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BOUNDARY NULL CONTROLLABILITY OF KDV EQUATION IN A STAR-SHAPED
NETWORK

HUGO PARADA∗

Abstract. The boundary null controllability of a system of N linear KdV equations posed on a star-shaped network is studied.
The controls are located on the right Dirichlet and Neumann conditions of N − 1 edges. First, we study the well-posedness of the
system considered by using the notion of solution by transposition and interpolation arguments. Then, a Carleman inequality is
shown for the adjoint system. Finally, using a dissipation estimate and the Carleman estimate, we show an observability inequality
that is equivalent to null controllability.
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1. Introduction and presentation of our results. In this paper, we study the null controllability
problem of the linear Korteweg-de Vries equation posed in a star-shaped network. The nonlinear Korteweg-de
Vries equation is given by ∂tu + ∂xu + ∂3xu + u∂xu = 0 and was introduced in [16] to model the propagation
of long water waves in a channel. In the network case, this third-order dispersive equation, it was proposed
to model the pressure on the arterial tree [1]. The controllability of the KdV equation has been very well
addressed in recent years. We mention, for instance, the pioneer work [23] where the exact boundary con-
trollability of the linear and nonlinear KdV equation was showed. Regarding null controllability, there is the
work [24], where null controllability was achieved by using a Dirichlet control on the left, [13] where a uniform
null controllability result was obtained and [14] where null controllability was derived in the case of special
boundary conditions. For a good introduction to the controllability and stabilization problems for the KdV
equation, we recommend the surveys [9] and [25]. When it is posed in a network, the KdV equation has been
studied in several works, for instance [7, 21, 26]. More specifically, the exact controllability was studied in
[1, 10] and the stabilization in [19, 20, 18]. Regarding controllability problems in networks, studies such as [12]
and [17] have addressed control of multi-structures, [8] established the null controllability of the Kuramoto
Sivashinsky equation on a star-shaped network. In [4] and [15] Carleman inequalities were obtained for wave,
heat and Schrödinger equations in networks. Finally, we want to mention the recent work [2] where null con-
trollability properties of parabolic and hyperbolic equations in trees were studied. Although we do not study
in this work the null controllability of the nonlinear KdV equation posed in a star-shaped network, we expect
that our result can be extended to the nonlinear case.

Let K = {kj : 1 ≤ n ≤ N} be the set of N edges of a network T described as the intervals Ij = (0, ℓj) for

j = 1, . . . N , where ℓj > 0 for j = 1, . . . , N . The network T is defined by T =

N⋃
j=1

kj . In this work, we consider

the next evolution problem for the linear KdV equation. Let T > 0 and define Qj = (0, T )× Ij

∂tuj(t, x) + ∂xuj(t, x) + ∂3xuj(t, x) = 0, (t, x) ∈ Qj , j = 1, . . . , N,

uj(t, 0) = u1(t, 0)(t), t ∈ (0, T ), ∀j = 2, . . . , N,
N∑
j=1

∂2xuj(t, 0) = −λu1(t, 0), t ∈ (0, T ),

uj(t, ℓj) = gj(t), ∂xuj(t, ℓj) = pj(t), t ∈ (0, T ), j = 1, . . . , N,

uj(0, x) = u0j (x), x ∈ Ij ,

(LKdV)

where λ >
N

2
. The system under consideration has control inputs g = (g1, · · · , gN )T and p = (p1, · · · , pN )T ∈

(L2(0, T ))N , which act on the exterior Dirichlet and Neumann conditions respectively. The conditions of the
central node are inspired by the previous works [1, 19, 20]. According to [20], we can use uj to represent
the dimensionless and scaled variable standing for the deflection from rest position. Take vj to represent the
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velocity on the branch j of long water waves. With this in mind we have∂tuj + ∂xuj + ∂3xuj + uj∂xuj = 0, x ∈ (0, ℓj), t ∈ (0, T ), j = 1, . . . , N,

vj = uj −
1

6
u2j + 2∂2xuj , x ∈ (0, ℓj), t ∈ (0, T ), j = 1, . . . , N.

(1.1)

In central node, if we assume water level to be the same and that the sum of the flux is null, this implies:
uj(t, 0) = u1(t, 0), t ∈ (0, T ), j = 2, · · ·N,
N∑
j=1

uj(t, 0)vj(t, 0) = 0, t ∈ (0, T ).

Then, if we linearize (1.1) around the 0, we obtain the following boundary conditions
uj(t, 0) = u1(t, 0), t ∈ (0, T ), j = 2, . . . , N,
N∑
j=1

∂2xuj(t, 0) = −N
2
u1(t, 0), t ∈ (0, T ).

In this sense, we can view the controls gj , j = 1, . . . , N as our possibility to move the deflection uj with respect
to the rest position of the water wave, but only at the external vertices.

Following [1], we consider the following functional setting. Let L2(T ) =

N∏
j=1

L2(0, ℓj), endowed with the inner

product

(u, z)L2(T ) =

N∑
j=1

∫ ℓj

0

ujzjdx, ∀u, z ∈ L2(T ).

Similarly, Hk(T ) be the cartesian product of Hk(0, ℓj), for k = −2,−1, 2, 3, 4 and H2
0(T ) be the cartesian

product of H2
0 (0, ℓj). For k = 1, 2 define

Hk
r (0, ℓj) :=

{
v ∈ Hk(0, ℓj),

(
d

dx

)i−1

v(ℓj) = 0, 1 ≤ i ≤ k

}
,

where the index r is related to the null right boundary conditions, the space Hk
r (T ) :=

N∏
j=1

Hk
r (0, ℓj), with the

norm

∥u∥2Hk
r (T ) =

N∑
j=1

∥uj∥2Hk(0,ℓj)
, k = 1, 2.

Finally, define H−1
r (0, ℓj) :=

(
H1

r (0, ℓj)
)′ the dual space of H1

r (0, ℓj) with respect to the pivot space L2(0, ℓj)
and H−1

r (T ) be the cartesian product of H−1
r (0, ℓj).

The focus of this work is to study the well-posedness and null controllability of the linear KdV equation posed
in a star-shaped network without acting on all the branches. In particular, in this work we consider the case of
N −1 acted edges, i.e. 2N −2 boundary controls. It is worth mentioning that in the case of null controllability
of a single KdV equation by the right via Carleman estimates two controls are needed. In this sense in the
network case we are able to reduce the number of controls. To prove our null controllability result, we use
the classical dual characterization given by the HUM. Thus, we have to prove an appropriated observability
inequality for the adjoint system. Without loss of generality, we will consider that the uncontrolled edge is the
first one, that is p1 = g1 = 0.
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Fig. 1.1. Star-shaped network of N = 4 branches

It is not difficult to see that the adjoint system is given by

−∂tφj(t, x)− ∂xφj(t, x)− ∂3xφj(t, x) = 0, (t, x) ∈ Qj , j = 1, . . . , N,

φj(t, 0) = φ1(t, 0), t ∈ (0, T ), ∀j = 2, . . . , N,
N∑
j=1

∂2xφj(t, 0) = (λ−N)φ1(t, 0), t ∈ (0, T ),

φj(t, ℓj) = ∂xφj(t, 0) = 0, t ∈ (0, T ), j = 1, . . . , N,

φj(T, x) = φT
j (x), x ∈ Ij ,

(Adj)

where φT ∈ L2(T ). Note that if the controls g2, . . . , gN and p2, . . . , pN steer the system (LKdV) from u0 to 0

in L2(T ), then, multiplying (LKdV) by φ solution of (Adj) and integrating with respect to (t, x) on Qj , we
get the next after some integrations by parts

N∑
j=1

∫ ℓj

0

u0jφj(0, x)dx =

N∑
j=2

∫ T

0

gj(t)∂
2
xφj(t, ℓj)dt−

N∑
j=2

∫ T

0

pj(t)∂xφj(t, ℓj)dt,

which leads to the following observability inequality;

∥φ(0, x)∥2L2(T ) ≤ C

N∑
j=2

(
∥∂2xφj(t, ℓj)∥2L2(0,T ) + ∥∂xφj(t, ℓj)∥2L2(0,T )

)
. (Obs)

In this sense, the subsequent is the main result of this work.
Theorem 1.1. Let u0 ∈ L2(T ), then, for every T > 0, there exist controls g = (0, g2, . . . , gN )T ), p =

(0, p2, . . . , pN )T ∈ (L2(0, T ))N , such that the unique solution u of (LKdV) satisfies uj(T, ·) = 0, for all
j = 1, · · · , N .
Regarding the well-posedness, the classical approach based on semigroup theory for the KdV equation on
networks, used in several works [1, 10, 19, 20] does not fit at all when using Dirichlet controls. For example, in
[13, 5, 14], the main strategy to prove well-posedness is to use the notion of “solutions by transposition” and
interpolation arguments. However, these ideas were not yet available in the literature for the KdV equation
on networks, particularly due to the network structure the computations generates some traces terms which
are not too easy to deal with them.

This article is organized as follows: In Section 2 we give the definition of transposition solutions and we prove
the well-posedness of (LKdV). Section 3 is devoted to the Carleman estimates. In Section 4 we prove our null
controllability result by using the Carleman inequality and a dissipation estimates. Finally, in Section 5 we
give collect some open question related with this work.
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2. Well-posedness results. This section is devoted to prove the well-posedness of (LKdV). First, we
explain what we mean by a solution of (LKdV). This section is mainly based on the ideas presented in [13, 14].
Definition 2.1. Given T > 0, u0 ∈ H−1(T ) and (g, p) ∈

(
L2(0, T )

)N ×
(
H−1/3(0, T )

)N
, a solution by

transposition of (LKdV) is a function u ∈ L2(0, T,L2(T )) satisfying

N∑
j=1

∫ T

0

∫ ℓj

0

ujfjdxdt =

N∑
j=1

⟨u0j , φj(0, ·)⟩H−1
r (0,ℓj)×H1

r (0,ℓj)
−

N∑
j=1

∫ T

0

g(t)∂2xφ(t, ℓj)dt

−
N∑
j=1

⟨pj , ∂xφj(, ·)⟩H−1/3(0,T )×H1/3(0,T ), ∀f ∈ L2(0, T,L2(T )),

(2.1)

where φ is the solution of



−∂tφj(t, x)− ∂xφj(t, x)− ∂3xφj(t, x) = fj(t, x), (t, x) ∈ Qj , j = 1, · · · , N,
φj(t, 0) = φ1(t, 0), t ∈ (0, T ), ∀j = 2, · · ·N,
N∑
j=1

∂2xφj(t, 0) = (λ−N)φ1(t, 0), t ∈ (0, T ),

φj(t, ℓj) = ∂xφj(t, 0) = 0, t ∈ (0, T ), j = 1, · · · , N,
φj(T, x) = 0, x ∈ Ij .

(2.2)

A first remark to be noted is that in order to be consistence, we need the solution φ of (2.2) to satisfy

φj(0, ·) ∈ H1
r (0, ℓj), ∂2xφ(·, ℓj) ∈ L2(0, T ) and ∂xφ(·, ℓj) ∈ H1/3(0, T ), ∀j = 1, . . . , N.

The following is the main result of this section, concerning the existence and uniqueness of the Cauchy problem
(LKdV).
Theorem 2.2. Let u0 ∈ H−1(T ) and (g, p) ∈

(
L2(0, T )

)N ×
(
H−1/3(0, T )

)N
. Then, there exists a unique

solution by transposition of (LKdV).

Let u0 ∈ H−1(T ) and (g, p) ∈
(
L2(0, T )

)N ×
(
H−1/3(0, T )

)N
. Consider the map Λ : L2(0, T ;L2(T )) → R,

defined by

Λ(f) =

N∑
j=1

⟨u0j , φj(0, ·)⟩H−1
r (0,ℓj)×H1

r (0,ℓj)
−

N∑
j=1

∫ T

0

g(t)∂2xφ(t, ℓj)dt−
N∑
j=1

⟨pj , ∂xφj(, ·)⟩H−1/3(0,T )×H1/3(0,T ),

where φ is the associate solution to (2.2). In virtue of Definition 2.1, it suffices to show that Λ is linear and
continuous. The map Λ is clearly linear, thus we focus on the continuity. To prove it, we are going to use the
following result.
Proposition 2.3. If f ∈ L2(0, T ;L2(T )), then there exists a unique solution φ ∈ C([0, T ];H1

r(T )) ∩
L2(0, T ;H2(T )) of (2.2). Moreover, there exists C > 0 such that

∥φ∥C([0,T ];H1
r(T ))∩L2(0,T ;H2(T )) +

N∑
j=1

∥∂2xφj(·, ℓj)∥L2(0,T ) +

N∑
j=1

∥∂xφj(·, ℓj)∥H1/3(0,T ) ≤ C∥f∥L2(0,T ;L2(T )).

(2.3)
Once Proposition 2.3 is proved, Theorem 2.2 follows directly. We will now proceed with the proof of Proposi-
tion 2.3, which is split into five steps. First, we establish the existence and uniqueness of solutions for (2.2).
Second, we consider f ∈ L2(0, T ;H−1

r (T )) and prove the appropriated energy estimates. Third, we consider
a more regular source term f ∈ L2(0, T ;H2(T )) and prove appropriated energy estimates. Fourth, we use
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interpolation arguments to obtain the appropriated regularity framework. Finally, we estimated the remaining
terms.

Proof:
Step 1: Existence and uniqueness of (2.2).
Inspired by [1], define the operator Av = −∂xv − ∂3xv, with domain

D(A) =

v ∈ H3(T ) ∩H2
r(T ), v1(0) = vj(0), j = 1, . . . , N,

N∑
j=1

d2vj
dx2

(0) = −λv1(0)

 .

The adjoint operator A∗v = ∂xv∂
3
xv, with domain

D(A∗) =

v ∈ H3(T ) ∩H1
r(T ), v1(0) = vj(0),

dvj
dx

(0) = 0, j = 1, . . . , N,

N∑
j=1

d2vj
dx2

(0) = (λ−N)v1(0)

 .

From [1, Proposition 2.3], we know that A,A∗ are closed and dissipative operators. Using classical results
about inhomogeneous value problems, (see for instance [22]), we can obtain that for all f ∈ C([0, T ]; )D(A∗)),
there exists a unique solution φ ∈ C1([0, T ]; )D(A∗)) of (2.2). All the integration by parts in what follows can
be justified using this existence result and a density argument.
Step 2: Energy estimates for f ∈ L2(0, T ;H−1(T )).
We start considering f ∈ L2(0, T ;H−1

r (T )). Multiplying the first line of (2.2) by φj and integrate by parts
with respect to x. Using the boundary conditions of (2.2) we get

−1

2

d

dt

N∑
j=1

∫ ℓj

0

(φj(t, x))
2dx+

(
λ− N

2

)
(φ1(t, 0))

2 +
1

2

N∑
j=1

(∂xφj(t, ℓj))
2

=

N∑
j=1

⟨fj(t, ·), φj(t, ·)⟩H−1
r (0,ℓj)×H−1

r (0,ℓj)
,

integrating the last expression with respect to t on [s, T ] for 0 ≤ s ≤ T we obtain that

1

2

N∑
j=1

∫ ℓj

0

(φj(s, x))
2dx+

(
λ− N

2

)∫ T

s

(φ1(t, 0))
2dt+

1

2

N∑
j=1

∫ T

s

(∂xφj(t, ℓj))
2dt

=

N∑
j=1

∫ T

s

⟨fj(t, ·), φj(t, ·)⟩H−1
r (0,ℓj)×H1

r (0,ℓj)
dt.

(2.4)

Now, let us multiply (2.2) by φje
−x obtaining after integration by parts

−1

2

d

dt

N∑
j=1

∫ ℓj

0

(φj(t, x))
2e−xdx+

3

2

N∑
j=1

∫ ℓj

0

(∂xφj(t, x))
2e−xdx+ 2

(
λ− N

2

)
(φ1(t, 0))

2

=
1

2

N∑
j=1

∫ ℓj

0

(φj(t, x))
2e−xdx+

N∑
j=1

⟨fj(t, ·), φj(t, ·)e−x⟩H−1
r (0,ℓj)×H−1

r (0,ℓj)
,

The right-hand side term can be estimated as follows, for all ε > 0 we get

N∑
j=1

⟨fj(t, ·), φj(t, ·)⟩H1
r (0,ℓj)×H−1

r (0,ℓj)
dt ≤

N∑
j=1

∥fj(t, ·)∥H−1
r (0,ℓj)

∥φj(t, ·)∥H1(0,ℓj)dt

≤ Cε

N∑
j=1

∥fj(t, ·)∥2H−1
r (0,ℓj)

dt+ ε

∫ T

0

N∑
j=1

∥φj(t, ·)∥2H1(0,ℓj)
dt.

(2.5)
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Then for ε > 0 small enough we get

−1

2

d

dt

N∑
j=1

∫ ℓj

0

(φj(t, x))
2e−xdx+

1

2

N∑
j=1

∫ ℓj

0

(∂xφj(t, x))
2e−xdx+ 2

(
λ− N

2

)
(φ1(t, 0))

2 (2.6)

≤ 1

2

N∑
j=1

∫ ℓj

0

(φj(t, x))
2e−xdx+ Cε

N∑
j=1

∥fj(t, ·)∥2H−1
r (0,ℓj)

. (2.7)

In particular we have,

−1

2

d

dt

N∑
j=1

∫ ℓj

0

(φj(t, x))
2e−xdx ≤ 1

2

N∑
j=1

∫ ℓj

0

(φj(t, x))
2e−xdx+ Cε

∫ T

0

N∑
j=1

∥fj(t, ·)∥2H−1
r (0,ℓj)

,

by Gronwall’s lemma we deduce for 0 < t1 < t2 < T ,

N∑
j=1

∫ ℓj

0

(φj(t1, x))
2e−xdx ≤ eC(t2−t1)

 N∑
j=1

∫ ℓj

0

(φj(t2, x))
2e−xdx+

∫ t2

t1

N∑
j=1

∥fj(t, ·)∥2H−1
r (0,ℓj)

 . (2.8)

Taking t2 = T and using that 1 ≥ e−x ≥ e−ℓj for x ∈ (0, ℓj) we get

Cmin

N∑
j=1

∫ ℓj

0

(φj(t1, x))
2dx ≤

N∑
j=1

∫ ℓj

0

(φj(t1, x))
2e−xdx ≤ eCT

∫ T

0

N∑
j=1

∥fj(t, ·)∥2H−1
r (0,ℓj)

,

where Cmin = minj=1,...,N (e−ℓj ). Thus, taking the supremum for 0 < t1 < T of the last expression we get:

∥φ∥C([0,T ];L2(T )) ≤ C∥f∥L2(0,T ;H−1
r (T )). (2.9)

Now integrating (2.6) between 0 and T we observe

1

2

N∑
j=1

∫ ℓj

0

(φj(0, x))
2e−xdx+

1

2

N∑
j=1

∫ T

0

∫ ℓj

0

(∂xφj(t, x))
2e−xdxdt+ 2

(
λ− N

2

)∫ T

0

(φ1(t, 0))
2dt

≤ 1

2

N∑
j=1

∫ T

0

∫ ℓj

0

(φj(t, x))
2e−xdxdt+ C

N∑
j=1

∫ T

0

∥fj(t, ·)∥2H−1
r (0,ℓj)

dt.

Using (2.9) we get

∥φ∥C([0,T ];L2(T ))∩L2(0,T ;H1
r(T )) + ∥φ1(·, 0)∥L2(0,T ) ≤ C∥f∥L2(0,T ;H−1

r (T )). (2.10)

Finally, taking s = 0 in (2.4) and using (2.10)-(2.5) we conclude

N∑
j=1

∫ T

0

(∂xφ(·, ℓj))2dt ≤ C∥f∥L2(0,T ;H−1
r (T )). (2.11)

We recall the classical definition of H−1(0, ℓj) = (H1
0 (0, ℓj))

′, with respect to the pivot space L2(0, ℓj) and
that for v ∈ H1

0 (0, ℓj) ⊂ H1
r (0, ℓj), ∥v∥H1

0 (0,ℓj)
= ∥v∥H1

r (0,ℓj)
. Now let f ∈ H−1

r (0, ℓj), then f is a linear and
bounded function from H1

r (0, ℓj) to R, in particular we can consider its restriction to H1
0 (0, ℓj) (still called

by f) which is linear and bounded because for v ∈ H1
0 (0, ℓj), ∥v∥H1

0 (0,ℓj)
= ∥v∥H1

r (0,ℓj)
thus f ∈ H−1(0, ℓj).

Moreover, by as and H1
0 (0, ℓj) is dense in H1

r (0, ℓj) the norm ∥f∥H−1
r (0,ℓj)

= ∥fj∥H−1(0,ℓj). Using this fact and
a density argument we get from (2.10), (2.11)

∥φ∥C([0,T ];L2(T ))∩L2(0,T ;H1
r(T )) + ∥φ1(·, 0)∥L2(0,T ) +

N∑
j=1

∫ T

0

(∂xφ(·, ℓj))2dt ≤ C∥f∥L2(0,T ;H−1(T )). (2.12)
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Step 3: Energy estimates for f ∈ L2(0, T ;H2
0(T )).

We multiply the first line of (Adj) by ∂3x∂tφje
−x and integrate with respect to x. After some integration by

parts we get

− 1

2

d

dt

∫ ℓj

0

(∂3xφj(t, x))
2e−xdx+

3

2

∫ ℓj

0

(∂x∂tφj(t, x))
2e−xdx+

1

2
(∂x∂tφj(t, ℓj))

2e−ℓj +
1

2
(∂tφ1(t, 0))

2

+ ∂tφ1(t, 0)∂
2
x∂tφj(t, 0)− ∂xφj(t, ℓj)∂

2
x∂tφj(t, ℓj)e

−ℓj +
1

2

d

dt

∫ ℓj

0

(∂2xφj(t, x))
2e−xdx

− 1

2

∫ ℓj

0

(∂tφj(t, x))e
−xdx+

∫ ℓj

0

∂2xφj(t, x)∂x∂tφj(t, x)e
−xdx− 1

2

d

dt

∫ ℓj

0

(∂xφj(t, x))
2e−xdx

− ∂xφj(t, ℓj)∂x∂tφj(t, ℓj)e
−ℓj =

∫ ℓj

0

fj(t, x)∂
3
x∂tφj(t, x)e

−xdx.

We take now, the sum from j = 1 . . . N and we integrate from T ≤ t ≤ s obtaining

Cmin

2

N∑
j=1

∫ ℓj

0

(∂3xφj(s, x))
2dx+

3Cmin

2

N∑
j=1

∫ T

s

∫ ℓj

0

(∂x∂tφj(t, x))
2dxdt

+
Cmin

2

N∑
j=1

∫ T

s

(∂x∂tφj(t, ℓj))
2dt+

(
λ− N

2

)∫ T

s

(∂tφ1(t, 0))
2dt

≤
N∑
j=1

∫ T

s

∂xφj(t, ℓj)∂
2
x∂tφj(t, ℓj)e

−ℓjdt︸ ︷︷ ︸
T1

− 1

2

N∑
j=1

∫ ℓj

0

[
(∂2xφj(s, x))

2 − (∂xφj(s, x))
2
]
e−xdx︸ ︷︷ ︸

T2

+
1

2

N∑
j=1

∫ T

s

∫ ℓj

0

(∂tφj(t, x))e
−xdx︸ ︷︷ ︸

T3

−
N∑
j=1

∫ T

s

∫ ℓj

0

∂2xφj(t, x)∂x∂tφj(t, x)e
−xdx︸ ︷︷ ︸

T4

+

N∑
j=1

∫ T

s

∂xφj(t, ℓj)∂x∂tφj(t, ℓj)e
−ℓj

︸ ︷︷ ︸
T5

+

N∑
j=1

∫ T

s

∫ ℓj

0

fj(t, x)∂
3
x∂tφj(t, x)e

−xdx︸ ︷︷ ︸
T6

.

(2.13)

Claim 1. For ε > 0, there exists Cε > 0 such that

6∑
i=1

Ti ≤ ε

 N∑
j=1

∫ T

0

(∂t∂xφj(t, ℓj))
2dt+ ∥φ∥2C([0,T ];H3(T )) + ∥φ∥2H1(0,T ;H1(T ))

+ Cε∥f∥2L2(0,T ;H2
0(T )). (2.14)

We prove this claim in Appendix A. Using this claim in (2.13) with ε > 0 small enough we get

∥φ∥2C([0,T ];H3(T )) + ∥φ∥2H1(0,T ;H1(T )) +

N∑
j=1

∫ T

0

(∂t∂xφj(t, ℓj))
2dt

+

(
λ− N

2

)∫ T

0

(∂tφ1(t, 0))
2dt ≤ C∥f∥2L2(0,T ;H2

0(T )).

Now as ∂4xφj = ∂xfj − ∂2xφj − ∂x∂tφj , we deduce ∂4xφj ∈ L2(0, T ;L2(0, ℓj)). Moreover

∥φ∥L2(0,T ;H4(T )) ≤ C∥f∥L2(0,T ;H2
0(T )).

Step 4: Interpolation arguments. Consider the linear operators Φ and Ψ, defined by Φ(f) = φ and
Ψ(f) = (∂xφ1(·, ℓ1) . . . ∂xφN (·, ℓN )), where φ is the associate solution of (2.2) with right-hand side f . From
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the Steps 2 and 3 we get that

Φ : L2(0, T ;H−1(T )) → C([0, T ];L2(T )) ∩ L2(0, T ;H1(T )) is continuous,

Φ : L2(0, T ;H2
0(T )) → C([0, T ];H3(T )) ∩ L2(0, T ;H4(T )) is continuous,

Ψ : L2(0, T ;H−1(T )) → (L2(0, T ))N is continuous,

Ψ : L2(0, T ;H2
0(T )) → (H1(0, T ))N is continuous.

By interpolation arguments as in [13, Section 2.3.2] we obtain the following estimates

∥φ∥C([0,T ];H1
r(T ))∩L2(0,T ;H2(T )) +

N∑
j=1

∥∂xφj(·, ℓj)∥H1/3(0,T ) ≤ C∥f∥L2(0,T ;L2(T )). (2.15)

Remark 1. In [14], the interpolation arguments are done dealing with the spaces H1
ℓ (0, L) =:={

v ∈ H1(0, L), v(0) = 0
}

and its dual H−1
ℓ (0, L) = (H1

ℓ (0, L))
′

with respect to the pivot space L2(0, L).
With this choice is not too clear for us how adapt [13, Section 2.3.2], this is why we prove (2.12) involving
the H−1(0, ℓj)−norm and not H−1

r (0, ℓj). ◦

Step 5: Estimate the L2(0, T )−norm of ∂2xφj(·, ℓj). With the estimate (2.15) we are almost ready with
the proof of (2.3). Only left to estimate the L2(0, T )−norm of ∂2xφj(·, ℓj). We multiply (2.2) by x∂2xφj and
integrate x on (0, ℓj). We obtain

−
∫ ℓj

0

∂tφjx∂
2
xφjdx−

∫ ℓj

0

∂xφjx∂
2
xφjdx−

∫ ℓj

0

∂3xφjx∂
2
xφjdx =

∫ ℓj

0

fjx∂
2
xφjdx.

By integrating by parts

−
∫ ℓj

0

∂tφjx∂
2
xφjdx =

∫ ℓj

0

∂t∂xφjx∂xφjdx+

∫ ℓj

0

∂tφj∂xφjdx

=
1

2

∫ ℓj

0

x∂t(∂xφj)
2 +

∫ ℓj

0

(−∂xφj − ∂3xφj − fj)∂xφjdx

=
1

2

∫ ℓj

0

x∂t(∂xφj)
2 −

∫ ℓj

0

(∂xφj)
2dx+

∫ ℓj

0

(∂2xφj)
2dx−

∫ ℓj

0

fj∂xφjdx

− ∂xφj(·, ℓj)∂2xφj(·, ℓj),

−
∫ ℓj

0

∂xφjx∂
2
xφjdx = −1

2

∫ ℓj

0

x∂x(∂xφj)
2dx =

1

2

∫ ℓj

0

(∂xφj)
2dx− ℓj

2
(∂xφj(·, ℓj))2,

−
∫ ℓj

0

∂3xφjx∂
2
xφjdx = −1

2

∫ ℓj

0

x∂x(∂
2
xφj)

2dx =
1

2

∫ ℓj

0

(∂2xφj)
2dx− ℓj

2
(∂2xφj(·, ℓj))2.

Joining these computations

1

2

N∑
j=1

∫ ℓj

0

x∂t(∂xφj)
2dx− 1

2

N∑
j=1

∫ ℓj

0

(∂xφj)
2dxdt+

3

2

N∑
j=1

∫ ℓj

0

(∂2xφj)
2dxdt−

N∑
j=1

∂xφj(·, ℓj)∂2xφj(·, ℓj)

−
N∑
j=1

ℓj
2
(∂xφj(·, ℓj))2 −

N∑
j=1

ℓj
2
(∂2xφj(·, ℓj))2 =

N∑
j=1

∫ ℓj

0

(x∂2xφj + ∂xφj)fjdx.
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Integrating t over (0, T )

1

2

N∑
j=1

∫ ℓj

0

x(∂xφj(0, x))
2dxdt+

1

2

N∑
j=1

∫ T

0

∫ ℓj

0

(∂xφj)
2dxdt+

N∑
j=1

∫ T

0

ℓj
2
(∂xφj(t, ℓj))

2dt

+

N∑
j=1

ℓj
2

∫ T

0

(∂2xφj(t, ℓj))
2dt =

3

2

N∑
j=1

∫ T

0

∫ ℓj

0

(∂2xφj)
2dxdt−

N∑
j=1

∫ T

0

∂xφj(t, ℓj)∂
2
xφj(·, ℓj)dt

−
N∑
j=1

∫ T

0

∫ ℓj

0

(x∂2xφj + ∂xφj)fjdx,

using Young’s inequality, there exists C > 0 such that

N∑
j=1

∫ T

0

(∂2xφj(t, ℓj))
2dt ≤ C

∥f∥2L2(0,T ;L2(T )) + ∥φ∥2L2(0,T ;H2(T )) +

N∑
j=1

∥∂xφj(·, ℓj)∥2L2(0,T )

 .

Finally by (2.15) we conclude

N∑
j=1

∫ T

0

(∂2xφj(t, ℓj))
2dt ≤ C∥f∥2L2(0,T ;L2(T )),

and thus we have proved Proposition 2.3 2

3. Carleman estimate. In this section, we prove a Carleman estimate for the system (Adj) in order to
deduce our observability inequality. Following [5, 13], let us introduce the following weights functions.

αj(t, x) =
βj(x)

t1/2(T − t)1/2
= βj(x)ρ(t), (t, x) ∈ Qj ,

βj(x) =

{
−a1x2 + b1ℓ1x+ c1ℓ

2
1, x ∈ (0, ℓ1), j = 1,

−ajx2 − bjℓjx+ cjℓ
2
j , x ∈ (0, ℓj), j = 2, . . . , N.

(3.1)

where aj , bj , cj > 0, are taken such that βj be strictly positive, and concave for j = 1, . . . , N . Moreover, β1 is
strictly decreasing, and βj is strictly increasing for j = 2, . . . , N . The objective of this section is to prove the
following Carleman estimate.
Remark 2. We use a temporal weight with power 1/2 (t1/2(T − t)1/2), which is optimal for the KdV equation
(see [13]). ◦
Proposition 3.1. Let T > 0, there exists C > 0 and s∗ > 0, such that for any φT ∈ L2(T ) and s ≥ s∗, the
solution φ of (Adj) satisfies

N∑
j=1

∫∫
Qj

e−2αj
(
s5ρ5(φj)

2 + s3ρ3(∂xφj)
2
)
dxdt ≤ C

N∑
j=2

∫ T

0

e−2sαj(t,ℓj)
(
s3ρ3(φj(t, ℓj))

2 + sρ(∂2xφj(t, ℓj))
2
)
dt.

(3.2)

Proof:
Let s > 0 and define ψj = e−sαjφj . Consider the operator Lφj = ∂tφj + ∂xφj + ∂3xφj and the conjugated
operator Pφj = e−sαjL(esαjφj). After some computations, we can decompose Pψj as Pψj = P1ψj + P2ψj +
Rψj , where

P1ψj = ∂3xψj + ∂tψj + 3s2(∂xαj)
2∂xψj + ∂xψj ,

P2ψj = s3(∂xαj)
3ψj + 3s(∂xαj)∂

2
xψj + s(∂tαj)ψj + 3s(∂2xαj)∂xψj + s(∂xαj)ψ,

Rψj = 3s2(∂xαj)(∂
2
xαj)ψj + s(∂3xαj)ψj .
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Now, taking L2−norm in Qj of P1ψj + P2ψj = Pψj −Rψj we get

∫∫
Qj

P1ψjP2ψjdxdt ≤ ∥Pψj∥2L2(Qj)
+ ∥Rψj∥2L2(Qj)

From now on, we will use
∫∫

to denote
∫∫

Qj
. Consider also Ii,k the L2−product in Qj of the i−th term of P1ψj

with the k−th term of P2ψj . Before starting to estimate the terms, Ii,k we recall some properties of ψj . Note
first that as ψj = e−sαjφj , using the boundary conditions of (Adj) ψj(t, ℓj) = 0 and ψj(t, 0) = e−sαj(t,0)φ1(t, 0).
Thus asking to αj satisfy αj(t, 0) = α1(t, 0) for all j = 1, · · · , N , which is equivalent to take, cjℓ2j = c1ℓ

2
1 we

deduce ψj(t, 0) = ψ1(t, 0).

3.1. Computing the terms Ii,k. We compute first the terms I1,k,

• I1,1 = s3
∫∫

(∂xαj)
3ψj∂

3
xψjdxdt. Performing integration by parts and using ψj(t, ℓj) = 0, ψj(t, 0) =

ψ1(t, 0) = and ∂3xαj = 0, we get

I1,1 =− 3s3
∫∫

(ψj)
2(∂2xαj)

3dxdt+
9

2
s3
∫∫

(∂xψj)
2(∂xαj)

2∂2xαjdxdt−
s3

2

∫ T

0

(∂xψj(t, ℓj))
2(∂xαj(t, ℓj))

3dt

+
s3

2

∫ T

0

(∂xψj(t, 0))
2(∂xαj(t, 0))

3dt+ 3s3
∫ T

0

∂xψj(t, 0)ψ1(t, 0)∂
2
xαj(t, 0)(∂xαj(t, 0))

2dt

− 3s3
∫ T

0

(ψ1(t, 0))
2∂xαj(t, 0)(∂

2
xαj(t, 0))

2dt− s3
∫ T

0

∂2xψj(t, 0)ψ1(t, 0)(∂xαj(t, 0))
3dt.

• I1,2 = 3s

∫∫
(∂xαj)∂

2
xψj∂

3
xψjdxdt. Integrating by parts, we get

I1,2 = −3

2
s

∫∫
(∂2xψj)

2∂2xαjdxdt+
3

2
s

∫ T

0

(∂2xψj(t, ℓj))
2∂xαj(t, ℓj)dt−

3

2
s

∫ T

0

(∂2xψj(t, 0))
2∂xαj(t, 0)dt.

• I1,3 = s

∫∫
(∂tαj)∂

3
xψjψjdxdt. Again, using ψj(t, ℓj) = 0, ψj(t, 0) = ψ1(t, 0) = and ∂3xαj = 0, we get

I1,3 =
3

2
s

∫∫
(∂xψj)

2∂xtαjdxdt−
s

2

∫ T

0

(∂xψj(t, ℓj))
2∂tαj(t, ℓj)dt+

s

2

∫ T

0

(∂xψj(t, 0))
2∂tαj(t, 0)dt

+ s

∫ T

0

∂xψj(t, 0)ψ1(t, 0)∂xtαj(t, 0)dt−
s

2

∫ T

0

(ψ1(t, 0))
2∂xxtαj(t, 0)dt

− s

∫ T

0

∂2xψj(t, 0)ψ1(t, 0)∂tαj(t, 0)dt.

• I1,4 = 3s

∫∫
(∂2xαj)∂

3
xψj∂xψjdxdt. Integrating by parts and by ∂3xαj = 0,

I1,4 =− 3s

∫∫
(∂2xψj)

2∂2xαjdxdt+ 3s

∫ T

0

∂2xψj(t, ℓj)∂xψj(t, ℓj)∂
2
xαj(t, ℓj)dt

− 3s

∫ T

0

∂2xψj(t, 0)∂xψj(t, 0)∂
2
xαj(t, 0)dt.

• I1,5 = s

∫∫
(∂xαj)∂

3
xψjψjdxdt. Using ψj(t, ℓj) = 0, ψj(t, 0) = ψ1(t, 0) = and ∂3xαj = 0, we get

I1,5 =
3

2
s

∫∫
(∂2xψj)

2∂2xαjdxdt−
s

2

∫ T

0

(∂xψj(t, ℓj))
2∂xαj(t, ℓj)dt+

s

2

∫ T

0

(∂xψj(t, 0))
2∂xαj(t, 0)dt

+ s

∫ T

0

∂xψj(t, 0)ψ1(t, 0)∂
2
xαj(t, 0)dt− s

∫ T

0

∂2xψj(t, 0)ψ1(t, 0)∂xαj(t, 0)dt.
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Now, we follow computing the terms I2,k,

• I2,1 = s3
∫∫

(∂xαj)
3∂tψjψjdxdt. By performing integration by parts and using ψj(0, ·) = ψj(T, ·) = 0

we get

I2,1 = −3

2
s3
∫∫

(ψj)
2(∂xαj)

2∂xtαjdxdt.

• I2,2 = 3s

∫∫
(∂xαj)∂tψj∂

2
xψjdxdt. Using ∂xψj(0, ·) = ∂xψj(T, ·) = 0 and the boundary conditions, we

get the following.

I2,2 =
3

2
s

∫∫
(∂xψj)

2∂xtαjdxdt− 3s

∫∫
(∂2xαj)∂tψj∂xψjdxdt− 3s

∫ T

0

∂tψj(t, 0)∂xψj(t, 0)∂xαj(t, 0)dt.

• I2,3 = s

∫∫
(∂tαj)∂tψjψjdxdt. Using ψj(0, ·) = ψj(T, ·) = 0

I2,3 = −s
2

∫∫
(ψj)

2∂2t αjdxdt

• I2,4 = 3s

∫∫
(∂2xαj)∂tψj∂xψjdxdt. Observe, that this term eliminates the second term of I2,2.

• I2,5 = s

∫∫
(∂xαj)∂tψjψjdxdt. Again by ψj(0, ·) = ψj(T, ·) = 0.

I2,5 = −s
2

∫∫
(ψj)

2∂xtαjdxdt.

We study now the terms I3,k.

• I3,1 = 3s5
∫∫

(∂xαj)
5∂xψjψjdxdt. Thus, by the boundary conditions.

I3,1 = −15

2
s5
∫∫

(ψj)
2(∂xαj)

4∂2xαjdxdt−
3

2
s5
∫ T

0

(ψ1(t, 0))
2(∂xαj(t, 0))

5dt.

• I3,2 = 9s3
∫∫

(∂xαj)
3∂2xψj∂xψjdxdt. Then, after some integration by parts

I3,2 =− 27

2
s3
∫∫

(∂xψj)
2(∂xαj)

2∂2xαjdxdt+
9

2
s3
∫ T

0

(∂xψj(t, ℓj))
2(∂xαj(t, ℓj))

3dt

− 9

2
s3
∫ T

0

(∂xψj(t, 0))
2(∂xαj(t, 0))

3dt.

• I3,3 = 3s3
∫∫

(∂xαj)
2∂tαj∂xψjψjdxdt. Using the boundary conditions

I3,3 =− 3s3
∫∫

(ψj)
2∂xαj∂

2
xαj∂tαjdxdt−

3

2
s3
∫∫

(ψj)
2(∂xαj)

2∂xtαjdxdt

− 3

2
s3
∫ T

0

(ψ1(t, 0))
2(∂xαj(t, 0))

2∂tαj(t, 0)dt.

• I3,4 = 9s3
∫∫

(∂xψj)
2(∂xαj)

2(∂2xαj)dxdt.
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• I3,5 = 3s3
∫∫

(∂xαj)
3∂xψjψjdxdt. Integrating by parts and by the boundary conditions

I3,5 = −9

2
s3
∫∫

(ψj)
2(∂xαj)

2(∂2xαj)dxdt−
3

2
s3
∫ T

0

(ψ1(t, 0))
2(∂xαj(t, 0))

3dt.

We finish this part by computing I4,k.

• I4,1 = s3
∫∫

(∂xαj)
3∂xψjψjdxdt. Noticing that I4,1 = 1

3I3,5, we get

I4,1 = −3

2
s3
∫∫

(ψj)
2(∂xαj)

2(∂2xαj)dxdt−
s3

2

∫ T

0

(ψ1(t, 0))
2(∂xαj(t, 0))

3dt.

• I4,2 = 3s

∫∫
(∂xαj)∂

2
xψj∂xψjdxdt. Integrating by parts

I4,2 = −3

2
s

∫∫
(∂xψj)

2(∂2xαj)dxdt+
3

2
s

∫ T

0

(∂xψj(t, ℓj))
2(∂xαj(t, ℓj))dt−

3

2
s

∫ T

0

(∂xψj(t, 0))
2(∂xαj(t, 0))dt.

• I4,3 = s

∫∫
(∂tαj)∂xψjψjdxdt. Using the boundary conditions.

I4,3 = −s
2

∫∫
(ψj)

2∂xtαjdxdt−
s

2

∫ T

0

(ψ1(t, 0))
2∂tαj(t, 0)dt.

• I4,4 = 3s

∫∫
(∂xψj)

2∂2xαjdxdt.

• I4,5 = s

∫∫
(∂xαj)∂xψjψjdxdt. Using the boundary conditions.

I4,5 = −s
2

∫∫
(ψj)

2∂2xαjdxdt−
s

2

∫ T

0

(ψ1(t, 0))
2∂xαj(t, 0)dt.

Finally, we obtain

∫∫
P1ψjP2ψjdxdt =

4∑
i=1

5∑
k=1

Ii,k = I + Bℓj + B0,

where

I =− 15

2
s5
∫∫

(ψj)
2(∂xαj)

4∂2xαjdxdt− 3s3
∫∫

(ψj)
2(∂2xαj)

3dxdt− 3s3
∫∫

(ψj)
2(∂xαj)

2∂xtαjdxdt

− 3s3
∫∫

(ψj)
2∂xαj∂

2
xαj∂tαjdxdt− 6s3

∫∫
(ψj)

2(∂xαj)
2∂2xαjdxdt−

9

2
s

∫∫
(∂2xψj)

2∂2xαjdxdt

+ 3s

∫∫
(∂xψj)

2∂xtαjdxdt+ 3s

∫∫
(∂xψj)

2∂2xαjdxdt− s

∫∫
(ψj)

2∂xtαjdxdt

− s

2

∫∫
(ψj)

2∂2t αjdxdt−
s

2

∫∫
(ψj)

2∂2xαjdxdt,

Bℓj =4s3
∫ T

0

(∂xψj(t, ℓj))
2(∂xαj(t, ℓj))

3dt+
3

2
s

∫ T

0

(∂2xψj(t, ℓj))
2∂xαj(t, ℓj)dt

− s

2

∫ T

0

(∂xψj(t, ℓj))
2∂tαj(t, ℓj)dt+ 3s

∫ T

0

∂2xψj(t, ℓj)∂xψj(t, ℓj)∂
2
xαj(t, ℓj)dt

+ s

∫ T

0

(∂xψj(t, ℓj))
2∂xαj(t, ℓj)dt,

12



B0 = B1
0 + B2

0 + B3
0, (3.3)

where

B1
0 =− 3

2
s5
∫ T

0

(ψ1(t, 0))
2(∂xαj(t, 0))

5dt− 3s3
∫ T

0

(ψ1(t, 0))
2(∂xαj(t, 0))(∂

2
xαj(t, 0))

2dt

− 3

2
s3
∫ T

0

(ψ1(t, 0))
2(∂xαj(t, 0))

2∂tαj(t, 0)dt− 2s3
∫ T

0

(ψ1(t, 0))
2(∂xαj(t, 0))

3dt

− s

2

∫ T

0

(ψ1(t, 0))
2(∂xxtαj(t, 0))dt−

s

2

∫ T

0

(ψ1(t, 0))
2∂tαj(t, 0)dt−

s

2

∫ T

0

(ψ1(t, 0))
2∂xαj(t, 0)dt,

(3.4)

B2
0 =3s3

∫ T

0

∂xψj(t, 0)ψ1(t, 0)∂
2
xαj(t, 0)(∂xαj(t, 0))

2dt− 4s3
∫ T

0

(∂xψj(t, 0))
2(∂xαj(t, 0))

3dt

+
s

2

∫ T

0

(∂xψj(t, 0))
2(∂tαj(t, 0))dt+ s

∫ T

0

∂xψj(t, 0)ψ1(t, 0)∂xtαj(t, 0)dt

− s

∫ T

0

(∂xψj(t, 0))
2(∂xαj(t, 0))dt+ s

∫ T

0

∂xψj(t, 0)ψ1(t, 0)(∂
2
xαj(t, 0))dt

− 3s

∫ T

0

∂tψj(t, 0)∂xψj(t, 0)(∂xαj(t, 0))dt,

(3.5)

B3
0 =− s3

∫ T

0

∂2xψj(t, 0)ψ1(t, 0)(∂xαj(t, 0))
3dt− s

∫ T

0

∂2xψj(t, 0)ψ1(t, 0)(∂tαj(t, 0))dt

− 3s

∫ T

0

∂2xψj(t, 0)∂xψj(t, 0)(∂
2
xαj(t, 0))dt− s

∫ T

0

∂2xψj(t, 0)ψ1(t, 0)(∂xαj(t, 0))dt

− 3

2
s

∫ T

0

(∂2xψj(t, 0))
2(∂xαj(t, 0))dt.

(3.6)

3.2. Estimation of internal terms. We begin this section by recalling some properties of the weight
functions,

ℓ21c1ρ ≤ α1 ≤ ℓ21(−a1 + b1 + c1)ρ, ℓ1(b1 − 2a1)ρ ≤ ∂xα1 ≤ ℓ1b1ρ, ∂2xα1 = −2a1ρ,

ℓ2j (−aj − bj + cj)ρ ≤ αj ≤ ℓ2jcjρ, ℓj(−bj − 2aj)ρ ≤ ∂xαj ≤ −ℓjbjρ, ∂2xαj = −2ajρ, j = 2, . . . , N,
(3.7)

where

b1 > 2a1, and cjℓ2j = c1ℓ
2
1, cj > aj + bj , ∀j = 2, . . . , N. (3.8)

We now focus our attention on the dominant terms of I. From now on, C > 0 will be a generic positive
constant

−15

2
s5
∫∫

(ψj)
2(∂xαj)

4∂2xαjdxdt−
9

2
s

∫∫
(∂2xψj)

2∂2xαjdxdt.

Using (3.7) we can observe that there exists C > 0

−15

2
s5
∫∫

(ψ1)
2(∂xα1)

4∂2xα1dxdt−
9

2
s

∫∫
(∂2xψ1)

2∂2xα1dxdt

≥ C

(∫∫
s5ρ5(ψj)

2dxdt+

∫∫
sρ(∂2xψj)

2dxdt.

)

13



To deal with the terms involving ∂xψj in I, note that by integrating by parts, we can write

∫∫
s3ρ3(∂xψj)

2dxdt = −
∫∫

s3ρ3∂2xψjψjdxdt−
∫ T

0

ℓ2js
3ρ3∂xψj(t, 0)ψ1(t, 0)dt.

Moreover, by Young’s inequality,

∫∫
s3ρ3(∂xψj)

2dxdt ≤ C

(∫∫
s5ρ5(ψj)

2dxdt+

∫∫
sρ(∂2xψj)

2dxdt− B∗
0

)
,

where

B∗
0 =

∫ T

0

s3ρ3∂xψj(t, 0)ψ1(t, 0)dt.

Thus, the dominating terms satisfy

−15

2
s5
∫∫

(ψj)
2(∂xαj)

4∂2xαjdxdt−
9

2
s

∫∫
(∂2xψj)

2∂2xαjdxdt

≥ C

(∫∫
s5ρ5(ψj)

2dxdt+

∫∫
s3ρ3(∂xψj)

2dxdt+ B∗
0

)
.

We can prove that the weight functions satisfy:

|∂tαj |+ |∂xtαj |+ |∂xxtαj | ≤ CTρ3, |∂2t αj | ≤ CT 2ρ5. (3.9)

Using ρ−1 ≤ T

2
, we obtain for the remainder internal terms

−3s3
∫∫

(ψj)
2(∂2xαj)

3dxdt = 24

∫∫
a3js

3ρ3(ψj)
2dxdt ≥ 0,

∣∣∣∣3s3 ∫∫ (ψj)
2(∂xαj)

2∂xtαjdxdt

∣∣∣∣ ≤ C1T

s2

∫∫
s5ρ5(ψj)

2dxdt,

∣∣∣∣3s3 ∫∫ (ψj)
2∂xαj∂

2
xαj∂tαjdxdt

∣∣∣∣ ≤ C2

s2

∫∫
s5ρ5(ψj)

2dxdt,

∣∣∣∣6s3 ∫∫ (ψj)
2(∂xαj)

2∂xtαjdxdt

∣∣∣∣ ≤ C3T
2

s2

∫∫
s5ρ5(ψj)

2dxdt,

∣∣∣∣3s∫∫ (∂xψj)
2∂xtαjdxdt

∣∣∣∣ ≤ C4T

s2

∫∫
s3ρ3(∂xψj)

2dxdt,

∣∣∣∣3s∫∫ (∂xψj)
2∂2xαjdxdt

∣∣∣∣ ≤ C5T
2

s2

∫∫
s3ρ3(∂xψj)

2dxdt,

∣∣∣∣s∫∫ (ψj)
2∂xtαjdxdt

∣∣∣∣ ≤ C6T
3

s4

∫∫
s5ρ5(ψj)

2dxdt,

14



∣∣∣∣s2
∫∫

(ψj)
2∂2t αjdxdt

∣∣∣∣ ≤ C7T
2

s4

∫∫
s5ρ5(ψj)

2dxdt,

−s
2

∫∫
(ψj)

2∂2xαjdxdt = s

∫∫
ajρ(ψj)

2dxdt ≥ 0.

for some C1, C2, C3, C4, C5, C6, C7, > 0. Joining all these estimates, we derive,

I ≥
(
C − C1T

s2
− C2

s2
− C3T

2

s2
− C6T

3

s4
− C7T

2

s4

)∫∫
s5ρ5(ψj)

2dxdt

+

(
C − C4T

s2
− C5T

2

s2

)∫∫
s3ρ3(∂xψj)

2dxdt+ CB∗
0,j .

We deduce the existence of s0 > 0, such that, taken s ≥ s0 we get

I ≥ C

(∫∫
ℓ4js

5ρ5(ψj)
2dxdt+

∫∫
ℓ2js

3ρ3(∂xψj)
2dxdt+ B∗

0

)
, (3.10)

for some C > 0.

3.3. Estimation of exterior boundary terms. For the external boundary terms, notice that for
j = 2, . . . , N these terms are our observations. Moreover, we can show that

Bℓj ≤ C

(∫∫
s3ρ3(∂xψj(t, ℓj))

2dt+

∫∫
sρ(∂2xψj(t, ℓj))

2dt

)
, ∀j = 2, . . . , N. (3.11)

For j = 1, observe that we have the following dominating terms

4s3
∫ T

0

(∂xψ1(t, ℓ1))
2(∂xα1(t, ℓ1))

3dt ≥ C

∫ T

0

s3ρ3(∂xψ1(t, ℓ1))
2dt,

3

2
s

∫ T

0

(∂2xψ1(t, ℓ1))
2∂xα1(t, ℓ1)dt.

For the remaining terms, we apply the same strategy as in the case of internal terms.

∣∣∣∣∣s2
∫ T

0

(∂xψ1(t, ℓ1))
2∂tα1(t, ℓ1)dt

∣∣∣∣∣ ≤ CT

s2

∫ T

0

s3ρ3(∂xψ1(t, ℓ1))
2dt,

Using ab ≤ (a2 + b2)/2,∣∣∣∣∣3s
∫ T

0

∂2xψ1(t, ℓ1)∂xψ1(t, ℓ1)∂
2
xα1(t, ℓ1)dt

∣∣∣∣∣ ≤ 3

2
s

∫ T

0

(∂2xα1(t, ℓ1))
2

∂xα1(t, ℓ1)
(∂xψ1(t, ℓ1))

2dt

+
3

2
s

∫ T

0

(∂2xψ1(t, ℓ1))
2∂xα1(t, ℓ1)dt

≤ CT 2

s2

∫ T

0

s3ρ3(∂xψ1(t, ℓ1))
2dt

+
3

2
s

∫ T

0

(∂2xψ1(t, ℓ1))
2∂xα1(t, ℓ1)dt.
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Note that the last term can be eliminated by the second dominating term.

∣∣∣∣∣s
∫ T

0

(∂xψj(t, ℓj))
2∂xαj(t, ℓj)dt

∣∣∣∣∣ ≤ CT 2

s2

∫ T

0

s3ρ3(∂xψ1(t, ℓ1))
2dt.

Gathering these estimates and similar to the internal estimates, we obtain for all s ≥ s1 > 0

Bℓ1 ≥ C

∫ T

0

s3ρ3(∂xψ1(t, ℓ1))
2dt ≥ 0. (3.12)

3.4. Estimation of the central node terms. Let B̃0 = B0 + CB∗
0 , where, B0 comes from Section 3.1

and B∗
0 from Section 3.2. In this section, we show that we can choose the weights αj appropriately, such that

B̃0 ≥ 0. The main idea is re-write B̃0 in terms only of ψ1(t, 0) and ∂2xφj(t, 0). The term B1
0 in (3.4) is already

in the desired form. For the term B2
0 + CB∗

0 , we notice that ∂xψj(t, 0) = −s∂xαj(t, 0)ψ1(t, 0) and

3s

∫ T

0

∂tψj(t, 0)∂xψj(t, 0)(∂xαj(t, 0))dt = 3s2
∫ T

0

d

dt
(ψ1(t, 0))

2(∂xαj(t, 0))
2dt.

After an integration by parts and using, ψj(0, ·) = ψj(T, ·) = 0 we get

3s

∫ T

0

∂tψj(t, 0)∂xψj(t, 0)(∂xαj(t, 0))dt = −6s2
∫ T

0

(ψ1(t, 0))
2∂xαj(t, 0)∂xtαj(t, 0)dt.

Therefore

B2
0 + CB∗

0 =− 3s4
∫ T

0

(ψ1(t, 0))
2∂2xαj(t, 0)(∂xαj(t, 0))

3dt− 4s5
∫ T

0

(ψ1(t, 0))
2(∂xαj(t, 0))

5dt

+
s3

2

∫ T

0

(ψ1(t, 0))
2(∂xαj(t, 0))

2(∂tαj(t, 0))dt+ 5s2
∫ T

0

(ψ1(t, 0))
2∂xαj(t, 0)∂xtαj(t, 0)dt

− s3
∫ T

0

(ψ1(t, 0))
2(∂xαj(t, 0))

3dt− s2
∫ T

0

(ψ1(t, 0))
2∂xαj(t, 0)(∂

2
xαj(t, 0))dt

− Cs4
∫ T

0

(ψ1(t, 0))
2ρ3(t)∂xαj(t, 0)dt.

For the term B3
0, we have the following (see Appendix B):

B3
0 =− 5

2
s5
∫ T

0

(ψ1(t, 0))
2(∂xαj(t, 0))

5dt+ 7s4
∫ T

0

(ψj(t, 0))
2∂2xαj(t, 0)(∂xαj(t, 0))

3dt

− 9

2
s3
∫ T

0

(ψj(t, 0))
2(∂2xαj(t, 0))

2∂xαj(t, 0)dt− s3
∫ T

0

(ψ1(t, 0))
2(αj(t, 0))

3dt

− s3
∫ T

0

(ψ1(t, 0))
2(∂xαj(t, 0))

2∂tαj(t, 0)dt− 4s3
∫ T

0

e−sα1(t,0)∂2xφj(t, 0)ψ1(t, 0)(∂xαj(t, 0))
3dt

+ s2
∫ T

0

(ψ1(t, 0))
2∂2xαj(t, 0)∂tαj(t, 0)dt+ 6s2

∫ T

0

e−sα1(t,0)∂2xφj(t, 0)ψ1(t, 0)∂xαj(t, 0)∂
2
xαj(t, 0)dt

− s

∫ T

0

e−sα1(t,0)∂2xφj(t, 0)ψ1(t, 0)∂tαj(t, 0)dt− s

∫ T

0

e−sα1(t,0)∂2xφj(t, 0)ψ1(t, 0)∂xαj(t, 0)dt

− 3

2
s

∫ T

0

e−2sα1(t,0)∂xαj(t, 0)(∂
2
xφj(t, 0))

2dt.
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Now, we can obtain

B0 = A1 +A2 +A3,

where

A1 =− 8s5
∫ T

0

(ψ1(t, 0))
2(∂xαj(t, 0))

5dt+ 4s4
∫ T

0

(ψ1(t, 0))
2∂2xαj(t, 0)(∂xαj(t, 0))

3dt

− 15

2
s3
∫ T

0

(ψ1(t, 0))
2(∂xαj(t, 0))(∂

2
xαj(t, 0))

2dt− 2s3
∫ T

0

(ψ1(t, 0))
2(∂xαj(t, 0))

2∂tαj(t, 0)dt

− 4s3
∫ T

0

(ψ1(t, 0))
2(∂xαj(t, 0))

3dt+ 5s2
∫ T

0

(ψj(t, 0))
2∂xαj(t, 0)∂xtαj(t, 0)dt

+ s2
∫ T

0

(ψ1(t, 0))
2∂2xαj(t, 0)∂tαj(t, 0)dt−

s

2

∫ T

0

(ψ1(t, 0))
2(∂xxtαj(t, 0))dt−

s

2

∫ T

0

(ψ1(t, 0))
2∂tαj(t, 0)dt

− s

2

∫ T

0

(ψ1(t, 0))
2∂xαj(t, 0)dt,

A2 =− 4s3
∫ T

0

e−sα1(t,0)∂2xφj(t, 0)ψ1(t, 0)(∂xαj(t, 0))
3dt+ 6s2

∫ T

0

e−sα1(t,0)∂2xφj(t, 0)ψ1(t, 0)∂xαj(t, 0)∂
2
xαj(t, 0)dt

− s

∫ T

0

e−sα1(t,0)∂2xφj(t, 0)ψ1(t, 0)∂tαj(t, 0)dt− s

∫ T

0

e−sα1(t,0)∂2xφj(t, 0)ψ1(t, 0)∂xαj(t, 0)dt,

A3 = −3

2
s

∫ T

0

e−2sα1(t,0)∂xαj(t, 0)(∂
2
xφj(t, 0))

2dt.

The purpose of the following is to show that under suitable choice of the weights the sum for j = 1, . . . , N of
A1, A2 and A3 are positive. In order to simplify the computations, we take the weights αj such that

∂xαj(t, 0) = ∂xαk(t, 0), ∀j, k = 2, . . . , N (3.13)

∂2xα1(t, 0) = ∂2xαj(t, 0), ∀j = 2, . . . , N. (3.14)

Note that these conditions are equivalent to take

bjℓj = bkℓk, ∀j, k = 2, . . . , N

a1 = aj , ∀j = 2, . . . , N.

We start by studying A1, in particular, the term with the greatest power, i.e:

−8s5
∫ T

0

(ψ1(t, 0))
2(∂xαj(t, 0))

5dt. We take now, the sum for j = 1, . . . , N of this term, using (3.13)

and the explicit expression for the weights given in (3.1)

−
N∑
j=1

8s5
∫ T

0

(ψ1(t, 0))
2(∂xαj(t, 0))

5dt =
[
(N − 1)(b2ℓ2)

5 − (b1ℓ1)
5
] ∫ T

0

ρ5(ψ1(t, 0))
2dt,

by choosing b1ℓ1 =
1

K
b2ℓ2, for K > 0 big enough we get
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−
N∑
j=1

8s5
∫ T

0

(ψ1(t, 0))
2(∂xαj(t, 0))

5dt =
[
(N − 1)(b2ℓ2)

5 − (b1ℓ1)
5
] ∫ T

0

s5ρ5(ψ1(t, 0))
2dt

=

[
(N − 1)− 1

K5

]
(b2ℓ2)

5

∫ T

0

s5ρ5(ψ1(t, 0))
2dt > 0,

For the other terms of A1 we can observe that∣∣∣∣∣4s4
∫ T

0

(ψj(t, 0))
2∂2xαj(t, 0)(∂xαj(t, 0))

3dt

∣∣∣∣∣ ≤ CT

s

∫ T

0

s5ρ5(ψ1(t, 0))
2dt

∣∣∣∣∣152 s3
∫ T

0

(ψ1(t, 0))
2(∂xαj(t, 0))(∂

2
xαj(t, 0))

2dt

∣∣∣∣∣ ≤ CT 2

s2

∫ T

0

s5ρ5(ψ1(t, 0))
2dt

∣∣∣∣∣2s3
∫ T

0

(ψ1(t, 0))
2(∂xαj(t, 0))

2∂tαj(t, 0)dt

∣∣∣∣∣ ≤ CT

s2

∫ T

0

s5ρ5(ψ1(t, 0))
2dt

∣∣∣∣∣4s3
∫ T

0

(ψ1(t, 0))
2(∂xαj(t, 0))

3dt

∣∣∣∣∣ ≤ CT 2

s2

∫ T

0

s5ρ5(ψ1(t, 0))
2dt

∣∣∣∣∣5s2
∫ T

0

(ψj(t, 0))
2∂xαj(t, 0)∂xtαj(t, 0)dt

∣∣∣∣∣ ≤ CT 2

s3

∫ T

0

s5ρ5(ψ1(t, 0))
2dt

∣∣∣∣∣s2
∫ T

0

(ψ1(t, 0))
2∂2xαj(t, 0)∂tαj(t, 0)dt

∣∣∣∣∣ ≤ CT 2

s3

∫ T

0

s5ρ5(ψ1(t, 0))
2dt

∣∣∣∣∣s2
∫ T

0

(ψ1(t, 0))
2(∂xxtαj(t, 0))dt

∣∣∣∣∣ ≤ CT 3

s4

∫ T

0

s5ρ5(ψ1(t, 0))
2dt

∣∣∣∣∣s2
∫ T

0

(ψ1(t, 0))
2∂tαj(t, 0)dt

∣∣∣∣∣ ≤ CT 3

s4

∫ T

0

s5ρ5(ψ1(t, 0))
2dt

∣∣∣∣∣s2
∫ T

0

(ψ1(t, 0))
2∂xαj(t, 0)dt

∣∣∣∣∣ ≤ CT 4

s4

∫ T

0

s5ρ5(ψ1(t, 0))
2dt

Thus, similar as in the past terms, for s ≥ s2 > 0 we deduce

N∑
j=1

A1 > C

∫ T

0

s5ρ5(ψ1(t, 0))
2dt.

18



Now we take the sum of j = 1, . . . , N of A3, to obtain
N∑
j=1

A3 = −3

2

N∑
j=1

s

∫ T

0

e−2sα1(t,0)∂xαj(t, 0)(∂
2
xφj(t, 0))

2dt

=
3

2
sb2ℓ2

∫ T

0

ρe−2sα1(t,0)

 N∑
j=2

(∂2xφj(t, 0))
2 − 1

K
(∂2xφ1(t, 0))

2

 dt
By the junction conditions of the adjoint equation (Adj) we observe that ∂2xφ1(t, 0) = (λ − N)φ1(t, 0) −
N∑
j=2

∂2xφj(t, 0). Thus,

(∂2xφ1(t, 0))
2 ≤ 2(λ−N)2(φ1(t, 0))

2 + 2

N∑
j=2

(∂2xφj(t, 0))
2, (3.15)

from where we can derive

N∑
j=1

A3 ≥ 3

2
sb2ℓ2

∫ T

0

ρe−2sα1(t,0)

(1− 2

K

) N∑
j=2

(∂2xφj(t, 0))
2 − 2(λ−N)2

K
(φ1(t, 0))

2

 dt.
Therefore, for K > 0 big enough,

N∑
j=1

A3 ≥ Cs

∫ T

0

ρe−2sα1(t,0)
N∑
j=2

(∂2xφj(t, 0))
2dt− C

∫ T

0

sρ(ψ1(t, 0))
2dt.

Note that the second term can be absorbed by
N∑
j=1

A1. We take now the sum of j = 1, . . . , N of A2, thus

N∑
j=1

A2 =− 4s3
∫ T

0

(∂xα2(t, 0))
3ψ1(t, 0)

N∑
j=2

e−sα1(t,0)∂2
xφj(t, 0)dt− 4s3

∫ T

0

(∂xα1(t, 0))
3ψ1(t, 0)e

−sα1(t,0)∂2
xφ1(t, 0)dt

+ 6s2
∫ T

0

∂xα2(t, 0)∂
2
xα1(t, 0)ψ1(t, 0)

N∑
j=2

e−sα1(t,0)∂2
xφj(t, 0)dt

+ 6s2
∫ T

0

∂xα1(t, 0)∂
2
xα1(t, 0)ψ1(t, 0)e

−sα1(t,0)∂2
xφ1(t, 0)dt

− s

∫ T

0

∂tα1(t, 0)ψ1(t, 0)e
−sα1(t,0)

N∑
j=1

∂2
xφj(t, 0)dt− s

∫ T

0

∂xα2(t, 0)ψ1(t, 0)

N∑
j=2

e−sα1(t,0)∂2
xφj(t, 0)dt

− s

∫ T

0

∂xα1(t, 0)ψ1(t, 0)e
−sα1(t,0)∂2

xφj(t, 0)dt.

We show, that all these terms can be absorbed by the dominating terms of A1 and A3. In fact, using Young’s
inequality we observe that∣∣∣∣∣∣−4s3

∫ T

0
(∂xα2(t, 0))

3ψ1(t, 0)
N∑

j=2

e−sα1(t,0)∂2xφj(t, 0)dt

∣∣∣∣∣∣ ≤ C

∫ T

0
ρ

ρ2s2.1|ψ1(t, 0)|s0.9
∣∣∣∣∣∣
N∑

j=2

e−sα1(t,0)∂2xφj(t, 0)

∣∣∣∣∣∣
 dt

≤ C

∫ T

0
ρ

ρ4s4.41(ψ1(t, 0))
2 + s0.81

N∑
j=2

e−2sα1(t,0)(∂2xφj(t, 0))
2

 dt

=
C

s0.59

∫ T

0
ρ5s5(ψ1(t, 0))

2dt

+
C

s0.19

∫ T

0
ρs

N∑
j=2

e−2sα1(t,0)(∂2xφj(t, 0))
2dt,
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with the same strategy as before we derive

∣∣∣∣∣−4s3
∫ T

0

(∂xα1(t, 0))
3ψ1(t, 0)e

−sα1(t,0)∂2xφ1(t, 0)dt

∣∣∣∣∣ ≤ C

s0.59

∫ T

0

ρ5s5(ψ1(t, 0))
2dt

+
C

s0.19

∫ T

0

ρse−2sα1(t,0)(∂2xφ1(t, 0))
2dt,

using (3.15) we observe

∣∣∣∣∣−4s3
∫ T

0

(∂xα1(t, 0))
3ψ1(t, 0)e

−sα1(t,0)∂2xφ1(t, 0)dt

∣∣∣∣∣ ≤ C

s0.59

∫ T

0

ρ5s5(ψ1(t, 0))
2dt

+
CT 4

s4.19

∫ T

0

ρ5s5(ψ1(t, 0))
2dt

+
C

s0.19

∫ T

0

ρs

N∑
j=2

e−2sα1(t,0)(∂2xφj(t, 0))
2dt,

similarly

∣∣∣∣∣∣6s2
∫ T

0

∂xα2(t, 0)∂
2
xα1(t, 0)ψ1(t, 0)

N∑
j=2

e−sα1(t,0)∂2xφj(t, 0)dt

∣∣∣∣∣∣ ≤ CT

s

∫ T

0

ρ5s5(ψ1(t, 0))
2dt

+
CT

s

∫ T

0

ρs

N∑
j=2

e−2sα1(t,0)(∂2xφj(t, 0))
2dt,

∣∣∣∣6s2 ∫ T

0

∂xα1(t, 0)∂
2
xα1(t, 0)ψ1(t, 0)e

−sα1(t,0)∂2
xφ1(t, 0)dt

∣∣∣∣ ≤ CT

s

∫ T

0

ρ5s5(ψ1(t, 0))
2dt+

CT 5

s5

∫ T

0

ρ5s5(ψ1(t, 0))
2dt

+
CT

s

∫ T

0

ρs

N∑
j=2

e−2sα1(t,0)(∂2
xφj(t, 0))

2dt,

∣∣∣∣∣∣−s
∫ T

0

∂tα1(t, 0)ψ1(t, 0)e
−sα1(t,0)

N∑
j=1

∂2xφj(t, 0)dt

∣∣∣∣∣∣ =
∣∣∣∣∣−s(λ−N)

∫ T

0

∂tα1(t, 0)(ψ1(t, 0))
2dt

∣∣∣∣∣
≤ CT 2

s4

∫ T

0

ρ5s5(ψ1(t, 0))
2dt

∣∣∣∣∣∣−s
∫ T

0

∂xα2(t, 0)ψ1(t, 0)

N∑
j=2

e−sα1(t,0)∂2xφj(t, 0)dt

∣∣∣∣∣∣ ≤ CT 3

s3

∫ T

0

ρ5s5(ψ1(t, 0))
2dt

+
CT

s

∫ T

0

ρs

N∑
j=2

e−2sα1(t,0)(∂2xφj(t, 0))
2dt,

∣∣∣∣∣−s
∫ T

0

∂xα1(t, 0)ψ1(t, 0)e
−sα1(t,0)∂2xφ1(t, 0)dt

∣∣∣∣∣ ≤ CT 3

s3

∫ T

0

ρ5s5(ψ1(t, 0))
2dt+

CT 5

s5

∫ T

0

ρ5s5(ψ1(t, 0))
2dt

+
CT

s

∫ T

0

ρs

N∑
j=2

e−2sα1(t,0)(∂2xφj(t, 0))
2dt.
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We gather all these estimates for to obtain for s ≥ s3

B̃0 ≥ C

∫ T

0

s5ρ5(ψ1(t, 0))
2dt+

∫ T

0

sρ

N∑
j=2

e−2sα1(t,0)(∂2xφj(t, 0))
2dt

 . (3.16)

3.5. Coming back to φj. First, note that

∥Rψj∥2L2(Qj)
≤ C

s

∫∫
s5ρ5(ψj)

2dxdt.

Thus, for all s ≥ s4 > 0, this term can be absorbed by (3.10). Therefore, joining the estimates (3.10), (3.12),
and (3.16) and noticing that Pψj = 0 we get that for all s ≥ s∗ = max(s0, s1, s2, s3, s4)

∫∫
s5ρ5(ψj)

2dxdt+

∫∫
s3ρ3(∂xψj)

2dxdt ≤ C

N∑
j=2

(∫∫
s3ρ3(∂xψj(t, ℓj))

2dt+

∫∫
sρ(∂2xψj(t, ℓj))

2dt

)
.

Now, as ψj = e−sαjφj , and ∂xφ = sαje
sαjψj + esαj∂xψj , we get

e−2αj (φj)
2 = (ψj)

2, e−2αj (∂xφj) ≤ C
(
s2ρ2(ψj)

2 + (∂xψj)
2
)
.

In the same way, we have

∂xψj(t, ℓj) = e−sαj(t,ℓj)∂xφj(t, ℓj)

∂2xψj(t, ℓj) = −2s∂xαj(t, ℓj)e
−sαj(t,ℓj)∂xφ(t, ℓj) + e−sαj(t,ℓj)∂2xφj(t, ℓj),

and thus

(∂xψj(t, ℓj))
2 = e−2sαj(t,ℓj)(∂xφj(t, ℓj))

2

(∂2xψj(t, ℓj))
2 ≤ C

(
s2ρ2e−2sαj(t,ℓj)(∂xφj(t, ℓj))

2 + e−2sαj(t,ℓj)(∂2xφj(t, ℓj))
2
)
.

Gathering all these computations, we derive the following Carleman estimate.

N∑
j=1

∫∫
e−2αj

(
s5ρ5(φj)

2 + s3ρ3(∂xφj)
2
)
dxdt ≤ C

N∑
j=2

∫ T

0

e−2sαj(t,ℓj)
(
s3ρ3(∂xφj(t, ℓj))

2 + sρ(∂2xφj(t, ℓj))
2
)
dt.

From where we obtain (3.2). 2

Remark 3. Note that our Carleman estimate (3.2) is optimal in the sense of s and ρ powers, s5ρ5 for φ,
s3ρ3 for ∂xφ and sρ for ∂2xφ. ◦

4. Proof of the null controllability result. With all the tools developed in the past sections, we are
in position to prove our null controllability result. By the structure of the temporal weight (3.1) and the
Carleman inequality (3.2) we get as in [14, 13] that there exists C > 0 such that

N∑
j=1

∫ 3T
4

T
4

∫ ℓj

0

(φj)
2dxdt ≤ C

N∑
j=2

∫ T

0

e−2sαj(t,ℓj)
(
s3ρ3(∂xφj(t, ℓj))

2 + sρ(∂2xφj(t, ℓj))
2
)
dt. (4.1)

The next step is to obtain a dissipation estimate. We use (2.8) with f ≡ 0, obtaining for all 0 < t1 < t2 < T ,
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N∑
j=1

∫ ℓj

0

(φj(t1, x))
2e−xdx ≤ eC(t2−t1)

N∑
j=1

∫ ℓj

0

(φj(t2, x))
2e−xdx.

Taking t1 = 0 and t2 ∈ (T3 ,
3T
4 ), we see that

N∑
j=1

∫ 3T
4

T
4

∫ ℓj

0

(φj(0, x))
2e−xdxdt ≤ C

 N∑
j=1

∫ 3T
4

T
4

∫ ℓj

0

(φj(t2, x))
2e−xdxdt

 .

Finally, taking account that e−ℓj ≤ e−x ≤ 1 for all x ∈ (0, ℓj), the above inequality and (4.1), we conclude the
existence of C > 0 such that

N∑
j=1

∫ ℓj

0

(φj(0, x))
2dxdt ≤ C

N∑
j=2

∫ T

0

e−2sαj(t,ℓj)
(
s3ρ3(∂xφj(t, ℓj))

2 + sρ(∂2xφj(t, ℓj))
2
)
dt.

Thus, with the observability inequality, we have proved the null controllability result stated in Theorem 1.1.
Remark 4. At the end, with respect to the spatial part of the Carleman weight (3.1), we only ask for aj, bj,
cj > 0 satisfying for K > 0 big enough:

b1 > 2a1,

aj = a1, cjℓ
2
j = c1ℓ

2
1, cj > aj + bj , bjℓj = Kb1ℓ1 j = 2, . . . , N.

Given ℓj, j = 1, . . . , N , it is not difficult to build weights satisfying these conditions. ◦
5. Conclusion and final remarks. In this work, the well-posedness and null controllability problem of

the linear KdV equation in a star-shaped network was addressed using 2N − 2 controls acting on N − 1 edges.
For the controllability, an observability inequality equivalent to the null controllability was proved by using an
appropriate Carleman estimate and a dissipation estimate. This is the first work, to the best of our knowledge,
dealing with Carleman estimates for the KdV equation in networks. The main challenge was to estimate the
traces terms in the central node, that were possible to manage using appropriate choice of Carleman weights.
For the well-posedness, the notion of transposition solution was utilized. Energy estimates were obtained for
different regularity framework, and the desired well-posedness result was derived by interpolation arguments.
Some interesting research directions for the future include:

• Reduce the number of controls: The possibility to reduce the numbers of controls or acted edges
remains an open question. In [1], the exact boundary controllability of the KdV in a star-shaped
network was proved by acting with N +1 controls, N controls in the Neumann right conditions and 1
control in the junction (acting on the flux condition). However, in [10], the exact controllability was
proved without the control in the central node but for a large time and small lengths. In our case, due
to the Carleman inequality we are not able to eliminate acted edges. An idea could be to study the
null controllability of the KdV equation on a tree network as in [11] and use the sense of propagation
of the KdV equation to eliminate some controls.

• Internal controls: For systems of KdV equations with internal couplings, the problem of null con-
trollability was studied in [6] for a Hirota-Satsuma system and in [3] for a Gear-Grimshaw system.
In these two works, the controllability was proved by using Carleman estimates, and the controls act
internally and locally. Due to the internal couplings term, they were able to use fewer controls than
equations. An interesting question is if the internal null controllability holds for the KdV equation in
a star-shaped network and if the central node conditions transmit enough information to reduce the
number of controls.

• Dispersive limit: In [2], the null controllability problem of a parabolic system on networks was
studied with a diffusive parameter ε → 0. In this setting, a possible future research line could be
to consider a dispersive parameter ν in the KdV equation on networks and to study the uniform
null controllability, as in [13]. However, some complications arise, such as how to adapt the junction
conditions in the hyperbolic limit problem on the network.
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• Inverse Problems: In [1], a KdV system on networks was proposed to model blood pressure. In this
context, an interesting inverse problem arises concerning the determination of cardiac outflow pressure
through noninvasive measurements. Also, considering different principal coefficients in each edge of
the KdV equation and studying the inverse problem of recovering them through measurements at the
ends of the network could be considered. The main tool proposed to solve these kinds of problems are
the Carleman inequalities, as developed here.
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Appendix A. Proof of Claim 1. In this part we derive the estimate (2.14) of Claim 1. For δ > 0, Cδ

denotes a generic constant (mostly big) depending on δ. Let ε > 0. Now, we estimate the right-hand side
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terms Ti for i = 1 . . . 6. We start with T1, note that∫ T

s

∂xφj(t, ℓj)∂
2
x∂tφj(t, ℓj)e

−ℓjdt =−
∫ T

s

∂t∂xφj(t, ℓj)∂
2
xφj(t, ℓj)e

−ℓjdt+ ∂xφj(t, ℓj)∂
2
xφj(t, ℓj)e

−ℓj
∣∣∣T
s

≤C

(∫ T

0

|∂t∂xφj(t, ℓj)||∂2xφj(t, ℓj)|dt

+ sup
t∈[0,T ]

|∂xφj(t, ℓj)||∂2xφj(t, ℓj)e
−ℓj |

)
.

Using Young’s inequality we get for ε > 0 and η > 0 small enough∫ T

s

∂xφj(t, ℓj)∂
2
x∂tφj(t, ℓj)e

−ℓjdt ≤ε
∫ T

0

(∂t∂xφj(t, ℓj))
2dt+ Cε

∫ T

0

(∂2xφj(t, ℓj))
2dt

+ C sup
t∈[0,T ]

∥∂xφj(t, ·)∥L∞(0,ℓj)∥∂
2
xφj(t, ·)∥L∞(0,ℓj)

≤ε
∫ T

0

(∂t∂xφj(t, ℓj))
2dt+ Cε∥φj∥2L2(0,T ;H5/2+η(0,ℓj))

+ C sup
t∈[0,T ]

∥∂xφj(t, ·)∥H1(0,ℓj)∥∂
2
xφj(t, ·)∥H1(0,ℓj).

Using interpolation between H3(0, ℓj) and H1(0, ℓj) we get for ε1 > 0∫ T

s

∂xφj(t, ℓj)∂
2
x∂tφj(t, ℓj)e

−ℓjdt ≤ε
∫ T

0

(∂t∂xφj(t, ℓj))
2dt+ ε1Cε∥φj∥2L2(0,T ;H3(0,ℓj))

+ Cε1Cε∥φj∥2L2(0,T ;H1(0,ℓj))

+ C sup
t∈[0,T ]

∥φj(t, ·)∥H2(0,ℓj)∥φj(t, ·)∥H3(0,ℓj)

≤ε
∫ T

0

(∂t∂xφj(t, ℓj))
2dt+ ε1Cε∥φj∥2C2([0,T ];H3(0,ℓj))

+ Cε1Cε∥φj∥2L2(0,T ;H1(0,ℓj))

+ C∥φj∥C([0,T ];H3(0,ℓj)∥φj∥L∞(0,T ;H2(0,ℓj)).

Again by Young’s inequality for ε2 > 0∫ T

s

∂xφj(t, ℓj)∂
2
x∂tφj(t, ℓj)e

−ℓjdt ≤ε
∫ T

0

(∂t∂xφj(t, ℓj))
2dt+ ε1Cε∥φj∥2L2(0,T ;H3(0,ℓj))

+ Cε1Cε∥φj∥2L2(0,T ;H1(0,ℓj))

+ C sup
t∈[0,T ]

∥φj(t, ·)∥H2(0,ℓj)∥φj(t, ·)∥H3(0,ℓj)

≤ε
∫ T

0

(∂t∂xφj(t, ℓj))
2dt+ (ε1Cε + ε2)∥φj∥2C([0,T ];H3(0,ℓj))

+ Cε1Cε∥φj∥2L2(0,T ;H1(0,ℓj))
+ Cε2∥φj∥L∞(0,T ;H2(0,ℓj)),

By interpolating between H3(0, ℓj) and L2(0, ℓj) we get for ε3 > 0

Cε2∥φj∥L∞(0,T ;H2(0,ℓj)) ≤ Cε2ε3∥φj∥L∞(0,T ;H3(0,ℓj)) + Cε2Cε3∥φj∥L∞(0,T ;L2(0,ℓj)).

Thus we get,

∫ T

s

∂xφj(t, ℓj)∂
2
x∂tφj(t, ℓj)e

−ℓjdt ≤ε
∫ T

0

(∂t∂xφj(t, ℓj))
2dt+ (ε1Cε + ε2ε3Cε2)∥φj∥2C([0,T ];H3(0,ℓj))

+ Cε1Cε∥φj∥2L2(0,T ;H1(0,ℓj))
+ Cε2Cε3∥φj∥C([0,T ];L2(0,ℓj)),

Given ε > 0 we can choose ε1, ε2 and ε3 (in that order) such that ε1Cε + ε2 + ε3Cε2 < ε using (2.10) we get
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T1 ≤ ε

N∑
j=1

∫ T

0

(∂t∂xφj(t, ℓj))
2dt+ ε∥φ∥2C([0,T ];H3(T )) + Cε∥f∥2L2(0,T ;H−1

r (T ))

≤ ε

N∑
j=1

∫ T

0

(∂t∂xφj(t, ℓj))
2dt+ ε∥φ∥2C([0,T ];H3(T )) + Cε∥f∥2L2(0,T ;H2

0(T )).

We pass now to the term T2. Observe that

∫ ℓj

0

[
(∂2xφj(s, x))

2 − (∂xφj(s, x))
2
]
e−xdx ≤ C∥φj∥2L∞(0,T ;H2(0,ℓj))

,

interpolating between H3(0, ℓj) and L2(0, ℓj) we get∫ ℓj

0

[
(∂2xφj(s, x))

2 − (∂xφj(s, x))
2
]
e−xdx ≤ ε∥φj∥2C([0,T ];H3(0,ℓj))

+ Cε∥φj∥2C([0,T ];L2(0,ℓj))
,

using (2.10) we get

T2 ≤ ε∥φ∥2C([0,T ];H3(T )) + Cε∥f∥2L2(0,T ;H−1
r (T ))

≤ ε∥φ∥2C([0,T ];H3(T )) + Cε∥f∥2L2(0,T ;H2
0(T )).

We study now the term T3. ∫ T

s

∫ ℓj

0

(∂tφj(t, x))e
−xdx ≤ C∥φj∥2H1(0,T ;L2(0,ℓj))

,

interpolating between H1(0, ℓj) and H−2(0, ℓj) we get∫ T

s

∫ ℓj

0

(∂tφj(t, x))e
−xdx ≤ ε∥φj∥2H1(0,T ;H1(0,ℓj))

+ Cε∥φj∥2H1(0,T ;H−2(0,ℓj))
. (A.1)

As f ∈ L2(0, T ;H−1
r (T ), we get by (2.10) φj ∈ C([0, T ];L2(0, ℓj)) ∩ L2(0, T ;H1(0, ℓj)), thus ∂tφ = −∂xφ −

∂3xφ + fj ∈ H1(0, T ;H−2(0, ℓj)). Moreover ∥φj∥2H1(0,T ;H−2(0,ℓj))
≤ C∥f∥L2(0,T ;H−1

r (T )), using this in (A.1) we
get

T3 ≤ ε∥φ∥2H1(0,T ;H1(T )) + Cε∥f∥2L2(0,T ;H2
0(T )).

We follow with T4, note that by for ε > 0 by Young’s inequality we get∫ T

s

∫ ℓj

0

∂2xφj(t, x)∂x∂tφj(t, x)e
−xdx ≤ ε∥φj∥2H1(0,T ;H1(0,ℓj))

+ Cε∥φj∥2L2(0,T ;H2(0,ℓj))

≤ ε∥φj∥2H1(0,T ;H1(0,ℓj))
+ Cε∥φj∥2L∞(0,T ;H2(0,ℓj))

,

the term ∥φj∥2L∞(0,T ;H2(0,ℓj))
can be estimated as in T2, we finally get

T4 ≤ ε∥φ∥2H1(0,T ;H1(T )) + ε∥φ∥2C([0,T ];H3(T )) + Cε∥f∥2L2(0,T ;H2
0(T )).

We continue with T5, by Young’s inequality and η > 0 small enough∫ T

s

∂xφj(t, ℓj)∂x∂tφj(t, ℓj)e
−ℓj ≤ε

∫ T

0

(∂x∂tφj(t, ℓj))
2dt+ Cε

∫ T

0

(∂xφj(t, ℓj))
2dt

ε

∫ T

0

(∂x∂tφj(t, ℓj))
2dt+ Cε∥φj∥2L2(0,T ;H3/2+η(0,ℓj))

,
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interpolating between H3(0, ℓj) and H1(0, ℓj)

∥φj∥2L2(0,T ;H3/2+η(0,ℓj))
≤ ε1∥φj∥2L2(0,T ;H3(0,ℓj))

+ Cε1∥φj∥2L2(0,T ;H1(0,ℓj))

taking ε1 such that ε1Cε ≤ ε and using (2.10) we deduce

T5 ≤ ε

N∑
j=1

∫ T

0

(∂x∂tφj(t, ℓj))
2dt+ ε∥φ∥2C([0,T ];H3(T )) + Cε∥f∥2L2(0,T ;H2

0(T )).

We conclude by studying T6, we see that∫ T

s

∫ ℓj

0

fj(t, x)∂
3
x∂tφj(t, x)e

−xdx =−
∫ T

s

∫ ℓj

0

∂xfj(t, x)∂
2
x∂tφj(t, x)e

−xdx+

∫ T

s

∫ ℓj

0

fj(t, x)∂
2
x∂tφj(t, x)e

−xdx

=

∫ T

s

∫ ℓj

0

∂2xfj(t, x)∂x∂tφj(t, x)e
−xdx− 2

∫ T

s

∫ ℓj

0

∂xfj(t, x)∂x∂tφj(t, x)e
−xdx

+

∫ T

s

∫ ℓj

0

fj(t, x)∂x∂tφj(t, x)e
−xdx

=

∫ T

s

∫ ℓj

0

(∂2xfj(t, x)− 2∂xfj(t, x) + fj(t, x))∂x∂tφj(t, x)e
−xdx.

By Young’s inequality we get

T6 ≤ ε∥φ∥2H1(0,T ;H1(T )) + Cε∥f∥2L2(0,T ;H2
0(T )).

Appendix B. Computation on B3
0. In this part we derive (3.6). First note that using ψj = e−sαjφj , we

derive that

∂2xψj(t, 0) = [−s∂2xαj(t, 0) + s2(∂xαj(t, 0))
2]ψ1(t, 0) + e−sα1(t,0)∂2xφj(t, 0).

Thus,

−s3
∫ T

0

∂2xψj(t, 0)ψ1(t, 0)(∂xαj(t, 0))
3dt =− s5

∫ T

0

(ψ1(t, 0))
2(αj(t, 0))

5dt

+ s4
∫ T

0

(ψ1(t, 0))
2∂2xαj(t, 0)(∂xαj(t, 0))

3dt

− s3
∫ T

0

e−sα1(t,0)∂2xφj(t, 0)ψ1(t, 0)(∂xαj(t, 0))
3dt,

−s
∫ T

0

∂2xψj(t, 0)ψ1(t, 0)∂tαj(t, 0)dt =− s3
∫ T

0

(ψ1(t, 0))
2(∂xαj(t, 0))

2∂tαj(t, 0)dt

+ s2
∫ T

0

(ψ1(t, 0))
2∂2xαj(t, 0)∂tαj(t, 0)dt

− s

∫ T

0

e−sα1(t,0)∂2xφj(t, 0)ψ1(t, 0)∂tαj(t, 0)dt,

−3s

∫ T

0

∂2xψj(t, 0)∂xψj(t, 0)∂
2
xαj(t, 0) =3s4

∫ T

0

(ψ1(t, 0))
2(∂xαj(t, 0))

3∂2xαj(t, 0)dt

− 3s3
∫ T

0

(ψ1(t, 0))
2∂xαj(t, 0)(∂

2
xαj(t, 0))

2dt

+ 3s2
∫ T

0

e−sα1(t,0)∂2xφj(t, 0)ψ1(t, 0)∂xαj(t, 0)∂
2
xαj(t, 0)dt,
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−s
∫ T

0

∂2xψj(t, 0)ψ1(t, 0)∂xαj(t, 0)dt =− s3
∫ T

0

(ψ1(t, 0))
2(αj(t, 0))

3dt+ s2
∫ T

0

(ψ1(t, 0))
2∂2xαj(t, 0)∂xαj(t, 0)dt

− s

∫ T

0

e−sα1(t,0)∂2xφj(t, 0)ψ1(t, 0)∂xαj(t, 0)dt,

−3

2
s

∫ T

0

(∂2xψj(t, 0))
2∂xαj(t, 0)dt =− 3

2
s5
∫ T

0

(ψ1(t, 0))
2(∂xαj(t, 0))

5dt

+ 3s4
∫ T

0

(ψj(t, 0))
2∂2xαj(t, 0)(∂xαj(t, 0))

3dt

− 3

2
s3
∫ T

0

(ψj(t, 0))
2(∂2xαj(t, 0))

2∂xαj(t, 0)dt

− 3s3
∫ T

0

e−sα1(t,0)∂2xφj(t, 0)ψ1(t, 0)(∂xαj(t, 0))
3dt

+ 3s2
∫ T

0

e−sα1(t,0)∂2xφj(t, 0)ψ1(t, 0)∂
2
xαj(t, 0)∂xαj(t, 0)dt

− 3

2
s

∫ T

0

e−2sα1(t,0)∂xαj(t, 0)(∂
2
xφj(t, 0))

2dt.

Finally, we get

B3
0 =− 5

2
s5
∫ T

0

(ψ1(t, 0))
2(∂xαj(t, 0))

5dt+ 7s4
∫ T

0

(ψj(t, 0))
2∂2xαj(t, 0)(∂xαj(t, 0))

3dt

− 9

2
s3
∫ T

0

(ψj(t, 0))
2(∂2xαj(t, 0))

2∂xαj(t, 0)dt− s3
∫ T

0

(ψ1(t, 0))
2(αj(t, 0))

3dt

− s3
∫ T

0

(ψ1(t, 0))
2(∂xαj(t, 0))

2∂tαj(t, 0)dt+ s2
∫ T

0

(ψ1(t, 0))
2∂2xαj(t, 0)∂tαj(t, 0)dt

− 4s3
∫ T

0

e−sα1(t,0)∂2xφj(t, 0)ψ1(t, 0)(∂xαj(t, 0))
3dt

+ 6s2
∫ T

0

e−sα1(t,0)∂2xφj(t, 0)ψ1(t, 0)∂xαj(t, 0)∂
2
xαj(t, 0)dt− s

∫ T

0

e−sα1(t,0)∂2xφj(t, 0)ψ1(t, 0)∂tαj(t, 0)dt

− s

∫ T

0

e−sα1(t,0)∂2xφj(t, 0)ψ1(t, 0)∂xαj(t, 0)dt−
3

2
s

∫ T

0

e−2sα1(t,0)∂xαj(t, 0)(∂
2
xφj(t, 0))

2dt
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