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Backward bifurcation and optimal control of an SVI age—structured epidemic model

Yves Fotso Fotso* Josué Tchouanti f  Janvier P. Ntahomvukiye! Samuel Bowong $

July 25, 2023

Abstract

In this work, we study a Susceptible-Vaccinated—Infectious (SVI) epidemiological model with an
infection age structure, an imperfect preventive vaccine administered to susceptible individuals and
a therapeutic treatment of infectious ones. First, using integrated semigroup theory, we handle the
well-posedness property of the model proposed and derive the explicit expression of the basic reproduction
number Ry that determines whether the disease dies out or persists. Using the Lyapunov—Schmidt type
technique, we derive a necessary and sufficient condition for the occurrence of a backward bifurcation.
Second, we extend the model by considering the vaccination and therapeutic treatment as time-dependent
control variables. An optimal control problem is formulated with the aim of minimizing the number
of infected individuals and the cost associated with vaccination and treatment. The existence of an
optimal control pair is proved and the first—order necessary condition for optimality are established.
Finally, the optimal control problem is solved numerically and simulations are provided. They show
that the combination of these two control strategies considerably reduce the spread of the disease by
keeping the population of infected individuals relatively low.

Keywords: Age-structured model, infectious disease, bifurcation theory, optimal control theory, numerical
simulations.

1 Introduction

The human population is going through a period of emergence and re-emergence of infectious diseases of
particular concern, causing enormous human losses worldwide. Understanding the transmission dynamics
and management of these diseases has been of great interest to the scientific community in recent decades.
Mathematical modeling has become a powerful and widely used tool to facilitate the evaluation of infectious
diseases management activities. The interest of the models lies in their capacity to study different scenarios
in order to anticipate the consequences of a disease incursion and test new control strategies. Vaccination
and therapeutic treatment are among the most important control strategies for reducing the spread of many
infectious diseases. However, due to strain variation, vaccination may lose its effect. The age of infection
(time elapsed since the infection) is known as an important factor in the transmission of infectious diseases.
The importance of age structure in epidemiological models has been emphasized by many authors in the
literature (see for instance [1, 2, 3, 4] and references therein).
In this work, we focus on the Susceptible-Vaccinated-Infectious (SVI) epidemic model with age of infection

described by the following differential equations:

%:A—T(ﬂz‘)SJrT(az’)—(eru)S

S =ES—mT (Bi)V —uV (1)

Oyi(t,0)+0pi(t,0) = —[u+3(0)+a(0)]i(t,0)

i(t,0)=[S+mV|T(5i).
In the system (1), the states S(¢) and V/(¢) denote the size of susceptible and vaccinated individuals at time
t >0 respectively. The term i(¢,0) represents the density of infectious individuals with the age-since-infection
0 R, at time ¢ >0. All recruitment is into the susceptible class and occurs at a constant rate A. The
transmission of the disease to the susceptibles and vaccinated individuals occurs due to their contact with
infected individuals, with the force of infection T (i) and mT (fi) respectively, where T(.) is the integral
operator defined for some integrable function A on Ry by T (h)= fR+h(6)d9. These functions represent the
age—since—infection structured transmission rates and m is the modification parameter. It is biologically
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acceptable to assume that the modification parameter m € (0,1) which is based on the fact that the vaccinated
individuals are thought to have partial immunity and hence the effective contacts with infectious individuals
may decrease compared to those of susceptible individuals. The susceptibles are vaccinated at constant rate
¢ and move to the class of vaccinated at rate £S. The natural and disease induced death of individuals are
given by the rates p and §(0) respectively. The model considers that the therapeutic treatment do not confer
a permanent immunity and the treat recipients return to the susceptible class S at rate T (i) where a(6)
represents the therapeutic treatment rate of infectious individuals of age-since-infection . We assume that,
all constant parameters of system (1) are positives and we introduce the following technical hypotheses that
are necessary to place the system in a biological reasonable framework and sufficient to establish its properties.

Assumption 1.1. The parameter functions of system (1) satisfy the following properties: The function
a.)e LY (Ry) and B(.) is nonnegative bounded and uniformly continuous on R... The initial conditions S(0),
V(0) are nonnegatives and the initial condition i(0,.)=1o(.) € L} (Ry).

Here L (R;) with 1 <p<oo denotes the space of functions LP(R;) which are nonnegatives. Since the exit
rate of infectious individuals class is given by p(0)=pu+a(0)+4d(6), the probability of still being infectious

after an age of infection 6 is given by m(6) — e JoP(9)ds Tt is clear that, 7(.) is a decreasing function that
satisfies m(0)=1 and the differential equation Jym(#)=—p(#)7(#). Compared to the model proposed in [5],
our system includes age-since-infection structure which turns our system into a partial differential equations
and take into account the mortality induced by the disease. However, if therapeutic treatment is not effective
(i.e. «(#)=0 for all §€R, ), then the system (1) can be reduced to the model studied in [1].

Our aims in this work are twofold: firstly, we handle the well-posedness of system (1) using the integrated
semigroup theory which provides a flexible mathematical framework for determining the existence and
uniqueness of evolution equations (see for instance [6, 7, 8]). The explicit expression of basic reproduction
number is calculated by the next generation operator approach (see e.g. [9, 10, 11]). This threshold is well
known in epidemiology as an important parameter which determines if the disease can vanish or persist in the
community. The existence and stability of steady states that are infection age-dependent solutions of system (1)
are investigated. By using the Lyapunov-Schmidt theory introduced recently by Martcheva and Inaba in [12],
we show that the system can exhibit the phenomenon of backward or forward bifurcations. See for instance [13,
14, 15, 16] for more details on such bifurcations. Secondly, we propose and implement an optimal control strategy
in order to minimize the number of infected individuals in the community while at the same time keeping the
cost of implementing vaccination and therapeutic treatment very low. Several researches have explored optimal
control problems for age-structured systems. See for instance [17, 18, 19] for general optimal control theory of
such systems, and also [3, 4, 20, 21, 22, 23, 24, 25, 26] for applications of this theory in many branches of science
such as competing species, harvesting control, birth control, epidemic disease and plant—pest interactions.

The remaining parts of this manuscript are organized as follows. In Sect. 2, the model (1) is rigorously
analyzed. Those results include the existence and uniqueness of a bounded solution, the existence and stability
of stationary states, and bifurcation analysis. Sect.3 is devoted to the formulation of optimal control problem.
We characterize the optimal control pair by using the maximum principle intoduced by Feichtinger et al.[27]
for the systems with age structure. Numerical simulations are provided in Sect.4, to illustrate the theoretical
results. In the last section, we give some brief summaries and discussions of our results.

2 Qualitative analysis of model
2.1 Well-posedness of the System (1)

Since the system (1) has a nonlinear boundary condition, we use the integrated Semigroup theory introduced by
Thieme [7] (see also [8] and references therein) in the context of age-structured models. It consists of removing
the nonlinearity from the domain and incorporates it into the Lipschitz continuous perturbation function. To do
so, we introduce the Banach space X =RxRx L'(0, c0) xR endowed with the usual product norm. The posi-
tive cone of space X is defined by Xy =R, xRy x L (0,00) xRy. We set Xo=RxRx L'(0,00) x {0} and de-
note by Xo, =XoNX,. Let us consider the linear differential operator A: D(A) C X — X defined as follows:

S —uS
V[ etV

Al | = = —pi0)i | (2)
0 —i(0)



where the domain D(A)=R xR xW1(0,00) x {0}, where W(0,00) = {f € L}(0,00): D*f € L*(0,00), V|k| <
1} is a Sobolev space. Remark that the domain D(A) is not dense in X since it can be seen that
Xo=D(A)#X. Let us introduce the nonlinear map H: X, C X — X defined by

S A=T(Bi)S+T (ai)

=l ) )
0 (S-+mV 781

By identifying z(¢) together with state vector (S(t),V(¢),i(t,.),0)" where " T” denotes the transposition
symbol and by setting 2(0)=(S(0),V(0),io(.),0)" one obtains that, the system (1) can be rewritten in the
following abstract Cauchy problem.
d
dz(t) =Az(t)+H(z(t)), Vt>0 and 2z(0)=z9€ Xo. (4)

Now, we are ready to establish the well-posedness of the system (1) which is given by the following result:

Theorem 2.1. Let Assumption 1.1 be satisfied. Then there exists a unique strongly continuous semiflow
{®(t,.) }>0 on Xoy such that for each zy€ Xoy, the map z(.) €C([0,400),Xoy) defined by z(.): t— 2(t)=
(t,20) is an integrated (or mzld) solutzon of the Cauchy problem (}). It satisfies for all t>0, fo (s)ds € Xy

and z(t)=z+.A fo s)ds+ fo ))ds. Moreover, the non—-empty compact set
A
Q::{(S,V,i,())GXOJF: S(t)—l—V(t)—f—T(i)S;}, (5)
is positively invariant under the semiflow {®(t,.) }r>0 and attracts all points of space Xo .

Proof. We notice that the map H(.) is Lipschitz continuous on the bounded sets. It is easy to check that
the operator (A,D(.A)) satisfies the Hille-Yosida properties [6]. Then, classical techniques apply to provide
the existence and uniqueness of an integrated solution to system (4), see e.g. [8, 2, 28, 7]. Let zy € Xo., then
|®(t,20)||x =S(t)+V (t)+T (7). By integrating the third equation of system (1) on R} with respect to ¢
and combining with the first-second equation of (1), one can easily get

d|| (¢,
AE2NY < A~ page.z) )
Thus, using the Gronwall-Bellman inequality we have
1D (t,20) [l <A/p—(A/p—|l20]|x)e ™", (7)

which shows that ®(t,29) €2 holds for every solution of (1) satisfying zy €2. Hence the set € is positively

invariant. Furthermore we have the bound limsup ||®(¢,2)||x < A/p which implies that the semiflow
t—+o00

{®(t,20) }+>0 is bounded and € attracts all point of space Xo. O

2.2 Basic reproduction number and steady states

System (1) has always a diseasefree steady state Ey = (S°,V7°,0,0) € Xo, where S = A/(u+¢) and
V9=¢£5%/p, corresponding to the steady state without disease. In order to study the long time behaviour
of system (1), we need to compute a key threshold parameter called the basic reproduction number denoted
Ro. This threshold depends on the epidemiological parameters of the model, that ensures or not the outbreak
of an epidemic process and measures the expected number of secondary cases produced by a typical infected
individual during its entire period of infectiousness in a completely susceptible population [29, 9, 10]. It is
based on the so—called next generation operator that gives the distribution of secondary infections as a function
of the distribution of the primary infected individuals. In order to compute Ry, we use the methodology
developed in Dieckmann et al. [9] (see also Inaba [11] and references therein) where Ry coincides with the
spectral radius of the next generation operator. Specifically, we linearize system (1) around the disease—free
steady state Ej to obtain the following equations for the dynamics of the infected population:
Oi(t,0)+0pi(t,0) =—p(0)i(t,0) 3

{ i(t,0) =[SO +mV|T (). (8)

Using the characteristics method, the solution of system (1) can be expressed as

oo [ ig(0—t) T if >
Z(tﬂ)_{ i(t—0.00m(8) if O<t. ©)



Let A(t)=1i(t,0) be the number of newly infectious individuals at time ¢>0. Inserting expression (9) into
the boundary condition of (8), we get the renewal equation:

h(t) = () + /O t\I/(é))h(t—Q)dQ, (10)

where (1) ::[So—l-mVO]ftooﬁ(Q)%io(é’—t)dH and W(0):=[S°+mV°|3(0)7(#). According to [9, 11], the
basic reproduction number is calculated as the spectral radius of the next generation operator fOOO‘II(Q)dG.
Hence, the explicit expression of Ry is given by

Ro=[S"+mV°|T(B7). (11)
Let E*(0)=(5*,V*,i*(#),0) be an arbitrary steady state of system (1). Then to analyze the local stability
of system in the neighbourhood of E*(#), we linearize the system around E*(0) with z(t), y(¢) and w(t,0)
being the small perturbations, that is x(t) =S5(t)—S*, y(t)=V(t)—V* and w(t,0) =i(t,0) —i*(6). We obtain
the following linear system (vv;ritten in the abstract Cauchy problem form:

du(t

— - =Au(t)+ DHE (u(t)), V>0 and u(0)€Xoy, (12)

where u(t) = (z(t),y(t),w(t,0),0)" and the linear operator DHE*: X,C X — X is defined for ¢ € X, by
—T (Pw)S* =T (B1*)z+T (aw)
Eo—mT(Bu)V* —mT(Bi")y
0Ll(O,oo)
[x4+my|T (Bi*)+[S* +mV*|T (Bw)
Let us denote by A the restriction of the linear operator A in Xy, i.e. Ay: ¥ € Xg—> Agp =AY € X
and let {T4,(t) }1>0 the semigroup generated by the linear operator Ay. It is easy to check, by adapting
the proof of Proposition 1 of [30], that || T4, (¢)]| <e ™, ¥Vt >0. It follows that wess(Ap), the essential growth
rate of {T4,(t)}+>0 is less than or equal to —u. Let {T{ayprE-),(t)}:>0 be the semigroup generated by
(A4 DH E*)g, the part of linear operator A+ DHE*. Since DH E* is compact operator, it follows using the
result in [31, Theorem 1.2] that wess((A+DHE*)g) <wess(Ao) < —p<0. Therefore, according to the results
obtained in [7, Corollary 4.3] that the steady state E*(f) is locally asymptotically stable if all eigenvalues
of linear operator (A+ DF E*), have negative real part. In this case, the trajectories which start sufficiently
close to E*(0) remain close and converge to this steady state when time tends towards infinity. However,
if at least one eigenvalue of (A+DF E*)y has strictly positive real part, then £*(6) is unstable steady state.

DHE*(u(t)) = (13)

Proposition 2.1. Let Assumption 1.1 be satisfied. If Rog <1, the disease—free steady state Ey is locally
asymptotically stable and is unstable when Ry>1.

Proof. We consider the exponential solutions of the linearized system (12) at disease-free steady state Ey by
z(t) =z, y(t)=75e and w(t)=w(h)e with (z,7,0(0)) ERxRxW(0,00)\{0} and A€ C with ReA>—p
(here the symbol fRe denotes the real part), to derive the characteristic equation. We get the following linear
eigenvalue problem:
A +p+8)z=—5"T (Bw)+T (aw)
(\+12)5= 7 —mV T (6%)
2 (6) = —A+p(0)(0)
w0(0)=[S"+mV T (fw).
Since T and g do not interact on w—equation, we can determine A follows the three—four equations of (14).
From the third equation of (14), we get w() =w(0)7(0)e=*’. Putting this expression in the last equation

of (14) and canceling @(0), we obtain the following characteristic equation:

G(\):=[S"+mV"] / BO)m(0)edo=1. (15)

Consider that A€ C with el >0, we have 1= ]G()[\))\ <G(ReX) <G(0) =Ry <1 which is a contradiction.
hence the equation G(A)=1 does not have a root with a nonnegative real part when Ry <1. Hence, the
diseasefree steady state Ej is locally asymptotically stable whenever Ry <1. Now, assume that Ry>1 and
AeR,, we have G(0)=Ry>1. Moreover lim G(\)=0. Since G(.) is a decreasing function, there exists a

A——+00

unique g >0 such that G(\g)=1. Therefore Ey is unstable whenever R > 1. This completes the proof. [J

(14)

Now, we examine the existence of the endemic steady states. For this, Let E*(0)=(S*,V*,i*(6),0) be any
arbitrary steady state of system (1). To find conditions for the existence of steady states for which disease

4



Table 1: Number of possible positive real roots of the equation (16) according of the sign of the coefficient
ay, k=0,1,2.

as a; ayg Number of possible positive real roots

o+
\
@]
o
=
(\]

+ 4+ +
o

Oor?2

is endemic in the population (i.e. steady state with disease is endemic) we set the derivatives with respect
to time in (14) equal to zero (i.e. by solving the abstract equation Az*+ H(2*)=0). Then, steady state
E* with positive components is such that

. A+T(ai®) €8

SF=—rr———— Vi=———— *(0)=i"(0)7m(0),
TEr e | mrEee OO0
and 7*(0) is the positive real solution of the quadratic equation
az(i*(0))* +a17*(0) +ag =0, (16)

where

az = m[T(Bm)PL=T(Br); ao=p(u+&)(1-Ry);

@ = T ()= AT(8m)|+ (- m&) T (Bm) 1~ T (ar)).
Clearly the coefficients ay and ag are positives (resp. negatives) if and only if 7 (am) <1 and Ry <1 (resp.
T (am)>1 and Ry > 1) respectively. Thus the number of possible real roots of the polynomial (16) depend
of the signs of coefficients as, a; and ag. This can be analyzed using the Descartes’ rule of signs on the
quadratic polynomial (16). The different possibilities of existence for the positive real roots of equation (16)
are summarized in Table 1. This table shows that under the condition Ry <1, it is possible to have one
or more endemic steady states. In this case, it is interesting to analyze the system’s bifurcations to see if
it is possible to have a bi-stability phenomenon, and if so, to determine its cause.

2.3 Bifurcation analysis

In this subsection, we study the existence of bifurcations in the system (1). For this, we start by recalling an
analogue result of the Castillo Chavez and Song Theorem [32] designed for the partial differential equations
introduced recently by Martcheva and Inaba [12] in order to detect the presence of backward and forward
bifurcations and driving a necessary and sufficient conditions for its occurence. This result is somewhat easier
to use but it is based on more abstract approach and its proof is based on the Lyapunov-Schmidt theory.
For more details, we refer readers to the article [12].

Theorem 2.2 (Martcheva and Inaba [12]). Let Y and Z be Banach spaces, €Y and q€R is a parameter.
We consider the following abstract differential equation

Ccll—f:F(x,q), F:YxR—Z. (17)
Without loss of generality, we assume that 0 is an equilibrium point of the system (that is F'(0,q)=0 for
all geR) and assume
1. A:==D,F(0,q) s the linearization around the equilibium 0 evaluated at a critical value of parameter qo,
such that A is a closed operator with a simple isolated eigenvalue zero and remaining eigenvalues having
negative real part. Let Uy be the unique (up to a constant) positive solution of Av=0.
F(z,q9) €C*(Uyx Iy, Z) for some neighbourhood Uy of O and interval Iy containing qq.
Assume Z* is the dual of Z and (.,.) is the pairing between Z and Z*. Assume U5 € Z* is the unique
(up to a constant) positive vector satisfying (Azx, v3)=0 for all x€Y, that is dim(ker A*)=1 where A*
is the adjoint of A and ker A* = span{Uj}.
4. Assume (D2, F(0,q0)00,05) 70 where D3, F(0,q0) is the second derivative of F with respect to x and q.

Co o



Then, the direction of the bifurcation is determined by the numbers a = (D? F(0,q0)[0,0),05) and b=
(D2,F(0,q0)00,05), where D2, F(0,go)[h1,hs] is the second derivative of F with respect to x applied to the
function hy and hy. If b>0, then the bifurcation is backward if and only if a >0 and forward if and only if a <0.

In order to examine the bifurcations of system (1) at disease-free steady state Ey. Let us set 3(6)=B35y(0)
where [(y(6) is a normalized function such that [S°+mV?|T(Bym) =1, which suggests that Ro=1 is equivalent
to B=1 and it is used to be a bifurcation parameter for deriving the existence of bifurcations. To use the
Lyapunov Schmidt method, we set z=(21,2s,23,0) € X; and introduce the nonlinear map F(z,3):=Az+H(z)
where the linear operator A and map H(z) are defined in (2) and (13) respectively. Then, it is easy to see that
F(2*,8)=0 if z*=Ey. Then the linearized operator B:= D, F(Ep,[3) acting on X is calculated as follows:

—BS T (Bozs)+T (azs)—(E+p) 2

BZ: 621_5m‘,/07-(5023)_,u'22 ’ (18)
] —p(0)23
—23(0)+B[S*+mVI T (Bozs)

where its domain is given by D(B)=D(A). Let us consider the eigenvalues of B and solving the differential
equation form Bz=\z for z€ Xj. Then, we have z3(0) = z3(0)7(0)e=*’. Inserting the expression of z3(6)
into the four equation in Bz= Az and canceling 23(0). Thus we get the characteristic equation:

B[S°+mV?) /0 Bo(@)m(0)eMdh=1, (19)

which has a single eigenvalue of zero when S =1. To find the eigenvector 7, associated with eigenvalue
zero, we need to solve the equation Bz = 0. We can choose z3(0) = m(d) and the boundary condition
(the four equation of Bz = 0) is trivially satisfied at 5 = 1. From the first equation of Bz =0, we get
D=z =" SOT(?“;;L)+T(M) and the second equation of Bz=0 gives z9:=2,= —577”‘/07’(50%)—%%2'?. Therefore,
we set the vector 7y =(29,29,7(6),1). Now, we seck the adjoint operator B*. To do so, let us consider the
vector W= (¥,Wy, W3 ¥,) € X*:=R*x L'(0,00) xR. Then, we have the relation

(U, Bz) = [=BS°T (Bozs)+T (azs)—(E+pm)z1 | Wi+ [E21—BmVOT (Bozs) — piz2] Ws

+ [ O a0 [0 +BIS VT ()] o
Notice that, by integrating by part assuming that W3(oco)=

/ (2~ p(8) 23] U5 (6)dB = 25(0) W3 0) + / W, p(0) W) 25(0) .

0 0

we get

Hence we have

(U, Bz) = [§Wa—({+p)U1]z1— W22+ (V3(0) —Wq)23(0)
+ / (W —pWs+(—BS°By+a) Wy —BmV OBy Wy + B(S°+mV°) By Wy 23(0)d6
0
= (B"V,z2),

which should hold for W€ D(B*) and z€ D(B) C Xy. Thus we choose the domain of B* as
D(B*)={¥eR*xW">*(0,00) xR: ¥3(c0)=0, ¥y=V3(0)}.
Therefore, the adjoint operator B* is defined on D(B*) C X*=R?x L>(0,00) xR as follows:
Wy —(E41) ¥,
BU— _ —H¥s _ (20)
Wy —pW3+(—=BS°Bo+a) W1 —BmV° BoWa+B1S +mVO] By Wy |
W3(0)

with W € D(B*). To find ¥, we solve the equation B*¥ =0 with 3 =1. We have ¥; = ¥, =0. Solving
the differential equation in B*¥ =0, we get W3(0) =[S +mV ]¥3(0) [, Fo(s) ﬂ(s) jds. Hence, we have the
eigenfunction o5 =(0,0,¥3(6),V3(0)) where W3(0)>0. Computing the second derlvatlve for F' with respect
to z and B3, we obtain

—SOT (Borr) 2}

—mVOT (Bymr)2Y
0

D2, F(Ep 1)t = (21)

[SO+m VYT (Bor)
Therefore, one obtains
b= (D23 F (Eo,1)0,0;) = [%O—I—mVO]\Ilg(O)T(BOW) > 0. (22)



On the order hand, the second derivative D? F(Ey, 1)[to,0] can be computed with the following formula:

—QT(ﬁoﬂ)Z?
. 0
DLF(Ey, 1)l = O3 F (Bo+ (h+ ki, 1) = 27 () (23)
2[2) +mz3) T (Borr)
Thus, we have

a= (D2, F(E,1)[To,00],05) =221 +mz| T (87) W3(0). (24)

Let us introduce the threshold N ) e\ Tlam)
0:=20+ 0=—K1+ —)—+m—vo}’r +<1+ —)ﬂ. 25
S ") e (o) ") en (25)

Hence it follows that a <0 (respectively a>0) if and only if © <0 (respectively © >0). According to Theorem
2.2, we obtain the following result:

Theorem 2.3. If ©>0, then system (1) undergoes a backward bifurcation at (Ey,1). Otherwise, when © <0,
the system (1) exhibits a forward bifurcation at (Ey,1).

Remark 2.1. We see that components of the eigenvector v, that corresponds to positive entries in the disease—
free steady state, may be negative. This is in general the case with the partial differential equations as well [12].

The occurrence of a backward bifurcation in the transmission dynamics of an infectious disease where stable
disease—free steady state coexists with one or more stable endemic steady states when the basic reproduction
rate is smaller than unity makes it difficult to control effectively in a community. In such a scenario, the
fact that the basic reproduction rate is below one becomes only a necessary but not sufficient condition for
disease eradication. It is worth noting that we always have © <0 when the therapeutic treatment rate is
zero i.e. a(0) =0 for all 6 € [0,4-00). Thus, the backward bifurcation property of the model is caused by
the treatment of infectious individuals. To further confirm the above, the global asymptotic stability of the
steady states of the model are given below for the special case a() =0 (the proofs are given in [1]).

Theorem 2.4. Assume that the therapeutic treatment is not effective (i.e. a(0)=0 for all R, ). Then
the system (1) always admits a disease—free steady state Eqy which is globally asymptotically stable whenever
Ro < 1. Moreover, if Ro> 1, the system (1) has a unique endemic steady state E*(0) which is globally
asymptotically stable.

3 Optimal control
3.1 Control problem statement

Because of the seriousness of infectious diseases, a time-independent vaccination and treatment policy may not
be a good choice in the socio—economic context of many countries. However, it is important to know how much
and when these control strategies should be applied in order to control the spread of the disease at low cost. In
addition, the implementation of these control strategies remains very costly and difficult. For this purpose, we
consider that the vaccination and therapeutic treatment are represented by Lebesgue measurable functions on
finite time horizon [0,7, denoted £(t) and «(t,0) respectively and where 7">0 is the final time of intervention
strategies. In addition, we replace the upper limit of the integral with respect to infection age by a finite
number Oy, >0 for practical consideration, i.e. the integral function 7 (f)= foema" f(0)dh. Let us introduce the
set Q@ =10, % [0,0max]- Due to the limited resources and time available to implement these control strategies,
policies must be constrained to a predefined objective. For this reason, we consider by © :=£°°(0,7%]0,&m42]) X
L£2(Q;[0,004,]) the set of admissible control pair which is the space of measurable and bounded functions
pair (£(.),a(.,.)) defined by £(.):[0,7] — [0,&max] and a(.,.) : Q — [0,0tmax]. The positive constants &yax
and aypay represent the maximum rates at which individuals may be vaccinated and treated respectively.
Hence, implementing both time-dependent controls in system (1), we obtain the following controlled system:
?z:A—T(ﬁi)S—i-T(oz(t,.)i)—(§(t)+u)5
S =Et)S—mT (Bi)V —uV
Oyi(t,0)+0pi(t,0) = —[u+5(0)+a(t,0)]i(t,0)
i(t,0)=[S+mV|T(51).

(26)



Our main objective is to minimize the total number of infected individuals and the necessary cost of vaccination
and therapeutic treatment. To achieve this goal, we work together with system (26), the following objective
functional:

: C C
T (€)= [ XOito)itdt+ e+ S ooy 27)

where x(.) € L5°(0,0max), C1>0 and QC2 >0 measure the relative costs of infection and the applied control
interventions. Quadratic expression of the control in (27) is included to indicate the nonlinearity of the
implementation cost as it is more costly to increase the control efficiency when it is already high. As mentioned
before, our optimal control problem reads as follows: find an admissible control pair (£*(.),*(.,.)) €D steering
the optimal trajectory (S*(.),V*(.),i*(.,.)) satisfying the optimization problem

J (" a%)= ( glg)iggj (&,q). (OCP)

3.2 Existence of an optimal solution

Here, we establish the existence of a solution for optimization problem (OCP) subject to the controlled
age-structured system (26).

Theorem 3.1. Under Assumption 1.1, there exists at least one optimal control pair (£*,0*) €D at which
corresponds the state variable (S*,V*,i*), solution of the optimization problem (OCP).

Proof. Since the state variables S(.), V/(.), T (i) and controls are uniformly bounded, then it follows that
d=mf{J({,a): (§,a) €D} is finite. Thus, there exists a minimizing sequence (&,,a,) €D such that

4< T (Emn) gd+%. (28)
Since the sequence (&,,a,) is bounded, there exists a subsequence still denoted (&,,,cv,,) that converges to some
(&*,a*) for the weak— topology of L>°(0,T") x L>(Q). The limit (£*,a*) €D since the set © is a closed convex
subset of L>(0,7) x L>(Q) and so it is weakly closed. Let (S,,V},,i,) be the state variables associated with
control pair (&,,a,). The sequence (S,,V;,) is uniformly bounded and equicontinuous on [0,7]. Then, by the
Arzerla—Ascoli’s theorem, we can extract a subsequence still denoted (.S,,,V},) which converges uniformly to the
limit (S*,V*) in C(0,T). Let us denote by m, (£,0) =e~Jo li+3(s)tan(t=0+s9lds Tt is casy to see that the function
Ta,, is Lipschitz in the following sense, for (a!,o?), there exists a constant k>0 such that |71 (£,0) — a2 (2,0)] <
KT (|at(t,.) —a?(t,.)]). As consequence, we have the convergence 7, (t,0) — o (t,0) as n — oo almost
everywhere in (). By using the method of characteristics, we get explicit expression of i, (t,0)—equation

. - Ty, (£,0) .
in(tﬂ):{ io(0—1) if >t

T, (t,0—t)
in(t—0,0)m,, (t,0) if 6<t.

This sequence is bounded since the sequences (S,,), (V,.), (T (i,)) and (o) are all bounded. Then we can

extract a subsequence still denoted (7,,) that converges weakly to 7*(¢,0) in L?(Q) defined as follows

z’*(t,H):{ io(6—) 20D if o> ¢

Tk (t,0—1)
*(t—0,0)m (t,0) if O<t.
Since the sequence (7 (z,)) is bounded, it converges to 7 (i*) by the uniqueness of the limit. Moreover, passing
to the limit in the differential equations satisfied by the subsequences S,, and V}, in controlled system (26),

we obtain:
AT (3)S* +T (alt ")~ (€0) +1)S" )
G = () S —mT (B )V* — V™.
Passing to the limit as n— 0o in (28), we obtain lim J(&,,q,)=J(£*,a*)=d. Hence, ((S*,V*i*),(£,a%))
n—oo
is an optimal solution of the optimization problem (OCP). This achieves the proof. O

3.3 Optimality conditions

In this section, we use the maximum principle for general age-structured systems on a finite horizon established
by Feichtinger et al.[27] to derive the first-order necessary conditions for optimality and characterize the
optimal control pair solution of (OCP). To this end, we set state vector z(t) = (S(¢),V(t))" to rewrite
controlled system (26) in the following compact form:

L =Gt (1) q(t) £() = G(t)

Oyi(t,0)+0yi(t,0)=F(t,0,i(t,0), a(t,0))=: F(t,0) (30)

i(t0) = (t,x(t)q() 5o (1),



where q(t)=(q1(t),q2(t))" derives from the vector function h(t,0) = (h1(t,0),ha(t,0)) " with hy(¢,0)=B(0)i(t,0)
and hy(t,0) = a(t,0)i(t,0), and ¢;(t) = T(h;(t,.)) for j = {1,2}. The functions G(t) = (G1(t),Ga2(1))7,
F(t,0) and 1(t) represent the right hand side of the controlled system (26) for S(t)—, V (t)—, i(t,§)— and
i(t,0)—equations, respectively. We also define the following functional L(t,0)=x(6)i(t.0)+S&2(t)+2a?(t.0).
Below V, denotes differentiation with respect to state variable z. Let us introduce the adjoint functions
Z.()=(25(.),2v(.) € L>(0,T;R?) and Z,(.,.) € L>°(Q;R) corresponding to the state vector z(t) and variable
i(t,0) respectively. Then, from [27] the adjoint functions satisfy the following adjoint system:
— 220 — Z (1)V,G(t)+Zi(t,0)V,(t)
+Z,(t)V,G(t)V;h(t,0)+2Z:(t,0)V (t)Vih(t,0)
Z(TH)=0, Zitfua)=0, Z.(T)=(0,0).
This leads to the following adjoint system:
G =T (B0) +p)Zs+€[2s - 2v] - Z(LO)T(8i)
v — T (Bi)+p) Zv —mT (Bi) Z4(t,0)
0 Zi+00Z;=—x(0)+[6(0)S —a(t,0)| Zs+mB(0) ZyV (32)
—[S+mV]B(0)Z;(t,0)+[u+0(0)+a(t,0)] Z;
Z4(T)=0, Zy(T)=0, Zi(T0)=0, Zi(t,fmax)=0.
From the solution S(t), V/(t) and i(t,0) of system (26) and the corresponding solution Zg(t), Zy(t) and
Z,(t,0) of adjoint system (32), we introduce the following distributed Hamiltonian functional associated with
the optimization problem (OCP) by:
H(E8):= L{t.6)+ Z5(8)Ch (6)+ v (0)Ga ) + Z(LO) F(10) + Zi(10) (1), (33
Applying Pontryagin’s Maximum Principle introduced in [27], which consists in solving equations 0¢H(t,6) =0
and 0, H(t,0) = 0, and taking into account the boundaries of each control strategies, we obtain the
characterization of optimal control pair by:

[Zs(t)— 2y ()]S(t)

(31)

g(t):,Pl ( ) and a(t,@)ng([ ZS(t>+ZZ(t>‘9)]Z(t>0)) , (34)
Ch Cs
where P;(.) denotes the projection map on ® defined as follows:
0, it 2<0
Pi(z)=14 z, if 0<2<Zjmax

Zjmax; if Z > Zjmax,
with 7€{1,2}, Z1max =Emax and Zomax = Cmax-

Remark 3.1. A the final time T >0, the optimal controls defined in (34) vanish, that are £(T)=0 and
a(T,0)=0 for all 0 €[0,0max), since the adjoint state variables are all equal to zero at time T

3.4 Uniqueness of solution to (OCP)

Note that the Theorem 3.1 only shows the existence of an optimal control pair, but does not guarantee its
uniqueness. However using the optimal control structure (34) this uniqueness can be obtained using the
procedure based on Ekeland’s variational principle [33, 34]. This principle consists in generating a sequence of
controls and its corresponding state variables that converge towards the optimal controls and its corresponding
state variables using the convergence of a minimizing sequence of approximate objective functional. For this
purpose, we embed the objective functional J(£,) into L*(0,7)) x L'(Q) by defining the following functional:
[ JEa) i (Ea)eD

il&.0) = { +00 otherwise. (35)
Let us introduce the following technical lemma that we shall use to establish the uniqueness result of the
optimal control pair of (OCP).

Lemme 3.1. We have the following properties:
1. For T'>0 sufficiently small, there are positive constants € and Eor such that:
(i) The map () €D —(S,Vyi) is Lipschitz in the following ways:
1(S? V5N = (2 V2| o < €ur (€)= (€,07) |
where (S* V¥ i*) is a solution of (26) associated to control pair (€F.a*) for ke {1,2}.



(ii) For (€8.a*) €D, the adjoint system (32) admits a weak solution (Z5 2% ZF)e L>=(0,T) x L>=(0,T') x
L>(Q) such that for ke{1,2} we have
1(25.2v,2)) — (25,20, 20)|| oo < Cor||(€101) = (6707 -
2. The functional h(.,.) is lower semi—continuous with respect to (£,a) in LY(0,T)x LY(Q).

Proof. See Appendix A. m

Since the functional A(.,.) is lower semi-continuous in L', then according to Ekeland’s variational principle
[34, 33], it follows that for any given € >0, there exists a control pair (& ,a.)€ L'(0,T) x L'(Q) such that:
() hga)< inf ha)+s
)€

(i) hgao)= int {H(Ea)+vENEa)~(Eadl, )

Note that, the perturbated functional 7. (€,a) = A(€,0) +/€||(&,a) — (&0 ) || ;1 attains its infimum at the
control pair (&,a.). From item (ii) and a similar argument as that in Subsection 3.3 give the characterization
of control pair (&,a.) by
Ze_zZelGqe 9e _FE 4 ZElE 9
ga(t)zpl [ S V]C1 \/E 1) and Oée(t,e)ng([ S+ é’]z \/g 2)7 (36)
1 2

where (S¢,V* i) and (25,25, 27) are the solutions of controlled and adjoint system respectively, corresponding
to the control pair (&,a.). The functions 9 € L>(0,T), J5€ L>(Q) and |95 <1 for j€{1,2} and (¢,0) €Q.
We now ready to prove our main result of this subsection concerning the uniqueness of an optimal control pair
solution of optimization problem (OCP). To do so, let us consider the following map M: © —® defined by

b (p (2]

Let (S*,V*ik) and (ZE,ZE ZF) are the state and adjoint variables corresponding to the control pair (£¥,a*)
with k€ {1,2}. Using the Lipschitz properties of the state and ajoint variable established in the Lemma

3.1, we have
Zl—Zl Sl 22_22 5,2
||M<f%a1>—M<52,a2>||mZl P (%) P, (%)
1 1

L*°(0, T)
— 2L 2N 224 22
+‘7>2([ 5+ 7,]@)_7)2([ s+ z]@)
C & (@)
<Cr||[2s—2v1S" =125 - ZP1S%|| e o)
+C2_1||[—ZéWLZil]il—[—Z§+Zi2]i2}|Loo(Q)

< Kl H (Slﬂil) - (Szvi2> HLOO +K2H (ZéWZXl/ﬂZil) - (Zg,Ze/,Zf) HLOO

< (Kr €4 Koor) (/16" =€l e o)+l =0 1<)

<G (liE' @) ~(€07) 1),
where the constants K; and K5 depend on the L* bounds on the state and adjoint state variables and

Cr=K1& 7+ K&, (37)

where €7 and &€,r are the Lipschitz constants obtained in Lemma 3.1. Clearly M is a contraction function
if €37 <1. Hence, M has a unique fixed point (£*,o*) €D by the Banach contraction theorem when €37 <1.
We show that this fixed point is an optimal control pair by using the approximating minimizers sequence
(&-,0.) from Ekeland’s principle and corresponding state variables S®, V¢ and ¢, and adjoint variables Zg,
Z;, and Z7. From Lemma 3.1 and the contraction property of the application M, we have

€'a)~ €l = M 1)~ (o (B2 gy (LR ZEVERY) |
< M€ ")~ M () |
st (B (122 ) |

< Car|(€,0%) = (&) e +VE(CT G,
Then for €37 <1, we obtain
VE(C 4Gy )

1€7, @) = (& ae)lle < T
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which gives passing to the limit as € — 0 the convergence (£.,c.) — (£*,a*). Since £ is lower semi-continuous
and using property (i) of Ekeland’s principle, the inequality A(&.,ar) < (gir;f Dh(f ,a)+¢ implies (as € —0)
,a)e

that h(£*,a*) < (Sir;f @h(€ ,). Therefore, we have A(&*,a*) = ir;f i)h(f ,). We can summarize the uniqueness
)€ )€
of optimal control pair in the following result.

Theorem 3.2. If €30 <1, then there exists only one admissible optimal control pair (§,c0) €D which is given
by (34) solution of optimization problem (OCP).

4 Numerical Simulations

In this section, we perform the numerical simulations that illustrate the effect of the optimal strategies
on the spread of the disease. Generally, it is not possible to solve optimal control problems analytically.
Therefore, we use a numerical method to approximate the optimal solutions and display the results. We apply
the semi—implicit finite difference scheme for partial differential equations based on finding solutions along
characteristic curves to system (26) involved, for simplicity in numerical setup and ease of code development.
In addition, the integral terms are discretized using an explicit composite trapezoidal rule. Among the
practical approaches of optimization algorithms, we use the Forward-Backward sweep method [18, 19] to
approximate numerically the solution of problem (OCP). The algorithm proceeds as follows. Firstly, the
state variables of controlled system (26) are approximated using the forward difference method in time and
backward difference method in age with an initial guess for the control. Secondly, the adjoint system (32)
is solved by using the backward difference in time and forward difference in age using the solution of the state
variables. After these two steps, the control function values are updated with the new values of the state and
adjoint variables, thanks to equation (34) that characterize the optimal strategy. This procedure is repeated
until successive values of all state, adjoint and control variables are sufficiently close, that is ||Z—Zuq| <e|Z]|
where £ >0 is the accepted tolerance fixed here at 107%; 2= (2,2 (,a)) is the state vector of current values
(state, adjoint and control variables), Z,q4 is the vector from the previous iteration and finally ||.|| refers to
the norm of vector . Our numerical simulations are done for the control time 7"=>50 and with the maximal
age of infection 6., =30. Baseline parameters A =700, 1 =0.04, m=0.25 and 6(§)=6=0.05. Moreover,
we use the age-dependent infection rate 3(6)=0.00005(1+6/(1+56)). The initial and boundary conditions
are S(0)=10* V(0)=0 and 4y(0) =60(0+20)e 0400 Tet I(¢) :foem‘"‘xi(tﬁ)dé’ be the total number of
infected individuals and we further set &, =0.75 and ay,., =0.65. The simulation results of optimization
problem (OCP) are illustrated in Figure 1 where we assume that the cost weighting factors for the two
control strategies are the same, that is C) =C5=>50 and in Figure 2 where we assume that the weighting
factor for the cost of vaccination is lower than that of therapeutic treatment, that is C}, =50 and Cy=200.

We observe that the application of optimal controls keeps susceptible individuals at a relatively low level
and increases the population of vaccinated individuals for almost the entire intervention period. In addition,
it is optimal to start vaccination at the maximum rate. However, when the cost of therapeutic treatment
is higher than that of vaccination (see Figure 2), more effort should be devoted to vaccination than when
control costs are identical (see Figure 1). The application of the controls decreases with time and cancels
out at the final instant in both figures, which is consistent with the theoretical result of the Remark 3.1.
As a result, the total population of infected people, which had remained relatively low, increased at the end
of the intervention campaign, but not enough. Optimal therapeutic treatment differs according to the age of
infection. In fact, it is higher in people who have been infected for a short time, and decreases over time. This
means that to fight this disease effectively, we need to treat people from the very beginning of their infection.

5 Conclusion

In this work, we have formulated an age-structured model describing the transmission dynamics of an
infectious disease and taking into account imperfect vaccination and therapeutic treatment as control measures.
The model was rigorously analyzed to better understand its qualitative dynamics. These include mainly the
calculation of explicit expression of basic reproduction number Ry, the study of existence and stability of steady
states which shown that the disease—free steady state is locally asymptotically stable when Ry <1. However,
this steady state may not be globally asymptotically stable for Ry <1 since the model exhibits the backward
bifurcation phenomenon where the stable disease—free steady state coexists with a stable endemic steady state.
It is shown that this dynamics feature (backward bifurcation) is caused by the rate of therapeutic treatment
of infectious individuals. An optimal control problem is then formulated, aiming at minimizing the total
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number of infected individuals and cost associated to vaccination and therapeutic treatment. We establish the
existence of an optimal solution, which we characterize using the maximum principle for general age-structured
systems. The problem is solved numerically using a Forward-Backward sweep method. Our numerical results
show that optimal vaccination and therapeutic treatment can significantly reduce the prevalence of the disease
and slow the spread of infection in the population. These optimal protocols are highly dependent on the
cost of the interventions, and the optimal treatment depends considerably on the age of the infection.

A Proof of Lemma 3.1

1.(7) Let us consider the functions A" (i,&) = e S TGN +E@ s anq 2 (§) = e~ [T Bl Hldo fop
r >0 and t € [0,7]. Then by direct computation based on the following arguments: for all
x,y € Ry, we have |e7® — e Y| < |z — y|, there exists the positive constants K}, with k£ € {1,2,3}
such that the functions A" and h'? satisfy for (%, &%) with k € {1,2}, the following inequal-
ities, [n"(i%,&1) — V(@2 )| < Ky [y [T(iMo, ) = T(*(e, ))ldo + K [y [€4(0) — €%(0)|do and
1KY (@) — KD (2)| < K J3[T(i(0,.)) = T(i*(0,.))|do. Using the method of integrating factors on
the ordinary differential equations and the method of caracteristic on the first—second and third equations
of system (26) respectively, we obtain the following expression of state variables:

S()= SV (5,6) + / AT (0l )i, DI (i) dr

Vi =viro-+ [ SO )dr: (39)

: : a(t, 0 .
it ) =io0—1) 7o Lo it =00t 0

From the above representation of solutions of system (26) and using the Lipschitz properties of the

functions A" and A for all r> 0, the proof of these estimates follow similarly as in corresponding
result found in [3, 35].
(i) Follows like in Item (7).

2. Let (&,,00) — (§,0) as n— 00, (S, Vi,in) and (S,V)i) be the state of system (26) corresponding to
(&n,00,) and (€,av), respectively. By Riez theorem, there is a subsequence still denoted (&,,a,), such that
(£2,02) — (£%,0*) almost everywhere in [0,T]x@Q as n—oo. Thus, Lebesgue’s dominated convergence
theorem yields that [|€.]7: .7y — I€l171 0.y and [lawll7: ) — @71 (g as m—occ. On the other hand,

it follows that [, x(6)i.(t,0)dtdd — [, x(0)i(t,0)dtdd as n— oo. By Fatou’s Lemma, it follows that
h(&,a) <liminfA(&,,,cv,). Hence, the functional A(.,.) is lower semi-continuous. This achieves the proof [
n—oo
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