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On the Fisher infinitesimal model without variability

Amic Frouvelle*™! Cécile Taingt1

October 2, 2023

Abstract

We study the long-time behavior of solutions to a model of sexual populations structured
in phenotypes. The model features a nonlinear integral reproduction operator derived from
the Fisher infinitesimal operator and a trait-dependent selection term. The reproduction
operator describes here the inheritance of the mean parental traits to the offspring without
variability. We show that, under assumptions on the growth of the selection rate, Dirac
masses are stable around phenotypes for which the difference between the selection rate and
its minimum value is less than % Moreover, we prove the convergence in some Fourier-based
distance of the centered and rescaled solution to a stationary profile under some conditions
on the initial moments of the solution.

1 Introduction

1.1 The population model

We study a model of sexual populations structured by a phenotypic trait, represented by a
continuous variable = € R. Denoting by f(t,-) the population density at time ¢ > 0 in the trait
space, the model we are interested in is the following :

{atf(tam) = Bo[f(t,)](z) —m(z)f(t,z), t=0, )
f(va) - fo(x)7

where By is the trait inheritance operator, defined as, for x € R,

Balfle) = [[ o (2= 252 ) s g dn ©)

with §y the Dirac measure. We interpret this last quantity as a the number of newborns with
trait x per unit of time, and thus we refer to it as the reproduction term. With the operator By, it
is assumed that newborns inherit exactly the mean of the parental traits %(21 + 23). This mixing
operator also features a normalization by the total mass of the population density fR f(zhHd#,
to illustrate that the choice of a partner is made at constant rate in time, uniformly among the
whole population. We assume the selection rate m to be bounded below.

In the present work, we investigate the long time behavior of f. More precisely, we prove the
local stability of some particular Dirac masses, and the convergence of a rescaled formulation
of f to a stationary state with a measure-adapted Fourier distance.
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The model () is motivated by works on the Fisher infinitesimal model [4, 22], with the
following operator B. :

2
Blfl@)i= —= [[ e [—i (- 252) ] e R e

which describes the offspring traits as normally distributed around the mean of the parental
traits with small variance of order 2. This model has been used in theoretical evolutionary
biology [§]. From a mathematical point of view, the Fisher infinitesimal operator appears in the
works [31], [37], where a different scaling than the small variance is used, and a spatial structure is
added to study invasions. The authors show a derivation of the Kirkpatrick-Barton system [27]
at a limit of a large reproduction rate. Also the infinitesimal operator is included in a selection-
competition model in [I8] with a population evolving between two habitats and a regime of small
phenotypic variance compared to the environment heterogeneity. In [38], the Fisher infinitesimal
operator is combined with a multiplicative selection one. The author showed local uniqueness
of a steady state and exponential convergence of the solution for weak selection effects, thanks
to a contraction property of the reproduction operator for the 2-Wasserstein distance, under
the assumption of a compactly supported selection rate. A time-discrete version of the Fisher
infinitesimal model, with a quadratic selection rate and non-overlapping generations, is analyzed
in [10, 11, within a framework other than the Wasserstein one.

The study of the asymptotic behavior of the Fisher infinitesimal model with an appropriate
time scaling has been tackled in [9, [33]. The authors study the concentration of the population
distribution around some particular traits. More precisely, in the first work the authors studied
the special stationary states at a regime of small variance, while in the second one the author
considered the associated Cauchy problem in the same regime, showing that solutions can be
approximated by Gaussian profiles with small variance. The asymptotic framework was built on
the spirit of [20] with small variance limit for asexual population models.

Also, similar operators as B, have been studied in different contexts : alignment [17], protein
exchanges [29], among other works. Mathematical models of sexual populations have recently
received some attention, with variations of the reproduction term, to account for mating prefer-
ences [16] 28], asymmetrical inheritance [34] and allelic structure |15} [19].

In the present study, the main ingredients, coming from kinetic theory, are the estimation
on the evolution of moments and the Fourier distance for measures. Indeed, the operator By
shares similarities with kinetic models of inelastic collisions. The idea of using the Fourier
transform for Boltzmann-type equations goes back to the works of A. V. Bobylev in [6, [7] and the
resulting equation has also been studied in [35]. Then, the Fourier distance has been employed
in [25] to investigate the trend to equilibrium of the solutions to the Boltzmann equation for
Maxwell molecules, and then has been adapted for other kinetic models of Boltzmann type,
e.g. [5, 211 B0L B2l 36], where the formation of overpopulated tails is observed. Indeed, by the
use of the Fourier transform of the collision operators, the equation on fis simpler than the one
for f. This is also the case here for the operator By defined in (2) since we have

Bo()(€) = Fle/2)%,

which makes the use of Fourier metrics possible. Other distances have been proved to be non-
expanding for measure solutions to structured populations PDE models, as Monge-Kantorovich
type ones (see [23] 24]).

Apart from the trait mixing operator, our model also differs from the ones considered by
these mentioned works in the selection component. This component is described by a trait-
dependent mortality rate and is considered as being a constraint on the phenotypic variability



of the population. This affects the properties of the solution : there is no more conservation of
mass, neither of the center of mass, and the evolution equation for the second moment is not
closed. In the mentioned works on kinetic models, the proof of the convergence of the solution
strongly relies on a contraction property of the collision operator in the Fourier distance and the
estimation of the moments of the distribution. In the present work, we take the same approach
with, in addition, the estimation of quantities derived from the selection rate, which helps to
tackle the loss of conservation of the center of mass.

The work is organized as follows. In Section 2l we establish the existence and uniqueness
of the solution of (IJ) in the sense of measures, we also define the moments of the centered
and normalized solution and state some properties that they satisfy. Finally, we also derive
the equation on the Fourier transform of the centered and rescaled formulation of the solution.
In Section B, we provide a local stability result of Dirac masses and derive estimates on the
exponential decay in time of the moments. In Section H] we prove the long time convergence of
the centered and rescaled solution to a stationary self-similar profile.

1.2 Assumptions and main results

We outline in this section the assumptions we use and the main results that we prove throughout
the present work.

First, we state the existence and uniqueness of the solution to (IJ) in the sense of measures.
Denoting M the set of nonnegative Borel measures with finite mass, we use the following
definition of a measure solution.

Definition 1.1. If fO € M., we say that f € C([0,T], M) is a weak solution to the model ()
if, for any Borel set A C R, we have for all t € [0,T]:

/Af(t,x)dx:/ @) 0 () dx+// Nt=5) By f(s, )] (2)dz ds. (3)

The existence and uniqueness result is given by the following theorem that we prove in

Section 2.1

Theorem 1.1. If m is a measurable function and is bounded below, then for any f° € M, , and
for any T > 0, there exists a unique weak solution f € C([0,T], M) to the model (), in the
sense of Definition 11l

The proof of Theorem [[1] relies on standard arguments of fixed point construction using a
distance based on the total variation of a measure.

Next, we focus on the study of the moments of f. As a first step, we derive a control on the
time propagation of the initial moments of f, which enables to define the moments of f at any
time. Namely, defining for any finite nonnegative measure v, when [, [z|*v(z)dz is finite, its
moment of order k by

(v = [ dtvieyda,

the moments of f(¢,-), denoted by ur(f(t,-)) are well defined for all time as soon as they are
finite initially. Moreover, we prove that these moments are continuous and, for k even, that they
satisfy some kind of differential inequalities, which will be used to establish estimates on the
centered moments of the normalized density, denoted by

f(t, @)
ft,z)dz"

g(t,z) = T it o) s
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We aim to get some regularity on the centered moments of ¢ in order to determine the long
time behavior of its centered and standardized formulation, which we will also call self-similar
profile throughout this work. For this purpose, we add the following assumption of the selection
rate m.

Assumption 1.1. We suppose that m is measurable and that there exist constants K > 0
and C' = 0 such that for all x € R, we have

—K <m(z) <O +2?).

A first consequence of this assumption is that the time derivative of the moment of order k
of f can be expressed with the lower order moments at any time, provided that the initial data has
a finite moment of order k+ 2. This implies that, in this case, the moments of f are continuously
differentiable. Note that we do not impose the selection rate to be nonnegative. This may be
interpreted as a supplementary asexual reproduction rate favored by the environment.

Then, we define the centered moments of g and the centered variations of m by the quantities

M0 = [ (o= 7(0) g(t. ), (1)
51(0) = [ (o= 2@)* (m(a) = m(@(®))g(t. 2)d, )

with Z(t) the center of mass at time ¢,

(t) = /ng(t,x) de = %

and we denote their initial values by M?, S?. 7. We obtain differential equations on the centered
moments of g for any k > 2, assuming that f° has a finite moment of order k + 2. In the case
where k > 4 is even and f° has only a moment of order k, we get a differential inequality on Mj,.

A quantity that appears to be important in our study of these differential inequalities is the
shifted deviation of m from its minimum, defined as

gl

(6)

n(x) = i%fm + % —m(x), (7)

which is a quantity not exceeding % (and which is positive if the excess of mortality is less than %)
For instance, when f has initially a fourth moment, we obtain

d

77 1, (8)
d My = 1M So + Sy M- 9)
dt 2 — 2 2 2 04V12,
d+ 3 3 5
I < —( = r) — _
T M, < <8 + n(T) SO>M4 + 8M2 + 451 M3, (10)

where we have written %M4(t) = limsup,_,¢ ;> w.

One can see that we always have Sy > (7(Z)— %)M, and therefore the differential equation ()
for My gives %Mg < —(n(T) — So) M. We expect the variation Sy to be small, and we will see
that a criterion for exponential decay of M, is indeed that n(Z) is initially positive.

With these differential equations and inequations, we aim to derive time estimates on the
centered moments My. To do so, we need to have some bounds concerning the regularity and
growth of the selection rate, which we state in the following assumption, which is for instance
satisfied when m is C? with bounded second derivative, or when m is Lipschitz. Notice that this

allows to cover the cases of selection rates with quadratic growth.



Assumption 1.2. We suppose that there exists a continuous nonnegative function o and a
constant 8 > 0 such that for all x,y € R, we have

Im(z) — m(y)| < aly)le —y| + Ble — yI*.

With this last assumption on the growth of m, we prove the stability of Dirac masses around
positions Z° for which the excess of mortality compared to its minimum value is less than 1 o1
that is to say n(z") > 0. We show that if the center of mass at initial time is at such a position
and if MY is small enough (which means that the initial normalized profile ¢g° is close to a Dirac
mass), then the center of mass converges to some limit, and the moments My and My decrease
exponentially to 0 at long time, as stated in the following theorem.

Theorem 1.2. Under Assumption[L.3, we suppose that initially we have n(Zo) > 0. Then, for
all § such that 0 < § < n(To), if MY is sufficiently small, we have for all t > 0:

n(@(t)) = 9, (11)
My(t) < MYe™, (12)
My(t) < M 0 e %, (13)

Furthermore, in that case, T(t) converges exponentially fast towards some Too € R. Consequently
it means that if g is initially sufficiently close to a Dirac mass located at Ty (in 4-Wasserstein
distance), then it converges exponentially fast to the Dirac mass al Too.

Thanks to this stability result and the regularity on the moments, we can define the Fourier
transform of the centered and rescaled formulation of g and then characterize its convergence to
a limit profile at long time, as announced in the beginning of this work.

Indeed, in order to investigate the long time behavior of the solution to (I, we make use of
the following Fourier distance

ds(71,72) := sup M’ "
670 €]

which is defined when ~; and 7, are some measures that have same moments up to order p € N,
with respective Fourier transforms 41 and 45, and s > p to be determined.
For all £ € R, we can define the Fourier transform of f solution to (I on the trait variable

Ft.€) = Ft.)(6) = /R ¢ {1, x)da

Thus, to apply the Fourier distance (I4)) on measures that have same moments up to order 2, we
define (¢, ) as the rescaled and centered formulation of g(¢,-), or associated self-similar profile,

= /M- g( vV Mo(t)z +Z(t )) (15)
Then, we obtain that the Fourier transform satisfies the equation
~ 1. ..

in which the term R(t,&) comprises all the quantities generated by the selection rate m. Thus, R
depends on some of the moments M}, and S, because of the formulation of v and of the equa-

tions () and (@).



So, this last equation on 7 is divided into an operator applied only on 7, which comes from
the Fourier formulation of the reproduction operator By for probability distributions, and the
remaining term R that we expect to become small at long time, because of the stability result
on the center of mass of g and the estimates on the moments stated in Theorem

In fact, it appears that the estimates on M}, obtained at this point are not sufficient to control
the remaining term R. More precisely, we need to specifically quantify the exponential decay of
the moments My and My, and also to derive a control on the ratio MTQQI“ With the assumptions
of Theorem [[L2] we are able to improve the rates of convergence of the moments. First, we start
by refining the estimates on My and My alone thanks to ([@)-(I0), then we obtain better rates
of convergence for higher order moments, which finally are propagated back in the differential
equations for lower moments to obtain precise estimates for all moments.

However, this is not sufficient to get a lower bound on the behaviour of My, which happens to
be crucial to control the remainder R. To this aim, we make a stronger assumption on the initial
Mgy,
M3
This is not necessarily the case for any profile close to a Dirac mass, but if we take any profile
centered around Z¥ (with finite moment of order 2kg) and we shrink it by some large factor, we
satisfy this assumption. In this framework we are able to obtain precise rates of convergence, as
follows.

condition, by starting with an initial profile ¢° such that is small (for some kg large enough).

Theorem 1.3. Under the assumptions of Theorem [L.2, we take ko > 2 such that 2%—})_1 < 9,

MO
and we suppose that —=2 is sufficiently small. Then,

M3
M9 MO
e there exists Cko(%) > 0, converging to 1 as ]\/2;80 — 0 such that
2 2
MO

t
Mo (1) > Cry () Mg e,

o for all k > 2 (with k < ko) and for all X < min(% — 2%%1,50 — 2%%), there ex-
~ MO MO
15ts CA,k( 2'“0) > 0, converging to 0 as —=2 — 0 such that

MY MY
Mop(t) _ = MY\
< 0 .
My(t) k() €

Interestingly, we obtain that the rate of convergence for Ms is %, even when ¢ is very small.

Finally, the last theorem states the convergence in the Fourier distance of the profile v to a
stationary profile 7, which is identified in [3| [12], when ¢ goes to +o0, as

2

"+ a2 (16)

Yoo(T) =

or given by
Too(§) = (1 + [€De .

Theorem 1.4. Under the assumptions of Theorem [I.3, if there exists some kg > 3 such
MO

that 2%—}),1 < 0 and Jégf’ is small enough, then we have that, for some values of s € (2,3),

there exists a constant L > 0 such that

ds (7, 700) (1) < (d8(707’7c>o) + L)eiASa

with Ag :=1— 5 — 2175 which is positive for s € (2,3).



Remark 1.1. When 6 — 2%0 T > %, this estimation is valid for all s € (2,3). Otherwise,
there exist 2 < sy < § < 3 such that this estimation is valid on (2,s0). For s = sg we o0b-
tain ds, (7, Vo) (t) < (ds (Y05 Yoo) + Lt)e_)‘SOt, and for s € (s,5), we obtain that there exists a
constant cs € (0, \s) such that

dS(’%'Yoo)(t) < ds('YOa 'Yoo)eiASt + Le ¢t
In all these situations, the constant L depends on 6, s and the initial moments MQOk forl <k < ko.

To prove this last theorem, we prove a contraction property on the reproduction operator By
in the distance dg, which is due to the quadratic formulation of its Fourier transform, and combine
it with the results of Theorems and [[.3] that enable to control the remainder R.

2 General results

2.1 Global existence and uniqueness of measure solutions

We want to give a meaning to our model () for an arbitrary nonnegative measure of finite mass
on R. If f is a smooth solution of (), thinking of By[f(¢,-)](x) as a prescribed source term, we
can interpret (1) pointwise for every x € R as an ordinary differential equation in time, therefore
for all ¢ > 0 and for all x € R we have

f2) = @+ [ =@ B[ (s, ) (),
0

and this will be the starting point of our definition of a measure solution. In the following, we
will often use the abusive notation f(x)dx even if f is only a measure (or f(t,z)dx if the measure
depends on time). Similarly, if A a measurable function in R, we may write ¢(x) = h(x)f(z) to
define a signed measure ¢, even if f is only a measure.

We denote by M the space of finite signed (Borel) measures on R. Using the total variation

norm defined by
lWllry = sup Y~ [v(A;)
i=1

where the supremum is taken over all finite partitions of R by Borel sets (A;)1<i<n, this turns M
into a Banach space [14].
Furthermore, we have that for any measurable function h taking values in [—H, H], we have

| [ @] < Hll.

and therefore we obtain that ||v||7v = sup| [z h(z)dv(z)| where the supremum is taken over all
measurable function h taking values in [—1,1].

The set M, C M of nonnegative measures with finite mass is a closed subspace of M.
Indeed, if v, converges to v in total variation norm, then we have |v,(A)—v(A)| < ||[vn—v|l7v — 0
for all Borel set A C R, thus v,(A) — v(A). So, if v, is a nonnegative measure for all n, then v
is also nonnegative.

Notice that if v € M, then By[v] also belongs to M, has same mass, and for all bounded
(or nonnegative) and measurable h we have

B foRh(ygz)u(y)dyu(z)dz
/R h(w) Bo[v](z)dz = o , (17)




when v has positive mass (thus the conservation of mass is obtained with A = 1), and By[v] =0
if v is the zero measure.

We are therefore ready to study the properties of measure solutions of our model (), given
by Definition [Tl Notice that all terms in (3)) are well defined as nonnegative integrals, and
if m is measurable and bounded below, they are finite, since z +— e~ @)t is measurable and
bounded for ¢ > 0. Consequently, if f is a weak solution and h is a measurable bounded (resp.
nonnegative) function, being a uniform (resp. monotone) limit of a sequence of measurable
simple functions, we have :

[ H@) it = [ hae @ e + / [ e O B g, @)deds. (1)

Thanks to this property, we can have a useful semigroup property for the solutions of our
model.

Proposition 2.1. Let tg > 0. If f is a weak solution to the model (), then t — f(to+t,-) is
also a solution for the initial condition f(to,-).

Proof. We fix t > 0. If A is a Borel set, we have
to+t
/ f(to +t,x)dz —/ —m(@)(to+) £0( ;) dx—!—/ / Vto+t=3) B[ £ (s, )] (x)dx ds.
= [emernn paar s [ [ et py s, @aras
A 0 A
t
[ eI B+ 5, ) (w)do s
0 JA

Since the function 14(z)e ™®" is measurable (and nonnegative), we have thanks to (I8) that

the first two terms of the right-hand side of this last equality combine and we get

| #ta+ ta)de = / @ f (1, 2)dz + / / =5 By[f(to + 5, )] () s,
A
and this ends the proof. O

We proceed to the proof of Theorem [Tl which provides global existence and uniqueness of
solutions to (Il) in M.

Proof. First of all, we need to study some contraction properties of By. If h is a measurable
function from R to [—H, H], and v, € M, we write p = [p v(z)dx and p = [ U(x)dx and we
have, when p, p > 0,

‘/ z)dz - Ah(x)Bo[ﬂ(w)dx‘
_ ‘foRh FE)vly)dyv(z)dz  foph(
1)
< ‘foRh(y;z)V(y)dy v(z)dz B Jawm 1(
1)

+z)

p
22 v (y)dy v(z)dz
p

v(y)dy v(z)dz ‘

I ‘foRh

ygz)u(y)dyﬁ(z)dz foRh(ygz) y)dy v(z )dz‘
p p
ygz)y(y)dyﬁ(z)dz B Jrr B (

p p

i ‘foRh



NAINE

Z)ﬂ(z)dz‘u(y)dy

2)v(z)dz — fo h(Y5
p

+ ‘% - %‘ /RX]R ‘h(y——;z){u(y)dyﬁ(z)dz

o S L (52 ) (w)dy — Ji h(452)(w)dy| 7(2)d=
)

< 2H|lv — Pllry + H|j - pl.

We actually have p = ||v||7y (since v is nonnegative) and p = |||y, therefore we obtain

(/ 2)dz — / h(z)Bo[P)(z)de| < 3H||v — 7l|7v, (19)
R
and one easily checks that this inequality is still valid if p =0 or p = 0.

We now fix f € M, and T > 0. For any fixed L > 0 (to be determined later on), the
space X = C([0,7T], M) with the norm

I fllx = sup e ™| f(t.)rv,
telo, T

is a Banach space. The subset Xy = C([0,7], M4) of nonnegative finite measures varying
continuously in time is a closed subset of X, and we will construct a fixed point by Picard
iteration on this complete metric space.

For f € C([0,T], M), we denote ®(f) the time-dependent measure defined for all Borel
set A C R by

t
/ O(f)(t,x)dx = / et f0(1)dx + / / M@= B[ f(s, )] (x)dz: ds, (20)
A A 0 JA
and we are therefore looking for a fixed point in X of the operator ®. Let us first check that ®
is well-defined from X to itself.

If h: R — [—1,1] is a measurable function, being a uniform limit of a sequence of measurable
simple functions, we have

[ ey = [ e o [ ] e B, gl ds
Then, taking K > 0 such that m is bounded below by —K, we obtain, for ¢, > 0,
| [r@e(nods — [ n@)e() el
R R
t/
< / e — 7 O (z)da + /t /R e @ =) By [ (s, )] (x)dar ds

//’e JW=9) — emm@E=9)| By f(s, )] (x)dz ds

’

<K€KT!t/—t!HfOHTv+/ KeKT\t'—tH\f(Sr)HTvder/ T f(s,)lrvds,
0 t

where we used the fact that e ™®? is KeXT Lipschitz in time for all z € R, and the fact that
the total mass of By[f(s,-)] (which is its total variation since f is nonnegative) is the same as



the one of f(s,-). Furthermore we have ||f(s,-)||l7v < e®*||f|lx < 7| f|lx for all s € [0,7].
Therefore we obtain

@), ) = @) ey < KT fOlry + (KT + 1)eETET| £l -],

showing that ¢ — ®(f)(¢,-) is continuous in time (and actually Lipschitz). Notice that since
all the measures in the definition of ® are nonnegative, we get that ®(f)(¢,-) is a nonnegative
measure for all time, and the operator ® therefore sends X, into itself.

For f,f € X}, we fix a measurable function A : R — [-1,1], and we compute similarly,
thanks to (19)

‘/h(:c)(I)(f)(t,:c)dx—/Rh(a:)@(f)(t,:c)dx‘

<[] [ mwre O Bl wran = [ b Byl s, e s
R
< [ 8K T~ Flos v s
' KT T Ls 3T 1 7
<, 3¢ |f = fllxe™ ds = ——(e” = DIIf — fllx,
which shows that
Py 36KT Lt Py
[@(F)(E,-) = () )7y < e |If = fllx,
and therefore
" 3€KT
[@(f) — @(f)llx <
So, for L > 35T ® is a contraction and therefore has a unique fixed point in X,. O

2.2 Evolution of moments

In order to investigate the large time behavior of a solution f, we will need to control the
moments. The key observation is that any bound on finite moments is preserved by By.

Lemma 2.1. If v € My, then for allk € N, [, |z[*By[V] < Jg lz|Fv(z)da. Furthermore,
if fR |z|Fv(z)dz is finite and v has positive mass, all the moments up to order k are well defined
and we hcwe i
R\ by (V) pw—; (v)
ui(Bolt]) = (>— 21
) = 3 () 5 (21)

Proof. Let us remark that both sides of the first inequality are well defined as nonnegative
integrals. We suppose that [ [z|*v(z)dx is finite and that v has positive mass, thanks to (I7)
we get :

y+z|* y

[ el Bovl ez = Rk Tl

. RY

Z?ZO (];) fR ‘y’jy dy fR ’z‘k*jy(z)dz
28 [pr(z)de :

<

Then, by Hélder inequality, for 0 < j < k we obtain

vty < ([ vtorar) ([ latvi),

10



and we therefore get

ko (k v(z)dx zFv(z)de
Z]_O(])(f]R ( ) )(f]R’ ‘ ( ) ):/R|x|kl/($)d$

k
[t Bolyl ) < e

Now, by using the dominated convergence theorem, we can approximate z* by a bounded

measurable function hy(x), for instance by setting

(-N)* ifx < -N
hy(z) =< 2 it —-N<z<N (22)
Nk if z > N,

and obtain, by applying (I7) to hy, that in the limit N — oo, we have

Wt () dy v(2)dz
/ o Bl (2)dz = Jrxr 25 v(y)dy v(z) 7
R J v(x)dz
B Z?:O (I;) Jeyv(y)dy [ 2 Iv(z)dz
B 2k [p v(x)da
which is then well-defined and provides the formula (21]). O

Thanks to this property, we can now give the proof of the following proposition, which shows
that finiteness of moments is propagated in time.

Proposition 2.2. Let f° € M., m be measurable and bounded below by —K <0, and f be the
global solution to the model () given by Theorem [Tl If for some k € N, [ |z|" fO(z)dz < 400,
then for all t > 0, we have

/]R lz|F (¢, 2)de < eFEFDE /]R 2|* £ (2)da.

Proof. Back to the Picard iteration sequence (f,), with f, 1 = ®(f,) and fy = f°, where @ is
defined in (20)) in the proof of Theorem [T we proceed by induction and assume as the induction
hypothesis for n > 0 that

[l uttand < 0 [ o)

Then we have, since hy(z) defined in (22)) is bounded and measurable,

[ (@)l (a)de = [ & @) ()da
R R
n /O / e~ oy ()| Bol (s, ) () s
Kt z|* £O(z)dz teK(t_S) x s, )(x)dxds.
< [ Jalfwpa+ [ K [ (o)l Bl (s, (w)dad

By Lemma 2.1] and the induction hypothesis, we obtain

t
[ i)t s < (em / eK<ts>e<K+1>Sds) JERREE
R R

0
t
= <1+/ esds> eKt/ |z|* fO(z)dx = e(KH)t/ |z|* fO(x)da.
0 R R

11



By construction of f, passing to the limit n — oo we obtain

j/\hN(mﬂf(uaﬁdfoE*K+”t][\xﬁfo@ﬂdw-
R R

By monotone convergence theorem, we can pass to the limit N — oo to get

/]R z|F f(t, x)de < eEHDE /]R 2[* £O(2)da. O

Thanks to these bounds, we will obtain more precise properties on the evolution of the
(even) moments of the solution. In some cases, we do not necessarily have that the moments
are differentiable in time, but we obtain estimates similar to differential inequalities. A good
framework to work with continuous functions of time is set in the following lemma.

Lemma 2.2. Given t — y(t) a function of time, we write

a (i 1)~ (0
dt ( ) ’T—)O,T>1% T

Then, for anyT > 0, if y is continuous and satisfies %y(t) < 0 on [0,T], then it is nonincreasing
on [0,T].

Consequently, if, for some integrable functions a and b, we have a continuous function y
satisfying the following Gronwall-like estimate for all time t € [0,T]:

d+
on (t) < a(t)y(t) + b(t),

then we have for all t € [0,T],

t
y(t) < y(O)efot a(s)ds +/ b(u)efzf a(s)ds gy,
0
Proof. The proof (by contraposition) is based on a result similar to the mean value theorem :
if there exist some times ¢y < ¢; such that y is continuous on [tg,¢;] and y(t9) < y(t1), then

there exists t. € [tg,t1) such that liminf y(etr)—y(t:) > y(tl):y(to). Thus, we can conclude
70,70 T ti=to

that %y(t*) > %tyéto) > 0. Surprisingly, we see that we only need the liminf of the slope
to be nonpositive to show that a continuous function is nonincreasing (the proof also works for
lower-semicontinuous functions). This result may be classical, but we did not find any reference,
this is why we include the proof here.

To show the claimed result, if there exist such times ¢y and ¢1, we introduce

z(s) = y((1 — s)to + st1) — (1 — s)y(to) — sy(t1).

The function z is continuous on [0, 1], and satisfies z(0) = z(1) = 0. Therefore it reaches its
minimum on s, € [0, 1], and without loss of generality we may assume s, # 1 (since in that case
the minimum is also reached at s = 0). We therefore get liminf,_,;, o>, %ﬁﬁs*) > 0, which
corresponds to the claim, with ¢, = (1 — s,)tg + S«t1.

Finally, the resolution of the Gronwall-like estimate is a direct consequence of the first part
of the lemma, by setting z(t) = y(t)e” Jo als)ds _ fg b(u)e™ Jo @=)4sdy. Then the continuous
function z is such that %z < 0, therefore nonincreasing. O

We are now ready to provide this kind of estimates for the even moments of the solution,
which will be useful when we derive estimates for the moments of the centered and normalized
distribution. We proceed to the proof of the following proposition.

12



Proposition 2.3. Let f° € M., m be measurable and bounded below by —K < 0, and f be the
global solution to the model () given by Theorem [I 1.

Fork >0, if [ |z|F fO0dz < +o0, then t — up(f(t,-)) is continuous. Furthermore, if k is
even, for all t > 0, we have

7)) < (Bl () + K F(2.). (23)

Proof. We fix T'> 0. For 0 <t <t+7 < T, and hy as in (22)), we write, thanks to (I8) and to
Proposition 2.1 :

[ @i+ ra)de = [ @y (@)t 0)do
R R
+ /O /R M@= () Bo[f (¢ + s, )] (x)dads.

By dominated convergence as N — +oco, thanks to Lemma 2.1 Proposition and the fact
that m(z) > — K, we obtain

pe(ft+7,7)) = / e LR f (4 x)da + /T/ e M@= kB[ f(t + 5, )] (z)dads.  (24)
R o Jr

In particular, by setting t = 0 and writing ¢ instead of 7, we get that for all £ > 0

u(f(t, ) = / @1k () dx + / / D=5k By [f(s,)|(x)dads.  (25)

We write this expression under the form p(f(¢,- )+ fo z(t, s)ds, by setting

y(t) :/Re_m(gﬁ)txkfo(x)dx

At s) = Jz e @) (=9) 2k B[ f (s, )](z)dx ?f s<t .
0 ifs>t
By dominated convergence, since e ™®)|z|¥ < X7 |z|* which is f° integrable, we obtain
that y is continuous on [0,7]. Similarly ¢ — z(t,s) is continuous on (s, 7] (thanks to Proposi-
tion 2.2) Lemma [2ZT] and the fact that m(z) > —K) and we also have

2(t, )] < K- /R 2l £ (s, 2)dar < K-+ DS / 2] £ (2)da

Consequently, z(t, s) is uniformly bounded on [0, T]? by some C > 0.
Obviously, t — z(t,s) is also continuous on [0, s), since it is equal to zero. We now want to

prove that ¢ — fo z(t, s)ds is continuous. We fix to € [0, T], and we have that for all s # ¢¢, z(¢, s)
converges to z(to, s) as t — tg, by the Contlnulty properties of z. So by dominated convergence,

we get that fo z(t, s)ds converges to fo (to,s)ds as t — tg. This ends the proof of the time

continuity of ,uk(f( ).
We now suppose that & is even. From (24]), we obtain

pe(f(E+ 7)) < pui(f ()T + /T Ty (Bo[f (¢ + 5,-)])ds

0

< () + [ mBolfe+ s, Dds).

13



We therefore obtain

i (fE+7,) — ur(f(L,-)) < e — 1%(]0(,5, ) + e

/0 uk(Bolf(t+ 5, ds. (26)

By the formula (2I)) and the fact that all moments of f of order j < k are continuous in time,
we get that t — pg(Bo[f(t,)]) is continuous, and therefore the right-hand side of (26]) converges

to Kup(f(t,-)) + pe(Bo[f(t,-)]) as 7 — 0, and this proves (23)). O

2.3 Centered moments of the normalized population density

To obtain estimates on the centered moments of f, the inequalities provided by Proposition 2.3
will not be sufficient ; we will first need a more precise description of the evolution of the
moments gy (in particular we will have to compute the time derivatives of ug and py). To this
aim, we make the stronger assumption [[L.T] on the growth of m.

Under this assumption, if f© has finite second moment, then the evolution of quantities of the
form [ h(z)f(t,z)dz (when h is measurable and bounded) provides a simpler weak formulation
of (), as stated in the next proposition.

Proposition 2.4. Under assumption [, we suppose that f has finite second moment and
denote by f the global solution to the model (|I|) given by Theorem [ Then for all measurable
and bounded function h, the quantity fR )f(t,z)dx is differentiable in time and we have

%( /R h(x)f(t,x)dx> = /R h(z)(Bo[f(t,))(z) — m(z) f(t,x))da. (27)

Proof. From Proposition and Assumption [Tl for all measurable and bounded function h, we
want to obtain dominations of the time derivatives of the integrands appearing in (I8) on [0, 7.
First of all, we have
[h(z)m(@)e ™) < CeKT(1+ a2) sup |hl,
R

and the right-hand side is f’-integrable, therefore by dominated convergence theorem we get
that the term [p h(z)e~™®) fO(z)dx is differentiable in time. We also have for all s € [0, 7], and
forall t > s,
[h(@)m(@)e @69 < CeKT (1 + 22) sup|h,
R

which is By[f (s, -)]-integrable for all s € [0, T, thanks to Lemma 2Tl and Proposition There-
fore by dominated convergence the derivative of [ h(z)e~™@)E=5) By[ £ (s, -)](z)dz with respect

to variable ¢ is well defined, and uniformly bounded, on [s, T]. By Leibniz rule on the formula (I])),
the derivative of [ h(z)f(t,x)dz is well defined for all ¢ > 0 and we have

%( /R h() f(t,x)dx) = / h(z)ym(z)e ™ O (z)da + / h(z)Bo[f (2, ))(w)dz

R

/ / Je @) B[ £ (s, )] (w)dads.

Once more, by dominated convergence theorem, we can approximate h(x)m(z) by a bounded
measurable function hy(x) and obtain, applying (I8) to hy, that in the limit N — oo, we have

R R
/ / fm(:v)(t S)Bo[f( 3](2)da ds.

14



We therefore obtain
3 ([rraoa) = [ 1@ sise @ - [ a@moa.

Hence, the second weak formulation (27)). O

Remark 2.1. We chose in Assumption [L1 to have at most quadratic growth of the mortal-
ity rate m. If instead we suppose that it does not grow faster that |z|¥, the same reasoning
would apply, and Proposition would still apply, replacing the requirement on f° by ask-

ing [g|z|® fO(z)da to be finite.

We are now ready to give the evolution equations for the moments of the solution f, which
we state in the following proposition.

Proposition 2.5. Let k € N. Under Assumption L1, if f© has a moment of order k + 2 and f
is the unique weak solution to the model (), then pg(f) is continuously differentiable in time
and we have for all t > 0

k .
%Mk(f(tf)) => <k> g f s ik~ j /m )z f(t, z)dw (28)

=\ 25 1o (£ (

Proof. Let us remark that by Definition [[.T] we obtain that po(f(¢,-)) > 0 for any time. If not,
we would have [ e @1 f0(2)dz = 0 and therefore e~ ®)? would be zero almost everywhere
with respect to the measure f0, giving a contradiction. By Proposition 2.4l using again the
function hy defined in (22)), we obtain

/hN(a:)f(t,x)dx:/hN(x)fO(x)dx
R R

+/Ot</RhN(x)Bo[f(s,x)]dx—/RhN(x)m(x)f(S,x)dx>d5_

Thanks to Proposition 22 and to Assumption [Tl m(-) f(s, -) has a moment of order k, uniformly
on [0,¢], therefore we obtain by dominated convergence theorem

MU@WZMU%+AUM%U@N%WWWV@WN&

Then, as in the proof of Proposition (23] for the time continuity of g (f(t,-)), we get similarly
as in (25]) that

(1 60) = [ it s+ [ [ O Ima)at By s, ) w)ads.

And we proceed in the same way, by dominated convergence thanks to Assumption [Tl to prove
that ug(m(-)f(t,-)) is continuous in time. Thanks to Propositions and (23), we have the
time continuity of pg(Bo[f(t,-)]) and therefore pg(f(t,-)) is continuously differentiable in time
and satisfies (28]). O

From now on, we suppose that Assumption [T is satisfied and that f© (of positive mass p°)
has a finite second moment. We are interested in the normalized population distribution. Let p(t)
be the total population mass at time ¢

Mﬂ=mﬁ%=4f@@¢f
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From Proposition 2.4 we obtain the evolution equation for p(t)

jt / m(z da. (29)

As noted in the proof of Proposition 25l we have that p is positive for all time, and we can
therefore consider the normalized population distribution ¢ that is defined in (L2).
Thus, from Proposition 2.4l we obtain a weak formulation for the following equation on g

rg(t,z) = Bolgl(t, z) — m(z)g(t, (1— / m(2)g(t, 2 dz> ot 7).

Remark 2.2. This evolution equation for the normalized population distribution has the same
form as the replicator-mutator equation, with the linear mutator term replaced by a sexual repro-
duction one. Replicator-mutator type equations have been quite studied in the form of nonlocal
integro-differential equations (see e.g. [1, (2, [26]). Recently, the authors of [13] have proved con-
centration results and new convergence estimates in the non-singular case for measure solutions
of the “house of cards” replicator-mutator model.

Then, we can also define the mean trait, or center of mass, which we denote by T and which
is formulated by (@). Thus, we can focus on the study of the centered moments M and the
centered variations of the selection Si, for k € N, which formulations are given in (4)-({).

Indeed, the moment M, is well-defined for all time whenever fY has a moment of order k
and Sy, is well-defined if f° has a moment of order k+2. From now on, we will write M} = M,(0).

In particular we have My(t) = 1 and M;(t) = 0 for all time. Using ([28) (for £ = 1) and (29)
we obtain the equation of evolution of T given by (8) whenever f° has a moment of order 3 :

pa(f(E0)y m(z)zg(t, z)dz U)ot 2)da
E_&(W)_ / g(t, x)dw + ERI ) D) /R (z)g(t,x)d

= /m —x)g(t,x)de = —S1(t),

dz d

which was claimed in (8]).

From now on, we actually assume that f° has a moment of order 4 (we will only compute
estimates for even order moments), so that this mean trait T is differentiable, and we can then
compute the evolution of the centered moments My, thanks to Proposition (or Proposi-
tion 2.3]) and to the evolutions (29]) and (&) of p and =.

The next proposition states the differential equations and inequalities that M}, satisfies. They
will be used in the following sections to prove stability results of Dirac masses. Notice that
when f° has a moment of order 4, this proposition provides the results claimed in (@)-(IQ) for
the evolutions of the moments My and Mjy.

Proposition 2.6. Let k > 2. Under Assumption[I 1, if f° has a moment of order k+2, then Mj,
1s continuously differentiable in time and we have

d

&Mk ( 2’9 1 2’9 Z ( )Mk iM; — Sp + SoMy, + kST My,_1. (30)

If k > 4 is even and f° has only a moment of order k, then M, is continuous in time and
we have for all t > 0,

??‘
l\J

1
2k

)

d* 1 1
— M), < <— ~oe1 5 +77(T))Mk +

k
My_;M; + kS1M,_q. 1
T 5 <Z> k—iM; + ES1 My (31)

Il
¥
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Proof. Let us first remark that if we fix ¢y € R, then f: f(-,- 4+ xo) satisfies the same equation
with m replaced by m = m(- + xo).

k
pOM0) = [ (o =m0+ 20 — (1) -3 ( ) 20— B it )

= u(F(t,) = k(@(t) — z0)pr—1(F(t,-)) + O(F(t) — wo]?),

where the bounds for the term O(|Z(t) — [*) are uniform on [0, 7], thanks to Proposition
Therefore if g = T(to) for some ¢y € [0,7), since t — pg_1(f(¢,-)) is continuous in time (and in
particular at tp), and using (&), we have that

p(t)Mk(tt)_—tl;k(f(t, )) t_)to _k%(to)ﬂk 1(f(t0, )) — kS, (tO)P(tO)Mk—l(tO)-

Therefore, setting y(t) = p(t)My(t) — ur(f(,-)), we get that y is differentiable at ¢, with
dy
‘t to kSl(to)p(to)Mkfl(to).

When f has a moment of order &k + 2 (initially), this is the same for fand therefore we can
use Proposition to get the derivative of ui(f(t,-)) at to. We obtain

ey, =3 () Dty 0D [ o)t it i

=0 J 2kﬂ0(f (to,-)

1 & [k _
S| j>P(t0)Mj(t0)Mk—j(t0)  pl10)(Shlto) + () M)
=0

Since My (t) = ﬁ(y(f) + pi(f(t,-))) and since p is differentiable at tg, we get that

d 1 ~

M, = s 0+ ()| - SR

=ty p(to) dt li=ty

The derivative of p at o is given in @29) by p(to) (1 — So(to) —m(Z(to))), therefore we obtain (B0)
at time to, using the fact that My(t9) = 1 and M;(tp) = 0. Since the right-hand side of (B0)) is
continuous in time, as proved in Proposition .5 we obtain that M, is continuously differentiable
in time.

When f has only (initially) a moment of order k with k even and k > 4, we use similarly
Proposition [2.3] instead of 2.5 to get, by setting K = — infg m,

+ k (F(to. - -
], <3, (e« mudio
<o Z ( ) M;(to) My—;(to) + p(to) K My (to).
Since k > 4, p and y are still differentiable at tg, and since p is positive, we get that
dar _ L(@ n dt (£ (¢, '))‘ > _ M) dpy
dt t=to (to) \ dt lt=to dt t=to p(to) dt li=t
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The computations are therefore similar to the previous ones, and we obtain

d* 1
g Me < =(1= g = S0 — K —m(@)) My + o Z( )Mk_iMﬁkSle_l,
which corresponds to (31)). O

Remark 2.3. If we suppose that m grows at most linearly, we only need to have a second moment
to control the derivative of p, and therefore [B1)) is also valid for k = 2.

2.4 Fourier formulation, and rescaled profile

Before tackling the long time behavior of T and of the centered moments M), we finish this
section by stating the equation satisfied by the Fourier transform of the centered and rescaled
formulation of g(¢,-). This equation will be further investigated in Section [l

From Definition [T3], we have

/ y(t,x)dx = 1,/ xy(t,z)dz =0, and / 22y(t, ) de = 1. (32)
R R R
We also define the signed measure ¢

p(t,z) = [m(yv/Ma(t)x +T(t)) — m(@(t)(t, ), (33)
Now we prove the following result.

Proposition 2.7. Under Assumption[I1, if f° has a moment of order 4, then 7 is differentiable
and we have the equation on v

DA(1,) =A( )~ (1,) + 160 €) + R(t,0), (34)
with R(t,§) given by
(L) = i51()—ecA1,6) = 3(0.6)+ 50170, 6) + 5 (5 = o)) €063, 0). (59

Proof. From Assumption [Tl and Proposition 2.4] and assuming that f° has finite moments up
to order 4, f is differentiable in time, and using (I7), we obtain

o (Feem)
of(t,§) = W —mf(t,§).

Thus, we obtain the equation on g, using (29):

8g(t,€) = (3(t,£/2))° = §(t,€) — (1 — my(t,0))§(t,£). (36)

Then, 7 is well defined and we have, for all £ € R,

. i—=—T(t) 13
V(€)= e VIO g |t —=ee |
7A0)
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Thus, from Proposition and (B0)), 7 is differentiable in time and we can compute

dz . 5_ dM,\ Mo (t) (1)
OA(.€) =i AL ) - ﬁ/z B 5t.6) + e Vi Dot/ VIl

i——z 1 dM
—e Ve Nk 2555 (t, &/ M.

with J¢g well defined since g has moment of order one. Using () and (36]), we get

R —
DA ) = (A €/2)” — (¢, ) — ¢ Vi Vimg(e, ) + mg(t, 003 (1, €)

. ~ 1 dM- N i () .
—51(t) (¢, €) — 5%# <Zx’y(t,§) +e VIR0 9cg(t, J%)) _
2

&
VM

And using (@), we then compute

T
OA(16) = (3(4,¢/2)* = 3(4.€) = € VI y(t, ) + (1 (1) = 81 () A=A (4 )

(11 Sy So ’
+5<5M+M§/f¢m>< ot 7).

Then, noticing the expressions

i—5 7
(1) + ¢ VRO

—
7N
-~.

S|
)
=
78"
N~—

+

('b

3‘"’
!
AL
Q)
—~
\.H
"22%
3
N———

({95’/')/\(t,§) \/M
mg(t,0) = So(t) —m (z(t)),

the definition (33)) enables to write

i—5 7
¢ V0" g (1, 52 — mg(t, 003(4,€) = B(t,€) — So(tA(H, €),

and we obtain the equation on 7

OA(1.6) = (R(1.€/2))° =7(1.6) + FEA.O) = 181 () A=A(1.6) ~ BIL.O
#5030 6) + 3 (37— 50) €0(1)
Finally, with the definition of R (35), we get (34]). O

3 Long-time behaviour of normalized moments

3.1 Local stability of some Dirac masses

We begin this section by proving the local stability result of Theorem [[L2] which states that a
sufficient condition for the convergence of g towards a Dirac mass is to be initially close enough
to the Dirac mass located at To = Z(0), when n(Zo) > 0, i.e. when the initial selection rate at
the center of mass satisfies m () < infr m + 3.

Proof. Thanks to the definitions (), (Bl) and (), we obtain
1
Sy > (n(x) — 5)M2, Sy = (n(x) — =) My. (37)
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By Assumption [[.2] using Cauchy-Schwarz inequalities in the definitions (@)-({H]), we obtain

My < /My, (38)
|Ms| < /MMy, (39)
[So| < a(T)\/ Mz + BMa, (40)
1S1] < «(Z) M2 + B/ MaMy. (41)
Therefore we obtain, thanks to (8), (@), and (I0):
Iz

‘d—f < a(T) My + S/ MoMy, (42)

d v

d+

7 Ma < (= 0(@) +5(a(@) /Mo + BM)) Ma, (44)

where we have used (B8) and ([B9) to get that |[MoM3| < /Myv/MoMy = /My My.

We now fix §p such that 0 < § < &y < n(Tp), and by continuity of m we find r» > 0 such
that n(z) > do for all @ € [To—r,To+71]. We set & = suppz,_, 5,4 @ Which is finite by continuity
of a. Using (B8]), we then fix M} sufficiently small in order to have

5(a/ MY + BM3) < & — 6,

aMy + B/ MIMY < ré.
Finally we define T' as the supremum of all ¢ > 0 such that for all s € [0, ], we have

Z(s) —To| <,
5&\/M2(8) + /BMQ(S) < dp — 9, (45)
aMy(s) + B/ Ma(s)My(s) < 1o,

and the set of such ¢ > 0 is non empty, therefore T > 0 (we may have T' = 400).

For all t € [0,T), we get from (@3)-@4) that $M, < —dMy and %M4 < —0My, giv-
ing that My and M, are nonincreasing in time and satisfying estimates ([2)-(I3]), thanks to
Lemma Thanks to (42]), we obtain

t
o(t) ~ 7ol < [ (@3 + 5y MEMG)e s
0

1— 67515

< (@M + B/ MgMY) = -9

<(1—=e)r

Let us prove that T' = +o0 by contradiction. If T is finite, then |Z(T) — Zo| < (1 — e T)r < 7,
and by monotonicity of My and My we also get

50/ My (T) + BMo(T) < 5/ MY 4+ BMY < 6y — 6,
aMs(T) + Br/Ma(T)My(T) < aM3 + 81/ MIMY < 74.

Therefore, by continuity in time of Ms, My and Z, there exists 7 > 0 such that for all s
in [T — 7,T + 7], we have the estimations (45)). Thanks to the definition of T', these estimations

20



are true for all s € [0,7), and therefore also for all s € [0,7 + 7|, in contradiction with the
definition of T" as a supremum.

Since the derivative of T is decaying exponentially fast, we get that Z(¢) converges to some T,
in R, and more precisely we have

e aMy MO MO
Z(t) — Tool < / (@M + By/MIMD)ePods = S22 T ﬁéme—st‘
t

|z

This also shows that the smaller the value of M, f , the closer the location of T, relatively to Ty.

Finally, the convergence in Wasserstein distance comes from the fact that Wy (g, dz) = M4(t) 1
and therefore

Wi(g,0r..) < (MQ)Te™ 5 + Wa(Sx(0), 2.0) = (M) e 5 + [F(t) — Too - O

Remark 3.1. If m is Lipschitz (8 = 0 and « constant in Assumption [I.2), then we only need
to suppose MY sufficiently small to get the estimates (), (IZ) and the ezponential convergence
of T. The proof is exactly the same, only using the estimate on the evolution of My given by (31))
(see Remark[2.3), and the convergence is in 2- Wasserstein distance.

3.2 Improved estimates on even order moments

We can now use this result of stability of Theorem together with the equation for higher
order moments to improve the bound on the rate of convergence. In this subsection, we start
from the assumptions made in Theorem

Assumption 3.1. We suppose that the selection function m satisfies Assumption L2, and we
take To and § such that 0 < § < n(Tp). Finally, we suppose that the initial profile gy is such
that T(0) = To and that MY is sufficiently small, ensuring that the conclusion of Theorem [I.2
is true. As in the proof of this theorem, we denote by & a uniform bound in time for a(z(t))
(independent of MY, only depending on 1,8 and Z).

To obtain the estimates on May, the idea is to use the equations (30) and (31), along with the
stability result stated in Theorem Apart from the exponential decay rates of the moments,
we will also need a control on the constants in front of these estimates. Furthermore we will
often have to deal with quantities controlled by e~ for all A strictly less than some A > 0 to be
identified. Therefore we introduce the following definition.

Definition 3.1. For A > 0, we say that a nonnegative quantity y(t) (which may depend on several
parameters) has a decay controlled by the parameter o > 0 and with rate [N~ if for all A < A,
there exists a constant C(o) > 0 converging to 0 when o — 0, and such that for all t > 0, we

have y(t) < C(o)e .
We will use several times the following lemma.

Lemma 3.1. If y is a nonnegative continuous function in time satisfying for allt > 0

d+
U < (A + o (B)y(t) + vo(b),

where vy(t) and v1(t) have a decay controlled by the parameter o and with respective rates [wo)~
and [wy]|~, then y(t) has a decay controlled by max(y(0),0) and with rate [min(\,wg)] ™.
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Proof. If A< min(\, wp), we fix wy and @y such that A< Wy < wg and 0 < Wy < wq, and we have
forall t >0
d+
at?
with C1 (o) and Ca(0) converging to 0 as ¢ — 0. Therefore, thanks to Lemma 2.2] we obtain

(t) < (=X + Ci(o)e “)y(t) + Ca(o)e ™",

Xt CL0) (- b X CL@) (s ~
y(T 5T < y(0) + (o) / M T s g
0

t 3 ~ —_ ~
< y(0) + Cg(g)/ M0 ds = y(0) + ~C2(0)~(1 _ ef(wof)\)t)
0 wo — A
C:
< y(0) + 222
Wy — A

Finally we get

Co(o) \ L)1) Xy Co(o)\ G2 5,
t) < 0)+ —=)e «1 < 0) + Z e @1 .g¢ ,
u(t) < (v + =5 (v + =5

and this ends the proof, since the constant converges to 0 as y(0) and o converge to 0. g

First, we obtain the next proposition that presents links between rates of convergence of My
and My, allowing to improve the rates provided by Theorem

Proposition 3.1. Under Assumption[31 we have that My and My have decay controlled by MY
and with respective rates min(3, 3 + 6)]~ and [ + 6]~

Proof. We first suppose that M and M, have decay controlled by MJ and with respective
rates [Aa]” and [Ag]7, for A9, Ay > 0, and show that these rates can be improved. Thanks to
Assumption [[L2] using once again Cauchy-Schwarz inequality in the definition (), we obtain

|S2| < an/ MaMy+ BM,. (46)
Therefore we obtain, thanks to (@) and the estimate (0,

d 1 -
EMQ < <—§ + ar/ My +,8M2> My + an/ Mo My —|—5M4,
1 ~ a?
< —§+6+Oé\/M2+ﬁM2 My + 4—€+ﬁ My,

where we used Young’s inequality for some ¢ > 0. Similarly, using (I0), (37) and (II]) we obtain

d+ 3 - 3
g Mas (—5 -5 5(a/ Ma + ﬁM2)> My + §M22

Therefore, since ay/My + 3Ms, My and M2 have decay controlled by the initial moment MY
and respective rates [%)\2]_, [A4]” and [2\2]7, by applying Lemma [3.1] M, have decay controlled
by M with rate [min(2 4 6,2A2)]~, while M, has decay controlled by max(M3, M) (and there-
fore, thanks to (B8], by M{ only) and with rate [min(3 —¢, A4)] . Since this is true for any ¢ > 0,
we obtain that M5 has rate [min(%, A4)]~. Therefore, by applying once more this property, we ob-
tain that Mo and My have decay controlled by M} and with respective rates [min(3, 2 +6,2X2)]~
and [min(% +9,2X\4)]”. Indeed min(% +9,1,2\4) = min(% +8,2)4) since § < n(Zo) < 3.
Hence, since My and My both have decay controlled by M} and with rate [§]~, thanks to
Theorem [[L2 and the estimate (B8], we directly obtain by induction that for all & € N, My and M,
have decay controlled by M} and with respective rates [min(3, 2+6,2¢6)]~ and [min(2+6, 26)]~,
so for k sufficiently large, this ends the proof. O
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The next proposition uses these estimates on My and My to obtain estimates for the rates of
convergence of all moments of even order, provided they are finite initially.

Proposition 3. 2 Under Assumption[3d}, for all k > 2, if M3, is finite, then Moy (t) has decay
controlled by MY, and with rate [3 — 2%%1 + 0]~

Proof. We proceed by induction, since, the case k = 2 is provided by Proposition BIl We
fix k > 2, and suppose the result is true for £ — 1.
First of all, if 2 < ¢ < 2j, using Holder inequality in the definition (@), we get

21_L+ ]

Ml < [ o= (0)gonds = [ fo -2 FFFEE gla)d
RL—L’ -2i .
<M (an
In particular, for ¢ = 0 and j = k, we obtain
1 2 -1 1_1
M2 < MQkk, M4 < MQkk, MQk,Q < MZk k, and ‘MQk,ﬂ < M2k 2 (48)

Using (1)) to get

|51M2k_1| OZMQ + B\/ < Oé \/ 2+ B \/ M2k (49)

As previously, thanks to the definitions ({]), (Bl), (@) and the property (III), we obtain
Sor = (6 — —)M% (50)
Now, using [{@T) with i =1 and j = k — 1, we obtain, when 2 < ¢ < 2k — 2:
| My|| Mag—o| < MaMoy—o, (51)

and therefore, we use (50), (@), and ([9) in the differential inequality ([31I) for My to get

g+ 2%—2
EM% < (=34 g1 — 6+ v1(t)) Moy, + <22k Z (2;)>M2M2k727 (52)
(=2

where vy (t) = (2k + 1)ayv/Mz + B(2ky/My + Ms). Now, using (48], we obtain that when MY,
converges to 0, then M} and MY also converge to 0. Therefore by induction, and thanks
to Proposition B v;(t) and MyMay_o have decay controlled by MY and with respective
rates [min(1, 3 + 16)]~ and [wo]~, where

wo:(min(%,%—i—(S)-ﬁ-(%—ﬂ%s‘i“s)) > +3- 2%k~ sy +0) 2

»blo:

+ 4, (53)

since k > 3. Therefore, since % +4> % - 2%;_1 + 6, we can apply Lemma [3T] and this ends the
proof. O

We can now use the estimate on a moment of high order to obtain better rates for all lower
order moments, as stated in the following proposition.

Proposition 3.3. We suppose that Assumptionlﬂjl is satisfied. If Mgko is finite (for kg = 2),
then for all k < ko, May, has decay controlled by M. k with rate [min(1 — 22,},1 ) % — 2%}),1 +0)]”
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Proof. We proceed once more by induction, from k& = kg down to k = 1. Indeed since we
have § < n(Ty) < %, we get that min(1 — 2%}),1,% - 22k0 :+9) =5 — 22k0 + + 0, which

corresponds to the rate given by Proposition We fix k < kg and suppose that the result is
true for £+ 1. We have, thanks to Assumption and using Young’s inequality for some ¢ > 0:

[S2x| < a/ @ = T(t)[* g (x)da + BMags
R

aQ aQ
< / |z —z(t)[* (8 + 4—\90 —Z(t)] ) (x)dx + BMop4o < eMoy, + (— + 5) My 4o.
R € 4e

Therefore, as in the proof of Proposition 3.2} using (51]), (40]), and ([9) in the differential equa-
tion ([B0) for Moy, we get

2%—2 _
d 1 2k a?
&Mm@ (=14 5 +e+uvi(t) My, + (2% ; (7)) | MaMay—o + E+B Moy 2,

where v1(t) = (2k+1)ay/Ma+ B(2kv/My+ M>) has decay controlled by MO (and hence by Mgk )
and rate [min(%, =+36)]~. By induction Moy o has decay controlled by M, k and with rate [wg]~
where wy = min(1— 2%%, %—W—}—é). And we know by Propositions B.Iland B2 that MoMoy_o
has decay controlled by M3, (and hence by Mgko) and with rate [wg]~ with wp given in (B3], so
Whenk>3wehavewo>%+5>%—2%—}),1+52c~u0

When k = 2 we also obtain wy = min(3 4+ 26,1) > 1 — 2%—})_1 + 0 > Wy since § < 3. Finally
when k£ = 1 the sum on £ is empty.

So, in all cases we get thanks to Lemmal[B Il that My, has decay controlled by max (Mg, , Mgko)
(and therefore by Mg, ~only) and with rate [min(1 — 2%%1 —¢€,wp)]”, for any & > 0, which ends
the proof. O

When the initial condition has enough moments, we then see thanks to Proposition B.3] that
all My, with k > 2 decay with rates strictly greater than %, and that My decays with rate [%]_
Therefore we expect all the moments Moy, to decay “faster” than Ms, and we will see in the
next section that this property is important to study the self-similar behaviour of the solution
as time goes to infinity. However, to have such a property, we have to get a lower bound
for Ms(t). By using a refinement of Lemma [B.I] we could prove that there exists Cy > 0 such
that |May(t) — C’gefét\ < Ce 0! with wy > %, but this is not sufficient to get a lower bound
on Ms, as we could have Cy = 0.

To overcome this difficulty, instead of asking the fourth moment M, to be small initially, we
will ask Qko to be small initially, for kg sufficiently large This is for instance the case if we shrink
the initial proﬁle around Ty by a given parameter 27 which has the effect of scaling any initial
moment Moy, by a factor e2#. Before proving that this condition is enough to get lower bounds
on My, we will need an adaptation of Lemma Bl in a nonlinear setting (the main difference
being that we now require smallness of the initial condition y(0) and of the parameter o), which
in stated in the following result.

Lemma 3.2. We suppose that y is a nonnegative continuous function satisfying for all t > 0 :

dt
79O < (= A+ uw(®))y(t) + vo(b),

where v1(r) < Cr? for all v > 0 sufficiently small (with 6 > 0 and C > 0), and vo(t) has a decay
controlled by the parameter o and with rate [wy]™

Then, if y(0) and o are small enough, y(t) has a decay controlled by max(y(0),0) and with
rate [min(\, wo)]~
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Proof. We fix @y < wp, then A< min(\,&g), and we pick 7 > 0 such that A — Cr? > A (and
small enough so that v1(7) < C7 as soon as 7 < r). Therefore, as soon as y(t) < r, we have

a+ ~ ~ .
Soult) < —Ny(t) + Clo)e ",

C(o)

where C(0) — 0 as ¢ — 0. We suppose that y(0) + =
0
We denote T' = sup{t > 0,Vs € [0,t],y(s) < r}. By continuity of y, since y(0) < r, we
have T' > 0 and therefore for all ¢ € [0,7],

<.
~ 1 — e~ @o—Nt . _
u(t) < (4(0) + Clo) )N < e,

showing that T'= 4oc0. Indeed, if it was not the case, we would have y(7T") < r, in contradiction
with the definition of T, by continuity of y. Therefore we also obtain

n) < (410 + Clo) =) e ™,

showing that v1(y(t)) has a rate controlled by max(y(0),o) with rate LHX]*. We can therefore

apply Lemma [3.2] as we now have a linear estimate (provided y(0) + C;(f)x < 7), and this ends

the proof. O

We are now ready to prove the following result, which leads to the statements of Theorem [L.3]

M

Proposition 3.4. Under Assumption [31], if MISO 1s sufficiently small and if 2%% < 9,
2
then <2 has decay controlled by its initial value —* and with rate [0 — W]
2
Furthermore, in that case, there exists Cy,(—==>), converging to 1 as 70- — 0 such that
2 2
M(t) > Gy (V20 ) 019 o
2(t) = Cr, g ) Mee
C ; Moy, Mg’fo ;
onsequently, for all k > 2 (with k < ko), 77~ has decay controlled by —o* and with
2
rate [min(% - 221371 ) o — 221%—1 )]_
Proof. We compute
E(MQko) _ Ld MZko _ LdM2 (MQko)
dt \ My My dt My dt N My 7
Thanks to (@) and the estimates (40) (40]), we have
d 1 ~
&Mg 2 (—5 — Qn/ My — IBMQ)MQ — Qn/ MQM - BM4, (54)
and therefore, using (52), since 2% Z?i;z (25) < 1, we obtain
d*t My, 1 ~ .\ Mag,
E( My )< (—0+ 39ko=T T w(t)) M, + May,—2, (55)

where

@(t) = a((2k +2)v/ My + w/%) + B(2k/My + 2Mp + %).

25



Using ([B8), we get

M, My
2 K< My S, (56)
and therefore we obtain
. - M.
W(t) < (2k + 3)a ) —= + (2k + 3)8 —=.
2 My

Now, using (7)) with ¢ =1, £ = 4 and j = ko, we obtain

2kg—4 2

% < M22k0—2 M22]f(§)_2 _ (MQko)m (57)
M, ~ M, Mo, ’
and therefore we get
_ ~ Moy, \ 52— Moy \ 52
w(t) < (2k +3)04(720)%° 2+ (2k+ 3)ﬁ(v20)2'“° ’ (58)

Finally, thanks to Proposition B3] Mak,—o has decay controlled by the initial moment Mgko

and with rate [min(1 — 2%})_3, i 2%})_1 +0)]”, and since we have

MO 0

M.
we get that MY, — 0 if =20 — (), so Moy, _» has decay controlled by —=¢. Thanks to
g 2ko M 0 M3

MO
and (58), we can apply Lemma with y(t) = MMLZO and 0 = ]\/2['80 = y(0), the function w
2

being given by vi(r) = (2k + 3)(ar? + fr?’), where 6 = %0%2 We therefore obtain that

o M3 . May, N My, .
if -7 is sufficiently small, then 55, has decay controlled by its initial value —7* and with
2 2

rate [0 — 2%%]_. )

M
Still denoting o = ]\215)0’ if we pick wg < 0 — 2%%, we then get that there exists C(o0),

converging to 0 as ¢ — 0, such that we have
Moy,
M,

Therefore, using (54)), (G6) and (57), we obtain

< C(o)e ok,

d 1 ~ [ My My
Dy (Lo MMy
a2 5 2N g ~Pan) M
1 Moy, 0 Moy, \ 260
>(---2 _ 98( 2k )M
(-3l 1) 20 M
> (— % —C(0) 679”0t> Mo,

where ~
C(o) = 2aC(0)? +28C(0)%,

which still converges to 0 as ¢ — 0. Solving this differential inequality for Ms, we get

which gives the expected lower bound on M.
The last part of the proposition is a direct application of Proposition B3] using the fact
0

Makg -0 O
MY :

that Msy, — 0 as soon as
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4 Convergence to a self-similar profile

The goal of this section is to prove Theorem [[L4] which states the large time convergence of the
centered and rescaled measure v to a self-similar profile in the Fourier distance defined in ({4,
for some value of s.

We first discuss some prior results obtained on the following equation

0A(1,€) =7 (1,§) — A(1,€) + 1E06(1,©), (59)

which is precisely equation (B4]) in the case R = 0, that is when m is constant and then there is no
selection. This equation on the Fourier transform of the rescaled distribution can also be derived
from the kinetic model of Boltzmann-type studied in [32]. In this work, the authors proved a
contraction property of the operator of equation (B9) in the space of probability measures that
satisfy (32]) and have finite moments up to order or s = 2 4+ § with § > 0 well chosen, endowed
with the Fourier distance ds. Also, they proved the convergence in the Fourier distance of the
rescaled measure towards the unique stationary solution of (B9) with mass 1, centered, and
second moment equal to 1, which is denoted by 7+, and defined in (I6]).

Here is the outline of the proof. First, we derive an estimate on the distance between ~
and v, under the assumption that the term R(¢,£) exponentially decreases in time and is also
controlled by a [£|®. Next, we prove that, for all (¢,£) € Ry xR, R(t, &) satisfy theses conditions
in the framework we set. We eventually combine these results to conclude to the statement of
Theorem [L4]

The first step of the proof is the following result.

Proposition 4.1. We fiz s € (2,3) and we set A\s =1 — § — 2175 (we have Ay > 0 since s — A
is strictly concave and Ay = A3 = 0). We suppose there exist L > 0 and ¢ > 0 such that

[R(£,€)| < [€]°Le”, VEER. (60)
Then, for all time t,

o if c = )\, then we have
dS(’%'Yoo)(t) < ds('YOa 'Yoo)eiASt + LteiASt,

e otherwise, we have
—ct __ e*)\st

_ e
ds(%%o)(t) < ds(rVOaWoo)e ASt"‘L N ¢

Proof. From (34]), we obtain

S (Atte i) = e (17 18) + 'R (1eie)

and so we get the following Duhamel formulation

t

ey (t, eiif) =9 + /Ot eTH? <7’, efi§> dr + /0 ¢€'R <7’, 6725) dr. (61)

Since 7o is a stationary solution to (B4]) with R = 0, applying then in this case (&I
with J(¢,£) = Y0 (§), we obtain

t
e Ve <e*i§> = Yoo +/ €770 <e*i%> dr. (62)
0
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First, notice that

P 19 - (F9) 1 <R () 4 (T R (nH) - (75
20e” 15| (v, %00) (1) = 217" TIE [ da(y, 700) (7)
since ||Y|loo < 1 and |[Yoolloo < 1 (7 and 7y are probability measures).

Besides, we have from (&0)

<
<

|[R(r,e 7€) e TP Le™ .

Therefore, we obtain the estimate on the last term in formula (GI)

t - t s
/ e R (re7ie) dr < L]{\S/ =597 dr,
0 0

Now, by subtracting (62]) from (6Il) and dividing by |£|®, we obtain

7 (1ete) — 7 (%)  ins it
e TE < ds(70, 7o) +21s/ 6(14)Tds(%'yoo)(7)dT+L/ el=a=9dr,
0 0
Since we assumed that f° has finite moment up to order 4 and also v, up to order s, the
distance dg(y(t,+),Vo0) is finite, then we can take the supremum on £ # 0 in the estimate above
to finally obtain

n t
6(1_§)tds(r7,’700)(7f) < ds(rVOa 'Yoo) + 21_8 / 6(1_2)7—(13(7’ 700)(7')(17— + L/ 6(1_5_6)7(17—' (63)
0 0

This Gronwall estimate can be solved classically by setting

t
2(t) = 2! St(ds(’yo,'yoo) + 213/ e(I*Z)TdS(fy,'yoo)(T)dT»
0

thus we obtain

t
(1) = 21702 ) () — 21 5(0) < 201 [ eltiomar,
0

which gives, since z(0) = ds (70, Yoo),
t t
2(t) < ds(70,Yo0) + L <—€_21St/ e1=1797qr +/ G(AS_C)TdT> : (64)
0 0
Getting back to (63)), we obtain
S 1—s t S
(o )t) < 0D () 4 1 [ i omar)
0
and using (64]), we get
t t
453, 750)(1) < ds(30,7m0)e N+ T (A | et —eimar | eu—%—cvdT)
0 0

t
b Le (-3 / ((1-5-07qy.
0

Hence we have

t
ds (7,700 () < ds(70, vo0)e N + Le™ ™! / eAmIdr,
0

which gives the result stated in Proposition .11 O
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Next, we establish some estimates on R(t,&) and the moments of g that will help to derive
an estimate of the type (60). From now on, we use the notation

96 0%p

23 o¢2
for the sake of simplicity. We will also omit the dependency on time in the proofs of the two
next stated results, since all the estimates are derived at a fixed time ¢t. We will resume the

dependency on time when we prove Theorem [T4]
The lemma below provides some useful estimates on R.

¢

(4.6, 3.6 = G

§(t,8) =228, §"(t,€) = (t,€),

Lemma 4.1. We fiz t > 0. For all £ € R, we have the two following estimates:

IR(t, O] < (518 oo + 118/t oo + 187 (2, ) oo €I, (65)
IRt )] < (1518 oo + 318" (¢, Mo It lloo + 518 (8 Moo + G137 (E)ll) €. (66)

Proof. From the definition (35]) of R, we obtain

NN

So(t)

R(t,€) = So(A(1,€) — $(t,6) — 5 (so<t> -2 (t)) 5 (t6) - i)

M;(t)

(L, €). (67)

Since (t,-) is a centered probability density with second moment 1, we get
3(t,0) =1, 7'(t,0)=0, 7'(t,0)=—

Furthermore, for all £, we have

RIAIIES /Rw(ﬂf)dl’ =1, {9 =1-2v(t 8] < /]R e *(t, 2)dz = 1. (68)
We also have, by Cauchy-Schwarz inequality,
7661 = |- iF06) < [ lahita)de <1 (69)
Now, a simple change of variable reads, for k € N,
Sk k
= [ aFp()de = #60(0),
vV Mgk ]R

(where the dependency on time ¢ is omitted) and therefore, the expression (67) of R(¢,£) can be
written under the form

R(t,€) = F0)7() = $() + (F(0/7(6) — 1(3(0) + &"(0)7() ) &.
From this, we easily remark that R(0) = 0 and we obtain

R(t,€) = §'(0)7(6) — (&) + 5(2(0) = &"(0)7(€) (70)

Also, we remark once again that R/(¢,0) = 0 (since 7/(0) = 0), and we also have from (70])

3
R/(t,€) = / (707 () = &"(n) + 3 (3(0) = #"(0)7" () ) dn
+ (FOF©) - 3(30) + §'0)7"©)¢



Using (68))-([69), we obtain a first estimate on R’
IR (£,6)] < (18lloc + 2018 lloc + 201" ]ls0) 8],
and since R(¢,0) = 0, by integration we get the estimation (65]).
Similarly, we compute the second derivative of R and we obtain
R(t,€) = 28'(0)7'(§) — #"(€) — &"(0)7"(€)
+ (F0F(©) - 1(30) +2"(0)7"(©) )¢

From this, we remark once more that R”(¢,0) = 0 (since 7”(0) = —1), and we also have

¢
R(t,€) = /0 (28" (0)7" () — &" () — &"(0)7" () dn

P
+ (7€) - 1(0) + 2"(0)7"(©) )¢

Using again (68))-(69), we obtain
[R"(t,6)] < (5180 + 318" [loo) 7" lloo + 317 lloo + 18" [loo) €],

and since R'(t,0) = R(t,0) = 0, by two successive integrations we get the estimation (66]) and
this ends the proof. O

Next, we prove estimates on the derivatives of ¢ with the moments Mj, using the results of
Section 8 Once more, we fix ¢ > 0 and omit the dependency on ¢ in the notations, the norm |||/
being the supremum with respect to the Fourier variable £ only.

Proposition 4.2. We have

< VM,

‘Wm”oo ST (71)
and if m satisfies Assumption 1.3, we have
M. M.

2 o < (@) + B, or0< k<2,

189l < )y /32 + 531 f

. M M, M,

18900 < (@)% + BL—5-2, for 0 < k< 3.

M3 M3

Proof. By a simple change of variable, we have

and in particular, we get (Il by

7" ()] < /R|x|37(ﬂ:)dx < \//Rﬂf27($)d$\//R$4W(ﬂf)dx =1 % - %'

Furthermore, the quantity [ [|"y(z)dz is nondecreasing with k, from k > 1. Indeed, by
induction, thanks to (€J) we first have [ |z|y(z)dz < 1= [; |z[*y(z)dz. And if for some k > 1,
we have [ |z|Fy(z)dz < [; |2|*1v(z)dz then by Cauchy-Schwarz inequality, we get:

z[FHy(2)dz < x|k~ (z)dz x|k z)dz
/RH A(x)d <\//R\ ey ()d \//Rr k421 (2)d
< \/ /R \xrkﬂv(x)dx\/ / 242 (2)da
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which proves that [, |2["y(z)dz < [ =] (z)dz.
If now m satisfies Assumption [[.2] we obtain by the definition (B3] that for all x € R, we

have
ol < (@) Malz| + BM; |z ]y (x).

Therefore we obtain

P91 < [ loflele)ldo
@V [ [ol*9(e)de + 0 [ Jof 723 (o)
which the gives
I3 \/_/\x!?’ dx+ﬂMz/\x!4 for 0 < k < 2,
159 e < a(@)V/E [ Jal's(a dwa?/uw for 0< k<3

We have [, |z[>v(z)dz < T\/ﬁ; thanks to (1)), [, [#]|*y(z)dz =

Schwarz inequality,

My M,
JERE ¢/m# (@) [ falor(a)ae < | T73cE

and we therefore obtain the desired estimates. O

MQ, and finally, by Cauchy-

We can conclude with the proof of Theorem [[4]

Proof. If m satisfies Assumption [[L2] then combining the results of Lemma A1l and Proposi-
tion [£2] gives the following estimates for |R(t,§)]:

M. M.
R(t6)| < §<@>M§wﬂgmﬁ

and
3
My 1M2  2/MyMs
RO < |a@=t+5 (354 + Y0 | ) jep

M22 ) M22

My My Mg

< |a@)—5 +8 3 1%,

M22 M22

with the last inequality coming from the fact that My < /My Mg by Cauchy-Schwarz inequality.

MO

Then, we fix § from Assumption [B.Il By Proposition [3.4] assuming that

70° 1s small enough

for some ko > 3 (and such that 2%0 r < 9), we have that, for each w < mm(g,é W) there
exist constants Cq and C5 such that

IR(t,€)] < Cre™ 2'[¢]%,

and

R(t,€)| < CoelT) ¢,
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Thus, taking s € (2,3) and defining ¢, := (3 — 5)% — (s — 2)(3 — w), we obtain

IR(t,€)| = |R(t,&)|C~9T62 < O 205 %e "¢,

with ¢ > 0 when s < 5:=24

2
We can distinguish two situations depending on the value of w.

o Ifw> i, then we have ¢; > 0 for all s € (2,3). Moreover, we have that ¢, > A, for each
value of s, which implies from Proposition A1l

e*)\st

ds(’Ya'Yoo)(t) < ds(rVOa'Yoo)e_ASt + LC )

Indeed, in this case, for s = 3 and w = i, we have A3 —c3 = 0, and for s € (2,3)
the function s — A\; — ¢ is increasing (it is strictly concave and its derivative at s = 3
is 2(In2 — 3) > 0). Therefore for w = 1 we have A\; < ¢ for all s € (2,3). Since ¢, is

increasing with respect to w (and As does not depend on w), this provides the same result
for w > %.

o [fw< i, s must be in (2,5) to get ¢, positive. Furthermore the function s — Ay — cs is
still increasing on (2, 3), since it is strictly concave and with positive derivative at s = 3.
Since A3 —c3 > 0 and Ao —ca < 0, we get that there is a unique value sg for which \g, = cs,.
Then, Proposition 1] can be applied. We obtain

diso (7,700 (£) < disy (Y0, Yoo )€~ 0" + Lte w0l
And for s # sg, we have
ds('%')/oo)(t) < ds(')’07')/oo)e_)\st + L/e— min(As,c)t’

: r_ L
with L' = pyr

Hence the statement of Theorem [[4] together with the precisions given in Remark L1l O
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