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HOLOMORPHIC MOTIONS OF WEIGHTED PERIODIC POINTS

FABRIZIO BIANCHI AND MAXENCE BREVARD

ABSTRACT. We study the holomorphic motions of repelling periodic points in stable families
of endomorphisms of P* (C). In particular, we establish an asymptotic equidistribution of the
graphs associated to such periodic points with respect to natural measures in the space of all
holomorphic motions of points in the Julia sets.

1. INTRODUCTION

A holomorphic family of endomorphims of P¥ is a pair (M, f), where M is a complex manifold
and f: M xP¥ — M x P* is a holomorphic map of the form f(\,z) = (A, fx(z)), where each f is
an endomorphism of P* of the same algebraic degree d. We always assume that M is connected
and simply connected, and that d > 2. The following fundamental result due by Lyubich
[26], Mané-Sad-Sullivan [28], and DeMarco [20] defines and characterizes stability within such
families when k = 1, see also [25, 29, 31] for further characterizations and previous results in the
polynomial case. Recall that Freire-Lopes-Mané [23] and Lyubich [27] proved that each rational
map fy admits a unique invariant measure of maximal entropy p), whose support, denoted as
J), is the Julia set of f.

Theorem-Definition 1.1. Let (M, f) be a holomorphic family of rational maps as above. The
following conditions are equivalent:

(1) the Julia sets J) move holomorphically with A;

(2) dd°L(\) = 0, where L(A) := [log|fi|ux is the Lyapunov exponent of the measure of
maximal entropy uy of fy;

(3) the repelling periodic points of f) move holomorphically with A.

We say that the family is stable if any (hence, all) of the above conditions hold.

Recall that a family of Borel sets Eyx C P! move holomorphically with X if there exists
a set £ of holomorphic functions v : M — P! such that the graphs I',,,I',, € M x P! of
two distinct functions 1,72 € L do not intersect, and for any parameter A € M, we have
Ly :={y(\),y € L} = E\. A crucial point here is that, if the sets F) move holomorphically
with ), the same is true for Ey. This fact, usually referred to as the A-lemma, is a consequence
of the Hurwitz theorem for (one-dimensional) holomorphic maps.

A generalization of the above result for families in any dimension k& > 1 was proved by
Berteloot, Dupont, and the first author in [3]. As the Hurwitz theorem fails in higher dimensions,
the approach replaces the holomorphic motion of the Julia sets by a measurable holomorphic
motion, namely a family £ of non-intersecting graphs v: M — P¥ such that for any parameter
A € M, we have py(L£y) = 1, where u) is the unique measure of maximal entropy of the system
(P*, £1) (see [15, 18, 22]). We still denote its support as Jy. The result is as follows, see also
[3, 4, 8] for details and further characterizations and [2] for an explanation of the strategy of
the proof.

Theorem-Definition 1.2. Let (M, f) be a holomorphic family of endomorphisms of P¥. The
following conditions are equivalent:

(1) there exists a measurable holomorphic motion for the Julia sets Jy;

(2) dd°L(\) = 0, where L(A) := [log|D fi|uy is the sum of the Lyapunov exponents of the

measure of maximal entropy py of fy.
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We say that the family is stable if any (hence, all) of the above conditions hold.
Moreover, the following condition

(3) the repelling periodic points of f) move holomorphically with A

implies the above two, and is equivalent to them if & = 2, or if M is an open connected
and simply connected subset of the space Hq(P*) of all holomorphic endomorphisms of P* of
algebraic degree d.

It is still an open question whether the stability of a general family of endomorphisms in any
dimension is equivalent to the motion of all the repelling periodic cycles. On the other hand,
it was proved in [7, 8] that the stability of a family implies at least a weaker version of the
motion of the repelling cycles. Notice that, in turn, this weaker notion is still sufficient to imply
stability, see also [1]. The definition is as follows.

Definition 1.3. We say that asymptotically all repelling cycles move holomorphically on M if
there exists a countable set P = Upen+P, of holomorphic functions v : M — P* satisfying the
following properties:

(1) Card P, = d*™ + o(d™);
(2) the point y(X) belongs to Jy and is a fixed point of f}, for every A € M and v € Py;
(3) for all open subsets M’ € M, we have

. . . /
Card{y € Py, : v(]) is repelling for all A € M'} 1

dkn n—00

The cycles in Definition 1.3 can be seen, in some sense, as generic with respect to the measure
of maximal entropy. More precisely, consider the space J, defined as

(1.1) T ={y: M —=PF:y\) e ]y VAe M},

where the maps ~ are holomorphic. J is a metric space, see Section 2 for details. We can turn
J into a topological dynamical system by defining a natural map F as

(1.2) F)A) = fr(v(N).

A web is a probability measure M compactly supported on J which is invariant under 7. An
equilibrium web [3] is a web such that

(PA)eM = px VA€ M,

where we denote by py: J — P* the natural map v — ~v(A). The properties of equilibrium webs
are crucial in the approach in [3].

With this terminology, and owing to the equidistribution of the repelling periodic cycles with
respect to the measure of maximal entropy [14], we see in particular that the fact that the
existence of P as in Definition 1.3 is equivalent to stability as in Theorem-Definition 1.2 leads
to the following equidistribution result for periodic graphs in any stable family. This can be
seen as a weak version of the implication (1)=-(3).

Theorem 1.4. Let (M, f) be a stable family of endomorphisms of P*. Then, for every M’ € M
and every n € N*, there exists a non-empty subset P, C J of motions v of n-periodic points
such that v(X\) is repelling for all X € M’ and

. —kn _
nh_}ngo d Z 0y = M,
YEPn

where M is an equilibrium web.

In this paper, we address the question of the motion of cycles which similarly equidistribute
invariant measures in a much larger class, that we now introduce.
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Let f be an endomorphism of P¥ of algebraic degree d > 2 and let ¢ be a real continuous
function on P* (usually called a weight). The pressure of ¢ is defined as

P(¢) = sup (hy + /¢V)

where the supremum is over all f-invariant measures v and h, denotes the measure-theoretic
entropy of v. An equilibrium state for the weight ¢ is defined as a maximizer of the pressure
function, i.e., as an invariant measure p satisfying

s + [ 61 = P(6).
Assume that f satisfies the following condition:

(A) the local degree of the iterate f™ satisfies

1
lim —logmaxdeg(f",a)=0.
n—oo 7, acPk
Here, deg(f™, a) is the multiplicity of a as a solution of the equation f™(z) = f"(a). Note that
generic endomorphisms of P* satisfy this condition, see [19]. Let ¢ satisfy

(B) l|#]l10ge < 00 for some g > 2 and Q(¢) < logd,
where we define Q(¢) := max(¢) — min(¢),

[¢lhoge:=sup [¢(a) — ¢(b)|-(log™ dist(a, b)),
a,bePk
and log*(-) = 1+ |log(:)|. The existence and uniqueness of the equilibrium state g for f
under the assumptions (A) and (B) have been proved in [33, 9] see also [21, 32, 10] for further
properties of these measures, and [30] and references therein for previous results in dimension
1. The case ¢ = 0 corresponds to the case of the measure of maximal entropy, see for instance
[18] and references therein for an account of this case.

By the definition of pressure and the assumption on Q(¢), all these equilibrium states satisfy
hy, > log d*=1. Tt is proved in [11] that, given a stable family (f\)xen and any Ao € M, for
any fy,-invariant measure v satisfying h, > log d*~1, it is possible to construct an associated
web M, , with the property that

(p/\o)*M/\o,l/ = 1/7

as well as the associated lamination. This in particular applies to the equilibrium states as
above. The following is our main result.

Theorem 1.5. Let (M, f) be a stable family of endomorphisms of P¥. Take \g € M and assume
that fy, satisfies condition (A). Let ¢ : P¥ — R satisfy (B) and let pe be the equilibrium state
for fy, associated to ¢. Then, for every M' € M and every n € N, there exists a non-empty
subset Py, C J of motions v of n-periodic points such that y(\) is repelling for all A € M’ and

lim 7@ 37 PO+ +6( G0 5 Mg,

n—oo
’YE'P@n
Observe that, in particular, Theorem 1.5 generalizes to general weights ¢ Theorem 1.4 | the
latter corresponding to the case ¢ = 0.

At the parameter Ay, the equidistribution of repelling periodic points with respect to the
equilibrium state 14 has been established in [10, Theorem 4.10]. The proof follows the now
classical strategy by Briend-Duval [14], who showed this result for the measure of maximal
entropy, which corresponds to the case ¢ = 0. On the other hand, when ¢ # 0, as the Jacobian
of 4 is not constant, the proof requires more precise estimates on the contraction along generic
inverse branches for p4, which in turn follow from delicate distortion estimates along inverse
branches due to Berteloot-Dupont-Molino [5, 6]. In the current paper, we adapt this strategy
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in the setting of the dynamical system (J,F, M), ). This requires to precisely control the
contraction of f on tubes (i.e., tubular neighbourhoods, of uniform radius in A, of the graphs
in M’ x P¥ of elements of J ) centered at M xo,¢-generic elements of J. As a result, we get the
motions of repelling periodic points as repelling periodic elements for F.

Acknowledgments. The first author would like to thank the Simons Foundation, Laura De
Marco, and Mattias Jonsson, for supporting and organizing the Simons Symposium on Al-
gebraic, Complex, and Arithmetic Dynamics in August 2022. This work was motivated by
questions and discussions which arised during such event.

This project has received funding from the French government through the Programme In-
vestissement d’Avenir (I-SITE ULNE /ANR-16-IDEX-0004, LabEx CEMPI /ANR-11-LABX-
0007-01, ANR QuaSiDy /ANR-21-CE40-0016, ANR PADAWAN /ANR-21-CE40-0012-01) man-
aged by the Agence Nationale de la Recherche.

2. NICE INVERSE BRANCHES FOR EXPANDING WEBS

2.1. Transfer operators on (7, F). We consider in this section a holomorphic family (M, f)
of endomorphisms of P¥. We let 7 be as in (1.1) (observe that stability is not required to define
this set). We can turn J into a Polish (i.e., separable complete metric) space (J,dists) as
a closed subset of the space O(M,P*) endowed with the metric of local uniform convergence.
More precisely, the distance between two elements v;,72 € J is given by

+oo
dist 7(v1,72) == Z 27" max (1, sup distpr (71()\),72()\))> )

o AeKn

where the family (K, )nen is an exhaustion of M, namely a nested sequence of compact sets
whose union is M and such that K, is a subset of the interior of K, 4 for every n € N. The
resulting topology is independent of the choice of the exhaustion.

Let 7:J — J be as in (1.2). For v € J, we denote by I, the graph of v in M x P¥. We
denote by Js the subset of J given by

Js={y€J :I,NGO(Cy) # 0},

and set X := J \ Js. Observe that every element v € X’ admits d* well defined inverse elements
by F in X, i.e., elements 7/ € X such that F(y') = .

We let ¢: J — R be a continuous function and define the (transfer) operator A, acting on
measurable real functions on J as

(2.1) Ap(g)() = D gy,
F()=v

Observe that the operator Ay preserves positivity. However, even when g is continuous, Ay/(g)
needs not be continuous (as, for example, the system F:J — J may not have a well defined
degree). On the other hand, as every v € X has precisely d* preimages under F, which are also
in X, the operator A, defines a continuous operator from C°(X) to C°(X).

Given a positive measure N satisfying N'(Js) = 0, the measure N integrates any continuous
functions on X, and we can define A:LN by the relation

(AGN,g) = (N, Ay(9)),

where g is any continuous function on J. We will use the operator A;‘p only on measures
vanishing on Js.

Lemma 2.1. The following assertions are equivalent:

(1) there exists a continuous and strictly positive function 6: X — R such that Ajj(g) — c40
for every continuous function g:J — R, where the constant c4 depends linearly and

continuously on g;
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(2) there exists a positive measure N on J, satisfying N'(Js) = 0, such that (A;,)"6y — e, N
for every v € X, where ¢, is a strictly positive constant depending continuously on
yeX.

Proof. (1)=(2) Define a measure A on X by setting (N, g) := ¢, for every continuous function
g: X — R, where ¢, is as in (1). We can extend N to a measure on J by setting V(7 \ X) = 0.
Such measure is positive since ¢, > 0 for every non-negative g.

For every v € X and continuous function g: X — R, we have
((Ag)"0y, 9) = (84, A (9)) = (84, cgb) = B(7)cy-
By the definition of AV, and setting ¢, := (), this shows that (A})"d, — ¢, V.
(2)=(1) Define a function §: X — R by 6(v) := ¢, for every v € X, where ¢, is as in (2).
For every v € X and continuous function g: 7 — R we have
A9 () = (65, A (9)) = ((A3)"0,9) = (5N, g) = &, (N, g).
By the definition of 0, and setting ¢, := (N, g), this shows that A7 (g) — c4f. O

Remark 2.2. The two assertions in Lemma 2.1 stay equivalent if 6 is assumed to just be non-
negative in (1) and ¢, is assumed to just be non-negative in (2).

For every graph v € X and every integer n € N, define the measure

(22) M= 0-601)0 (A0, = 6() ) 3 VO T g )5,
Fr(y')

Lemma 2.3. If the conditions in Lemma 2.1 are satisfied and 6 and N are as in that lemma,
the measure M := ON is well defined and the following properties hold:

(1) Ay =0;

(2) A;Z./\/' =N;

(3) M is a probability measure and M(Js) = 0;

(4) M is F-invariant;

(5) My n — M for every v € X;

(6) F~'(Supp M) C Supp M.

Proof. (1) This is a consequence of the first condition in Lemma 2.1. Indeed, as Ay is continuous
on C%(X), we have

cof = Tim ATH10 = Ay( lim A7) = Ay (cpf) = coyb.

n—oo
As ¢y > 0, we deduce that § = Ay (6), as desired. Observe in particular that this implies that
cg = 1, since AZ@ = 0 for every n € N and Age — 0.
(2) Observe that AjN is well defined since NV (J;) = 0, and still satisfies (AyN)(Js) = 0. It
is enough to check that (AJN,g) = (N, g) for every g € C°(J). With the notation of Lemma

2.1, we also have (N, g) = ¢4, where ¢, is characterized by the convergence Agg — ¢cgp. Observe
in particular that ¢, = cp,g. It follows that, for every g as above, we have

(AN, g) = (N Ayg) = cayg = cg = (N, g).

(3) As 6 is positive on X, N(Js) = 0, and (N,0) = ¢y = 1, we have § € LY (N). As
N(Ts) = 0, we have M(Js) = 0. As 6 is non-negative and N is a positive measure, M is a
positive measure. It is a probability measure since

M(X) = (0N, 1y) = (N,0) =cyp = 1.

(4) We need to check that (M, g) = (M, g o F) for every continuous function g on J. As

M(TJs) = 0, the pairing can be computed on X. A direct computation gives that

(M,goF) =(ON,goF) =(N,0-goF) = (N,Ay(0-goF)),
5



where in the last step we used the equality A;"p/\/' = N. It follows from the definition of Ay and
the Ay-invariance of 6 that
Ay(0-goF)=g-Ay(0) = gb.
Together with the previous equalities, this gives
(M,goF)=(N,0g) = (M,g),
as desired.

(5) Take g € C°(J). By the second assertion of Lemma 2.1, and recalling that ¢, = 6(y) for
every v € X', we have

(Moynyg) = 0(3)710 - (A)"0y,9) — 0(7) " ey N, Bg) = (M, g).
The assertion follows.

(6) Since 6 is positive, we have Supp M = SuppN. Take v € SuppN and v € J such
that F(7') = 7. Fix a small open set U containing v and let U’ be the connected component
of F71(U) containing +' (which is open since F is continuous). Since v € Supp N, we have
N(U) > 0. By the definition of Ay, we have that Aj N (U’) > 0. This gives that 7" € Supp Ay N
By (2), it follows that 7' € Supp N, as desired.

O

2.2. Estimates of contraction along inverse branches. We assume in the following that

the family (M, f) admits a web M, i.e., an F-invariant compactly supported probability measure

on J, satisfying the following properties:

(M1) M is acritical, i.e., we have M(Js) = 0;

(M2) there exists a constant A; > 0 such that, for every A € M, the probability measure
(px)«(M) is ergodic and the Lyapunov exponents of (py)«(M) are strictly larger than
Ay;

(M3) there exists a continuous function ¢: X — R, a strictly positive continuous function
0: X — R, and a positive measure N on J with N (7s) = 0 such that

1) M =6N,

Observe that condition (M1) is sufficient to imply the stability of the family (M, f) in the
sense of Theorem-Definition 1.2, see [3, Theorem 4.1]. Conversely, a stable family always admits
at least a web M satisfying the above assumptions. To this purpose, it is enough to consider
an acritical equilibrium web My, as constructed in [3]. This web corresponds to the case of
(px)«M = py (the measure of maximal entropy) for all A € M, and ) = —klogd. An asymptotic
contraction property along generic inverse branches for My is proved in [3, Proposition 4.2 and
4.3]. This property is the key to getting the measurable holomorphic motion in Theorem-
Definition 1.2. It was generalized in [11] for the larger class of webs satisfying (M1) and (M2),
see Proposition 2.10 below. We aim here at establishing a more quantitative version of such
results, under the extra condition (M3). In particular, all this will also apply to the equilibrium
web Mg as above.

Given Q C M, v € X and n > 0, we denote by Tq(v,n) the n-neighbourhood of the graph
I’y of v in Q x P ie.,
Ta(v,m) == {(\, 2) € @ x PF:distpr(z,7(\)) < n}.

We call such neighbourhood a tube at vy over Q. Observe that a tube T(7,7n) corresponds to
the ball Bq(7,n) in the metric space (7, distq), where the distance distq is given by

(2.3) disto(v1,72) == iug distpr (71(A), 12(N)).
€
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Given a tube T' = Tq(y,7n), the slice T}y is the ball B(y(A),n) = T N ({A} x P¥). More
generally, given the image of a tube T by a holomorphic map ¢: T — Q x P* fibered over M,
we define the slice g(7')|, of g(T') at X as g(T') N {A} x Pk,

We fix in what follows a constant 0 < Ay < Ay, where A; is given in (M2).

Definition 2.4. Given Q C M, v € X, a tube T at v over (2, and n € N, we say that a map
g: T — g(T) is a m-good inverse branch of f of order n on T if

(1) go f"= Z'dg(T);
(2) for all A € Q, diam f(g(T),) < e™™ (=04 for all 0 < I < n.

Observe that, by definition, we have diam T}, < e™™ for every tube T admitting a m-good
inverse branch as above.

Given an inverse branch g of f™ defined on a tube T, given any v € J with Iy, C T we can
in particular associate to such inverse branch a map v, such that 'y, C g(T') and F(v,) = 7.
In particular, the association 7 + =, defines a map G on the ball Bq(v,n), that we can see as
an inverse branch for F over such ball.

Given 2 C M and a tube T at v € X over €2, we denote by ./\/lgzr;) the measure

— n—1
(2.4) MG = ()13 et AT ) ()5
Vg
where the sum is over the preimages 7, of v associated to m-good inverse branches g of f of
order n on T.

Remark 2.5. We have Mgpm) < My, for all n > 0. Hence, the condition (M3) ensures that

n
any limit value M. of the sequence {Mgpnil) }n satisfies [|M7||< 1.
Definition 2.6. Given 2 C M and m > 1, we say that a tube T at v € X over {2 is m-nice if
||/\/l£pn;)||2 1 —1/m for all n sufficiently large. We say that a ball Bg(v,n) is m-nice if the tube
Ta(v,n) is m-nice.
Remark 2.7. Every m-nice tube T'(v,n) satisfies n < e™™, and ||[M/.|[> 1 —1/m for every limit
value M. of the sequence ,/\/lgﬁz)

The following is the main result of this section, giving a quantitative control on the contraction
along M-generic inverse branches of F.

Proposition 2.8. Let M be a compactly supported and ergodic web satisfing (M1), (M2), and
(M3). For every Q C M and v € X, the tube To(vy,n) is m-nice if n is sufficiently small.

In order to prove Proposition 2.8, we will make use of the natural extension (j ,.7:" ,M) of
the system (J,F, M). We refer to [17, Section 10.4] and [30, Theorem 2.7.1] for the general
setting of Lebesgue spaces. The main difficulty lies in proving that M is o-additive. We recall
here how to construct the extension of the Polish space (7, dist ), introducing some notations
that will be used later.

We denote by J the subspace
T ={% = (W)nez € T* F(yn) = Yns1,n € Z},
by Tn:J — J the projection defined as m, () = v, and by F:J — J the shift map

F(3) = (F(m)Inez = (s 1)nez.

The maps satisfy m, 0o F = Fom, for all n € Z. We endow J with its Borel o-algebra. If B C J
is a Borel set, define A, 5 =7, (B) = {y € J:4n € B} € J. We may consider the set A, B as
a subset of T = {() _p<pen € T 0 F(yr) = ykq1, —n < k < n} as well.

A cylinder is a finite intersection of subsets of J of the form A, B, for some n € Z and open

set B C J. The family of all the cylinders forms a basis for the product topology. It is also
7



a m-system (see [24, Chapter 1]) whose generated o-algebra is the Borel o-algebra of J. By
the monotone classes theorem (see for instance [24, Theorem 1.1]), any measure on J {1~}
is thus defined by its values on the cylinders. Given B_,,,...,B, C J open sets, define

(2.5) Mup(Anp, N N Apg,) = MBoy NFHB_1)) N ... N F2(By)).

The probability measure M, is well defined on J{~™"}_ The invariance of M and the fact
that v € B if and only if 7,y € F~1(B) yield the following consistency condition

My (Ags) = Mui1(Ax,5),

for every Borel set B C J and integers n € N, k € {—n,...,n}. By Kolmogorov extension
theorem, the measure M then admits a unique extension on J.
Observe that M is then F-invariant and satisfies (7,,)«M = M for every n € Z.

In the following, we will use the disintegration of M with respect to M and the projection
mo, and more precisely the conditional measures M? of M on {yy = v}. These measures are
uniquely defined for M-almost every v € J and are characterized by the property that

(M. g) = /X (M g)M(7)

for all non-negative bounded measurable functions g: J — R (see [12] for more details about
the construction). We now describe a useful approximation of the conditional measures M7,
that we will need later.

For every n > 0, consider the projection 7™: J — I defined as

"= (T_p,y...,70).

By (M1), X satisfies M(X) = 1 and the map F: X — X is well defined and surjective. For every
(Y=n,---,70) € X" with F(v;) = 7j41 for every —n < j < —1, we choose a representative
B € J such that Bj = v; for all —n < j < 0. Observe that, given any 79 € X, there are dkn
elements as above in X™*1, hence d* representatives. We denote by Z, the collection of such
representatives.

For every v € X, define

M) = 0(7)*1 Z ew(ﬁ—n)+~~-+w(ﬁ—1)g(ﬁ_n)(gé_

ﬁezn:ﬁoz'y
Observe in particular that, by (M1) and the fact that 6 is positive on X, M3, is defined for
M-almost every v € J.

Lemma 2.9. For every v € X, we have
lim M) = M.
n—oo

Proof. 1t is enough to show that, for v € X, we have

lim M) (A_;5) = M7(A_;) for all i > 0 and Borel set B.

n—o0
Hence, the assertion is a consequence of the following two identities:

(1) MY(A_;p) = M?(A_ng) for every v € X and all n > ¢ > 0;
(2) [M)(A_i5)M(y) = M(B) for all i > 0.
8



We start proving the first identity above. This is a consequence of the identity A0 = 6.
Indeed, for every n > i > 0 and Borel set B, we have

MYAip) =001 Y et B0g(8_ )55 (A )

BeénHBO:"/

=0(y)! Z (Azfie)(ﬁii)e'ﬁz’(ﬂ—i)ﬁ‘---'&‘d’(ﬂfl)5B(A_i’8)
BEZi:Bo=

=0(y)! Z 9(5_i)ew(5_i)+.~.+w(571)5[%(,472.78)
BEZ;:Bo=

= M](Aip).

which proves the first identity.

Let us now prove the second identity. This time, we will use the fact that N is a fixed point
for Afp. For all 7 > 0, we have

/ M](Ai ) M(y) = / (007 D BB PTG (A ) ) M()

BEZi:Bo=v
= [(00)7 > e 15) ) (o)
Fiy")=y

= (M, 0710} (01p)) = (N, Ay, (015))
= ((AY)" N, 01p) = (N, 015) = M(B),
where we denoted by 1p the indicatrix function of B and in the last step we used the identity
M = ON. The proof is complete. O
For every n > 0, we denote by f,y_ " the inverse branch of f”, defined in a neighbourhood of
I'y, and such that fo™(v())) = y-n(A) for all A € M. Such branch exists for every v € X, but a
priori it is only defined in some (non-controlled) neighbourhood of I',. The following proposition
(see [3, Propositions 4.2 and 4.3] for the case of the equilibrium web and [11, Proposition A.1]

for the general case) gives a uniform control in A on the size of the neighbourhood of v(\) where
such inverses are defined.

Proposition 2.10. Let (M, f) be a stable holomorphic family of endomorphisms of P¥. Let M
be a web satisfying (M1) and (M2). Then, for every open set Q € M and 0 < A < Ay, there

exists a Borel subset Y C J with M(ﬁ) =1, and two measurable functions fja: Y —10,1] and
[4:Y — [1, +oo[ which satisfy the following properties.

For every 4 € Y and every n € N* the iterated inverse branch f;" is defined and Lipschitz
on the tubular neighbourhood To(y0,M4(4)) of the graph Ty N (2 x P*) of 49, and we have

7 (Ta(0,14() € To(ron,e ™) and  Lip(f™) < la(3)e ™,

where Lip(f5") := supxeq Lip ((f5")1B(ro(0),14))-
We can now prove Proposition 2.8.

Proof of Proposition 2.8. Fix m > 0, a constant 4y < A < A; and a positive integer r. For
every N € N, define

Ini={§€V:na(¥) > N""and la(4) < N}.
By Proposition 2.10, we have limy_,oo M(Jy) = 1. Fix Ny = No(m,r) such that M(Yy) >
1—1/(2m"*1) for all N > Ny. Then, by Markov inequality and the definition of the measures
M7, we see that there exists a subset X, C & such that M(X,) >1—1/m" and

(2.6) MPYnn{rw=9})>1-1/(2m) forallye X, and N > Ny.
9



In order to prove the statement, it is enough to prove the assertion for all v € X,.. Fix one such
. It follows from Proposition 2.10 that all inverse branches defined on To(v,e "™ /(2N)) and
corresponding to 4 € Yy N {0 =~} are m-good for all n. It follows from Lemma 2.9 and (2.6)
that

MI(InN{yw=79})>1—1/m for all n large enough.
This implies that, for all n sufficiently large, we have ||M(TW2 |>1-1/m, for T' = To(y,e ™ /(2N)).
By definition, this means that T is m-nice. (]

3. PROOF OF THEOREM 1.5

3.1. Equilibrium states and associated webs. We work here in the assumptions of Theorem
1.2. In particular, we assume that f), satisfies condition (A) and ¢ satisfies the conditions in
(B) in the Introduction. Up to replacing ¢ by ¢ — P(¢), we can assume that P(¢) = 0. We
denote by Ay the (Ruelle-Perron-Frobenius) transfer operator

Ap(9)(y) == D e”Wg(a)
f)\() (x):y
acting on C(P*), where the elements in the sum are counted with multiplicity. By [9, Theorem
1.1], there exists a unique probability measure mg and a unique (up to multiplicative constant)
strictly positive continuous function pg: P* — R such that
Ag(g) = (mg,9)pp  and  (AZ)"0z — py(x)me

for all continuous function g:P* — R and all € P¥. We normalize p, so that (mg, ps) = 1.
The probability measure py := pgmy is then fy -invariant, and is the unique equilibrium state
for f\, associated to ¢. In particular, for every x € P*. the measures

— * - n—1
Lan = pg - po(T) I(Ag) S :qul(m) Z W)+ +o(f (y))p¢(y)5y
[ y)==
satisfy pizn — pg as n — oo.
By [9, Proposition 4.9], 4 satisfies hy,, > log d*~1. Hence, by [11], there exists an ergodic

web My, ., on J with the property that (py,)«Mgu, = pg and which satisfies (M1) and
(M2). The following lemma, proved in [13], gives in particular the uniqueness of such web.

Lemma 3.1. Let (M, f) be a stable family of endomorphisms of P*. Let My and My be two
probability measures compactly supported on J. Assume that M1 is an acritical web and that
there exists \g € M such that (px,)«Mi = (Pr,)sMa2. Then My = Ma.

Define the functions 0,v: 7 — R as
0(7) == pg(7(Xo)) and  ¥(v) == d(7(Ao)).

Observe that these functions are continuous on 7. In particular, for every m € N*, any graph
~v € J admits an open neighbourhood A C J such that

(3.1) inf6 > (1 —1/m)supé.
A A

To see this, take an open neighbourhood A’ C 7 of 7. By the continuity of 6 at 7, and the fact
that pg is positive on the compact set P”. there exists an open neighbourhood A C A’ such that

0(m) —0(72) <

Observe that inf 4/ 0 < inf 460 < sup 40. Taking respectively the supremum over ; and the
infimum over o proves the claim.

Consider the operator Ay defined as in (2.1). For v € X, set M., , as defined in (2.2). It
follows from the above and Lemmas 2.1, 2.3, and 3.1, that 6 satisfies Ay (6) = 6 and that there
10

ian/ 0

for any 71,72 € A.



exists a unique probability measure N on X which is a fixed point for A;‘L. Furthermore, the
web My, ., satisfies My, ,, = 0N, and for any v € X' we have

Moyn = 0(y) " Z ew(7,)+'“+w(]m71(7,))9(7’)57/
Fr(y )=
(3:2) — 0yt Y 0 QoD B FT 0N g (0)) 5y
Fr(v)=v
— MAO,,% as n — oo.

In particular, M, ,, satisfies condition (IM3).

We conclude this section with the following lemma, that we will need in the next section.
Recall that ¢ > 2 and ||¢||joge< 0.

Lemma 3.2. There ezists a positive constant C = C(Ag,q) such that, for alln € N, m > 0,
and every m-good inverse branch g: T — g(T) of f of order n on a tube T, and for all sequences
of graphs {7} Yo<i<n—1 and {7} }o<i<n—1 with LT cC Y g(T)) for all0 <1 <n—1, we have

n—1
D () = ()< Cm~ah,
=0

Proof. 1t follows from the definition of ¢ that

S ) — s0R)= 160k (o)) — 62 o))l
(=0 (=0

The assertion is a consequence of [9, Lemma 4.13]. O

3.2. Construction of repelling graphs. For simplicity, we denote in this section by M the
web My 4, defined in the previous section. We also recall that we are assuming, with no loss
of generality, that P(¢) = 0. We will fix a relatively compact open subset M’ € M, and only
consider the graphs of elements of J as graphs over M’. In particular, all distances and balls
are with respect to the distance distys, see (2.3).

The following is the main result of this section and the key estimate to prove Theorem 1.5.
Thanks to the results proved in Section 2, we can follow the strategy of [10, Lemma 4.14]. In
particular we also employ a trick due to Buff [16] which simplifies the original proof of the
equidistribution of repelling points with respect to the measure of maximal entropy in [14].

Proposition 3.3. Let i be a finite collection of disjoint open subsets of J. For every m > 0
there exists n(m,U) > m and, for every n > N(m,), a set Q. of motions of repelling
periodic points of period n such that, for allU € 3 we have

1-1mMU) < > DT < (14 1/m)MU)

YEQm nNU

Before proving Proposition 3.3, we make some preliminary simplifications. First of all, it
is enough to prove the statement for a single open set Y. The general case follows setting
n(m, ) := maxyeyn(n,U).

Assume that M(U) = 0. In that case, it is enough to take n(m,U) = m + 1 and Q,,,, = 0.
Hence, we can assume that M(U) > 0.

Fix integers mgy > my > m. By Proposition 2.8, for M-almost every =, the tube Ty (v, n)
(and hence the ball By (y,n) of J) is me-nice if n is sufficiently small (depending on ). It
follows that, for &/ as above, we can find a finite union of my-nice balls B; C J with B; € U,
satisfying (3.1), whose centers belong to Supp M, and with the property that MU \ U;B;) <
M(U)/my. Hence, it is enough to prove the statement for each of the balls B;. Namely, the
above gives that, in order to prove Proposition 3.3, it is enough to to prove the following
statement.

11



Proposition 3.4. For every my > 0 there exists ma(my) > my such that, for all mg > mg
and every mo-nice ball T = B(~,n) with v € Supp M and satisfying (3.1) (with A =T and
m = mg), there exists n(mg) > ma and, for all n > n(ms) a set Q, C T N Supp M of motions
of repelling n-periodic points with the property that
(1= 1/m)M(T) < 3 PO+ 0 < (1 4 1/my) M(T).
YEQn

Since M(T) > 0, we fix an integer mgz > ma/M(T) and a ball T* := By (y,n*), where n* <7
is such that M(7*) > (1 —1/mga)M(T). We also denote by T" and T* the tubes corresponding
to 7 and T*. Recalling that the support of M is compact, we also choose a finite family of
disjoint ma-nice balls D; := By (vi, ni) such that M(U;D;) > 1—1/ms3 and satisfying (3.1) (with
A =D; and m = mg3). Set D := U;D;. We also fix balls D} := By (v, 1)) C D; with 0} < n;,
M(U;Df) > 1 —1/m3 and set D* := U;Df. We will denote by D; the tube corresponding to D;
and set D := UD;.
Lemma 3.5. There exists an integer My = My(me, T,T*,D;) such that

(1—4/m)M(T) < ./\/lg?‘i]z,(T*) < (1+4/mo)M(T) for alli and N > M.
Recall that Mg}% is defined in (2.4).
Proof. Since the balls D; are ms-nice and mg > ma/M(T), we have
Mgr:?’]z[ > (1—=M(T)/mg) for all i and all N large enough.
As M(gﬁzf <M., Ny and [[M,, n||= 14 o(1), it follows that

My = MBI M(T) /ma + 0(1).
Hence, it is enough to prove that
(1 —=2/mo)M(T) < My, N(T") < (14 2/ma)M(T) for all i and all N large enough.
As M(T*) > (1 —1/ma)M(T), this is a consequence of (3.2). O
Lemma 3.6. There exists an integer My = Ms(ma, T, D*) such that
(1—4/ms2) < MY"(D*) < (1+4/my) for alli and N > M.
Proof. Since T is ma-nice, we have

HM(TmAQ,)Hz (1 —1/mg) for all N large enough.

Recall also that M(Tmﬁ,) < M, n and that |[M, n[|< 140(1). So, in order to prove the statement,
it is enough to prove that

1-— 2/m2 < M%N(D*) <1+ 1/m2.
Since M(D*) > 1 — 1/mg and m3 > meg, this follows from (3.2). O

We now construct the set Q of motions of repelling periodic points as in Proposition 3.4.

For every N; sufficiently large, every element in the support of 17—*/\/1%733]2,1 corresponds to

an mg-good inverse branch of f : M x P¥ — M x P* of order N; on the tube D;, which maps

D; to a subset of the tube T" whose slice at any A is relatively compact in 7jy. In the same

way, for every Ny sufficiently large, every element in the support of 1D*M(Tm]\2,i corresponds to

an mo-good inverse branch of order Ny sending the tube T to a subset of D = U;D;.

We define the collection {g;} to be the compositions of such inverse branches, giving inverse

branches for fN1TN2 sending the tube T to a subset of T" whose slice at any X is relatively
: : 4 : () (2)
compact in T}y. Given any such g;, we write g; = g; " °9;", where 9;

; is an inverse branch of
12



™2 on T with image in D and gm is an inverse branch of f™ on some D; with image in T

j
For every j, we also set i = i(j) where i is defined by gj(?) (T) C D;.

By definition, the inverse branch g; is of the form g;(\,2) = ()\,g;‘(z)), where \ — g;\(z) is
holomorphic. For ' € T, set G;(7')(\) := g?(fy’(A)), so that G;(7) C T*. One can define in a

similar way g](-l) :D; — T* and QJ@) : T — D; and remark that G; = g](?) o g](?).
Lemma 3.7. The space (Supp M, distys) is complete.

Proof. Let (7n)nen be a Cauchy sequence. As Supp M is compact with respect to the local
uniform convergence, there exists a subsequence ,; such that v, converges locally uniformly
to a graph v € Supp M. In particular, v,; converges to v on M " and the Cauchy sequence
(Yn)nen admits a cluster value, hence converges. O

Lemma 3.8. For N = N + Ny large enough, the operator G; admits a fized point Vo €
T N Supp M. Furthermore, 7;’0()\) is a periodic point of period N of fx, for any parameter
A € M, and it is repelling for any A € M'.

Proof. Since v € Supp M, by Lemma 2.3 (6) and Lemma 3.7, it is sufficient to prove that G; is
a contraction on a closed subset of 7 containing ~. Take ~1,v2 € T. By Proposition 2.10, we
have

(3.3) distar(Gj (1), Gj(12)) S e N distar (11, 72),

where the implicit constant is independent of N. Hence, for all N sufficiently large, G; is a
contraction on the closed set T* = {7 € J:dists(7,7") < n*}. By the Banach fixed point
theorem, applied to the complete metric space 7* N Supp M, the map G; admits a fixed point
v7° € T N Supp M. In particular, observe that 77°(A) lies in J) for any A € M. To conclude, it
remains to prove that 77°(A) is an N-periodic point for every A € M and is repelling for every
e M.

Recall that T = T'(v,n) is the tube associated to the ball 7. Remark that fV:g;(T) — T
is onto, hence f o g; = idp. For all A € M’, the equality Y77 (A) = Gi(v5°)(A) = g; (777 (N)
then leads to f{ (77°(A)) = 77°(A). This shows that 77° is indeed the motion of an N-periodic
point over M’. In order to extend it to a motion over all M, it is sufficient to show that ’yfo(/\)
is repelling for any A € M'. Indeed, since 75° € Supp M, [3, Lemma 2.5 then allows us to
conclude.

Observe that (3.3) also gives a positive constant ¢ such that

diStM’ (FQN (’yl)a ’Y;o) Z eqNA diStM/ (’71 ) 7;)0)7

for every positive integer ¢ € N* and any graph v1 € T (gj(yl), c-e N A), where the implicit

constant is independent of ¢q. This proves that 'y;x’()\) is repelling for any A € M’ and concludes
the proof. O

We can now conclude the proof of Proposition 3.4. As explained above, this also completes
the proof of Proposition 3.3.

End of the proof of Proposition 3.4. We continue to use the notations introduced above. Up to
possibly increasing M7 and My in Lemmas 3.5 and 3.6, we can assume that we can take N7 = My
and Ny = My in the construction before Lemma 3.8. We set n(mz) := Mj(mg) + My(ms), for a
fixed choice of sufficiently large mo and mg as above. For every n > n(ng), we denote by Q,, the
set of the motions of n-repelling point o; given by Lemma 3.8 applied with Ny = M;(m2) and
Ny =n — My(mg). Every element o € Q,, is then the motion of a repelling n-periodic point.

Set
M, = Z eqp(y)-k...-q-z/;(]-‘"*1(7))(5’y _ Ze¢(0j)+---+7/)(]:"71(Uj))(sgj’

0€Qn J
13



where Q,, = {0;}, and

0
Iy ._Z(ew(g;”<w(j)>)+...+w<fN1109](1)(%-))),9(% (i)

n -

; 9(%’(;’))
HED )10 ) 00, ()
e W)‘ng)
where we recall that 7 = B (’y n) and D; = B(~;,n;). Observe in particular that
(3.4) Z MT N2 D N1 (77).

By Lemma 3.5 and the fact that >, /\/l )( Df) = M(mzi (D*), we have

(1= 4/ma) M(T)MER) (D*) < Mu(T) < (1 + 4/ma) M(T) MR (D).
By Lemma 3.6, this gives
(3.5) (1 —10/ma)M(T) < My (T) < (1+10/ma) M(T).

Hence, up to taking mo sufficiently large, the desired estimate holds if we replace M, (T) with
M, (T). Tt is then enough to compare M, (T) with M, (T).

Observe that, for all ¢ and j, the graphs of v and g](.l)(%-(j)) belong to T" and those of v;;

and g](-2) () belong to D;. Hence, since the tubes T" and D; are mg-nice and satisfy (3.1) (with
A replaced by T and D;, respectively), we have

0(G™" (v, 6(G"*
(3(7(])))—1‘§2and)“<7))—1 §iforallj.
0(7) my 0(igj)) ma
It follows from these inequalities and Lemma 3.2 that |M,,(T) — M, (T)| < My, (T)/my. This,
together with (3.5), concludes the proof. O

3.3. Proof of Theorem 1.5. We can now conclude the proof of Theorem 1.5. Recall that we
are assuming that P(¢) = 0 and that we denote by M the web M, ,,, whose construction is
detailed in Section 3.1.

We first build a family of measurable partitions of (J, M) whose diameter converges to 0.

Lemma 3.9. There exists a sequence (Y;)ien of finite families of disjoint open sets L; =
{U; ;}1<j<g, satisfying the following properties:

(U1) for alli € N, we have M(Ui<j< U j) =1
(U2) SupieN(i . maxlgjgji diamj UiJ) S 1,‘
(U3) foralli>2 and 1 < j < J; there exists 1 < j' < J;i_q such that U; j C Ui—y jr.

Proof. We prove the lemma by induction on i € N. We set Jy = 1 and Up; = J. The family
o = {Up,1} satisfies conditions (U1) and (U2), and condition (U3) is empty in this case.

We now do the induction step. Assume that we have built, for some i € N, a finite family

W = {U; j }1<j<, satisfying (U1), (U2), and (U3). Consider the interval I := (2(#2), 2(1.11)).

Ab Supp M C UseSupp MB7 (7, 2(Z+2)) and Supp M is compact, there exists m; € N and a
collection {7; m }1<m<m; C Supp M such that, for any ¢ € I, Supp M C U" B (Yim,€). Set
B, == Bg(Yim,€) and D5, := 9B,

Claim. The set A; := {e € [ : M(Ui<m<m,; D§,,,) > 0} is countable.
14



Proof. As the family { D5, }1<m<m, is finite, it suffices to prove that A; ., == {e € I : M(D;,,) >
0} is countable for every 1 < m < m,;. Assume this is not true for some A; .

For a € N, set Af;, ={e el : M(Dj;) > o%tl} Observe that A;m = UaenAf7,. Hence,
there exists a € N such that Card(Affm) = +o0. As D ;N Df/m = () for all € # &’ € I, we have

Card(A$ )
1> M(Ueeag, Di) = 3 M(Dip) > —— 5™ = +oo.
seAffTﬁ
This gives a contradiction, and the proof of the claim is complete. O

Fix now ¢ € I such that M(D$, ) = 0 for all 1 < m < m;. Denote the connected com-
ponents of U}IQUZ‘J N Bf, by Uiy1,1,--.,Uiy1,- By induction, for 1 < m < my, define also
Uis1, 1415 - - Uit1,, as the connected components of

Ji lmfl
Uty | B\ U Ui
j=1 =1

Set Jiy1 := l,. By definition, the sets U441, are open and pairwise disjoint. We claim that

Jit1 m; Jit1 Ji
U thso | U Bim\ U dhias | 0| Uiy
=1 m=1 =1 j=1

Fix m < m,; and take v € Bim \ UlSlSJi_,'_lauz'_A'_Ll? for some m < m;. We can assume that -~y
does not satisfy this property for all m’ < m. By the definition of the sets U1, this implies
that v & U1y, for every I < ly,—1. Hence vy € Bf,, \ Ule_l U;+1,. This proves the claim.

Remark that U{;l M1y C Upy Df,p,- As 8l satisfies (U1), the choice of ¢ yields

Jit1 mg Jit1 mg m;
M YU | 2 M| | B\ | 0Uhipra | = M (U B;m> - M <U Dim) =1.
=1 m=1 =1 m=1 m=1

This proves that ;. satisfies (U1). The property (U2) comes from the definition of the

B;,,’s and the fact that, by construction, for every [ there exists m(l) such that U1, C
Bf’m(l). Finally, the fact that ;11 is a connected subset of uj;lu,-,j gives (U3). The proof is

complete. O

For every n € N, define i,, := max{m < n:n > n(m,,,)}, where n(m,il,) is given by
Proposition 3.3. For every a > 0, set mq := |a+ 1]. Then, for any n > max(m,n(m,U,,)), we
have i,, > mq > «. In particular, we have i,, — 0o as n — oc.

For every n € N, we apply Proposition 3.3 with ; instead of 4. This gives a collection
Pyn C Ui<j<y;, Ui, ; of motions of repelling n-periodic points, satisfying the properties in that
statement. We define

;o b0+t F o)
(3.6) M, e o

O'G'qum
Lemma 3.10. Any limit M’ of the sequence { M), },en has mass 1.
Proof. By definition, for every n € N we have

o)+... n=lg o)+... n—lg
M| = Z V(@) AY(F" o) @)+ A+U(F" o)

0€Py.n J=10€Py nMUiy, i



Since the family i, is pairwise disjoint, Proposition 3.3 yields

JZ n

1
1—-— < < .
(1- D) s (Ut ) <ttt < (1+5) e | Ut
.7 1 ]:1
We conclude by Property (U1) and letting n — oo. O

Lemma 3.11. For all i* € N and 1 < j* < J;» we have
lim inf M, Uy j+) = M(Uis j+).-

Proof. Fix i*,j* as in the statement and € > 0. It is enough to prove that, for all n sufficiently
large, we have
M, Uix j+) = M(Uis j+) — €.

It is enough to consider only those n for which i,, > i*. For all such n, by (U1) and pairwise
disjointness, we have

Ul*J*) = ZM(Z/{%,]‘/) and ./\/l j > ZM/ Zm]

where the two sums are over the j' such that U;, j» C U« j«. Using the same convention for the
sums, by the definition of M/, and Proposition 3.3, we have

MUis jo) = M (Uss j) <Y MU, 5) — M, U *Zle i " MU ).

The assertion follows. U

End of the proof of Theorem 1.5. We show that the sequence { M/ },en as in (3.6) converges
to M. Let A C J be a closed set. Consider A’ := (), oy Uyeya U, where U4 = {U € 4; -

UNA#D}. By (U1), for every n € N we have

Ml Ju|l=1-M U u]|=1-MA)=MA).
Uuesth Uest;, \u#

Remark that property (U3) ensures that A’ is a countable non-increasing intersection. Letting

n — 0o, we deduce that M(A") > M(A).
Claim. We have A’ C A. In particular, we have M(A’) = M(A).

Proof. Since M(A") < M(A), it is enough to show that A’ C A. Take v € A’. For any n € N,

there exist some open set U € 4l; and v, € J with v € 4 and ~, € U N A. By property (U2),

we have dist 7 (7, vn) < 1/i,,. We deduce that v = lim ~, € A= A. O
n—oo

Let now M’ be any limit of the sequence {M] },en. Lemma 3.11 and the Claim above give
that
/ . / o 1Al /
M(A) = M(A) = lim Y MU ) < lim > MUY= M (A) < M(A).

n—oo
ueuﬁb ueu;jb

As the closed set A was chosen arbitrarily, Lemma 3.10 and the fact that || M]|= 1 imply that
that M = M’. This shows that M) — M as n — oo, and completes the proof. O
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