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Controlling thermal transport in insulators and semiconductors is crucial for many technological
�elds such as thermoelectrics and thermal insulation, for which a low thermal conductivity (κ)
is desirable. A major obstacle for realizing low κ materials is Rayleigh's law, which implies that
acoustic phonons, which carry most of the heat, are insensitive to scattering by point defects at low
energy. We demonstrate, with large scale simulations on tens of millions of atoms, that isotropic
long-range spatial correlations in the defect distribution can dramatically reduce phonon lifetimes
of important low-frequency heat-carrying modes, leading to a large reduction of κ � potentially
an order of magnitude at room temperature. We propose a general and quantitative framework for
controlling thermal transport in complex functional materials through structural spatial correlations,
and we establish the optimal functional form of spatial correlations that minimize κ. We end by
brie�y discussing experimental realizations of various correlated structures.

Introduction. Thermal transport properties of solids
are crucially important to a range of technologies. For
some applications, such as electronics or fusion reactors,
high thermal conductivities are desirable to evacuate heat
from its source [1�3]. For others, like thermal barri-
ers and thermoelectric modules, high thermal resistiv-
ity is critical [4, 5]. In the latter cases, relevant materi-
als are generally electronic insulators and semiconductors
and thermal transport is dominated by lattice vibrations
(phonons). Defects and disorder are often engineered in
such materials to scatter heat-carrying phonons and re-
duce the lattice thermal conductivity [6�8].
However, a major impediment to achieving ultralow

conductivities is Rayleigh's law which, in this context,
states that phonons are scattered by point defects at a
rate proportional to the fourth power of their frequency:
1/τ ∝ ω4 [9]. This law is most famous in the context of
light propagation, as it is responsible for the blue color
of the sky. In solids, it is widely held to hold true for
low frequency phonons scattering from atomic-scale de-
fects such as vacancies or substitutional atoms. Because
ω4 decreases rapidly with ω, Rayleigh's law implies that
such disorder is ine�cient at scattering acoustic phonons
� which typically carry most of the heat � at low energy
(see Fig. 1) [10]. Consequently, researchers have sought
to lower the lifetimes of these long-wavelength phonons
by introducing disordered nanostructures of various size
such as granular structures, dislocations, or nanoparticles
[11�15]. Based largely on the rule of thumb that phonons
are most e�ciently scattered by defects of size compara-
ble to their wavelength, attempts have been made at com-
bining these di�erent types of disorder to target acous-
tic phonons over multiple frequency ranges, with vari-
ous degrees of success. Thus far, experimental e�orts

∗ E-mail: simon.thebaud@insa-rennes.fr
† E-mail: berlijnt@ornl.gov

Figure 1. The ω4 Rayleigh's law for phonon-disorder inverse
lifetimes. Inset: low-ω phonons are insensitive to randomly
distributed point defects, contrary to high-ω phonons.

have received little theoretical guidance, instead relying
on empirical models and trial and error synthesis and
characterization [16�18].
As is well-known in optics, spatially correlated media

can be used to manipulate wave scattering and propa-
gation [19, 20]. In the context of electron and phonon
transport, some perturbative �eld theoretical calcula-
tions have been carried out for short-range and power-
law decaying correlations in the 1980's, but the main fo-
cus was on Anderson localization properties, not on the
reduction of electrical or thermal conductivities [21, 22].
More recently, work has been devoted to studying phonon
transport in one-dimensional chains with various forms
of correlated disorder [23�26]. However, this �eld also
has a strong fundamental focus since one-dimensional or
quasi-one-dimensional systems are di�cult to synthesize,
let alone scale up industrially. Most technological appli-
cations require three-dimensional bulk compounds that
typically display relatively isotropic properties. In par-
ticular, the formalism of spatial correlations has not been
brought to bear on the long-standing e�ort to impede
heat conduction in bulk semiconductors and insulators.
In this work, we show that Rayleigh's law can be

mailto:simon.thebaud@insa-rennes.fr
mailto:berlijnt@ornl.gov


2

Figure 2. Top: 2D cuts of the mass distribution in supercells of size 200× 200× 200 atoms (each pixel representing an atom)
with several power-law decaying correlations C(r) ∝ 1/rα with α = ∞ (uncorrelated) and α = 2, 1, and 0.5. The color scale
denotes the discrete relative di�erence from the average mass, with �ve atomic species present in the supercell. Bottom: the
phonon spectral function A(k, ω) calculated by the CPGF method, together with the VCA dispersion (dashed blue line).

broken at all frequencies by atomic mass point defects
with isotropic long-range spatial correlations, potentially
yielding a suppression of κ by an order of magnitude at
room temperature. We obtain these results by perturba-
tive calculations and non-perturbative Green's function
techniques on model spring-mass systems featuring tens
of millions of atoms. Furthermore, we analytically deter-
mine the optimal correlations that minimize κ, and eval-
uate the impact of �nite correlation lengths. Our quanti-
tative theory can be generalized to force-constant disor-
der, providing a unifying framework to describe phonon-
disorder scattering in materials featuring nanostructures
and complex nanoscale geometries. As such, it will al-
low theory to guide experiments towards a more re�ned
control of lattice thermal transport.

Formalism. Going beyond the rule of thumb relating
defect size with phonon wavelength, we will explain more
precisely how spatial correlations a�ect phonon scatter-
ing. For simplicity, we consider in this work a generic
spring-mass model of mass-disordered alloy on a simple
cubic lattice with �ve di�erent atomic masses in roughly
equal proportions and other physical parameters compa-
rable to SiGe alloys (see the supplementary material [27]
for details). The presence of mass disorder couples two
phonon modes of wavevectors k and k+q with a coupling
matrix element gq, allowing mode k to scatter into mode
k+ q. In second-order perturbation theory, the phonon-
disorder transport scattering rate for mode k is given by
1/τd,trk = π

ωk

∑
q

〈
|gq|2

〉
(1 − cos(θk+q,k))δ(ω

2
k+q − ω2

k)
where θk+q,k is the angle between the velocities of modes
k and k+q. The factor 1− cos(θk+q,k), often neglected,
accounts for the fact that forward scatterings contribute
less to thermal resistivity than backward scattering, and
must be included here for reasons that are to become

clear. In this expression, only the disorder-average of
|gq|2 matters:〈

|gq|2
〉
= ω4 1

N

∑
r

C(r)e−iq·r (1)

The right-hand side features the spatial Fourier trans-
form (FT) of the mass correlation function C(r) =
⟨δmr δm0⟩, where δmr is the relative mass perturba-
tion at site r. In the absence of correlations, C(r) =〈
δm2

〉
δr0 and only the ω4 factor remains, leading to

Rayleigh scattering and to weak scattering of heat-
carrying low-frequency acoustic modes. However, it is
possible to manipulate and redistribute the matrix ele-
ments within the �rst Brillouin zone by introducing cor-
relations, i.e., going beyond randomly distributed de-
fects. In particular, irrespective of the short-range be-
havior, the FT of a long-range power-law decaying cor-
relation function C(r) ∝ 1/rα behaves in three dimen-
sions as 1/q3−α, concentrating the matrix elements close
to the Brillouin zone center if α < 3. Thus, low-energy
phonons are scattered more e�ectively at the price of in-
creased forward scattering for the high-energy phonons.
In this case, second-order perturbative calculations of the
low-frequency phonon-disorder transport scattering rates
suggest that they should decrease as ω1+α instead of ω4

[27], consistent with previous perturbative calculations
[21, 22]. This modi�ed power law implies much more ef-
�cient scattering of the heat-carrying acoustic phonons
than from Rayleigh scattering, leading to reduced ther-
mal conductivity.
To test this idea, we built large disordered supercells

spanning tens of millions of lattice sites in which we intro-
duced mass disorder characterized by power-law decaying
correlation functions. We also considered uncorrelated
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mass disorder as a reference. From the real-space dynam-
ical matrix of these supercells, we used the Chebyshev
polynomials Green's function method (CPGF) to obtain
the phonon Green's function by a numerical expansion
on the basis of Chebyshev polynomials [10, 28�31]. This
approach is nonperturbative, allowing a full treatment of
disorder e�ects. From the Green's function, we calcu-
lated the phonon spectral function, the phonon lifetimes,
and the frequency-dependent thermal conductivity. We
also obtained κ from the Boltzmann transport equation
(BTE) under the relaxation time approximation using
transport scattering rates calculated from Fermi's golden
rule (FGR). More details on the methodology, formalism
and computational limitations can be found below and
in [27]. Of note, we use the term 'inverse lifetime' here
rather than 'scattering rate' for phonon-disorder spectral
linewidths to emphasize the distinction with 'transport
scattering rate' that includes a vertex correction factor.

Results and discussion. The top panel of Fig. 2 shows
two-dimensional cuts of the mass distribution in super-
cells with 2003 atoms characterized by a correlation func-
tion C(r) ∝ 1/rα with α = ∞ (uncorrelated) and α = 2,
1, and 0.5. The mass distributions, involving �ve atomic
species, are implemented 'by hand' to give the desired
correlations (see [27] for details). The mass distribution
in the uncorrelated case is simply white noise, but as
more and more long-range correlations are introduced,
clusters and nanostructures of heavy and light atoms ap-
pear and grow larger, keeping however a broad size distri-
bution. The bottom panel of Fig. 2 shows the correspond-
ing CPGF-calculated phonon spectral function A(k, ω)
on a high-symmetry path in the �rst Brillouin zone. For
a given plane-wave mode of wavevector k, A(k, ω) repre-
sents the energy distribution of that mode, and is close
to the dynamical structure factor probed by inelastic X-
ray and neutron scattering [32, 33]. In the absence of
disorder, plane waves are normal modes of the system
so A(k, ω) = δ(ω − ωk). In the presence of disorder, the
spectral peak is shifted (phonon frequencies are renormal-
ized) and broadened (phonons acquire a �nite lifetime).
For visualization purposes, an arti�cial Lorentzian broad-
ening of 1 radTHz is added to the physical broadening
from mass disorder in Fig. 2. In all cases, low-frequency
acoustic phonons are well de�ned in the sense that their
broadening is much smaller than their central frequency,
and they match the dispersion given by the virtual crys-
tal approximation (VCA), which simply averages the
atomic masses [34] and for our single-site model results
in three degenerate acoustic phonon branches. The un-
correlated spectrum (leftmost panel) features ill-de�ned
phonons above 40 radTHz whose broadening is compara-
ble to their frequency (di�usons in Allen and Feldman's
terminology [35]), and some �at branches above the VCA
spectrum arising from isolated light atoms. The most
obvious e�ect of long-range correlations is to introduce
more structure to the �at branches above the VCA. This
indicates that, for 1/

√
r correlations, the phonons almost

start to propagate inside the domains as if they were in-
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Figure 3. Phonon-disorder inverse lifetimes extracted from
the width of the CPGF-calculated spectral peaks for several
power-law decaying correlations.

�nite, leading to emergent light and heavy dispersions
[31, 36]. Nevertheless, correlations do not seem to dras-
tically alter the lifetimes of high-frequency VCA modes.
For phonon modes below 40 radTHz whose full width

at half maximum (FWHM) can be de�ned, we extracted
the FWHM that corresponds to the disorder-limited in-
verse lifetime of the mode, shown in Fig. 3 (the spec-
tral functions of selected modes in the relevant frequency
range are shown in [27]). In the uncorrelated case, we
�nd the usual ω4 low-frequency behavior. However, we
�nd an ω3 law for 1/r2 correlations, an ω2 law for 1/r
correlations and an ω1.5 law for 1/

√
r correlations, with

lifetimes orders of magnitude smaller than in the uncor-
related case. This validates the perturbative result that
1/rα correlations lead to a ω1+α power law, and con�rms
that it is possible to circumvent Rayleigh scattering by
introducing long-range spatial correlations.
From Fig. 3, one could be tempted to conclude that the

longer-range the correlations, the lower the thermal con-
ductivity. As we shall see, however, this is not the case.
Evaluating κ in these systems is a priori non-trivial,
given the breakdown of the quasiparticle picture at high
frequencies. To overcome this issue, we used the Green-
Kubo formalism (quantum linear response theory), eval-
uating κ directly by the CPGF method on supercells with
1200× 200× 200 atoms [27]. This approach, which does
not rely on the phonon quasiparticle picture, includes
the di�usive channel (thermal transport by broadened
overlapping modes [37]) and is comparable to methods
recently proposed by Isaeva [38] and Caldarelli [39] (see
Ref. [10] for a discussion of the di�erences between these
approaches). Crucially, it also takes into account all the
so-called vertex corrections encoding the fact that for-
ward scatterings contribute less to the thermal resistivity
than backward scatterings [40]. Long-range correlations
favor low-q matrix elements, leading to mostly forward
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scattering of large-wavevector phonons. Thus, neglect-
ing the vertex corrections would introduce large errors
in the evaluation of κ. At low-frequencies, this method
agrees with the thermal conductivity obtained using the
standard kinetic expression (or, equivalently, solving the
Boltzmann transport equation under the relaxation time
approximation) with phonon-disorder transport lifetimes
evaluated through second-order perturbation theory [10].
Due to the presence of the 1− cos(θ) forward scattering,
the most relevant vertex corrections (ladder diagrams)
are also included in this simpler approach, and we use it
for the contributions to κ below 10 radTHz to avoid the
prohibitive computational cost of the CPGF method at
these frequencies. In all cases, we accounted for Umk-
lapp anharmonic scattering through a simple expression
1/τU = Aω2Te−Θ/T , with similar parameters as found
in the literature for Si, Ge, and GaN compounds [41�46]
(see also [27]). The results are shown in Fig. 4: dots
correspond to the above method involving Green-Kubo
CPGF calculations and the dashed lines to kinetic pertur-
bative calculations only. Both methods are in very good
agreement, indicating that the di�usive channel does not
play an important role here and that the crucial physics
is captured by the perturbative evaluation of the trans-
port lifetimes. For this model, the room-temperature
thermal conductivity is around 18Wm−1 K−1 without
correlations. However, by introducing 1/r correlations,
it is reduced to 2.5Wm−1 K−1, almost an order of mag-
nitude decrease. This suggests that spatially correlated
point defects can indeed be used to crush the thermal
conductivity. 1/r2 correlations lead to a large but some-
what less e�ective decrease, with 4.4Wm−1 K−1. Per-
haps more surprisingly given the results of Fig. 3, 1/

√
r

correlations are also slightly less e�ective than 1/r corre-
lations, with 2.9Wm−1 K−1. We show in [27] the same
graph in log scale making the di�erence between the long-
range correlations clearer, with a brief discussion on the
importance of vertex corrections.
Why are 1/

√
r correlations less e�ective despite the

shorter acoustic phonon lifetimes displayed in Fig. 3?
The longer the correlation range, the more they con-
centrate the coupling matrix elements (1) at the center
of the Brillouin Zone (at small q). This leads to more
foward scattering of high-frequency phonons with large
wavevectors, allowing these modes to contribute more ef-
�ciently to thermal transport. Thus, to minimize the
thermal conductivity, correlations should strike a balance
between scatterings at all wavelengths. More precisely,
for a given disorder strength

〈
δm2

〉
, the Fourier trans-

form C̃(q) of the mass correlation function C(r) must
obey a constraint: Ω

(2π)3

∫
d3q C̃(q) =

〈
δm2

〉
, where Ω is

the system size and the integral covers the Brillouin zone.
If we assume that the thermal conductivity is given by
the standard kinetic expression with perturbative trans-
port phonon lifetimes (which yields excellent agreement
with the full CPGF treatment, see Fig. 4), �nding the
optimal correlation function to minimize κ can then be
recast as a classic optimization under constraint prob-
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Figure 4. The thermal conductivities for several power-law
decaying correlations evaluated through Green-Kubo CPGF
calculations above 10 radTHz, with second-order perturba-
tion theory below 10 radTHz (dots) and through perturba-
tion theory only (dashed lines).

lem. We introduce a Lagrange multiplier λ and set the
functional derivative of κ minus the constraint to 0:

δ

δC̃(q)

[∫
d3k

(2π)3
cv(ωk)v

2
kτ

tr
k − λ

∫
d3k C̃(k)

]
= 0 (2)

where vk is the velocity of mode k along the transport di-
rection and cv(ωk) the heat capacity of that mode. τ trk =

(1/τU+1/τd,trk )−1 is the transport lifetime of mode k with
1/τd,trk = πω3

k

∑
q C̃(q)(1 − cos(θk+q,k))δ(ω

2
k+q − ω2

k).
Assuming now isotropic correlations and a Debye dis-
persion, eq. (2) yields the condition 1/τ trk ∝

√
cv(ωk)ω

2
k

(see [27] for the derivation). For high enough temper-
atures, cv becomes weakly dependent on the frequency
and the condition becomes that the total transport scat-
tering is quadratic in frequency. If anharmonic scatter-
ing is also quadratic in ω, as was supposed above, then
the optimal correlations are those that lead to a phonon-
disorder transport scattering rate proportional to ω2. In
other words, this argument suggests that of all the pos-
sible types of isotropic correlations, 1/r power-law cor-
relations are the most e�cient at reducing the thermal
conductivity. This is consistent with Fig. 4, although
due to the simplifying assumptions in the above argu-
ment, longer-range correlations may in practice be just
as e�cient.
Although we have limited our investigation to the case

of mass defects for simplicity, the language of spatial cor-
relations is also applicable to force constant disorder, thus
potentially encompassing all forms of static disorder. The
question then arises: in which materials could favorable
correlations appear or be engineered to lower κ? The
Ising model is one theoretical context, widely applicable
to many systems [47, 48], whose mean-�eld solution just
so happens to yield correlations of the form 1

r e
−r/ξ with

ξ the correlation length that diverges as T is lowered to-
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wards the critical temperature Tc. We performed pertur-
bative calculations showing that the presence of a corre-
lation length is not a serious issue for reducing κ as long
as it is not very small (a few Å, see [27]). Therefore, if the
system was quenched from a temperature just above Tc,
1/r correlations would be captured and the thermal con-
ductivity would be crushed, provided the correlations are
not destroyed by phenomena such as nucleation and spin-
odal decomposition [15, 49, 50]. Another situation where
1/r correlations arise is in the strain �eld around disloca-
tions, leading to a scattering rate proportional to ω due to
the one-dimensional nature of the defect [51]. This linear
law might be considered very e�cient at scattering low-
frequency phonons, but in fact the translation symmetry
along the dislocation line forbids many scattering pro-
cesses, which leads to a lower scattering rate. Neverthe-
less, the presence of a dense network of non-parallel dislo-
cations might restore some degree of isotropy while pre-
serving long-range strain �elds, potentially yielding low
thermal conductivities [52]. So-called procrystals, char-
acterized by local orientational sum rules, are the struc-
tural or chemical equivalent of pyrochlore spin-ice mate-
rials and feature 1/r3 correlations [53�57]. However, the
presence of topological defects, whose density might be
controlled by thermal treatments, could introduce longer-
range correlations. Other situations potentially involving
long-range and medium-range correlations are nanoparti-
cles and extended defects [58�60], nanodomains in relaxor
ferroelectrics and charge density wave materials [61], and
stacks of twisted atomic monolayers [62�65]. With this
work, we provide a general, quantitative and unifying
framework to understand the transport properties of dis-

ordered systems, and we open the door towards the sys-
tematic design of structure-induced transport function-
alities.

Summary. Using large-scale non-perturbative nu-
merical simulations, we showed that the ω4 Rayleigh
power law for the defect-limited inverse lifetimes of low-
frequency acoustic phonons can be broken by long-range
spatial correlations in the distribution of point defects.
We proposed this as a strategy for tuning the lattice ther-
mal conductivity of functional materials, and found an
order of magnitude reduction of the conductivity through
state-of-the art, fully quantum mechanical techniques.
We showed analytically that correlations decaying as 1/r
minimize the thermal conductivity by striking an opti-
mal balance between scattering low-frequency and high
frequency phonons. We posit that this framework can
describe phonon conduction in a great variety of nanos-
tructured systems and guide experimentalists towards a
�ne control of thermal transport in bulk materials.
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Supplementary Information: Breaking Rayleigh's law

with spatially correlated disorder to control phonon

transport

S. Thébaud, L. Lindsay, T. Berlijn

1 Details of the alloy model and generation of the corre-

lated mass con�gurations

The model that we consider is a generic mass-disordered spring-mass system on a simple cubic
lattice, with lattice constant a = 2.47Å, average atomic masses m0 = 50 amu and nearest-
neighbor interatomic force constants 2.11 eV/Å. These parameters lead to a maximum angular
frequency 70 radTHz and a sound velocity c = 5000m/s in the virtual crystal approximation
(VCA), which is comparable to SiGe alloys [1]. We assume the vibrations along x, y and z to
be independent, so that only one direction is included in the calculations and a factor 3 is then
added to the thermal conductivities.

The anharmonicity is taken into account through a frequency-dependent phonon-phonon
Umklapp scattering rate

1

τU(ω)
= Aω2Te−Θ/T (1)

withA = 3×10−7 ps/K andΘ = 140K. These parameters are again similar to those evaluated in
the literature from �tting thermal conductivity measurements of Si and Ge crystals [2, 1, 3], but
also certain III-V semiconductors such as GaN [4]. In addition, they yield Umklapp scattering
rates comparable to those calculated from �rst-principles in Si and GaAs [5, 6].

We create large supercells containing millions or tens of millions of atoms with correlated
mass disorder con�gurations. Five atomic species with masses 0.4m0, 0.7m0, m0, 1.3m0 and
1.6m0 are distributed in the supercell with roughly equal concentrations. To produce the
disorder con�gurations, we use a procedure close to that described in Ref [7]. We �rst generate
an auxiliary continuous scalar �eld V (r) with the property that 1

N

∑
r′ V (r′ + r)V (r′) =

Ctarget(r) where Ctarget(r) is the desired correlation function. Since the boundary conditions
are periodic making the disorder-averaged �eld homogeneous, this ensures that ⟨V (r)V (0)⟩ =
Ctarget(r). We then exploit the fact that the modulus square of the Fourier transform (FT) of
the �eld is the FT of the correlation function. We thus compute the FT C̃target(q) of Ctarget(r)
by a fast Fourier transform (FFT) algorithm, then set the FT of the �eld as

Ṽ (q) =

√
C̃target(q) e

iφ(q) (2)

where φ(q) are random phases that determine di�erent con�gurations with the same target
correlation function. Finally, we use a reverse FFT algorithm to compute V (r) and we dis-
cretize the �eld into �ve di�erent values δmr = -0.6, -0.3, 0.0, 0.3 and 0.6. This generates a
discrete mass distribution δmr whose correlation function C(r) is close to the desired correla-
tion function Ctarget(r). Note that this choice of 5 di�erent species is strictly for convenience,
any type of alloy can be considered.

1



2 Perturbative transport scattering rates

We start with the standard lowest-order perturbation formula for scattering of phonon mode k
by mass disorder [8, 9], corrected with a factor 1− cos(θk+q,k) to account for the e�ectiveness
of backward vs forward scattering, θk+q,k being the angle between the velocities of modes k
and k+ q (see e.g. chapter 16 of [10] or section 8.1.2 of [11]):

1/τ trk =
π

ωk

∑
q

〈
|gq|2

〉
(1− cos(θk+q,k))δ(ω

2
k+q − ω2

k). (3)

gq is the coupling matrix element between mode k and k+q, whose disorder-averaged modulus
square is given by the Fourier transform of the mass perturbation correlation function C(r) =
⟨δmr δm0⟩: 〈

|gq|2
〉
= ω4 1

N

∑
r

C(r)e−iq·r. (4)

We will now show that correlation functions with power-law long-range decay have a Fourier
transform that behaves as a power-law for small wavevectors, irrespective of the precise short-
range behavior. Consider an isotropic correlation function that decreases like a power-law
beyond a certain cuto� radius rc: C(r) = f(||r||) with f(r) = B

rα
e−r/ξ for r > rc, where a

correlation length ξ has been introduced for regularization purposes and the limit ξ → ∞ will
be taken at the end. Keeping only the contribution from the �rst Brillouin Zone since it is the
dominant one at long wavelengths, the average coupling matrix element is given by〈

|gq|2
〉
=

ω4

(2πa)3

∫
R3

d3r f(||r||) e−iq·r (5)

=
ω4

2π2a3q

∫ ∞

0

dr rf(r) sin(qr) (6)

=
ω4

2π2a3q

∫ rc

0

dr rf(r) sin(qr) +
ω4

2π2a3q

∫ ∞

rc

dr
B

rα−1
e−r/ξ sin(qr). (7)

Since f(0) = ⟨δm2⟩ is �nite, the �rst term, short-ranged, is bounded as q → 0. As we will
see, the other term diverges if α < 3. Therefore, we will ignore the �rst term and focus on the
long-ranged term. Introducing the rescaling u = qr yields〈

|gq|2
〉
=

Bω4

2π2a3q3−α

∫ ∞

qrc

du
sin(u)

uα−1
e−u/qξ. (8)

For α ≥ 1, the integral converges straightforwardly when ξ → ∞ and
〈
|gq|2

〉
behaves as 1/q3−α

for small q. For 0 < α < 1, it is helpful to express the sine as a sum of two complex exponentials
and then perform an integration by parts:〈

|gq|2
〉
=

Bω4

2π2a3q3−α2i

(∫ ∞

qrc

du u1−αe(i−1/qξ)u −
∫ ∞

qrc

du u1−αe(−i−1/qξ)u

)
(9)

=
Bω4

2π2a3q3−α2i

(
− (qrc)

1−αe(i−1/qξ)qrc

i− 1
qξ

− 1− α

i− 1
qξ

∫ ∞

qrc

du
e(i−1/qξ)u

uα
(10)

+
(qrc)

1−αe(−i−1/qξ)qrc

−i− 1
qξ

+
1− α

−i− 1
qξ

∫ ∞

qrc

du
e(−i−1/qξ)u

uα

)
=

Bω4

2π2a3q3−α

(
(qrc)

1−αe−rc/ξ
cos(qrc) +

1
qξ
sin(qrc)

1 + 1
q2ξ2

(11)

+
1− α

1 + 1
q2ξ2

∫ ∞

qrc

due−u/qξ
cos(u) + 1

qξ
sin(u)

uα

)
.
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In the ξ → ∞ limit, the term in parentheses converges to (qrc)1−α cos(qrc)+(1−α)
∫∞
qrc

du cos(u)
uα ,

which remains bounded for small q. Thus, in this case also
〈
|gq|2

〉
behaves as 1/q3−α for small

q.
We then calculate the long-wavelength transport scattering rate from equation (3), assuming

a Debye dispersion ωk = c||k|| which is valid at low q. Due to the delta function imposing
||k|| = ||k+q||, the correction factor 1−cos(θk+q,k) becomes q2/2k2 and the transport scattering
rate is

1/τ trk ∝ 1

ωk

∫
d3q

ω4
k

q3−α

q2

2k2
δ(c2(k + q)2 − c2k2) (12)

∝ k

∫
d3q qα−1 δ(c2q2 + 2c2k · q) (13)

∝ k

∫ qD

0

dq q1+α

∫ π

0

dθ sin(θ)δ(q2 + 2kq cos(θ)) (14)

∝ k

∫ qD

0

dq q1+α

∫ 1

−1

duδ(q2 + 2kqu) (15)

∝
∫ 2k

0

dq qα (16)

∝ k1+α. (17)

We thus �nd that the transport scattering decreases as ω1+α instead of the usual ω4. It is
interesting to note that, for the usual perturbative expression without the 1−cos(θk+q,k) factor,
the integral (16) becomes

∫ 2k

0
qα−2, which diverges for α ≤ 1. It is then necessary to perform

a self-consistent Born approximation as in e.g. Ref. [12]. Thus, accounting for backscattering
through the correction factor is crucial in the presence of correlations, and the single-particle
phonon linewidths give only limited information about the thermal transport properties.

3 Phonon spectral function and transport formalism

Our methods based on the phonon Green's function formalism have been detailed elsewhere
[13, 14, 15], but for convenience we will give a brief presentation here. The phonon Green's
function of a harmonic disordered supercell containing N sites can be de�ned as

G(ω) =
1

(ω + iη)2 −D
(18)

where D = 1√
M
Φ 1√

M
is the dynamical matrix. M is the diagonal matrix of the atomic masses,

Φ is the matrix of the interatomic force constants and η is a real positive in�nitesimal. In
the present case, the disorder on the force constants are neglected, thus only M and D are
disordered. G(ω) is the Fourier transform of the correlation function of the mass-renormalized
atomic displacement operators [14].

The spectral function for the plane-wave phonon mode with wavevector k can be de�ned as

A(k, ω) = −2ω

π
Im ⟨Ek|

√
M0

M
G(ω)

√
M0

M
|Ek⟩ (19)

where |Ek⟩ = 1√
N

∑
r e

ik·r |r⟩ and M0 is the VCA (disorder-averaged) mass matrix. We remind
the reader that the bra-ket notation is used here strictly for convenience, as the vectors denote
atomic degrees of freedom and not actual quantum states of the phonon Fock space. That being
said, the Green's function formalism used here is fully quantum mechanical. When A(k, ω)

3



exhibits a well-de�ned peak as a function of frequency (well-de�ned phonon quasiparticle), the
central frequency corresponds to the disorder-renormalized phonon frequency and the full-width
at half maximum (FWHM) corresponds to the disorder-limited inverse lifetime of the mode.

The Green-Kubo formalism provides a quantum linear-response expression for the thermal
conductivity that fully incorporates disorder e�ects, including the important ladder vertex
corrections associated with the backscattering 1 − cos(θ) factor [11], and does not rely on
well-de�ned phonon quasiparticles:

κ =

∫ ∞

0

dωWph(ω)
πk2

BT

3ℏΩ
Tr

[
ImG(ω +

i

2τU(ω)
)S ImG(ω +

i

2τU(ω)
)S

]
(20)

where T is the temperature, Ω is the supercell volume, Sr,r′ = 1
i
(r − r′)Dr,r′ is the Hardy

heat current operator [16] and Wph = 3
π2

(
ℏω
kBT

)2 (
−∂fB

∂ω

)
acts as a normalized half-window of

width ≈ 2kBT centered on ω = 0, with fB the Bose-Einstein distribution. The Umklapp
phonon-phonon interactions are taken into account as the frequency-dependent inverse lifetime

1
τU(ω)

playing the role of an inelastic damping in the phonon Green's function. This approach
is broadly equivalent to that recently used for amorphous solids by Isaeva [17], except that we
evaluate expression (20) using the CPGF method (see section 4) instead of diagonalizing the
dynamical matrix, which allows us to reach very large system sizes up to tens of millions of
sites.

We also compute the thermal conductivity along direction x using the standard kinetic
expression

κ =
1

Ω

∑
k

cv(ωk)v
2
x,kτ

tr,tot
k (21)

where cv(ω) = ℏω ∂fB
∂T

(ω) is the heat capacity of phonon modes with frequency ω, vx,k is the ve-
locity of mode k along x. τ tr,totk is the total transport lifetime of mode k, given by Matthiessen's
rule:

1

τ tr,totk

=
1

τ trk
+

1

τU(ωk)
(22)

with τ trk the phonon-disorder transport scattering rate de�ned in section 2 and 1/τU the phonon-
phonon Umklapp scattering rate de�ned in section 1.

At low frequencies, the Green-Kubo conductivity calculations become very costly (see next
section) but give the same contribution to κ as the standard kinetic expression using the
transport lifetime, because the phonon quasiparticle picture is essentially valid at these low
frequencies. Thus, we use the full Green-Kubo method only above 10 radTHz, and we com-
plement it with the simpler kinetic expression below 10 radTHz. Therefore, the dots in Fig. 4
of the main text are obtained strictly speaking from a mix of Green-Kubo CPGF and kinetic
theory calculations. The dashed curve, however, are entirely obtained from kinetic theory at
all frequencies.

4 The Chebyshev polynomial Green's function method

The Chebyshev polynomials Green's function (CPGF) method has been reviewed in Refs. [18,
19] for electrons, and has been adapted in Refs. [15, 14, 13] for phonons. The central idea is to
e�ciently evaluate equations (19) and (20) by expanding the phonon Green's function on the
Chebyshev polynomial basis:

G(ω̄) =
∞∑
n=0

gn((ω̄ + iη̄)2)Tn(D̄) (23)

4



where the bar indicates that the spectrum has been rescaled to [−1, 1], the gn(z) are known
complex functions:

gn(z) = −i(2− δn,0)
(z − i

√
1− z2)n√

1− z2
(24)

and the Tn(D̄) are Chebyshev polynomials evaluated for the dynamical matrix, that follow
the recursion relation Tn+1(D̄) = 2D̄Tn(D̄) − Tn−1(D̄) with T1(D̄) = D̄ and T0(D̄) = 1.
Equality (23) comes from the identity

e−izt =
∞∑
n=0

2i−n

1 + δn,0
Jn(t)Tn(z) (25)

for |z| < 1 with Jn(t) the Bessel function of order n (see equations (5) through (9) in the
supplementary material of Ref. [18]).

Since the spectral function for the Bloch mode k is given by eq. (19), the quantities to be
calculated are the so-called moments µn,k:

µn,k = ⟨Ek|
√

M0

M
Tn(D̄)

√
M0

M
|Ek⟩ , (26)

which are computed using the recursion relation between the Tn(D̄). Once this is done, the
spectral function can be obtained at any ω at virtually no computational cost. The number
of moments necessary for the sum (23) to converge is roughly equal to 1/2ω̄η̄. Because η̄ is
an arti�cal broadening and should be smaller than the disorder-induced spectral linewidth,
probing modes closer and closer to Γ requires more and more polynomials to be included.
To extract the phonon lifetimes of low-frequency modes, we calculate up to 106 moments on
supercells 305× 305× 305. For such system sizes, only one disorder con�guration is necessary
except when very long-range 1/

√
r are present, in which case we use 4 di�erent con�gurations

to ensure a proper disorder average.
The trace in equation 20 can be called the phonon transport distribution function (TDF)

Σph(ω). To calculate it, we use the one-shot stochastic procedure described in Ref. [13, 18]:

Σph(ω) =
πk2

BT

3ℏΩ
1

Nr

∑
λ

⟨φλ
−|φλ

+⟩ (27)

with |φλ
+⟩ = ImG(ω+ i

2τU(ω)
)S |λ⟩ and |φλ

−⟩ = S ImG(ω+ i
2τU(ω)

) |λ⟩. Nr random vectors |λ⟩ =∑
r e

iφr |r⟩ are de�ned, with φr a random phase uniformly distributed in the interval [0, 2π].
The vectors |φλ

+⟩ and |φλ
−⟩ are calculated iteratively for every frequency above 10 radTHz and

every temperature. At low frequencies, the Umklapp scattering rates become smaller and
smaller, leading to an ever increasing number of terms to be calculated for the Chebyshev
series (23) to converge. This is why we rely instead on the simpler kinetic formula below
10 radTHz. Above 10 radTHz, we calculate up to 120000 terms in the series (23) on supercells
of size 1200× 200× 200. The larger size along the transport direction x allows us to reach the
thermodynamic limit by avoiding ballistic e�ects. We use two disorder con�gurations for 1/

√
r

and 1/r correlations, and one con�guration for 1/r2 correlations and the uncorrelated case.

5 Acoustic phonon spectral functions

We show here in Fig. S1 the phonon spectral function of selected acoustic modes from Fig 3 of
the main text in the relevant frequency range (0 to 35 radTHz). They have been calculated from
the CPGF method, and the spectral peak broadenings are representative of the disorder-induced
lifetime of each mode. Extracting the FWHM of low-frequency modes is computationally
di�cult for two main reasons:
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� The number of terms (moments) that must be included in the Chebyshev expansion (23)
of the Green's function is proportional to 1

ωη
, with ω the mode angular frequency and η

an arti�cial broadening that must be much smaller than the mode FWHM. Because the
linewidth is proportional to ω2 for 1/r correlations and to ω4 for the uncorrelated case,
the number of moments that must be calculated grows as 1/ω3 for 1/r correlations and
as 1/ω5 for the uncorrelated case.

� Finite-size e�ects (i.e. the separation between discrete levels of the disordered system)
must be small compared to the mode FWHM, implying that the supercell size must grow
as 1/ω2 and 1/ω4 for 1/r correlations and no correlations respectively. Computational
time is linear with the system size in the CPGF method, but so is memory space. Also, it
should be kept in mind that the cubic symmetry in the clean system considered leads to
a 48-fold degeneracy for most k-points, which increases the level separation substantially.
Strictly speaking, these degeneracies are lifted by disorder but this is a small e�ect at low
frequencies.

Of note, the CPGF algorithm relies on an iterative procedure whose parallelization over-
heads quickly limits the gain obtained from using multiple CPUs. In addition, we have been
quite strict when it comes to convergence and have shown only those data points for which
we could ascertain that �nite size e�ects are small enough and the number of moments high
enough to make the results reliable. From these considerations, we encounter a computational
wall at low frequencies. To give an example, the lowest-frequency point shown in Fig. 3 for the
uncorrelated case (around 10 radTHz), has been calculated on a 305× 305× 305 supercell with
106 moments. The calculation for this mode alone took two weeks and around 150GB of RAM.
To go lower in frequency would have required both more moments and a larger system, leading
to steep costs in both time and memory. For systems featuring spatial correlations, we are
more limited by �nite-size e�ects than by the number of moments. Fortunately, the power-law
trends are already quite clear in Fig. 3 of the main text, making it unnecessary to go to lower
frequencies. We also want to emphasize that the FWHM of the lowest frequency modes shown
in Fig. 3 are completely unreachable through exact diagonalization, given the system sizes of
several tens of millions of atoms required to calculate them reliably.

6 Numerical evaluation of the thermal conductivity

We show in Fig S2 the same data as in Fig. 4 of the main text in logarithmic scale to emphasize
the di�erences in the values of κ predicted for the various correlation power-laws. In this �gure,
it is also apparent that perturbative estimates of κ are slightly underestimated compared to
CPGF estimates. This is partly due to the fact that the perturbative expression used here
does not include the phonon di�usive channel [20]. As mentioned in section 2, if the vertex
correction factor 1−cos(θk+q,k) is omitted for correlations decaying slower than 1/r, the second-
order perturbative scattering rates diverge. Numerically, this leads to a non-convergence of the
scattering rates as the number of k-points increases and the broadening η of the delta peaks in
eq (3) decreases. For a given broadening parameter, the scattering rate calculated in this way
is also higher than the transport scattering rate (which includes the vertex correction factor) by
order of magnitudes. Thus, omitting the vertex correction factor in the perturbative evaluation
of κ would lead to a gross overestimation: in the case of 1/

√
r correlations, for instance,

the value obtained for the room-temperature thermal conductivity would be 0.075Wm−1K−1

instead of 2.63Wm−1K−1. It is clear that vertex corrections are absolutely crucial to capturing
the physics of thermal transport in the presence of spatial correlations.
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Figure S1: Phonon-spectral function of acoustic modes for several power-law decaying corre-
lations C(r) ∝ 1/rα with α = ∞ (uncorrelated) and α = 2, 1, and 0.5. The curve labels
(kx, ky, kz) are the mode wavevectors in units of 2π/a.
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Figure S2: The thermal conductivities for several power-law decaying correlations evaluated
through Green-Kubo CPGF calculations above 10 radTHz, with second-order perturbation
theory below 10 radTHz (dots) and through perturbation theory only (dashed lines).

7 Optimal correlations to minimize κ

To �nd the optimal correlation that minimizes the thermal conductivity, we make the funda-
mental assumption that the simple kinetic expressions (21) and (22) (including the 1− cos(θ)
vertex correction factor in the disorder scattering rates) are valid. This assumption is supported
by our numerical results (Fig. 4 of the main text). κ then depends on the mass correlations
through the phonon-disorder transport scattering rate (see equations (3) and (4)):

1/τ trk = πω3
k

∫
d3qΩ

(2π)3
C̃(q)(1− cos(θk+q,k))δ(ω

2
k+q − ω2

k), (28)

where C̃(q) = 1
N

∑
r C(r)e−iq·r is the FT of the correlation function. We then minimize

the thermal conductivity as a functional of C̃(q) while keeping the disorder strength C(0) =∫
d3qΩ
(2π)3

C̃(q) constant. This constraint eliminates the obvious solution of introducing more and
more disorder, instead answering the question: given a certain amount of defects or disorder,
how best to organize it spatially to impede the �ow of heat?

Introducing a Lagrange multiplier λ, we are to solve

δ

δC̃(q)

[∫
d3k

(2π)3
cv(ωk)v

2
x,kτ

tr,tot
k − λ

∫
d3kΩ

(2π)3
C̃(k)

]
= 0. (29)

Since
δτ tr,totk

δC̃(q)
= −(τ tr,totk )2πω3

k

Ω

(2π)3
(1− cos(θk+q,k))δ(ω

2
k+q − ω2

k), (30)

we obtain

π

∫
d3k

(2π)3
cv(ωk)v

2
x,kω

3
k(τ

tr,tot
k )2(1− cos(θk+q,k))δ(ω

2
k+q − ω2

k) = −λ. (31)
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To make more analytical progress, we now assume a Debye dispersion ωk = c||k||. Due
to isotropy, the left-hand side fx of equation (31) does not depend on the transport direction
considered: fx = fy = fz = (fx + fy + fz)/3. Thus:

π

3

∫
d3k

(2π)3
cv(ωk)c

5||k||3(τ tr,totk )2
||q||2

2||k||2
δ(c2(k + q)2 − c2k2) = −λ. (32)

Introducing spherical coordinate with θ the angle between k and q:

c3q2

24π

∫ kD

0

dk cv(ωk)k
3(τ tr,totk )2

∫ π

0

dθ sin(θ) δ(2kq cos(θ) + q2) = −λ, (33)

where kD is the Debye wavevector. The angular integral of the delta function simpli�es to
Θ(2k − q)/(2kq) with Θ the Heaviside function, so we have:

c3q

48π

∫ kD

q/2

dk cv(ωk)k
2(τ tr,totk )2 = −λ. (34)

Moving the prefactor to the right-hand side and taking the derivative on both sides with respect
to q then yields:

−1

2
cv(ωq/2)(q/2)

2(τ tr,totq/2 )2 =
48πλ

c3q2
. (35)

Finally, substituting q/2 → q we obtain

1

τ tr,totq

=

√
c3cv(ωq)

24π|λ|
q2, (36)

as asserted in the main text.

8 Finite correlation length

In order to evaluate the impact of a �nite correlation length that would make the correlations
short-ranged, we calculate the phonon-disorder transport scattering rates and the thermal con-
ductivities for a correlation function of the form C(r) ∝ 1

r
e−r/ξ. Such an r dependence arises

naturally in the context of an Ising system, for instance. We make use of the Fermi golden rule
to calculate the transport scattering rates (equation (3) and (4)), and we evaluate the thermal
conductivity through kinetic theory (equation (21) and (22)). Fig. 4 of the main text shows
this methodology to be in excellent agreement with a full Green-Kubo treatment of the thermal
conductivity.

We show in Fig S1 the phonon-disorder transport scattering rates for ξ = 0 (reference
case without correlation), ξ = 2.47Å, 4.94Å, 12.35Å, 24.70Å, 49.40Å (1, 2, 5, 10, 20 lattice
constants respectively) and ξ = ∞ corresponding to optimal 1/r correlations. For �nite cor-
relation lengths, the low-frequency scattering rates always follow an ω4 Rayleigh law as the
phonon wavelength is much greater than the typical cluster length. At intermediate frequen-
cies, there is a crossover towards an ω2 as the wavelength becomes comparable to the cluster
size. However, even for very small correlation lengths down to a few Angströms, the scattering
rates are substantially increased at low frequencies compared to the uncorrelated case.

The associated thermal conductivities are shown in Fig S4. Even for ξ equal to one lattice
constant, κ is halved compared to the uncorrelated case. The optimal 1/r thermal conductivity
is recovered as soon as ξ equals 5 to 10 lattice constants. Thus, the inevitable presence of a
�nite correlation range in actual samples does not seem to be a serious obstacle to manipulating
κ through disorder correlations.
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Figure S3: Phonon-disorder transport scattering rates from lowest-order perturbation theory
for several values of the correlation length ξ = 0 (black, no correlation), a (orange), 2a (red),
5a (purple), 10a (blue), 20a (cyan) and ξ = ∞ (green).
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Figure S4: The thermal conductivities evaluated through second-order perturbation theory for
several values of the correlation length ξ = 0 (black, no correlation), a (orange), 2a (red), 5a
(purple), 10a (blue), 20a (cyan) and ξ = ∞ (green).
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