The absent-minded driver's paradox: a good expected playoff ?

Léo Gerville-Réache IMS -UMR 5218 / Groupe Cognitique -University of Bordeaux Abstract: The Absent-Minded Driver Paradox is a recent paradox. Appearing in 1994 in a working paper by Michele Piccione and Ariel Rubinstein, it has so far produced relatively little literature. In fact, it seems that it quickly split in two ways. On the one hand, the original paradox raises the question of the inconsistency of an a priori optimal strategy, which, at the time of implementation, would no longer be so. On the other hand, the question of establishing a rational degree of belief in a cognitive incident thought experiment. This article, returns to this problem and proposes a questioning of the expectation formula, the origin of the "paradox".

1) Introduction

The distracted driver paradox is a recent paradox of game theory. Proposed by Michele Piccione and Ariel Rubinstein in a working paper in 1994, it was published in a special issue of the Games and economic behavior journal in 1997. In the same issue, a dozen articles on the subject were published, including two written by Robert Aumann, Sergiu Hart and Motty Perry, trying to close the debate.

The paradox

After a boozy evening, you need to go home. At the exit of the Pub (Start), you know that your house is at the second crossroads on the left (B). Given your condition, you know that once you arrive at a crossroads, you will be unable to locate yourself, that is to say that you will not know if you are at the first or second crossroads... If at the first crossroads (X), you turn left, you will arrive in (A) and gain zero, if you go to the second crossroads (Y) and turn left, you will arrive in (B) and gain 4. Finally, if you always go straight, you will arrive in (C) and win 1.

What strategy will maximize your expected playoff? Will this strategy built at the exit of the pub still be valid once you arrive at a crossroads?

At the exit of the pub, you are looking for a strategy. This will necessarily have to be the same at each crossroads that you actually reach. Indeed, not being able to distinguish the two crossroads, you will not be able to adapt your strategy according to the crossroads. Then, you are looking for a strategy: "At each crossroads, I continue straight with probability p and I turn on the left with probability 1-p." Then, your expected playoff at the exit of the pub is:

𝐸 𝑝𝑢𝑏 = (1 -𝑝) × 0 + 𝑝((1 -𝑝) × 4 + 𝑝 × 1) = 𝑝(4 -3𝑝).
This expectation is maximal for p= 2/3 and is then 4/3. Then, before leaving the pub, you plan that at each crossroads you will roll a dice and if it falls on 1 or 2, you turn left, otherwise, you continue straight.

Now you are at a crossroads, unable to know if this junction is the first (X) or the second (Y). You prepare to roll your dice but you say to yourself: "I don't know if I am in X or Y but I can't be sure to be in X". Also, -If I am in X, my expectation of gain is:

𝐸 𝑋 = (1 -𝑝) × 0 + 𝑝((1 -𝑝) × 4 + 𝑝 × 1) = 𝑝(4 -3𝑝).
-If I am in Y, my expectation of gain is:

𝐸 𝑌 = (1 -𝑝) × 4 + 𝑝 × 1 = 4 -3𝑝.
Noting q the probability (belief), being at a crossroads, of be at the first crossroads (X), my expectation "at the crossroads" is therefore:

𝐸 crossroads = 𝒒 × 𝐸 𝑋 + (𝟏 -𝒒) × 𝐸 𝑌 = (1 + 𝑞𝑝 -𝑞)(4 -3𝑝).
But for p= 2/3, Ecrossroads= 2-2q/3 and, except for q= 1, Ecrossroads is strictly greater than 4/3. Also, by excluding the certainty of being at the first crossroads, it is no longer optimal to take my dice and apply the strategy I had developed at the exit of the pub. Being at this crossroads, either I believe with probability q= 1 that I am in X and I must apply the strategy p= 2/3, or I believe that it is possible that I am in Y (probability 1-q>0) and I must reconsider my strategy because otherwise I no longer maximize, here and now, my playoff! Then... once at the crossroads, what should you believe, what should you do?

An unresolved paradox

At the end of the special issue of the journal Games and economic behavior, Michele Piccione and Ariel Rubinstein respond to the various analyses proposed by first recalling their intentions:

The issues that we raised can be summarized by the following questions:

1. What decisions can be made? In particular, can a decision maker decide about when to make a decision? 2. What is the timing of decisions? Is there a planning stage or are decisions made only at the time actions are executed? 3. Can a decision maker change his strategy along its execution? And, if he does change his strategy, can he change it again?

Can a decision maker use random devices?

Authors then concluded: Despite all that has been said we are still confused about its resolution […]. Decision problems such as the driver's example can be reasonably analyzed in a variety of ways. As formal theoreticians, we can at most clarify some of the logic of these ways.

Since 1997, and again recently (in 2014), several researchers (for example: Jean Baratgin and Bernard Walliser, Kenneth Binmore, Steven Landsburg, Wolfgang Schwarz,...) have continued attempts at resolution. Often recorded in working papers, their analyses still leave us without a consensual answer. This article presents the paradox and briefly the questions it raises. Finally, an original point of view is developed on a possible error in the formula of the expected playoff at the crossroads, the source of the paradox.

2) Newcomb and Sleeping Beauty

It seems that this paradox raises very delicate questions. Some are reminiscent of the Newcomb paradox (Itzhak Gilboa, Wolfgang) while others are the subject of the Sleeping Beauty paradox (in particular, Jean Pubatgin and Bernard Walliser, Wolfgang Schwarz).

Newcomb's paradox

Robert Nozick introduced this ever-open problem of game theory in 1969. He asks a question of rational decision and questions the axiomatic of Von Neumann and Morgenstern. More important here, he also questions temporality, destiny and in fine, free will. The paradox can be presented like follow:

The fairy announces: (1) I am never wrong in my predictions; (2) Here is a red box and a blue box;

(3) You will be able to open either the blue box or the red box and the blue box, and then you will take the contents of the open boxes; (4) In the red box I will put $100; (5) Before filling out the blue box, I will make a prediction (which I will not share with you):

-If I predict that you will take the blue box alone, I will put $1000 inside; -If I predict that you will take both boxes, I will put nothing in the blue box.

First reasoning:

-If the prediction was that I will only take the blue box, then taking the two boxes pays $1100, while taking only the blue box only pays $1000.

-If the prediction was that I will take both boxes, then taking the two boxes pays $100, and just taking the blue box pays 0$.

It is therefore clear that we must take both boxes.

Second reasoning:

-If I take both boxes, as planned by the fairy, there will be $0 in the blue box and my total gain will be $100.

-If I only take the blue box, as the fairy will have planned it, there will be $1000 in the blue box and my total gain will be $1000.

It is therefore clear that we must take only the blue box.

The first reasoning is based on the elimination of strongly dominated strategies (once the sums are put in the boxes, taking only the blue box is always less profitable than taking the two boxes). The second is based on maximizing the expected playoff (by taking only the blue box, my gain will be $1000 while taking the two boxes, my win will only be $100). However, there may be a contradiction in the statement. Proposals (1) and (3) would be incompatible. Indeed if I have the "choice" then the fairy can be wrong (i.e. (3) → non(1)). If the fairy is never wrong, then I have no "choice" (i.e. (1) → non(3)). This question of possible or impossible choice is one of the problems of the absent-minded driver (see for example Itzhak Gilboa 1997).

The particularly delicate point of the reasoning made at the crossroads is that the belief q of being at the crossroads X depends on the probability p of the strategy established at the exit of the pub. To see this clearly, consider the 1-q belief that the crossroads where I am actually at the time of my reasoning is Y. To be in Y, you have to have been in X and that in X I applied a strategy that led me to Y with a certain strictly positive probability. Then, 1-q necessarily depends on a strategy already implemented and used in X. However, consequently, how is it possible to apply in Y another strategy than the one I have already applied in X? Indeed, we have previously agreed that, as crossroads are indistinguishable, the strategy cannot be different from one crossroads to "another".

The equation of the expectation at the crossroads would have no solution. The idea of building a strategy being at the crossroads would produce a kind of circular temporal reference as if one could act on a strategy possibly already in place in the past. Indeed, once at a crossroads, I am compelled to acknowledge that a strategy may have already been used and that it is then necessarily the same that I must reiterate now. Which one, if not the one I planned when I left the pub (I can't remember any other)? Also, I will actually have no choice. I have to stick to my initial strategy because it is the only one that is rationally justifiable and constant from one crossroads to "another".

To imagine, once at the crossroads, that one would have the possibility of changing strategy and not applying p= 2/3, is to make it impossible to establish a rational belief of being in X as of being in Y.

The expected playoff at the crossroads (Ecrossroads= (1+pq-q)(4-3p)), has no optimal rational solution. We are then in a rational dilemma that forces us to act at the crossroads as we had defined it at the exit of the pub even though we no longer consider this strategy as optimal at the precise moment of implementing it.

The Paradox of Sleeping Beauty

This always-open problem, proposed by Adam Elga in 2000, is a problem of self-location after a cognitive incident that opposes in particular two reasoning: one is called "halfer" and the other "thirder".

On Sunday, evening researchers prepare to put you to sleep. During the two days that your sleep will last, they will wake you up briefly either once or twice, depending on the result of a single toss of a balanced coin (if head, a wake up on Monday; if tail, a wake up on Monday and another on Tuesday). After each awakening, they will put you to sleep again with the help of a drug that will make you forget about this last awakening.

When you are awake, to what degree should you believe that the result of toss is head?

The two opposing arguments are summarized as follows by Laurent Delabre (2015):

The first reasoning, typically Bayesian, works on an epistemic probability introduced from the outset by alignment with objective chances, in this case the propensity of the coin to fall on head: when the Beauty wakes up in the experience, she maintains her degree of belief in front of Sunday because she respects a principle of doxastic inertia (no relevant new information, no revision of beliefs).

The second reasoning, frequentist, opts for a "fictional ontological reading" of the probability sought: the Beauty remembers the protocol, imagines that the experience is repeated, that her awakening is an awakening among thousands, and therefore judges that she is twice as likely to live an alarm clock; it concludes a degree of belief, modelled on the frequency of head-up awakenings, only because the question of maintenance requires it.

The first argument concludes 1/2, the second leads to 1/3.

For our distracted driver, can we then reason, at the exit of the pub, by integrating the fact that we could find ourselves in a dilemma of the type of that of sleeping beauty at the time of acting at the crossroads? "I already know that once I arrive at a crossroads I will no longer consider the solution p= 2/3 as optimal. I also know that I will only be able to apply the strategy that I will put in place now (at the exit of the pub) because no modification once at the crossroads would be rationalizing. Finally, this strategy is necessarily the same regardless of the crossroads where I will be. Can I then take all this into account in the strategy that I will put in place at the exit of the pub?" It seems that such reasoning is possible. At the exit of the pub, do not maximize Epub=p(4-3p) but maximize:

𝐸 crossroads = (1 + 𝑞𝑝 -𝑞)(4 -3𝑝).
Be careful, the problem is then to express q as a function of p. Indeed, we have already seen that q and p are intimately linked. According to Wolfgang [START_REF] Schwarz | Lost memories and useless coins: Revisiting the absentminded driver[END_REF], two theses then clashed: the thirder and halfer theses of the Sleeping Beauty paradox:

-thirders will say that q= 1/(1+p), -halfers will say that q=1-p/2. This will then produce two distinct strategies:

-for a thirder, the maximum of Ecrossroads is then reached for p≈0.53; the belief of being in X is then q≈0.65; the expected playoff at the exit of the pub is Epub≈1.28; the expected playoff at the crossroads is Ecrossroads≈1.67, -for a halfer, the maximum of Ecrossroads is reached for p≈0.58; the belief of being in X is then q≈0.71; the expected playoff at the exit of the pub is Epub≈1.31; the playoff at the crossroads is Ecrossroads≈1.59. Also, whether one is a halfer or a thirder, there is a strategy of its own that, at each moment it is applied, would leave the driver in a state of belief in accordance with the optimality of his strategy. Starting from the pub, he knows that this strategy is not optimal but he knows that he will believe it optimal when it comes to actually implementing it.

Isn't that the rationality of an action; an action would be rational if it is justifiable at the actual moment of its implementation?

However, it is important to specify the expected playoff at the crossroads (Ecrossroads) compared to that at the pub (Epub). By appealing to the argument of the repetition of the experience, the expactation at the pub expresses well the fact that "on average" I will win Epub. On the other hand, the expectation at the crossroads does not mean that "on average", in case of this repetition, I will win Ecrossroads. Here the expectation at the crossroads is epistemic, not ontic. That is to say, it is built on the injection of beliefs (halfer or thirder, whatever) to be in X or Y in a generic equation of expectation at the crossroads and not on the injection of objective probabilities, conforming (in particular) to the frequentist interpretation of the concept of probability and expectation.

But, what should be done? Can we follow a strategy, stemming from a belief at the crossroads, which will produce an epistemic expectation greater than 4/3, even though the ontic gain expectation ("on average") will be less than this same 4/3?

3) If the solution was elsewhere?

Let us go back to the expression at the origin of the paradox:

𝐸 crossroads = 𝒒 × 𝐸 𝑋 + (𝟏 -𝒒) × 𝐸 𝑌 .
We consider that we are here able to calculate the expectation at the crossroads as the sum of the product of the beliefs of being in X (resp. in Y) by the conditional expectations on the assumptions of being in X (resp. in Y). It is clear that at the crossroads, I am either in X or in Y. It is also clear that my belief in being X added to that of being in Y must be equal to one. However, to "be in Y", it was necessary, before, "to be in X". It seems that a part of this expectation at the crossroads is possibly redundant, or unacceptable.

Is it possible that the formula of the expected playoff at the crossroads proposed by Michele Piccione and Ariel Rubinstein and accepted by all the authors on the subject will be simply false?

Before exploring this question, let us first try to reason conditionally on the hypothesis of being at the final crossroads.

-Either the crossroads where I am is X and it is the final crossroads, this happens with probability 1-p (with a gain of 0) and therefore:

𝐸 𝑋𝑓𝑖𝑛𝑎𝑙 = 0.
-Either the crossroads where I am located is Y (Y is necessarily a final crossroads), this happens with probability p, with an expected playoff of EY = 4-3p.

The expectation at the crossroads would then be:

𝐸 𝑓𝑖𝑛𝑎𝑙 = (𝟏 -𝒑) × 𝐸 𝑋𝑓𝑖𝑛𝑎𝑙 + 𝒑 × 𝐸 𝑌 = 𝑝(4 -3𝑝).

One wonders then where the possibility has gone that the crossroads where I am located is X and that this crossroads is not the final crossroads. But this possibility of saying that we will actually arrive in Y is already taken into account in EY. Also, the question would not be to what extent I should believe that I am at crossroads X or Y. The question would be to what extent I should believe that I am at the final crossroads X or in Y.

This reasoning leads to say that the expectation at the crossroads can easily decomposed conditionally at the final crossroads. This expected playoff is then the same as that at the exit of the pub. The optimal action at the crossroads is then to continue straight with probability p= 2/3. There would therefore be no rational dilemma and only an erroneous writing of the expectation of gain at the crossroads. The expectation of gain at the crossroads decomposed via the beliefs at the crossroads of being X and Y, as proposed by Piccione and Rubinstein, would ultimately be false.

However, we would remain on our end by admitting a kind of impossibility to decompose the expected playoff at the pub into a weighted sum of conditional expectations on the hypotheses of being in X or Y. The correct writing could actually be as follows:

𝐸 𝑐𝑟𝑜𝑠𝑠𝑟𝑜𝑎𝑑𝑠 * = 𝑞𝐸 𝑋 + (1 -𝑞)[𝐸 𝑌 -(𝟏 -𝒑) × 𝐸 𝑌 ] = 𝑞𝐸 𝑋 + (1 -𝑞)𝒑𝐸 𝑌 = 𝑝(4 -3𝑝).
This formula takes into account the fact that the contribution to the calculation of the expectation at the crossroads, from the part conditional on the hypothesis of being in Y (i.e. EY), must integrate that one cannot believe to be in Y and already have turned left. Also, we must remove to the expectation of gain EY, the impossible part corresponding to the product of the probability of ending in A by the expectation of gain in Y (i.e.: (1-p)EY). Precisely, if I believe that I am in Y, I cannot include in the associated expectation, the possibility of having already turned once to the left before. Indeed the contribution "qEY" assumes possible (with probability 1-p) that we turn left in X. However, one of two things:

-either the contribution associated with the belief of being in Y is deducted from the possibility of having already been able to turn left (calculation of E*crossroads), -or we multiply the part conditional on the hypothesis of being in Y, by the probability of not having turned left yet and we obtain the equation of expectation at the following crossroads:

𝐸 𝑐𝑎𝑟𝑟𝑒𝑓𝑜𝑢𝑟 °= 𝑞𝐸 𝑋 + 𝒑 × (1 -𝑞)𝐸 𝑌 = 𝑝(4 -3𝑝).
In reality, the two preceding reasoning attempt to reflect the specific fact that the probability of an effective belief at crossroads X is not equal to the probability of an effective belief at crossroads Y. We must then weight the contributions in X: qEY and Y: (1-q)EY by the respective (ontic) probabilities of passing into X (which is 1) and passing into Y (which is p). The appropriate construction of the expected playoff at the crossroads would be, in fine, the following:

𝐸 𝑐𝑎𝑟𝑟𝑒𝑓𝑜𝑢𝑟 # = 𝟏 × 𝑞 × 𝐸 𝑋 + 𝒑 × (1 -𝑞) × 𝐸 𝑌 .

We can notice that the question of the belief of being in X or Y no longer participates in the problem! Whether one is a halfer or thirder is not in question. It is then possible that the problem of Sleeping Beauty, a remarkable paradox, originated in a "simple" error; this made in the formulation of the expected playoff at the crossroads, source of the "non-paradox" of the absent-minded driver paradox. However, this possible error and the correction that is proposed could well find a place in the reflection on what it would be appropriate to believe when waking up in the problem of Sleeping Beauty.

4) Conclusion

The absent-minded driver paradox seems to be a similar problem to Newcomb's by adding a selflocating problem that has since been taken up by the Sleeping Beauty paradox. It is possible, and when it comes to paradox, we must be careful.

Yet it seems that the problem ultimately comes from an error in the formulation of the paradox. The equation of the expected playoff at the crossroads proposed by Michele Piccione and Ariel Rubinstein would not take into account the fact that the probability of an effective belief at the first crossroads (X) is not equal to the probability of an effective belief at the second crossroads (Y).