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Tensor gauge fields and dark matter in general relativity with fermions

Kevin Cahill]
Department of Physics and Astronomy
University of New Mezico
Albuquerque, New Mezico 87106
(Dated: August 29, 2023)

The action of general relativity with fermions has two independent symmetries: general coordinate
invariance and local Lorentz invariance. General coordinate transformations act on coordinates and
tensor indices, while local Lorentz transformations act on Dirac and Lorentz indices, much like a
noncompact internal symmetry.

The internal-symmetry character of local Lorentz invariance suggests that it might be implemented
by tensor gauge fields with their own Yang-Mills action rather than by the spin connection as in
standard formulations. But because the Lorentz group is noncompact, their Yang-Mills action must
be modified by a neutral vector field whose average value at low temperatures is timelike. This
vector boson and the tensor gauge fields are neutral and interact gravitationally, so they contribute
to dark matter.

The two independent symmetries of the action are reduced to a single symmetry of the vac-
uum, local Lorentz invariance, by the nonzero average values of the tetrads c¢®,. The local Lorentz
invariance of general relativity with fermions can be extended to local U(2,2) invariance.

If the contracted squares of the covariant derivatives of the tetrads multiplied by the square of
a mass M are added to the action, then in the limit M? — oo, the equation of motion of the
tensor gauge fields is the vanishing of the covariant derivatives of the tetrads, which is Cartan’s first

equation of structure. In the same limit, the tensor gauge fields approach the spin connection.

I. INTRODUCTION

The action of general relativity with fermions has two
independent symmetries: general coordinate invariance
and local Lorentz invariance. These symmetries are tra-
ditionally implemented by Cartan’s tetrads c¢®, and by
the spin connection w; which is a quartic polynomial in
the tetrads and their first derivatives. In this paper, the
spin connection is replaced by tensor gauge fields with
their own Yang-Mills action.

General coordinate invariance is the defining symme-
try of Einstein’s general relativity. A general coordinate
transformation x — z’ acts on coordinates 2’ and on ten-
sor indices ¢, k but leaves Dirac indices «, 5 and Lorentz
indices a, b unchanged

W) = bale), ) = D). ()

General coordinate invariance is implemented by Car-
tan’s tetrads ¢, and their derivatives.
Local Lorentz transformations act on Dirac and

Lorentz indices but leave coordinates and tensors un-
changed

¥(2) = Das(A()) ¥5(x)
(D) = (8 + W)Wy = Dap(A) (D)5 (2)
¢ (@) = A% () i ().
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Local Lorentz invariance is implemented by the spin con-
nection w; in standard formulations [IH7].
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Invariance under general coordinate transformations
and invariance under local Lorentz transformations are
both exact and independent symmetries of the action of
general relativity with fermions. But while general coor-
dinate transformations act on coordinates and tensor
indices, local Lorentz transformations act on Lorentz
and Dirac indices leaving coordinates unchanged. In this
respect, local Lorentz invariance is like a noncompact in-
ternal symmetry [§].

These observations motivate the attempt in the present
paper to implement local Lorentz invariance by means
of tensor gauge fields L%, and a real vector field K;.
The spin connection w; = %w“bi [Va, Vo] is replaced by
a “Lorentz connection” L; = éL“bi [Ya, ] with field-
strength Fj, = [0; + L;,0r + Li] and Yang-Mills-like
action [9]

1

Sp= ——
L 4m2\2

/ T (Fjh F™ Bh8) ygd'e  (3)
in which h = i3v%,'K; is a hermitian matrix and K;(z)
is a real vector field. Here 3 = i7", g = | det(gix)|, and
A is a coupling constant. The vector field K;(z) makes
the trace in the action Sy invariant under noncompact
Lorentz transformations, but the squares of the time
derivatives (L) appear in S, with positive signs only
if the average value of K is timelike.
The action of the vector boson Kj; is

Sy = / [— 1(DiKy, — DyK;)(D'K* — DFK?)
| (4)
— K+ m?)?] g d'a.

The potential energy density i(KiK i +m?)? makes the
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average value (0|K;(z)|0) of K;(x) timelike at low tem-
peratures. Its vibrations about (0|K;(z)|0) are massless.
The particles of the vector boson K; and of the ten-
sor gauge fields L“bi are neutral, weakly interacting and
massless, so they would contribute to dark matter.
In terms of the connection L; and the gauge fields of
the standard model A; = iA$, t*®, the covariant deriva-

tive of a Dirac field ¢ is defined in this paper as

Dy = (0; + Li + Ai) (5)
rather than in terms of the spin connection as

Dip = (9; + w; + Ay (6)
in which w; = $w;[v4, 5] and [1H7]

w, = Lc% (aicbj — ;%) — 1 (85 — 0;¢%)
— %cakcbecci (OkCee — OpCers) - (7)

The present formalism has a serious disadvantage: it in-
troduces one vector boson K; and six tensor gauge fields
L. On the other hand, it has three advantages:

1. It treats local Lorentz invariance as an internal
symmetry and gives it a Yang-Mills action.

2. It adds to the usual internal-symmetry gauge fields
A; = {A$t* in the Dirac covariant derivative
Dy = (82- + L; + Ai)’l/J a linear combination of
gauge fields L; = $L% [v4,7)] and not a quartic
polynomial w; in the tetrads and their derivatives.

3. It requires the existence of massless, neutral,
weakly interacting fields K; and L“bi which would
contribute to dark matter.

The action Sy, is discussed in Sec. @ The matrix h,
the vector K;, and positive signs of squares of the time
derivatives (L)% are discussed in in Sec. The Dirac
action

Sp= - [99%e, Db Vgate (8)

in which D, is the covariant derivative is discussed
in Sec. m The actions Sy, Sk and Sp are invariant un-
der local Lorentz transformations and under independent
general coordinate transformations.

Although general coordinate invariance and local
Lorentz invariance are independent symmetries of the ac-
tion, they are not independent symmetries of the ground
state of the universe because they do not leave invari-
ant the nonzero average values of Cartan’s tetrads c%.
Their average values (0|c*;|0) or Tr(pc®;(x)) reduce the
symmetries of the action — general coordinate invariance
and local Lorentz invariance — to a single symmetry of
the ground state: local Lorentz invariance. Since nonzero
average tetrad values are intrinsic to the theory, this re-
duction of symmetry is intrinsic rather than spontaneous.
It is discussed in Sec. [Vl

Local invariance under the Lorentz group SO(3,1) is
extended to U(2,2) in Sec[V]]

If tensor gauge fields do gauge SO(3,1) and if all in-
variant terms of dimension (mass)* or less occur in the
action (which is not obvious in a theory of gravity), then
the total action would include the contracted squares

Sc = — M? / D;c%, Dic,f \/gd*a (9)
of the covariant derivatives of the tetrads
Dicak = 87;Cak =+ Liab Cbk — Feki Caé. (10)

The factor M? is required because tetrads are dimension-
less. The linear combination L%, cbk — I‘Z,“- c?, of the ten-
sor gauge field and the Levi-Civita connection acquires
a mass of order M. In the limit M — oo the equation
of motion of the tensor gauge fields L, arises from the
term Sc and is D;c*, = 0 which is Cartan’s first equation
of structure. In the same limit, the tensor gauge fields ap-
proach the spin connection as described in Sec. [VII]

II. ACTION OF TENSOR GAUGE BOSONS

The action proposed for the tensor gauge fields is

1 i
SL= -1 /Tr (ijh F ’“ﬁhﬂ) Jadiz (1)
in which the field strength Fjj is
Fir = [0i + Li, O + L], (12)
the matrix of tensor gauge fields L; is
L’L' = %Labi [’Yaa ’}/b] ) (13)
h = iBy%c,'K; is a 4 x 4 positive hermitian matrix, and
K is a real vector field, and A is a coupling constant.
The action is real because
Tr(Fj, h F* BhB)" = Tr(BhB F1'™F h Fy,)
= Tr(F}, hF'™* hp).

The gamma matrices

0o _ (01 i . 0 ot

v __Z<1 O) 7__Z<—ai O)

s=n=(00) »=(5 %) (15)
iBy° = ((1) (1)) and 8y = (00' 2_)

satisfy {7%,7*} = 2n9I. The commutators [y,,7s] in
L= — %Labi [Va, Y] are for spatial a,b,c=1,2,3

[Ya, 1] = 2i€apecl  and  [y0,7.] = —20%9°.  (16)



The gauge fields associated with rotations and boosts
are

r% = %eabcLbci and b%, =L, (17)

K2

and the matrix of gauge fields L; is

Li= —iiriol—1b-oq". (18)

The field strength is then

Fir, = [0; + L;, O + Lg) (19)
= — z% [&rk — Ok + (r; X T — b; X bk)] ol
— %[&bk — Opb; + (’I’i X by, + b; x ’I‘k)] . 0"}/5.

Under a local Lorentz transformation D = D(A(x)),
these fields transform as

L/abi — AaCAdeCdi — %TI‘ (D@inl[’Ya,’Yb])
9+ L =D (8 + L) D!
Fj,=DFy D"
W=D "hD™!
(BhB)' = D Bhf D'
V' =D

and so the action density s; of the action Sy (L1)) is
invariant

st =T (Fi{ ' B g'g)

=T (DM F}.D! DMAD ™! DFy. D! DARADY)

Tr
Te (Flh F™ B08) = 51 (21)

under local Lorentz transformations (2)) as well as under
general coordinate transformations (|1)).

The squares of the time derivatives (L?,)? and (L,)?
of the gauge fields must appear with a positive sign
in the action Sp, if the gauge-field action is to be
bounded below. They will appear with a positive sign
at low temperatures if the vector boson K; in the ma-
trix h = i8y%c, ' K; has an average value (0|K;|0) = Ky,
in the low-temperature ground state that is timelike,
Ko; K% ~ —m? < 0. The matrix h, the vector K;, and
the signs of the time derivatives (L?,)? and (L%,)? are
discussed in Sec. [Tl

The tensor gauge fields L2, have spin 2 (not 3) because
they are antisymmetric in a and b.

An explicit formula for the matrix D(A) is given in
Appendix [A] along with derivations of the identities

DD =3 and DBD'=35. (22)

These identities (22) imply that the action Sp with
h replaced by B, i.e, the trace Tr(FiTk,BFikﬂ), is invari-
ant under local Lorentz transformations. But the choice
h — (B gives an action in which the squares of the time

derivatives of the tensor gauge fields that gauge boosts
and those that gauge rotations occur with opposite signs.
So the trace (L1]) which uses the matrix h = iv*K, may
be the only viable choice.

With the abbreviations

R, = 0;r), — Oy + (7‘1' X 1, — b; X bk)

23
By, =0;b;, — Oxb; + (r; X by, + b; x 1), 23)

the field strength Fyy, is Fy, = —i2Ry-0 [—1Bi-0+°,
and the action Sy, is

1
16m?2\2
(R* ol —iB™ . 0y°)ghs| ygd'e. (24)

St = /Tr{(Rik -ol +iBy ~a"y5)h

Tensor gauge fields L, possess at least two other ac-
tions that are invariant under local Lorentz transforma-
tions and general coordinate transformations. One is suc-
cinct and linear

Sp = M3 / Feb, cte/gdie (25)
in the coefficients F“bik of the field strength
Fie = F* [Ya, ] = 0iLx — OxLi + [Li, Ly).  (26)
These coefficients
Fob = 9,19, — 9L, + LY, L9, — L [,
resemble Riemann’s curvature tensor
Rk, =o,r*%, —o,I%,+T% 1™, —TF T™, (27)
But the action Sg does not lead to second-order
differential equations for the gauge fields L?°,.
A third invariant action is based upon the scalar
F abikF abik =
<8iLabk — O L 4+ L, L — L, Lbck> (28)
(aiLabk — 0Ly’ + Ly L% — Lo Lbdk>'

It is hermitian and invariant under general coordinate
transformations and local Lorentz transformations, but
the squares of its time derivatives occur with opposite
signs.

IIT. THE MATRIX h AND THE VECTOR K

The action Sy, of the proposed tensor gauge fields will
be invariant under local Lorentz transformations if
the matrix A which appears in the trace transforms
as

W=D 1hD! (29)



where D = D(A(z)), DD = 8 and DAD = 3 .
The simplest choice is the hermitian matrix

h=ipy“c,'K; (30)
in which Kj; is a real vector transforming as

l‘k
Ki(a') = 00 Ki(a) (31)

under general coordinate transformations. Its action Sk
(4] is simpler than it looks since

D;Ky — DyK; = 0K}, — O, K. (32)

Under a Lorentz transformation A, Dirac’s gamma ma-
trices transform as a 4-vector

DA D™HA) = A9

DA}y D(A) = A% 5" )

where A, = A™'%,. And since the matrix D(A) leaves
B invariant D~ (A) B3 = B D(A) as seen earlier , the
matrices 8y® also transform as a 4-vector

DY) B7° DTHA) = 4,7 B

T a a b (34)
DY (A) py* D(A) = A", 37"
So A changes b’ to
h =ip~yi 'Kl =iByA b el K;
ﬁ’y a ) B’y a “b (35)

=iD By D7 ¢ Ky = D" A D!
which satisfies as does Bhg since
(BhB) =BD Y hD~' 3= DpBhBD'. (36)

The squares of the time derivatives L“bi of the gauge
fields must appear with a positive sign in the action
if the gauge-field action is to be bounded below. They
will appear with a positive sign at low temperatures if
the vector boson K; in the matrix h = i8vy%,'K; has
an average value Ko; = (0|K;|0) in the low-temperature
vacuum that is timelike, Ko; K% ~ —m? < 0. At low
temperatures, the average value Kj; is made timelike b
the second term —1(K;K' 4+ m?)? in its action Sk
which due to antisymmetry may be written in the
simpler form

Sk = / [f LOK; — OuK:) (0T KT — OF K -
~ HKK + mQ)Z}\/gd%.

At low temperatures and presumably in the rest frame
of the CMB, the vector K* has the average vacuum value
(0|K*|0) = K} = m &}, and the average value of the ma-

trix h is

h =By, Koi = iB7c,° Koo = —mI.  (38)

Then in the rest frame of the CMB and apart from the
fluctuations k' = K* — K, the action S is

1 .
SL: *W/Tr[(Rik~0'I+’LBik~a"y5)

(R* ol —iB™ 07")|ygd's  (39)

1 ) )
= — W/(Rik~le+Bik~Blk)\/§d4x

in which the squares of the time derivatives ()% and
(bk)2 appear with positive signs as promised. So the ac-
tion S, is bounded below in the rest frame of the CMB.

At low temperatures, the vector boson K; fluctuates
about its average value, K;(z) = Ko; + k;(x). The fluc-
tuations k;(x) are those of a massless vector field with
ko(z) = 0 as discussed in Appendix The six gauge
fields L“bi remain massless despite the nonzero average
value K¢ of the vector boson K.

The ground state |0,v) of a Lorentz frame moving at
velocity v relative to the CMB is related to the ground
state of the CMB by a unitary Lorentz transformation
|0,v) = U,|0) that represents matched Lorentz and
general-coordinate transformations. The action is invari-
ant under Lorentz and general-coordinate transforma-
tions

UU_ISLUUZSL. (40)

So the average value of the action in the state |0,v) is
the same as in the state |0) in which the CMB is at rest

(0,v|SL|0,v) = (0|U, ! S, Uy|0) = (0SL]0).  (41)

Thus the action is bounded below in all Lorentz frames.

The matrix h takes a simpler form in two-component
notation as discussed in Appendix

It may be useful here to distinguish different kinds of
symmetry. One kind is an exact symmetry of the action
and of the vacuum, like that of the group SU.(3) of QCD.

A second kind is a symmetry of the action but not
of the vacuum, like that of SU,(2)®U(1)y in which the
average value of a component of the Higgs field in the low-
temperature vacuum makes the W and Z bosons massive.
Their masses make their interactions of short range and
therefore weak.

A third kind is symmetries of the action that are in-
trinsically reduced by the ground state of the actual uni-
verse. As described in Sec. [V} the average values of the
tetrads ¢§;(x) = Tr(pc®(x)) in the ground state of the
late, low-temperature universe reduce the two indepen-
dent symmetries of general coordinate and local-Lorentz
invariance to a single exact symmetry of the vacuum —
local Lorentz invariance. Every local-Lorentz transforma-
tion A% (x) must be accompanied by a specific general
coordinate transformation

8(Eli

37 = Ca' (@) A% () () (42)



in order to preserve the average values of the tetrads.

In the theory sketched in this paper, the average value
of the vector boson K; in the present low-temperature
universe and in the rest frame of the CMB, (0|K;|0) =
m &Y, gives the action S, of the six gauge fields
L“bi the approximate and simpler form . The six
gauge fields L, remain massless, and local Lorentz in-
variance remains exact — apart from (0| K;|0), the CMB,
and the matter and energy of the actual universe.

IV. DIRAC ACTION

The explicitly hermitian Dirac action is
RSN 7oA, T
Sp= =4 [ [p°e D + (97, D) Vg ata (13)
in which the covariant derivative D, is

Ditp = (0; + § L, [Va, W]) - (44)

To avoid clutter, I am using a single Dirac field ¢ and am
suppressing the gauge bosons A¢ of SU.(3) x SU(2) x
U(1). To include them, one would replace the single Dirac
field ¢ by a vector ¥ whose components ¥, would be the
6 leptons and 18 quark fields. One would add the 12 gauge
bosons A of SU.(3) x SU,(2) x U(1) and their actions.
Then the covariant derivative of the 96-component Dirac
field ¥ would be

DV = (0; + & L, [ya, ] + AYt*)T (45)

in which the t*’s are the generators of the Lie algebras
of SU.(3),SU,(2) and U(1)y.

The simplest choice for 1) is Dirac’s choice 1) = ¥'3
Lp = —v'Be,'+" Dy (46)

in which the real 4 x 4 hermitian symmetric matrix
B = iv? obeys DT(A) 3 D(A) = . The resulting Dirac
action is then invariant under local Lorentz and gen-
eral coordinate transformations.

Under a local Lorentz transformation D = D(A(x)),
the Dirac field ¢, its covariant derivative D;i and the
tetrads ¢,’ transform as

V' =Dy
¢ =@W'B) =¢DIg=yigD!
(Dip) = D Dyt (47)

(cai)/ = Aab Cbi

while Dy*D~! = A4t = Aflabwl’. Thus the action
density is invariant under local Lorentz transforma-
tions

b= (018 e, D)
=¢'DI By* D 'A° Ditp
= T8y A% AT, e Dy (48)
= WLﬁ ’Yb CbiDﬂﬁ =Lp

as well as under general coordinate transformations.
The explicitly hermitian action density is

Lpn = — P Be, v 0p — 3T By (Bic,)) ¥
+yfl (coiri col— csirisfy5)w (49)
— 3 €jane; b YT oM,

as shown in Appendix [E] Although the current that gen-
erates the rotational field ;] is

ji = St (eo® = e7) e, (50)

the current that generates the boost field b} has no time
component

it = = Sejanc Piobep, (51)

So unless the spatial tetrads are nondiagonal so that
cjO # 0 for j = 1,2 or 3, the time components of the
boost bosons b,® do not occur in the Dirac action, and
do not generate Coulomb potentials.

These comments apply also to the gauge fields of
groups larger than the Lorentz group: unless the spa-
tial tetrads are nondiagonal, ¢,’ # 0 for @ > 0, the time
components of the gauge bosons of the generators of the
noncompact directions do not appear in the Dirac action
and do not generate Coulomb potentials.

In the static limit, the exchange of the three massless
tensor gauge fields r; that gauge rotations would imply
that two macroscopic bodies of F' and F’ fermions sep-
arated by a distance r would contribute to the energy a
static Coulomb potential

_ 3FF'f?

Kr(r) Amr

This potential is positive and repulsive (between fermions
and between antifermions). It violates the weak equiva-
lence principle because it depends upon the number F of
fermions as F' = 3B 4+ L and not upon their masses.

The potential K, (r) changes Newton’s potential to

mm/’

Knp(r)= -G 1+ a)

in which the coupling strength « is

3FF'\?
o = =

3FF'm3\?
ArGmm/ '

4drmm/

Couplings o ~ 1 are of gravitational strength.

Experiments [12H35] put no upper limits on the masses
of tensor gauge fields and no lower limits on their cou-
pling A.



V. INTRINSIC REDUCTION OF SYMMETRY

When quantizing a gauge theory, one picks a gauge. For
general relativity in flat space, the usual gauge choice is
to set the average value of the metric g;,(z) equal to the
Minkowski metric n

-1

(Olgin(2)]0) = nir, = (52)

o= OO
— O O O

0
1
0
0

o O O

The average vacuum value of the metric is then quadratic
in the average values of Cartan’s tetrads

(0lgin ()]0) = (0lc®; () nap 1, (€)|0) = mir-~ (53)

A further gauge choice of Lorentz frame sets the average
vacuum values of the tetrads equal to Kronecker deltas

(0lc?;(2)]0) = 0% (54)

The independent symmetry transformations of general
coordinate invariance (|1))

oxk
&) = 8 () (55)

and local Lorentz invariance ([2)
¢ (x) = A% (x) " (x) (56)
map a tetrad ¥, () to

ok
A% (2) % & (x) (57)

So if the average vacuum values of the tetrads
(0]c*;(x)|0) = §% are to be invariant, then

Clai (x/) —

Ok Ox® iy
ox't Oz’ v
By multiplying this last equation by 92’ /0x*, we see that
the tetrad values (0|c*;(x)|0) = 6% will be unchanged

only if the general coordinate transformation x — z’ and
the local Lorentz transformation A%,(z)

A% (2) 5bk = A%(z) (58)

ox'® ozk
Al . = A_lkA
8.%[ e(x) ox't ’L(x) (59)
are the same. In that case, we have
a 8mk a —1k a
A k Bl =A% A z’(x):(si (60)

which maintains the average values of the tetrads in the
vacuum
a a ox*
(01", (2)10) = A" () 5= (01, ()[0)
W 0zF 61
= A%(0) s oy

=A% (x) A7 (2) = &¢,

e

In a universe described by a density operator p, the
average values of the tetrads are traces

ci(x) = Tr(py(x)). (62)

By using the tetrad identity cakc“i = §f , one may show
that the joint transformations preserve the average
values of the tetrads if the general coordinate trans-
formation x — ' is related to the local Lorentz transfor-
mation A(z) by two tetrads

O — ¢ (@) A% () () (63)

The nonzero average values of the tetrads reduce the
two symmetries of the action to a single symmetry of
the ground state of the universe: local Lorentz invari-
ance. This reduction of symmetry is intrinsic rather than
spontaneous because tetrads intrinsically have nonzero
average values Tr(pc?(x)).

The ideas of this section are independent of the exis-
tence of the tensor gauge fields proposed in this paper.

VI. IS THE GAUGE GROUP U(2,2)?

So far we have been assuming that the gauge group
of the Dirac field is the Lorentz group which acts on the
Dirac field as the direct sum

D(A) = DU/20(A) @ DO/ (q). (64)

Is this a hint of a larger symmetry? These 4 x 4 matrices
D(A) = D(A(x)) leave B = i7" invariant

DY(A)BD(A) =8 and D(A)BDY(A)=p.  (65)

as noted earlier (22)) and transform Dirac’s gamma ma-
trices as a 4-vector

DY(A) 7" D(A) = A%, 57" (66)
as noted earlier and .

The gauge group of the Dirac field may be the group
of all 4 x 4 complex matrices U that leave [ invariant

D' (U) 8D W) = 5. (67)

This group has 16 generators and is known as U(2,2) [30]
as one may see by rotating all four of the matrices of this
equation of £ invariance from the 8 = i7° direction
to the 7° direction. This rotation shows that the group
must leave v° invariant

DY U )y DU') =+ (68)

which is the defining equation of U(2,2).

The 4 x 4 direct-sum matrices D(A) leave 8 in-
variant (65) and so form a subgroup of U(2,2).

To implement U(2,2) gauge symmetry, we’ll need to
extend the 6 generators J% = — 1i[y*,~"] and 6 gauge



fields L“bi to 16 generators G4 and 16 gauge fields L4,
so that

DI (U)BGAD(U) = 2(U)* 5 BGP
D Y U)GAD(U) = 2(U)* 5 GP
Y =D(U)Y (69)

Ditp = (9; + 31 L, G )9
(Dih) = D(U) Dy
in which 2(U)“ 5 is the 16 x 16 matrix that represents U
in the adjoint representation of U(2,2). The Dirac action
will be invariant under these local U(2,2) transformations

if Cartan’s tetrads are also extended from four 4-
vectors to 16 4-vectors transforming as

et =Ug e, (70)
The metric g;; must be invariant under U(2,2)
gk = e iear = €ehr = Gix- (71)

We have seen that e’Ai = U458, but we can
choose how ey4; transforms. If we choose

e =Fi%ecn (72)
then to keep
Gik = eAiefk = e/fie'fk = FA e UB, (73)

we need
Udp F 0 =65 or (FYH)gA=U"%. (74
for then we’d have

Gik = eAieAk = e"%e'Ak = UAB eBi FAC eck
B sC o (75)
=e’;0geck =€ ;eck = Jik-
The real Lie algebras su(2,2) and sl(4,R) are not iso-
morphic, but over the complex numbers they both belong
to As in the Cartan-Weyl classification, so their complex-
ifications are isomorphic [37]. It therefore may make sense
to consider the possibility that GL(4,R) or GL(4,C) is the
gauge group of the Dirac field.

VII. CARTAN’S FIRST EQUATION OF
STRUCTURE

If we add all invariant terms of dimension (mass)? or
less to the action (which is by no means required in a
non-renormalizable theory of gravity), then the covariant
derivatives of the tetrads

Dl‘cak = 87;Cak + Liab Cbk — szi Cae (76)

would appear in the action squared and contracted

S¢ = — M? / D%, Dic,f \/gdta (77)

the coefficient M? being required because tetrads are di-
mensionless.

If the mass M in the action S¢ is huge, say of the order
of the Planck mass Mp, then the equation of motion
of the tensor gauge fields would be approximately the
condition that S¢ be stationary

0S¢

— M2/ [(6Dic",) D'e,” + Dic"6D'e,*] /g d*x
= —2M? / (6L;%) " Dicfy/gd*z =0 (78)

because the other terms in the action that contain the
fields L,*, — namely the action terms Sp, S and Sk
& — lack the huge coefficient M?2.

Thus in the limit M2 — oo, the equation of motion of
the tensor gauge fields is

0 = Dicak = aicak + L,Lab Cbk - Fekl Caz (79)

which is Cartan’s first equation of structure usually de-
rived from the tetrad postulate or from the assumption
that the torsion vanishes. Multiplying it by c¢°*, we find
that in the M2 — oo limit, the tensor gauge fields ap-
proach the spin connection

L%~ T4, %™ + ¢, 0;cF = w,"“. (80)

VIII. CONCLUSIONS

The action of general relativity with fermions has
two independent symmetries: invariance under general
coordinate transformations and invariance under local
Lorentz transformations. The action of local Lorentz
transformations on Dirac and Lorentz indices is similar
to the action of noncompact internal-symmetry transfor-
mations on Lie-group indices.

The internal-symmetry character of local Lorentz in-
variance suggests that it might be implemented not by
the spin connection but by tensor gauge fields L, with
their own Yang-Mills action. But because the Lorentz
group is noncompact, their Yang-Mills action must be
modified by a neutral vector field K;(z) whose average
value at low temperatures is timelike. This vector boson
is massless at low temperatures. The vector gauge fields
L“bi are massless at all temperatures.

The particles of the neutral, weakly interacting and
massless fields L, and K; would contribute to the dark
matter of the universe.

The nonzero average values of the tetrads reduce the
spacetime symmetries of the vacuum to local Lorentz in-
variance which can be extended to local U(2,2) invari-
ance.

If the contracted squares of the covariant derivatives
of the tetrads multiplied by the square of a mass M are
added to the action, then in the limit M? — oo, the
equation of motion of the tensor gauge fields is the van-
ishing of the covariant derivatives of the tetrads, which



is Cartan’s first equation of structure. In the same limit,
the tensor gauge fields approach the spin connection.
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Appendix A: The Matrix D(A)
The matrix D(A(6, X)) is

(1/2,0)
e = (MY L Sien)

_ efz-O' O
- 0 ez*-a
in which z = 2(A +i0) [38]. So
e *7 0 01 0 e *°
Dp = ( 0 ez*"’> (1 0) - (eZ*-U 0 >
_ (01 (= 0\ _ i1
= (10) (507 o 2e) = ap

01\ [e*® 0 [0 eFC

10 0 e =) \e*? 0
e 01

= ( 0 e”> (1 0) = D'8 (A3)

as noted earlier (22)).

(A1)

(A2)
and

B0t =

Appendix B: Explicit Form of S in Frame of Earth

The Solar System moves at v = 368 + 2 km/s rel-
ative to the CMB. So in the Lorentz frame of the
Earth, the average value of K* is K}, = (0,v|K*|0,v) =
m(1,—v)/v/1 — v2. The average value of the matrix h =
iBy%c, K; is then

5
o-vy —1
0, E|h|0,E) = m 20—~ B1
0.210.8) = m T (1)
Since B0 - vY°3 = —o - v°, the average value of Bhf is
oS+ T
0, E1ghpI0,E) = —mZ 20 (B2

V1i—v2

So at low temperatures and apart from the fluctuations

k;(x), the action Sp, is

1 .
Sp= — W/TYURM -0l +iBy,-7°)h
(R* ol —iB™ - 07")8n8] ygd's  (B3)

o-vy -1
1—22

(Rik ol —iB" . av°) (0 - vy® + I)} Vadiz.

1 .
= 162 /TI‘[(R,k . O'I-i-ZBIL'k . 0’75)

Since v ~ 1073, it’s useful to separate terms according
to the number of powers of v

St = /Tr[(Rik -ol + 1By - o”yS)

162

) . d4
(le .ol —iB". 075)] \l/g_ UZJ (B4)

/ Tr[(Rik oI +iBy-0y°)  (B5)

162
(Rik .ol —iB¥*. O"y5)0' . 'v'yﬂ \/§d4x

+

1
1622 /Tr{(Rik ol +1By; - 0'75)0' . v’y5

(R" ol —iB™ -m"’)} Vod'z (B6)
1
t o [ (R0t 4B o)

(Rik .ol —iB* . oy’)o - 075} (B7)

in which the first integral contains terms of order zero
and two in v.

Terms with an odd number of v%’s cancel. The first

term (B4)) is thus

1

I = — —
! 4N2

. ) d4
(Rie R* + By BY) YIL - (y)

— 2

The second (B5|) and third integrals involve a com-
mutator

1 .
T6n2 /Tr{ [(Rik ol —iBy - 075),

(Rik .ol +iB%* . a"y‘r’)]a . 075}\/§d4x

L+1;=

= # Tr{ [Rika'I,BikoU} o- v}\/§d4x

= - % /Rik x B" - v\/gd'z. (B9)



The fourth term (B7) is quadratic in v

1
I, = 602 /Tr[(Rik -ol + 1B -a”y5)0' -~y
(Ri’k .ol —iB¥*. 075)0' . v’yﬂ \/§d4a:
1 )
- T[ ik - . ik .
16)\2/ r|R;, - oo - vR"  -oco-v

+Bik~0'0'~vB““~0'0'~'v}\/§d4x.
_ 1
C4N2

+2Bi v B v By B*v 0| /gd'e.

/ {QR“C wR*.v— Ry R*v-v (B10)

The action S, in the frame of the Earth is the sum

Sp =1 +1+Is+ L. (B11)

Appendix C: The Vector Boson K*

At very high temperatures, the potential energy den-
sity i(KiK ‘ +m?)? is insignificant compared to the ther-
mal energy density kg7 and the Lagrange density

Lg = — Y0:K; — 9;K;)(0'K7 — 9 K")

—im! - Im’K,K' - 1K, K'K; K7 (C1)
of the action Sy describes a spin-one vector boson
K that is nearly massless. The particles of the boson
K; would have contributed to the dark matter of the
hot early universe. In the high-temperature early uni-
verse, the average value of K; would have been zero,
(0K:(2)|0) = 0.

At low temperatures the same Lagrange density
describes a vector boson K? whose average value
(0|K*(z)|0) in the present universe is timelike; in some
Lorentz frame, presumably the rest frame of the CMB,
the vector K'(z) = md} + k'(z) has average values
(0|K%(z)[0) = m and (0|k*(z)|0) = O which make
(0|K*(z)|0) timelike. Its small fluctuations k‘(z) are
those of a massless vector k(z) described by the Lagrange
density

Ly = — X(0;kj — 0;k;)(0'K — &7k")
—gmt = gm? (k= (m +E9)%) - (C2)
— Lk — (m+ k)?)?
or
L= — 2(9;k; — 0;k;)(0'K — &'k")
— im‘l — %mQ (k2 —m? —2mk® — kOQ)
— 1(K*)? + 3k (m® + 2mk° + k°%) (C3)

— i(m4 + 4m3k° + 6m?k%% + 4mk% + k:04).

Combining terms, we get

Ly = — 2(9;k; — 0;k;)(0'K — &'k")
_ im4 + %m4 _ im4 +m3k0 _ m3k,0
— %m2k2 + %kaZ + %mZkO2 — %ka‘OQ (C4)

+ kakO o mk03 o %(kQ)Z + %k2k02 o %k04
or

Lk = — i(azk] — 6]1@)(6%] — 8]]{51)

_ m2k02 + mekO . kaS (05)
_ %(k2)2 + %k2k02 _ ikm'

The quadratic part of Ly is

Ly = — i(aik'j - 8jki)(81'kj - 8jk‘i) —m?k%%. (C6)

The linear Euler-Lagrange equations for k‘(z) are

0; (k" = 0'K) = —2m* k¥ 6} (C7)
or
AR +V k= —2m2k° (C8)
and
—k+Ak—V(*+V k) =0. (C9)

One solution is —Ak? = 2m?k°, V- k = 0, k° = 0, and
9,07k = 0.

(C10)

Appendix D: Two-Component Formalism

Dirac’s formalism is economical, but the two-
component formalism is better suited to a discussion of
a new interpretation of the matrix h.

Since the Dirac-Lorentz matrix (A1) is block diagonal

DU/209(9, X) 0
D(0, ) ( 0 DO1/2)(g, x)

(e =e 0\ _ (Dy 0
- 0 ez*~a' = 0 D)’

the matrix h
_(he O
h= < 0 hr>

and its transformation law A’ = D~ hp D1 are
block diagonal

h, 0 DY h,D ! 0
<0€ h})z( ¢ OZ ¢ D-tih p-1) (D3)

(D1)

(D2)



The matrix Shg is just h with left and right interchanged
h. 0O
BhB = (0 hz) -

The transformation law 1)’ = D 1) of a Dirac field

(D4)

v=(7) (D5)
is
v=(0)= () (D6)
So the combinations ¢th.¢ and rTh,r are invariant
((thet) = DI D; T hy D7 Dot = 0t hyt o)
(rthr) = I DID T h,. D Dyr = vTh,r
much as contracted tensors are invariant
(X'guY*) = X"gl, Y'* = X', Y". (D8)

We now see that the 2 x 2 matrices hy and h, do for
spinor indices what g;; does for tensor indices.

Now if Dy = e #9/2 then D, = e* “/2 and so D, =
D;[_l. So we can set h, = h[”.

Thus in two-component notation, the gauge-field ac-

tion S, is

1 )
— m / {Tr|:(Rik; + ZBik;) . O'h[

(R* —iB™) o h; ']

Sy, =

(D9)
+ Tr| (Ray + iBix) - o by

(R* +iB™) - o | }ygd'e.

Since hi, = D;lTthgl, we may choose hy to be hermi-
tian hz = hy, which implies that the diagonal form of hy is
just two real numbers. The most general 2 x 2 hermitian
matrix is a linear combination of the Pauli matices o and
the identity matrix I. Under a Lorentz transformation A,
the 4-vector s§ = (—1I, o) transforms as

D}(A) 5§ De(A) = A%, 5} (D10)
while the 4-vector s¢ = (I, o) transforms as
Di(A) 5% Dy (A) = A, 52, (D11)

The 4 x 4 matrix h is

h= iy, K; = iy Ky = (Ségfa sa(.)r(> . (D12)

Under a local Lorentz transformation A = A(x), the vec-

tor field K,(x) goes to

K! () = UMKy (2)U Y (A) = APKy(z).  (D13)
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So the explicitly (3,0) @ (0, 3) version of h goes as

I __ SgAabe 0 = -1t -1
h _< . NG =D YD -
_ (D;"'stD; K, 0
0 DYt DIK,
since
DYt DI K, = s¢A Ky = s9A YK
l L=y b L a’trb ?ira b (D15)

DM DIKy, = stAT Ky = s2A VK,

Appendix E: Hermitian Form of the Dirac Action

The fully expanded covariant derivative D;1 is
If ¢ = 1B, then —p~y@ ¢’ Dt is
T3y e, Diy = = T84 ¢, (9:))

T By e, (—ig ri- o I
— 1By e (=5 bi- o )
= — 18" ¢, () (E2)
+ LB e, i o Ty
+30189% e, by

Its adjoint [—1)ec, v Dia]" is

[T By e, D)t = [ = 1By ¢, (0i)]
+ [LigT By e, vy o Iy
+ [ yT8r e, by a0
= A1 + A2 + A3. (E3)

Now B~® = i7%y® is antihermitian, so the first term is

Ay =[98y, (0)]" = (@) By ¢, v E4)
= — T By (Bic, ) — ¥T By ¢,  Di.

The second term is
Ay =[St By, v o Iy)
Ligtri oI ¢, (E5)
=3iv B oIy e, .
The third term is
a i T
As = [39187%¢,’ bi- 07|
= — 'y bi-a By e,
= —301Bb oy e, .



Since [0%, 7] = 2i €557, we have
oy =~ 0% + 2ieg (E6)
So the r terms are
e 0‘[1/)+*waﬂ’rl oI~ c, 1
:4’(/}T( o' i - aI—i—ﬂc r*{ind, 0})
' ri-ol+ e, rs’ydﬂ)w (E7)

i s.5
co ri-ol—c/ ry )7%
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while the b terms are
U By e, bi- oy — TR b oy e, A
=iescc, bW By 7. (E8)
The hermitian Dirac action density then is
Lon = —¥'Be,'v" 0 — 39T B4 (ic,) v
+ 1/1% (coiri ol — csiri875)z/} (E9)
— 3€jsk cjibiSwTaklp.
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