N
N

N

HAL

open science

Strong probabilistic stability in holomorphic families of
endomorphisms of P*(C) and polynomial-like maps

Fabrizio Bianchi, Karim Rakhimov

» To cite this version:

Fabrizio Bianchi, Karim Rakhimov. Strong probabilistic stability in holomorphic families of endomor-
phisms of P*(C) and polynomial-like maps. 2023. hal-04168690

HAL Id: hal-04168690
https://hal.science/hal-04168690

Preprint submitted on 21 Jul 2023

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-04168690
https://hal.archives-ouvertes.fr

STRONG PROBABILISTIC STABILITY IN HOLOMORPHIC FAMILIES OF
ENDOMORPHISMS OF P¥(C) AND POLYNOMIAL-LIKE MAPS

FABRIZIO BIANCHI AND KARIM RAKHIMOV

ABSTRACT. We prove that, in stable families of endomorphisms of P¥(C), all invariant measures
whose measure-theoretic entropy is strictly larger than (k — 1)logd at a given parameter can
be followed holomorphically with the parameter in all the parameter space. As a consequence,
almost all points (with respect to any such measure at any parameter) in the Julia set can be
followed holomorphically without intersections. This generalizes previous results by Berteloot,
Dupont, and the first author for the measure of maximal entropy, and provides a parallel in
this setting to the probabilistic stability of Hénon maps by Berger-Dujardin-Lyubich. Our
proof relies both on techniques from the theory of stability/bifurcation in any dimension and
on an explicit lower bound for the Lyapunov exponents for an ergodic measure in terms of its
measure-theoretic entropy, due to de Thélin and Dupont.

A local version of our result holds also for all measures supported on the Julia set with just
strictly positive Lyapunov exponents and not charging the post-critical set. Analogous results
hold in families of polynomial-like maps of large topological degree. In this case, as part of our
proof, we also give a sufficient condition for the positivity of the Lyapunov exponents of an
ergodic measure for a polynomial-like map in any dimension in term of its measure-theoretic
entropy, generalizing to this setting the analogous result by de Thélin and Dupont valid on
P*(C).

Notation. We denote by P¥ = P*(C) the complex projective space of dimension k. A (p,p)-
current is a current of bidegree (p,p). If W C C* is an open set and S a positive closed
(p, p)-current on W, we denote its mass by ||S[|w:= [y, S A w*P_ where w is the standard
Kéhler form of C*. Given a holomorphic map f we denote by Jac f the Jacobian of f. If v is
an ergodic f-invariant probability measure we denote by h,(f) the measure-theoretic entropy
of v with respect to f.

1. INTRODUCTION

By a classical result by Mané-Sad-Sullivan [42] and Lyubich [40], the stability of a family of
rational maps of degree d > 2 is determined by the stability of its repelling cycles. More precisely,
the so-called A-lemma ensures that, once one can follow holomorphically with the parameter a
dense subset of the Julia set Jy, (the support of the unique measure of maximal entropy of fy,
[34, 41]) at a given parameter Ao, then every point of Jy, can be followed holomorphically. The
important point here is that the motions corresponding to different points (that exist thanks
to Montel theorem) do not intersect. This is a consequence of Hurwitz theorem. The stability
locus is the (open dense) subset of the parameter space where the above condition of stability
holds true. The complement of such set is the bifurcation locus. By a result of DeMarco [21],
such locus is the support of a naturally defined bifurcation current, see also [45, 47| for the
polynomial case.

A generalization of the theory by Mané-Sad-Sullivan, Lyubich, and DeMarco to families of
endomorphisms of P¥ of algebraic degree d > 2 in any dimension & > 1 has been recently
carried out by Berteloot, Dupont, and the first author in [8, 11], see also the presentation in
[7]. As most of the one-dimensional techniques do not apply anymore, the main tools were
ergodic and (pluri)potential theory. Very roughly speaking, compactness of suitable spaces
of currents and plurisubharmonic functions played the role of Montel theorem. And precise
statistical properties of the measure of maximal entropy [18, 24, 32] (among them, an explicit
lower bound for its Lyapunov exponents [17]) played somehow the role of an asymptotic Hurwitz
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theorem. As a consequence, dynamical stability in such families (defined for instance by the
vanishing of a natural bifurcation current [3, 44], or by a condition on the stability of the
repelling points) is equivalent to the existence of a holomorphic motion for a full measure subset
of the Julia set, with respect to the measure of maximal entropy. We refer to [1, 5, 6, 9, 28] for
further developments of the theory of stability/bifurcation in any dimension, and in particular
to [2, 15, 16, 27, 35, 49] for new phenomena with respect to the one-dimensional case.

The main goal of this paper is to strengthen the main result in [8] by showing that, in stable
families of endomorphisms of P* of algebraic degree d > 2, dynamical stability implies the
existence of a well-defined local motion for almost all points with respect to all measures on the
Julia set with strictly positive Lyapunov exponents and not charging the post-critical set. By a
result of de Thélin and Dupont [20, 30], this in particular applies to all ergodic measures whose
measure-theoretic entropy is strictly larger than (k — 1)logd. In this case, the motion is well-
defined on all the parameter space. Observe that the topological entropy of an endomorphism
of P¥ of algebraic degree d is equal to klogd [36] (which is then equal to the measure-theoretic
entropy of the unique measure of maximal entropy), and that (k— 1) logd is a natural threshold
for many dynamical phenomena. See [12, 13, 30, 48, 50] for large classes of examples of such
measures in any dimension, and their statistical properties.

Let us notice that an analogous result is already known in the setting of polynomial diffeomor-
phisms of C2 (usually called Hénon maps). Indeed, a parallel theory to that of [8, 11] has been
developed in this setting by Dujardin and Lyubich, see [29, 28]. Stability is defined also in this
setting by means of a number of equivalent conditions, among them the existence of a branched
holomorphic motion for the Julia sets, meaning that natural motions of distinct points can a
priori intersect. In [4] Berger and Dujardin proved that such motion is unbranched at almost
every point with respect to all measures of positive entropy. Since the topological entropy is the
logarithm of the algebraic degree in this context, this corresponds to our threshold. The current
work was inspired by [4] and provides a parallel to that result for families of endomorphisms
of P*. As was already the case for [29] and [8], our approach is completely different from the
one in [4], since the key point here is to understand the relation between the Julia sets and the
dynamics of the critical set (which does not exist in the case of diffeomorphims of C?). This is
achieved with techniques from pluripotential theory.

1.1. Definitions and results. We will consider in this paper a more general setting than that
of the endomorphisms of P¥, that is that of polynomial-like maps of large topological degree, see
Definition 2.5. However, we restrict to the family Hq(P*) of all the endomorphisms of P¥ of a
given algebraic degree d > 2 in this introduction for simplicity.

The main result of [8] in this setting can be stated as follows. Given a holomorphic family
(f\)aenr of endomorphisms of P*, we denote by juy the equilibrium measure of fy (i.e., the
unique measure of maximal entropy klogd of fy [18, 24, 32]), and recall that the Julia set J)
of fy is by definition the support of ).

Theorem-Definition 1.1 (Berteloot-B.-Dupont [8]). Let M be an open connected and simply
connected subset of the family Hq(P*) of the endomorphisms of P¥ of a given algebraic degree
d > 2. The following conditions are equivalent:

(1) the repelling points in the Julia sets move holomorphically with A (see Definition 3.5);
(2) the sum L(A\) = [log|Jac fx|py of the Lyapunov exponents of uy satisfies dd°L = 0;
(3) there exists an equilibrium lamination.

We say that a family is stable if any of the equivalent conditions above holds.

An equilibrium lamination is defined as follows. Denote by 7 the set of all holomorphic maps

v: M — PF such that v(\) belongs to Jy for all A\ € M. We often identify a map ~ with its

graph T, in the product space M x P*. The family (f))xens induces a dynamical system F on

the space J by Fvy(A) := fa(v(N\)). Observe also that the maps fy can be seen as fibers of a

single holomorphic map f: M x P¥ — M x P¥. We denote by Cy the critical set of such f, and
2



by GO(Cy) the grand orbit of Cy, i.e., GO(f) := Upm>of " (f"(C¢)). We also denote by d;
the topological degree of any element of Hg(IP¥). Observe that in this case we have d; = d¥.

Definition 1.2. A dynamical lamination for the family f is an F-invariant subset £ of J such
that

(1) TyNTy =0 for all v # 4" € L;
(2) Ty NGO(Cy) = 0 for all v € L;
(3) F: L — L is di-to-1.

An equilibrium lamination or py-measurable holomorphic motion of Jy is a dynamical lami-
nation satisfying the following further property:

(4) pa({y(\) :y€ L£}) =1for all A € M;
Our main result in the case of the family Hy4(P*) can be stated as follows.

Theorem 1.3. Let M be an open connected and simply connected subset of the family Hq(P*) of
the endomorphisms of P¥ of a given algebraic degree d > 2 and assume that the family (fx)xem
is stable. Then there exists a dynamical lamination L satisfying

@) v({y(N) 1y € L}) =1 for every X € M and every ergodic fy-invariant measure v whose
measure-theoretic entropy is strictly larger than (k — 1)logd.

In particular, given any Ao € M and any ergodic f),-invariant measure vy whose measure-
theoretic entropy is strictly larger than (k — 1)logd, it is possible to define a measurable holo-
morphic motion of .Jy associated to the measure vy on all of M.

An analogous result holds in the much more general setting of families of polynomial like
maps of large topological degree (see Definition 2.5), or of arbitrary subfamilies of Hq(P*). A
version of Theorem-Definition 1.1 in this more general setting is the main result of [11], see also
[10]. We refer to Theorem 3.12 and Corollary 3.13 for precise statements of our results in these
cases and to Theorem 3.11 for a weaker (local) version of it holding for all measures supported
on the Julia set with strictly positive Lyapunov exponents and not charging the postcritical set.
As part of our proof, we also prove a generalization of de Thélin and Dupont theorem above
[20, 30] in this setting, giving the strict positivity of the Lyapunov exponents of measures of
sufficiently large measure-theoretic entropy for polynomial like maps of large topological degree,
see Theorem 2.7. This result is crucial to get a uniform domain of existence for the laminations
associated with different measures, depending only on their measure-theoretic entropy.

1.2. Organization of the paper. In Section 2 we recall some definitions and results on
polynomial-like maps of large topological degrees. We also study the Lyapunov exponents of
measures with sufficiently large measure-theoretic entropy and prove their strict positivity, with
an explicit lower bound depending on the measure-theoretic entropy of the measure, see Theo-
rem 2.7. In Section 3 we recall definitions and results on holomorphic families of polynomial-like
maps and we state the precise versions of our main results, see Theorems 3.11 and 3.12 and
Corollary 3.13. Section 4 is dedicated to the proof of these results. In Appendix A we record an
intermediate contraction estimate along generic inverse orbits (with respect to naturally defined
measures) in the space (J,F), for later reference.
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tion motivated the work on this problem, and Maxence Brévard, Viet-Anh Nguyen, and Johan
Taflin for useful comments and discussions.
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aged by the Agence Nationale de la Recherche.
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2. POLYNOMIAL-LIKE MAPS

2.1. Preliminary notions. We recall here the main notions and results about polynomial-like
maps that we will use in the sequel. We refer to [22, 24] for more details.

Definition 2.1. A polynomial-like map is a proper holomorphic map f: U — V, where U € V
are open subsets of C*¥ and V is convex.

In particular, a polynomial-like map f is a ramified covering U — V, and the topological
degree d; (i.e., the number of preimages of any point in V', counting the multiplicity) of f is
well-defined. We will always assume that d; > 2. The (compact) set K :=(o—; f~™"(U) is the
filled-in Julia set of f. It consists of the set of points whose orbit is well-defined. The system
(K, f) is a well-defined dynamical system.

Notice in particular that homogeneous lifts to C¥*! of endomorphisms of P¥ give polynomial-
like maps. On the other hand, while in dimension £ = 1 any polynomial-like map is conjugated
to an actual polynomial on the Julia set [25], in higher dimensions this class is known to
be much larger than that of regular polynomial endomorphisms of P* (i.e., those extending
holomorphically to P¥), see for instance [24, Example 2.25].

Definition 2.2. Let f:U — V be a polynomial-like map. For 0 < p < k we set
dp = dp(f) := 1imjupH(f")*(wk7”)H§[//n

and

(2.1) s = d(f) == limsup sup|| (™). (S) [ 1"

n—oo S

where W € V is a neighbourhood of K, w is the standard Kéhler form on CF, and the supremum
in (2.1) is taken over all positive closed (k — p, k — p)-currents of mass less than or equal to 1 on
a fixed neighbourhood W’ € V of K. We say that d,, and dy, are the dynamical and *-dynamical
degrees of order p of f, respectively. Similarly, we define

(22) dy = dy(f) += lim sup supl| (). [X] i

where the supremum in (2.2) is taken over all p-dimensional complex analytic sets X C V.

These definitions are independent of the open neighbourhoods W, W’. Moreover, we have
dpgd;‘,andép§d;f0ra110§p§k, dy = 1, and d = 6y = dj, = d;. In the case of
endomorphisms of P¥ of algebraic degree d, for every 0 < p < k the above definitions reduce to
dy, = 0p = d, = dP. The next lemma in particular implies that d, < .

Lemma 2.3 (see [11, Lemma 4.7)). Let f:U — V be a polynomial-like map. Let X be an
analytic subset of V of pure dimension p < k — 1. There exists a function C:N — R with
limsup,,_,.. C(n)Y/™ =1 and independent of X such that

(2.3) /fn(v) [(XTA (™)' w A A(f)w < Cn) 6
and
(2.4) /fn(v) WP A (FM) WA LA (F)w < C(n) oy

where 0 <n; <n —1 for all 1 < j < p. In particular, the topological entropy of the restriction
of f to X is bounded by logd,.

Proof. The proof of (2.3) follows the strategy used by Gromov to estimate the topological

entropy of endomorphisms of P*; see for instance [36], and adapted by Dinh and Sibony [22, 24]

to the setting of polynomial-like maps. Since only minor modifications are needed, we refer to

[10, Lemma A.2.6] for a complete proof. The second expression is deduced from the first (by

possibly increasing C'(n) by a bounded factor) as w*~P can be written as an average of currents

of integration on p-dimensional analytic sets. O
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Corollary 2.4 (see [10, Lemma A.2.9]). Let f:U — V be a polynomial-like map. Let v be
an ergodic f-invariant probability measure such that h,(f) > logd,. Then v gives no mass to
analytic sets of dimension less than or equal to p.

Proof. Let X be an analytic set of dimension at most p, and assume by contradiction that
m :=v(X) > 0. We can assume that X is irreducible and has pure dimension ¢ < p. Since v
is invariant, for all n € N we have v(f™(X)) = v(f~"(f™(X))) > v(X) = m. Hence, we must
have v(f™(X) N f2(X)) > 0 for some n; # ny € N. By the minimality of X, we deduce that
f"(X) = f"(X). Up to replacing f with an iterate, we can then assume that X is invariant
and such that v(X) > 0. The ergodicity of v implies that v(X) = 1. This implies that h,(f)
is smaller than or equal to the topological entropy of the restriction of f to X. Since this is
bounded by logd, by Lemma 2.3, the assertion follows. U

We will focus in this paper on maps satisfying the following condition [24]. Observe that
the condition is always satisfied by lifts of endomorphisms, and moreover it is stable by small
perturbation of the coefficients (since dj _,(f) depends upper semicontinuously from the map
f). This gives large families of examples.

Definition 2.5. We say that a polynomial-like map f has large topological degree if dj | < dy.

Polynomial-like maps of large topological degree enjoy many of the dynamical properties of
endomorphisms (however, their study is usually technically more involved, because of the lack
of a naturally defined Green function). For instance, they admit a unique measure of maximal
entropy logd;, whose Lyapunov exponents (see below) are strictly positive. We denote this
measure by p and define the Julia set as the support of f. Observe that J is a subset of the
boundary of K.

In the current paper, we will often need that f satisfies the (a priori) stronger property that
max{dg,...,d;_;} < di. The following result by Dinh and the authors implies that this is
always the case for maps of large topological degree.

Proposition 2.6 (see [14, Theorem 1.3]). Let f be a polynomial-like map. Then the sequence
{d;f}ogjgk is non-decreasing. In particular, if f has large topological degree then

max{dy,...,d;_1} = dj_; < d;.

2.2. Strict positivity of the Lyapunov exponents. Let f:U — V be a polynomial-like
map and v an ergodic f-invariant probability measure. By Oseledets Theorem [43], v admits k
Lyapunov exponents (counting multiplicity, and admitting the possible value of —c0). We will
denote them by
—00 < x1 < Xxi—1 < ... < X1,
with multiplicity m; > 1, j = 1,...,l respectively. Note that mi+ma+...4+m; = k. Assoon as
the measure-theoretic entropy of v is positive, its largest Lyapunov exponent is strictly positive
by Ruelle inequality [46] (the result is stated for compact manifolds, but the proof applies here
too, by triangulating a neighbourhood of the filled Julia set K).
The following is the main result of this section.

Theorem 2.7. Let f:U — V be a polynomial-like map of large topological degree. Let v be an
ergodic f-invariant probability measure satisfying h,(f) >logdf_,(f). Then

(1) all the Lyapunov exponents of f with respect to v are larger than or equal to (h,(f) —
logd;_,)/(2m;) > 0 (where my is the multiplicity of the smallest Lyapunov exponent of

v);

(2) the function log|Jac f| is integrable with respect to v.

The second assertion follows from the first, since the sum of the Lyapunov exponents is equal
to (v,log|Jac f|) by Birkhoff Theorem, so this last integral is finite as soon as all Lyapunov
exponents are finite. Hence, we only need to prove the first assertion. This is known in the
case of endomorphisms of P¥ see de Thélin [20] and Dupont [30]. When v is the measure of
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maximal entropy, it is a result of Dinh-Sibony [22], see [17] for the case of endomorphisms of
P*. Although we will follow the strategy of the proof de Thélin and Dupont, because of the
lack of a Hodge theory in this setting, we will need to replace some cohomological arguments
when working with polynomial-like maps. We also cannot exploit the linearity of the sequence
{dy}1<p<k of the dynamical degrees, see also Remark 2.10.

As in [30], the assertion will be deduced from the following estimate. Recall that [ > 1 is the
number of distinct Lyapunov exponents of v.

Theorem 2.8. Let f:U — V be a polynomial-like map and let v be an ergodic f-invariant
probability measure. Then, if | > 2, for every 2 < j <, we have

. < : xF F
(2.5) hy(f) < log 1§€%€%€}(_lj i + 2myx; + ...+ 2myx

where we set xT := max{x,0}, and l; =m; + ...+ my.

If hy(f) = 0, the assertion is clear. So we can assume that h,(f) > 0. As we mentioned
above we have 1 > 0 by Ruelle inequality. Let 1 < ¢ <[ be such that ¢ := max{i : x; > 0}.
Since the same proof below works for the case | = ¢, without loss of generality we can assume
that [ > ¢. It is not difficult to see that the right-hand side of (2.5), seen as a function of j, is
non-decreasing for j > ¢ + 1, hence it is enough to prove Theorem 2.8 for 2 < j < g+ 1.

Proposition 2.9 (see [30, Proposition 6.3]). Let f:U — V be a polynomial-like map. Fix
0 < By <1. For every € > 0 there exists rg > 0 and ng € N and, for any n > ng, a mazximal
(n,r0)-separated set &, with Card(&,) > e"(h“(f)_zs) and such that, for any z € &, and every
2 < j < q+1, there erists a neighbourhood Ul of the origin of D% and an injective mapping
UL . Ul — f~™(V) which satisfies the following properties:

(1) WL(0) = 2z and Lip¥L < fBy;

(2) diam fY(WL(UL)) <e™, for0<i<n-—1;

(3) Vol(WL(UZ)) > e "m +-2maxi)o=8kne for j < g and Vol(WEH (USF)) > e~Skne,

Recall that a set A is (n,rp)-separated, if for all z,y € A we have

max. If( ) = F'W)> 70

0<i<n

(we assume here that |fi(x) — f'(y)|> 7o if at least one among fi(x) and f*(y) is not defined).
Proof. The statement being local, the same proof as in [30] applies here. O

Proof of Theorem 2.8. We keep the notations of Proposition 2.9 and set W, := Usee, \Ili(Ug)
Up to taking suitable local charts, we can assume that the WZ(U?)’s are graphs above o(f~"(V))
where ¢ : C¥ — CU is the orthogonal projection. Let w := dd®||z||*> be the standard Kahler
(1,1)-form on V. For a € o(f~™(V)), set

Tp(a):= {(z f2),....f" Y 2),zeo7 (@) n V) c V™.

Then Vol(T fr wh Tl , where w,, = Y 1" | II¥w and, for every 1 < i < n, II; denotes

the prOJeCtIOH Qf v onto its i-th factor. Since &, is (n,r)-separated and diam fi(U1(U7)) <
e~ the set U3, N o~ !(a) is (n,ro/2)-separated. Lelong inequality implies that Vol(I',(a)) >
Card (\Il% N ail(a)>, see for instance [36]. By using Proposition 2.9 we get

/ Vol(T',(a))da > / Card (W2 No~'(a)) da
ago(f="(V)) aco(f=(V))

= Vol(a(W9)) > enlhw=20) g=n(@mix +..+2maxy) —8kne

(2.6)
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On the other hand, we also have

Vol(T(a)) = ) / A™) WA A () .
0<n;<n—1
By Lemma 2.3, and since the sum in the last expression contains n*~% terms, there exists a

function C:N — R independent of a such that lim sup C(n)l/” =1 and, for all n € N,

Vol(I'y,(a)) < C(n) 5}?—5 .

Hence, for all n € N, we have

(2.7) / Vol(T'n(a))da < C(n) 61y, / da < o(n) 63y,
a€a(f=(V)) a€a(f=(V))

where a(n) := C(n) faGa(V) da = C(n) Vol(c(V)) (notice that o(f~"(V)) C ¢(V)). In particu-

lar, we have limsup a(n)'/™ = 1.

n—oo

Combining the two inequalities (2.6) and (2.7), we deduce that for any € > 0 there exists an
integer ng such that for any n > ng we have

1
log 0k, + - loga(n) > h,(f) — (2mjx +...+ qux;) — (8k + 2)e.
By letting n — oo and € — 0, we have

hy(f) <log gy, + 2mjx;L +...+ 2qu;;

< log 1<Eﬂ&}3il. 0; + 2mjx +...+ 2qut‘;.

The proof is complete. O

End of the proof of Theorem 2.7. Let us first assume that f admits [ > 2 distinct Lyapunov
exponents. By using (2.5) and Proposition 2.6 we have

hy(f) — log maxi<j<k—m, 0 S hy(f) —logd;_,

2.8 >
( ) Xi = 2my - 2my

)

which concludes the proof in this case.

Assume now that all the Lyapunov exponents are equal to x. In particular, we have [ = 1
and m; = my; = k. By Ruelle inequality, we have h,(f) < 2k, hence the desired estimate in
this case also follows. (]

Remark 2.10. In the case of endomorphisms of P¥ (see [20] and [30]) the denominator in Theorem
2.7 (1) can be taken to be equal to 2 instead of 2m;, even when m; > 1. This is a consequence
of the log-concavity of the sequence {d}}o<p<i (Which in that case is actually linear).

Let f be a polynomial-like map as in Theorem 2.7 and assume that the sequence {d Yo<p<k
is log-concave, i.e., that we have d;_; -d;,; < (al*)2 for 1 <p <k —1. Then, the denominators
2my can also be replaced by 2 in Theorem 2.7 (1). Indeed, the log-concavity implies that
(di)m=t.dy < (df_,)™ for all 1 < m < k. By the last inequality and the fact that h,(f) <
log d; = log d;. we obtain

d* m
(m — Dhy,(f) < (m —1)logd} < log (;*1) =mlogd} | —logd}_,,
k—m
and hence
(2.9) hy(f) —logd;_,, . hu(f) —logdz_l'

2m - 2
7



Let us first assume that f admits [ > 2 distinct Lyapunov exponents, and let m; be the
multiplicity of the smallest Lyapunov exponent, as above. Since maxi<;<g—m, 0; < d",;_ml by
Proposition 2.6, thanks to (2.9) we have

hu(f) - log maxy<i<k—my 61 > hl/(f) - IOg d;::—ml > hl/(f) - IOg dzfl

2my - 2 ’

This permits to improve the second inequality in (2.8), and proves the assertion in this case.
Assume now that all the Lyapunov exponents are equal to . Then, thanks to the arguments

2ml

hy(f)—logd;
in the last lines of the proof of Theorem 2.7, it is enough to prove the inequality % <
h”Q(kf ) Since this is a consequence of (2.9) applied with m = k (recall that dj = 1), the assertion

follows in this case, too.

3. HOLOMORPHIC FAMILIES OF POLYNOMIAL-LIKE MAPS

3.1. General definitions. We will consider in all this paper holomorphic families of polynomial-
like maps. These are defined as follows, see [44, 24].

Definition 3.1. Let M be a complex manifold and I,V be connected open subsets of M x CF
such that UCV. Let my: M xCF — M be the standard projection. Assume that for every A € M
we have ) # Uy € V) € CF with Uy connected and Vy convex, where Uy := U N 71'];[1()\) and
Vy = VﬂTr]T/ll()\). Assume also that Uy and V) depend continuously on A\. A holomorphic family
of polynomial-like maps is a proper holomorphic map f : U — V of the form (), z) — (A, fr(2)).

From the definition, f has a well-defined topological degree d;. We will always assume that
dy > 2. All the maps f : Uy — V) are polynomial-like with the same topological degree d;. We
denote by uy, Jy, and K the equilibrium measure, the Julia set, and the filled Julia set of fy,
respectively. Since the function A\ — K, is upper semicontinuous for the Hausdorff topology,
when working locally near a given \g € M we can assume without loss of generality that V is
equal to M x V for some open and convex subset V' € C*. We denote by Cy the critical set
of f. Observe that the current of integration [Cf] is given by dd®log|Jac f|, where Jac f is the
Jacobian of f.

The following result is due to Pham [44] in the case of vy = uy, see also [24].

Proposition 3.2. Let (f\)aenm be a holomorphic family of polynomial like maps of large topo-
logical degree. Let R be a horizontal positive closed current onV = M x V of bidegree (k,k).
Assume that, for all A € M, the slice measure vy := Ry is an ergodic fr-invariant measure.
Let Li(\) > ... > Lg(\) denote the k Lyapunov exponents of vy, counting multiplicities, and,
for every 1 < £ <k let

¢

Se(A) =Y Li(A)
j=1

be the sum of the ¢ largest exponents of vx. If there exists \g € M such that Li(\o) is finite,
then, for all 1 <1 <k, the function ¥¢(\) is plurisubharmonic (psh) on M.

Recall that a current R in M x V' is horizontal if 7y (SuppR) € V' [26, 23]. For a horizontal
positive closed current of bidegree (k, k), the slice Ry (which, for smooth R, coincides with the
intersection R A 75,6, = R A [my; ({\})]) is well-defined for all A € M and can be seen as a
positive measure on V', whose mass does not depend on A, see [23].

Proof of Proposition 3.2. The proof is essentially the same as for the case vy = py (see [44, 24])
hence we only sketch it.

The differential D, fy depends holomorphically on (A, z). For every 1 < ¢ < k, it induces the
linear map

£ 4 £
AD:H  N\TCH— ATy C*
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which is defined as

l
J\D:faler A Aeg) :=D.frler) A... A D fa(er).

This map still depends holomorphically on (), z). Hence, the map (), z) ~ log||A’D, fy| is
psh. For every n > 0, set ¥,,(\) := (vy,log||A*D, f2|]). By [44, Proposition A.1] (see also [10,
Appendix A.1]), ¥, is psh or equal to —oco on M. For all n,m >0, z € U, and A € M we also
have

IN D IS A D ooy 7l 1A D17

which implies that ¥, ,,(A) < ¥,(\) + ¥,,(\). Hence, the sequence n~'W¥, decreases to
U := infn~'¥,. By Oseledets theorem, we have ¥()\) = X,()\). We deduce that ¥, is psh
or identically —oo. The latter possibility is excluded since the assumption on Ag implies that
Y¢(Ao) > —oo. The assertion follows. O

3.2. Stability notions. We fix in this section a connected and simply connected complex
manifold M and a holomorphic family of polynomial-like maps of large topological degree f: U —
Y =M x V. We first consider the space of maps

O(M,C*) := {y: M — C* : 4 holomorphic}

with the topology of local uniform convergence. O(M,CF) is a metric space. We then define
the subspace

(3.1) T ={y € OM,CF):y(\) € JA¥YA € M}
and the two natural maps:

(1) F:J — J, which is defined by F(7)(A) = fa(y(N));
(2) pa : J — Jy, which is defined by px(7) = v(N).

Observe that J is a compact metric space, and that (7, F) is a well-defined dynamical system.

Definition 3.3. A web for the family f is an F-invariant probability measure on J.

Given Ao € M and an f),-invariant probability measure v supported on Jy,, a (Ao, v)-web
(or v-web for brevity) is a web M such that (py,)«M = v.

If a web M satisfies (py)«M = uy (the equilibrium measure for fy) for all A € M, M is an
equilibrium web for the family f.

Definition 3.4. Given \g € M and an f),-invariant probability measure v supported on Jy,,
a dynamical lamination £ (see Definition 1.2) is said to be a v-lamination if v({y(Xo) : v €

L)) =1.

The repelling J-cycles of fy are the repelling cycles of f\ which belong to Jy. In dimension
k =1, all repelling cycles are automatically repelling J-cycles. When k > 2 there are examples
of repelling points outside of the Julia set (see for instance [33, 37]). Recall, however, that
repelling J-cycles are dense in the Julia set [17, 22].

Definition 3.5. We say that the repelling J-cycles of f\ move holomorphically over an open
subset 1 C M if for every n > 1 there exists a set of holomorphic maps p;, € J such
that R,(A\) = {pjn(A) : 1 < j < Ng(n)} for all X € Q, where Ry, (\) := {repelling n —
periodic points of fy in Jy} and N4(n) = Card(R, (X)) for all A € M.

The following, a priori weaker, condition on the repelling cycles was introduced in [11].
Definition 3.6. We say that asymptotically all repelling cycles move holomorphically on € if
there exists a set P = UP,, C J with the following properties:

(1) Card(Py) = d + o(d});
(2) every v € P, is n-periodic;
(3) for all open ' € Q, we have
Card{~y € P,:v(A) is repelling for all A € '}
dy -
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Definition 3.7. We say that \g € M is a Misiurewicz parameter if there exist integers pg, ng > 1
and a holomorphic map o defined on some neighbourhood of Ay such that o(X) € Rp,(A) and
IeNW #0 but I'y W for some irreducible component W of f0(Cy), where I'; denotes the
graph of o.

The following result is a generalization of Theorem-Definition 1.1 to the setting of polynomial-
like maps of large topological degree. Observe in particular that it applies to any subfamily of
Hq(PF), for any k& > 1 and d > 2. In particular, it permits to extend the definition of stability
to these settings.

Theorem 3.8 ([11, Theorem C]). Let M be a connected and simply connected complex manifold
and let (fx)aem be a holomorphic family of polynomial-like maps of large topological degree.
Then the following assertions are equivalent:

(S1) asymptotically all repelling J-cycles of fx move holomorphically over M;

(S2) dd°L,(\) = 0, where L,(\) = fU/\ log |Jac fa(2)| ux(z) is the sum of the Lyapunov
exponents of the unique measure of maximal entropy py of fi;

(S3) there are no Misiurewicz parameters;

(S4) the family admits an equilibrium lamination.

Condition (S3) is already present in [8] (and is in particular equivalent to the conditions in
Theorem-Definition 1.1), see also [39, 40] for the analogous equivalence in dimension 1 and [9]
for further characterization of stability.

Remark 3.9. By [5], condition (S1) can actually be weakened to the following, a priori weaker,
condition: there exists a function N:N — N with lim sup,,_,.. d; "N (n) > 0 such that, for every
n, N(n) repelling periodic points move holomorphically (as repelling periodic points).

A crucial role in the proof of both Theorems 1.1 and 3.8 is the concept of acritical web. While
the definition in [8] and [11] is given only for equilibrium webs, we can give it for general webs.

Definition 3.10. A web M is said to be acritical if M(Js) = 0, where
Js={yeJ :T'ynN GO(Cy) # 0} and GO(Cf) = Unvmz()f*m(fn(Cf)).

In particular (see for instance [11, Theorem 4.11]), the conditions (S1)-(S4) in Theorem 3.8
are equivalent to the following one:

(S5) there exists an acritical equilibrium web.

The following is a more general version of Theorem 1.3 that was announced in the Introduc-
tion. For any A € M, we denote by C’}i = Unm>0fY"(Cf,) the postcritical set of f.

Theorem 3.11. Let M be a connected and simply connected complex manifold and let (f)xem
be a holomorphic family of polynomial-like maps of large topological degree. Fixz A\g € M and
consider an ergodic fy,-invariant probability measure vy such that Suppvg C Jy,, the smallest
Lyapunov exponent of vy is strictly positive, and IJ(C’Jr ) = 0. Then, up to replacing M with

a sufficiently small open neighbourhood My, ,,, of Ao, the conditions (S1)-(S4) in Theorem 3.8
and the condition (S5) above are equivalent to the following assertions:

(S4°) there exists a vo-lamination;
(S5”) there exists an ergodic acritical vo-web M such that, for all X € M), ,,, the Lyapunov
exponents of (px)«M are uniformly bounded from below by a strictly positive constant.

The main reason why we may need to reduce M to M), ,, (possibly depending on 1y) is
due to the fact that the smallest Lyapunov exponent of the motion of vy may, a priori, become
negative at some \; € M. In our construction (and more precisely in the construction of the
vp-lamination) we will need to restrict to the parameters where such an exponent stays positive.

It is proved in [8] that the existence of a graph : M — P* whose orbit does not intersect
the postcritical set implies the stability of the family, and is then equivalent to it. The same
result is proved in [10] for families of polynomial-like maps. In particular, it follows directly that
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the existence of an acritical web (associated to any measure, hence in particular (S4’)) implies
that the family is stable. The implication (S5’) = (S4’) follows from similar arguments as in
[8, 11, 7], that we will briefly recall for convenience and later reference, see Section 4.3 and the
Appendix. The main point of Theorem 3.11 is the implication (S1) = (S5’), and in particular
the positivity of the Lyapunov exponents in (S57).

By Theorem 2.7, Theorem 3.11 in particular applies when the measure-theoretic entropy of
the measure vy is strictly larger than logd;_,. In this case we can also find a uniformity for
the neighbourhood M), ,,, depending only on the measure-theoretic entropy of vy. As we will
see, this fact is also a consequence of the uniform bound on the Lyapunov exponents given
by Theorem 2.7. The existence of M), as in the statement below follows from the upper
semicontinuity of the function A — dj_,(f).

Theorem 3.12. Let M be a connected and simply connected complex manifold and let (f)aem
be a stable family of polynomial-like maps of large topological degree. Fixz Ao € M and h € R
such that logd;_{(fr,) < h <logd; and let My, be a simply connected open neighbourhood of
Xo such that logd;_(f)) < h for any A € My, . Then for any ergodic f,-invariant probability
measure vy supported in Jy, such that hy,(fr,) > h, the properties (S4’) and (S5°) hold on
M)\07h.

Moreover, there exists a dynamical lamination L satisfying

(Sh) v({y(\) : v € L}) =1 for every X € My, , and every f-invariant measure v such that

hu(f/\) > h.

The following is a version of the above result for families of endomorphisms of P*, stating
that, in this case, the neighbourhood M), 5 in Theorem 3.12 can be taken equal to M (recall
that di_,(f») = dF~! for all A € M in this case). Observe that Theorem 1.3 corresponds to the

case of Corollary 3.13 where M is an open subset of Hq(PPF).

Corollary 3.13. Let M be a connected and simply connected complex manifold and let ( fx)xem
be a stable family of endomorphisms of P* of algebraic degree d > 2. Fixz A\g € M and let vy be
any ergodic fx,-invariant probability measure with hy,(fx,) > (k—1)logd. Then, the properties
(S4’) and (S5’) hold on M. In particular, there exists a dynamical lamination L satisfying

(S*) v({y(\) : v € L}) =1 for every X\ € M and every fy-invariant measure v such that
hy(fx) > (k—1)logd.

4. PROOF OF MAIN RESULTS

In this section we give the proof of Theorems 3.11 and 3.12 and Corollary 3.13. In particular,
this also proves Theorem 1.3. We fix a connected and simply connected complex manifold
M and let (fx)xenm be a stable family of polynomial-like maps of large topological degree. In
Section 4.1 we prove the existence of a special acritical v-web, see Proposition 4.3. In Section 4.2
we define a Lyapunov function for a given v-web and give a criterion for the pluriharmonicity
of such function, that in particular applies to the web constructed in Proposition 4.3. As a
consequence, we deduce the positivity of the Lyapunov exponents of the slices of that web in a
neighbourhood of the starting parameter, proving (S5’). In Section 4.3, we prove the existence
of a v-lamination and conclude the proofs of the main results.

4.1. From stability to acritical v-webs. In this section we give the first part of the proof
of the implication (S1) =(S5’) in Theorem 3.11, namely we prove the existence of a suitable
acritical web (with no requirement on the positivity of the associated Lyapunov exponents)
under the stability assumption. Observe that we do not need to restrict the parameter space
to get such property. For simplicity, we will set the following definition. Recall that we fix a
stable family (f))xens in all this section.

Definition 4.1. Given n € N, a measure M on J is critically n-aligned if

Vy € SuppM: TN fH(Cy) #0=T,C f"(Cy).
11



M is critically aligned if it is critically O-aligned. It is postcritically aligned if it is critically
n-aligned for all n > 0.

Lemma 4.2. Take \g € M and let v be an f\,-invariant measure such that I/(C;:\O) =0. Let
M be a postcritically aligned v-web. Then M is acritical.

Proof. By the F-invariance of M, it is enough to prove that M(J;,") = 0, where J,;" :=
{’y eJ:I'yn C]T #* Q)}. Since M is postcritically aligned, by Definition 4.1 we have

M({yej:rmcpé(b}) SM({’yej:Fng}“})

=M ({’7 e J:v(\o) € C'JZ';O}) =v (C}‘;O) =0,
where the last equality follows from the assumption on v. The assertion follows. O

The main result of this section is the following proposition.

Proposition 4.3. Fiz \g € M and let v be an ergodic f\,-invariant probability measure sup-
ported in Jy, and such that 1/((3’;[A ) = 0. There exists a postcritically aligned ergodic v-web
0

M.

Observe that, in particular, M as in Proposition 4.3 is acritical by Lemma 4.2, and for every
A € M the measure vy := (py)«M is an ergodic fy-invariant probability measure.
We will need the following technical lemma.

Lemma 4.4. Let X be a metric space and v be a compactly supported probability measure on
X. Let Xj:={a],2),... ,:E{(j)} be a sequence of finite sets such that

(1) the cardinalities 1(j) of X; satisfy 1(j + 1) > 1(j);

(2) L:=U;X; is a compact subset of X and Suppv C L;

(3) UpXj, = L for any subsequence {Xj,}.

Then there exists a sequence of sets A; 1= {a{, a%, .. ,a{(j)} of non-negative real numbers with
257(121 ab, =1 such that

WG
vj = Z a{némzn — U,
m=1
where 0, is the Dirac mass at v € X.

Proof. For every j, let (; := {B{,Bg,...,Blj(j)} be a measurable partition of L such that

z), € BJ, for all m. By the assumption (3) it follows the union of the X;’s is dense in L.

Hence, we can assume that the maximum diameter of the elements of the partition (;, goes to
0 as j — o0, i.e., that
(4.1) diam(j := sup diam Bl —0asj — oo.
1<m<I(y)

For all j and 1 < m <(j), set aly := v(Bj,). By construction we have |v;|=1 for all j. Hence,
by Banach-Alaoglu theorem, there exists a converging subsequence {v;,} of {v;}. Fix one such
subsequence and denote v := lim; o v;,. Since |v;,|= 1 it follows that |v|= 1. Hence, it is
enough to prove that v < v. In order to do this, it is enough to show that v(D) < v(D) for all
closed balls D C X centered on Supp v.

Let us fix a closed ball D as above and, for all € > 0, let D, be the closed e-neighbourhood
of D, i.e.,

D, :={z e X :dist(z,D) < €}.
By (4.1), there exists ig such that diam(j, < €/2 for all i > ig. It follows that, for i > ig, all
elements of (j, intersecting D are contained in D,. This implies that, for all i > i, we have
v(D) < v;,(D.). Hence, v(D) < v(D,). Finally, since ;1_13(1) v(D.) = v(D), we obtain the desired
inequality v(D) < v(D) by letting ¢ tend to 0. The proof is complete. O
12



Proof of Proposition 4.3. Since (f\)xen is stable, by Theorem 3.8, for every n € N* there exists
a collection {v;, : 1 <j < N4(n)} C J such that

Rn(A) = {7n(A) : 1 <j < Na(n)}

for all A € M, where R,,(\) is a set of repelling n-periodic points in Jy and Ng(n) ~ di. Let
A, ={a},... ,a?{,d(n)} be a sequence of sets of real numbers given by applying Lemma 4.4 with
the measure v and the sequence of sets X,, = R, (\g). Observe that the assumptions in Lemma
4.4 are satisfied by the asymptotics of Ng(n) and the equidistribution of periodic points with
respect to py, on Jy, O Suppv, see [17, 22, 24]. Set

Ng(n)

M, = Z ajoy, -

j=1

By definition, each M, is a discrete probability measure supported on J. In particular,
UnSuppM,, is relatively compact. Hence, by Banach-Alaoglu theorem, there exists a converging
subsequence M, — //\/lv . Observe that also /W is a measure on J.

We claim that M is postcritically aligned. Indeed, by the assumption on the motion of
the repelling cycles and Theorem 3.8, there are no Misiurewicz parameters in M. So, M,, is

postcritically aligned for all [. It then follows from Hurwitz theorem that also M is postcritically
aligned.
By construction, we have

(Prg)sM = llim (Prg)« M, = v.
—00

On the other hand, a priori, the measure M may not be F-invariant (hence, it may not be
a web). We define M to be any limit of a subsequence of n~! Z;L;()l FIM. Then, we have
FiM = M. Since v is f),-invariant, for every j € N we have

(p,\o)*ffﬂ = (fio)*((pxo)*ﬂ) = (fio)*u =

In particular, for every n € N we have (py,)« (nil E;:Ol Fl /W) = v. It follows that M is a v-

web. As above, since M is a limit of postcritically aligned measures, it is postcritically aligned,
too. Up to replacing M with one of its ergodic components (by means of Choquet theorem),
we can also assume that M is a postcritically aligned ergodic web. The assertion follows. [

Remark 4.5. One can also construct webs as in Proposition 4.3 by using the equidistribution of
preimages of generic points instead of repelling points, see [22]. Indeed, as mentioned above, by
[8, 10] the stability of a family implies the existence of an element o € J\ Js, i.e., a holomorphic
map o: M — V whose graph does not intersect the postcritical set. Hence, one can consider
the measures

My pi=d" Z and,

cEF"(v)

where {al:n € N,o € F~"(v)} is chosen so that (py,)«Mn — v. Observe that the support of
M, is discrete and disjoint from Js. In particular, every M, ;, is postcritically aligned. Hence,
as in the proof of Proposition 4.3, we can use the sequence (M, ,)nen to construct a web M
satisfying the properties in Proposition 4.3

The following is an immediate consequence of Proposition 4.3 and Corollary 2.4. Observe
that, also in this case, M as in the statement is acritical by Lemma 4.2.

Corollary 4.6. Fiz \g € M and let v be an ergodic f\,-invariant probability measure supported
in Jy, such that h,(fr,) > logd;_,(fr,). There exists a postcritically aligned ergodic v-web M.
13



4.2. Positivity of Lyapunov exponents. Once the existence of a web as in Proposition 4.3 is
established, in order to apply the ideas in [8] to prove (S5’) we need to check that the function
associating to every A the smallest Lyapunov exponent of (py).M is locally uniformly bounded
from below by some strictly positive constant in a neighbourhood of the starting parameter
Ao. In order to do this, it is enough to show that this function is strictly positive and lower
semicontinuous in a neighbourhood of Ay (possibly depending on vy).

Given a web M, consider the current on V given by

(4.2) W = / [Ty]dM(),

where [I';] is the current of integration on the graph of the map . Observe that W, is positive
and closed.

Definition 4.7. Let M be a web. We define the function Lrq: M — R as
Lp = mi(log|Jac fx(2)[Wam),

where Wy is as in (4.2) and 7 denotes as usual the projection on the parameter space M.

Up to restricting to a small neighbourhood of a given parameter A\g € M, we can assume
that W is horizontal. Hence, the function L is well-defined. Moreover, since log|Jac fi(z)]
is a psh function on V, by [23, Theorem 2.1] and [44, Proposition A.1], the function L, is psh
on M, or identically equal to —oo. Observe that, when (py).M is ergodic for all A € M, the
function L () is equal to the sum of the Lyapunov exponents of (py).«M.

Lemma 4.8. Take A\g € M and assume that v is an ergodic f,-invariant measure supported
in Jy, and such that the function log|Jac fy,| is v-integrable. If M is a critically aligned v-web,
then dd°La(N) = 0.

Proof. Since the problem is local, we can fix A\g € M and work on a small ball B around
Ao € M in the parameter space. The current as in (4.2) is then horizontal. We can also
assume that B has dimension 1. Define J(A, z) := Jac fi(z). Since the function log|J()o, -)| is
v-integrable, by [44, Theorem A.2], the currents log|J (A, z)|Was and dd®(log|J (A, z)|Way) are
well-defined. Since Ly = mi(log|J (A, 2)|Wa), to get the assertion it is enough to show that
dd®(log|J (A, 2)|Wa) = 0 on B x V. Observe that dd®(log|.J (A, 2)|Wa) is a positive measure on
BxV.
For this, we can follow the strategy in [8, Proposition 3.5]. For any small ¢ > 0, set

Se == {y € SuppM : ', N {|J(\, 2)|< e} # 0}
and define
W5, = / [C,)dM(7) and Wy := Wy — Wiy
For any smooth test function ¢ Ecompactly supported in B x V', we have
(dd(log|J (A, 2)[Wnm), ¢) = (log|J (A, 2)[Wa, dd°e)
(4.3) = (log|J (X, 2)[ Wiy, dd°9) + (log| (A, 2)| W, dd°¢)
=: I(e) + I1(e).

Since the function A — log|J(A,v(\))| is harmonic for any v € SuppM \ S., we have
S5 log|J(A,v(N))|dd(¢ o v) = 0 for every such ~. This gives

a0 [ 1ol (a9 ) ) <o

i.e., the second term in the right hand side of (4.3) vanishes for all € > 0.

In order to conclude, we need to prove that the first term I;(¢) tends to 0 as e — 0. The
argument in [8] uses the fact that the measure of maximal entropy py, is the Monge-Ampere
of a (1,1)-current with Holder-continuous local potentials, and in particular that it gives mass
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< € (for some positive a) to balls of radius ¢, but this is actually not necessary. The following
claim will be enough to complete the proof.

Claim 1. For any € < 1 there exists ¢(¢) > 0 with ¢(¢) — 0 as ¢ — 0 such that

(4.4) v <(Cf*o>a> < )

~ [logle]]

where (wa) is the e-neighbourhood of kao'
&€

Proof. Since J(\g, z) is holomorphic there exists A7 > 0 and ¢ small enough such that for every
z such that dist(z,Cy, ) <& we have

(4.5) |7 (Ao, 2)|< Ardist(z,Cy,, ).

Since by assumption the function z — log|.JJ (Ao, z)| is v-integrable, (4.5) implies that the function

z — logdist(z, Cy, ) is also v-integrable. Hence, the measure v := [logdist(z, Cy, )|v is finite

and satisfies 7 < v, i.e., we have V(E) = 0 if v(E) = 0. In particular, we have v(Cy, ) = 0.

Thus, there exists ¢(¢) > 0 with ¢(e) — 0 as € — 0 such that v ((Cf)\()) ) < ¢(g). Hence, for
£

all € sufficiently small, we have

toglellv () ) $7((Cr,) ) < elo):

This gives (4.4) and proves the claim. O

Let now (Cf)_ be the e-neighbourhood of Cy in B x V. Since J(A, z) is holomorphic we
can find a constant ¢; such that (Cy). C {|J(], z)|< ci1e}. By using Lojasiewicz inequality we
see that there are constants cg, 31 > 0 such that {|J(\, z)|< cie} C (Cy) Again by using
Lojasiewicz inequality we have

62551 :

{z: (Mo, 2) € (C) .} C (kao) 5 for some constants c3, B2 > 0.

c3eP2

Fix now a ball B’ @ B centered at \g.

Claim 2. (see the Claim in [8, Lemma 3.6]) There exists 0 < o < 1 such that suppg/||<
[th(Xo)|* for every holomorphic function ¢ : B — D*.

Take v € Supp M such that I', N Cy = 0 but I'y N (Cf). # 0. Then by using Claim 2 for
the holomorphic function J(A,v(A)) we have I, C (Cf),, .as, for some constants cs, 81 > 0.
Since M is critically aligned, we have

M{ye T T, N(Cy), #0t <M{yeT: Ty, C(Cf),an}
<M{y € T : (Mo, 7(N0)) € (Cf),,ans }

sv { (CfAO)C3(C4aa53)ﬂ2} '

Setting &’ := c3(c4e®3)P2 for simplicity, we can now apply Claim 1 to get

c(e) < cle)  d(e)
cs(cac®®3)f2 |~ |loge’| ~ logle|  logle|

M{y € J Ty, n(Cy), #0} <v { (¢5,)

for some positive function ¢/(¢) with ¢/(¢) = 0 as e — 0.
Finally, by using the last inequality and the fact that
S.c s

C

e =V €T 11y, N(Cf),, .6 # 0} for some positive constants cs, B4
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(which again follows from Lojasiewicz inequality), setting ” = c5e” for simplicity we deduce
that

I1(e) = (log|J (X, 2)[Wiy, dd°¢) < |10g\€H/S dM () = [loglel[- Wi, (5e)

< € ! Cl(gll) < SN
~ |log‘5||'WM(SE”) < ’10g|5H' !log!e?”H ~ € (6 )

Since ¢/(¢”) — 0 as ¢ — 0, the assertion follows. O

Corollary 4.9. Let M be a critically aligned web. Assume that (py)«M is ergodic for all
A € M and denote by L}, (\) > ... > L’j\A(/\) the k Lyapunov exponents of (py)«M, counting
multiplicities. Assume also that there exists \g € M such that Llf\/[()\o) > —oo. Then the
function A — —Llj\/l(/\) of M is plurisubhamonic. In particular, it is upper semicontinuous.

Proof. By Proposition 3.2 the upper partial sums of Lyapunov exponents are plurisubharmonic
In particular, the function A — 25;11 L’ 4(X) is plurisubharmonic. Set vy := (py,)«M. Since,
by assumption, the smallest Lyapunov exponent of vy is finite, the function log|Jac fy,| is vo-
integrable. Thanks to Lemma 4.8 we have that La¢()\) is pluriharmonic. Since —Lk (X) =
Zf;ll LX) = Ly(N), it follows that the function —L% () is plurisubharmonic. O

4.3. Existence of the lamination and proofs of the main results. The following propo-
sition has the same proof as [8, Theorem 4.1], see also [10, Theorem 3.4.1] and [7, Section 7]
for an overview of the arguments. We will give in the Appendix an intermediate statement, for
later reference.

Proposition 4.10. Fiz \og € M. Let vy be an ergodic fy,-invariant measure with Suppry C Jy,.
Assume that there exists an acritical ergodic vo-web M such that, for all X € M, the Lyapunov
exponents L ((X) of the measures (px)«M are uniformly strictly positive. Then there exists a
vo-lamination on M.

Sketch of proof. Thanks to the locally uniform lower bound for the smallest Lyapunov exponents
(and in particular to Proposition A.1 below), one can prove the following property, see the Fact
in [7, Section 4.3]:

Fact. M(Kn) = 0 for every compact subset K C 7, where
Kn:={y € J:3j € N,3y € K such that iy NIy # 0 and Tpjyy # Do}

Once this Fact is establish, in order to construct a lamination one can follow the arguments
in [8, Section 4.3] or [10, Section 3.4.3] to show that the set £ := T\ (J~UJ;s) gives the desired
lamination associated to v. (]

We can now complete the proofs of our main results.

Proof of Theorem 3.11. Proposition 4.3 and Corollary 4.9 show that (up to possibly restricting
M as in the statement of the theorem) (S1) implies (S5’). We used here the fact that, by
assumption, the Lyapunov exponents of 1 are strictly positive, and that the function \ +—
L% (X is lower semicontinuous by Corollary 4.9. Proposition 4.10 shows that (S5’) implies
(S4’). Asremarked after the statement of the theorem, these conditions imply those of Theorem
3.8. The proof is complete. O

In order to prove Theorem 3.12 (and Corollary 3.13) we will need the following further lemma.

Lemma 4.11. Take \g € M and let v be an fy,-invariant measure. Let M be a v-web and L
a v-lamination. Then, for every A\ € M, the measure-theoretic entropy of (px)«M is equal to

hl/(f/\o)~
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Proof. We denote vy := (py)«M for simplicity. In particular, we have v = v),. Let A C J, be
a measurable set with vy,(A4) > 0. Set

Ag:={yeL:~v(\) € A}.

For every A € M, set also Ay := px(Aa). Note that we have M(A4) = vy, (A) = va(A,) for all
reM

Fix M 5 Ay # Ao and let £ := {A%} be a measurable partition for vy,. Define the measurable
partition (§)y, := {Aj,} for vy,. By construction, the entropy of { with respect to vy, [19, 38]
is equal to the entropy of (£),, with respect to vy,. By the definition of L, for every n € N we

have
(V1) =V H©n
j=0 =0

where we recall that, for every A € M and a given partition 7, the partition \/;-L:O N J 7 is defined
as

n
V 0= {"BN...nfBYNB%B,... B" € n}.
§=0
By the definition of measure-theoretic entropy [19, 38] we conclude that huy, (fro) < hu, (fr)-
By reversing the roles of Ao and A1, we also see that hy, (fi,) < hu, (fi,). So, we have

huy (fA) = hu, (o) for all A € M. The assertion follows. O

Proof of Theorem 3.12. Theorems 3.11 and 2.7 show that (S1) implies (S5’) on a neighbour-
hood of Ag, a priori depending on vg. As in the proof of Theorem 3.11, Proposition 4.10 shows
that (S5”) implies (S4’), hence (S4’) holds on the same neighbourhood.

Since dj_,(f\) depends upper semicontinuously on A, it follows that the set

My, = A{Adi 1 () < B}

is open (and non-empty by the assumption on Ag). Define Mf\)m 5, to be the connected component
of My, containing Ag. It is enough to show that (S4’) and (S5’) hold on Mgo,h'

Assume that this is not the case. Let {2 be the maximal open subset of M /[\)o,h where (S4°)
and (S5’) hold, and let M be as in (S5’). By Lemma 4.11, the measure-theoretic entropy of
(pa)s+M is constant on €. It follows from Theorem 2.7 that the function u(\) := —Lk () is
uniformly bounded from above on 2 by a strictly negative constant. Recall that this function
is plurisubharmonic on M by Corollary 4.9. We can assume that u > 0 on the boundary of 2,
since otherwise (thanks to the upper semicontinuity of this function), we would have © < 0 in a
neighbourhood 2y of a point of the boundary of €2, and we could extend the lamination to an
open set Q' = QU Qg which is larger than €.

The function u is then bounded above by a strictly negative constant on 2, and satisfies
u > 0 on its boundary. Up to adding a negative constant, we can assume that there exists \;
in the boundary of Q with w(A;) = 0. By upper semicontinuity, for every £ > 0, there exists
a neighbourhood of A\; where u < &. Since A1 is a point of strictly positive density for €2, this
gives a contradiction with the mean inequality for v at A\;. Hence, the only possibility is that
Q is equal to M go’ p- This proves the claim.

To conclude, we just need to show that (Sh) holds. In order to do this, we apply the Fact in
the proof of Proposition 4.10 with I = 7. For all A € MEOJL, v as in the statement, and M an
acritical v-web, we have M(Jn) = 0. Since we also have M(Js) = 0 for all such M, we have
M(TAU Ts) =0 for all A\, v, M as above. It follows that £ := 7 \ (Jn U Js) gives the desired
lamination, see also the end of [8, Section 4] for details. The proof is complete. O

Recall that Corollary 3.13 in particular implies Theorem 1.3.
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Proof of Corollary 3.13. By Theorem 3.12, we only need to show that we can take My, = M
for all A\g € M and h > logd*~!. This is clear since for every endomorphism of P¥ we have

*

R d*=1. The proof is complete. O

APPENDIX A. EXPONENTIAL BACKWARD CONTRACTION ALONG GRAPHS

Recall that J is as in (3.1) and is a compact metric space, and that F:J — J is defined
as (Fy)(A) = fa(y(N)). A web M (associated to any fy-invariant measure v at any parameter
A) is an F-invariant probability measure on 7, and M is acritical if M(Js) = 0, see Definition
3.10. In particular, F is surjective on X := J \ Js. The natural extension (?3,.7:",./\;1) of the
system (J,F, M) can be defined as follows (see for instance [19, Section 10.4]). An element
4 € X is a bi-infinite sequence 4 := (- eyY=1,7%,71, - - -) of elements of X with the property that
F(v;) = vj+1. For j € Z, we denote by 7;: X — X the projection 4 +— ~;. We also denote by
F the shift map on /’\?, i.e., for a 4 as above we set

ﬁ(ﬁ/) = ( e 7‘/—-.(7*1)7]:(’7)7;(’71)7 . ) = ( < Y0 VL V25 - )
The map F is invertible and satisfies Tj o F=Fo 7; for all j € Z. There exists a probability
measure M on & such that (7;),M = M for all j € Z. This measure is ergodic if M is ergodic.

The graph of any element v € X does not intersect the (graph of the) critical orbit of the
family (f\)aens- It follows that, for every v € X, the inverse branches of the holomorphic map
(A, f) are well-defined in a open neighbourhood of the graph of 7. Given 4 € X, we will denote
by f; " the inverse branch of order n, defined on an open set as above, sending the graph of v to
the graph of v_,. The following proposition, proved in [8, Propositions 4.2 and 4.3] in the case
of the measure of maximal entropy, gives a uniform control on the size of the neighbourhoods
where the inverse branches as above are defined, and an explicit control on their contraction.
Given v € X, n > 0, and a subset Q C M, we denote by Tq(vy,n) the n-neighbourhood of the
graph of v over {2, i.e., we set

Ta(y,m) = {(\, 2) € Q@ x C": ]z — y(N)|< n}.

Proposition A.1. Let M be a connected and simply connected complex manifold and (fx)xem
a holomorphic family of polynomial-like maps of large topological degree. Assume that there
exists a constant Ay > 0 and an ergodic acritical web M with the property that the Lyapunov
exponents of (px)«M are strictly larger than Ay for all X\ € M. Then, for every open subset
Q @ M and constant 0 < A < Aq, there exists p > 1, a Borel subset Y C X with M(j?) =1,
and two measurable functions Ny 4: Y —10,1] and Zp,A: Y- [1, +oo[ which satisfy the following
properties.

For every 4 € Y and every n € pN* the iterated inverse branch f;" is defined on the tubular

neighbourhood To (Yo, Tip.A(¥)) of the graph Ty N (2 x C*) of 70, and we have
15 (T0 (10, p,4(9)) € Ta(y-nse™™)  and  Lip(f") < lpa(§)e ™,

where ﬂﬁ(f;") i= SUPye Lip((fﬁ_")w(%()\),ﬁpﬁ)).

Observe that, without loss of generality, one can actually assume that p = 1 in the above
statement.
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