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Abstract

Starting from fundamental hydrodynamics and thermodynamics equations for thermo-viscous
fluids, a new modeling procedure, which is suitable to describe acoustic propagation in gas mixtures,
is presented. The model revises the boundary conditions which are appropriate to describe the
condensation-evaporation processes taking place on a solid wall when one component of the mixture
approaches saturation conditions. The general analytical solutions of these basic equations now
give a unified description of acoustic propagation in an infinite, semi-infinite or finite medium,
throughout and beyond the boundary layers. The solutions account for the coupling between
acoustic propagation and heat and concentration diffusion processes, including precondensation on
the walls. The validity of the model and its predictive capability have been tested by a comparison
with the description available in the literature of two particular systems (precondensation of propane
and acoustic attenuation in a duct filled with an air-water vapor saturated mixture). The results of
this comparison are discussed to clarify the relevance of the various physical phenomena that are
involved in these processes. The model proposed here might be useful to develop methods for the
acoustic determination of the thermodynamic and transport properties of gas mixtures as well as
for practical applications involving gas and gas-vapor mixtures like thermoacoustics and acoustics

in wet granular or porous media.
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I. INTRODUCTION

During the last three decades, important research work was carried out to improve the
description of acoustic fields in binary gas mixtures, pure saturated vapors, and gas-saturated

vapor mixtures.

On one hand, the analysis of mixture separation phenomena inside the boundary layers
(experimentally observed in thermoacoustic engines) led Swift et al. (1999-2002) to suggest
analytical models of acoustic fields coupled to heat and concentration diffusion processes in
thermoacoustic cores filled with binary gas mixtures [1-3]. More recently, the experimental
work of Gavioso et al. (2010), aiming at an accurate measurement of the acoustic fields in a
resonant cavity filled with with a binary inert gas mixture, indicated the need for advanced
acoustic modeling in the bulk of the gas as well as in the boundary layers [4]. In 2012, two
of us (C. G. and M. B.) provided a more general and unified analytic procedure whereby the
acoustic field in binary gas mixtures can be expressed, throughout and beyond boundary

layers, from coupled solutions for the propagative and diffusive fields [5].

On the other hand, the results of accurate speed of sound measurements in cavities filled
with a pure saturated vapor (i.e. a gas in static pressure and temperature conditions close to
the vapor-liquid equilibrium), led several authors [6-8] to point out and address (Mehl and
Moldover in 1982) the significant influence of precondensation effects taking place on the
walls of the cavity [6-8|. Indeed, due to the difference between the intermolecular potential
in the bulk of the gas and at the vapor-solid interface, an adsorbed liquid film can exist in
a thermodynamic equilibrium state, even when the thermodynamic state of the vapor lies
below the liquid-gas phase transition line in the phase space (P, T') diagram. The thickness of
the liquid film coating the wall is determined by the pressure and temperature of the vapor.
Therefore, pressure and temperature variations due to the acoustic cycle, being coupled to
heat diffusion processes in the boundary layers, result in liquid-vapor phase changes on the
walls, whose effects on the acoustic field involve the liquid film rate of change, the latent
heat of vaporization, and the balance of the heat flows at the liquid-vapor interface, as
suggested in the analytical model first developed by Mehl and Moldover [7], which predicts

the enhancement of the acoustic admittance of a solid wall coated with a liquid film.

Finally, both Mao (1998) and Raspet et al. (1999-2002) observed experimentally the

relevant influence of humidity on the acoustic attenuation in porous materials and the func-



tional properties of thermoacoustic engines. Following these observations, several attempts
were made to improve the existing theory to provide a better understanding of the boundary
water evaporation-condensation effects on the acoustic propagation in ducts filled with an
air-water vapor mixture [9-13]. These attempts correctly include heat and concentration
diffusion processes throughout the boundary layers and their coupling to phase changes on
the walls. However, in these models the thickness of the interfacial film is assumed to be
null, and the influence of the liquid film rate of change is neglected even though it could be
significant, as previously demonstrated [7].

To sum up, previous work has either considered the coupling between heat and concen-
tration diffusion processes in binary mixtures, or the description of the physical processes
which determine precondensation in a pure vapor. The quest for a unified coherent acoustic
description of all these phenomena was the initial motivation of this work, which deals with
acoustic wave propagation in gas-vapor saturated mixtures, in infinite, semi-infinite or finite
medium, throughout and beyond the boundary layers. Here, the evaporation-condensation
processes take place only on the walls, which are permanently coated with a liquid film of
variable thickness.

This study is extensively analytical and relies on a standard formulation based on the
classical equations of acoustics in thermo-viscous fluids and the formalism developed by
Landau and Lifshitz for binary gas mixtures [14] (§ II).

In § III, the acoustic behavior of the gas-vapor mixture near the boundaries is modeled as
follows: i. the coupling between the thermal diffusion and the concentration diffusion inside
the boundary layers is described using the formulation first suggested by Swift and Spoor [1]
and later revised in Ref. [5], ii. the effect of the heat flows related to the vaporization latent
heat of the precondensed liquid film and the state of equilibrium of this liquid film are
introduced as suggested by Mehl and Moldover [7], and . in addition to the classic non-
slip conditions on the walls, we make use of the boundary conditions first presented by
Mao [9] and later by Raspet et al. [10-13] to describe the mass transfers between the vapor
and the wet wall. However, we do not use quasi-isothermal boundary conditions as they
do not suitably account for the latent heat associated with the condensation-evaporation
processes.

Within this rather convoluted framework, complete and tractable solutions expressing

the variation of temperature, concentration and particle velocity are derived in § IV. These
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solutions are used in § V to deal with two specific acoustic problems, namely the reflection
off the liquid coated wall and the propagation of quasi-plane waves in cylindrical waveguides.

Finally, in § VI, we apply our extended acoustic model and discuss its impact for two
particular cases previously considered in the literature, i.e. a determination of the acoustic
admittance of the boundary layer in nearly saturated propane and the acoustic attenuation

within a duct filled with a mixture of air and saturated water vapor.

II. LINEARIZED FUNDAMENTAL EQUATIONS

The variables describing the dynamic and thermodynamic states of the binary mixture
and each of its components (the subscript index ¢ = 1,2 refers to the gas and the saturated
vapor respectively) are: the pressure variations p and p;, the particle velocities v and vy,
the mass density variations p’ and p}, the mass fraction variation of the gas ¢ (i.e. 1 — ¢ for
the vapor), and the temperature variation 7 of the mixture.

The parameters specifying the state of the mixture are the total and partial static pres-
sures Py and P;, and the mass densities pg and p; of the mixture and of each component
respectively and the static temperature Tj.

Finally, the parameters specifying the nature of the mixture are the adiabatic speed
of sound ay, the static mass and mole fractions Cy and = of the gas (1 — Cy and 1 — x
respectively for the vapor), the number of moles per unit volume of the mixture and each
component n and n;, the molar masses M and M;, the heat capacity ratios of the mixture
and each component v and ~;, the heat capacities at constant pressure per unit of mass
of the mixture and each component Cp and Cp;, the pressure and thermal diffusion ratios
kp = z(1 — x)(My — M;y)/M and kr respectively, the mutual diffusion coefficient D, the
increase in pressure per unit increase in temperature at constant density B, the shear and
bulk viscosity coefficients p and 7 respectively, and the thermal conductivity A, of the
mixture.

The set of linear equations governing acoustic fields in a gas-vapor mixture are [5, 9, 10,

14].

e Navier-Stokes equation for the mixture

10v 1
il A ) — (' 1
T pOaOVp+€vV(V v)—l,VAV AV, (1)



where £, = (4u/3 +n)/(poag) and €', = 1/ (poay).

Mass conservation equations

00
a’i’ YoV v =0, (22)
8 /
a[; LV v =0, (2b)

where pgv = p1vy + pava.

Equation describing the mutual diffusion of the mixture components, involving the
concentration flux density i, defined as the density flow rate through the unit surface
per unit time due to the diffusion process of component 1 of concentration C' (—i for

component 2 of concentration (1 — C)):

MM, [ M2 kp by
Vet Pyt Ty 3
M | aanL Y TR VP TV (3a)

with M = «M; + (1 — x)Ms, and {p = D/ayp, the concentration flux density being

1= —poaolp

also related to the particle velocities vy and vg by
My M,
M2

and to the expression of the mass fraction field variation ¢ by, neglecting the second

i=—pox(l—2x) (v —vq) (3b)

order term pyv - Ve,

1 .
EN_%VI (SC)

The fundamental equations may be more conveniently expressed by introducing the

variable b defined as:

0b M? 0 M? 1
— = e T v (4)
8t MlMQ 875 M1M2 Lo
Entropy continuity for the mixture,
10 vy—1190
—— UG A )T = ———— Pyarb 5
(a5 —08) 7= e R, o)

where £, = A\, /(poaoCp), and ar = kp/[z(1 — z)].

The last term, which involves the normalized mass fraction variation b, arises from the
expressions of both the concentration flux density i (having the same dimension as an
heat flux, see eq. 3a) and the heat flux [14, eq. 58.12]:

dg dg )
— |k (22) —1 (22 P v
q [ g (aO)P,T ° (aT)P,C +g ' " ! (6)




where g = g1/M; — go /M5 and g; are the chemical potentials of the mixture and of the

component ¢ respectively.

e Equation of state of the mixture (ideal gas, Dalton’s law)

Loy 10p 107 M? Oc

—2F - - “° 7
Lo ot PO ot TO ot aPMlMQ ot ’ ( )

where ap = kp/[z(1 — x)].

Therefore, the set of fundamental equations needed to describe harmonic motion ex-
pressed as /! (angular frequency w, adiabatic wavenumber ky = w/ag), involving the

variables p, v, 7 and b, takes the following form [5]:

1 l, 1
V=—- Vp+ —V(V.v)+ VAV AV, 8a
Jw Po P Jko (V) k3 (82)
V-V:—]WZ(]D—BT)—i—jWOéPb (8b)
Polq
1 v—1
1+ 5A)7=—(p+ Parb), (8¢)
ki, V6
12 A) b= L ap + Brran) (8d)
kQD - poa% kZD P p T T ’
where the wavenumbers, defined as
K Jko Jko
k2:—]0 k2:—— k2:__ ]
v g’v ) h gh ) D gD ) ( e)

are respectively related to the shear displacement (significant only within the viscous bound-
ary layer), the thermal diffusion process, and the mutual diffusion process.

In the following, we make the limiting assumption that the evaporation-condensation
process may be neglected within the bulk of the fluid, as there the nucleation energy is
much higher than close to the wall of the enclosure. Therefore, the appropriate description
for the acoustic field is that given in Ref. [5]. Coherently with the approximations made
above, terms of order higher than one of the characteristic lengths are neglected below (i.e.

order two of the penetration depths 0,5 p = \/§/|k%h’D|).

III. EQUATIONS INSIDE BOUNDARY LAYERS, BOUNDARY CONDITIONS

We consider a rigid solid wall, assumed to be locally plane, which is coated with a liquid

film of variable thickness (Fig. 1). The coordinate normal to the wall inwardly directed is
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denoted u, with u = d at the interface between the liquid and the gas mixture and v = 0 on
the solid wall; the coordinate tangent to the wall is denoted w with components wq, wy on
the wall. To simplify the description of the small amplitude acoustic disturbance within the
boundary layer and the corresponding formulation, we assume the validity of the following
approximations: (a) the component normal to the wall v, of the acoustic velocity is much
lower than the tangential components v,; (mostly within the boundary layers), (b) the
spatial variation of the acoustic velocity, and the temperature and concentration variations

are much higher in the normal direction « than in the tangential directions (wy, ws).

v

Gas-vapor mixture

d
-
d
Liquid film

/ (w1, w2)
) TS Sohd Wdll
srss //////

Figure 1. Temperature and particle velocity fields in a gas-vapor mixture close to a solid wall coated

with a liquid film.

Under these assumptions, the normal and tangential components of Navier-Stokes equa-
tion (8a) lead to the following relations, using expression (8b) for V.v and assuming that

7~ (v —1)/(v8)p in the higher order terms,

. . 0 . ab
Jw povy = —(1 + jkol, )8—5 + jkol, poagap% : (9a)
1 @2 1+jk0€v
(1 -+ Em) Vw = vap -+ gv CL()Oéprb, (gb)

V.« being the del operator in coordinate system (wy,ws) (Fig. 1).

We can note that by substituting the expressions obtained in the following for 2 5oV and
g £5b (sections IV.B and D) into the derivative of equation (9a) with respect to the variable
u, we get the propagation equation that governs the pressure variation p.

The tangential particle velocity, the temperature and concentration variations, and the



normal particle velocity, are then governed by the set of equations:

0 Jjwy A .
— . _ -_— _— 1
1 82 1"‘]]5061)
1+ ——— =-—— 1
( + 2 (‘3u2) Vi T o Vwp + Ly agapVyb, (10b)
1 —1
(1 + —2A> T = 7 = (p—l— P()OéTb), (100)
ki, ol
L2 Ao = L oAp + Brrar) (10d)
k)T ek D TR

The general solutions of these equations are subjected to the following boundary condi-

tions at the interface u = d between the liquid film and the gas mixture.

1. The tangential components v,; of the particle velocity of the mixture vanish
(non-slip condition):

vw(d) = 0. (11)

2. On the surface u = d of the liquid film, the normal component of the gas particle velocity
v1, must be equal to the velocity d= dd/ 0t of the interface between the liquid and the
gas-vapor saturated mixture:

vu(d) = d. (12a)

The thickness of the liquid film is equal to d, and d is related to the u-component of the
vapor particle velocity vq,(d) by

ped = —pyvau(d), (12b)

pe being the density of the liquid. Then, the relation pov = p;vy + pavse expressed at
u = d, leads to the following relationship between the normal component of the particle
velocity and the vibration velocity of the liquid film, under the reasonable assumption

that p; >> py,
povu(d) = (p1 — po)d ~ —pyd. (12¢)
The particle velocity v,(d) is related to the first derivative of the acoustic pressure with

respect to the u-coordinate (9a), leading to

op .
— | =~ d 12d
Pl jw ped. (12d)
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to the lowest order of the characteristic lengths. This result shows that the spatial
variation of the acoustic pressure in the direction normal to the wall is non zero, due to

the thickness variations of the liquid film.

Also, the concentration density flux is non zero at the liquid-gas mixture interface, since
it is related to the vibration velocity of the liquid film d. Making use of relations (12a,b,c)
in expressions (3a,b) of the concentration flux density, allows us to write, assuming

that pg/ps >> 1:
M,

u(d) = 2——pyd
iu(d) TP
MM, [0b  kpdp krdT
=—pD— | —+—=——+ =— 13
= {8u+P08u+T08ud’ (13)

and finally, at the lowest order of the characteristic lengths,

M p; d b By 9

L 5—72/@—7 . (14)

M3 po ag du  peag = Ou ]

Note that, when d vanishes (no liquid film on the wall) this boundary condition takes the

form [1, 5]
ob
ou

. Even though the temperature variation 7 on the wall is much lower than the adiabatic

_ By, o

= Pk 2
4 poad ~ Ou

d

temperature variation in the bulk of the fluid, the usual isothermal boundary condition
7(d) = 0 does no longer hold, as it would imply that the temperature variations due
to the latent heat of vaporization and condensation are negligible. As emphasized in
the literature |7], although this latent heat is convected in the liquid layer and the wall,
the balance of heat flow at the liquid-vapor interface implies that a slight non-negligible

temperature variation occurs on the liquid boundary.

Assuming the conservation of heat flux at the interface between the wall and the liquid film
(u = 0) and the temperature continuity at both interfaces wall-liquid film and liquid film-
gas mixture (u = d), the equations describing the spatial dependence of the temperature
waves, created at the liquid/gas mixture interface u = d (by the energy source due to the

latent heat), in the wall and in the liquid respectively, are given by
7(d)

= Ihsu 0 15
7s () cos kyd + jOsin ]{?gde ’ < (152)
cos kyu + 7O sin kyu
=7(d d 15b
mi(w) = 7( )COSI{/’gd—f—j@Ska‘gd ’ 0<u<d, (15b)

10



where kg, = (1—j )\/ wpseCse/(2Xs ) are the complex propagation constants of thermal
waves in the wall and the liquid respectively, Ag, being the thermal conductivities, Cg
the heat capacities, and pg, the densities of the wall and the liquid respectively, and

where © = /psCsAs/(peCi)r).

Thanks to the following expression, which would strictly hold for an ideal gas [14, eq.

58.10]:
(50),, =5 (55),,, St
dc P,T kp Oc P,T Lo MlMQ x(l — 1}) ’

the normal component of the heat flux (6) can be written as
Py ar M? 0

0 ar +9— TO (—g)

Lo M1M2 6’T PC

The first term of g,(d) indicates the contribution to the concentration of the heat flux

_ B
iu(d) — A a—;

qu(d) =

d

associated to the temperature gradient. This is usually assumed to be much larger than
the effects associated to the chemical potentials, namely —74(0g/0T)pc and g. Thus

one can write here
Py M? oT

— ud_/\ -
Tp() MlMQZ ( ) 4 au

Then, the energy balance for heat flow at the liquid-gas mixture interface u = d takes

qu(d) = a (16)

d

the following form (L being the latent heat of vapor per unit mass of liquid, provided at

u=d):
. P M? ar
Ld ~ ap=2 o(d) = 2 21
peld = ap” i) = A

8@
Ay ——
d+ “ou

d
or, accounting for the first expression (13) and expression (15b) of i, and 7, respectively,

v—1 (poL M pe d , ot
— | — — — | Bh—— = jkplp AT(d) — 0}, —
e (Po JTOéTM2) %0 4o Jknln A7 (d) "D

(17a)

)
d

ngg)\g jtan k?gd + ©
A=y . 17b
pon/\h 1 +]@ tan k?gd ( )

The boundary condition in eq. (17a,b) is more realistic than that used by Slaton et al.

where

[12, eq. 3| as it accounts for the coupling of the non zero concentration flux density at
the liquid-gas interface with the heat flux generated by thermodiffusion effects within the

gas mixture.
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4. The boundary conditions that involve the normal component of the gas particle velocity
(2. above) and the temperature variation (3. above) depend on the time derivative d of
the liquid film thickness d. Therefore, we need to express d as a function of the variables
of interest here, namely p, 7, and b. We achieve this by expressing the thermodynamical
equilibrium of the condensation liquid film by an equation of state relating d to the partial
pressure of the vapor P, = (1 —2)P = P(1 — C)M /M, and the temperature 7" of the gas

mixture. The following approximate form was used by Mehl and Moldover:
In[Py(T)/P] = (do/d)" , (18)

which considers the saturated vapor pressure Py(T') of the vapor, with dy being here
approximately equal to 1 nm, and v varying between 3 and 4 depending on the thickness

of the liquid film [7].

The validity of this approximate equation is limited by the assumption that the solid wall
is perfectly smooth. However, in practice, this condition is hardly reached and, to our
knowledge, there is no work available to account for the influence of the roughness of the
wall on the molecular interactions between the vapor and the wall surface, and then on

precondensation.

Making use of eq. (18), the velocity d of the liquid-gas mixture interface (u = d) is given

by the following differential expression
. od ap od or od oc
d=(+5) = +(7) =+25) =
OP )y Ot ') po Ot oC ) pp Ot
and can be written as

d_ jw {p(d) _ TydPy7(d) b(d)}
d vin(P/R) | P PdT T, 1—=z]°

(19)

It is worth noting that the couple of equations (18) and (19) express the evaporation-
condensation process on the interface between the liquid film and the mixture during

each acoustic cycle.

The last expression can be rearranged as follows:

ped  jkody X Py
E- = d) — fher(d) —
o =R M@= B -

b(d)| , (20)
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where dy = (pe/po)d/[vIn(P;/P,)] and hy = (Ty/Ps)(dP;/dT). The latent heat L and the
slope dP,/dT, related together in a first approximation (through the ideal gas law) by

the Clausius-Clapeyron’s law, are numerically expressed separately herein.

Let us notice that this result is somewhat equivalent to those suggested by Slaton et al.
[12, eq. 9], if d/d is assumed to be negligible or P, equal to P, (which cannot be achieved

in practice, and is not consistent with the phase change hypothesis).

Therefore, the velocity d is removed, first from equations (17) and (20), and second
from equations (20) and (14), leading to two relationships used below. Then we make use of
equation (10c) to remove the variable b, and finally, a lengthy but straightforward calculation

leads to the two following boundary conditions:

) or Jkods My _
khAT(d) — —| | = ————— | —ho — = 21
ar [] nAT(d) o CJ 01— 1) {M 0 $04T] ) (21a)
ot 1 031 jkodyx
1+ 8ud+k}2b ou? |, lp(1—xz) (21b)
where
Lpg M v—1 9
o= 2P0 5 — 24, = 1— 21
0 P ¢ M, 0, € 5 ( T)ar, (21c)
and
_ 'y—l ’7—1 1 902%r
== —1 1-— d)— |1+ ——h, 1-— d) — — — 21d
i (= D@ [ + o x)} M- 5| - @10

Without condensation-evaporation, both the thickness of the liquid film d and its velocity

d vanish. As a consequence, the concentration flux density also vanishes at the boundary, and

the coefficient A simplifies to the ratio \/ psCsAs/(poCpAr), where Ag is much higher than
A (the quantities k7 and 07/0ulq being of the same order of magnitude). The boundary

conditions (21a,b) respectively become

3
7(d) =0, and (1%—6)ﬁ —1—1 0T

AT

which are equivalent to those given in references [1, 5].

Y

d

Alternatively, for the case of a pure vapor (z = 0), the variable b and the concentration
flux density i vanish. Then, as expected, the second boundary condition (21b) also vanishes,

and the first boundary condition (21a) leads to

or .
|, = T bl — ).

Finally, for the study of gas-vapor mixtures, we are left with three boundary conditions

(11), (21a), and (21D).

Jkodeho v —

jkhAT(d) —
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IV. SOLUTIONS
A. Solutions for the temperature variation

We apply the operator (1 + k%A) on the diffusion equation (10c) and we use equation
D
(10d), which leads to the following equation for 7

1 1+e 1 v—1 1
1+<_+_)A+—AA]7z _ [1—1——(1—@ kp)A}p. (22)
[ Bk Kk vl R

Equation (22) may be more conveniently rearranged to highlight the coupling between
temperature and concentration variations inside the boundary layers. The appropriate form

of the operator on the left hand side is a “product” of two spatial second order operator [1]:

1 1 N1 1
1+ —A) (1 + —A) TR {1 + —(1 - a:rk‘p)A] P, (23)
( k?zD k%h 7B kQD
where
1 A+ VT
- _ : \/_ _ _éh.D,Dh ’ (24)
Kip.pn 2jko Jko

with A=, + (1 +e)lp and T' = (¢, —€p )%+ 2elp [b, + {p (1 +¢€/2)].

Then, the laplacian A may be expressed as the sum A = 9%/0u?+ Ay,. Thus, the particle
displacement along the direction which is tangent to the wall is nearly coincident with the
acoustic displacement (which implies Ay &~ (v — 1)/(67)Awp), and the terms of order
greater than one of the characteristic lengths ¢,p and ¢p, are neglected. Finally, equation

(23) takes the following form [1, 5]:

1 02 1 02 v—1
1+~ V(14— )ra Ly, 2
< +k}2LD8u2) ( +k%hau2>7— VB ! 25
with (Ap being identified with —k2p)

k2 k2
pr(W) & [1 + 5 2(l — z)ara + —‘2’} D, (25b)
kb ki

where k2 = k2(1 + jkolyna ) is the acoustic wavenumber accounting for viscous, thermal and
mutual diffusion effects in the bulk and o = ar(y — 1) /v + ap.

Equations (25a,b) show that the temperature variation within the boundary layer is
determined by the superposition of two diffusion processes, labeled hD and Dh, due to
the complex interaction of concentration and thermal gradients. Note that the following

relations can be readily obtained
1 1 1 1+4¢€

- = k? k2 :k2k2 26
k,%D+k,2r)h k,%—i_—k% ; hpFDr = KD 5 (26)
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with the thicknesses of the boundary layers associated to these diffusion processes respec-
tively given by 6,p = v/2/|knp| and dpn = v/2/|kpal.

In equation (25a,b), the pressure variation p is assumed to be quasi-uniform along the u-
direction inside the boundary layers. The solution for the temperature variation 7, subjected

to the boundary conditions (21a,b), takes then the following form:

(4, w) = VB—glmm 1= Arpup(u) — Brppn(u)]
— ”ﬁ—jpxwm — (W), (27)

where functions ¢x(u) (subscript X in the following stands for subscripts v, hD and Dh
indifferently) are the normalized solutions of the homogeneous equations associated to equa-
tion (25a,b), and the integration constants A, and B, are given by the boundary conditions
(21a,b).

Functions ¢x(u) and integration constants A, and B, depend on the geometry of the

wall surface and of the propagation domain (see examples in § V).

B. Expression of the concentration variation

We may solve equation (10c) to express the variation of the normalized concentration on

the wall, using the general form (27) for the temperature 7,

bu,w) = Bl =) | {2a(1 = 6. 0) - sl (25)
o Uy(u) = A, {1 — gi—hD} onp(u) + B, [1 - g%] @pn(u). (29)

C. Solutions for the tangential particle velocity

We next consider a simplified form of equation (10b), by neglecting the rightmost term
apapl, Vb which would lead to a second order function of the characteristic lengths. Thus,

imposing the boundary condition (11), the particle velocity on the wall is given by

Vi (U, W) &= —

jw 00 (1 + jk‘ofu )pr(w)[l - @v(u)] ) (30)

where @, (u) is a solution of equation (10b) and depends on the particular geometry of the

wall surface and of the propagation domain.
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D. Relation between the particle velocity normal to the wall and the pressure

variation

Altogether, the solutions (27, 28, 30) which define the temperature and concentration
variations and the tangential particle velocity are used in equation (10a), leading to the
final relation between the normal component v, of the particle velocity v and the acoustic

pressure p, at the first order in the characteristic lengths:

. 0 .
Jjw po%% = (1—p,(u))Awp + k§ 1 — jkolyna
k )
+ vk—jw(u) + (v = D)or (u) + jholy oo (u)+

ko((v = Dl +Lpyz(l = 2)a®)i-(u)] p, (31)

where lypg = ly + (v —1)0, +72(1 —2x)a?lp accounts for the energy dissipation in the bulk
of the mixture.

Depending on the geometry of the solid boundary, the propagation domain, and accuracy
requirement, simplified versions of equation (31) may hold, as discussed below for two cases
of practical interest.

Finally, the pressure variation is governed by the second order differential equation ob-
tained from the derivative of equation (9a) with respect to the variable u, accounting for

the expression (31) of L-v,.

V. SPECIFIC APPLICATIONS
A. Reflection on a quasi-plane rigid wall

Within the boundary layers, the acoustic pressure p is nearly uniform. It is then appro-
priate here to identify A,p with —k2p (A, and k, being respectively the components of
the laplacian and of the acoustic wavenumber tangent to the wall) and to substitute the

following terms in equation (31) with their mean values

/d ' %vudy = v,(u) — v,(d) (322)

/d ' Aw[l = @u(y)lpdy = —kyp (5 - /d ) Spv(y)dy) , (32b)
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d = (u — d) having the same order of magnitude as the boundary layer thickness, and the
relative variations of the functions ¢ x in the boundary layers being much larger than those

of p.

Boundary layers

Liquid film
0

705000007

Figure 2. Quasi-plane rigid wall coated with a liquid film: temperature and particle velocity fields

within the boundary layers.

Considering the reflection on a wall in a semi-infinite domain (Fig. 2), we may express
the functions @x (u) as exponential functions e 7%x(#=9 which rapidly vanish when § ~ dx

(evanescent waves associated to diffusion processes from the wall), leading then to
14y k:o

“ 1—35 dpx
R il el

Therefore, expressions (27), (28) and (30) of 7, b and vy, are used in equation (31), then

we integrate it from d to u, and we use expression (20) of d in relation (12¢). It turns out,
lengthy but straightforwardly, that

_poao% 1\?‘/_[/@2 "ty —1)\@]

qnD

oy [({_7=1, NG Jw
e [(1 = h> S P (33a)

where hy = hoMy/M and (s =1 — hs(y —1)/7, and

VI T [, ik
w0 G [0 (5|

jkhég\/ng’OéT ’y—l
AVlp +Vlpr)

o (122 @) 1)

1
+ -+ jkh(Sgg -+ (ZE'OéT — hg — hs) s (33b)

A
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with ¢ = /0y [lpx/(1 — ).

In a gas mixture or a pure gas without evaporation-condensation (dy = 0, or = = 1),
expressions (33a-c) coincide with the results previously obtained in [5, 15].

Equations (33a-c) show that the two components of the mixture do not symmetrically
contribute to the diffusion phenomena due to the combined effect of evaporation and con-
densation within the boundary and the variations of the film thickness (effects expressed by
the terms factor of dy).

On the other hand, for a pure saturated vapor (r = 0 and M = My), expression (33a)

gives
Vu 1 —|—j |:k72 vV gh :|

—potp— ~ —=/ko | ==/l + (v —1)—| + B¢, 34a
Po op \/§ 0 kg (v ) a0 By ( )

where g, = 1+ [L + jkydehohy(y — 1)/4] /A, and

Jkodey { ( v—1 ) Cs:|

=—— |1+ 11— ho | =1 . 34b
& dn Y °) A ( )

Equation (34b) which expresses the specific acoustic admittance of the liquid film differs
from the result previously obtained by Mehl and Moldover |7, eq. 21]:

vo(d)  jkodey < E)
— 1+ e (34c)

as adapted to the notation used in this work. In fact, while both expressions account for the

—pPoao

acoustic effects of the variation of the film thickness, equations (34a,b) additionally take into
account the influence on the rate of evaporation and condensation due to thermal diffusion

in the boundary layers. The quantitative influence of this additional contribution is further

discussed below in § VI A.

B. Quasi-plane waves in cylindrical waveguides

We consider a waveguide with perfectly rigid walls (Fig. 3). By calculating the mean
value of equation (31) over the section S of the guide, we derive the wave equation which
governs the pressure variation of quasi-plane waves. To achieve this, we initially remark that

the mean value of the normal velocity v, over the waveguide section is null:
(0vy,/Ou)g =0.

Then, in equation (31), the mean values of the variables 7, b and v, are substituted by the

mean values of their respective expressions (27), (28) and (30). Here, the functions px (u)

18



Solid wall

0000000000000

e

Liquid film
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Figure 3. Acoustic pressure and particle velocity fields across a section of a waveguide.

are a linear combination of calculable Bessel or trigonometric functions, depending on the
geometry of the waveguide. Finally, by denoting Ky = (px(u))s and V/A the volume to
surface ratio of the waveguide, we have

0 "25'¢ \%4

= —k*K
ou |, ATXTXD

and the mean value of equation (31) corresponds to the propagation equation
(Aw +kz)p =0, (35)

where the terms of order greater than one of the characteristic lengths are neglected, and

the wavenumber £k, takes the following form:

k2 1 Cpr — hp KnpKpp, { Jkndey (7 —1 )}
—= = 1+ —1- B ho + za
2Tk, { o Qw || S

A5g’7$ |: — ’)/—1 ( EDh +$CXTM2

—— = Kpy, — K, — jkol
VO apZLp + . A (Kpn hD))]} Jkoluna , (36a)

with

— 14 /
=D = (1 — —h) Kpp, — (1 — —h) Kup, (36D)

Lpn Uhp

—_ o gDh ehD

Zph = 1 - = KDh_ 1 - — KhD; (36C)
{p lp



and

N Jknoe v —1 = JRnde®
Qnp = (1 + A ths) ZhD AL = z)HDh
lpn =l (A Sz jkV ndezy —1
2 (4 ¢ o) < S s

(36d)

We remark that the terms of order one of the characteristic lengths ¢, , ¢}, , and ¢p are
included in the formalism, the bulk effects are included in the same model by the term £, .

For a gas mixture without evaporation-saturation (d, = 0), this expression is consistent
with the one obtained from the model presented in Ref. [5].

For the case of a pure saturated vapor, the wavenumber k,, reduces to

k?

M 1 — jkpdehoCs/A
ko 1-K,

v 1
1+ ks (—Kh + %hohsdz) /A

— Jkolyha - (37)
A

VI. SPECIFIC RESULTS IN PURE VAPORS AND GAS-VAPOR MIXTURES

A. Reflection on a quasi-plane rigid wall in pure propane saturated vapor

As a first application of the model discussed above, we compare its prediction of the
acoustic admittance of a wall in contact with saturated propane with the theoretical results
obtained by Mehl and Moldover |7] to account for the observed anomalous decrease of the
speed of sound in precondensation conditions.

For this comparison 7;,=287.65 K and F, is varied near the nominal saturation pressure
P,=0.72 MPa so that 1.0x 1071? < (P,— P/ P, < 0.6, with a corresponding variation (based
on the assumption that ¥ = 3 in eq. 18) of the thickness d of the condensed liquid film coating
the wall between 5 x 107!% (a few molecular layers) and 1.0 x 107°. The thermophysical
properties of propane used as input data in the model are the same tabulated (Tab. 1)
in Ref. [7] while the sensitive dependence on static pressure of the vapor density, speed of
sound and heat capacity were taken from the equation of state of propane of Younglove and
Ely [16].

For a normal incident wave (k,, = 0), the expression of the total specific admittance de-

scribing the “classical” thermal effects in the boundary layers and the effects of the adsorbed
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liquid film on the acoustic field as previously modeled by Mehl and Moldover [7, eq. 21|
takes the following form (see eq. 34c):

. AMM J—1 kodgy ( Cs)
=>— (v — D\ kol — 1+-=>=]. 38

The real and imaginary parts of the total acoustic admittance calculated using eq. 38

(dotted lines) are compared in Fig. 4 to the same quantities as predicted by equation (33)
in this work (solid lines), as functions of the liquid film thickness d (the equivalent relative
pressures scale is also represented on Fig. 4).

Also represented in Fig. 4 (dashed line) is the specific admittance

JBin = (j — 1)/\/5(’7 — v/ kolh (39)

expressing the “classical” thermal effects in the boundary layers [15].

(Ps - R))/Ps .
0.6 1073 1076 1079 10712
0.1 1 T T

Im(jBtot)
0.01 F

0.001

0.0001 L ! —t ! — ! —

Figure 4. Real and imaginary parts of the specific total admittances j5;0¢ (eq. 33, solid lines) and
FBMM (eq. 38, dotted lines), and thermal admittance jBy, (eq. 39, dashed line, with equal real
and imaginary parts) of a plane rigid wall coated with a liquid film of depth d, in propane near

saturation for f=24 kHz.

When the thickness of the liquid film is at its minimum (i.e. d < 107° m), the specific
admittance tends to the “classical” thermal admittance f;, as expected. However, we shall
notice that the relative difference between the total specific admittance of the wall S, and
its thermal admittance f3;, starts to be relevant from d = 107 and Py ~ 0.37P,, since it is

here at least 10 % and could be even more when considering non smooth walls.
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For a “thin” liquid film, when 107" m < d < 1078 m (i.e. 0.632 > (P, — Py)/P, > 1073),
the expression of A in equation (17b) is reduced to its limit for small values of d because
the effect of thermal diffusion inside the liquid film is negligible. As a consequence, in this
range of static pressures, the expression of the total specific admittance ;. simplifies to

. ) —1
JBthin = %(’Y - 1)\/ koln, — kodery, (40)

showing that precondensation effects within the boundary layer are purely reactive with
corresponding contributions to the total admittance of the boundary layer which have the
same order of magnitude.

Finally, for d > 1078 m (i.e. (P, — Pp)/P, < 1073), namely for a "thick" liquid film, the
multiplying factors in the term including d, prevail, leading to, for the specific admittance
of the wall,

. —1 A
JBrhick = ‘77\/ kol Il ! (41)

> hoho(v = 1)/7
In equation (41), “classical” thermal effects may be neglected as they have the same order of
magnitude of the characteristic thermal length ¢, . In fact, the acoustic and thermal fields
within the boundary are governed by the combined effect of precondensation and thermal
diffusion, expressed by the hy and hy factors.

The relative influence of the latter contribution, which is accounted for in this work but
not in reference [7], is evident in Fig. 5 which displays the relative differences of the specific
total admittance as predicted by these alternative models.

We next consider the relevance of the perturbing effect of boundary layer precondensa-
tion and thermal phenomena on the complex resonance frequencies measured in a spherical
acoustic cavity. As an example, the induced shift A fy, to the unperturbed resonance fre-
quency fo, and the corresponding contribution to the halfwidth gg, of the n-th radial mode
of the resonator used in reference [7] (radius R = 6.35 cm) to measure these effects in nearly

saturated propane is
(A fon + Jgon)/ fon = JBtot/ Zon , (42)

Zon being the n-th zero of the spherical Bessel function of first order jg.
The model discussed above for the specific admittance S;,; can be used to predict the
contribution of precondensation effects to the total energy loss that takes place within the

boundary layer of the resonator. When this is done, it is found that the contribution of
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Figure 5. Relative differences (per cent) between the real parts (solid line) and imaginary parts
(dotted line) of the specific total admittances jB:¢ (eq. 33) and jBMM (eq. 38) in propane near

saturation for f=24 kHz.

precondensation to the halfwidth g, of a radial mode can be as high as 4.5 x 10~® when
scaled to the corresponding resonance frequency fo,.

Thus, the predictions of the theoretical model presented in this work may be subject
to accurate verification with this type of instrument, which has a demonstrated agreement
between experiment and theory in the order of a few parts per million [17]. When available,
these experimental data may lead to a more realistic equation describing the influence of
the wall surface roughness on the minimum pressure at which the presence of the liquid film

results detectable.

B. Attenuation in a cylindrical duct filled with a mixture of air and saturated

water vapor

In this section, we consider the acoustic propagation in a cylindrical duct of 1 mm in
diameter made of different materials and filled with an air-water vapor mixture. This case
has been previously considered by Raspet et al. [10, 12| to test their models of acoustic
propagation in wet porous materials. There, the composition and total static pressure of
the air-water vapor mixture vary as a function of the temperature with the partial pressure
of air P, remaining constant at 101.325 kPa, and the partial pressure of water P, being equal

to the vapor pressure P,(T'). With this rule, when temperature 7Ty is varied from 0.1 °C to
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100 °C, the molar fraction of water vapor z,, = 1 — x varies between 6.0 x 1073 and 0.506,
and the static pressure of the mixture Py = P, + P, from about 101.959 kPa to 202.74 kPa.

The thermophysical properties of air and water, which are needed as input data to model
acoustic propagation within the bulk of the mixture and in the boundary layer, are retrieved
from the following sources: the thermodynamic and transport properties of dry air from cor-
relations worked out by Lemmon and co-workers [18, 19]; the thermodynamic properties of
liquid and gaseous water, including the saturated vapor pressure, from the JAPWS equation
of state of Wagner and Pruf [20]; the transport properties of water from the correlation of
Kestin et al. [21]; the enhancement factor of humid air from the pioneer work of Hyland [22];
the density of humid air from a virial expansion truncated at second order using recent cor-
relations of the second virial coefficient of water [23| and the interaction virial coefficient of
the air-water system [24]; the speed of sound in the mixture, including relaxation effects,
using the method of Zuckerwar and references therein [25]; the transport properties of the
humid mixture, namely the diffusion coefficient, the thermal diffusion ratio, shear viscosity
and thermal conductivity, with the methods and the data discussed and tabulated for a
mixture of non-polar and polar components by Hirschfelder, Curtiss and Bird [26].

For the sake of the comparison between the acoustic models commented below, it should
be noted that the agreement of our estimate of the same mixture properties with those
reported by Raspet in Ref. [10] is in every case satisfactory, with the exception of the thermal
conductivity of gaseous water and the thermal diffusion ratio of the mixture, showing relative
differences up to 25 % and 50 % respectively, originated by the different estimate of the
thermal conductivity of water vapor.

Finally, the physical properties of the duct material (steel or cork) are the same tabulated
by Slaton et al. [12].

The quantity of interest here is the attenuation coefficient of the duct (as a function of
the temperature in the interval 0 °C to 100 °C, at 10 kHz), which is proportional to the
imaginary part of the wavenumber k,, given by equation (36) in the present work, or by [12,
eq. 30| in the work of Slaton et al. respectively.

As shown in Figure 6, the theoretical duct attenuation obtained herein is comparable in
magnitude but shows a rather different trend from that of Slaton et al. [12, Fig. 2.

Regarding the case in which precondensation effects are neglected (i.e. no liquid film and

isothermal boundary conditions on the solid wall), according to the model presented here the
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Figure 6. Attenuation coefficient of a cylindrical duct (diameter 1 mm) filled with dry air (solid
line) or an air-water vapor mixture, in presence or absence of a boundary liquid film (dashed and

dotted lines respectively) at 10 kHz, as a function of the temperature.

effects of mutual diffusion on the attenuation are very small. Indeed, in this case, when we
use the well-known simple expression of k,, in a duct filled with a thermo-viscous gas available
in Ref [5, 15] (mutual diffusion effects neglected), the final results for the duct attenuation
are very close to those shown on Fig. 6 (dotted line), which lead to approximately 4 m~1
at T=100 °C. These results are coherent with those found by Slaton et al. when the same
kind of expression is used to calculate the duct attenuation (case denoted “effective fluid” in
[12, Fig. 2|), even through the method used here for calculating the properties of humid air
differs from those used by Slaton et al.

However, still neglecting precondensation effects, Slaton et al. also found that taking
into account mutual diffusion effects in the gas-vapor mixture makes duct attenuation reach
nearly 9 m~! at T=100 °C (case denoted “no temperature fluctuation” in [12, Fig. 2|). Also,
the model of Slaton et al. predicts total attenuation in the air-water vapor mixture which is
larger or smaller than those in dry air, depending on the material of the duct, whereas in the
present work, the predicted attenuation is always smaller in the mixture with respect to dry
air (see Fig. 7 and explanation below). These discrepancies reflect the different assumptions

made by the different models to justify their approximations of the boundary conditions.

In agreement with our previous model of mutual diffusion effects in binary gaseous mix-
tures away from saturation, the results in Fig. 6 show that mutual diffusion effects in the gas,

which do not involve the exchange of molecules between the gas and the liquid (expressed
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by the terms which contain the parameter d;, eq. 36a) give a very small contribution to the
total attenuation (less than 0.1 %, at approximately 0 to 10 °C), which is coherent with our
previous results in binary gas mixtures (far from saturation) [5]. On the other hand, we can
see in Figure 6 that the thermal and concentration diffusion effects related to the liquid film
and to the phase changes on the boundaries are significant since they have here a relative
contribution up to 17 % at 100 °C.

It is worth noticing that for a “thick” film (i.e. d > 107® m and (P, — P,)/P; < 1073),
the expression (36a-c) of the wavenumber k,, is mostly governed by the terms which contain

the parameter ¢, and reduces then to

kz 1 {1 B j'kh’yC (’y — 1h2 n map) Cpn — wp KppKpy,

kT 1-K, A (p Qnp
A vx _ —1/= xor M.
_V_C;/hD [&P:hD + 7 5 ( xlih + ]T/[ 2(KDh — KhD))] } ;
with
Az lpy, —lyp gk [y —1 — T _
= - —_— h h/s: _
Qnp V. " + A 5 2 rD . Dh
6.5

Re(jky) (m™h)

Figure 7. Attenuation coefficient of a cylindrical duct (diameter 1 mm) of different materials,
steel (dotted line) or cork (dashed line), filled with an air-water saturated vapor mixture, with a
boundary liquid film of different thicknesses d (10~ m in solid line and 10~® m in dotted and

dashed lines), at 10 kHz, as functions of the temperature.

Slaton et al. noted important discrepancies between the results for acoustic attenuation
depending on the material comprising the duct [12]. On Figure 7, we also note this effect,

but with a rather different trend. So we next consider the influence of the solid material
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comprising the duct, choosing steel and cork to represent radically different physical prop-
erties. In spite of this difference, the calculated acoustic attenuation for these two materials
when the wall is coated with a 107> m depth liquid film displays negligible differences (rel-
atively less than 1.5 x 1079, with the solid line in Fig. 7 standing indifferently for a steel or
cork duct). For this case in fact, the thermal diffusion processes inside the liquid film and
the wall, as expressed by the boundary condition (21a) which involves A and O, takes place
almost completely within the “thick” liquid film, where the major part of the thermal wave
is dissipated.

On the contrary, if we consider a 107® m depth liquid film (i.e. for (P, — P)/Ps ~ 1073),
the thermal diffusion in the solid wall and its thermodynamic behavior are significant, and
the physical properties of the solid material have a great influence on the total acoustic
attenuation, as shown on Figure 7 (dashed and dotted lines). When we compare these
results with those calculated for a 107> m depth adsorbed liquid film (solid line), the relative
discrepancies in the behavior of the mixture are 4 % for the steel duct and 18 % for the cork
duct. Therefore, it is evident that a correct estimate of the thickness d of the liquid film
and of the quantity (P; — P,)/Ps are necessary to a reliable calculation of the total acoustic

attenuation within the duct.

VII. CONCLUSION AND PROSPECTS

An analytical model for acoustic propagation has been worked out which accounts for the
coupled effects of heat and mutual diffusion processes and phase changes at the vapor liquid
interface coating a solid wall. The model is suited for application to a gaseous mixture when
the thermodynamic state of one of its constituents approaches saturation. Therefore, its
predictions should be useful to improve the description of acoustic phenomena encountered
in a variety of applications, including the metrology of the thermophysical properties of
gaseous mixtures, the estimate of acoustic attenuation in porous media and thermoacoustics.

As a preliminary test of the effectiveness of the model, it was used to predict salient
acoustic properties of two systems, which were previously described in the literature, namely
the variation of the boundary layer acoustic impedance of an acoustic resonator and the total
attenuation in a small duct coated with a liquid film. In both cases an overall satisfactory

agreement was found between the results presented here and those calculated with more
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simplified models, increasing confidence in the correctness of the derived solutions and their

implementation. Minor differences highlighted by this comparison were used to quantify the

relevance of diffusion processes.

So far, no experimental attempt was carried out to validate the prediction capability of

the model, and this is likely to be the subject of future investigation. Such experimental

activity might improve our knowledge of the acoustic effects of an adsorbed liquid film at low

pressure. Acoustic quasi-spherical resonators candidate as the most suitable experimental

technique for this aim because of the accuracy demonstrated in the determination of speed

of sound and boundary layer losses.
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