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OBSERVED-BASED EXPONENTIAL STABILITY OF THE FRACTIONAL
HEAT EQUATION

HUGO PARADA

ABSTRACT. In this work, the exponential stability of the nonlocal fractional heat equation is
studied. The fractional Laplacian is defined via a singular integral. Using the spectral properties
of the fractional Laplacian and a state-decomposition. The feedback control is build taking
account the first N modes and an observer defined via a bounded operator. Different kind
of configurations are studied to mention, interior controller and interior observation, interior
controller and exterior observation. Using the recent result about simplicity of the eigenvalues
[11], some of our stabilization results are valid for s € (0,1), in particular for s € (0,1/2) in
which case the fractional heat equation is not null controllable.

1. INTRODUCTION
We consider the following fractional heat equation described for ¢ > 0

Ow + (—d2)*w — quw = F(w), t>0, z€Q,

w(t,z) =0, t>0, zeR\Q, (1.1)
w(O,m) = U}O(.’ﬂ), T € Q, .
Z(t) = C’w, t> 07

where ¢ is positive constant, = (—1,1), wy € L?(Q) is a given initial datum, F is a feedback
controller and C is an observation operator. Here (—d2)® denotes the one-dimensional, nonlocal
fractional Laplace operator, for all s € (0,1), which is defined as the following singular integral

(see [II):
() ue) = copv [ Tt gy, (1.9)

R |z —y[t*?
with normalization constant
s 14+2s
o 2 (T>7 (1.3)
A1 —3)

where I' denotes the Euler Gamma function. Due to the presence of ¢ > 0 in (L.I), this system
could be unstable, the idea of this work is to build a finite dimensional feedback controller F using
an observation operator C to achieve the exponential stability of . This is not a straightforward
task, in particular because for the fractional Laplacian the eigenvalues and eigenfunctions are not
known explicitly. The reader should note that the fractional Laplacian (—d2)* considered in this
work is a different operator that the spectral fractional Laplacian (—A)®. The first one is defined
by the singular integral for functions satisfying the exterior zero condition f = 0 in R\ £,
while the second one can be defined as the fractional powers of the positive self-adjoint operator
(—A) with domain H?(2) N HE(Q). Those two operators are different, in fact their eigenvalues and
eigenfunctions are not the same, see Section Even if this two operators are different, similar
results to those presented in this work can be obtain for the spectral fractional Laplacian. If fact,
that case is easier because the eigenvalues and eigenfunctions are explicitly known. Other approach,
that will not treated in this work but in a future is to consider fractional in time derivative. For
instance, we can replace in O¢ by the Caputo fractional derivative [29], defined for « € (0,1)
as

¢ DXy(t) = ml_a) /0 - _1T)aaTv(T)dT. (1.4)

Key words and phrases. fractional Laplacian; output feedback; exponential stability;
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2 H. PARADA

The introduction of this fractional time derivative requires the use of fractional order calculus
and the Mittag-Leffer matrix function. Other definitions can be used to model fractional in
time derivatives, for instance, the Riemann-Liouville derivative, the Riesz derivative, the Weyl
derivative, etc. In the last years, nonlocal PDEs and fractional order operators have become
very popular in modeling various subject of science for instance, turbulence, image processing,
porous media [4, [6, 26]. Nonlocal PDEs (operators) are a type of partial differential equations
that differ from the typical differential operators because the nonlocal operators take in account
the interactions between distant points in a system, and they are relevant to numerous scientific
and engineering. They are particularly useful in the develop of stochastic models for anomalous
diffusion problems. Several stochastic models have been proposed, we mention fractional Brownian
motion, the continuous-time random-walk, the Lévy flights, etc [10, 12} [24]. These models are used
because offer a more flexible and accurate representation of complex physical system involving
nonlocal interactions.

With respect to controllability of fractional heat equations in open subsets of RN, the question
is not fully answered. A powerful tool, used typically to prove controllability properties for
parabolic equations are Carleman inequalities which are not available yet in the fractional case.
In the case multidimensional case N > 2 the best controllability result know for the nonlocal
fractional heat equation in a open subset is the approximate controllability with interior or
exterior controls [I7, BI]. However, in the one dimensional setting, better results are know in
the case s € (1/2,1), i.e the fractional heat equation is null controllable with interior or exterior
controls [5, B3]. Recently in the case of the spectral fractional Laplacian, the null controllability
was proved in the case of s € (0,1/2) in [27] using a moving control strategy. It is expected (as is
mention in [27]) that the strategy of moving control also helps to achieve the null controllability
in the case s € (0,1/2) for the nonlocal fractional Laplacian, but until now it is an open problem.
Moving to the stabilization problem, up to our knowledge this is not as well researched than the
controllability, we can mention [I5], [14] where the boundary stabilization of a time-space fractional
heat and wave equation were investigated, it is worth to mention that in those works the spectral
fractional Laplacian is used. In [2] the rapid stabilization of a fractional diffusive equation on
the whole space was derived. We also mention the works, [23] where the lack of controllability
for fractional ODE and PDE was studied, [25] where controllability and observability of finite
dimensional fractional systems was investigated, [I6] where the controllability problem for
fractional order system in Banach spaces was dealt, [22] where the Bang bang principle and null
controllability was studied for fractional order parabolic systems.

The goal of this work is to study the exponential stability of the fractional heat equation
by acting with an observer-based finite dimensional controller. Using the spectral properties of the
fractional Laplacian, we decompose the state into its stable and unstable part, then we manage to
build a controller using the first N modes. In the case of the classical one dimensional Laplacian
with Dirichlet conditions, we can use as observation (among others) an internal observation

Cw:/Qc(nc)w(t,gc)d:lc7 (1.5)

which is a bounded operator in L?(2) and the Neumann trace of the solution
Cw = d,w(t,0). (1.6)

In that case the associate observation operator is unbounded in L2(f2). Here for the nonlocal
fractional Laplacian, we deal with two kinds of observations, the first one corresponds to an internal
observation as (L.5)) and is analyzed in Section[3] In the case of (L.1)) the analogous of the Neumann
trace is the nonlocal normal derivative
_ w(z) —w(y) 5
Nsw(a:)—cs/gmdy, Z‘ER\Q
Contrary to the Neumann case for the classical Laplacian, the nonlocal normal derivative define
a bounded observation operator (see Section ‘ Furthermore, observe that the nonlocal normal
derivative is defined for points x outside of 2. This allows us to design the control using exterior
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measures.

The paper is organized as follows in Section [2| we define the fractional Laplacian and its spectral
properties. In Section [3| we study the exponential stabilization using an internal observation via
a bounded operator. Then, in Section [f] we study the exponential stabilization using an exterior
observation. In Section [5] we deal with a more general form of the controller, in that case if the
control is localized we a weak spectral inequality in order to show the exponential stability via a
Lyapunov methods. We conclude the discussion with some future research lines to be investigated.

2. PRELIMINARIES

In this section we define the fractional Laplacian and we describe some properties about it that
will be useful along this work. We consider the space

LRY — dap - . lw(z)]
‘CS(R) = {'LU R—R:w measurable ,/]R W dx < 0 ) (21)
and, for any w € L} and € > 0, we set
s w(zx) —w(y
(—di)e w(x) = cs/ LH_(QG) dy, ze€R. (2.2)
|z—y|>e ‘x - |
The fractional Laplacian is then defined by the singular integral,
28 _ w(z) —w(y) . 28
(*dm) ’LU(I) = Cs va W dy glifélJr (*dx)s ’UJ(ZL'), S R, (23)

provided that the limit exists. Given s € (0,1) and Q2 C R, the fractional Sobolev space H*(2) is

defined as
Jw(z) —w(y)|?
|z — y|it+2s

H*(Q) := {weLQ(Q):/ﬂ A

This is a Hilbert space, endowed with the norm (derived from the scalar product)

dedy < oo} . (2.4)

1
2

lwllsoy = [lwlFa@) + o] (2.5)
where the term
1
,_ (@) —w(y)? ?
is the so-called Gagliardo seminorm of w. We set
oo ()
Hy(Q):=C(Q) 7, (2.7)

the closure of the continuous infinitely differentiable functions with compact support in Q with

respect to the H*(Q)-norm. Then, for 0 < s < 3, the identity H§(Q) = H*(Q) holds This is
because, in this case, the C§°(Q) functions are dense in H*(£); on the other hand, for 3 < s <1,

we have H3(Q) = {w € H*(R) : u =0 in R\Q}.

Let ( dz) be the self-adjoint operator on L?(Q) associated with the closed and bilinear form

|33 _ ‘1—&-29

That is,
D ((_dg);) = {w € Hy(Q): (-d2)*we L2(Q)} L (—d2) w = (=d%)° w. (2.9)

Then (—di); is the realization in L?(Q2) of the fractional Laplace operator (—dg)s with zero

exterior condition w = 0 on R\{. The operator ( d2) has a compact resolvent and its eigenvalues
from a non-decreasing sequence of real numbers 0 < A} < Ay < -+ < A\, < ---, satisfying
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lim,, oo A, = 00. Let (¢, )nen be the orthonormal basis of eigenfunctions associated with (A, )nen,
i.e.

{(_dg)s $n = Anon inQ, (2.10)

¢n =0 inR\ Q.

Moreover, the following asymptotic behaviour is known [I8, Theorem 1]

Ap = (”; - (2;5”)2(@ +0 (i) . (2.11)

For any real ¢ > 0, we define the space H?(2) as the domain of the c—power of (—di)SD. More
precisely,

HO (Q) := {w €LXQ) : Y N(w,dn) 2oy < oo}, (2.12)

neN

and

[w]

HZ(Q) = <Z })‘Z(w>¢n)L2(Q)’2> . (2.13)

neN

Note that clearly, ]HIS% () = H§(2), with equivalent norms. Finally, in what follows, we will indicate
with H—*(Q) = (H*(Q))" (resp. H;7(Q) = (HJ(2))) the dual space of H*(Q) (resp. H?(Q)) with
respect to the pivot space L?(Q). In particular, we consider H;“(£2) endowed with the norm

1

wllg=e (o) = (Z ‘Pﬁg(wmﬁn)m(g)f) . (2.14)

neN

Then we have the following embeddings
HI(Q) — L*(Q) — H;7(Q). (2.15)

We recall the following integration by parts formula in the case of fractional Laplacian given in [9]
Lemma 3.3]. For w € H*(R), we introduce the nonlocal normal derivative N given by

Nyw(z) = cs/ Mdy, r e R\ Q. (2.16)

Q |$ _ y|1+2s

Lemma 2.1. Let w € H§(Q), be such that (—d2)*w € L*(Q) and Nyw € L*(R\ Q). Then for
every v € H2(R), we have

Cs (w(z) —w(y))(v(z) - v(y))
A

dzd :/v —d? Swdx—l—/ vNswdz. 2.17
x —y|it2s Y Q (=da) R\Q (217)

Finally we mention the following unique continuation properties which proofs can be founded
in [5] Theorem 1.2] and [32] Theorem 16] respectively. The first one with internal observation

Let A > 0 be a real number and w C Q0 an arbitrary nonempty open set.

IntUC
If p € (—d2)$, satisfies (—d2)%p = g in Q and ¢ = 0 in w, then ¢ = 0 in R. ( )
The second one with exterior Neumman observation
Let A > 0 be a real number and O C R\ Q an arbitrary nonempty open set.
(ExtUC)

If p € (—d2)$, satisfies (—d2)%p = Mg in Q and Ny =0 in O, then o =0 in R.
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2.1. Two different operators. In order to make more clear the difference of the operator
((—d?)®) and the spectral fractional Laplacian (—A)*, in this part we give the definition of (—A)*
emphasizing the main differences.

It is well known that the Laplacian operator ((—A), D(—A)), with D(—A) = H?(Q) N H(Q) is a
positive self-adjoint operator, in particular its eigenvalues and eigenfunctions (i, ©n)nen satisfy
the equation

A — :
Pn = Hntps in €, (2.18)
Qpn(_l) = @n(l) =0,
and are given by
nm 2 sin(krz), n =2k,
a ( 2 ) #n(@) {cos(lmrx), n=2k+1 (2.19)
Moreover (¢, )nen forms an orthonormal basis of L%() in particular, for f € L?(£2)
f = Z(fv (Pn)LQ(Q)SOru Hf”%Q(Q) = Z(fa Wn)%ﬂ(g) (2~20)
neN neN
If f e D(-A)
(A = pin(fs 0n)L2()Pn- (2.21)
neN

Let s > 0, this motivates to define the spectral fractional Laplacian(—A)*® (similar to (2.12)),(2.13)))
as

(=A)f =D m(f o)z, DI=APT={f € L*(Q), D 1 (f.on)iai) < oo} (2:22)

neN neN
From the above definition, we remark the following:
2s
e The eigenvalues of (—A)* are p2® = (%) , which are different to A, (2.11)) but asymp-

totically close.
e The eigenfunctions of (—A)*® are ¢, and they are smooth ¢, € C*°(Q), contrary to those
of (—d2)® which are only Hélder continuous up to the boundary [30, Theorem 1.1].

3. EXPONENTIAL STABILITY WITH INTERNAL OBSERVATION

In this section, we prove our main result related with the finite-dimensional observer-based
exponential stabilization of the fractional heat equation with bounded observation. We base our
ideas on [21I]. We search for a control in the form u(t)f(x), this choice of the feedback controller
is made to simplify the computations, in a more general case, we can not directly apply the same
strategy shown here, we explain more details about that in Section [5} Therefore, with this choice
of the control we focus on the system

Ow + (—d2)w — quw = u(t) f(z), t>0, z€Q,
w(t,xz) =0, t>0, xeR\Q,
U)(O,.’E) = wo(l'), r €, (31)

2(t) = /Q c(x)w(t,x)de, t>0.

Denoting by A = (—d2)% the fractional Laplacian operator defined on Section [2] we can write

system as
Ow(t,") = (—A+Zgw(t,-) + fu(t), t>0, (3.2)

where Z, denotes the identity map. Now, we observe that for any w(t,-) € D(A), we can write
o0

w(t,z) = Z wy, (t)dn(x), where (¢, )nen are the eigenfunctions of A and w,(t) is the coefficient
n=1

projection of w onto the subspace generated by ¢, i.e w,(t) = (w(t,-), dn)r2(q). Similarly we
consider, fn, = (f,én)r2(0) and ¢, = (¢, dn)r2(0). Therefore, we obtain the following infinite
dimensional system
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Iwn(t) = (=An + Qup(t) + fru(t), t>0, n€N,
2(t) = Zciwi(t), t >0, (3:3)
i=1

where (A, )nen are the eigenvalues of A. Our idea now is to split the above system in its unstable
and stable part. Let Ny € N and § > 0 be given such that —\, + ¢ < —6 < 0 for all n > Ny + 1.
Let N > Ny + 1, we design an observer with the task of estimate the first N eigenmodes of the
system. We introduce

w1 M +q ... 0 f1
Whe=1 "1, An = : : s Fng =1 1| (3.4)
W, 0 . =AN, t ¢ I
Thus,
Wi, (t) = Any Wi, (t) + Fryu(t). (3.5)

We write now the observer dynamics. Consider observer gains £, € R for 1 < n < N, such that
l,=0for No+1<n<N

Q

N
S @u(t)ilr) da — z<t>) L6
i=1

where we have taken null initial condition for the observer dynamics (@, (0) =0, for 1 <n < N).
We define for 1 < n < N, the observation error e,, as

en(t) = wn(t) — Bn(t). (3.7)

3t@n(t) = (—An + q)@n(t) + fnu(t) — 4, (/ c(x)

Observe that

/ Zwl ¢z dJ? - Z( / <Z wl ¢z Zwl ¢z >
N 0o
= /Qc(x) <Z(@i(t) —wi(t)gi(@) — Y wi(t)ébi(af)) da

i=1 i=N+1
N o'}
=Y et [ cali@)de = > wilt) [ cla)sla)do
i=1 Q i=N+1 Q
N 00
= — Z 6i(t)ci — Z wi(t)ci.
i=1 i=N+1
Defining ¢(t) = Z w; (t)e;, we can write the observer dynamics as follows
i=N+1
N
Oy (t) = (—An + @)W (t) + frul Z t)ei + Ll (1). (3.8)
We introduce now,
W el ENp+1 141
Wno=1 1|, Eno=1| |, EN-No = : s Lng =1+ |, (3.9)
W, eNg en IN, '

CNO = [C1-~~CN0] , CN—NO = [CN0+1~~CN] .
Thus, we have

/WN[)(t) = ANOWNO(t) + u(t)FNO + LNUCNOENO (t) + LNOCNfNOENfNo (t) + LNOC(t). (310)
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Suppose now that for all 1 < n < Ny, f, # 0. In that case, we have that the pair (An,, Fi,) is
controllable. Indeed, the pair (An,, F, ) is controllable if and only is the Kalman matrix K, ry,
has full rank. We can easily check that

No

det(]CANO7FNO) = <H fn) Vdm—)\1+q,-~7—)\N0+Q' (311)

n=1

The determinant Vdm_, 14, — Ang+a the Vandermonde determinant and is never zero because
for all s € (0,1), the eigenvalues of the fractional Laplacian are simple. The simplicity in the case
s € (1/2,1) is known from 2012 [I8] Proposition 3], the proof is based in the explicit formula for
the eigenvalue problem for the fractional Laplacian in the half-line (0, 00). From the other side, in
a very recent work [IT] the simplicity was extend to s € (0, 1), in this case the proof use a splitting
condition and a domain perturbation argument.

Remark 3.1. It is not difficult to build a function f(x) satisfying that for all1 < n < Ny, f, # 0.
No

We can just take aq,...,an, # 0, f(z) = Z an®n(x) and recall that (¢n)nen is an orthonormal
n=1

basis of L?(£2).

As the pair (An,, Fy,) is controllable, there exits a matrix KX € R'*™o such that the matrix
An, + Fn, K is Hurwitz. Take the control u(t) as u(t) = KWy, (t), then

Wy (£) = (An, (£) + Frg K) Wi () + Livg Cnvg Eng (1) + Lvg g En— vy (£) + Ly C(1). (3.12)
W, () = Ang (W, () + Fng KWy (1). (3.13)

ENO (t) = (ANO (t) - LNOCNO)ENO (t) - LNOCNOENO (t) - LNOC(t)' (314)
Assuming that ¢, # 0 for all 1 <n < Ny, we get that the pair (An,, Cn,) is observable. We focus
now on Ng + 1 < n < N. Define

WNy+1 —ANo41+q ... 0 fNo+1
Whenog=| |, Av-no = : : v Fvene = 0 |- (3.19)
ﬁ)\N 0 . =AN+ q fN
Since ¢, =0 for Ng+1 <n < N, we get
Wy (t) = An—ny (W (1) + Fv - KW, (1), (3.16)
W No () = AN N (Wi (1) + Fnv—ng KWy, (8), (3.17)
En_n,(t) = An_ N, () Ex_n, - (3.18)
No
Remark 3.2. If we take f(x) = Zanqbn, we get Fy_n, = 0.
n=1
Define
WNO ANO +FN0K LNOCNO 0 LNOCNfNo LNO
X_: /\EN() A: O AN() _LNOCNO O _LN[)CN*N() L: _.[/]\/'0
Wx_no | Fnno K 0 AN-N, 0 ’ 0
EN—NO 0 0 0 AN—NO 0
(3.19)
K=[K 0 0 0]. (3.20)
We get thus,
X(t) = AX + L((t), (3.21)

and that the control u(t) can be written u(t) = KX(¢). Finally, we can state our stabilization
result
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Theorem 3.1. Let Ng > 1 and § > 0 given such that =X\, + ¢ < —d < 0 for all n > Ny + 1.
Assume that f, #0 and ¢, # 0 for all 1 <n < Ny. Let K € R>*No gnd L € RNo be such that the
matriz An, + Fn, K and An, — Ln,Cn, are Hurwitz with eigenvalues that have real part strictly
less than —0 < 0. For a given N > Ny + 1, assume that there exist P > 0, « > 1 and 3, v > 0
such that

T T
o, = [ATP+PAL 2P + an|f| 2o KK PL]_ (3.22)
LTP -
1
O, = 2y [— (1 - ) ANt +a+ 5] L Bllellera (3.23)
20 >\N+1

Then, for the closed loop system composed of ., observer ) with null initial condition and

controller u(t) = KWNO( ), there exists M > 0 such that for any wo € D(A), the classical solution
w(t,-) € C(Ry, D(A)) NCY (R4, L3(Q)) satisfies

+an 2wt )y < Me > Jwoll%, o5 (3.24)

Proof. This proof is 1nsp1red on [21] For the well-posedness for classical solutions, first note that
the operator A generates a strongly continuous submarkovian semigroup on L?(€2) [7] and as we
are dealing with bounded observation, the well-posedness follows directly from [28, Chapter 6] .
For a classical solution w(t,-) € D(A), for all ¢ > 0, consider the following Lyapunov candidate

VX,w) =X"PX+7 Y Auwl. (3.25)
n=N+1
Taking the time derivative of V' we get

V+20V =X"T(ATP +PA +20P)X + 2XPLC+2y Y An(—An+q+0)w)

n=NEL (3.26)

(o]
+ 2y Z An frwpu.
n=N+1

Note that for o > 0 and using that u(t) = KX(¥)

2y Z A fotwu < 2 Z Anwy, + o f} fau?

n=N+1 n=N+1 n=N+1

= % > Awp 4+l fll 2o X TKTKX.
n=N+1

Recalling ¢ = Z Cnp, we easily get (2 < ||c||%2(9) Z w?. Thus for all 8> 0
n=N+1 n=N+1

0 < Bllellizq Z w; — B¢°

n=N+1
=\
=Bllelia) Y rwn— B¢
n=N+1 n
IICIILz
< w2 — BC2.
)\N+1 nzN:+1

Thus,

T [ee] 2
V 425V < Fé} ©1 Fé} + Z [2’}/ <)\n (1 — 2104> +q+ 5) + 6|CHL2(Q)‘| /\nwfl. (3.27)
1

AN+1
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Then for @ >

V425V < [ﬂ

X iQ—)\ 1—i++6+5%A2
C Y N+1 20 q >\N+1 nWy,

n=N+1
[ ] [)ﬂ +e, n %:H i (3.28)
- O

Remark 3.3. It is important to remark, that the inequalities (3.22)) and (3.23) are always feasible
for N big enough, we refer to [21] for proof of this feasibility.

In this part we describe some extensions of Theorem in different configurations.

3.1. LQ(Q)-i‘sability. As we see in Theorem Our stabilization results ask to consider initial
data in H(), but under some minor modification we can prove the following exponential stability
estimate on L?():

2+ an + [, M Ze () < Me™ > JlwolZ2(q)- (3.29)
The main difference is that we have to consider the following Lyapunov candidate

VX,w)=X"PX+y Y wl. (3.30)
n=N+1

Following the same steps as before we can prove

T oo
. X X 1
V 426V < Ch + (27 [“Avpr+ o= +a+6| +Blcllay ) D, wi <0, (3.31)
¢ ¢ 2c0
n=N-+1
under the assumptions (3.22)) and
~ 1
Oy =2y |:/\N+1 + % +q+ 5:| + 5HC||L2(Q) <0. (3.32)
Then, it is enough to observe that [lw(t,-)||3, ©) Z w;,. Moreover, regarding the structure of

the Lyapunov functions (3.25)-(3.30) we can go a httle further and prove the exponential stability
for the intermediate spaces HY (2 H for0<o < % In fact, consider the Lyapunov candidate

VX,w)=X"PX+7 > Aw). (3.33)
j=N+1

Then, we can obtain
T 0 20
V + 2V < [X} CH [ﬂ + Y ( [ An +A2 +q +6} +6”A”2L;(Q)> N2 (3.34)
g n=N+1 N+1

Recalling the following estimatﬁ from [I8] (or [8]) we know that

1 /nm\2s nmw\ 28
(= < < (— for all . .
2(2) —)\”—(2) , oralln € N (3.35)

We call HY () an intermediate space, because by [32] for 0 < o < 1, HZ () = [D ((-d2)3) ’L2(Q)]1,0’ the

complex interpolation spaces.
2This estimate was proved in [8], using the theory of Cauchy process and mini-max theorem
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1 2s
Our idea is to use (3.35) to ensure that A, > 1 for all n > 1. Note that by (3.35) A\ > 3 (g) ,
in particular Ay > 1 if
1 ym\2s 0
3 (2) >1<+=2sln (§> > In(2),
In(2) (3.36)

s> 8" = ~0,77.

21n ( )
Here we have to cases

e For s € (s*,1) we have that A\, > 1 for all n > lﬂ Thus, we get A\27 < A, for n > 1.
e For s € (0,s*], by (3.35)) there exists a N* € N such that for n > N*, A\,, > 1. Thus, in
this case we redefine N (taking more modes) such that A, > 1 for all n > N + 1.

We get, from (3.34))

T 00
V20V < [ﬂ CH [ﬂ + > (27 [—)\n (1 - 21(1) +q+ 5] + ﬁ””z(”)) N2ow? . (3.37)

I

n=N-+1 Afvg"'l
Thus, under the assumptions (3.22) and
= 1 el e (o)
B =2y [“Awpr (1= o ) 4q+0] + 8@ < (3.38)
20 AN 41

we deduce V (t) < e=2°tV(0), finally by the definition of the norm of HZ () (2.13) we conclude the
exponential stability in the space HZ ().

3.2. Localized actuator. In Theorema very important assumption is that the pair (An,, Fn,)
is controllable, which is equivalent to f, = fQ fondx # 0 for all 1 < n < Ny. By Remark
we build a function satisfying this condition. In the context of controllability, a very common
hypothesis is that the control function is supported in a non-empty open subset w C 2. Note that
the function defined in Remark does not satisfy this condition because is a linear combination
of the eigenfunctions. In this subsection, we state the existence of a function f = 1, f such that
the pair (An,, Fin,) is controllable i.e. Given w C € we are looking for a function f € L?(w) such
that

/ fondz #0, 1<n<N. (3.39)

By contradiction, suppose that for all f € L?(w) there exists 1 < n < Ny such that

/ féndz =0. (3.40)

In particular, as L?(w) is infinite dimensional, there exists an K C L*(w), with card(K) = oo and
1 < ng < Ny such that

/ fén,dz =0, VfeK, (3.41)

from where we can deduce that ¢,,, = 0 in w. Now as (fdfﬂ)S Onx = AngPnx and ¢n, =0 in
w, by the unique continuation property (IntUC), we get ¢, = 0 in ), which is a contradiction.
Finally, we conclude the existence of f = 1, f € L?() such that (3.39) holds.

3For s € (0,1) we get that for N € N big enough A, > 1 for all n > N. In [I8] it is shown numerically that even
for s = 0.005, A2 ~ 1.0086 > 1.
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4. EXPONENTIAL STABILITY WITH EXTERIOR OBSERVATION

The analysis developed in the past section is also true for the observation function ¢ € L?(Q).
That means for instance that we can act with our control in an open set wy; C €2 and measure
of solution in other open set ws C €. Due to the nonlocal nature of the fractional Laplacian, a
natural question arises: Can we build the controller using an exterior observation? Let O C R\
a nonempty open set and consider the following system with exterior observation

Ow + (=d2)Sw — qu =u(t)f(z), t>0, z €,

w(t,x) =0, t>0, zeR\Q,
w(0,z) = wo(x), reQ, (4.1)
Z(t) = / Nsw(t, z) dz, t >0,

o

where N is the nonlocal normal derivative operator defined on (2.16)), this case is in some sense
the analogue of the Neumann trace observer for the classical heat equation. First, recalling that

we can write w(t, x) E w;(t)¢i(x), we write the observation operator z as

3(t) = ;wl(t) /o Nooi(x) da. (4.2)
The observer dynamics writes as
N
Oy (t) = (—An + Q)Wn(t) + fru(t) — Ly (Z w;(t) /ONssbi(af) dz — 5@)) : (4.3)

where we have taken a null initial condition for the observer dynamics and observer gains ¢,, € R
for 1 <n < N, such that £, =0 for Ng+1 <n < N. Recalling for 1 <n < N, the observation

oo

error e, and defining Z(t) = Z wi(t)/ N;s¢i(z) dz, we can write the observer dynamics as
i=N+1 o
follows
N
U (t) = (o + Do) + o) +0 3 / Nodi(@)do+ 6,5(8). (44)

We introduce now,

[/N@ //\/ngO )dx}, o UN%H /N¢N dm]

(4.5)
Thus, we have

W N (£) = Ang Wi () + u(t) Fivy + Ly Cvg Envg (8) + Lvg Cn—no En—no (8) + Lo (1) (4.6)
Suppose now that the pair (Ay,, Fi,) is controllable, thus there exists a matrix K € R1*™o guch
that the matrix Ay, + Fn,K is Hurwitz. Take the control u(t) as u(t) = KWn,(t). We need
now that the pair (An,,Chn,) be observable, in particular we prove that there exists an exterior

observation set O, such that the pair (Ap,, 6’N0) is observable. Note first that the pair (Ax,, éNO)
is observable if and only if,

/ Nsgi(z)dx #£0, V1 <i<Np. (4.7)
(@]

Suppose that it is not possible, then similar as the past section we get the existence of 1 <n < Ny
and a family M C P(R\ Q) with card(M) = oo such that
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/ Ngs(z)de =0, YO e M. (4.8)
o
Regarding the definition of NV, and that ¢5 =0 on R\ Q we get

Non(x) /Qg%dy, re0. (4.9)

Now, by the continuity of eigenfunctions, we get that ANy¢z = 0 on O, now by the unique contin-
uation property (ExtUC|) we get that ¢5 = 0 on Q that it is a contradiction and thus (An,, Cn,)
is observable. Define

WNO ANO + FNOK LNoéNON 0 LNOGF{V*NO LNo
X — /\ENO ’ ‘X: 0 ANO—LNUONO 0 _LNOCN—NU ’ L= _LNO
WN—_nN, Fy_n,K 0 AN_N, 0 0
EN—NO 0 0 0 AN*NO 0
(4.10)
K=[K 0 0 0]. (4.11)
We get thus, N N
X(t) = AX + L{(¢t), (4.12)

and that the control u(t) can be written u(t) = KX(¢). Finally, we can state our stabilization
result

Theorem 4.1. Let s € (1/2,1), Ny > 1 and 6 > 0 given such that =X\, +q < —6 < 0 for all

n > No + 1. Assume that f, # 0 and / Noppdax # 0 for all 1 <n < Ny. Let K € RV>No gnd
O ~

L € RN be such that the matriz An, + Fn,K and Ay, — Ln,Ch, are Hurwitz with eigenvalues

that have real part strictly less than —d < 0. For a given N > Ny + 1, assume that there exist
P>0,a>1andp,v>0 such that

-~ AT A T

0, = A P+PA+25PT+ Oz’nyHLz(Q)K K PL < 0’ (413)
L'P 0

A Y 2k—2

6, = /\N(727+ X +BS>\N+1> +29(q+6) <0. (4.14)

Then, for the closed loop system composed of (4.1] ., observer with null initial condition and
controller u(t) = KWNO( ), there exists M > 0 such that for any wo € D(A), the classical solution

w(t,-) € C(R4,D(A)) N CI(R+,L2(Q)) satisfies

+an 2 llwt, Mgy @) < Me** woll7, (4.15)

© = @)
Proof. The proof is quite similar to Theorem [3.I] thus we emphasize on the main differences. For
a classical solutlon w(t,-) € D(A), for all ¢ > 0, consider the following Lyapunov candidate V

defined on

VX, w)=X"PX+7 Y Muwl. (4.16)
n=N+1
Taking the time derivative of V' we get

V420V =XT(ATP+ PA+20P)X + 2X ' PL{+2y D> A=A + g+ 0w}

n=NH (4.17)

+27 > Aafawnu,
n=N+1
Note that for a > 0 and using that u(t) = KX(¥)

oo

— v
2y Y AnFnttn < — > Akwl 4+ yal flle X TKTKX.
n=N+1 n=N+1
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Recalling C = Z Wy, / Ny, dz, we easily get for k € R
n=N+1

o0 o

2
GED A S </N¢>ndx>

n=N+1 n=N+1
1 2
= [ Wean)
n O

<3 a3
Now, we pass to estimate / (Nathn)? dz. By [32, Lemma 12] we have
o

n=N+1 n=N+1

(Non)? da < ||N€¢n||2L2(R\Q) < OH(ZSTLH%IS(R)'
O
By definition

||¢n||?qs(]R):/ ¢n)? dz +/ ¢n|x_ ﬁizs)) dz dy.

Using that ¢, € H§(Q) and the integration by parts formula Lemma we obtain
2\,

Cs

CQ S < Z )\inwi> (C Z ()\2,4 + /\2ﬂ_1>> .
n=N+1 n=N+1 n CsAn

S

S

2

Therefore, we get

1 1
Taking x > 1 + o5 e get that the sum S is bounded. Thus for all 8 > 0
S
b ~
0<BS D Nrw, — B¢
n=N+1
Finally

X]' <~ [X >
C C n=N+1 a
Then, for k < 1, which is always possible because s € (1/2,1) we observe that
_ l 2k—2 _ 1 2K—2
M =27+ 2 +853272) < (- 29+ L+ 8N%72).

Now, as k < 1, limy 0 )\?\’,112 = 0, we get that for all n > N, with N big enough

>\n< — 29+ % + 5&\?{;5) +2y(q+0) < AN( — 2y + g + 65)\%112) + 2v(q + 6),

CH
and in conclusion if (4.13]) and (4.14]) hold, then we deduce the exponential stability.

5. MORE GENERAL STRUCTURE OF THE CONTROLLER.

13

(4.18)

(4.19)

(4.20)

(4.21)

In the past result, we proved our stabilization results by considering a controller in the form

F=f(x Z Fnbn.-

(5.1)

The objective of this section is to go a little further and cons1der a localized control in the form

N
=1, (Z (ZSn(CU)un(t)) )

(5.2)
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and build a full state finite dimensional feedback, in this case we are able to prove the stabilization
for all s € (0,1) for a localized controller, the main idea is to prove a weak spectral inequality
and Lyapunov methods. We based some of our ideas on [3] where the internal stabilization with
finite-dimensional controllers of the Navier-Stokes equation was shown using state-decomposition
and Riccati methods, see also [34] where a finite-time stabilization result was proved for the heat
equation.

5.1. Full action controller. In this first part we consider a simpler case where the controller acts
on the whole domain  and our aim is to build an feedback controller (without observation). In
particular we take the feedback operator F in the following form

N
F =Y ¢n(@)un(t), (5.3)

where N € N is such that —\, + ¢ < —d < 0 for all n > N 4 1 for some ¢ > 0. Thus the system
considered reads as

N
Ow + (=d2)w — qu = Z On(X)un(t), =€,

n=1 (5.4)
w(t,z) =0, z€R\Q,
w(0,z) = wo(x), z €

Therefore we get the following infinite dimensional system

Oywn,(t) = (= A + @Qwi(2), N+1<n< oo, )
Define
U1
Uy = - (56)
un
Thus,
Wi (t) = ANWi(t) + Un(t). (5.7)
Now we take u,, = —yw,, for some v > 0, then we have
WN(t) = (AN — ")/I)WN(t). (58)
Consider the following Lyapunov candidate
Vi) = EWlP+ 3w 59)
2 2 "
n=N+1
for > 0, it is not difficult to see that V is equivalent to the L?({2)—norm. Moreover
V= “Z “An+q— w2+ Z —An + Quw (5.10)
n=1 n=N+1
taking u =1 and v = q we get
anwn + Z —An + Qwp, < max(=A1, =Ant1 + @) |lw(t, )| 720, (5.11)

n=N+1

from where we deduce the exponential stability in L?(2).
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5.2. Localized controller. Now, following the steps of the past section we prove the exponential
stability in the case where the feedback controller is localized in an open subset of Q. Let w C
and open set and consider the following system

N
Ayw + (—d2)sw — qu = 1, (Z qbn(m)un(t)) , x €,
n=1

w(t,z) =0, zeR\Q,
w(0,z) = wo(x), x €.

(5.12)

Recall that —A,, + ¢ > 0 for all n < N, thus the uncontrolled system is unstable. We prove that
we can chose u,, in suitable way such that (5.12]) be exponentially stable. With the same strategy
as before, we have the following infinite dimensional system

N
Orwn(t) = (—An + Qwa(t) + D (bn, S L2y (8), n €N, (5.13)

j=1

where (¢, ¢j>L2(w) = (1ydn, gbj>Lz(Q). Define Jy as the symmetric matrix

(D1, 01) 12wy (D2,01)120) - (DN, P1)L2(w)
IN = i (02, @2)ree) - : : (5.14)
* * * {ON, ON) L2 (w)
Therefore,
W (t) = ANWnN(t) + INUn(2). (5.15)
We consider Uy = —yWyy, thus we obtain the following closed-loop system:
Wi (t) = (Ax — v JN) Wi (t). (5.16)
Consider the following Lyapunov candidate
Viw) = L wa? + 2 i w?., (5.17)
2 2 "
n=N+1
Then
) oo e} N
V=pWh(Ax =y W+ D> (At Qui+ > Y wnldn, 65) 12w (5.18)
n=N+1 n=N+1j=1

Now, we will estimate the above terms. It is not difficult to see that

2

N
WX INW = ||Y wadn , (5.19)
n=1 L2(w)
then
N N 2
W (Ay =y IN)WN =D (<A + Qwi — 7[> wndn (5.20)
n=1 n=1 L2(w)
Now we use the following weak spectral inequality which proof is on Appendix [A]
Claim 5.1. Exist C > 0 such that for all (a1, ...,an) € RN, we have
N 2 N
Z QO >C Z az. (Spec)
n=1 L2(w) n=1

Using the weak spectral inequality (Sped|), we get

N
Wx (An = ¥IN)WN <D (=An + ¢ — Cy)w}. (5.21)
n=1
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For the other terms, we have from one-side

> (At ouw gézw (5.22)
n=N+1 n=N+1

and from the other side using that Uy = —yWyx we see that

00 N &S] N
D> walds bn)rayus < ’Y< > wn¢n7zwj¢j>
)

i=N+1 j=1 n=N+1 j=1
0o N
n=N+1 L2(Q) Jj=1 L2(Q)
00 N
g s 2
<5 2 Untop v
n=N+1 n=1

Joining all these estimates, we obtain

N o)
VSZ{ A t+q—Cy)+ 75] . g > wp
n=1

n=N-+1
N [’}
<funra-onps B Su-g 3w
= n:N+1
1 72 ~? )
For € > 0, we can take v = 5(—>\1 +q+¢), then (=X +q— Cv) + 05 = He + L 25 —3 for
1 > 0 big enough. With this choice, we obtain
N 00
: g 2 0 2
V<o un-5 >, w
n=1 n=N+1
6 o0
WP =5 > (529
n:N+1
) 1)
< min < - —, —5)‘/
2p

from where V < —7V for some 7 positive, that ensures the L2 (Q) exponential stability, because
the Lyapunov function V is equivalent to the L?(Q)—norm.

Remark 5.1. We call to the inequality weak spectral inequality, motivated for the following.
Let Q c RN an open bounded set, and consider the Laplace operator with Dirichlet boundary
condition: —A : H2(Q) N HL(Q) — L2(Q). Let (An, ¢n)nen its eigenvalues and eigenfunctions. In
[19] the following spectral inequality was proved. Let § > 0 and Ns such that Ay, < 6 < Ans+1-
Then for w C 2, there exists C' > 1 independent of 0 such that

Z ndn

This inequality is the key point on the proof of null controllability for the heat equation on [19] and
was proved via Carleman estimates. Therefore, in the case of fractional Laplacian and s € (1/2,1)
at this time the above inequality is not known. If this spectral inequality it is true in the case
s € (1/2,1), this allow us to prove the null controllability of the semilinear fractional heat equation.

Ns
>0 e OV a2, (5.25)
L2(w)

6. CONCLUSION

In this work the exponential stability via a finite-dimensional controller for the fractional heat
equation was analyzed. The fractional Laplacian is taken as a non local operator, that makes the
spectral analysis non explicit. First the case s € (1/2,1) was considered, here the controller was
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built using and bounded internal and exterior observation, the case where the control acts locally
was also studied. Finally, the exponential stability in the case s € (0,1) was addressed, here the
main tool is an appropriate use of a weak spectral inequality. The analysis developed in this paper
left some interesting open problems, we can mention for instance.

e Nonlinearities: As the exponential stability is mainly based on a Lyapunov function, a
future research line could be the extensions of this results to the nonlinear fractional heat
equation. It is important to remark that at this time, there are no results of controllability
in the nonlinear case.

o Numerical schemes: In [2I] the theoretical results obtained are complemented with
some numerical simulations. When the control is given in this explicit modal form, the
classical way to implement numerical simulation is to use the spectral decomposition. In
our case this is quite complicated because either the eigenfunctions or the eigenvalues are
not known explicitly. Even the numerical approximations for the eigenvalues are not well
accurate [I§].

e Exterior controller In the case of the classical heat equation in one dimension, an inter-
esting problem is when the control acts thorough the boundary, this is typically manage
by introducing an appropriate change of variable to pass the control from the boundary
to the interior, this strategy can no be applied in the case of exterior controller. Some
possible ideas could be follow the arguments of [20, [13].

e Fractional in time-space In this note we have considered a system modeled by a nonlocal
fractional Laplacian in space variable. An interesting future research line is to consider a
system with both components fractional in time and space using the nonlocal fractional
Laplacian. In this direction we can mention the works [I5] [14] where this problem was
analyzed using the spectral fractional Laplacian.

APPENDIX A. ABOUT THE WEAK SPECTRAL INEQUALITY FOR

In this section we prove the weak spectral inequality (Sped). Suppose that it is false, then for
all m € N, there exists a = (al*, ..., a}) such that
2

N | X
Yagon| <S> (A1)
n=1 L2 (w) n=1

Define 2™ = ii. Then the sequence (z™)nen satisfies

@™ {|g~
N 2 1
S| <L (42)
m
n=1 L2(w)

Moreover, as ||z™||gv = 1, there exists a convergent subsequence (still denoted by z™), such that

z™ — z when m — oco. Besides, z satisfies ||z|[gv = 1. Taking the limit on (A.2)) we deduce that
N

Z Zn®n = 0 in w. As ¢, is a continuous function, we can find a uncountable set M C w such

n=1
that for all x € M there exists n = n,, such that ¢, (z) # 0. In fact, if that is not the case ¢, =0
in w and by (IntUC)) ¢, = 0 in  which is not possible. Therefore

z1¢1(z0) + -+ 2ngn(z0) =0, Voo € M. (A3)
Therefore z1,--- , zy solve an (infinite) overdetermined linear system. From where z1,--+ , 2y =0
which contradicts the fact that ||z||gy = 1.
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