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On the Fisher infinitesimal model without variability

Amic Frouvelle*T! Cécile Taingh1

July 21, 2023

Abstract

We study the long-time behavior of solutions to a model of sexual populations structured
in phenotypes. The model features a nonlinear integral reproduction operator derived from
the Fisher infinitesimal operator and a trait-dependent selection term. The reproduction
operator describes here the inheritance of the mean parental traits to the offspring without
variability. We show that, under assumptions on the growth of the selection rate, Dirac
masses are stable around phenotypes for which the difference between the selection rate and
its minimum value is less than % Moreover, we prove the convergence in some Fourier-based
distance of the centered and rescaled solution to a stationary profile under some conditions
on the initial moments of the solution.

1 Introduction

1.1 The population model

We study a model of sexual populations structured by a phenotypic trait, represented by a
continuous variable x € R. Denoting by f(¢,-) the population density at time ¢ > 0 in the trait
space, the model we are interested in is the following :

{th(t,x) = Bolf(t,)](x) —m(z)f(t,x), =0, B
£(0,2) = fa),

where By is the trait inheritance operator, defined as, for € R,

molfie) = [ oo (2= 252 ) e dadn )

with 0y the Dirac measure. We interpret this last quantity as a the number of newborns with
trait « per unit of time, and thus we refer to it as the reproduction term. With the operator By, it
is assumed that newborns inherit exactly the mean of the parental traits %(zl + z2). This mixing
operator also features a normalization by the total mass of the population density fR f(zhHd#,
to illustrate that the choice of a partner is made at constant rate in time, uniformly among the
whole population. We assume the selection rate m to be bounded below.

In the present work, we investigate the long time behavior of f. More precisely, we prove the
local stability of some particular Dirac masses, and the convergence of a rescaled formulation
of f to a stationary state with a measure-adapted Fourier distance.
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The model is motivated by works on the Fisher infinitesimal model [4, 22], with the
following operator B; :

S S A B G A TP L R
Belflw) = —= [ p[ (o5 )]f( D 4

which describes the offspring traits as normally distributed around the mean of the parental
traits with small variance of order 2. This model has been used in theoretical evolutionary
biology [§]. From a mathematical point of view, the Fisher infinitesimal operator appears in the
works [29, [35], where a different scaling than the small variance is used, and a spatial structure is
added to study invasions. The authors show a derivation of the Kirkpatrick-Barton system [25]
at a limit of a large reproduction rate. Also the infinitesimal operator is included in a selection-
competition model in [I8] with a population evolving between two habitats and a regime of small
phenotypic variance compared to the environment heterogeneity. In [36], the Fisher infinitesimal
operator is combined with a multiplicative selection one. The author showed local uniqueness
of a steady state and exponential convergence of the solution for weak selection effects, thanks
to a contraction property of the reproduction operator for the 2-Wasserstein distance, under
the assumption of a compactly supported selection rate. A time-discrete version of the Fisher
infinitesimal model, with a quadratic selection rate and non-overlapping generations, is analyzed
in [I0, 11], within a framework other than the Wasserstein one.

The study of the asymptotic behavior of the Fisher infinitesimal model with an appropriate
time scaling has been tackled in [9, [3T]. The authors study the concentration of the population
distribution around some particular traits. More precisely, in the first work the authors studied
the special stationary states at a regime of small variance, while in the second one the author
considered the associated Cauchy problem in the same regime, showing that solutions can be
approximated by Gaussian profiles with small variance. The asymptotic framework was built on
the spirit of [20] with small variance limit for asexual population models.

Also, similar operators as B, have been studied in different contexts : alignment [17], protein
exchanges [27], among other works. Mathematical models of sexual populations have recently
received some attention, with variations of the reproduction term, to account for mating prefer-
ences [16] 26], asymmetrical inheritance [32] and allelic structure |15} [19].

In the present study, the main ingredients, coming from kinetic theory, are the estimation
on the evolution of moments and the Fourier distance for measures. Indeed, the operator By
shares similarities with kinetic models of inelastic collisions. The idea of using the Fourier
transform for Boltzmann-type equations goes back to the works of A. V. Bobylev in [6, [7] and the
resulting equation has also been studied in [33]. Then, the Fourier distance has been employed
in [23] to investigate the trend to equilibrium of the solutions to the Boltzmann equation for
Maxwell molecules, and then has been adapted for other kinetic models of Boltzmann type,
e.g. |5, 211, 28] 30, B34], where the formation of overpopulated tails is observed. Indeed, by the
use of the Fourier transform of the collision operators, the equation on f is simpler than the one
for f. This is also the case here for the operator By defined in since we have

—

Bo(£)(€) = f(€/2)%,

which makes the use of Fourier metrics possible.

Apart from the trait mixing operator, our model also differs from the ones considered by
these mentioned works in the selection component. This component is described by a trait-
dependent mortality rate and is considered as being a constraint on the phenotypic variability
of the population. This affects the properties of the solution : there is no more conservation of
mass, neither of the center of mass, and the evolution equation for the second moment is not



closed. In the mentioned works on kinetic models, the proof of the convergence of the solution
strongly relies on a contraction property of the collision operator in the Fourier distance and the
estimation of the moments of the distribution. In the present work, we take the same approach
with, in addition, the estimation of quantities derived from the selection rate, which helps to
tackle the loss of conservation of the center of mass.

The work is organized as follows. In Section [2| we establish the existence and uniqueness
of the solution of in the sense of measures, we also define the moments of the centered
and normalized solution and state some properties that they satisfy. Finally, we also derive
the equation on the Fourier transform of the centered and rescaled formulation of the solution.
In Section [3, we provide a local stability result of Dirac masses and derive estimates on the
exponential decay in time of the moments. In Section [4] we prove the long time convergence of
the centered and rescaled solution to a stationary self-similar profile.

1.2 Assumptions and main results

We outline in this section the assumptions we use and the main results that we prove throughout
the present work.

First, we state the existence and uniqueness of the solution to in the sense of measures.
Denoting M the set of nonnegative Borel measures with finite mass, we use the following
definition of a measure solution.

Definition 1.1. If f° € M, we say that f € C([0,T], M) is a weak solution to the model
if, for any Borel set A C R, we have for all t € [0,T):

/Af(t,x)dx:/ @) £0(z) daf+// =9 By [f (s, )] (z)dar ds. (3)

The existence and uniqueness result is given by the following theorem that we prove in

Section 211

Theorem 1.1. If m is a measurable function and is bounded below, then for any f° € M., and
for any T > 0, there ezists a unique weak solution f € C([0,T], M) to the model (1)), in the

sense of Definition [1.]

The proof of Theorem relies on standard arguments of fixed point construction using a
distance based on the total variation of a measure.

Next, we focus on the study of the moments of f. As a first step, we derive a control on the
time propagation of the initial moments of f, which enables to define the moments of f at any
time. Namely, defining for any finite nonnegative measure v, when [, [z|*v(z)dz is finite, its
moment of order k£ by

n(v) = /R Fu(z)de,

the moments of f(¢,-), denoted by ur(f(t,-)) are well defined for all time as soon as they are
finite initially. Moreover, we prove that these moments are continuous and, for k even, that they
satisfy some kind of differential inequalities, which will be used to establish estimates on the
centered moments of the normalized density, denoted by

f(t, @)
tzdz

g(t,x) = T itz

We aim to get some regularity on the centered moments of ¢ in order to determine the long
time behavior of its centered and standardized formulation, which we will also call self-similar



profile throughout this work. For this purpose, we add the following assumption of the selection
rate m.

Assumption 1.1. We suppose that m is measurable and that there exist constants K > 0
and C' = 0 such that for all x € R, we have

~K <m(z) <O +2?).

A first consequence of this assumption is that the time derivative of the moment of order k
of f can be expressed with the lower order moments at any time, provided that the initial data has
a finite moment of order k+2. This implies that, in this case, the moments of f are continuously
differentiable. Note that we do not impose the selection rate to be nonnegative. This may be
interpreted as a supplementary asexual reproduction rate favored by the environment.

Then, we define the centered moments of g and the centered variations of m by the quantities

W(t) = [ (@ =7(0)"g(t.2)de. (4)
S(t) = /R (z — 7()" (m(x) — m(@(t)))g(t, 2)da (5)

with Z(t) the center of mass at time ¢,

_ L 2 x xzﬂl(f(tv'))
7(t) = /R glt.z)do = LD, (6)

and we denote their initial values by M?, S?. 7. We obtain differential equations on the centered
moments of g for any k > 2, assuming that f° has a finite moment of order k + 2. In the case
where k > 4 is even and f° has only a moment of order k, we get a differential inequality on M.

A quantity that appears to be important in our study of these differential inequalities is the
shifted deviation of m from its minimum, defined as

n(x) = i%fm + % —m(x), (7)

which is a quantity not exceeding % (and which is positive if the excess of mortality is less than %)
For instance, when f has initially a fourth moment, we obtain

d_
&IE— _Sl7 (8)

ANy = 20— 85+ SpM (9)

dt 2 = 2 2 2 0412,

a+ 3 3,

i < (2 7) — Z

" Mu < = (5 + (@) = So) Ma + S M3 + 451 My, (10)

where we have written %M4(t) = limsup, 0 ;>0 w.

One can see that we always have Sy > (1(Z)—3) M2, and therefore the differential equation (9]
for My gives %Mg < —(n(T) — Sp)Ma. We expect the variation Sy to be small, and we will see
that a criterion for exponential decay of M, is indeed that n(Z) is initially positive.

With these differential equations and inequations, we aim to derive time estimates on the
centered moments Mj. To do so, we need to have some bounds concerning the regularity and
growth of the selection rate, which we state in the following assumption, which is for instance
satisfied when m is C? with bounded second derivative, or when m is Lipschitz. Notice that this

allows to cover the cases of selection rates with quadratic growth.



Assumption 1.2. We suppose that there exists a continuous nonnegative function a and a
constant 8 = 0 such that for all x,y € R, we have

Im(z) —m(y)| < aly)|z —y| + Bla — y[*.

With this last assumption on the growth of m, we prove the stability of Dirac masses around
positions Z° for which the excess of mortality compared to its minimum value is less than %,
that is to say n(z°) > 0. We show that if the center of mass at initial time is at such a position
and if MY is small enough (which means that the initial normalized profile " is close to a Dirac
mass), then the center of mass converges to some limit, and the moments My and M, decrease
exponentially to 0 at long time, as stated in the following theorem.

Theorem 1.2. Under Assumption we suppose that initially we have n(ZTo) > 0. Then, for
all  such that 0 < & < n(Ty), if MY is sufficiently small, we have for all t > 0:

n(@(t)) = 9, (11)
My(t) < MYe ™, (12)
My(t) < M. 0’& (13)

Furthermore, in that case, T(t) converges exponentially fast towards some To, € R. Consequently
it means that if g is initially sufficiently close to a Dirac mass located at Ty (in 4-Wasserstein
distance), then it converges exponentially fast to the Dirac mass al To.

Thanks to this stability result and the regularity on the moments, we can define the Fourier
transform of the centered and rescaled formulation of g and then characterize its convergence to
a limit profile at long time, as announced in the beginning of this work.

Indeed, in order to investigate the long time behavior of the solution to , we make use of
the following Fourier distance

ds(/}/hf}?) :=sup Ma (14)
€40 €|

which is defined when =1 and 72 are some measures that have same moments up to order p € N|
with respective Fourier transforms 47 and 43, and s > p to be determined.
For all £ € R, we can define the Fourier transform of f solution to on the trait variable

7t ) == () = /R e f (1, 1)z

Thus, to apply the Fourier distance on measures that have same moments up to order 2, we
define (¢, -) as the rescaled and centered formulation of g(¢,-), or associated self-similar profile,

=/ Ms(t) g ( vV Me(t)x +Z(t )) (15)
Then, we obtain that the Fourier transform satisfies the equation
~ L.,
OA(t,€) = At §)* = F(1,€) + JE0A(t.€) + R(t,€).

in which the term R(t, &) comprises all the quantities generated by the selection rate m. Thus, R
depends on some of the moments M} and S, because of the formulation of 4 and of the equa-
tions (8) and (9).



So, this last equation on 74 is divided into an operator applied only on %, which comes from
the Fourier formulation of the reproduction operator By for probability distributions, and the
remaining term R that we expect to become small at long time, because of the stability result
on the center of mass of g and the estimates on the moments stated in Theorem

In fact, it appears that the estimates on M} obtained at this point are not sufficient to control
the remaining term R. More precisely, we need to specifically quantify the exponential decay of
the moments My and My, AA/ZQ?’“. With the assumptions
of Theorem we are able to improve the rates of convergence of the moments. First, we start
by refining the estimates on My and My alone thanks to @D—, then we obtain better rates
of convergence for higher order moments, which finally are propagated back in the differential
equations for lower moments to obtain precise estimates for all moments.

However, this is not sufficient to get a lower bound on the behaviour of M5, which happens to
be crucial to control the remainder R. To this aim, we make a stronger assumption on the initial

Qko

condition, by starting with an initial profile ¢° such that is small (for some kg large enough).

This is not necessarily the case for any profile close to a Dlrac mass, but if we take any profile
centered around z° (with finite moment of order 2kg) and we shrink it by some large factor, we
satisfy this assumption. In this framework we are able to obtain precise rates of convergence, as
follows.

Theorem 1.3. Under the assumptions of Theorem we take kg > 2 such that 2%% < 6,

MO
2]80
M2

and we suppose that 1s sufficiently small. Then,

O MO
) > 0, converging to 1 as A/QIISO — 0 such that
2

‘ MY
e there exists C’ko( i)

MO

M() Cko( 2k0>M2 _77

o for all k > 2 (with k < ko) and for all A < min(% — 2%%1,(50 — 2%%), there ex-

o~ MY, M%
15ts C’A,k( ) > 0, converging to 0 as —> — 0 such that

MO

JMQk(t) Mg, — A\t
<C 0 .
,7‘ [2 (t) )\,k ( MO ) €

Interestingly, we obtain that the rate of convergence for Ms is %, even when ¢ is very small.

Finally, the last theorem states the convergence in the Fourier distance of the profile v to a
stationary profile 7o, which is identified in [3] 12], when ¢ goes to 400, as

2

(1 + 22)?’ (16)

YoolT) =
or given by

Too(€) = (L+ [ghe™™
Theorem 1.4. Under the assumptions of Theorem (1 if there exists some kg = 3 such

O

that szo T < d and MO
there exists a constant L > 0 such that

ds(7; Vo) () < (dS(’YO»'Yoo) + L)e_Ast»

with g :==1—§ — 2175 which is positive for s € (2,3).

is small enough, then we have that, for some values of s € (2,3),



Remark 1.1. When 6 — 2%0 T > }L, this estimation is valid for all s € (2,3). Otherwise,
there exist 2 < sop < § < 3 such that this estimation is valid on (2,s0). For s = sy we ob-
tain ds, (7, Yoo )(t) < (ds (70, Voo) + Lt)e*)‘sot, and for s € (so,5), we obtain that there ezists a
constant cs € (0,)\3) such that

ds(7; Yoo) (1) < ds(70, 'Yoo)e_Ast + Le %",
In all these situations, the constant L depends on 6, s and the initial moments M20k forl <k < k.

To prove this last theorem, we prove a contraction property on the reproduction operator By
in the distance dg, which is due to the quadratic formulation of its Fourier transform, and combine
it with the results of Theorems [[.2] and [L.3] that enable to control the remainder R.

2 General results

2.1 Global existence and uniqueness of measure solutions

We want to give a meaning to our model for an arbitrary nonnegative measure of finite mass
on R. If f is a smooth solution of (I, thinking of By[f(t,-)](x) as a prescribed source term, we
can interpret pointwise for every « € R as an ordinary differential equation in time, therefore
for all t > 0 and for all x € R we have

f(t,) = [O(a)e @ 4 / e Byl (s, ) (),
0

and this will be the starting point of our definition of a measure solution. In the following, we
will often use the abusive notation f(x)dz even if f is only a measure (or f(¢,x)dz if the measure
depends on time). Similarly, if A a measurable function in R, we may write ¢(x) = h(x)f(z) to
define a signed measure ¢, even if f is only a measure.

We denote by M the space of finite signed (Borel) measures on R. Using the total variation

norm defined by
Ivll7y = sup > [v(A;)
i=1

where the supremum is taken over all finite partitions of R by Borel sets (A4;)1<i<n, this turns M
into a Banach space [14].
Furthermore, we have that for any measurable function h taking values in [—H, H], we have

| [ nwavta)| < mlvlv.

and therefore we obtain that ||[v||7y = sup| [z h(z)dv(z)| where the supremum is taken over all
measurable function h taking values in [—1, 1].

The set M1 C M of nonnegative measures with finite mass is a closed subspace of M.
Indeed, if v, converges to v in total variation norm, then we have |v,(A)—v(A)| < ||vn—V|7v — 0
for all Borel set A C R, thus v,(A) — v(A4). So, if v, is a nonnegative measure for all n, then v
is also nonnegative.

Notice that if v € M, then By[v] also belongs to M, has same mass, and for all bounded
(or nonnegative) and measurable h we have

(y;—z Jv(y)dyv(z)dz
Jzv(z)dx ’

/Rh(x)Bo[y](:z)dz = Joxzh (17)



when v has positive mass (thus the conservation of mass is obtained with A = 1), and By[v] =0
if v is the zero measure.

We are therefore ready to study the properties of measure solutions of our model , given
by Definition . Notice that all terms in are well defined as nonnegative integrals, and
if m is measurable and bounded below, they are finite, since z — e ™®)" is measurable and
bounded for ¢ > 0. Consequently, if f is a weak solution and h is a measurable bounded (resp.
nonnegative) function, being a uniform (resp. monotone) limit of a sequence of measurable
simple functions, we have :

[ m@ st = [ nae e P + / [ H@e I B £, e ds. (15)

Thanks to this property, we can have a useful semigroup property for the solutions of our
model.

Proposition 2.1. Let tg > 0. If f is a weak solution to the model , then t — f(to+t,-) is
also a solution for the initial condition f(tg,-).

Proof. We fix ¢ > 0. Tf A is a Borel set, we have
/A Flto+ 1, 2)de = / —m(@)(to+) 0, 3)dgr + / o / ®)(to+-9) By [ £(s, )] () der ds.
- / ~m(E)(toH) (3 dz + / v / )(to+-9) By [ £(s, )| () der s
+ /0 /A e =) Bo[f(to + 5, )] (x)dx ds.

Since the function 14(z)e~™®)* is measurable (and nonnegative), we have thanks to that
the first two terms of the right-hand side of this last equality combine and we get

/f to + ¢, x)da;—/ —m@ £ (4o, x dx—i—/ / 2= By[f(to + s, )] (z)dx ds,
and this ends the proof. O

We proceed to the proof of Theorem [I.1], which provides global existence and uniqueness of
solutions to in M.

Proof. First of all, we need to study some contraction properties of By. If h is a measurable
function from R to [-H, H], and v,v € M, we write p = fR x)dz and p = fR x)dz and we
have, when p, p > 0,

‘/ dx—/Rh(m)Bo[f/](a:)dx‘

‘foR (45 v(y)dy v(z)dz B Jaxr P(55)0(y)dy (=2 )dz)
P p
< ‘foR 2 )V(Z/)dyV(Z)dZ B fRXRh( 7 )V( )dy v(z)dz )
P P
+ ‘fRXRh 5 ) (y)dy r(z)d= foRh(ygz) (y)dyv(z )dZ’

+ ‘ Jrxr h(ygz)y(y)dy v(2)dz [ h(



< fR‘f]Rh(y

Z)Z(z)dz!u(y)dy

3 )v(z)dz — [ h(%5
p

e

" Ja | Jo h(¥57 ) v(y)dy — [R h(2)o(y)dy| o(2)d=
D

< 2H|v = Flrv + Hl5 - pl.

We actually have p = ||v||7y (since v is nonnegative) and p = ||V||7y, therefore we obtain

| / )de — / h(z) Bolf] (x)de| < 3H v = 7zv, (19)
R
and one easily checks that this inequality is still valid if p =0 or p = 0.

We now fix f € M, and T > 0. For any fixed L > 0 (to be determined later on), the
space X = C([0,T], M) with the norm

Iflle = sup e | f(t,)]zv,
te[0,7)

is a Banach space. The subset X4 = C([0,T], M4) of nonnegative finite measures varying
continuously in time is a closed subset of X, and we will construct a fixed point by Picard
iteration on this complete metric space.

For f € C([0,T], M), we denote ®(f) the time-dependent measure defined for all Borel
set A C R by

[ o= [ @ [ [ em o6 @ards, @
A

and we are therefore looking for a fixed point in X of the operator ®. Let us first check that ®
is well-defined from X, to itself.

If h: R — [—1,1] is a measurable function, being a uniform limit of a sequence of measurable
simple functions, we have

[ @@t = [ h@e @+ / [ e Bl (5, o) .
Then, taking K > 0 such that m is bounded below by —K, we obtain, for #,# > 0,
‘/IR{h(x)@(f)(t’,:v)dm—/ﬂgh(m)(l)(f)(t,x)dx‘
< [l e e+ i [l Bl (5, o) ds
+ /O t /R lemm @) =s) _ o=ml@)(t=9)| B[ £ (s, )](x)dx ds

t
<K€KTlt'—t||f0||Tv+/ KeKT\t'—tlllf(sv-)lTvdSJr/ " f(s.)llrvds,
0 t

where we used the fact that e ()t is KeXT Lipschitz in time for all z € R, and the fact that
the total mass of By[f(s,-)] (which is its total variation since f is nonnegative) is the same as



the one of f(s,-). Furthermore we have ||f(s,")|lrv < e™||fllx < eXT| f|lx for all s € [0,T).
Therefore we obtain

1)) = D)y < KT fOllrv + (KT + 1)) flla) [ -,

showing that ¢ — ®(f)(t,-) is continuous in time (and actually Lipschitz). Notice that since
all the measures in the definition of ® are nonnegative, we get that ®(f)(t,-) is a nonnegative
measure for all time, and the operator ® therefore sends X into itself.

For f,f € X4, we fix a measurable function h : R — [—1,1], and we compute similarly,
thanks to ((19)

‘/ )(t, dx—/Rh(a;)QD(f)(t,x)dx’
/ ’/ Je ) B[ f(s, )] (x)da — /Rhmffm@)“s)Bo[f(s,-)Mx)dx ds
< /0 35T f(s,) — (s, llrv ds

SeKT

¢ _ ~
< [ 3RS = Flleeh s = 2= (e~ v)llf = .

which shows that

Pyt 36KT Lt ~
[(f) () = ()& )lrv < e’|lf = fll,
and therefore
- 3€KT
12(f) = @(f)llx <
So, for L > 3T ® is a contraction and therefore has a unique fixed point in X, ]

2.2 Evolution of moments

In order to investigate the large time behavior of a solution f, we will need to control the
moments. The key observation is that any bound on finite moments is preserved by By.

Lemma 2.1. If v € My, then for allk € N, [; |z[FBo[v] < Jg lzlFv(z)da. Furthermore,
if fR |z|Fv(z)dz is finite and v has positive mass, all the moments up to order k are well defined
and we have i
kY p (V) p—; (v)
i (Bolv]) = () 21
i) =3 (5) ) (21)

Proof. Let us remark that both sides of the first inequality are well defined as nonnegative
integrals. We suppose that [, |z|"v(z)dz is finite and that v has positive mass, thanks to
we get :

|y+z‘kV v(z)dz
/|$|kBO[y]($)d$: foR ok (y)dyv(z)d

Jz v(z)dx
< k:o (];) fR |y|j y)dy f]R |Z|k_j’/(z)dz
= 2k [ v(x)da ’

Then, by Holder inequality, for 0 < 5 < k£ we obtain

vty < ([ vieaa) ([ laPo@ar)’
R R - R

10



and we therefore get

ko (k v(z)dz z|Fu(z)dz
Zj:O (])(.fR ( )d )(fR | | ( )d ) _ / ’gj|k1/($)d33
R

k
|l Boly(a)de < s

Now, by using the dominated convergence theorem, we can approximate z* by a bounded
measurable function hy(x), for instance by setting

(-N)* ifz < -N
hy(z) =< 2F if —~-N<z<N (22)
Nk ifx > N,

and obtain, by applying to hy, that in the limit N — oo, we have

MV dyv(z)dz
/ o Bl () — Jrxr v (y)dy v(z) ,
R Jp v(z)dx
Yo () fpvivw)dy fp 2 v(2)dz
2k [pv(x)dz '
which is then well-defined and provides the formula . O

Thanks to this property, we can now give the proof of the following proposition, which shows
that finiteness of moments is propagated in time.

Proposition 2.2. Let f° € M., m be measurable and bounded below by —K <0, and f be the
global solution to the model given by Theorem . If for some k € N, [ |z|* fO(x)dx < 400,
then for all t > 0, we have

/R|m|kf(t,x)da:ge(K+1)tA]x|kf0(x)dx.

Proof. Back to the Picard iteration sequence (fy,), with f,11 = ®(f,) and fo = f°, where @ is
defined in in the proof of Theorem we proceed by induction and assume as the induction
hypothesis for n > 0 that

/R]:x\kfn(t,x)dxé e(KJrl)t/R|x]kfo(a:)dx.

Then we have, since hy(z) defined in is bounded and measurable,
[ (@)l (oo = [ & @) () da
R R
t
+ [ [ eIy @)l Bolfals, (o) dads
0o JR

Kt z|F 9 (z)dx teK(t_S) T s, ) |(z)dxds.
< [ o wpa+ | [ (@ Bol (s, ) (w)dad

By Lemma [2.I] and the induction hypothesis, we obtain

t
[ vt e < (em / eK<”>e<K+1>8ds) JERREE
R R

0
t
= <1—|—/ esds) eKt/ |2|* fO(z)dx = e(KH)t/ || £O(x)da.
0 R R

11



By construction of f, passing to the limit n — oo we obtain

/|hN(x)|f(t,x)dx<e(K+1)t/ z|F fO(x)d.
R R

By monotone convergence theorem, we can pass to the limit N — oo to get

A|x|kf(t,x)dx<e(K+1)t/R|:U|kfo(x)dm. 0

Thanks to these bounds, we will obtain more precise properties on the evolution of the
(even) moments of the solution. In some cases, we do not necessarily have that the moments
are differentiable in time, but we obtain estimates similar to differential inequalities. A good
framework to work with continuous functions of time is set in the following lemma.

Lemma 2.2. Given t — y(t) a function of time, we write

a (i 1)~ (1)
dt y( ) 7'—>0,7'>I)0 T

Then, for any T > 0, if y is continuous and satisfies %y(t) < 0 on [0,T], then it is nonincreasing
on [0,T].

Consequently, if, for some integrable functions a and b, we have a continuous function y
satisfying the following Gronwall-like estimate for all time t € [0,T]:

dt
Sy < aly(t) + b(o)

N

then we have for all t € [0,T],

t
y(t) < y(O)efot a(s)ds +/ b(u)eﬁf a(s)ds gy,
0
Proof. The proof (by contraposition) is based on a result similar to the mean value theorem :
if there exist some times ¢y < ¢; such that y is continuous on [to,?1] and y(to) < y(t1), then

there exists t. € [to,t1) such that liminf yttr)=yt) 5 vt  Thys we can conclude
7—0,7>0 T t1—to

that %y(t*) > %ﬁ’ém > 0. Surprisingly, we see that we only need the liminf of the slope
to be nonpositive to show that a continuous function is nonincreasing (the proof also works for
lower-semicontinuous functions). This result may be classical, but we did not find any reference,
this is why we include the proof here.

To show the claimed result, if there exist such times ¢y and ¢1, we introduce

z(s) = y((1 — s)to + st1) — (1 — s)y(to) — sy(t1).

The function z is continuous on [0, 1], and satisfies z(0) = z(1) = 0. Therefore it reaches its
minimum on s, € [0, 1], and without loss of generality we may assume s, # 1 (since in that case
the minimum is also reached at s = 0). We therefore get liminf,_,,, >, %ﬁis*) > 0, which
corresponds to the claim, with ¢, = (1 — sx)to + S«t1.

Finally, the resolution of the Gronwall-like estimate is a direct consequence of the first part
of the lemma, by setting z(t) = y(t)e” Jo a(s)ds _ fot b(u)e™ Jo @=)dsdy, Then the continuous

function z is such that %z < 0, therefore nonincreasing. O

We are now ready to provide this kind of estimates for the even moments of the solution,
which will be useful when we derive estimates for the moments of the centered and normalized
distribution. We proceed to the proof of the following proposition.

12



Proposition 2.3. Let f° € M., m be measurable and bounded below by —K < 0, and f be the
global solution to the model given by Theorem .

For k > 0, if [g|z[FfOdz < +oo, then t — py(f(t,-)) is continuous. Furthermore, if k is
even, for allt > 0, we have

(Zuk(f(t, ) < pr(Bolf (8 )]) + Kp(f (2 -))- (23)

Proof. We fix T > 0. For 0<t<t+7<T, and hy as in , we write, thanks to and to
Proposition :

/hN(a;)f(t—l—T,:c)dx:/em(z)ThN(x)f(t,x)dm
R R
—i—/o /Rem(x)(TS)hN(x)Bo[f(t—i—s,-)](az)dwds.

By dominated convergence as N — +oo, thanks to Lemma [2.1] Proposition [2.2] and the fact
that m(z) > —K, we obtain

(7o) = [ e padat [ et B4 s w)dnds. (21)

In particular, by setting ¢ = 0 and writing ¢ instead of 7, we get that for all £ > 0,
t
il f(t) = [ et e+ / DU B (s, )| (x)deds.  (25)
R 0 JR
We write this expression under the form u(f(t,-) )+ fo (t,s)ds, by setting

y(t) = /Re_m(m)txkfo(x)dx
" S):{fR N0 By (s, )] (@)da ifs <t

ifs>t

By dominated convergence, since e~ ™®)|z|% < KT ||k which is fO integrable, we obtain
that y is continuous on [0,7]. Similarly ¢ — z(t, s) is continuous on (s, 7] (thanks to Proposi-
tion Lemma [2.1] and the fact that m(x) K) and we also have

2(t,9)] < K00 [ ol s < KO0 [ a0

Consequently, z(t, s) is uniformly bounded on [0, T)? by some C > 0.

Obviously, t — z(t, s) is also continuous on [0, s), since it is equal to zero. We now want to
prove that ¢ — fO (t,s)ds is continuous. We fix to € [0, T, and we have that for all s # tg, z(t, s)
converges to z(to, s) as t — tp, by the contlnulty properties of z. So by dominated convergence,
we get that fo (t,s)ds converges to fo z(to, s)ds as t — to. This ends the proof of the time

continuity of uk(f( ))-
We now suppose that k is even. From , we obtain

pe(ft+7,) < pe(f KT+/0 X py (Bo[f (¢ + s,-)])ds
KT
<e +/0 pr(Bolf(t + s, )])ds).
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We therefore obtain

(A7) =) Ty e

/0 Cuk(Bolf(t+ s, ))ds. (26)

By the formula and the fact that all moments of f of order j < k are continuous in time,
we get that t — ug(Bo[f(t,-)]) is continuous, and therefore the right-hand side of converges

to Kpk(f(t,-)) + wr(Bolf(t,-)]) as 7 — 0, and this proves (23). O

2.3 Centered moments of the normalized population density

To obtain estimates on the centered moments of f, the inequalities provided by Proposition [2.3]
will not be sufficient ; we will first need a more precise description of the evolution of the
moments f (in particular we will have to compute the time derivatives of up and py). To this
aim, we make the stronger assumption [1.1| on the growth of m.

Under this assumption, if f has finite second moment, then the evolution of quantities of the
form [ h(z)f(t,z)dz (when h is measurable and bounded) provides a simpler weak formulation
of , as stated in the next proposition.

Proposition 2.4. Under assumption we suppose that fO has finite second moment and
denote by f the global solution to the model given by Theorem . Then for all measurable
and bounded function h, the quantity [ h(z)f(t, z)dx is differentiable in time and we have

i(éh(m)f(t,m)dx) - /Rh(x)(BO[f(ta (@) —m(z)f(t, z))dz. (27)

Proof. From Proposition 2.2 and Assumption for all measurable and bounded function h, we
want to obtain dominations of the time derivatives of the integrands appearing in on [0, 7.
First of all, we have
|h(x)m(w)e ™| < Ce"T (1 + %) sup |,
R

and the right-hand side is f’-integrable, therefore by dominated convergence theorem we get
that the term [ h(z)e~™@) fO(z)dx is differentiable in time. We also have for all s € [0, T], and
forall t > s,
\h(z)m(z)e ™D )| < CeXT (1 4 22) sup |kl
R

which is By[f(s, -)]-integrable for all s € [0, 7], thanks to Lemma and Proposition There-
fore by dominated convergence the derivative of [, h(z)e™™@(=%) By[f(s,)](z)dz with respect
to variable ¢ is well defined, and uniformly bounded, on [s, T]. By Leibniz rule on the formula ,
the derivative of [, h(x)f(t,x)dz is well defined for all ¢ > 0 and we have

< ( /R h<m>f<t,x>dx) — /R h(z)m(z)e~ @ fO(z)da + / h(x)Bolf(t,))(x)da

R

—/ /h(x)m(m)em@)(tS)Bo[f(s,-)](a:)dwds.
0o Jr

Once more, by dominated convergence theorem, we can approximate h(z)m(z) by a bounded
measurable function hy(x) and obtain, applying to hy, that in the limit N — oo, we have

/h(w)m(m)f(s,x)dx:/h(x)m(:c)e_m(x)tfo(x)dx
R

R

t 2)m(z)e @) (E=s) s, )(x)dx ds.
+/O/Rh<><> Bolf(s,)](x)dzd

14



We therefore obtain
([ rwrrene) = [ n@Blsts @~ [ nemia.

Hence, the second weak formulation ([27)). ]

Remark 2.1. We chose in Assumption to have at most quadratic growth of the mortal-
ity rate m. If instead we suppose that it does not grow faster that |x|F, the same reasoning
would apply, and Proposition would still apply, replacing the requirement on f° by ask-

ing [g|z|* fO(z)da to be finite.

We are now ready to give the evolution equations for the moments of the solution f, which
we state in the following proposition.

Proposition 2.5. Let k € N. Under Assumption if f has a moment of order k + 2 and f
18 the unique weak solution to the model , then pg(f) is continuously differentiable in time
and we have for allt > 0

k

g#k‘(f(ty')) _ Z <k> ,Uj(f( ))Mk J /m kf ¢ .7}) (28)

k
dt = \J 2Fpo(f(

Proof. Let us remark that by Definition we obtain that po(f(t,-)) > 0 for any time. If not,
we would have [, e~ @)t f%(x)dz = 0 and therefore e~ ™)t would be zero almost everywhere
with respect to the measure f, giving a contradiction. By Proposition using again the
function Ay defined in , we obtain

/hN(x)f(t,az)dx:/hN(x)fO(x)d:c
R R

+/0t(/RhN(a:)Bo[f(s,x)]dx—/hav(x)m(x)f(s,;z)d@ds,

Thanks to Proposition[2.2)and to Assumption m(-)f(s,-) has a moment of order k, uniformly
on [0, t], therefore we obtain by dominated convergence theorem

pr(f(t ) = i(f°) +/0 (r(Bo[f(s,-)]) — ur(m(:) f(s,-)))ds.

Then, as in the proof of Proposition (2.3)) for the time continuity of pg(f(t,-)), we get similarly

as in that
p(m()f(t,)) = /R &M@ ()2 () dx + /0 /R &) () Byl f (5, )] ().

And we proceed in the same way, by dominated convergence thanks to Assumption to prove
that pg(m(-)f(t,-)) is continuous in time. Thanks to Propositions and (22.3), we have the
time continuity of g (Bo[f(¢,-)]) and therefore pg(f(t,-)) is continuously differentiable in time

and satisfies ) O

From now on, we suppose that Assumption is satisfied and that f° (of positive mass p")
has a finite second moment. We are interested in the normalized population distribution. Let p(t)
be the total population mass at time ¢

plt) = po(f) = /R f(t,z) da

15



From Proposition , we obtain the evolution equation for p(t)

jt / m(z du. (29)

As noted in the proof of Proposition [2.5] we have that p is positive for all time, and we can
therefore consider the normalized population distribution g that is defined in (1.2]).
Thus, from Proposition [2:4] we obtain a weak formulation for the following equation on g

Dug(t, z) = Bolg](t ) — m(z)g (1—/m ot 2 dz) ot ).

Remark 2.2. This evolution equation for the normalized population distribution has the same
form as the replicator-mutator equation, with the linear mutator term replaced by a sexual repro-
duction one. Replicator-mutator type equations have been quite studied in the form of nonlocal
integro-differential equations (see e.g. [1, 2, [2])]). Recently, the authors of [13] have proved con-
centration results and new convergence estimates in the non-singular case for measure solutions
of the “house of cards” replicator-mutator model.

Then, we can also define the mean trait, or center of mass, which we denote by T and which
is formulated by @ Thus, we can focus on the study of the centered moments M} and the
centered variations of the selection Si, for k € N, which formulations are given in —.

Indeed, the moment M, is well-defined for all time whenever f° has a moment of order k
and S}, is well-defined if f* has a moment of order k+2. From now on, we will write MY = M (0).

In particular we have My(t) = 1 and M;(t) = 0 for all time. Using (for Kk =1) and

we obtain the equation of evolution of T given by whenever f? has a moment of order 3 :

M): /m Jag(t,a)dar + FE S /m "

dr_d
dt — dt'  p(t)

_ / m(z)(Z(t) — 2)g(t, z)dz = —Sl(t),

which was claimed in .

From now on, we actually assume that f° has a moment of order 4 (we will only compute
estimates for even order moments), so that this mean trait T is differentiable, and we can then
compute the evolution of the centered moments M, thanks to Proposition (or Proposi-
tion and to the evolutions and of p and 7.

The next proposition states the differential equations and inequalities that M), satisfies. They
will be used in the following sections to prove stability results of Dirac masses. Notice that
when f° has a moment of order 4, this proposition provides the results claimed in @— for
the evolutions of the moments My and My.

Proposition 2.6. Let k > 2. Under Assumption if £ has a moment of order k42, then M,
1s continuously differentiable in time and we have

d 1 k
EM’“ (1— F)Mk-f- 72 (Z>Mk‘—zMz — Sk + SoMy, + kST Mjy_1. (30)

If k > 4 is even and fO has only a moment of order k, then My, is continuous in time and
we have for allt > 0,

F

i -2

2k

7

g < —(l " + (@) ) My +

k
dt 9 9k <Z>Mk1Mz + kST M. (31)

I
N
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Proof. Let us first remark that if we fix g € R, then f: f(-,- 4+ xo) satisfies the same equation
with m replaced by m = m(- + xo).

Mw

pOM0) = [ (o 0+ 0~ 3(0)" ( ) 2o — () s (F(E,))

= e (f(t, ) = k(@) — z0)mr—1(F(t,)) + O(Z(t) — wo|?),

where the bounds for the term O(|Z(t) — x¢|?) are uniform on [0, 7], thanks to Proposition
Therefore if xg = Z(to) for some ¢y € [0,7T), since t — pr_1(f(t,-)) is continuous in time (and in
particular at (), and using , we have that

pOM(t) — pu(f(t,)) dz

t—1to t—to dt

~— N

Therefore, setting y(t) = p(t)My(t) — ur(f(t,-)), we get that y is differentiable at to with
= kS1(to)p(to) My—1(to)-

When f has a moment of order k + 2 (initially), this is the same for fand therefore we can
use Proposition [2.5| to get the derivative of p,(f(t,-)) at to. We obtain

. = 7
%Mk(f(t, ) _ Z <k‘> 15 (f (to, ))Mk —;(f(to,-) /m Vo Flto, 2)dx

o= 2 ) e

1 <L k& -
= ok ( j>p<to>Mj(to>Mm(to) — p(to) (Sk(to) +m(T(to)) My(to))-

=0
Since My (t) = ﬁ(y(t) + 1i(f(t,-))) and since p is differentiable at to, we get that

d 1 d ~

aMk‘t:toz ( )dt( ()+/Lk(f( )))‘ Mk(t(])%

t—ty p(to) dt le=ty

The derivative of p at ¢ is given in by p(to) (1 —So(to) —m(Z(t))), therefore we obtain
at time to, using the fact that My(t9) = 1 and M;(tg) = 0. Since the right-hand side of is
continuous in time, as proved in Proposition we obtain that My is continuously differentiable
in time.

When f has only (initially) a moment of order k with k even and k > 4, we use similarly
Proposition 2.3] instead of 2.5 to get, by setting K = — infg m,

i ~
wi(f th ) —5(f(to,+)) Kl Flta. .
;() iy KmFo)

d+ ~
aﬂ (

‘t to

Qk Z ( ) M;(to) Mi—;(to) + p(to) K Mg (to).

Since k > 4, p and y are still differentiable at tg, and since p is positive, we get that

d* 1 @ dmk(f(t,-))‘ )iMkuo)@

S = .
dt Fli=t, p(to) \ dt li=to dt p(to) dt li=to

17



The computations are therefore similar to the previous ones, and we obtain

dt 1
aMk\_(l_QT_SO_K m Mk+ Z()Mk 1M+k51Mk 1

which corresponds to (31)). O

Remark 2.3. If we suppose that m grows at most linearly, we only need to have a second moment
to control the derivative of p, and therefore 1s also valid for k = 2.

2.4 Fourier formulation, and rescaled profile

Before tackling the long time behavior of T and of the centered moments My, we finish this
section by stating the equation satisfied by the Fourier transform of the centered and rescaled
formulation of g(¢,-). This equation will be further investigated in Section [4]

From Definition [I5] we have

/w(t,:r) dr = 1,/ xy(t,x)dz =0, and /1:27(15,1‘) dzr =1. (32)
R R R
We also define the signed measure ¢

p(t,z) = [m(y/ Ma(t)x + T(t)) — m(z(t)) ]V (t, 2), (33)
Now we prove the following result.

Proposition 2.7. Under Assumptz’on if fO has a moment of order 4, then 7 is differentiable
and we have the equation on 7

0A(1,€) =A(:§)? ~ 7(1,€) + 1601, €) + R(t,), (34)
with R(t,§) given by
(L) = ~i51(1)—esh(0,6) - 20,6) + S0(0730.6) + 3 (705 — o)) €0630.9). (59

Proof. From Assumption and Proposition and assuming that fY has finite moments up
to order 4, f is differentiable in time, and using , we obtain

N () .
i f(t,6) = W_mf( ,€)-
Thus, we obtain the equation on g, using :
%g(t,€) = (5(1,:6/2))" = §(1,€) — (1 — my(t,0))3(t, &)- (36)

Then, 7 is well defined and we have, for all £ € R,

56 = e Vi g (1 5.
M>(t)
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Thus, from Proposition and , 7 is differentiable in time and we can compute

da; . §m dMgA z(t)
\/J\lg(t /M
i——z 1 dM
— e Ve " dffagg (t.6/ /M

with 0:g well defined since g has moment of order one. Using and , we get

i 7
OA(L,€) = (A1, E/2) — 3(1,€) — ¢ Va0 Viig(t, J£0) + mg(t, 0)(4,€)

. N 1dM. R r—— N
—51(t) A(t, &) — 2dt2M€3/2 (ZJ«"W(EO +e VIO 9eg(t, 4 )> .
2

5

&
VM

And using @, we then compute

~ o~ 2~ litx(t)/\ ¢ —~ ~ . &
Oy(t,§) = (V(t,€/2))" = A(t, ) —e V2O mg(t, 7=) +my(t, 07(t,§) — i51(t) Mv(t,ﬁ)
g(1 1 S2 S \/M 50 3
"2 <2M+M§/Q W) (e + T ot o))
Then, noticing the expressions
~ z(t)
OA (1, €) = (m(t &) + ¢ Vi aggt, «ﬁﬁ) ,
mg(t,0) = ) m (Z(t)) ,
the definition enables to write
e VM® mg(tv \/5472) - mg<t7 0)7(t7 {) - 90(7; g) - So(t)7<t7 5),
and we obtain the equation on 7
~ . § - ~
t y(t,&/2 — t t — (T
- 1[5
+SoltA6) + 5 (Mz - 50> (1.,
Finally, with the definition of R , we get . O

3 Long-time behaviour of normalized moments

3.1 Local stability of some Dirac masses

We begin this section by proving the local stability result of Theorem which states that a
sufficient condition for the convergence of g towards a Dirac mass is to be initially close enough
to the Dirac mass located at Zop = Z(0), when n(To) > 0, i.e. when the initial selection rate at
the center of mass satisfies m(Zy) < infgr m + 1.

Proof. Thanks to the definitions , and @, we obtain
1
Sy = (n(x) — §)M2’ S = (n(T) — 5) M. (37)
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By Assumption using Cauchy-Schwarz inequalities in the definitions —, we obtain

My < /My, (38)
| M| </ MaMy, (39)
|So0| < a(Z) V' Mz + BMa, (40)
|Sl| < a(E)MQ + B/ Mo My. (41)
Therefore we obtain, thanks to , @D, and :
aF
7| < a@Ma+ 8VMLM, (42)
d
M2 < (-n(@) + (@) M + BMp) My, (43)
d+
M < (= n(@) + 5(a(@) /Mo + BM2)) M, (44)

where we have used and to get that |MyMs| < v/ My/MaMy = /My My.

We now fix Jy such that 0 < & < g < 1n(Zp), and by continuity of m we find » > 0 such
that n(z) > do for all z € [To—r,To+7r]. We set & = sup(z, _, 7,4, @ which is finite by continuity
of a.. Using , we then fix M sufficiently small in order to have

5(ay/ M + BMS) < b - 4,
aMy + B/ MIMY < ré.
Finally we define T' as the supremum of all ¢ > 0 such that for all s € [0, ¢], we have
#(s) Tl < .

53/ My (s) + BMa(s) < 6o — 6, (45)
GMa(s) + B/ M (s)Ma(s) < 79,

and the set of such ¢ > 0 is non empty, therefore T > 0 (we may have T' = +00).

For all t € [0,T), we get from — that %MQ < —0Msy and %M4 < —0My, giv-
ing that My and M, are nonincreasing in time and satisfying estimates —, thanks to
Lemma Thanks to , we obtain

t
|Z(t) — Zo| </(&M§+B MIM?)e~%%ds
0

1—e

< (@M + B/ MYMY) 5

<(1- e_&)r.

Let us prove that T = 400 by contradiction. If T is finite, then |Z(T) — Zo| < (1 — e 9T)r < 7,
and by monotonicity of My and M, we also get

50/ My (T) + BMo(T) < 5ay/ MY + BMY < 6o — 0,
aMo(T) + B/ Ma(T)My(T) < &MY + B/ MIMY < 7.

Therefore, by continuity in time of Ms, My and T, there exists 7 > 0 such that for all s
in [T'—7,T + 7], we have the estimations . Thanks to the definition of T', these estimations
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are true for all s € [0,7), and therefore also for all s € [0,7 + 7], in contradiction with the
definition of T' as a supremum.

Since the derivative of T is decaying exponentially fast, we get that Z(t) converges to some T
in R, and more precisely we have

o aM3 + B/ MIM]
()~ Tool < [ @MY + B/ MM )e 05 = 2T OV g
2 274 5
t

This also shows that the smaller the value of M f , the closer the location of T, relatively to xy.

Finally, the convergence in Wasserstein distance comes from the fact that Wy(g, dz) = My(t) %,
and therefore

Wi(g, 0z.) < (MQ)ie™ 5 + Wa(S5(0), 02.0) = (M) 5 e 3 + [F(£) — Too. 0

Remark 3.1. If m is Lipschitz (8 = 0 and « constant in Assumption , then we only need
to suppose MY sufficiently small to get the estimates , and the exponential convergence
of T. The proof is exactly the same, only using the estimate on the evolution of My given by
(see Remark , and the convergence is in 2- Wasserstein distance.

3.2 Improved estimates on even order moments

We can now use this result of stability of Theorem together with the equation for higher
order moments to improve the bound on the rate of convergence. In this subsection, we start
from the assumptions made in Theorem

Assumption 3.1. We suppose that the selection function m satisfies Assumption[1.3, and we
take To and § such that 0 < § < n(Tp). Finally, we suppose that the initial profile go is such
that T(0) = Ty and that MY is sufficiently small, ensuring that the conclusion of Theorem
is true. As in the proof of this theorem, we denote by & a uniform bound in time for o(T(t))
(independent of MY, only depending on 1,8 and Zy).

To obtain the estimates on My, the idea is to use the equations and , along with the
stability result stated in Theorem Apart from the exponential decay rates of the moments,
we will also need a control on the constants in front of these estimates. Furthermore we will
often have to deal with quantities controlled by e~ for all A strictly less than some A > 0 to be
identified. Therefore we introduce the following definition.

Definition 3.1. For A > 0, we say that a nonnegative quantity y(t) (which may depend on several
parameters) has a decay controlled by the parameter o > 0 and with rate [N~ if for all A < A,
there exists a constant C (o) > 0 converging to 0 when o — 0, and such that for all t > 0, we

have y(t) < C(o)e .
We will use several times the following lemma.

Lemma 3.1. Ify is a nonnegative continuous function in time satisfying for all t > 0

dt
YO < (A oD)y(E) + vo (),

where vo(t) and vi(t) have a decay controlled by the parameter o and with respective rates [wo|™
and [w1]~, then y(t) has a decay controlled by max(y(0),0) and with rate [min(A, wp)] ™.
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Proof. If 2 < min(\, wp), we fix wy and w; such that A< wo < wp and 0 < w1 < wq, and we have

forall t >0 N
d - N _
Ey(t) < (=X + Ci(o)e™)y(t) + Co(o)e™™",

with C (o) and Ca(0) converging to 0 as ¢ — 0. Therefore, thanks to Lemma we obtain

X CLlo) (o-& LY C1(0) ( —wys ~
y(t)e)\tJr(l;il(e ltil) < y(o) + 02(0_)/ e)\s+‘%7l(e 1 71)6_“}05(18
0
t - C o
< y(O) —'I— 02(0') / e)\S—LUOSdS — y(o) _|_ — 2(0-/)\/(1 _ 6_(w0_>\)t)
0 wo — )\
C
<y(0) + ~2(J)~.
wo — )\

Finally we get

Ca(o) \ Gl (g 1ty X Cy(o)\ Sl 3,
t) < 0) + Z e “1 < 0) + Z)e “1 e M
() < (0) + 2275) (vor+ 755

and this ends the proof, since the constant converges to 0 as y(0) and o converge to 0. O

First, we obtain the next proposition that presents links between rates of convergence of My
and My, allowing to improve the rates provided by Theorem [I.2

Proposition 3.1. Under Assumption we have that My and My have decay controlled by MY
and with respective rates [min(3, 3 +6)]~ and [ + 6]~

Proof. We first suppose that My and M, have decay controlled by MJ and with respective
rates [Aa2]” and [Ag]7, for A2, Ay > 0, and show that these rates can be improved. Thanks to

Assumption using once again Cauchy-Schwarz inequality in the definition (5)), we obtain

|S2| < an/MaMy + SMy. (46)
Therefore we obtain, thanks to @D and the estimate ,

d 1 -
—M; < <—2 + o/ My + 5M2> My + an/ Mo My + My,

dt
< (-;-FE-I-&M*F,BMZ) My + <i+ﬁ> My,
where we used Young’s inequality for some £ > 0. Similarly, using , and we obtain
‘zm < (—5 - g +5(ay/ M + ﬁMz)> My + %MS-

Therefore, since av/Ms + BMs, My and M2 have decay controlled by the initial moment M}
and respective rates [3Ao] 7, [Aa]” and [2X2] 7, by applying Lemma My have decay controlled
by MY with rate [min(2 + 8, 2X)]~, while My has decay controlled by max(MY, MJ) (and there-
fore, thanks to , by MY only) and with rate [min(% —&,\4)]”. Since this is true for any € > 0,
we obtain that M has rate [min(%, A1)]”. Therefore, by applying once more this property, we ob-
tain that My and My have decay controlled by M} and with respective rates [min(%, %—1—6, 2X2)]”
and [min(2 + 6,2X4)]”. Indeed min(2 +§,1,2X4) = min(3 + §,2\4) since § < n(zo) < 3.
Hence, since My and My both have decay controlled by M} and with rate [§]~, thanks to
Theorem and the estimate , we directly obtain by induction that for all £ € N, My and M,
have decay controlled by MY and with respective rates [min(3, 2+6,26)]~ and [min(%—l—é, 2k8)]~,

218
so for k sufficiently large, this ends the proof. O
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The next proposition uses these estimates on Ms and My to obtain estimates for the rates of
convergence of all moments of even order, provided they are finite initially.

Proposition 3. 2 Under Assumption for all k > 2, if MY, is finite, then May(t) has decay
controlled by MY, and with rate [% =

Proof. We proceed by induction, since, the case k = 2 is provided by Proposition We
fix k£ > 2, and suppose the result is true for k — 1.
First of all, if 2¢ < ¢ < 24, using Holder inequality in the definition , we get

| M| < /R|fff —z(t)|g(z)dz = /R (1) [ 5 g () da

2j—¢ £0—2i

< My M (47)

In particular, for ¢ = 0 and j = k, we obtain
1 2 1—1 11
M2 < MQkk’ M4 < MQkk, Mgk_g < MQk k, and |M2k_1| < M2k 2", (48)
Using to get
|S1Mag—1| < (@M + B/ M: < (ay/ Mz + B/ My) Moy (49)
As previously, thanks to the definitions , , and the property , we obtain
Sor = (0 — *)MQk (50)
Now, using with ¢ =1 and j = k — 1, we obtain, when 2 < ¢ < 2k — 2:
| M|[Mag—e| < Ma Moo, (51)

and therefore, we use , , and in the differential inequality for Moy, to get

g+ 2k—2
EMzk < (=34 g7 — 6 +vi(t)) Moy, + (2% Z (2gk))M2M2k—2a (52)
=2

where vy (t) = (2k + 1)a/Ma + B(2k+/My + M,). Now, using (48)), we obtain that when M,
converges to 0, then M) and MY also converge to 0. Therefore by induction, and thanks
to Proposition v1(t) and MaMsg_o have decay controlled by Mgk and with respective

rates min(%, & + 36)]~ and [wo]~, where

) (53)

»JMO.J

wo = (min(3, 8 +0)+ (5 — = +0) > G+ 35— gu= +0) >
since k > 3. Therefore, since % 4+ > % — 2%%1 + J, we can apply Lemma and this ends the
proof.

We can now use the estimate on a moment of high order to obtain better rates for all lower
order moments, as stated in the following proposition.

Proposition 3.3. We suppose that Assumption is satisfied. If Mgko is finite (for ko > 2),
then for all k < ko, Msy, has decay controlled by M. k with rate [min(1 — 22,3,1 , % - 22,%,1 +9)]”
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Proof. We proceed once more by induction from k ko down to k = 1. Indeed since we
have 6 < n(ZTp) < %, we get that min( %0 I 2 — 2%0 r+0) =35 — 2%0 : + 0, which
corresponds to the rate given by Prop051t1on 3.2l We fix k < kg and suppose that the result is
true for £+ 1. We have, thanks to Assumption [I.2] and using Young’s inequality for some ¢ > 0:

|Sop| < a/ |z — Z(t)|** g (x)dz + BMop 1o
R

a? a?
< [lo-OP (e + Lo - TR Jolodde + 80tanre < M + (- +5) Mo
R

Therefore, as in the proof of Proposition using , , and in the differential equa-
tion for My, we get

2%—2 -
d 1 2k a’
dtM% (=14 gz + &+ vi(t)) Moy + (2% 52 (%) | MaMaj—s + P B Mag2,

where vy (t) = (2k+1)ay/Ma+ B(2kv/My+ Mz) has decay controlled by MY (and hence by Mgko)
and rate [min(4, +16)]~. By induction Moy has decay controlled by M ok, and with rate [wo] ™
where wp = min(1— 2%%, %—2%%—1—5). And we know by Propositionsandthat Mo Moy, _o
has decay controlled by M3, (and hence by Mgko) and with rate [wo]~ with wp given in (53)), so
Whenk‘>3wehavewo>%+5>%—22k%+520~.20

When k& = 2 we also obtain wy = min(% +26,1) > % — 2%% + 0 > Wy since § < % Finally
when k£ = 1 the sum on £ is empty.

So, in all cases we get thanks to Lemmathat Moy has decay controlled by max(MQOk, Mgko)
(and therefore by Mgko only) and with rate [min(1 — 2%%1 —&,09)] 7, for any € > 0, which ends
the proof. O

When the initial condition has enough moments, we then see thanks to Proposition that
all My with k > 2 decay with rates strictly greater than %, and that M, decays with rate [%]*
Therefore we expect all the moments Moy, to decay “faster” than Ms, and we will see in the
next section that this property is important to study the self-similar behaviour of the solution
as time goes to infinity. However, to have such a property, we have to get a lower bound
for Ms(t). By using a refinement of Lemma we could prove that there exists Co > 0 such
that |Ms(t) — 026_%t| < Ce 0! with wy > %, but this is not sufficient to get a lower bound
on My, as we could have Cy = 0.

To overcome this difficulty, instead of asking the fourth moment My to be small initially, we
will ask 2k0 to be small initially, for kg sufficiently large This is for instance the case if we shrink
the initial proﬁle around Ty by a given parameter g, which has the effect of scaling any initial
moment My, by a factor e2. Before proving that this condition is enough to get lower bounds
on M, we will need an adaptation of Lemma in a nonlinear setting (the main difference
being that we now require smallness of the initial condition y(0) and of the parameter ¢), which
in stated in the following result.

Lemma 3.2. We suppose that y is a nonnegative continuous function satisfying for all t > 0 :

dt
S < (= A+ a(y(8))y(®) + (),

where vi(r) < Cr? for all v > 0 sufficiently small (with @ > 0 and C > 0), and vo(t) has a decay
controlled by the parameter o and with rate [wo]~

Then, if y(0) and o are small enough, y(t) has a decay controlled by max(y(0),0) and with
rate [min(\, wp)]~
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Proof. We fix Wy < wy, then A< min(\,&g), and we pick 7 > 0 such that A — Cr? > A (and
small enough so that v (7) < C7? as soon as 7 < r). Therefore, as soon as y(t) < r, we have

a+ - o
YO < ~My(t) + Clo)e ™,

where C(0) — 0 as o — 0. We suppose that y(0) + C(U)X <.

0
We denote T' = sup{t > 0,Vs € [0,¢],y(s) < r}. By continuity of y, since y(0) < r, we
have T > 0 and therefore for all ¢ € [0, 7],

~ 1 — @Mt - -
y(t) < (y(0) + Clo) ——=— )™ <re ™,
wo — A
showing that 7' = 4oc0. Indeed, if it was not the case, we would have y(7T") < r, in contradiction
with the definition of T', by continuity of y. Therefore we also obtain

2(®) < € (4(0) + Clo) =) '™,

wo —

showing that v;(y(t)) has a rate controlled by max(y(0),c) with rate LGX]_. We can therefore

apply Lemma , as we now have a linear estimate (provided y(0) + JJC(U)X < r), and this ends
o

the proof. ]

We are now ready to prove the following result, which leads to the statements of Theorem [I.3]

0

M.
Proposition 3.4. Under Assumption if —20 s sufficiently small and if 2%% < 9,

MO

Moy, DNy ]\242% . 1

then 7% has decay controlled by its initial value — " and with rate [0 — W]*
2
. . Mgko . Mgko
Furthermore, in that case, there exists Cko(W)> converging to 1 as o> — 0 such that
2 2
0
My(t) > C, Moko ) 0 o4
2 = Uk M20 2

0

. Moy, M2k0 .
Consequently, for all k > 2 (with k < ko), S0 has decay controlled by —2 and with
2

M.

rate [min(% - 2213—1 ) 6 — 221%—1 )]_
Proof. We compute
Q(M2k0) _ Ld+M2k0 _ idMQ (MQkO)
dt v My Moy dt My dt My 7"
Thanks to @ and the estimates , we have

d

S > (f% — G/ Mz — BMs) My — G/ Moy — M, (54)

and therefore, using (52)), since 2% Z?if (Qf) < 1, we obtain
dt Moy,

7( M2k0
dt * M,

My

) S (= 6+ gm=r +u(t)) + Magy—2, (55)

where

B(0) = &((2h+ 2V + [ 311) + BEbVA + 200 + 1),
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Using , we get

My My
My < /My = < —, 56
2 YT S M, (56)
and therefore we obtain
_ My My
t) < (2k — 2k —.
w(t) < (2k + 3)a M2+( +3)5M2

Now, using with ¢ =1, £ = 4 and j = kg, we obtain

2kg—4 2

2kg—2 3 y2kg—2
My < M, My (Mgko)% . (57)
My My M,
and therefore we get
- Mo, \ 52— Moy, \ 52
t) < (2k+3)a . + (2k + 3)B(—2) 2ko—2, 58
B(0) < (2K + 3)a(~ ) T + (2 +3)5(22) T (53)
Finally, thanks to Proposition My, —2 has decay controlled by the initial moment Mgko
and with rate [min(1 — 2%})_3, % - 22,%_1 +9)]7, and since we have
Moy, Mojy\ 1+
Moy, < 2) . My < 0y M arg
o < (M2} g, < (M
O 0
we get that Mzok — 0 if ]\/2[’30 — 0, so May,—2 has decay controlled by A;’SO Thanks to (55)
M2
and (58)), we can apply Lemma with y(t) = % and 0 = ]\/2[]80 = y(0), the function w
2

being given by vi(r) = (2k + 3)( ar? + 8r?), where 0 = %0%2 We therefore obtain that

. M N M3
if A;’SO is sufficiently small, then J\ZO has decay controlled by its initial value ]\/2[’80 and with

rate [5 2216%]

0

Still denoting o = if we pick wg < 6 — 2%})_1, we then get that there exists C(o),

MO ’
converging to 0 as o — 0, such that we have
Moy, _
—20 L C(o)e w0t
My (@)

Therefore, using , and , we obtain

o (- 22

2 M,
1 M2k0 MQko 260
> (-5 205 —20(5p)”) s

where B
C(o) = 2aC(0)? +26C(0)?

which still converges to 0 as ¢ — 0. Solving this differential inequality for Ms, we get

which gives the expected lower bound on M.
The last part of the proposition is a direct application of Proposition using the fact

MY
that Moy, — 0 as soon as 1\;’80 — 0. ]
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4 Convergence to a self-similar profile

The goal of this section is to prove Theorem which states the large time convergence of the
centered and rescaled measure v to a self-similar profile in the Fourier distance defined in ,
for some value of s.

We first discuss some prior results obtained on the following equation

0A(1,6) = (1,5) ~A(,€) + €31, ©), (59)

which is precisely equation (34)) in the case R = 0, that is when m is constant and then there is no
selection. This equation on the Fourier transform of the rescaled distribution can also be derived
from the kinetic model of Boltzmann-type studied in [30]. In this work, the authors proved a
contraction property of the operator of equation in the space of probability measures that
satisfy and have finite moments up to order or s = 2 + ¢ with § > 0 well chosen, endowed
with the Fourier distance ds. Also, they proved the convergence in the Fourier distance of the
rescaled measure towards the unique stationary solution of with mass 1, centered, and
second moment equal to 1, which is denoted by 7., and defined in .

Here is the outline of the proof. First, we derive an estimate on the distance between ~
and 7, under the assumption that the term R(¢,&) exponentially decreases in time and is also
controlled by a |£|°. Next, we prove that, for all (¢,£) € Ry xR, R(t,£) satisfy theses conditions
in the framework we set. We eventually combine these results to conclude to the statement of
Theorem [L.4]

The first step of the proof is the following result.

Proposition 4.1. We fiz s € (2,3) and we set \s =1 — § — 2175 (we have \s > 0 since s — g
is strictly concave and Ay = A3 = 0). We suppose there exist L > 0 and ¢ > 0 such that

|R(t, &) < [¢]°Le™, V¢ ER. (60)
Then, for all time t,
o if c = Ag, then we have

ds (7, Yoo (t) < ds(70, 700)6_>\st + Lte_/\sta

e otherwise, we have

ct —Ast

_ e " —e
ds(’y,'yoo)(t) < ds(r)/OufYOo)e Ast + Lﬁ

Proof. From , we obtain

S (eateio) = 52 (e i) + er (e ie),

and so we get the following Duhamel formulation

ey (t, e*£§> =9+ /Ot eTH? (T, e*£%> dr + /Ot e’'R <T, 6755) dr. (61)

Since v, is a stationary solution to with R = 0, applying then in this case (61)
with J(, &) = 700 (&), we obtain

t
e Yoo (e_££> = Yoo —I—/ €7 a0 (6_5% dr. (62)
0
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First, notice that

[ (re§) -7 (7 5§) 1<

since ||¥]jco < 1 and ||[Yoo|loo < 1 (7 and 74 are probability measures).

Besides, we have from (60)
|R(r,e"1€)| < e  T|¢|"Le .

Therefore, we obtain the estimate on the last term in formula

t t ‘
/ e"R (7’, e_if) dr < L]§|S/ e1=1-97qr,
0 0
Now, by subtracting from and dividing by |£]®, we obtain
t t
7 (teie) — 7 (e7i¢) |
ESENENN

Since we assumed that f° has finite moment up to order 4 and also 7 up to order s, the
distance dg(y(t,),700) is finite, then we can take the supremum on £ # 0 in the estimate above
to finally obtain

t t
‘ s(70770o)+21‘5/ e(l—i)Tds(%%o)(T)d¢+L/ e1=5-974r.
0

0

t t
ey (3, 700) (1) < (0, 7o0) + 2" /0 e dy (3, 750) (7)dT + L /0 7 dr. - (63)

This Gronwall estimate can be solved classically by setting

2(0) = e (dy (70, 700) + 217 /0 e, (3, 900) () )
thus we obtain
) = 2152 D (4, 4 ) () — 210 5(8) < 21 Le 2 /Ot 1=5-07 7,
which gives, since z(0) = ds(70, Yoo),

t t
2(t) < ds(70,700) + L <—e‘21_st/ e1=1-97qr +/ e(As—c)TdT> . (64)
0 0
Getting back to , we obtain
s s t .
ds(7,700) (£) < €773 <e2 f2(t) +L/ 6(1*1*C)Td7')
0
and using (64)), we get
t t
ds (7, 700) (1) < dS(VO’VOO)e_ASt + L (e_kst/ ePs=ATqr _ e_(l—i)t/ e(l—i—c)rd7_>

0 0

t
—|—L6_(1_Z)t/ =174,
0

Hence we have

t
ds (7, 700) (1) < ds (0, Yoo )™ " + Le‘”t/ (OO
0

which gives the result stated in Proposition 1] O
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Next, we establish some estimates on R(¢,&) and the moments of g that will help to derive
an estimate of the type . From now on, we use the notation

n aA - 62/\ - 83"
5(1,6) = af(t,o, 7(t,€) = a;f(m, 5(t,€) = a£<t,5>,

for the sake of simplicity. We will also omit the dependency on time in the proofs of the two
next stated results, since all the estimates are derived at a fixed time ¢. We will resume the
dependency on time when we prove Theorem

The lemma below provides some useful estimates on R.

Lemma 4.1. We fiz t > 0. For all £ € R, we have the two following estimates:
[R(t,€)] < (318 oo + 18/t Moo + 11872, ) o) ], (65)
[R(t, )] < (T3 180 )loo + 318" (8 Moo IF” (E Moo + 51T (8 ) loo + §lIE" (¢ )lloo) €. (66)

Proof. From the definition of R, we obtain

§
§

Sa(t)

R(t.6) = Su(t(:9) ~ 5(6.6) — 5 (500 - ) 651, 8) - i1

M;(t)

Since v(t,-) is a centered probability density with second moment 1, we get

§V(t,€). (67)

3(t,0)=1, 7'(t,0)=0, 7'(t,0)=—1.

Furthermore, for all £, we have

(£, 6)] < /RV(SC)dx =1, [ =-227(t6) < /R j@*y(t, 2)dz = 1. (68)

We also have, by Cauchy-Schwarz inequality,

7(4,6)] = | — it €)] < /R 2y (t, 2)dz < 1. (69)

Now, a simple change of variable reads, for k € N,

Sk / k e ~(k)
= [ abp(x)da = i*3M(0),
VL' Jr

(where the dependency on time ¢ is omitted) and therefore, the expression of R(t,&) can be
written under the form

R(t,€) = B(0)A(6) = 3(6) + (F(0)7(6) — $(2(0) + 2" )7 (©) )¢.

N

From this, we easily remark that R(0) = 0 and we obtain
R(t,6) = §'(0)7(6) — &'(&) + 5(2(0) = &"(0)7(€)
+ (FOF(©) - 5(3(0) + 2"(0)7"(©))¢.

Also, we remark once again that R'(¢,0) = 0 (since 7'(0) = 0), and we also have from ((70))

(70)

§
R(t.6) = [ (2070 =2+ $(3(0) - 2'(0)7" ()

+ (FOF(©) - 3(20) + &"(0)7"©))¢.

/N
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Using —, we obtain a first estimate on R’
1R (t,€)] < (18lloc + 201& o + 2(18" |0 €],
and since R(¢,0) = 0, by integration we get the estimation (65).

Similarly, we compute the second derivative of R and we obtain
R'(t,€) =28 (0)7'(€) — @"(€) — &"(0)7" (&)
+ (FOF(€) - $(3(0) + 2"(0)7"(©) )¢.

From this, we remark once more that R”(¢,0) = 0 (since 7”(0) = —1), and we also have
£
RI(t.6) = [ (2R OF ) = 3" — 207" ()

+ (P07 — 1) + 2"(0)7"(©) )¢

Using again —, we obtain
[R"(, )] < (3([18lloo + 3M1&" loo) 7" lloo + 31180 + 13" ll0) €]

and since R'(t,0) = R(t,0) = 0, by two successive integrations we get the estimation (66 and

this ends the proof.

O]

Next, we prove estimates on the derivatives of ¢ with the moments My, using the results of
Section[3] Once more, we fix ¢ > 0 and omit the dependency on ¢ in the notations, the norm |||/

being the supremum with respect to the Fourier variable £ only.

Proposition 4.2. We have

VM,

S <
H’y ||OO M2 ’
and if m satisfies Assumption[1.3, we have
~ _ M M.
13 loo Sa(:c)wﬁ;l—kﬁﬁ;l, for 0 <k <2,
—~ M My M,
18P |00 < (@) —5 + B, for 0 <k <3,

3 3
M3 M3

Proof. By a simple change of variable, we have

M,
2

and in particular, we get by

W///(g)‘ </R\33|3’Y(3?)d$< \//Rl.Q,-Y(x)dx\//l;xﬁlfy(x)dm—\fl M, _ \/]\?

VL

(71)

Furthermore, the quantity [ |z|*~y(z)dz is nondecreasing with k, from k& > 1. Indeed, by
induction, thanks to we first have [ [z|y(z)dz <1 = [;|2z[*y(z)dz. And if for some k > 1,

we have [p |z|*y(z)dz < [; [2[F 1y (z)dz then by Cauchy-Schwarz inequality, we get:

X k+1 X r X X X X X X )ax
/R| FH () <WR [ (z)d \//| 424 (z)d
< \/ /R :r|k+w<x>dw\/ /R 242y (2)de,
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which proves that [, |z["y(z)dz < [ [#]*72(z)dz.
If now m satisfies Assumption we obtain by the definition that for all z € R, we

have
ol < [a(@)/Ms|z| + BMa|z*y(x).

Therefore we obtain

20 (6)] < /R 2o (2)]dz

< @)/ /R 2y (@)dz + My /R 22y (z)da

which the gives

||<,/0\(k)||oo < a(l')\/Mz/ ]m|3fy(m)d:n + ﬁMg/ |x|47(x)dm for 0 < k <2,
R R

||S’5(/’f)||C><> < o)A /M2/ ]x|4fy(a:)dx + ﬁMg/ |x]5’y(m)dx for 0 <k <3.
R R

We have [ |z[>y(z)dz < T\/ﬁ; thanks to (71)), [ |#]|*y(z)dz =
Schwarz inequality,

My M,
5 44V1l6
JEREIEE \/ [zt [ e < TR

and we therefore obtain the desired estimates. O

MQ, and finally, by Cauchy-

We can conclude with the proof of Theorem [I.4]

Proof. If m satisfies Assumption then combining the results of Lemma and Proposi-
tion |4.2] gives the following estimates for |R(¢,&)|:

5( . [My M\, .

and
3
My 1M2  2/MM;s
|R(t, )| a(T)—5 + §M42 + 3 3 £

M22 2 M22

_ My My Msg

< | a@)—5+8 3 €12,

M22 M22

with the last inequality coming from the fact that My < +/MsMg by Cauchy-Schwarz inequality.

0
]g .
2 is small enough

5 W) there

Then, we fix § from Assumption By Proposition [3.4] assuming that

for some ky > 3 (and such that 2%0 r < 0), we have that, for each w < mln(g,
exist constants Cq and Cs such that

|R(t,€)| < Cre™ 2'[¢]%,

and

R(t,€)] < Coel5) e,
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Thus, taking s € (2,3) and defining ¢, := (3 — 5)% — (s — 2)(§ —w), we obtain

IR(t,€)| = |R(t, )| 87967 L oF =05 2e ¢,

with ¢; > 0 when s < 5:=2+ %

2
We can distinguish two situations depending on the value of w.

o [fw > %, then we have ¢; > 0 for all s € (2,3). Moreover, we have that ¢; > A\ for each
value of s, which implies from Proposition [£.]

B e—)\st
ds(7,700) () < ds(70, Yoo )e ™" + L——
Indeed, in this case, for s = 3 and w = %, we have A3 — ¢z = 0, and for s € (2,3)

the function s — Ag — ¢ is increasing (it is strictly concave and its derivative at s = 3
is 1(In2 — 3) > 0). Therefore for w = I we have A\; < ¢ for all s € (2,3). Since ¢, is
increasing with respect to w (and s does not depend on w), this provides the same result
for w > i.

o [fw< %, s must be in (2, 5) to get ¢s positive. Furthermore the function s — Ay — ¢ is
still increasing on (2, 3), since it is strictly concave and with positive derivative at s = 3.
Since A3 —c3 > 0 and Aa —c2 < 0, we get that there is a unique value sg for which Ay, = cs,.
Then, Proposition [4.1] can be applied. We obtain

dso (7, 700) (1) < dso(70, ’Yoo)e_)‘SOt + Lte sol.

And for s # sg, we have
ds(’Y,’Yoo)(t) < ds(’YO,’Yoo)e_Ast + e min()\s,c)t’
: _ _ L
with L/ = m

Hence the statement of Theorem together with the precisions given in Remark [I.] O
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