdx—Qy//Rz%|Uf+gavf|2dvdx

— €T — j(t, x €T — v lv 9 vda

On the other hand, since K* is even, one has

d

T (; / . K¢ (x —y)p(t,x)p(t, y)dmdy) :I/]R2 K¢(x —y)0ip(t, v)p(t, y)dzdy

—— 1 [[ K@~ puitt.op(t.pisdy,
RQ

where we used the continuity equation (17). By summing the two identities one
obtains the result. (]

The equality of Proposition 3.5 shows that £ is a Lyapunov functional only when
K is even. More precisely one has the following result.

Corollary 3.6. If K is even, then

@go, Yt >0
dt
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Conversely, if K is not even function, there is f™ such that

d&(t)

aett) 0.
at -

t=0

Proof. If K is even, the decay of £ is an immediate consequence of Proposition 3.5.
If K is not even then 9, K° # 0 and one can find a non-zero, non-negative integrable
p™ such that — [[ 9, K°(z — y)p™(z)p™(y)dzdy > 0 (or < 0). Take for instance
v, > 0 (resp. < 0) and define fi* = ¢~ (v=v)*/(20)in(3) Then, in the entropy
balance of Proposition 3.5 the second term of the left hand side is positive and
O(v?) and the first term of the right hand side is positive and O(v,). Thus for a
small enough |v,| the entropy increases initially. [

Remark 3.7. Observe additionally that critical points of € coincide with Haissinski
steady states iff K is even.

3.4. Hypocoercivity estimates. In this section we investigate the convergence
of a solution to (1) to the Haissinski solution f°° of Theorem 1.2. To that end we
decompose the solution f to (1) as

(21) f=r+rcy

The perturbation g is solution to

v v
0rg +v0,g + (Ffoc - ax)&,g — gFfOOg = 2v0 (av - 5) Ovg + Q(g7g)a

(22)  {Q(g:9) = Fry (g - 3v) 0.

in fin
ieo = g = = — 1.
In the Hilbert space H = {g € L*(f*dzdv), [[5, 9/ °dzdv = 0} we denote the
norm by | - || and the scalar product by (-,-). We introduce the transport operator
(23) T =00y + (Fo — ax)0,

which is antisymmetric in H, and recognise the adjoint d;; = 7 — d, hence we define
the collision operator

(24) L = —2v00;0,
which is symmetric in 4. The equation then reads

v
(25) og+Tg— glr=a= Lg+Q(g,9)-

In the framework of hypocoercivity methods of [13] (see also [1] for an applica-
tion to the Vlasov-Poisson-Fokker-Planck system), we introduce II the orthogonal
projection onto the null space of L, in our case

Ilg = /\/lpjoo with pg :/gf"odv.

In other words, with the Gaussian My = \/gﬁe_”rz/ge we have Ilg = [ gMydv. We

also introduce the operator A given by

A= (Id + (TTH*TI) ' (TTD)*.
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3.4.1. Linear hypocoercivity. Classical hypocoercivity theory then states that if the
following four assumptions are satisfied :

(H1) Microscopic coercivity: I\, > 0 s.t. Vh € D(L)
—(Lh, h) = A |(Id — I)A|?
(H2) Macroscopic coercivity: I\ > 0 s.t. Vh € H, ITh € D(T)
|TTIR|* > Apr||TIR)?
(H3) Parabolic macroscopic dynamics: Yh € H
II7TTIh =0
(H4) Bounded auxiliary operators
[AT(Id — A + [|ALR] < Cp[[(1d — TDA]|

then the solution A to the linear equation
(26) Oth+Th = Lh

converges exponentially fast to the steady state in H. The proof relies on the
modified entropy functional

(27) H{h) = %HhHQ + (AR, B,

Under the assumptions above and for € small enough one can show that H is the
square of a norm which is equivalent to || - ||:

1-— 1
Sl < HIE < S B2, Vhe .
If h is solution to the linear problem (26) then
- %H[h(t)] = _D.[h(t)] = (Lh, h) — £(ATTIh, h) + (T Ah, h)

— e(AT(1d — TI)h, h) + (AL, h)

where D, is called the dissipation of entropy functional. The assumptions (H1)-
(H4) allow for a control of each term on the right hand side, see [13, Theorem 2],
which yields

d

A
(29) —H[h(t)] < (Lh,h) — e —||TTA]|> + £(1 + Car) || (Id — ID)A||| 2]
de 1+ Ay
A
< A [|(1d = T2 — e ZX|[TR||2 + £(1 + Car)||(Id — ID)A||| A
14+ Ay

Choosing € small enough one can find Aj, > 0 depending on €, \y,, Ay and Chy

such that

%H[h(t)] < —AMinH [h(1)]

and the exponential decay towards the steady-state follows.
In order to derive an hypocoercivity estimate for our nonlinear equation (25) we
first prove that the assumption (H1)-(H4) are satisfied.

Lemma 3.8. The operators T and L defined in (23) and (24) satisfy the assump-
tions (H1)-(H4) with the constants

Am =20, Ay = %ﬁ%llfﬂlm . Oy =v+46% + 406 + 2 (IM||0,K || 1)* .
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Proof. Assumption (H1) follows from the Gaussian Poincaré inequality in H:
—(Lh,h) = 2v0||0,h|* > 2v|(Id — )A|*.

For assumption (H2) we notice that TTIh = v9,IIh and [IIho®> = 0. Moreover,
since K x 0> € L*(R), the Holley-Stroock perturbation property (see e.g. [2,
Section 5.1.2] ensures a Poincaré inequality. More precisely, using the fact that
0 = T(c*) and the Gaussian Poincaré inequality we get

|TTIR|? = M/ |0, TTh 20> dz > AMM/ [TIh|20°°dz = A\p||TIR||?,
R R

with Ap; as in the statement. Since the velocity profile of f°° is a centered Gauss-
ian we have immediately assumption (H3): IITT = 0 by symmetry. Finally, for
assumption (H4), we begin with the control of ||ALh||. One can easily check that

(TI)*h = —(IT)h = — [0, + 0~ (Fy — ax)] II(vh) = O;11(vh)
and
II(vLh) = —2V9/v038th9dv = —2vII(vh)
hence
(TT)*Lh = 0} (—2vII(vh)) = —2v(TII)*h.
Moreover, using [13, Lemma 1] we know that assumptions (H1)-(H3) yield

(30) I AR|| < %II(Id— IA|l, T Ah| < ||(Id — ID)A|
hence
IALR| = ||(1d + (TTL)*TT) ~ (TT)* Lh|| = 2v||(Id 4 (TT)*TTI) ' (TTI)*h|
= 2v||Ah
< v[|(Id — ID)A]].

For the control of ||AT(Id — II)h|| we work with the adjoint
[AT(1d — II)]* = —(Id — I)T2[Id 4 (TT0)* 711!

where
(TIL)*TTh = 911 (v*0,11h) = 030,11k
and
(Id — INT?IA = (Id — I0) (0*0211h + (F — ax)d,I1h) = (v* — 0)0:11h
hence,

[AT(Id — ID)]*h = (# — v?)d2(1d + 00} 8,,) ~‘1Ih.
Let us introduce u = (Id + 09:0,.) 1A, i.e. u solution to
(31) 0%°u — 0y (0 0u) = c™1Ih.

One can easily check using Proposition 3.1 that the steady-state o°° satisfies the
assumptions of [13, Proposition 5] which ensure an elliptic regularity estimate for
the solutions of (31). In order to derive explicit constants here we briefly redo the
argument. Clearly from (31), one gets |Ju|| < ||IIh|| and 2||0,u| < |IIA|| from inte-
grating against u. Similarly, and using the previous bound ||(0°°) 718, (c™°d,u)| <
2||TIR|| by integrating against (6°°)~19,(c°°d,u). Then by expanding the square
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[|(0°°) 710, (6 0,u)||? = |0V >®0pul|* — (0, V0, 0:(|0ul?)) + ||02u||? and integrat-
ing the middle term by parts one concludes

197ul® < (2+ C*)|[1R1%,

with C* the bound of Lemma 3.3. As a result, using the fact that 9?u does not
depend on the variable v, we have

I[AT(Id — ID)]*h)? < M /R(a - v2)2M9(v)dv/R 10,ul20dz

< 20%(2 + C*)||TIA|%.

Finally, since H[AT(Id — II)[*h = [,(0 — v*)Mpdv 02(1d + 0030,) 'IIh = 0 we
conclude that for any h,g € H

[{(AT(1d — ID)h, g)| = [{h, [AT(1d — IT)]"g)]
= [((Id = IDh, [AT(1d — ID)]*g)|
< 20%(2+ C*)||(Id — IR |lg]|

and (H4) follows. O

3.4.2. Nonlinear hypocoercivity. Let us now turn to the nonlinear system (22).

Proposition 3.9. Let g solve (22). There are X\,C,eq > 0 depending only on
a, 0, v, || K|lwr.e such that if MI < C and € < €9, then

1d

(32) §EH[9](t) < —AH[g](t) + C|g|| 7 ) Hg] (t)-

Proof. For g a solution to (22), differentiating the modified entropy function H of
(27) yields

SHIGI(0) = ~Dalg(t)] + (g, 5 Frey) + (9, Q(99)) + (A7 Frey. )

dt
CFpeg)  +e(AQ(g.9).9) + £(Ag. Q(g.9))-

0
= ~D.[g(t)] + (9. 5 Fy~a)+(g. Q. 9)) +=(4

+e(AQ(g,9),11g).

+e(Ag,
v

aFfoo(]7Hg>

Indeed since Ag = 1IAg and Fyooq = I1F oo, one has for the

v

<Aga 9Ff°°g> =0,

as the first moment of a centered Gaussian is zero. Furthermore, since Q(g,g) =
05 (Fpogg) we also have

<AgaQ(gvg)> = <8UHAngf°°gg> = 0
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We already know the control (29) of D.[g](¢). For the following term we have

v
gFf"og>

v
< [ Fpeegllzell7 ll(1d — Ig]|

M
< I\ 5 10: Kl o< [l pgll 3 | (I1d — )]l

M
172 ||0, K || = ||TIg ]| (Id — IT)g]].
10Kl Mgl )gll

For the third term of the right-hand side, one has

(9, 5 Fr=q) = {(1d ~ g,

(Q(9,9),9) = (Ffy49,009)
< || Fpooglle= gl Ougll

< |02 K|zl pg |l 1 gl 10ug]]

Then we can control the fourth term using (30)

1, v
Fyeeg,Tlg) < 5112 Fyeey [ TTg]

1 v
< 51 Frgllz || 5| Il

v
(45

IM
< \fHa o K || o || TLg |

For the last term, we notice that A9; = (Id + 097:0,) (9,I11)* and therefore
using that the operator norm of 9, (Id + 89%9,)~! is bounded by 1/2,
(4Q(g,9),1g) = (Fy41lg, 0;(1d + 00;0,) ~'Tlg)
= S I1Fp<, gl 1]
= S Fpeg g

I
= 510K L=l |1 [ TTg]*

Altogether, (33) reads

d
dt

— Hg](t) < —2v0]dug|* — ¢ ITTg]* + 6(1 + Cu)V0l|9ugll(ITg ]l + V8| 0ugl)

1 —1—)\
+ IM|0. K] o< | Tig [ Dug + = \f ||3 K| g ||TIg|?

+ 1102 |1 lp = p | gl Dugll + = ||a K|l pellp = p> ||z [ TTg]f?,

with A\p; and Cjps given in Lemma 3.8 and where we have used the triangle in-
equality to bound ||g|| < ||[Hg|| + ||(Id — II)g|| and the Gaussian Poincaré inequality
to get ||(Id — I)g||? < 0]|Dug|/?>. The five first terms define a quadratic form on
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(IMgll, V8|dugl)) with matrix
e(14+ Ca)VO + IM|0, K ||

—2V+€(1 +CM)

M = 2v0
e(1+ Cy)VO + IM| 0, K ||~ e v IMH(%:KHLOO)
2V0 L+ Ay 2v0
By replacing Cs by its expression and introducing a = W, b=1+v+

402 + 400 and ¢ = 22 it rewrites

14+
b+ 26a?
—2u + (b + 20a?) w +a
(34) M = 9
e(b+26a)
72 +a —ec+e€a
From there, if we assume
2
€< b+V29 and a < min{e,c} <1

then the diagonal terms of (34) are negative hence its trace is negative. Moreover
; _ —1y-1 a 4Kl -1 .

sincea < candc= (1+A3; )7 > (1+9 exp(\/g”amuboo )~ ! :=d (because a < 1),

one has

det(M) > e(2v — e(b+ 20e%))(d — €) — 62(2 + 0% +1)? ~oo 2ude.

Therefore there is g > 0 as well as ag depending only on v, a, 8, A\ps such that if
a < ag and € < gg then

d . 1
T H9)(t) < =A0]10u9]” + |TIg*) + 5||Hg||L1(2\/§ao||3ng + V0eoao||Tlg]) | g]|

for some A > 0 (the opposite of the smallest eigenvalue of the matrix M). One
concludes with any A < A thanks to Young’s inequality and the Gaussian Poincaré
inequality.

O

3.5. Proof of Theorem 1.3. By Cauchy-Schwarz inequality, one has
M
ITg|1%, < Mgl M < 7— Hlg](#).

which in turn proves that for the constants A,C,eq > 0 of Proposition 3.9 and
under the same assumptions

1d CM

(35) 5 HI9)() < ~NHIg)(0) + T (Hg)(1))*

with € < g9. If H[g](0) < (é—ﬁx then H[g] decays and therefore, for \* = A(1 —
((11;/\/61)) one has from (32)

Hg)(t) < H[g)(0)e ™.
Bootstraping this into (35) yields

1d v

el < _

5 l91(8) < —A(L—e™" ) H[g](%),
and Theorem 1.3 follows.
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4. DERIVATION OF THE VLASOV-FOKKER-PLANCK EQUATION

The Vlasov-Fokker-Planck equation (1) arises in the modeling of the longitudinal
dynamics of electron bunches in the storage ring of synchrotron particle accelerator.
An electron storage ring is used to store ultrarelativistic electron bunches along a
closed orbit. This confinement is achieved by various electromagnetic devices. A
schematic drawing can be found in [30, Figure 1.1].

In this section we first provide some elements concerning the derivation of the
model, following mainly [30]. Then we put a particular emphasis on the derivation
of the interaction kernel K from Maxwell’s equation, following Murphy, Krinsky and
Gluckstern [28]. On this part we formalize mathematically some formal arguments
of the latter paper in Proposition 4.1 and Proposition 4.4.

4.1. Particle dynamics. Consider a charge e traveling in the storage ring of a
particle accelerator. The orbit is assumed to be circular with radius Ry and the
velocity to be a fraction 8 € (0,1) of the speed of light c.

The motion of particles is described relatively to a reference orbit. The ideal
particle does one turn of the device in tg = 2Ry /(Sc) and has a relativistic energy
Eo. At turn n in the ring, a particle is referenced with respect to its (dimensionless)
relative energy 0" = (€™ — &y)/&y and its longitudinal position on the orbit 2"
in the reference frame of the ideal particle (i.e. z™ = 0 for the ideal trajectory).
It is assumed that the length and energy spread of the electron bunch is small so
that 2 < 1 and 0™ <« 1. Because an electron in the bunch has an energy which
is slightly different from the nominal energy, it deviates from the ideal trajectory
with implies an offset at each turn. More precisely

2" = 2" — 21 Roné™

with 7 the slippage factor which is related to the fact that the path length for one
turn in the ring is greater for a particle with higher energy (see [38] for details).
One can write an energy balance to account for energy variation at each turn. It
yields

5"“50 = 5n80 + eVrf(z”) - QWRerZ(Zn) - U(é”) + 60 Vv 2D£n

On the right-hand side, the second term is related to the acceleration of particles
by the RF cavity in the ring. The latter in synced with the period of rotation of
the ideal particle and will deliver a potential V;¢(2™) which varies depending on
the time lag 2" /(Bc). The third term is related to the collective effects due to the
self-consistent tangential electric field E;(2") created by the bunch. The fourth
and fifth terms account for the energy damping due to the emmission synchrotron
radiation. The term £" is a Gaussian white noise which is used to model a stochastic
perturbation to the energy loss —U(E™), which is due to quantum effects in the
emission of photons. Because of the small variation assumption 2z <« 1 and " < 1
one has that

eVet(2™) — U(8™) = eVi(0) — U(0) + eV5(0)2™ — U’ (0)6™.

The zeroth order term is eV;¢(0) — U(0) = 0, since the RF cavity is tuned to com-
pensate exactly for synchrotron radiation loss of the ideal particle. Then V(0) > 0
is taken to ensure a confinement effect around the nominal energy and U’(0) > 0.

After rescaling and non-dimensionalisation of the equations, one can introduce
the new variables 2™ = 2"/o, and v" = —§"/os with suitably chosen o, and
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5. Moreover since the revolution period is much shorter than the typical time of
variation of the electron bunch one can and go from discrete n € N to continuous
t > 0 number of turn (or up to a constant, time), and deal with continuous in time
processes x; and v; which will satisfy the Langevin type dynamics

dxt = Utdt
(36) dve = —oaxdt  +Fp(t,a)dt —2uvedt + 4V 0 dB;.
——
RF cavity Collective synchrotron radiation

effect losses

In the equation above the parameters a,v,6 > 0 are respectively proportional to
the physical quantities V;(0), U’(0) and D. The process (B;)i>o is a standard
Brownian motion. The collective force term Fy(t,x;) is proportional to the self
consistent tangential electric field which is going to be derived in the following
section. The Langevin equations (36) are the particle counterpart of the Vlasov-
Fokker-Planck equation (1).

A more detailed presentation of the latter derivation can be found in [30, Section
2.1] and references therein. We also mention [31, Lecture 6] and [38] for additional
material on the topic.

4.2. Wakefield of relativistic particle on a circular orbit. In this section we
present the derivation of the synchrotron radiation reaction force for a relativistic
charge, rotating on a circular orbit in free space. The associated field is called the
free space wakefield of a point charge. Most of the arguments presented in this
section follow from the paper [28] (see also the more recent [31, Lecture 24]). It
consists in an asymptotic expansion, in the ultrarelativistic limit, of the longitudinal
electromagnetic field created by the particle along its orbit.

We assume that a particle of charge e is traveling at position ro(¢) with velocity
cBy(t) = ry(t). Writing ¢ = ¢(t,x) € R and A = A(t,x) € R? the resulting scalar
and vector potentials at time ¢ and position x € R3, Maxwell equations in the
vacuum with the Lorentz gauge yields in SI units that (¢ = ;5 'ed(x — ro(t)) and
OA = pugcefo(t)d(x — ro(t)) with O = ¢7202, — Ay the d’Alembertian operator.
Introducing the fundamental solution of the d’Alembertian operator in dimension
3, namely ¢ (|x| — ct) /(47|x|), the solutions to the Maxwell equations are given by
the Liénard—Wiechert potentials

e 1

(37) YX) = ey I ra(7)] — Bo(r) - (x —10(7))|
and

(38) Alt,x) = =F0 Oolr)

A |x —ro(7)] — By(7) - (x —10(7))’
The retarded time 7 = 7(¢,x) is implicitly defined as the unique solution of

x—ro(r)]

t=1+4+

Next, the trajectory of a particle in the storage ring is assumed to be circular
with radius Ry constant, leading to the parametrization

ro(t) = Ro( cos(wot + 8), sin(wot + ), 0)
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A

Y

FiGURE 1. Parametrization of the particle trajectory.

where wg = Be/ Ry, with constant relative velocity 8 = |3,| € [0, 1], and a constant
phase § € R. We also parametrize the point x of observation on the orbit as

x = (Rp cos p, Ry sin g, 0)
and we introduce the (unique) angles «, & € (0, 7) such that

alt,r) =m— %(wm‘(t,x) +d—¢) [n],

£() =7 — 5 (wot + 5~ ¢) ],

We refer to Figure 1 for an illustration. We have by definition |x — ro(7)| =
2Ry sin(a) and since B, is tangential to the circular orbit, By(7) - (x — ro(7)) =
2Ry sin(a) cos(a), hence we can rewrite the potentials as

1
t f—
o(t,x) 8meg Ry sin v — Bsin o cos o
At,x) = 50 Bo(r)

~ 87Rysina — Bsinacosa”’
and the relation between the angle ¢ and the retarded angle « is
{=a— fsina.

The limit &£, @ — 0% and €, & — 7~ correspond respectively to the potentials created
just in front and just behind the particle, on the circular orbit. Let us now express
the tangential electric field at the observation point, namely

By definition of the angles, one has the following relations

o _19 9 _ B

9o 20 M 9T T2R, ¢
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As a result, using also that eouoc® = 1, we get
e 0] 1-p%1-2sina)

B, —— g
v 8regR3 O¢ | 2(sina — Bsinacos )

We extend the previous formula to the negative angles £, « € (—m,0) using the 7
periodicity of the parametrization. It yields

e
8regR3 O

with a dimensionless potential V' given by

1—p3%(1—2sin’a)

(40) © 2(|sina| — Bsinacosa) ’

(41) € =a—flsinal,

(39) B, =

for £, € (—m, 7). Let us now decompose the potential into two parts

V() = V(&) +V3(€).
The first part corresponds to the singular Coulomb part of the potential defined by

1- 32
42 Ve = ——.
The second part is related to the synchrotron radiation reaction force and reads
s (1 — B%)(siné| — |sina| + Bsinacosa) + 282 sin? af sin €]
43) V2§ = . . . :
2| sin&|(] sin | — Bsin v cos )

It turns out that on the appropriate scale, V*° has an interesting equivalent in the
ultra-relativistic limit (when the velocity of the particle tend to the speed of light).
The formula for this equivalent is due to Murphy, Krinsky and Gluckstern [28]. We
formalize this in the next proposition.

Proposition 4.1. Let v = (1 — 32)~2 be the Lorentz factor and let
(44) p=3y%¢

be a given non-zero real number. Then in the ultra-relativistic limit v — +0o0 one
has the asymptotic expansion

O(y™) for p>0,
(45) V(&) = K () + s
O(v™?) for p<O0.
with
2cosh [% sin'h_1 ,u] '7 ci)fh [sinh_1 u] ifu>0,
(46) KB(p) = sinh [2sinh™" ]
0 if p<O0.

Proof. Using the relations (41) and (44) between « and p, one finds that « has the
Taylor expansion
3 ar0l 1 eo-1_ (-2
(QS_Q_%)7_1+QS+5Q 3503 + 35073 — 5Q Qs

-3 —5y -
+ 0 if u>0,
- 60(Q5 + Q3 —1) ! )it

%f?’ FO( )it <0.
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FIGURE 2. Free space wakefield potentials

as 7 — oo with

Q=p+Vp?+1

Then, a Taylor expansion of V¥ using the expansion of o leads to (45)-(46). O

Remark 4.2. Observe that because of (44) the angle & behaves like O(y~3) and
therefore, this approximation is valid for only small angles. Therefore, when one
considers collective dynamics with many interacting electrons on a given circular
orbit, formula (46) will be valid to describe collective interactions only for a bunch
with small longitudinal spread. A striking fact following from (45)-(46) is that at
principal order the wakefield created by a particle is non-zero only in front of it.

Remark 4.3. It is immediate to perform the same expansion as in Proposition 4.1
for the Coulomb part of the potential, and in this case one has that as v — oo,

3y _
Ve = o +0(v7?).

Observe that unlike for V° (see Figure 2), the equivalent of V€ is singular at the
origin.

In the particle physics literature, it is argued that the Coulomb part VC(¢) is neg-
ligible compared to the synchrotron radiation reaction part V5(¢) and vK™(3+3¢)
is taken as an approximation of V(§). On the scale of £, one can indeed check that
VE(€) is O(y~2) compared to V5(¢). However on the scale of y (when &€ = O(y73))
where the approximation vK(373¢) is derived, the Coulomb term is not negligible
anymore (see Remark 4.3). In the next Proposition we show that vK™(373¢) is
indeed a good approximation of the potential V =V + VS in front of the charge
(i.e. £ > 0) on the scale

Yk,

Behind the charge (i.e. £ < 0), it can be assumed that the potential vanishes (and
therefore yK™(3v3¢) is again a suitable approximation) on the scale

TP —Ex 1.

More precisely one has the following result.
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Proposition 4.4. Let & = &ye(y) with € a continuous positive function of the
Lorentz factor v such that e(v) = o(1) and v~ = o(e(7)) as v — 0o. Then

(47) V(E) ~ vKR(37°¢) asy =00, i & >0,
If additionally v=2 = o(e(7)), then
(48) Tim V(=0 & <0,

Proof. Since £(7) = a(y) — /1 — v 2|sina(y)| and &(y) = 0 as v — oo, a(y) also
tends to 0 as v — oo.

In the case § > 0, an asymptotic expansion of (41) yields that £ = %’y_za +
2o +o(y?a+a?). Since v = 0(), one shows that y~2a = o(a®) and therefore

3

g:%;+d&y if & > 0.
In particular v~ = o(«). Inserting this expansion into the expression (43) one
finds
VS(€) 2 if & >0
~—, i .
BoF 7

One finds the same equivalent for yK™(373¢) as v — oo.
In the case & < 0, an asymptotic expansion of (41) shows that y~! = o(|a|?)
and s
£ =2a— %'y’za - %’y"‘& - % +o(la?), if& <.
Inserting this expansion into the expression (43) one finds
s & .
v (5)N_§’ if & < 0.

Finally
—2

Crey o 1~
V=(6) i

as v — oo for & # 0. The combination of the previous asymptotic expansions and
the hypotheses 72 = o(€) for & > 0 and v~2 = o(€) for & < 0 allow to prove the
claims. 0

Remark 4.5. (Other wakefields) The interaction potential K is too idealized to
model an actual storage rings where interactions between the electromagnetic field
and the boundaries of the vacuum chamber are non negligible. The computations
above can be adapted to take into account these effects, for instance using the par-
allel plate wakefield where the circular orbit is assumed to be between two infinite
conductive plates. In this case computations can still be carried on and the resulting
potential is typically of the form

K=K"+a,

up to rescalings. The function G is bounded and smooth and encodes the effect of
the reflections of the fields on the boundary. Unlike K/, G is typically not supported
only on the half line meaning that electron can interact with an electron behind it,
thanks to reflected fields. For more details we refer to [28, 30].
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