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Abstract—This work presents a detailed modeling-based anal-
ysis of integrated micro-ring resonators used for absorption
spectroscopy. Generally, sensors based on micro-ring resonators
detect changes in the real part of the sensing medium refractive
index, at critical coupling. In absorption spectroscopy, however,
micro-ring resonators are used to measure changes in the
imaginary part of the index and are most sensitive away from
critical coupling, with separate maxima in the under- and over-
coupled regimes. In this work, we present a detailed analysis of
the under-coupled regime, explaining the relationships between
sensitivity, mode confinement, and losses. The analysis is based on
reverse-symmetry waveguides to increase the proportion of mode
power in the sensing medium and incorporates a realistic model
of propagation losses based on experimental measurements of
sidewall roughness. The analysis demonstrates that the resonant
nature of the sensor is most effective at small radii compared
to a non-resonant structure of equal size and shows a behavior
of diminishing returns at larger device sizes regarding sensitivity
and elevated proportions of mode power in the evanescent field.

Index Terms—Absorption spectroscopy, Biosensor, Integrated
photonics, Optical resonators, Waveguides, Simulations

I. INTRODUCTION

F ields such as environmental monitoring and agriculture
have a growing need for sensitive, selective, and portable

sensors for real-time monitoring of water quality [1]. Though
conventional spectroscopic detection systems provide high-
precision measurements, they remain costly and are gener-
ally not field-deployable [2]. Miniaturized sensors based on
integrated photonics devices, such as micro-ring resonators
(MRRs), have demonstrated high sensitivity at small dimen-
sions suitable for miniaturized portable instruments [3]–[5].

MRRs rely on the interaction between the evanescent field
from a guided mode in a ring resonator and a target species
in the fluid in contact with the ring for detection. Most
instances of biomolecular sensing with MRRs are based on
surface affinity assays [6]–[9]. Though such surface-bound

sensing has been successful in many applications, the surface
functionalization chemistry remains one of the most complex,
challenging, and costly aspects of integrated photonics sensor
systems. Furthermore, there are many molecular targets for
which no appropriate capture probe surface functionalization
is available. To mitigate this problem, MRRs can instead rely
on volume sensing. For example, a target-specific colorimetric
reaction can induce a change in the bulk refractive index
of the fluid and thus perturb the guided mode, eliciting a
sensor response. Such volume-based sensing involves simpler
chemistry and is not subject to surface saturation effects.

With integrated photonics devices, sensor response is gen-
erally believed to be optimal when the interaction between the
sensing volume and the guided mode is maximized. Numerous
waveguide structures have been studied for this purpose: slot
[10], pedestal [11], substrate over-etch [12], sub-wavelength
gratings [10]–[13], suspended [14], or “ultra-thin” [15], with
varying degrees of fabrication complexity. Wavelength or/and
intensity interrogation can be used [6], [16] and several
studies propose guidelines for optimal geometric and material
parameters in MRR-based sensing [6], [17], [18].

For conventional strip waveguides, a simple solution in
principle to increase the interaction between the sensing vol-
ume and the guided mode is the use of reverse-symmetry
waveguides [19], where the refractive index of the substrate
(waveguide “bottom cladding”) is lower than that of the fluid
sensing medium (“top cladding”). However, it can be difficult
in practice to find a solid material with the required mechanical
properties having a refractive index lower than that of a fluid.

In most instances of MRR-based sensing, the presence of
the target analyte mainly perturbs the real part of the refractive
index in the sensing volume, causing a spectral shift in the ring
resonance response. In contrast, the presence of the analyte
may also elicit a change in the imaginary part of the refractive
index (extinction coefficient). When changes in the imaginary
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part of the refractive index are the main sensing event, this is
often referred to as “absorption spectroscopy”. While different
optical devices such as fiber-based Bragg and long-period
gratings [2], [20] or long range surface plasmon resonance
[21] have been studied for absorption spectroscopy, relatively
few studies have addressed the use of MRRs for this purpose
[22]–[26].

With an MRR-based system (Fig. 1a), a perturbation in the
extinction coefficient primarily causes a change in the depth
of the response at resonance (Fig. 1c). This type of sensing
could be used to detect a wide variety of pollutants in water,
for example, with a colorimetric reaction that involves the
complexation between a ligand and a target heavy metal ion
where the resulting complex changes the absorption coefficient
of the fluid medium [27], [28].

In previous work [29], we proposed an analytical approach
to determine the maximum sensitivity of MRRs used for
absorption spectroscopy. In particular, we showed that sen-
sitivity as a function of the ring self-coupling coefficient
exhibits two maxima, of equal magnitude and opposite sign,
corresponding to over and under-coupled conditions occurring
at distinct ring/bus gap sizes. The under-coupled sensitivity
maximum corresponds to the larger of the two gap sizes, which
is advantageous from a fabrication point of view (relaxed
constraints for lithography).

In this paper, we continue this work to fully characterize the
under-coupled regime. The analysis is based on a MRR model
system with reverse-symmetry waveguides, leading to a greater
range of interaction with the sensing volume and a more
revealing analysis of the underlying phenomena. The relation-
ship between propagation losses and waveguide core geometry
is modeled using experimental data from SEM images. The
analysis demonstrates that the MRR greatly improves the
trade-off between sensitivity and size compared to a non-
resonant structure, such as a spiral, which is advantageous
for miniaturization (smaller footprint at equal sensitivity).

II. ANALYTICAL MODEL

A. Micro-ring resonator model system
The MRR model system is based on reverse-symmetry

waveguides with a PMMA, poly(methyl methacrylate), core
of refractive index ncore = 1.49, with width w and height
h (Fig. 1b) [30]. The bulk fluid in the sensing medium is
water (nwater = 1.33) and the substrate is porous silica (nsub
= 1.2) [31]. The MRR is defined by the ring radius R and
gap g between the ring and bus waveguides (Fig. 1a). In
many sensing applications, low cost fabrication is a desirable
feature: as such, the model system is based on polymer core
waveguides and geometry compatible with photolithography,
though the analysis is valid for any material system and
geometry. The analysis pertains to the fundamental TE mode
as results for the TM mode are similar. The sensor response is
the change in depth, or “contrast”, of the optical transmission
power spectrum at resonance through the bus waveguide.

As an example application, the study focuses on the de-
tection of hexavalent chromium, Cr(VI), a pollutant in water.
Cr(VI) is detected with diphenylcarbazide (DPC) by colorime-
try, where the pair form a complex with an absorption peak

Fig. 1. (a) Micro-ring resonator (MRR) model system; (b) Cross-section of
the reverse-symmetry waveguides; (c) Modeled transmission spectra (R = 50
µm, g = 460 nm, w = 0.7 µm, h = 0.28 µm, Γfluid = 26%) for discrete
values of fluid medium extinction coefficients, ni (nr = nwater = 1.33).

at 550 nm [28], [32], [33]. The resonance wavelength of the
micro-ring resonator model system is 532 nm, a commonly
available laser wavelength close to 550 nm. The refractive
index of the sensing medium can be approximated as nfluid ≈
nr + jni, where nr = nwater. Fig. 1c shows the numerically
modeled response of a MRR (R = 50 µm, g = 460 nm, w =
0.7 µm, h = 0.28 µm) for discrete values of ni ranging from
1.5 × 10−7 to 6 × 10−6, corresponding to concentrations of
10 µg/l to 1000 µg/l Cr(VI) in water.

B. Definition of sensitivity
In previous work [29], we showed that sensitivity for

absorption spectroscopy with a MRR, defined as the ratio
of change in transmitted optical power at the resonance
wavelength through the bus waveguide, T , to change in the
extinction coefficient of the fluid, ni can be expressed as :

S =
dT (ni)

dni
=

4π

λres
LΓfluida

(a− τ)(1− τ2)

(1− τa)3
(1)

at resonance wavelength λres, ring length L = 2πR, round-
trip amplitude transmission coefficient a, self-coupling coef-
ficient τ , and fluid medium evanescent field ratio Γfluid (see
below). In particular, we showed that maximum achievable
sensitivity with respect to the bus-ring gap size in the under-
coupled regime, SMRR, can be expressed as:

SMRR =
4π

λres
LΓfluida

2︸ ︷︷ ︸
SNR

∣∣∣∣ 2

3
√

3

1

a(a2 − 1)

∣∣∣∣︸ ︷︷ ︸
Se

(2)

where SNR is the sensitivity of an equivalent non-resonant
waveguide sensor (a straight waveguide, for example) of equal
length and losses, while Se is an enhancement factor due to
the multiple revolutions in the ring.
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C. Fluid medium evanescent field ratio

As indicated by (2), SMRR is proportional to Γfluid, the
“fluid medium evanescent field ratio”, defined as the propor-
tion of total mode power in the fluid sensing medium. Γfluid
is calculated from the distribution of mode energy in the xy
plane normal to the direction of propagation (Fig. 1b):

Γfluid =

Afluid∫∫
|E(x, y)|2 dxdy∫∫

∞
|E(x, y)|2 dxdy

(3)

where Afluid is the area occupied by the fluid and E(x, y) is
the electric field amplitude. Fig. 2 shows a map of Γfluid as a
function of waveguide core dimensions that support single-
mode operation for the fundamental TE mode at λ = 532
nm, where solutions to (3) were calculated numerically using
a mode solver (FIMMWAVE, Photon Design). The analysis
below is based on a fixed waveguide core width of 0.7
µm which is achievable with photolithography and yields a
good selection of admissible core heights, corresponding to a
range of fluid medium evanescent field ratios of approximately
25% < Γfluid < 75% (Fig. 2).

Fig. 2. Fluid medium evanescent field ratio, Γfluid, as a function of
waveguide core dimensions that support single-mode operation at λ = 532
nm (TE mode). The inserts show modal E field intensity distributions for 3
examples of core dimensions, with corresponding values of Γfluid.

D. Round-trip transmission coefficient and loss components

The round-trip amplitude transmission coefficient in the
ring, a, is defined as [34]:

a2 = e−αL = e−(αprop+αbend)L (4)

where α, the total mode power attenuation coefficient, is
the sum of the waveguide propagation and bending loss
coefficients, αprop and αbend.

In absorption spectroscopy, propagation losses can be ap-
proximated (α̃prop) by the sum of two components:

αprop ≈ α̃prop = Γfluidαfluid + αwg (5)

The first part of (5), Γfluidαfluid, represents the propa-
gation losses due to absorption in the fluid sensing medium
i.e., the physical parameter measured by the sensor. It is
equal to the attenuation coefficient of the fluid, exemple de
modificationαfluid = 4π

λ ni, scaled by the proportion of total
mode power in the fluid, Γfluid. In the analysis below, αfluid
= 0.23 cm−1 (1 dB/cm) for ni = 10−6 at λ = 532 nm, which
corresponds to a 100 µg/L concentration of Cr(VI)-DPC in
water [28].

Fig. 3. (a) SEM cross-sectional and top view images of a PMMA strip
waveguide on porous silica fabricated in our cleanrooms; (b) Modeled
scattering losses from vertical sidewall roughness as a function of waveguide
core height for a fixed waveguide core width of 0.7 µm.

The second part of (5), αwg , represents the baseline propa-
gation losses for the case of a near-lossless fluid medium (ex:
water). Material losses in integrated photonics are generally
very low and scattering from vertical sidewall roughness is typ-
ically the main source of propagation losses, where αwg can be
modeled by a function of core height, αwg ≈ αscattering(h),
according to the well-known method by Payne and Lacey [35]
adapted for 2D analysis. In this method, losses are related to
the surface topology auto-correlation function, R(u):

R(u) = σ2 exp

(
− |u|
Lcor

)
(6)

where the auto-correlation length, Lcor, and the standard
deviation, σ, can be estimated from atomic force microscopy
(AFM) or scanning electron microscopy (SEM) images using
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line edge roughness (LER) analysis [36], [37]. Application of
LER analysis to SEM images of strip waveguides fabricated
in our clean rooms (PMMA core on porous silica substrate, as
shown for example in Fig. 3a) yielded the following estimates:
Lcor = 50 ± 2 nm and σ = 6 nm. Fig. 3b shows the resulting
modeled losses from sidewall roughness as a function of core
height, αscattering(h), for a core width of 0.7 µm.

III. DEPENDENCE OF SENSITIVITY ON RING RADIUS AND
PROPORTION OF MODE POWER IN THE FLUID MEDIUM

Fig. 4 shows plots of SMRR, SNR, and Se in (2) as a
function of ring radius for the case of Γfluid = 30% (waveg-
uide core width = 0.7 µm, height = 0.26 µm). Interestingly,
sensitivity reaches a maximum over a plateau bounded by radii
values labeled Re and RNR, corresponding to the maxima of
Se and SNR, respectively (see Appendix A for the derivation
of analytical expressions for Re and RNR)

Fig. 4. MRR sensitivity, SMRR, with components Se and SNR, as a function
of ring radius for Γfluid = 30%. The radii Re = 67 µm and RNR = 4537 µm
(maxima of Se and SNR) delimit the range over which the highest sensitivity
is achieved. Waveguide core width = 0.7 µm, height = 0.26 µm.

Fig. 5 shows 2D maps of sensitivity, SMRR, and round-
trip losses in the ring, αL, as a function of waveguide core
height or evanescent field ratio, versus ring radius (waveguide
core width = 0.7 µm). The solid curves plot the (h,R) and
(Γfluid, R) value pairs yielding the highest sensitivities and
the dashed curves on either side indicate the values of Re and
RNR. The data in the figure were generated using a custom
open source Python program that calculates solutions to (2)
based on a 2D polynomial model of α̃bend(h,R) fitted to
αbend(h,R) data estimated numerically using a mode solver
for a given value of w (see supplemental material). The highest
sensitivities at each R (solid curves in Fig. 5a and 5b) were
determined by non-linear minimization as a function of h.

The relative contributions of propagation and bending losses
as a function of ring radius are at the root of the relationship
between sensitivity and proportion of mode power in the fluid.
To illustrate this in greater detail, Fig. 6 shows composite plots
of 4 line profiles taken from Fig. 5b and Fig. 5c at select values
of Γfluid: 20%, 45%, 65%, 75%. On the left vertical axis,
the graphs show the total losses for a single round trip in the

Fig. 5. (a) Sensitivity, SMRR, as a function of waveguide core height versus
ring radius; (b) Sensitivity and (c) round trip losses, αL, as a function of
evanescent field ratio versus ring radius. The solid curves trace the value
pairs for (h,R) in (a) and (Γfluid, R) in (b) and (c) yielding the highest
sensitivities. The dashed curves on either side indicate values of Re (left) and
RNR (right) as a function of h and Γfluid. Waveguide core width = 0.7 µm.

ring, αL, as a function of radius, as well as the individual loss
contributions αpropL and αbendL (dashed lines). On the right



JOURNAL OF LIGHTWAVE TECHNOLOGY 5

Fig. 6. Round-trip losses, αL = α̃propL + α̃bendL, and sensitivity as a
function of radius for Γfluid = 20%, 45%, 65%, 75% (line profiles taken
from Fig. 5b and Fig. 5c). Waveguide core width = 0.7 µm.

Fig. 7. (a) Sensitivity as a function of ring radius for select values of Γfluid,
maximum achievable sensitivity as a function of radius is shown by the thick
gray curve (core width = 0.7 µm); (b) Maximum achievable sensitivity as
a function of ring radius for 3 different core widths (0.25 µm, 0.7 µm, 1
µm) along with the corresponding waveguide core heights; (c) Sensitivity as
a function of 1/α for the values of Γfluid in (a), the legend shows the radii
for the highest achievable sensitivities at each Γfluid which correspond to
the onset of the plateaus in (a) (core width = 0.7 µm).

vertical axis, the graphs show the corresponding sensitivity
as a function of radius. For small values of Γfluid (< 50%),
bending losses dominate at small radii whereas propagation
losses dominate at large radii, and both loss regimes are well
separated in radius (Fig. 6a and 6b). As the proportion of
mode power in the fluid medium increases, so does maximum
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sensitivity since SMRR is proportional to Γfluid (2). The
maximum sensitivity plateaus at each Γfluid extend over the
[Re, RNR] intervals between the two loss regimes, where total
losses are at their lowest, since SMRR is proportional to the
round-trip amplitude transmission coefficient, a, and therefore
inversely related to losses, see (4). Note that total losses reach
a minimum value at Re since a is maximized at R = Re, see
(11). As Γfluid increases, bending losses become significant
at ever larger ring radii, reducing the width of the [Re, RNR]
intervals and maximum sensitivity plateaus (Fig. 6a - 6c).

The dependence of SMRR on Γfluid is illustrated in greater
detail in Fig. 7a, showing a composite plot of line profiles from
Fig. 5b at select values of Γfluid. In each case, sensitivity
increases with radius until propagation losses dominate over
bending losses, at which point sensitivity reaches a plateau.
The thick gray curve in Fig. 7a shows the maximum achievable
sensitivity as a function of radius, max{SMRR}, i.e. the
envelope of the sensitivity curves for distinct values of Γfluid.

Fig. 7b shows max{SMRR} curves for 3 different waveg-
uide core widths: 0.25 µm, 0.7 µm, and 1 µm. At smaller radii
(R < ∼50 µm), core geometries with aspect ratios closest to
unity (ex: width = 0.7 µm) have comparatively lower bending
losses due to higher mode confinement, both horizontally and
vertically, leading to reduced MRR footprints at equal levels
of maximum achievable sensitivity. At larger radii (R > ∼50
µm), wider core geometries (0.7 µm and 1 µm) have lower
propagation losses and hence higher sensitivity, due to higher
mode confinement horizontally (reduced sidewall height).

Fig. 7b also shows the core heights (dashed curves) as a
function of radius corresponding to the values of max{SMRR}
for the 3 values of core widths shown in Fig. 7a. The plateaus
at the leftmost end of the curves indicate the range of radii
for which bending losses dominate. In this regime, the highest
sensitivity is achieved by minimizing bending losses, i.e. at
the maximum allowed waveguide core heights that support
single mode operation, hence the plateaus. As the ring radius
increases, bending losses drop and propagation losses start to
dominate (rightmost end of plateaus). Beyond this point, the
waveguide core height can be reduced to raise the proportion
of mode power in the fluid medium and thereby reach the
optimal compromise between mode confinement and losses to
achieve maximum sensitivity, though improvements are more
modest beyond this point.

Fig. 7c shows sensitivity as a function of 1/α for the
values of Γfluid shown in Fig. 7a. The legend shows the
radii at which highest sensitivity is achieved for each Γfluid,
corresponding to the onset of the plateaus in Fig. 7a.Hence,
sensitivity is proportional to 1/α up to the point where
propagation losses dominate over bending losses, whereby
sensitivity reaches a plateau (solid curves in Fig. 7a). At
very large radii, since propagation losses are constant and
independent of radius (α = αprop, thus 1/α = constant) while
sensitivity eventually decreases, the curves show a vertical
drop at the ends.

IV. SENSING: COMPLEX INDEX OF REFRACTION, RING
RESONANCE CHARACTERISTICS, AND COUPLING REGIME

The analysis so far has concentrated on changes in the
imaginary component of the fluid medium refractive index.
Though this is indeed the main sensing event in absorption
spectroscopy, the real and complex components of the index
are linked through the Kramers-Kronig relations. Hence, a
change in the extinction coefficient will be accompanied by
a change in the real part of the refractive index. In previous
work [28], we measured the extinction coefficient of Cr(VI)-
DPC in water at various concentrations as a function of
wavelength with a spectrometer (Varian UV-Vis, Agilent) and
calculated the corresponding real parts of the index using
the Kramers-Kronig relations (changes in the real part were
below the resolution of the spectrometer). Based on these
data, Fig. 8 shows the dependence of the real and imaginary
components of the refractive index on concentration, as a
function of wavelength (the derivatives were evaluated at a
concentration of 100 µg/L). As expected, the figure shows that
the maximum rate of change for the imaginary component at
the absorption peak corresponds to a zero crossing for the real
component [38]. Therefore, if simultaneous measurements at
a single wavelength of changes in both the real and imaginary
components of the index with respect to concentration are of
interest [26], a MMR having a resonance wavelength that is a
compromise between the sensitivities to either component is
required.

Fig. 8. Dependence of the imaginary (∆ni/∆C, black curve) and real
(∆nr /∆C, red curve) components of the refractive index on concentration
of Cr(VI)-DPC in water, as a function of wavelength. The curves are based
on measurements of the imaginary part and calculations (Kramers-Kronig) of
the corresponding real part of the refractive index.

Fig. 9 shows the ring Q factor (loaded) and the extinction
ratio, ER (maximum transmission through the bus waveguide
divided by the minimum at resonance, in dB), as a function
of radius, for both the under-coupled and critically-coupled
regimes. As expected, the under-coupled regime provides
a higher Q factor, at the cost of a lower extinction ratio
(the critically-coupled extinction ratio assumes a transmission
minimum at resonance of 1%). Indeed, in certain demanding
sensor applications, ring resonators are deliberately used in the
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Fig. 9. Quality factor (Q) and extinction ratio (ER) as a function of ring
radius for the critical coupling and under-coupling regimes (ER at critical
coupling assumes a minimum transmission of 1%). Waveguide core width =
0.7 µm.

under-couple regime to take advantage of the higher Q factor.
In detection schemes based on peak shift tracking, the optimal
ER for peak sharpness is 6 dB [17]. As seen in Fig. 9, the
MRR model system has a near-optimal ER of ∼5 dB.

V. RING-BUS GAP SIZE

In terms of fabricability, an important aspect of the MRR
design is the size of the gap between the ring and bus waveg-
uide. According to our previous work [29], MRR maximum
sensitivity in the under-coupled regime (2) is reached at a ring
self-coupling coefficient, τ , equal to:

τ =

√
3a2 −

√
3− 2a

a2 − 3
(7)

For a given ring radius and waveguide core geometry, τ
is set by the gap size. Hence, the gap size required for
maximum MRR sensitivity is itself a function of the ring
radius and the waveguide core geometry. The solid black curve
in Fig. 10 shows the required ring/bus gap size as a function
of radius for the MRR model system where the waveguide
core has a constant width of 0.7 µm and an optimal core
height given by Fig. 7b. Note that gap sizes are below the
practical resolution limit for photolithography (∼ 0.5 µm).
If required, this can be remedied by adding short straight
waveguide sections to the ring, parallel to the bus waveguide,
to increase the length of the ring/bus coupling section (the
ring resonator is considered a “racetrack”). This allows the
gap to increase while maintaining maximum sensitivity. Fig.
10 gives examples of different length straight sections (25
µm, 50 µm, 150 µm and 500 µm) and their corresponding
increasing optimal gap sizes. The hashed lines in Fig. 10 above
and below the solid curves indicate the fabrication tolerances
for a ±10% variation in sensitivity. Note also that for narrower
waveguides (w < 0.5 µm), optimal gap sizes are above the
photolithography resolution limit (data not shown).

Fig. 10. Ring/bus gap size required for maximum MRR sensitivity as a
function of radius. Black curve: circular ring; Other curves: racetracks with
different straight sections of length Lc = 25 µm, 50 µm, 150 µm and 500 µm.
The hashed lines above and below each solid curve indicate the fabrication
tolerances for a ±10% variation in sensitivity. Waveguide core width = 0.7
µm.

VI. COMPARISON WITH NON-RESONANT STRUCTURE OF
EQUAL SQUARE SURFACE AREA: ARCHIMEDES SPIRAL

In order to objectively evaluate the absorption spectroscopy
sensing performance of the MRR, its response is compared to
two commonly used non-resonant structures: an Archimedes
spiral [39]–[41] of equal outer radius (see Appendix B) and a
simple straight waveguide of length equal to the diameter of
the ring (2R). Fig. 11a shows plots of maximum achievable
sensitivity as a function of ring radius for all three structures
(here again, non-linear optimization is used to calculate max-
imum achievable sensitivity at each R with respect to waveg-
uide core height). Three regimes can be roughly distinguished
as a function of radius: a “small radius regime” (R < 200
µm) where the sensitivity for the MRR is the highest of the
three sensor types at equal radii, a “medium radius regime”
(200 µm < R < 5000 µm) where sensitivities of the MRR
and the spiral are similar, and a “large radius regime” (R >
5000 µm) where a linear sensor (straight waveguide) performs
as well as a 2D structure (MRR and spiral).

To give insight into this behavior, Fig. 11b show plots of
the corresponding number of round-trips in the ring (N =
Finesse/2π) and revolutions in the spiral. As seen in the figure,
the MRR performs as a true ring resonator mainly in the
“small radius regime”, where the number of round trips in
the ring is significant - note the high correlation with Se (2).
At very small radii, bending losses are high so that maximum
sensitivity is achieved for relatively short interaction lengths,
i.e. at low N . As the radius increases, bending losses drop and
maximum sensitivity is achieved for higher N , peaking at R ∼
30 µm. Afterwards, N decreases at the sensitivity maximum
as propagation losses accumulate.

Intuitively, in the “small radius regime”, the MRR could be
considered as a spiral with overlapping rather than concentric
rings, resulting in a higher sensitivity due to lower cumulative
bending losses. At a radius of R = 50 µm for example,
the MRR is over 10× more sensitive than the Archimedes
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Fig. 11. (a) Maximum achievable sensitivity as a function of ring radius for
the MRR (gray curve, as in Fig. 7b), spiral (green curve, outer spiral radius
= MRR radius) and straight waveguide (SWGD, blue curve, length = 2×
MRR radius). The pictograms at the top/right indicate the device type. The
horizontal red dotted line indicates the minimum sensitivity required to resolve
a 10−6 I-RIU change in the imaginary component of the fluid refractive index
at an SNR of 20 dB; (b) Number of round-trips in the MRR (Finesse/2π, gray
curve) and revolutions in the spiral (green curve) as a function of radius at
maximum sensitivity. The red curve, Se (2), is highly correlated with the the
number of round-trips in the MRR. Waveguide core width = 0.7 µm.

spiral. In the “medium radius regime”, light in the MRR
and spiral undergoes a relatively small number of round-
trips/revolutions in the structures though this still results in
interaction distances with the sensing medium that are longer
than for the straight waveguide, hence their higher sensitivities.
Finally, in the “large radius regime”, the number of round
trips in the MRR and revolutions in the spiral are less than 1
for highest sensitivity, meaning that light only travels along a
partial arc in both structures, closely approximating a straight
waveguide.

In a physical system, measurement noise and sensitivity de-
termine resolution, that is, the minimum resolvable signal level
given a particular measurement signal-to-noise ratio. As an
example, the red horizontal dotted line in Fig. 11a indicates the
minimum sensitivity required to resolve a 10−6 I-RIU change
in the imaginary component of the fluid refractive index at
a signal-to-noise ratio of 20 dB. Under these conditions, a
Archimedes spiral sensor requires a minimum radius of ∼ 80

µm compared to a MRR which can be 5× smaller, a significant
improvement for a miniaturized system.

VII. CONCLUSION

In this work, we presented a detailed modeling study of
micro-ring resonators (MRR) in the under-coupled regime
for absorption spectroscopy sensing. Compared to common
strip waveguides, the reverse-symmetry waveguides in the
model system enabled a much greater range of mode power
fraction in the sensing medium to be considered. In addition,
a realistic model of propagation losses based on experimental
measurements of sidewall roughness was incorporated. The
analysis showed that optimizing sensitivity for a particular set
of requirements is not a simple matter of increasing the ring
size and/or proportion of mode power in the sensing medium
by reducing mode confinement. Indeed, the analysis showed a
behavior of diminishing returns at larger device sizes regarding
sensitivity and elevated levels of mode power in the evanescent
field, where alternative structures that are simpler to fabricate
may be more appropriate. This is contrary to the behavior of
MRRs commonly used for sensing based on changes in the
real part of the refractive index only, where increasing the
ring radius generally yields a commensurate improvement in
sensitivity compared to other devices of similar size. Indeed,
a comparative analysis of sensing performance as a function
of radius showed that the MRR is superior to a non-resonant
structure of equal surface area (double Archimedes spiral) at
small radii, where the number of round-trips in the ring at
maximum sensitivity is significant. Though the MRR is poten-
tially capable of simultaneously measuring changes in both the
real and imaginary components of the fluid medium refractive
index in response to changes in target analyte concentration,
a ring having a resonance wavelength that is a compromise
between the sensitivities to either component is required in this
case. The analysis presented here can be applied to any MRR
waveguide geometry and material system, as well as to MRR
physical implementations other than integrated photonics such
as optical fibers [42].
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(CNRS) of France, the École Centrale Lyon (ECL), the Institut
National des Sciences Appliquées de Lyon (INSA Lyon),
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APPENDIX A
ANALYTICAL MODELS OF Re AND RNR

Re and RNR are calculated by finding the extrema of Se
and SNR with respect to R. Partial derivatives of a2 and a
with respect to R are required where, from (4) and (10):

∂a2

∂R
= a2

∂

∂R
{−(2πR) (α̃prop + α̃bend)}

= −2πa2
{
∂

∂R
Rα̃prop +

∂

∂R
Rα̃bend

}
= −2πa2 {α̃prop + α̃bend −RBα̃bend}

thus:

∂a2

∂R
= −2πa2 {α̃prop + (1−RB) α̃bend} (8)

and since:

∂a2

∂R
= 2a

∂a

∂R

then:

∂a

∂R
=

1

2a

∂a2

∂R
(9)

Bending losses can be modeled (α̃bend) by an exponential
function of the ring radius:

α̃bend = Ae−BR (10)

where parameters A and B depend on the excitation wave-
length, ring geometry and materials, and can be fitted to mode
loss data obtained numerically with a mode solver.

A. Analytical model of Re
From (2):

Se =
2

3
√

3

1

a(a2 − 1)

Taking the partial derivative of Se w/r to R to find the extrema:

∂Se
∂R

=
∂

∂R

{
2

3
√

3

1

a(a2 − 1)

}
=

2

3
√

3

{
−1

a2(a2 − 1)

∂a

∂R
+

−1

a(a2 − 1)2
∂a2

∂R

}
using (9) for ∂a/∂R:

∂Se
∂R

=
2

3
√

3

{
−1

a2(a2 − 1)

(
1

2a

∂a2

∂R

)
+

−1

a(a2 − 1)2
∂a2

∂R

}
=

2

3
√

3

{
−1

2a3(a2 − 1)

(a2 − 1)

(a2 − 1)
+

−1

a(a2 − 1)2
2a2

2a2

}
∂a2

∂R

=
2

3
√

3

{
−a2 + 1

2a3(a2 − 1)
+

−2a2

2a3(a2 − 1)2

}
∂a2

∂R

=
1

3
√

3

{
(1− 3a2)

2a3(a2 − 1)

}
∂a2

∂R

The extrema are found by solving:

∂a2

∂R
= 0 (11)

and hence from (8) by solving:

α̃prop + (1−BR) α̃bend = 0

using (10):

(1−BR) e−BR =
1

A
α̃prop

multiplying both sides by e:

(1−BR) e(1−BR) = − e
A
α̃prop (12)

Equation (12) is of the form yey = x, where y = (1−BR)
and x = − e

A α̃prop. The equation can be solved using the
Lambert function, y = Wk(x), which has two solutions (k
= 0,-1) for real values of x (the Lambert function must
be calculated numerically, for example using a tool such as
Matlab or Python). The solution for k = 0 is:

1−BRe = W0

(
− e
A
α̃prop

)
, for − e

A
α̃prop ≥ 0

thus:

Re =
1

B

{
1−W0

(
− e
A
α̃prop

)}
, for α̃prop ≤ 0 (13)

The above solution is not of interest because losses cannot
be negative. The correct solution is given by k = −1:

1−BRe = W−1

(
− e
A
α̃prop

)
, for

−1

e
≤ − e

A
α̃prop < 0

thus:

Re =
1

B

{
1−W−1

(
− e
A
α̃prop

)}
, for α̃prop ≤

A

e2
(14)

B. Analytical model of RNR
From (2):

SNR =
4π

λres
LΓfluida

2 (15)

Taking the partial derivative of SNR with respect to R to find
the extrema:

∂SNR
∂R

=
4π

λ
Γfluid

(
∂L

∂R
a2 + L

∂a2

∂R

)
= 0

=
8π2

λ
Γfluid a

2

(
1 +

R

a2
∂a2

∂R

)
= 0

which can be solved with:(
1 +

R

a2
∂a2

∂R

)
= 0

using (8) for ∂a2/∂R:

1 +
R

a2
(
−2πa2 {α̃prop + (1−BR) α̃bend}

)
= 0
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R {α̃prop + (1−BR) α̃bend} =
1

2π
(16)

The above equation must be solved for RNR by non-linear
minimization. However, for α̃bend << α̃prop, Equation (16)
reduces to the solution for the optimal length of a straight
waveguide used for absorption-based sensing, LSWGD−opt
[41], [43], [44]:

RNR ≈
LSWGD−opt

2π
=

1

2πα̃prop
, for α̃bend << α̃prop

(17)

APPENDIX B
ARCHIMEDES SPIRAL

The non-resonant structure used for comparison in the
analysis is a “double” Archimedes spiral (see Fig. 12b). The
double spiral is formed by two parallel waveguides of width w
separated by a distance d. The outer (output) spiral is joined
to the inner (input) spiral by an S-bend at the center. The
Archimedes spiral is governed by the equation:

r(θ) = a+ b× θ (18)

where r is the radius of the waveguide, θ is the angle between
the x axis and the radius vector, b/(2π) is the spacing between
concentric spiral rings with b/(2π) = 2 × (w + d) for the
double spiral, and a is the spiral offset from the origin at θ =
0. The MRR and spiral have the same square surface area for
R (MRR radius) equal to the outer spiral radius.

The solid black line in Fig. 12a shows the maximum
achievable sensitivity, max{SSpiral}, as a function of outer
spiral radius. As with the MRR, max{SSpiral} values at each
r are obtained by non-linear optimization, in this case with
respect to both waveguide core height (corresponding values
are shown by the dashed line in the figure) and number of
revolutions in the spiral (constrained to be ≥ 1, see Fig.
11b). Similarly to the MRR, bending losses in the spiral are
high at smaller radii so maximum sensitivity is achieved at
relatively short interaction lengths, i.e. at low numbers of
revolutions in the spiral. As the radius increases, propagation
losses start to dominate and maximum sensitivity is achieved
at longer interaction lengths (higher numbers of revolutions).
At R ∼ 300 µm, the number of revolutions starts to decrease
to maintain the optimum interaction length at increasing radii.
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Sherbrooke’s Interdisciplinary Institute for Technological Innovation (3IT) and
the CNRS International research laboratory - Laboratoire Nanotechnologies
et Nanosystèmes (LN2).
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