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Abstract

We consider the time optimal control problem, with a point target, for an infinite dimensional system
described by the Kirchhoff plate equation with distributed control. The main contribution we bring in
consists in solving a problem left open by previous work on the subject: we prove that time optimal controls
have a bang-bang-property and, consequently, that they are unique. The main ingredients used to achieve
this goal is a new approximate observability property from measurable sets for the system described by the

Kirchhoff equation and an abstract result for systems with skew-adjoint generator.
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1. Introduction

Time optimal control, with a point target, is a classi-
cal problem for time invariant linear systems. In the
finite dimensional case it is known that time optimal
controls satisfy Pontryagyn’s maximum principle and
that they are bang-bang (see Bellman, Glicksberg and
Gross [2]). The first extensions of these results to in-
finite dimensional linear systems have been given in
Fattorini’s paper [5]. The progress made in this field
has been successively reported in the books of Li-
ons [10] and of Fattorini [6]. As far as we know, in
the infinite dimensional case the bang-bang property
of time optimal controls is established in a context
which includes one of the following assumptions:
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1. The considered system is null controllable with
inputs active for times in an arbitrary set of posi-
tive measure. This idea, going back to Mizel and
Seidman [13], has been largely exploited for sys-
tems described by parabolic equations (see, for
instance, Wang [17], Phung and Wang [14], Ku-
nisch and Wang [9], Micu, Roventa and Tucsnak

[12]).

2. The considered system is time reversible, it is ex-

actly controllable in any time by means of inputs
which are L functions of time and it is approx-
imately controllable with inputs active for times
in an arbitrary set of positive measure. This
situation occurs, in particular, for invertible in-
put operators. In the case of systems governed
by PDE’s, this means, roughly speaking, that
the control is active in the entire spatial domain
where the PDE is considered. This situation has
been already tackled in [10] and [6]. The case
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when control is active only in a part of the con-
sidered domain (or of its boundary) has been
considered only relatively recently (see Lohéac
and Tucsnak [11]), with applications to systems
described by the Schrodinger equation.

In this work we consider a control system described
by the Kirchhoff plate equation, which clearly does
not fall in the first category described above. The
system we consider partially falls in the second class
of systems described above. Indeed, as shown be-
low, it is time reversible and exactly controllable in
any time. One of the main novelties we bring in this
work is that we establish the approximate controlla-
bility from measurable sets property, which allows us
to show that it fits the framework introduced at the
second point above.

More precisely, using the standard notation A for
the Laplace operator and W™P(), W;"" () for
Sobolev spaces, we consider the control system

W(t,x) = —A%w(t, x)

+ xo(z)u(t, x) (t=0, z€Q), (11)
w(t,x) =Aw(t,z) =0 (t>0, x€0Q), (1.2)
w(0,z) = fo(z), w(0,z)=go(z) (z€Q), (1.3)

where 2 C R", with n € N*| is an open bounded set,
O is an open subset of ), y» is the characteristic
function of O, fo € W22(Q) N W,(Q), go € L*(Q)
and the control u is such that [[u(t,-)|| 20y < 1 for
almost every ¢ > 0. This system describes the trans-
verse vibrations of a Kirchhoff plate occupying the
domain 2 C R", hinged at the boundary and with
the distributed control u acting in the open subset O
of Q.

We are interested in the following time optimal
control problem:

[OT] Given f; € W22(Q)NW,*(Q) and g, € L*(),
determine 7* > 0 and u* € L>([0,7*]; L*(O)), with
lu* || Los (0,7+);22(0)) < 1, such that

e The solution w* of (1.1)-(1.3) with u = u* sat-
isfies w*(7*,) = f1 and w*(7*,) = g1.

e If 7 > 0 and u € L>([0,7];L*(0)), with
lull e (f0,7;22(0)) < 1, are such that the solu-
tion z of (1.1)-(1.3) satisfies w(r,-) = f1 and
w(r, ) = g1, then 7 > 7*.

The following result has been proved in Lohéac and
Tucsnak [11].

Proposition 1.1. Assume that one of the following
sets of assumptions is verified:

1. The open set Q is bounded, O is of class C? and
O satisfies the geometric optics condition;

2. The open set ) is a rectangular domain and O
is an arbitrary nonempty open subset of (2.

Then for every fo,fi € W?22(Q) N Wol’Q(Q) and
9o, 91 € LQ(Q)’ with (vagO) 7& (flvgl)’ there exists
a solution (7*,u*) of the time optimal control prob-
lem [OT].

Moreover, in [11] it has been shown that any so-
lution of the time optimal control problem satisfies
a Pontryagyn type maximum principle, which we do
not directly use in this work, so we do not give its
precise statement.

By analogy with finite or some other infinite di-
mensional time optimal control problems (see, for in-
stance, Apraiz et al. [1] for sytems described by te
heat equations or [11] for systems described by the
Schrodinger equation) one could expect that the op-
timal control u* in Proposition 1.1 satisfies the bang-
bang property

|w* (-, )|l L2(0) = 1 (telo,7"] ae). (1.4)

However, this property is stated only as an open ques-
tion in [11], where it is pointed out that an important
point missing in solving this problem was the estab-
lishment of a nonstandard approximate observability
property. In this paper we prove that this property
holds and, by using an abstract result established in
[11], we obtain the main result in this work:

Theorem 1.2. With the notation and assumptions
in Proposition 1.1, the solution (7*,u*) of the time
optimal control problem |OT] satisfies the bang-bang
property (1.4). Moreover (7*,u*) is the unique solu-
tion of [OT].



The remaining part of this work is organized as
follows. In Section 2 we recall some known facts on
observability, controllability and time optimal con-
trol problems for linear time invariant infinite dimen-
sional systems. Section 3 is devoted to some back-
ground on the Kirchhoff plate equation. Our main
result is proved in Section 4. Finally, Section 5 de-
scribes some extensions, comments and open prob-
lems.

2. Some background on observability,
controllability and time optimal con-
trol problems

In this section we gather, for easy reference, some
known facts from the observability and controllability
theory for time invariant infinite dimensional linear
systems. Moreover, we recall some basic facts on time
optimal control problems, with emphasis on systems
with skew-adjoint generators.

Within this section, X, U and Y are abstract
Hilbert spaces, A : D(A) — X is the generator of
a C° semigroup T on X, B € L(U, X) is a control
operator and C' € L(X,Y) is an observation opera-
tor. For 7 > 0 we consider the output map V.. defined
by

(\IJTZ())(t) = CT;z (20 eX, te [O,T]) .

If e C [0,7] is a set of positive measure, we consider
the restriction of the above defined initial state to
output map to a set of positive measure e C [0, 7],
which is defined by

V.. € L(X,L*(0,7],Y)),  ¥re=x¥,,
where x. is the characteristic function of e.

There are several generalizations of the concept of
observability to infinite dimensional linear systems.
In this paper we need only the following ones.

Definition 2.1. Let 7 > 0 and e C [0,7] be a set of
positive measure. The pair (A,C) is said

o approximately observable in time T if Ker W, =

{0}

o approzimately observable from e if Ker U, . =
{0}.

The result below, first stated and proved in Tuc-
snak and Weiss [16, Proposition 6.1.9], asserts that,
in some sense, to prove approximate observability it
suffices to check that the output map is one to one
on a potentially much smaller space than X.

Proposition 2.2. Suppose that for some T > 0,
Ker ¥, ND(A*>) = {0},

where D(A®) = (,—, D(AF). Then (A,C) is ap-
prozimately observable in time T + ¢ for any € > 0.

It is not all clear whether the above result holds if
we replace ¥, by U, . in its statement. In any case,
the proof provided in [16, Proposition 6.1.9] obviously
cannot be adapted to this case.

We consider the infinite dimensional control system
described by the equation

At) = Az(t) + Bu(t),  2(0)=z.  (2.5)

With the above notation, the solution z of (2.5) is

defined by
z(t) = Tyzp + Pru (t > O) ,

where ®, € L(L?([0,t],U); X) is given by

(2.6)

Du = /0 T;_,Bu(o)do (u € L([0,00),0)) .

(2.7)
The maps (®;) are called input to state maps.
Recall the following definition (see, for instance,
[16, Sections 4.2 and 11.1] and [11]):

Definition 2.3.

e Given T > 0, the pair (A, B) is said exactly con-
trollable in time T if Ran ¢, = X.

e Let e C [0,7] be a set of positive Lebesgue mea-
sure. The pair (A, B) is said approximatively
controllable in time T from e if the range of the
map ®. . € L(L*([0,7],U), X) defined by

d, u= /TT,aBu(a) do (u € LA([0,7],U)),

is dense in X.



Let us also note the following duality result, which
can be proved by an obvious adaptation of the proof
of the corresponding result for e = [0,7] (see, for
instance [12, Proposition 2.4]).

Proposition 2.4. Let 7 > 0, e C [0,7] a set of pos-

itive measure and let
e={r—t | tee}.

Then the pair (A, B) is approximatively controllable

in time T from the set e if and only if (A*, B*) is

approzimatively observable from e’.

We are now in a position to introduce some basic
definitions and results on time optimal control prob-
lems for systems described by (2.5).

Definition 2.5. Let 2y, 21 € X with zg # 2. A
function u* € L*([0,00),U) is said a time optimal
control for the pair (A, B), associated to the initial
state zg and the final state z1, if there exists 7™ > 0
such that

1. 21 = Tre20 + @r-u* and |[u*| poe(jo,7+,0) < 15

2.If 7 > 0 is such that there ezists u €
L= ([0, 7],U) with

2z =Trz0 + Pru, ||UHL°°([O,7‘],U) <1 (28)

then ™ > *.

We will use in an essential manner the result be-
low, which is just a juxtaposition of Theorem 1.4 and
Corollary 1.5 from [11].

Theorem 2.6. Suppose that A is skew-adjoint and
that (A, B) is ezxactly controllable in any time T > 0.
Then, for every zo, z1 € X, zg9 # 21, there exists a
time optimal control u* steering zg to z, in time 7* =
7*(20, 21)- Moreover, assume that the pair (A*, B*) is
approzimatively observable in time T* from any e C
[0, 7] of positive measure. Then the time optimal
control u* is bang-bang, in the sense that

[w*®)lo =1 (e[0,7]

a.e.) . (2.9)

Moreover, this time optimal control is unique.

The proof of Theorem 2.6 uses in an essential man-
ner the fact that standard exact controllability (using
signals which are L? functions of time) implies the ex-
act controllability by signals which are L> functions
of time. This is used in [11] to derive a maximum
principle which is then shown to imply the assessed
bang-bang property.

3. Some background on the Kirchhoff
system

Let n € N and let 2 be a bounded open subset of
R" with C? boundary or € is a rectangular subset
of R*. Let H := L?(Q). The inner product and
the norm on H will be simply denoted by (-,-) and
|| - |l, respectively. We denote by —A( the Dirichlet
Laplacian on Q. More precisely Ag : D(Ag) — H is
defined by

D(Ag) = WH2(Q) N W, 2(9),

(¢ € D(A))-

It is known, see for instance [16, Section 3.6] that
Ay is a strictly positive operator and that Ay is di-
agonalizable with an orthonormal basis of eigenvec-
tors {¢k }x>0 and corresponding family of eigenvalues
{Ak}k>0, where the sequence (Ay) is positive, non de-
creasing and satisfies A\, — oco. With the above no-
tation, we have

Aoz = Mlz, 01)pn
k>0

Agp = —Ap

(€ D(A)), (3.10)

Moreover, for any 3 > 0, the sets

Hg := {Z €H:3 51 +)‘i)ﬁ (2 om)l” < OO}

endowed with the inner product

,2)p=>_ (1+ 22, on) ooy (2,9 € Xp)
k>0

are Hilbert spaces. The scale {Hg}s>o of Hilbert
spaces can be extended to a scale {Hg}ger by defin-
ing Hy = H and, for every 8 < 0, Hg as the com-
pletion of H with respect to the norm associated to



the inner product(-,-)s. Alternatively, H_g may be
defined, for 5 > 0, as the dual of Hg with respect to
the pivot space H.

For every 8 > 0, Ay can be canonically extended
to a strictly positive operator on H_g by setting

Aoz = Milzon)-pser (2 € Hopp),

k>0

where the notation (-,-)_g g stands for the duality
between H_g and Hg. These extensions will be still
denoted by Ay. Note that, for every 5 € R, the family
{(14+X2)P/2¢; Y50 is an orthonormal basis in Hj.

Let 5 € R. We denote X3 = Hgy1 X Hg, which is
a Hilbert space with the inner product

(B, o

g1 g2

We define Ag : D(Ag) — X by D(Ag) = Hpya X

Hg1 and
fl_1 9
ol = el

In the above formula we made the convention to still
denote by Ay the restriction or extension of the ini-
tial operator Ay to a positive operator on Hg, with
domain Hgyi. We note that, with the above nota-
tion, equations (1.1)-(1.3) define the control system,
with state space Xy and control space H

(3.11)

(1) = Aoz(t) + Bul(t) (t>0),
| f
2(0) = [gg] ,

where the control operator B € L(H, Xy) is defined

by
|: :|
uxo

Since A2 > 0, according to a standard result (see,
for instance Proposition 3.7.6 in [16]), Ag is skew-
adjoint and 0 € p(Ag). By the theorem of Stone, Az
generates a unitary group T on Xg. Consequently,
we have:

(u € L*(0)).

Proposition 3.1. For every 8 € R, wy € Hgy1,
wy € Hp there exists a unique function
we () C*([0,00); Hpp1-p), (3.12)
k=0
satisfying
W(t) + AZw(t) =0 (t>0), (3.13)
w(0) = wo, w(0) = wy (3.14)
This solutions is given by
w(t)] wo
o) = [ -

where T is the unitary group in Xg generated by Ag
defined in (3.11).

The result below, easy to check by a direct calcu-

lation, can be seen as a consequence of the decom-
2

0
position of the abstract Kirchhoff operator e + A2

02 5 o . 0 .

ﬁ +AO = <at _’LA0> <8t +’LA0> .
Proposition 3.2. Let w be the solution of (3.13),
(3.14) for 8 =0 and denote ¥ = w. Then by setting

v =1 —iAg,
we have v € C([0,00); H_1) N C([0,00); H_3) and
Y(t) +idoy(t) =0

m H_o.

(3.15)

(t>0), (3.16)

Assuming that the time derivative w of the solution
w of (3.13), (3.14) (with 8 = 0) vanishes for ¢ in a
set of positive measure and z € O, we need below to
have information on the set where 7 defined in (3.15)
vanishes (in some sense). This is the described in the
result below.

Proposition 3.3. With the notation and assumption
in Proposition 3.2, assume that there exists a set of
positive measure e C [0,00) and an open set O C Q
such that

w(t,z) =0

(tee, z€0). (3.17)



Then there ezists a set of positive measure € C e such
that, for each ¢ € W*(O), we have

(v(t,),0)-11=0  (tee).

Proof. We know from Proposition 3.2 that ¢ = w
satisfies

(3.18)

¥ € C([0,00); H) N CH([0,00); H-1), (3.19)
and from (3.17) that
P(t,x) =0 (tee, z€0). (3.20)
Moreover, for any ¢ € Hj, we have that
(Aotp(t,-), p)—11 = (¥(t,-), —Ap) (L Ee).

Taking ¢ € D(O) in the above formula and using
(3.20), it follows that

(Aot(t, ), ) -1 =0

On the other hand, the set of isolated points in e is
countable, thus there exists a positive measure subset
e of e such that for every t € € there exists a sequence
(tx) C e such that t; # ¢t for all k and ¢, — t. This
fact, together with (3.20) and (3.19) implies that

<¢(tv ')v 90>71.,1 =0

The above formula, combined with (3.21) implies that
the conclusion (3.18) holds for ¢ € D(O). Since the
left-hand side of (3.18) defines a bounded linear form
on W22(Q)NW,2(Q) it follows that (3.18) holds for
¢ in the closure of D(O) with respect to the W?22(Q)
topology, that is for ¢ € VVO2 2(0), which ends the
proof. O

(t €e). (3.21)

(tee, p€DO)).

4. Proof of the main result

In this section we continue to use the notation intro-
duced in Section 3. In particular, we design by H the
space L?(2), with the inner product in H simply de-
noted by (-,-) and we use the scale of Hilbert spaces
Hpg from Section 3.

The main ingredient in the proof of Theorem 1.2
is the following unique continuation result:

Theorem 4.1. Under the assumptions of Proposi-
tion 1.1, let w be a solution of (3.13), (3.14) satisfy-
ing (3.12) for 8 = 0, together with (3.17) for some set
of positive measure e C [0,00). Then w(t,x) vanishes
for every t > 0 and almost every x € (.

Proof. Using the notation in Proposition 3.2 and the
conclusion of Propositions 3.2 and 3.3, we know that
v = — iAgw satisfies (3.16) and (3.18). The first
of the two facts mentioned above implies, denoting
ar = (7(0), pr)-1,1, that

~v(t) = Zake’“"“t@k in H_q
E>1

(t>=0), (4.22)

with (j\—k € [?(C). By combining (4.22) and (3.18)
k

it follows that there exists a set of positive measure

¢ C e such that

N ake™ M, pr) =0

k>1

(tee, veDO)).

Since v € D(AYF) we have that the sequence
(ak (v, k) isin I1(C). By a consequence of Privalov’s
uniqueness theorem (see, for instance, [11, Lemma
4.1]) it follows that

> awe™ v, o) =0

k>1

(t e R, ve D).

The above equality, combined with (4.22), implies

that the following relation holds for each v €
2,2 (.

Wy (0):

(v(t),v)-1,1 =0

Let Y = W~22(0) and the operator C € L(H_1,Y)
be defined by

(t € [0,00)). (4.23)

<C777%0>W—2,2(o),wgv2(o) = (1, ¢)-11, (4.24)
for any ¢ € W02’2(O). We clearly have C' € L(H_1,Y)
and, from (4.23), we have that Cv(t) = 0 for every
t € [0,00). Our next aim is to show that v = 0. To
this purpose it suffices to show that the pair (iAo, C),
with state space H_; and output space Y is approx-
imately observable in any time. To this end we first



note that (iA4g, C), with state space H, is exactly ob-
servable in any time. Indeed, if 02 is smooth and O
satisfies the geometric optics condition this follows,
for instance by combining Remark 7.4.4 and Theo-
rem 6.7.2 from [16], whereas for € rectangular and
O an arbitrary open subset of €, this fact has been
proved in Jaffard [7] and Komornik [8]. Using this
fact, the approximate observability of (iAg,C), with
state space H_q, follows from Proposition 2.2. We
have thus shown that ~(t) vanishes for every ¢ > 0.
This means, according to (3.15), that

() — iAoth(t) = 0

Using again the fact that (iAg, C) (with state space
H) is exactly observable in any positive time, com-
bined with (3.20) and [11, Lemma 4.2], we obtain that
that ¢ vanishes on [0, 00) x €2, which clearly implies
that w is identically zero. O

(t € [0,00)).

Theorem 4.1 can be rephrased as an approximate
observability result as follows:

Corollary 4.2. With the notation in Section 8 and
the assumptions of Proposition 1.1, the pair (Ao, C),

with
<m € X0>, (4.25)

is approzimately observable from any set of positive
measure e C [0,00).

CMWO

We are now in a position to prove the main result
of this paper.

Proof of Theorem 1.2. The idea is of to apply The-
orem 2.6, with an appropriate choice of spaces and
operators. To this aim, we take, using the notation
in Section 3 and (4.25),

XZXO)

Bu:[ 0 }
uxo

With the above choice of spaces and operators we
have

U=H, A=A,

(ue H).

e The pair (A, B) is exactly controllable in any
positive time. Indeed, this follows from the facts
that B* = C, where C has been defined in (4.25)
from Corollary 4.2, and the exact observability
in any time of the pair (A,C) (we refer again to
Remark 7.4.4, Theorem 6.7.2 from [16], [7] and
[8] for the proof of this assertion).

e The pair (A, B) is approximately controllable
from any set of positive measure e C [0, 00). In-
deed, this follows from Proposition 2.4, Corollary
4.2 and the fact that B* = C.

It suffices now to apply Theorem 2.6 to obtain the
announced conclusions. O

5. Extensions, comments and open

problems

5.1. More general equations

An analysis of the proofs in the previous sections
indicates that the bang-bang property still holds if
the Dirichlet Laplacian is replaced by —Ag, where Ag
is a strictly positive operator with compact resolvents
on H = L*(Q), provided that we assume that

D(Q) € D(Ay), (5.26)

(Ao¥))p =0 (¥ € D(Q), Y10 =0), (5.27)

and that (1A, Bo) is exactly controllable in any time
(with By still given by Bou = xou for every u € H).
We can think, in particular, to the case in which we
replace the Dirichlet Laplacian by the operator —Ag
with

D(Ao)
= {@ c W2m’2(Q)| (AZk.(p)\aQ =0, k<m-— 1}7
(5.28)
Aop = (—A)"p (p € D(Ao)),  (5.29)

for some m € N, with Q and O satisfying the as-
sumptions in Theorem 1.2. Indeed, in this case we
can still apply the abstract result in Theorem 2.6, for
the following reasons:



e The exact controllability in any time of (¢Ag, Bo)
follows easily from the corresponding result for
the case in which — Ay is the Dirichlet Laplacian.

e The approximate observability from measurable
sets type result in Theorem 4.1 still holds. In-
deed, essential properties of the Laplacian used
in the proof of Theorem 4.1 are that it is diago-
nal and that it has negative eigenvalues. These
properties, together with (5.26) and (5.27), be-
ing shared by —Ap, with Ay defined in (5.28),
(5.29), the proof of Theorem 4.1 fully adapts to
the situation considered here.

We can also think to the case in which the Dirichlet
Laplacian is replaced by the operator —Ag with Ag
defined by D(4g) = W22(Q2) and

(¢ € D(Ay)),

where a € L*°(Q,R) is a positive function. The
idea is still to apply Theorem 2.6. To this aim, we
first remark that the analogue of Theorem 4.1 can
be proved following line by line the method we have
used for a = 0. The exact controllability in any time
if (iAo, Bp), under the assumptions on Q and O in
Theorem 1.2, is a much more delicate issue for a # 0.
However, under the assumption of Theorem 1.2, this
property is known to hold, at least in two space di-
mensions (see Burq and Zworski [4] and Bournissou,
Ervedoza and Tucsnak [3]).

Agp = —Ap +ap

5.2. Boundary control and L*> constraints with re-
spect to the space variable

A natural question is whether the result in The-
orem 2.6 extends to the case of controls acting on
the boundary of Q. Although the boundary control-
lability of Kirchhoff type systems is by now well un-
derstood (see, for instance, Tenenbaum and Tucsnak
[15] and references therein), we have no answer at
this stage to this question. However, we can remark
that one of the main ingredients of our approach is
not adaptable to the boundary control case. More
precisely, as already mentioned in the comment after
Theorem 2.6, we have implicitly used the fact that
for a control system with bounded input operator,
the exact controllability with standard L? in time

signals implies the exact controllability with signals
which are L°° with respect to time. Or, this property
is not generally valid for systems with unbounded in-
put operator, such as the boundary control systems.

Another natural question is to replace the con-
straint ||u*(| Loo (jo,7+];22(0)) < 1 in the formulation of
problem [OT] by

lu(t,z)] <1  for almost every t and z. (5.30)

This type of constraint has already been successfully
tackled for systems described by the heat equation
(see [12] and references therein). In the case of sys-
tems described by the Schrodinger or Kirchhoff plate
equations the main difficulty is the study of the reach-
able space (in particular of the null controllability)
under the constraint (5.30). This is, as far as we
know, an open question.
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