Gravimetric Geiod Determination of Okenya Town, Idah, Kogi State, Nigeria

Keywords: Geoid Model, Gravimetric Geoid, Modified Pendulum, Modified Stokes Integral. 1

Adequate geospatial infrastructure, which is fundamental to growth and development of any nation, is generally incomplete without the realization of the height system of the nation. In order to achieve a sound geospatial infrastructure, the geoid must be determined and with a geoid model in place, 3D position of points can easily be measured using the Global Navigation Satellite System (GNSS). This paper examines the practical realization of the Gravimetric Geoid Model of Okenya Town, Idah, Nigeria using a Modified Simple Pendulum. Gravity data were obtained randomly within the town and the study area was gridded into thirty-six compartments at 30" interval. Gravity data reductions were carried out via the Free-Air and Bouguer Plate corrections. A gravimetric geoid undulation model was thus computed from the available 295 gridded gravity anomalies using the Modified Stokes Integral. Statistical analysis showed that the mean geoid undulation was 20.895m. The evaluated geoid undulation profile was validated by comparing the standard deviation of geoid undulation as computed from Stokes Integral and that of a Geometric Geoid model of the town and they were found to be 0.3157965 and 0.313212401 respectively. The average covariance function of the free air gravity anomalies was evaluated to a value of 11811.059milligals and had an estimated root mean square (r.m.s) free air gravity anomaly value of 108.679milligals. The modified simple pendulum apparatus was recommended for gravity data generation, since it is cheaper than any other method, it is simpler and sources of error are minimal. It also confer on researchers absolute responsibility of the data so generated as compared to the gravity data already generated by different agencies at different times, which we cannot testify to their general correctness.

Introduction

The demand for a geoid model has grown substantially during the last few decades especially after the inception of the GPS. The role of geoid models cannot be overemphasized as it serves as a basis of deriving Orthometric heights from GPS-derived ellipsoidal heights. The role of Orthometric heights in Surveying is undeniably important as used in mapping, engineering surveys and GIS. Many of these applications require accurate vertical datum. The task of transforming the ellipsoidal height obtained from the GPS technique to the Orthometric height has resulted in geodesists designing and evaluating Geoid models defining specific areas of interests. This has led to local, regional or global Geoids as the case may be.

A veritable and notable scientific index used in the planning, design and subsequent execution of infrastructural projects, at virtually all levels of governance, is underlined by the adequate provision of both horizontal and vertical control frameworks. The vertical control frameworks are established by a variety of survey techniques such as differential leveling (Orthometric Heighting), Trigonometrical Heighting and the gravity-based dynamic (H dyn ) and normal (H) heights. There is no gainsaying that these methods are tedious, time consuming, expensive and onerous. However, the advent of the Global Positioning Systems (GPS) has provided a platform for a paradigm shift in the techniques used for determining Orthometric heights of desired stations provided the geoid undulations profile of the area is known. As a result of the paradigm shift from analogue to digital technologies in surveying, the wide spread use of the GPS in geodetic applications is a common scene. According to Featherstone (1998), GPS technique provides the surveyor with a three dimensional coordinate system including the ellipsoidal heights with respect to its reference ellipsoid.

These ellipsoidal heights (h), however, cannot satisfy the aims of surveyors in practical surveying, engineering or geophysical applications as they have no physical meanings. Thus, they must be transformed to Orthometric heights (H), which are referenced to the geoid, to serve the geodetic and surveying applications. The determination of the geoid undulations and hence the geoid has been one of the main research areas in the science of geodesy for many decades. This is with aim of ultimately replacing the geometric/Orthometric/spirit leveling techniques with the height differencing method (Agaje, 2014).

According to [START_REF] Heiskanen | Physical Geodesy[END_REF], the role of geoid undulations (N) in leveling is basically defined by the (height differencing) relationship:-

ℎ = ܪ + ܰ (1.1)
This equation relates the ellipsoidal Heights (h), determined from GPS observations to the Orthometric heights (H) as determined from spirit leveling and the geoid undulations (N).

Thus from equation (1.1), we now have:-

ܪ = ℎ -ܰ (1.2)
This linear relationship between the parameters (h, H and N) promises a cheaper and faster means of determining Orthometric heights from GPS surveys and geoid models.

Thus incumbent on equations (1.1 and 1.2), the accomplishment of this transformation from ellipsoidal to Orthometric heights involves the application of the geoid undulation. According to [START_REF] Vanicek | Geoid undulation interpolation and modeling Techniques in www[END_REF], for positioning purposes, determined geoid undulations constitutes a fundamental vertical reference surface and their applications are not limited to geodesy/geodetic purposes alone, as they are also applied in the fields of geodesy, geology, oceanography, mapping, GIS and National Spatial Development Infrastructures (NSDI). In the same vein, Vergos, (2008) asserted that the knowledge of the geoid undulations, hence the Geoid may also be used in important socio-political and environmental issues like sea level changes, urban and rural planning, ground subsidence and climate change. Okenya town has, over the years, been designated as one of the erosion prone zones of Kogi state. More so, the inadequate densification of viable vertical control frameworks of various orders of accuracies has not made the town any better. This nonexistent height infrastructure has contributed to diverse problems of road failures over time and other environmental degradation phenomena, such as erosion control. According to Onwuzuligbo et.al. (2013), Geodetic infrastructural development has the responsibility of developing both the horizontal as well as the vertical coordinate system. Whereas the horizontal infrastructure of the Okenya town is adequate owing to the coverage of the national geodetic framework, the town's height system, together with the Nigerian vertical system, has not got the attention it deserves.

In order to develop the height system of Okenya town, it is important to do that in a sustainable manner that is efficient, avoiding the costly and onerous nature of the traditional system and upholding the modern GNSS method. It is therefore expedient to develop a geoid model which will make the use of GNSS for the development of the vertical infrastructure of the town possible.

Gravity Determination

The underlying concept of gravimetric geoid undulations is based on gravity determination methods and the Bruns formula which relates the disturbing potential to the normal gravity [START_REF] Zakopane | Techniques in Geoid undulation determination and Modeling[END_REF]. The method of gravity determination adopted for this research is the Simple Pendulum enclosed in a chamber (designed for it). This Chamber, which is an enclosure, was designed by the researchers in order to prevent the effect of wind on the observation. The sides of the chamber have openings, big enough to accommodate human hand to swing the pendulum.

The front of the chamber is transparent, to allow reading of the length and counting of the oscillations.

The remaining apparatus is the simple pendulum itself which consists of a Lead fishing weight (pendulum bob), suspended from a rigid support by means of a tout string as shown in figure 2.

The lead weight when displaced through a small angle (θ) (Amplitude of say 30 o ), from its resting (equilibrium) point, is subject to a restoring force due to gravity that accelerates it back towards the equilibrium point. It thus performs the simple harmonic motion. Knowing the length of the length of the pendulum bob from the support, the period (time) of twenty (20) oscillations is determined using the stop watch.

This procedure was repeated for ten oscillations for lengths 1.5m, 1.4m, 1.3m, 1.2m and 1.1m.

the mean period was taken and was used for the determination of the gravity due to acceleration (g). A Quick Basic programme was developed for the computations in this research. 

Absolute and Relative Methods of Gravity Determination

Halliday and Resnick (2009), [START_REF] Heiskanen | Physical Geodesy[END_REF] and Bomford (1980) asserted that in the laws governing the pendulum, the relationship between l, T and g, the acceleration due to gravity is given as:

g l T π 2 =
(2.1)

Hence:       = 2 2 4 T l g π (2.2)
Table 1 shows the mean periods for the five lengths for the Station at 7 o 06'54"N, 6 o 46'40"E.

Acceleration due to gravity (g) at the location was found to be 9.989762082ms -2 ; and for 07 0 07'14"N, 06 0 46'10"E was 9.781411233ms -2 , which is 998976.2082mgals and 978141.1233mgals respectively. The relative gravity values were computed according to [START_REF] Halliday | Determination of Orthometric Heights by GPS/Leveling differencing method[END_REF], the period (T) was measured at different stations and the ratio of the corresponding values of the gravity (g) were determined. Mathematically, if the period (T) is known at two stations, then:

2 1 2 1 T l g π = (2.3) And 2 2 2 2 T l g π = (2.4) 2 1 2 2 2 1 T T g g = (2.5)
Thus knowing the gravity value at one station (g 1 ), the gravity value at the other station could be determined if the periods of the oscillations are known. Hence:

2 1 2 2 1 2 T T g g = (2.6)
Relative determination of gravity values can be made with high accuracy since the time of oscillation can be determined with little effect from personal errors. This is unlike the absolute method in which the method is more difficult. However, to achieve the same aim, gravimeters could be used which could be terrestrial or airborne-based.

To successfully compute the undulation in the study area, the area was gridded into thirty-six compartments of 30"x30" squares. Using the grids, the Reduced Mean Relative Gravity for the different compartments were computed. The Reduced Mean Relative Gravity value for Compartment 1 was 978146.813mgals. The gravity anomalies (∆g) for the thirty six compartments were computed and the value for Compartment 1 was 69.563milligals.

Fig3: Grid Lines for Geoid Determination

Realization of the Geoid Model

According to [START_REF] Zakopane | Techniques in Geoid undulation determination and Modeling[END_REF], the realization of the geoidal undulation depends primarily on the Brun's formula in equ (2.7).

γ

T N = (2.7)
Where T is the disturbing potential and γ is the normal gravity (without conflict with T for period).

σ ψ π σ d S g R T ) ( 4 ∫∫ ∆ = (2.8)
Using (2.8) in (2.7), and introducing the co-geoid equation, we arrive at the Stokes integral given in [START_REF] Heiskanen | Physical Geodesy[END_REF] as

∫∫ ∆ = σ σ ψ π d gS G R Nc ) ( 4
(2.9).

Where:

) (ψ S is the Stokes' function given as ) 2 sin 2 ln(sin cos 3 cos 5 1 2 sin 6 ) 2 / sin( 1 ) ( 2 ψ ψ ψ ψ ψ ψ ψ + - - + - = S
(2.10) and ψ : The spherical distance from the computation points of the gravity anomaly (∆݃ ), or the angle subtended at the center of the earth from the two points, is given in Huang et.al.(2000) as The two available subdivision techniques are the template and gridlines methods. The gridlines, which consists of intersecting lines of some fixed coordinate system, in particular geographical coordinates of latitude and longitude, was used for this research.

With the Stokes integral formula transformed into the summation equivalent, equation (2.9) becomes:

( ) k A gS RG Nc ψ π Σ∆ = 4 1 (2.13)
Where A k is the area of the compartment given as

λ φ φ ∆ ∆ = cos 2 R A k (2.14)
The spherical distance (ψ ) for Compartment 1 was computed an found to be 33.31". The Stokes function ) (ψ S for the same compartment was computed to be 7.250. The area of the first compartment was found to be 0.852km 2 .

Nothing that the relationship between the co-geoid and the actual geoid is

IND N Nc N δ + = (2.15)
Where

IND N δ
is the indirect effect contribution on the geoid given in Heiskanen and Moriz (1967) as

) 3 2 ( 2 2 2 RH H G N IND + = πρ δ (2.16).
This was computed to be 0.003m and the co-geoid was 22.220m both for the first compartment.

The actual geoidal undulation for the compartment was computed to be 22.223m. The undulation for the other 35 compartments were also computed and the mean undulation for the study area was found to be 20.895m. Table 2 shows some selected points and their respective results at different stages of the computation. 

Statistical Analysis

According to [START_REF] Sanso | Statistical methods in physical geodesy[END_REF], the most important problems of physical geodesy are formulated and solved in terms of integrals extended over the whole earth. e.g. the stokes integral. Gravity data are measured at relatively few points; hence gravity is estimated by interpolation or extrapolation, known as prediction techniques. The problem is that prediction does not give exact values; hence the solution is to estimate the errors that are to be expected in the gravity or the gravity anomalies. Since gravity anomalies are further used to compute other quantities such as the geoid undulation (N), deflection of the vertical components, the need thus arises to investigate the influence of the prediction errors of the gravity anomaly on the geoid undulation and deflection of the vertical components, hence propagate the errors.

In order to propagate these errors, we need to estimate the interpolation and extrapolation errors on gravity anomalies and estimate the effect of these errors on quantities. One statistical function that helps us do this is the covariance function of the gravity anomalies (M∆݃).

The Covariance Function.

The free air gravity anomaly(∆݃), is a measure of the average gravity over the whole earth equated to zero.

i.e.

∫∫ = ∆ = ∆ 0 4 1 ) ( δσ π g g M (3.1)
Where M stands for the average over the whole earth (over the unit space as the case may be), g ∆ is the mean free air gravity anomaly found to be 69.563mgals, and δσ is the elementary area in the sphere which was found to be 30.672km 2 However, the quantity ) ( g M ∆ , which is zero, cannot be used to characterize the average size of the gravity anomalies. Thus, the average square of g ∆ is used, giving rise to:

∫∫ = ∆ = ∆ 0 4 1 ) ( 2 2 δσ π g g M (3.2)
This is also referred to as the Variance of the gravity anomalies ) ( 2 g Var ∆

. The varience was computed and found to be 11811.059mgals

3.2

The Root Mean Square (R.M.S.) Free Air Gravity Anomaly.

This is mathematically the square root of the of the variance function of the free air gravity anomalies. Given as;

) ( ) ( ) ( 2 2 g M g Var g rms ∆ = ∆ = ∆ (3.3)
The r.m.s. anomaly is a very useful measure of the average size of the gravity anomalies and it was found to be 108.679mgals.

Statistical Evaluation of the Geoid Model

Some further statistical analyses were run on the developed model in order to fish out outliers or possible erroneous points. Table 2 indicates the values of the Mean, standard deviation, varience and 95% confidence interval evaluation. The range of values that will fall within the 95% confidence interval will therefore obey the function E 95 < _

x > E 95 .

The range therefore is (20.89508 -1.4766586) to (20.89508 + 1.4766586); which is 19.4184214 to 22.371666.

This further boosts the acceptability of the results since all the points fall within this range.

Validation and Comparison of the Undulation

The Geoid Model developed by this study was compared with an existing geometric model, developed in Agaje (2014). To carry out this validation, forty (40) points were selected and the following statistical results were achieved: Looking at the coefficient of correlation, the value obtained is very close to +1 and this implies that the two models are strongly correlated and this validates the new model.

Conclusion and Recommendation

The Gravitational Geoid Model of Okenya town has been developed using the simple pendulum and the modified stokes integral. As elementary as this method would seem, it is important to note that it compared very positively with an existing geometric model of the town. It is therefore recommended that:

Statistical Test Gravitational Model Geometric Model

Standard Deviation 0.3157965 0.313212401 Varience 0.0997274294 0.0981020081 Coefficient of Correlation 0.9241027 1. This method should be adopted in our educational institutions, as it brings the understanding of the gravitational method of geoid undulation determination closer to the students.

2. Considering the relatively low cost of the entire apparatus used for the experiment compared to other gravity measuring devices, the simple pendulum method should be used more often, especially where a model is to be developed irrespective of poor funds.

3. This method of geoid determination be adopted by researchers, because of the total responsibility this method confers on the researcher(s). the sources of error are quite minimal and once computational errors are taken care of, it is almost very certain that the results will be of high accuracy standards.

  Fig 1: Map of Idah Local Government Area

Fig 2 :

 2 Fig 2: Pendulum Aparatus (lab)

  the mean radius of the earth, σ, denotes the Earth's surface.ߜߪ: Element of solid angle (or elementary area on the sphere) given as stated that the general formulae in physical geodesy involving integrals are evaluated approximately by summation. The surface elements (ߜߪ) are replaced by the area of small but finite compartments which are obtained by suitably subdivided surface of the earth.

  Figures 4 and 5 indicate the Contour Map of the determined Geoid and the Wireframe Surface Diafram of the Determined Geoid.
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  Fig 4: Contour Map of The Determined Geoid

Table 1 :

 1 Measured Periods for the Absolute gravity data determination

	Location: Latitude (ɸ) = 07 0 06' 54"; (λ) =06 0 46' 40"
	S/No ( L)	(T secs )
	1	1.500m	2.46 secs
	2	1.400	2.37
	3	1.300	2.29
	4	1.200	2.20
	5	1.100	2.01

Table 2 : Results for Some Randomly Selected Blocks

 2 

	BLOCK	LAT ɸ o ' "	LONG λ o ' "	HEIGHT (m)	ACCELERATION GRAVITY VALUE (mgals)	CORR (FAR/BPR) (mgals)	REDUSED GRAVITY (mgals)	NORMAL GRAVITY (mgal)	STOKES FUNCTION	AREA OF GRID (km 2 )	CO-GEOID (m)	IND. EFFECT (m)	GEOID UNDULATION (m)
	1 07 07' 09"	06 46' 16"	298.479	978141.188	5.623 978146.813 978112.014	7.25 0.852	22.22	0.003	22.223
	12 07 07' 39"	06 48'46"	298.211	978141.25	5.618 978146.975 978112.257	7.25 0.851 22.259	0.003	22.262
	15 07 08' 10"	06 47' 16"	293.364	978141.188	5.675 978147.188 978112.513	7.25 0.851 22.379	0.003	22.382
	17 07 08'10"	06 48' 15"	301.225	978141.438	5.547	978146.75	978112.2	7.25 0.851 22.319	0.003	22.322
	20 07 08' 40"	06 46 45	295.396	978141.188	5.596 978146.813	978112	7.25 0.851 22.219	0.003	22.222
	22 07 08'40"	06 47' 46"	279.125	978141.188	5.546 978146.975	978112.48	7.25 0.851 22.418	0.003	22.421
	25 07 09' 10"	06 46'16"	295.611	978141.375	5.545 978146.813 978112.268	7.25 0.851 22.398	0.003	22.401
	29 07 09' 10"	06' 48' 15" 296.778	978141.375	5.546 978146.875 978112.329	7.25 0.851 22.418	0.003	22.421
	31 07 09' 40"	06' 46' 16" 293.878	978141.375	5.545 978146.813 978112.268	7.25 0.851 22.378	0.003	22.381
	36 07 09' 40"	06' 48' 46" 294.137	978141.375	5.578 978147.125 978112.547	7.25 0.851 22.398	0.003	22.401

Table 3 :

 3 Statistical Results on the Geoid Model

	S/N	Statistical Analysis	Values Obtained
	1	Mean Undulation ) ( _ x	20.89508m
	2	Standard Deviation (ߪ)	0.7534357
	3	Variance (σ 2 )	0.5676653
	4.	95% Conf. Interval	+1.4766586

Table 4 :

 4 Statistical Validation of the Geoid Model