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On the Fisher infinitesimal model without variability

Amic Frouvelle*™! Cécile Taingt1

June 21, 2024

Abstract

We study the long-time behavior of solutions to a kinetic equation inspired by a model
of sexual populations structured in phenotypes. The model features a nonlinear integral
reproduction operator derived from the Fisher infinitesimal operator and a trait-dependent
selection term. The reproduction operator describes here the inheritance of the mean parental
traits to the offspring without variability. We show that, under assumptions on the growth of
the selection rate, Dirac masses are stable around phenotypes for which the difference between
the selection rate and its minimum value is less than % Moreover, we prove the convergence
in some Fourier-based distance of the centered and rescaled solution to a stationary profile
under some conditions on the initial moments of the solution.

1 Introduction

1.1 The population model

We study the large time behavior of solutions to a kinetic equation that is inspired by the model-
ing of population dynamics in the context of evolutionary biology. More precisely, this equation
models the evolution of a sexual population structured by a phenotypic trait, represented by a
continuous variable « € R, that is inherited according to the mix of parental traits described by
a collision operator. Denoting by f(¢,-) the population density at time ¢ > 0 in the trait space,
the model we are interested in is the following :

{atf@,x) = Bolf(t,"))(z) —m(z)f(t,z), t>0,
£(0,2) = ),

where By is the trait inheritance operator, defined as, for z € R,

Bolfle) = [[ o (2= 252 ) o) s da )

with §y the Dirac measure. We interpret this last quantity as a the number of newborns with
trait « per unit of time, and thus we refer to it as the reproduction term. With the operator By, it
is assumed that newborns inherit exactly the mean of the parental traits %(21 + 22). This mixing
operator also features a normalization by the total mass of the population density f]R f(zhd,
to illustrate that the choice of a partner is made at constant rate in time, uniformly among the
whole population. We assume the selection rate m to be bounded below.
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In the present work, we investigate the long time behavior of f. More precisely, we prove the
local stability of some particular Dirac masses, and the convergence of a rescaled formulation
of f to a stationary state with a measure-adapted Fourier distance.

The model () is motivated by works on the Fisher infinitesimal model [5] 23], with the
following operator B; :

2
Blfl@) = —= [[ ew [—i (- 252) ] e R o

which describes the offspring traits as normally distributed around the mean of the parental
traits with small variance of order £2. This model has been used in theoretical evolutionary
biology [9]. From a mathematical point of view, the Fisher infinitesimal operator appears in the
works [33], [39], where a different scaling than the small variance is used, and a spatial structure is
added to study invasions. The authors show a derivation of the Kirkpatrick-Barton system [29]
at a limit of a large reproduction rate. Also the infinitesimal operator is included in a selection-
competition model in [19] with a population evolving between two habitats and a regime of small
phenotypic variance compared to the environment heterogeneity. In [40], the Fisher infinitesimal
operator is combined with a multiplicative selection one. The author showed local uniqueness
of a steady state and exponential convergence of the solution for weak selection effects, thanks
to a contraction property of the reproduction operator for the 2-Wasserstein distance, under
the assumption of a compactly supported selection rate. A time-discrete version of the Fisher
infinitesimal model, with a quadratic selection rate and non-overlapping generations, is analyzed
in [111 12], within a framework other than the Wasserstein one.

The study of the asymptotic behavior of the Fisher infinitesimal model with an appropriate
time scaling has been tackled in [10} 35]. The authors study the concentration of the population
distribution around some particular traits. More precisely, in the first work the authors studied
the special stationary states at a regime of small variance, while in the second one the author
considered the associated Cauchy problem in the same regime, showing that solutions can be
approximated by Gaussian profiles with small variance. The asymptotic framework was built on
the spirit of [21] with small variance limit for asexual population models.

Also, similar operators as B. have been studied in different contexts : alignment [I8] 3],
protein exchanges [31], among other works. Mathematical models of sexual populations have
recently received some attention, with variations of the reproduction term, to account for mating
preferences |17, [30], asymmetrical inheritance [36] and allelic structure [16, 20].

In the present study, we examine a version of the Fisher infinitesimal model with no variance.
This model could be obtained through asymptotics different from those providing the Fisher
infinitesimal one, using the law of large numbers instead of the central limit theorem in the
number of loci. The main ingredients of the analysis, which come from kinetic theory, are
the estimation on the evolution of moments and the Fourier distance for probability measures.
Indeed, the reproduction operator By has already been considered in [6] 22, 32] 34 [38] for kinetic
models with dissipative collisions, though conserving the total mass. These models describe,
with more general collision weights, the time behavior of granular gases or of wealth distribution
among agents in an econometric context. In the latter case, the selection rate could describe
a wealth-dependent involvement in trades. The common feature of these models is the non-
conservation of energy entailed by the collisional interactions. It has been proved that solutions
to these models, after being rescaled according to the non-conserved energy, converge to limit
profiles with overpopulated tails (except for very specific cases where we can observe thin tails)
in the sense of Fourier distances.



More recently, the Fourier distance has been used in [3] to prove Dirac concentration in a
related alignment model. Other distances have been proved to be non-expanding for measure
solutions to structured populations PDE models, as Monge-Kantorovich type ones (see [24] 25]).

The idea of using the Fourier transform for Boltzmann-type equations goes back to the works
of A. V. Bobylev in [7, 8] and the resulting equation has also been studied in [37]. Then, the
Fourier distance has been employed in [26] to investigate the trend to equilibrium of the solutions
to the Boltzmann equation for Maxwell molecules. Indeed, by the use of the Fourier transform
of the collision operators, the equation on fbecomes simpler than the one for f. This is also the
case here for the operator By defined in (2]) since we have, when f is a probability measure,

Bo(F)(€) = Fle/2)%,

which makes the use of Fourier metrics possible. In the mentioned works on kinetic models for
granular gases or wealth distribution, the proof of the convergence of the solutions strongly relies,
on the one hand, on a contraction property of the collision operator in the Fourier distance, and
on the other hand, on the estimation of some moments of the solutions. One of the main useful
properties of these models is that, even though the energy (or center of mass) is not conserved
by the evolution, its behaviour is explicitly given by an exponential function of time, the rate of
which is given by the parameters of the model, independently of the initial condition.

Though our trait mixing operator By is similar to the gain part of the collision operator in
the works mentioned above, our model mainly differs in the selection component m(x). This
component is described by a trait-dependent mortality rate and is considered as being a constraint
on the phenotypic variability of the population. This strongly affects the properties of the
solutions : there is no more conservation of mass, neither of the center of mass, and the evolution
equations for the moments are not closed. For instance, we cannot easily compare two different
rescaled solutions, since their time rescaling (depending on the variance) are not explicitly the
same. In the present work, we take the same approach as in the previous works with, in addition,
the estimation of quantities derived from the selection rate, which contain the main difficulties
of the consequent analysis.

The main challenge we are faced to is to obtain a criterion of stability which allows to prove
the convergence to a concentrated profile. Once the convergence is established, we may then
expect the model to behave as if the selection rate was constant, and the method using Fourier
metrics can indeed be adapted to prove that the rescaled profile converges to the same heavy-
tailed distribution. We are able to prove the stability in Wasserstein metric of Dirac masses
located at positions for which the difference between the selection rate and its minimum is less
than 1. This has to be compared with the results of [35] and of the recent preprint [28] recovering
the same results using a moment-based approach, similar to ours (for the Fisher infinitesimal
model with selection, with small € > 0). In these works, one of the criterion of stability is that
the initial profile is close to a gaussian profile of variance €2, centered at a point for which the
difference between the selection rate and its minimum is less than 1. We find suprising that we
do not obtain the same difference of selection rate, as this threshold of % seems natural in the
case € = 0, in view of the estimates we can obtain in the differential inequalities on the moments
of the solution. The investigation of the possibility of instability above this threshold of %, and
the comparison between the cases € > 0 and € = 0 are left to future work.

The work is organized as follows. In Section 2 we establish the existence and uniqueness
of the solution of (Il in the sense of measures, we also define the moments of the centered
and normalized solution and state some properties that they satisfy. Finally, we also derive
the equation on the Fourier transform of the centered and rescaled formulation of the solution.
In Section B we provide a local stability result of Dirac masses and derive estimates on the



exponential decay in time of the moments. In Section ] we prove the long time convergence of
the centered and rescaled solution to a stationary self-similar profile.

1.2 Assumptions and main results

We outline in this section the assumptions we use and the main results that we prove throughout
the present work.

First, we state the existence and uniqueness of the solution to (1) in the sense of measures.
Denoting M the set of nonnegative Borel measures with finite mass, we use the following
definition of a measure solution.

Definition 1.1. If f© € M, we say that f € C([0,T], M) is a weak solution to the model ()
if, for any Borel set A C R, we have for all t € [0,T):

/A f(t,x)dz = /A e ™M@ 0 (1) da + /O t /A e @) By f(s, )] (x)dx ds. (3)

The existence and uniqueness result is given by the following theorem that we prove in

Section 211

Theorem 1.1. If m is a measurable function and is bounded below, then for any f° € M., and
for any T > 0, there exists a unique weak solution f € C(]0,T], My) to the model (), in the
sense of Definition [I .

The proof of Theorem [L1] relies on standard arguments of fixed point construction using a
distance based on the total variation of a measure.

Next, we focus on the study of the moments of f. As a first step, we derive a control on the
time propagation of the initial moments of f, which enables to define the moments of f at any
time. Namely, defining for any finite nonnegative measure v, when [p |z|Fv(2z)dz is finite, its
moment of order k by

pulv) = [ (o),

the moments of f(¢,-), denoted by ur(f(t,-)) are well defined for all time as soon as they are
finite initially. Moreover, we prove that these moments are continuous and, for k even, that they
satisfy some kind of differential inequalities, which will be used to establish estimates on the
centered moments of the normalized density, denoted by

’ Jz f(t,z)dz
We aim to get some regularity on the centered moments of ¢ in order to determine the long
time behavior of its centered and standardized formulation, which we will also call self-similar
profile throughout this work. For this purpose, we add the following assumption of the selection
rate m.

Assumption 1.1. We suppose that m is measurable and that there exist constants K > 0
and C' = 0 such that for all x € R, we have

—K <m(z) <O +2?).



A first consequence of this assumption is that the time derivative of the moment of order k
of f can be expressed with the lower order moments at any time, provided that the initial data
has a finite moment of order k£ 4+ 2. This implies that, in this case, the moments of f are
continuously differentiable.

Note that we do not impose the selection rate to be nonnegative. This may be interpreted
as a supplementary asexual reproduction rate favored by the environment. Indeed, we could
decompose m(z) under the fom m(z) = d(z) — b(z) with b(z) and d(x) defined as, respectively,
birth and death rates, and assumed to be nonnegative. Thus, under the assumption of neglected
mutations, the birth rate b(z) entails a multiplicative operator, as the death rate, which leads
to a selection rate m(x) that may change sign. Assumption [[LT] therefore means that we assume
the birth rate to be bounded and the death rate to grow at most quadratically.

Then, we define the centered moments of g and the centered variations of m by the quantities

M0 = [ (o= 3(0) g(t. ), @)
54(0) = [ (o =70)* (m(a) = m(@®))g(t. 2)de, (5)
with Z(t) the center of mass at time ¢,
mlf(E )

p(t)

and we denote their initial values by M, ,S, S,g, 70, We obtain differential equations on the centered
moments of g for any k > 2, assuming that f° has a finite moment of order k + 2. In the case
where k > 4 is even and f° has only a moment of order k, we get a differential inequality on M.

A quantity that appears to be important in our study of these differential inequalities is the
shifted deviation of m from its minimum, defined as

Z(t) :== /R:Ug(t,x) dz = (6)

n(x) = i%fm + % —m(x), (7)

which is a quantity not exceeding % (and which is positive if the excess of mortality is less than %)
For instance, when f has initially a fourth moment, we obtain

d
—7=-8 8
dtx 1 ( )
d Mo = 1M Sy + S M- (9)
Mz = —5Mz — 52+ So Mz,
a+ 3 3
il < (2 7) — 2
P M, < <8 +n(7) 50>M4 + 8M2 + 451 M3, (10)

where we have written %M4(t) = limsup,_,¢ ;> w

One can see that we always have Sy > (7(Z)— %)M, and therefore the differential equation ()
for My gives %Mg < —(n(T) — So) M. We expect the variation Sp to be small, and we will see
that a criterion for exponential decay of My is indeed that n(Z) is initially positive.

With these differential equations and inequations, we aim to derive time estimates on the
centered moments My. To do so, we need to have some bounds concerning the regularity and
growth of the selection rate, which we state in the following assumption, which is for instance
satisfied when m is C? with bounded second derivative, or when m is globally Lipschitz. Notice

that this allows to cover the cases of smooth selection rates with quadratic growth.

Assumption 1.2. We suppose that m is locally Lipschitz and satisfies the inequalities of As-
sumption [L1].



Under this assumption, we prove the stability of Dirac masses around positions Z° for which
the excess of mortality compared to its minimum value is less than %, that is to say n(z°) > 0.
We show that if the center of mass at initial time is at such a position and if M is small enough
(which means that the initial normalized profile ¢° is close to a Dirac mass), then the center of
mass converges to some limit, and the moments Ms and My decrease exponentially to 0 at long
time, as stated in the following theorem.

Theorem 1.2. Under Assumption[1.3, we suppose that initially we have n(ZTo) > 0. Then, for
all & such that 0 < & < n(Tg), if MY is sufficiently small, we have for all t > 0:

n(z(t)) = o, (11)
My(t) < MYe™, (12)
My(t) < Me™. (13)

Furthermore, in that case, T(t) converges exponentially fast towards some Too € R. Consequently
it means that if g is initially sufficiently close to a Dirac mass located at Ty (in 4-Wasserstein
distance), then it converges exponentially fast to a Dirac mass at some point Too, and the closer g
is from 0z,, the smaller the distance between Ty and Too.

As the solution concentrates around a point in space, we expect the behaviour of the solution
to be close to the case in which the selection rate is constant. But in that case it is known
that the second moment decays as e_%, which is much stronger that the decay e~% provided
by Theorem [[L2] when § is small. However, with more work, we are able to improve the rates
of convergence of the moments. First, we start by refining the estimates on My and M, alone
thanks to (@)-(I0), then we obtain better rates of convergence for higher order moments, which
finally are propagated back in the differential equations for lower moments to obtain precise
estimates for all moments. In the end we obtain the following improved estimates.

Proposition 1.1. We suppose that the assumptions of Theorem [L.2 are satisfied and that, for
some kg = 2, the initial moment Mé)ko is finite.

Then for all k < ko and A < min(1 — 2%1,1,% — 22,%,1 + 0), there exists CMSk (converging
0
to 0 when Mé),m — 0) such that for all t > 0, we have

—At
MQk < CMgkoe .

Notice that here, even ftor a ¢ very small, if a sufficiently high initial moment is finite, then
we recover the decay as e 2 for the second moment M,.

Now that we know that this second moment decays as in the case of constant selection rate,
we can go further by studying the Fourier transform of the centered and rescaled formulation
of g and then characterize its convergence to a limit profile at long time, as announced in the
beginning of this work.

Indeed, in order to investigate the long time behavior of the solution to (), we make use of
the following Fourier distance

5(6) — B(€)] )

— 2
ds(7v1,72) = sup Ta

£#0
which is defined when ~; and 7, are some measures that have same moments up to order p € N,
with respective Fourier transforms 41 and 45, and s > p to be determined.
For all £ € R, we can define the Fourier transform of f solution to (Il on the trait variable

~ —

f(t,8) = f(t,") (&) = /Reigxf(t,x)dx.



Thus, to apply the Fourier distance (I4)) on measures that have same moments up to order 2, we
define 7(t,-) as the rescaled and centered formulation of g(¢,-), or associated self-similar profile,

= V() g (t, /Ma(D)z +7(t)) (15)

Then, we obtain that the Fourier transform satisfies the equation

DA(1,) =A(§)? —(1,) + 7601, €) + R(t,0),

in which the term R(t,&) comprises all the quantities generated by the selection rate m. Thus, R
depends on some of the moments M} and S, because of the formulation of v and of the equa-
tions (8) and (@).

So, this last equation on 7 is divided into an operator applied only on 7, which comes from
the Fourier formulation of the reproduction operator By for probability distributions, and the
remaining term R that we expect to become small at long time, because of the stability result
on the center of mass of g and the estimates on the moments stated in Theorem

In fact, it appears that the estimates on M} obtained at this point, even with the improve-
ments provided by Proposition [[LT] are still not sufficient to control the remaining term R. More
precisely, we need to specifically quantify the exponential decay of the moment Ms by providing

a lower bound, and also to derive a control on the ratios % and . To this aim, we make a

MQkO
M3

is small (for some ko large enough). This is not necessarily the case for any profile close to a
Dirac mass, but if we take any profile centered around Z° (with finite moment of order 2kg) and
we shrink it by some large factor, we satisfy this assumption. In this framework we are able to

stronger assumption on the initial condition, by starting with an initial proﬁle ¢" such that

obtain precise rates of convergence, as follows.

Theorem 1.3. Under the assumptions of Theorem [L.2, we take ko > 2 such that 2%—}),1 <9,

M9
and we suppose that 2'30 1s sufficiently small. Then,
2

. Mgko
e there exists C/m( 270
2

MO
) > 0, converging to 1 as ]\/21180 — 0 such that
2

t

Ma(t) = Ciy ( 2’“°)M26 2,

M
o forallk > 2 (withk < ko) and A < min(%— 2%%1,5_ _221%71) there exists C}\k( 2k0) >0,

0

converging to 0 as C — 0 such that

Mog(t) _ ~ M\
< 0 .
ho) S g

Finally, the last theorem states the convergence in the Fourier distance of the profile v to a
stationary profile v, which is identified in [4} [I3], when ¢ goes to +o0, as

2

1+ a2 (16)

Yoo (T) =

or given by

Too€) = (1 + J¢he .



Theorem 1.4. Under the assumptions of Theorem [L3, if there exists some ko = 3 such
0

that 2%0 r < 0 and M’ff’ is small enough, then we have that, for some values of s € (2,3),

there exists a constant L > 0 such that

ds (7, 7o0) (1) < (dS('YO,’VOO) + L)eiASt,

with As :=1— % — 2175 which is positive for s € (2,3).

Remark 1.1. When 6 — 2%0 T > %, this estimation is valid for all s € (2,3). Otherwise,
there exist 2 < sy < § < 3 such that this estimation is valid on (2,s0). For s = sg we o0b-
tain ds, (7, Vo) (t) < (dSO (Y05 Yoo) + Lt)e_)‘SOt, and for s € (s0,5), we obtain that there exists a
constant cs € (0, \s) such that

dS(’%'Yoo)(t) < ds('YOa 'Yoo)e_Ast + Le ¢,
In all these situations, the constant L depends on 6, s and the initial moments MQOk forl <k < ko.

To prove this last theorem, we prove a contraction property on the reproduction operator By
in the distance dg, which is due to the quadratic formulation of its Fourier transform, and combine
it with the results of Theorems and [[.3] that enable to control the remainder R. Although the
model under study is uncommon from a biologial viewpoint, we hope that the method developed
here, based on the contractive property in the Fourier distance and the control on the selection
effects, can be extended to other biological problems.

2 General results

2.1 Global existence and uniqueness of measure solutions

We want to give a meaning to our model ([I]) for an arbitrary nonnegative measure of finite mass
on R. If f is a smooth solution of (I, thinking of By[f(¢,-)](z) as a prescribed source term, we
can interpret ([Il) pointwise for every x € R as an ordinary differential equation in time, therefore
for all ¢ > 0 and for all x € R we have

ptw) = e [ B s,
0

and this will be the starting point of our definition of a measure solution. In the following, we
will often use the abusive notation f(x)dxz even if f is only a measure (or f(t, z)dx if the measure
depends on time). Similarly, if A a measurable function in R, we may write ¢(x) = h(x)f(z) to
define a signed measure ¢, even if f is only a measure.

We denote by M the space of finite signed (Borel) measures on R. Using the total variation

Illzy = sup ) [v(A)
i=1

where the supremum is taken over all finite partitions of R by Borel sets (A;)1<i<n, this turns M
into a Banach space [15].
Furthermore, we have that for any measurable function h taking values in [—H, H], we have

| [ heyvie)| < Hlvlv,

and therefore we obtain that |v||7v = sup| [ h(z)dv(x)| where the supremum is taken over all
measurable function h taking values in [—1, 1].

norm defined by



The set M, C M of nonnegative measures with finite mass is a closed subspace of M.
Indeed, if v, converges to v in total variation norm, then we have |v,(A)—v(A)| < ||[vn—v|l7v — 0
for all Borel set A C R, thus v,(A) — v(A). So, if v, is a nonnegative measure for all n, then v
is also nonnegative.

Notice that if v € M, then By[v] also belongs to M, has same mass, and for all bounded
(or nonnegative) and measurable h we have

_ e M) v(y)dy v(2)dz
/Rh(x)Bo[u](m)dx = IR , (17)

when v has positive mass (thus the conservation of mass is obtained with h = 1), and By[v] =0
if v is the zero measure.

We are therefore ready to study the properties of measure solutions of our model (), given
by Definition [Tl Notice that all terms in (B]) are well defined as nonnegative integrals, and
if m is measurable and bounded below, they are finite, since z — e ™®)? is measurable and
bounded for ¢ > 0. Consequently, if f is a weak solution and h is a measurable bounded (resp.
nonnegative) function, being a uniform (resp. monotone) limit of a sequence of measurable
simple functions, we have :

[ r@ sz = [ nae @ o) dm+1/ [ H@e I Byfg s, ) dads. (13)

Thanks to this property, we can have a useful semigroup property for the solutions of our
model.

Proposition 2.1. Let tg > 0. If f is a weak solution to the model (), then t — f(to+t,-) is
also a solution for the initial condition f(to,-).

Proof. We fix t > 0. If A is a Borel set, we have
to+t
/f to +t,x)dx —/ —m@)to+t) (0 dx—i—/ / Vto+t=3) B[ f(s,-)](x)dx ds.
A
_ / e—m(x)(t0+t)f0(x)dx+/ /e_m(x)(t0+t_s)B0[f(87')](.%')d.%’ds

A 0 A

t

+/ / e~ @) Byl f(to + s, )] (z)da ds.
0 JA

Since the function 14(z)e @ is measurable (and nonnegative), we have thanks to (IZ) that

the first two terms of the right-hand side of this last equality combine and we get

/fw+amm=/' Vm,dmg//' @9 By [f(tg + 5, )] (x)dz ds,
A
and this ends the proof. O

We proceed to the proof of Theorem [[LT, which provides global existence and uniqueness of
solutions to (Il) in M.

Proof. First of all, we need to study some contraction properties of By. If h is a measurable
function from R to [—-H, H], and v,v € M, we write p = fR x)dz and p = fR x)dz and we
have, when p, p > 0,

‘/ dx—/Rh(m)Bom(x)dx‘



_ o M)A AN _ Joo MMy P

p 7
< ‘foRh(ygz)V(y)dy v(z)dz B fRXRh(y;Z)V(y)dyﬂ(z)dz‘
P p
+ \fRXRh(ygz)”(y)dy Pz fr b r(0)dy()de
P p
. ‘foRh(y?)g(y)dy H)dz  Jpurh(57)7()dy (z)dz
p p

< fR ‘ fR h(y;rz)y(z)dz - th(y?)ﬁ(z)dz\V(y)dy

2

I Jr ‘ Jr h(y;rz)y(y)dy — [R h(y;rz)ﬁ(y)dﬂ v(z)dz
D

p
S LGS RO OTE

<2H|v —V|rv + H|p — pl.

We actually have p = ||v||7y (since v is nonnegative) and p = ||V||ry, therefore we obtain

| [ ha)Boivi@de — [ b Bolwda] < 38l ~ Tl (19)
R R
and one easily checks that this inequality is still valid if p =0 or p = 0.

We now fix f € My and T > 0. For any fixed L > 0 (to be determined later on), the
space X = C([0,T], M) with the norm

Iflle = sup e ™| f(t,)zv,
t€[0,T]

is a Banach space. The subset X1 = C([0,T], My) of nonnegative finite measures varying
continuously in time is a closed subset of X, and we will construct a fixed point by Picard
iteration on this complete metric space.

For f € C([0,T], M), we denote ®(f) the time-dependent measure defined for all Borel
set A C R by

t
[otade= [ @ et [ @B s @deds, (20
A A 0 JA
and we are therefore looking for a fixed point in X, of the operator ®. Let us first check that ®
is well-defined from X, to itself.

If h: R — [—1,1] is a measurable function, being a uniform limit of a sequence of measurable
simple functions, we have

T x)dx = z)e @ 0 (1) dz t z)e @) (=) s, )|(z)dx ds.
[ @ ae = [ waem @ waar [ [ b Bol (s, ))()dad

10



Then, taking K > 0 such that m is bounded below by —K, we obtain, for ¢, > 0,
| [r@e(nods — [ n@)e(n)ta)dal
R R
tl
< / e — e O (z)da + / / e @ =) B[ f(s, )] (x)da ds
R t R

t
" / / e =5) _ o=@ | B[ (s, )] () da ds
0 JR

t t
<K€KTlf’—t|||f0HTv+/ KeKTlt’—tl\lf(s,')HTvdSJr/ TN f (s, ) lrvds,
0 t

where we used the fact that e ™®? is KeXT Lipschitz in time for all z € R, and the fact that
the total mass of By[f(s,-)] (which is its total variation since f is nonnegative) is the same as
the one of f(s,-). Furthermore we have ||f(s,-)|l7v < e®*||f|lx < eT| f|lx for all s € [0,7].
Therefore we obtain

IR(f)(E,) = @()Elzv < (KTl + (KT + D)™ £l ¢ — ¢,

showing that ¢ — ®(f)(t,-) is continuous in time (and actually Lipschitz). Notice that since
all the measures in the definition of ® are nonnegative, we get that ®(f)(¢,-) is a nonnegative
measure for all time, and the operator ® therefore sends X into itself.

For f,f € X}, we fix a measurable function A : R — [-1,1], and we compute similarly,
thanks to (19)

‘/ ) (t, dm—/Rh(x)fb(f)(t,m)dx‘
/ 1 / @6=5) Bo[ (s, )] () — /R B()e @) By [F(s, )](x)dz] ds
< /0 3eKT | 1(s,) — F(s) v ds

KT

t . 3e ~
< [ 3eRTIE = Fllee ds = 2= (e = 17 = Tl

which shows that
3 KT

1R(f)(E,-) = 2Ny < ——e™|1f = flx,

and therefore
. 3€KT
[2(f) —2(f)llx <

So, for L > 35T ® is a contraction and therefore has a unique fixed point in X,. O

2.2 Evolution of moments

In order to investigate the large time behavior of a solution f, we will need to control the
moments. The key observation is that any bound on finite moments is preserved by Bj.

Lemma 2.1. Ifv € My, then for all k € N, we have

[ it Bull@io < [ feota (21)

11



Furthermore, if [5 |z|Fv(2)da is finite and v has positive mass, all the moments up to order k
are well defined and we have

k 14 —qilv
ol = Y () gcat) (22)

=0

Proof. Let us remark that both sides of the first inequality are well defined as nonnegative
integrals. We suppose that [ |z|*v(z)dz is finite and that v has positive mass, thanks to (7))
we get :

y+z|F y
/R‘x’kBo[V](x)d RXR oF ()dy (2)dz

- Jr(
Z?:o (];) Jr ‘y’jy )y [ |2]*7v(2)dz
2k [pv(x)dx '

<

Then, by Hoélder inequality, for 0 < j < k we obtain

[wevn < ( [ viwas) ([ aputr)

and we therefore get

/|x|kBo[y](x)dx ( ) (Jrv( dx)(f]R 2"y (2)dw) /|x|k

2k [ov(x)d

Now, by using the dominated convergence theorem, we can approximate z* by a bounded
measurable function hy(x), for instance by setting

(-N)k ifx < —N
hy(z) = ¢ 2F if —~-N<2z<N (23)
Nk if x> N,

and obtain, by applying (7)) to hy, that in the limit N — oo, we have

w2 () dy v(2)dz
/kaO[V](m)dx _ Jrxr v (y)dy v(z) 7
R fR v(z)dx
Z?:O (l;) Je v v(y)dy [ 2 v (z)dz
B 2k [pv(x)da '
which is then well-defined and provides the formula (22]). O

Thanks to this property, we can now give the proof of the following proposition, which shows
that finiteness of moments is propagated in time.

Proposition 2.2. Let f° € M., m be measurable and bounded below by —K <0, and f be the
global solution to the model () given by Theorem[L1l If for some k € N, [ |z|* fO(z)dz < 400,
then for all t > 0, we have

[t st apds < 0 [ o

12



Proof. Back to the Picard iteration sequence (f,), with f, 1 = ®(f,) and fy = f°, where @ is
defined in (20)) in the proof of Theorem [T we proceed by induction and assume as the induction
hypothesis for n > 0 that

€T T )ax €K+1)t €T 0
/Rllfn(t )z < /Ilf()

Then we have, since hy(z) defined in (23] is bounded and measurable,
[ @t ants = [ @ by (o)) da
# [ [ O @Bl N(w)ads
< eKt/R\x]ka(x)dx—i—/Ot K (t—3) /]R |hw (x)| Bolfn(s, )] (x)dxds.

By ([2I) in Lemma [2.0] and the induction hypothesis, we obtain

t
[ 1@ a2 < (e“+ JR Sds) [lalt s
R 0

= <1 + /t esds> eKt/ |z|* fO(z)dx = e(KH)t/ || fO(x)dz:
0 R R

By construction of f, passing to the limit n — oo we obtain

/ e ()| (1, 2)da < KDY / 2l fO(a)da
R R

By monotone convergence theorem, we can pass to the limit N — oo to get

/R|x|kf(t,x)dx<e(K“)t/R|x|kf0(x)dx. O

Thanks to these bounds, we will obtain more precise properties on the evolution of the
(even) moments of the solution. In some cases, we do not necessarily have that the moments
are differentiable in time, but we obtain estimates similar to differential inequalities. A good
framework to work with continuous functions of time is set in the following lemma.

Lemma 2.2. Given t — y(t) a function of time, we write

ar y(t+7) — y(t)
—y(t) = imsuyp =¥———"——=.
dt y( ) T~>O,T>1:()) T

Then, for anyT > 0, if y is continuous and satisfies %y(t) < 0 on [0,T], then it is nonincreasing
on [0,T].

Consequently, if, for some integrable functions a and b, we have a continuous function y
satisfying the following Gronwall-like estimate for all time t € [0,T:

d+

V(1) < a®y(t) +b().

then we have for all t € [0,T],

t
y(t) < y(0)elo a®)ds 4 / b(u)elt s gy,
0

13



Proof. The proof (by contraposition) is based on a result similar to the mean value theorem :
if there exist some times ¢y < ¢; such that y is continuous on [tg,¢;] and y(t9) < y(t1), then

there exists t, € [to,1) such that liminf &bFD=ult) > wlt)=vlto) = Thyg we can conclude
T—0,7>0 T ti—to

that 4 & y(t ) = % > 0. Surprisingly, we see that we only need the liminf of the slope
to be nonpositive to show that a continuous function is nonincreasing (the proof also works for
lower-semicontinuous functions). This result may be classical, but we did not find any reference,
this is why we include the proof here.

To show the claimed result, if there exist such times ¢y and ¢1, we introduce

2(s) = y((1 = s)to + st1) — (1 = s)y(to) — sy(ta).
The function z is continuous on [0, 1], and satisfies z(0) = z(1) = 0. Therefore it reaches its
minimum on s, € [0, 1], and without loss of generality we may assume s, # 1 (since in that case
the minimum is also reached at s = 0). We therefore get liminfy ., s>, % > 0, which
corresponds to the claim, with ¢, = (1 — s4)to + S«t1.
Finally, the resolution of the Gronwall-like estimate is a direct consequence of the first part
of the lemma, by setting z(t) = y(t)e” Jo als)ds _ f b(u @(s)45qqy,. Then the continuous

. : + .
function z is such that %th < 0, therefore nonincreasing. O

We are now ready to provide this kind of estimates for the even moments of the solution,
which will be useful when we derive estimates for the moments of the centered and normalized
distribution. We proceed to the proof of the following proposition.

Proposition 2.3. Let f° € M., m be measurable and bounded below by —K < 0, and f be the
global solution to the model ([dl) given by Theorem [l
Fork >0, if [ |z|F fO0dz < +o0, then t — up(f(t,-)) is continuous. Furthermore, if k is
even, for all t > 0, we have
d+t
e (f () < pw(Bolf (8 )]) + K pi(f (2, ))- (24)

Proof. We fix T > 0. For 0 <t <t+7 <T,and hy as in (23], we write, thanks to (I8) and to
Proposition 2.1 :

/ hy(x)f(t+ 7,2)dx = / e @ b (2) (¢, 2)da
R

R
T e—m(x)(r—s) T S, ) |(x)dxds.
+/0 /]R hy (x)Bo[f (t + s,-)](z)dzd

By dominated convergence as N — +o0o, thanks to Lemma [2.I] Proposition and the fact
that m(z) > —K, we obtain

pe(ft+7,-) = /Re_m(ﬂgﬁxkf(t,x)dx + /OT /R e @)k B[ f(t + s, )] (z)dads.  (25)
In particular, by setting t = 0 and writing t instead of 7, we get that for all ¢ > 0,
76 = [ et P [ / P Bol (s, )] (w)dads. (20)
We write this expression under the form pu(f(t, - )+ fo z(t, s)ds, by setting
y(t) = /Rem(m)txkfo(x)dx

—m(x)(t—s) kB ) £
2(t,s) = Jre x"Bo[f (s, )](x)dx ifs<t .
0 ifs>t
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By dominated convergence, since e ™®)|z|* < X7 |z|* which is f° integrable, we obtain
that y is continuous on [0,7]. Similarly ¢ — z(t,s) is continuous on (s, 7] (thanks to Proposi-
tion 22, (2])) in Lemma 2] and the fact that m(xz) > —K) and we also have

2(t, )] < K09 / 2l £ (s, 2)dar < KU HIHDs / 2] 10 (2)da
R R

Consequently, z(t, s) is uniformly bounded on [0, T)? by some C > 0.

Obviously, ¢t — z(t, s) is also continuous on [0, s), since it is equal to zero. We now want to
prove that ¢ — fo z(t, s)ds is continuous. We fix ¢y € [0, T], and we have that for all s # ¢¢, 2(¢, s)
converges to z(to, s) as t — tg, by the Contlnulty properties of z. So by dominated convergence,
we get that fo z(t, s)ds converges to fo (to,s)ds as t — tg. This ends the proof of the time

continuity of ,uk(f( ).
We now suppose that & is even. From (25]), we obtain

pr(FE+7,)) < pr(f(t,)e"T + /T X 1 (Bolf (t + 5,-)])ds

0
< () + [ mBolpe+ s, Dds).

We therefore obtain

,Uk(f(t + 7, )) - Mk(f(t’ )) < eKT — 1Mk(f(t7 )) + BKT

/0 Cuk(Bolf(t+ s, ))ds. (27)

By the formula (22) and the fact that all moments of f of order j < k are continuous in time,
we get that ¢t — ug(Bo[f(t,-)]) is continuous, and therefore the right-hand side of (27) converges
to Kug(f(t,-)) + ue(Bolf(t,-)]) as 7 — 0, and this proves (24)). O

2.3 Centered moments of the normalized population density

To obtain estimates on the centered moments of f, the inequalities provided by Proposition 23]
will not be sufficient ; we will first need a more precise description of the evolution of the
moments g (in particular we will have to compute the time derivatives of po and py). To this
aim, we make the stronger assumption [Tl on the growth of m.

Under this assumption, if f has finite second moment, then the evolution of quantities of the
form [ h(z)f(t,z)dz (when h is measurable and bounded) provides a simpler weak formulation
of (), as stated in the next proposition.

Proposition 2.4. Under assumption [I1, we suppose that f° has finite second moment and
denote by f the global solution to the model (III) given by Theorem [T Then for all measurable
and bounded function h, the quantity fR ) f(t,x)dx is differentiable in time and we have

%(/Rh(x)f(t,x)dx> = /Rh(l")(BO[f(t, () — m($)f(t,$))dx. (28)

Proof. From Proposition and Assumption [[[T] for all measurable and bounded function k, we
want to obtain dominations of the time derivatives of the integrands appearing in (I8]) on [0, 7.
First of all, we have
[h(z)m(@)e ™ < CeKT(1+ a2) sup |hl,
R

and the right-hand side is f’-integrable, therefore by dominated convergence theorem we get
that the term [p h(z)e~™®) fO(z)dx is differentiable in time. We also have for all s € [0, 7], and
forall t > s,
[h(@)m(@)e @62 < CeKT (14 22) sup|h,
R
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which is By[f (s, -)]-integrable for all s € [0, 7], thanks to Lemma [2Z.I]and Proposition There-
fore by dominated convergence the derivative of [, h(z)e ™®=%) By[f(s,)](v)dz with respect
to variable ¢ is well defined, and uniformly bounded, on [s, T]. By Leibniz rule on the formula (IS,
the derivative of [, h(z)f(t,z)dx is well defined for all ¢ > 0 and we have

%< /R h() f(t,x)dx) =— / h(z)m(x)e” ™" O (z)da + /R h(@)Bo[f (¢, -)](x)dz

/ / Je @) By [ £(s, )] () dads.

Once more, by dominated convergence theorem, we can approximate h(x)m(z) by a bounded
measurable function hy(x) and obtain, applying (I8) to hy, that in the limit N — oo, we have

R R
/ / —m(x)(t S)Bo[f( I(z)de ds.

We therefore obtain

i (/R’”‘W “’”U)dw) = [ h@)Bals (s M@ = [ ham(a)f (s,2)da.
Hence, the second weak formulation (28]). .

Remark 2.1. We chose in Assumption [I1 to have at most quadratic growth of the mortal-
ity rate m. If instead we suppose that it does not grow faster that |xz|F, the same reasoning
would apply, and Proposition would still apply, replacing the requirement on f° by ask-

ing [g|z|® fO(z)dz to be finite.

We are now ready to give the evolution equations for the moments of the solution f, which
we state in the following proposition.

Proposition 2.5. Let k € N. Under Assumption[I 1, if f© has a moment of order k + 2 and f
is the unique weak solution to the model (), then pg(f) is continuously differentiable in time
and we have for all t > 0

k .
%Mk(f(t,))zz<k>'uj(f( ) b— ] /m Yk f (¢, ) (29)

pr AV 2k o (f(

Proof. Let us remark that by Definition [[LT] we obtain that po(f(¢,-)) > 0 for any time. If not,
we would have [ e @1 f0(2)dz = 0 and therefore e~ ®)? would be zero almost everywhere
with respect to the measure f0, giving a contradiction. By Proposition 24l using again the
function hy defined in (23]), we obtain

/hN(x)f(t,x)dx:/hN(x)fO(x)dm
R R

+/Ot</RhN(x)B0[f(s,m)]dx—/RhN(x)m(m)f(s,x)dm>ds.

Thanks to Proposition and to Assumption [T m(-) f(s, ) has a moment of order k, uniformly
on [0,¢], therefore we obtain by dominated convergence theorem

i () = e f0) + /0 (je(Bolf (s, ))) — s (m(-) £ (s, ) ds.
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Then, as in the proof of Proposition (2.3)) for the time continuity of g (f(t,-)), we get similarly
as in (206]) that

im0 ) = [ Mm@y foin+ [ [ O Dma) Byl dds.

And we proceed in the same way, by dominated convergence thanks to Assumption [Tl to prove
that ug(m(-)f(t,-)) is continuous in time. Thanks to Propositions and (23), we have the
time continuity of g (Bo[f(¢,-)]) and therefore pg(f(t,-)) is continuously differentiable in time
and satisfies (29)). O

From now on, we suppose that Assumption [T is satisfied and that f° (of positive mass p°)
has a finite second moment. We are interested in the normalized population distribution. Let p(t)
be the total population mass at time ¢

p(t) = po(f) = /R f(t,2) da

From Proposition 2.4 we obtain the evolution equation for p(t)

(i / m(z dz. (30)

As noted in the proof of Proposition 25l we have that p is positive for all time, and we can
therefore consider the normalized population distribution ¢ that is defined in (L2)).
Thus, from Proposition 2.4l we obtain a weak formulation for the following equation on g

dug(t.x) = Bolg|(t,x) — mi(x)g(t,) — (1 - [ 2 dz) )

Remark 2.2. This evolution equation for the normalized population distribution has the same
form as the replicator-mutator equation, with the linear mutator term replaced by a sexual repro-
duction one. Replicator-mutator type equations have been quite studied in the form of nonlocal
integro-differential equations (see e.g. [1, (2, [27]). Recently, the authors of [14)] have proved con-
centration results and new convergence estimates in the non-singular case for measure solutions
of the “house of cards” replicator-mutator model.

Then, we can also define the mean trait, or center of mass, which we denote by T and which
is formulated by (@). Thus, we can focus on the study of the centered moments M and the
centered variations of the selection Sk, for k € N, which formulations are given in (4)-({).

Indeed, the moment M), is well-defined for all time whenever f° has a moment of order k
and S}, is well-defined if f° has a moment of order k+2. From now on, we will write MIS = My(0).

In particular we have My(t) = 1 and M;(¢) = 0 for all time. Using ([29)) (for £ = 1) and (30)
we obtain the equation of evolution of T given by (&) whenever f° has a moment of order 3 :

U U)o
dr _dt( (1) )_ / g(t,x)d + (1) /R (x)g(t,x)d

= /m —x)g(t,x)de = —S1(t),

dr_d

which was claimed in (8g]).

From now on, we actually assume that f° has a moment of order 4 (we will only compute
estimates for even order moments), so that this mean trait T is differentiable, and we can then
compute the evolution of the centered moments My, thanks to Proposition (or Proposi-
tion 2.3) and to the evolutions ([B0) and (§)) of p and Z.
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The next proposition states the differential equations and inequalities that M}, satisfies. They
will be used in the following sections to prove stability results of Dirac masses. Notice that
when f° has a moment of order 4, this proposition provides the results claimed in (@)-(I0) for
the evolutions of the moments My and Mjy.

Proposition 2.6. Let k > 2. Under Assumption[I 1, if f° has a moment of order k+2, then Mj,
1s continuously differentiable in time and we have

d 1

gMe=-(- 5=

k—2
1 k
)Mk+ 2_’9 <Z>M/€—2Ml — Sk + SoM;, + kS1 M. (31)
=2
If k > 4 is even and f° has only a moment of order k, then M, is continuous in time and
we have for all t > 0,

1k2

< (3 "o

1
— M < — __F_SO_H? )

M;._; M; + kS1M, 2
T 5 <>kz + ES1 Mj_q. (32)

=2

Proof. Let us first remark that if we fix ¢y € R, then f: f(-,- 4+ xo) satisfies the same equation
with m replaced by m = m(- + xo).
k
—k k — P\ rf
pOM0) = [ (o0 40Dt x)de = 3 () o0 = T0) i 7t )
1=0

= u(f(t,) = k(@(t) — z0)pr—1(F(t,-)) + O(F(t) — wo]?),

where the bounds for the term O(|Z(t) — xo|?) are uniform on [0, T, thanks to Proposition
Therefore if g = Z(tg) for some ty € [0,7T), since t — pg_1(f(¢,-)) is continuous in time (and in
particular at (), and using (8), we have that

pOM) ~ pulFt) | do
t—to t—to dt

Therefore, setting y(t) = p(t)My(t) — ur(f(t,-)), we get that y is differentiable at ¢, with

When f has a moment of order &k + 2 (initially), this is the same for fand therefore we can
use Proposition to get the derivative of ui(f(t,-)) at to. We obtain

%mﬂt,-))\tto:i(’f)”ﬂ’(ﬂ““”“’” 0D [ ia)at f ae

J 2k 110(f (to,-))

1 o (k _
= o <j>ﬂ(to)Mj(t0)Mkj(to) — p(to) (Sk(to) + m(T(to)) My (to))-

=0

Since My (t) = ﬁ(y(f) + 1i(f(t,-))) and since p is differentiable at ¢y, we get that
Mk (to) dp

t=to  p(to) dt =ty

by p(to) (1 —So(to) —m(Z(to))), therefore we obtain (BI)
= 1 and M;(tp) = 0. Since the right-hand side of (I)) is

d
Y ‘ _
dt kt:to )

CL|Q_,

- (y(t) + k(7 (t,)|

The derivative of p at tg is given in
at time g, using the fact that My(¢o

v@
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continuous in time, as proved in Proposition 2.5l we obtain that Mj, is continuously differentiable
in time.

When f has only (initially) a moment of order k with k even and k > 4, we use similarly
Proposition [2.3] instead of 2.5 to get, by setting K = — infg m,

dr 7 - i (F(to, ) n—i (f (to,)) .
|, g( T R )
S oF Z ( ) Mj(to) Mi—j(to) + p(to) K Mi(to)-

Since k > 4, p and y are still differentiable at tg, and since p is positive, we get that

S (w w‘ ) - Millo) dv

dt
S v ‘ - :
At Flizty p(to) \ dt lt=to + dt p(to) dt li=t

The computations are therefore similar to the previous ones, and we obtain

d* 1
M <= (1= 5 — 50— K —m(3) Mk+2k2< )Mk iM; + kS1 Mj_1,

which corresponds to (32)). O

Remark 2.3. If we suppose that m grows at most linearly, we only need to have a second moment
to control the derivative of p, and therefore [32)) is also valid for k = 2.

2.4 Fourier formulation, and rescaled profile

Before tackling the long time behavior of T and of the centered moments My, we finish this
section by stating the equation satisfied by the Fourier transform of the centered and rescaled
formulation of g(t,-). This equation will be further investigated in Section @l

From Definition [I3] we have

/ y(t,x)dx = 1,/ xy(t,z)dz =0, and / 2y (t,z)dr = 1. (33)
R R R
We also define the signed measure ¢

p(t,z) = [m(yvMa(t)x +T(t)) — m(@(t))(t, ), (34)
Now we prove the following result.

Proposition 2.7. Under Assumption[I 1, if f° has a moment of order 4, then 7 is differentiable
and we have the equation on 7

DALE) =A(1,§)” —A(1,€) + TEIA(,€) + R(1,€), (3)
with R(t,§) given by

() = 3910 sA0.6) - 30.6) + 5003019 + 5 (a5 — o) 965009 39
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Proof. From Assumption [[.J] and Proposition 4] and assuming that f° has finite moments up
to order 4, f is differentiable in time, and using (7)), we obtain

o (Feem)

a - = — .
2 f(t,€) 700) mf(t,§)
Thus, we obtain the equation on g, using (B0):
0ig(t,€) = (3(t:€/2))" — §(t. &) — (1 — my(t,0))3(.€)- (37)

Then, 7 is well defined and we have, for all £ € R,

56 = e v Vg [ & ).
Mo(t)

Thus, from Proposition and (37), 7 is differentiable in time and we can compute

dz T dMsy ..
0(1.6) ~i— == A i 5”2/2 D5t.6) + o Vi ot/ /00
dM
- 13/2 37 6060 (t.€/\/Mo)

with J¢g well defined since g has moment of order one. Using () and (B37), we get

0A(1.E) = A(t.£/2)? — A1) — ¢ Vo Vg, f—>+n?g<t 0)A(1,)

~ 1 dM- ]
~ iS00 - 55— (0.0 + VT agie ).
2

And using (@), we then compute

g

~ ~ ~ iET(t) BN . ~
07 (t,€) = (V(1,€/2))* = A(t,€) — e V¥=Oimg(t, ZA=) +mg(t, 0)3(t,€) — le(t)fmw(t,é)
E(1 1 Sa  So . st ) g
+ 5 <2\/ﬁ2 + Mz?’/z \/E) <2x’y(t,§) +e VM2 Oeglt, \/E) )
Then, noticing the expressions
03(1.€) = — (3(.9) + ¢ V0 agr, o)
TSR T SR
my(t,0) = So(t) —m (z(t)),
the definition (B34]) enables to write
r—— N — - —~ ~
e VIO img(t, =) — mg(t, 0)7(,€) = §(t,€) — So(t)F(t, ),
and we obtain the equation on 7
~ ~ ~ I PN . ~ ~
OA(.6) = (3(1.€/2))* =7(1.6) + FEA1.O) = 181 () A=T(.6) — BlE.0
. 1/5;
+ So(t)7(t,€) + 5 (ﬁ - 50> EON(t,€).
Finally, with the definition of R (36)), we get (33]). O
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3 Long-time behaviour of normalized moments

3.1 Local stability of some Dirac masses

We begin this section by proving the local stability result of Theorem [[L2] which states that a
sufficient condition for the convergence of g towards a Dirac mass is to be initially close enough
to the Dirac mass located at To = T(0), when n(Zp) > 0, i.e. when the initial selection rate at
the center of mass satisfies m (%) < infrm + 3.

Before that, we state an useful technical lemma

Lemma 3.1. We suppose that Assumption[1.2 is satisfied (that is to say m is locally Lipschitz,
bounded below and growing at most quadratically). Then, there exists a nonnegative function «,
which is locally bounded on R, and a constant B = 0 such that for all x,y € R, we have

Im(z) — m(y)| < aly)lz —y| + Ble — yI*. (38)

Proof. For r > 0, let us denote L, = sup|$|7|y‘<r7x¢y% the Lipschitz constant of m

on [—r,7]. We suppose that |m(z)| < C(1 4 z2) for all  in R.
Let us now pick z and y in R. If |z| < 2|y| + 1, then

im(z) —m(y)| < Lajyj4le =yl

Otherwise, we have |z| > 2|y| + 1 and therefore |z — y| > |z| — |y| = 1 + |y| > max(1, |y|).
|z[-1 1
2

Using |y| < o |2 we also get |z —y| > |z| — |y| = |z| — > 5 12l 5o finally we obtain

m(z)—m(y)| < [m(@)|+|m(y)| < C+2"+y%) < CRlz—y +4z—y|*+|z—y|*) < 7Clz—y.

In both cases, we obtain (B8)) with a(y) = Lgjy4+1 and g = 7C.
Notice that conversely, if m (bounded below) satisfies the estimate (38)), then Assumption [[.2]
is true. g

We are now ready to prove Theorem
Proof of Theorem [I.2. Thanks to the definitions (@), (&) and (), we obtain

S > (n(®) ~ )M, 81> (n() — 5) M (39)

By Lemma [B1] using Cauchy-Schwarz inequalities in the definitions (@)-(E), we obtain

My < /My, (40)
|M3| < / MaMy, (41)

S0l < a(@)y/ My + My, (42)
1S1] < a(Z) M + B/ MaMy. (43)

Therefore we obtain, thanks to (&), (@), and (I0):

‘ T) Mo + v/ Mz My, (44)

aM2 < (—n(T) + (@) /M + BMz) Mo, (45)
%M < (= (@) + 5(a(@)v/ My + BM)) M, (46)
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where we have used [@Q) and (@I to get that |MoM3| < /My/MoMy = /My My.

We now fix §p such that 0 < § < 9 < n(Tp), and by continuity of m we find r» > 0 such
that n(z) > do for all @ € [To — r,To + r]. We set & = supjz,_, 7,4, @ Which is finite by local
boundedness of . Using (@), we then fix M} sufficiently small in order to have

5(a/ M3 + BM3) < &g — 6,
aMy + B/ MIMY < ré.
Finally we define T" as the supremum of all ¢ > 0 such that for all s € [0, ], we have

[Z(s) —To| <,
5&\/M2(8) + BMQ(S) < dp — 9, (47)
aMs(s) + B/ Ma(s)My(s) < 19,

and the set of such ¢ > 0 is non empty, therefore T' > 0 (we may have T' = 400).

For all ¢ € [0,T), we get from (45])-(6) that %Mg < —dMy and %M4 < —0My, giv-
ing that My and M, are nonincreasing in time and satisfying estimates ([2)-(I13]), thanks to
Lemma Thanks to (44]), we obtain

t
o(t) ~ 7ol < [ (@03 + 5y MEMD)e s
0

1— e—5t

5 <(1—er

< (aMy + B/ MIMY)
Let us prove that T = 400 by contradiction. If T is finite, then |[Z(T) — Zo| < (1 — e T)r < r,
and by monotonicity of Ms and My we also get

5a+/ Ma(T) + BMy(T) < 5/ MY + BMY < o — 6,
aMy(T) 4 B/ Ma(T)My(T) < AMY + B/ MIMY < 76.

Therefore, by continuity in time of Ms, My and Z, there exists 7 > 0 such that for all s
in [T — 7,7 + 7], we have the estimations ({7)). Thanks to the definition of T', these estimations
are true for all s € [0,7'), and therefore also for all s € [0,7 + 7], in contradiction with the
definition of T as a supremum.

Since the derivative of T is decaying exponentially fast, we get that Z(¢) converges to some T,
in R, and more precisely we have

00 _ ~MO /MOMO
T(t) — Too| < / (@M3 + By MYMD)e~05ds = T2 +ﬁ5 240t
t

This also shows that the smaller the value of M, f , the closer the location of T, relatively to Ty.

Finally, the convergence in Wasserstein distance comes from the fact that Wy (g, dz) = M4(t) i
and therefore

Wi(g, 6z.0) < (M) Te™ 5 + WiBs(p), 0r) = (M) i€ 3 + [7(t) — Toe- 0

Remark 3.1. If m is Lipschitz (we can take = 0 and « constant in Lemma [31]), then we
only need to suppose MY sufficiently small to get the estimates (), (IZ) and the ewponential
convergence of T. The proof is exactly the same, only using the estimate on the evolution of My
given by B2) (see Remark[23), and the convergence is in 2- Wasserstein distance.
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3.2 Improved estimates on even order moments

We can now use this result of stability of Theorem together with the equation for higher
order moments to improve the bound on the rate of convergence. In this subsection, we start
from the assumptions made in Theorem

Assumption 3.1. We suppose that the selection function m satisfies Assumption .2, and we
take Ty and § such that 0 < 6 < n(To). Finally, we suppose that the initial profile gy is such
that T(0) = To and that MY is sufficiently small, ensuring that the conclusion of Theorem [I.2
is true. As in the proof of this theorem, we denote by & a uniform bound in time for o(T(t))
(independent of MY, only depending on 1, § and To).

To obtain the estimates on Moy, the idea is to use the equations (31)) and (B2]), along with the
stability result stated in Theorem Apart from the exponential decay rates of the moments,
we will also need a control on the constants in front of these estimates. Furthermore we will
often have to deal with quantities controlled by e~ for all A strictly less than some A > 0 to be
identified. Therefore we introduce the following definition.

Definition 3.1. For A > 0, we say that a nonnegative quantity y(t) (which may depend on several
parameters) has a decay controlled by the parameter o > 0 and with rate [N~ if for all A < A,
there exists a constant C(o) > 0 converging to 0 when o — 0, and such that for all t > 0, we

have y(t) < C(o)e M.
We will use several times the following lemma.
Lemma 3.2. If y is a nonnegative continuous function in time satisfying for allt > 0

d+
VO < (A ui)y(E) + vo (),

where vy(t) and v1(t) have a decay controlled by the parameter o and with respective rates [wo)~
and [wy]|~, then y(t) has a decay controlled by max(y(0),0) and with rate [min(\,wg)] ™.

Proof. If A< min(\, wy), we fix wy and @y such that A< Wy < wg and 0 < Wy < wq, and we have

forallt >0
d+

at?
with C1 (o) and Cy(0) converging to 0 as 0 — 0. Therefore, thanks to Lemma 2.2] we obtain

(t) < (=X + Ci(o)e “)y(t) + Cao)e ™",

Cé,(la) (e=®1t—1 Cé(;’) (e=®15—1)

- . i
y(t)e)\H )< y(0) + CQ(O’)/ Mt e w05 g
0
t Y ~ —_ ~
< y(O) + CQ(O’)/ e)\s—w()Sds — y(O) + ?2(0:))?(1 . e—(wo—A)t)
0 To —
C
< y(0) + 2200
wo — A

Finally we get

Co(o) \ L@ (g_e-o1t)_X¢ Co(o)\ Sl 5,
t) < 0)+ —=)e “1 < 0) + ~—le 1 .e
vt < (v + =5 (v + =5

)

and this ends the proof, since the constant converges to 0 as y(0) and o converge to 0. g
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First, we obtain the next proposition that presents links between rates of convergence of My
and My, allowing to improve the rates provided by Theorem

Proposition 3.1. Under Assumptionlﬂl we have that My and My have decay controlled by M}
and with respective rates [mln(2, s +0)]” and [% + 4]~

Proof. We first suppose that My and My have decay controlled by MJ and with respective
rates [A2]” and [Ag]7, for A2, Ay > 0, and show that these rates can be improved. Thanks to
Lemma B.] using once again Cauchy-Schwarz inequality in the definition (Hl), we obtain

|Sa| < an/ MMy + BMy. (48)

Therefore we obtain, thanks to (@) and the estimate (42),
S, < (—% +ay/M; + ﬁM2> My + /MM + M,
< (—%+s+a\/ﬁ2+ﬁM2> M, + (j—erﬁ) My,
where we used Young’s inequality for some & > 0. Similarly, using (I0), ([89) and (II)) we obtain

n
CoM, < (—5 — 24 5(@y/Ml + ﬂMz)) My + 203,
Therefore, since ay/My + BMs, My and M2 have decay controlled by the initial moment MY
and respective rates [%)\2]_, [A4]” and [2\2]7, by applying Lemma [3.2] M, have decay controlled
by MY with rate [min(2 4 6,2X2)]~, while M, has decay controlled by max(M3, M) (and there-
fore, thanks to (@), by M} only) and with rate [min(3 —, A4)] . Since this is true for any ¢ > 0,
we obtain that M5 has rate [min(%, A4)]”. Therefore, by applying once more this property, we ob-
tain that Mo and My have decay controlled by M} and with respective rates [min(3, 2 +6,2X2)]~
and [min(% +9,2X\4)]”. Indeed min(% +9,1,2\4) = min(% +0,2\4) since 0 < n(To) < 5

Hence, since My and My both have decay controlled by M} and with rate [§]~, thanks to
Theorem [[L2 and the estimate ([40]), we directly obtain by induction that for all & € N, My and M,
have decay controlled by M} and with respective rates [min(3, 2+, 2%6)]~ and [min(2 +6, 2¥6)]~
so for k sufficiently large, this ends the proof. O

The next proposition uses these estimates on Ms and M, to obtain estimates for the rates of
convergence of all moments of even order, provided they are finite initially.

Proposition 3. 2 Under Assumption 31, for all k > 2, if MY, is finite, then Moy (t) has decay
controlled by MY, and with rate [3 — 2%%1 + 0]~

Proof. We proceed by induction, since, the case k = 2 is provided by Proposition BIl We
fix k > 2, and suppose the result is true for £ — 1.
First of all, if 2¢ < ¢ < 27, using Holder inequality in the definition (), we get

25
|Mf| /|$_$ |£ dx—/ |x—x 2221] 21+j2j 219( )d

M2] 21M2] 21. (49)

In particular, for ¢ = 0 and j = k, we obtain

1 2 S -1
M2 < MQI%, M4 < MQICk, Mgk_g < MZk k, and |M2k_1| < M2k 2* (50)



Using ([3) to get

_ 1
|81 Maj,—1| < (@Ma + Bv/MaMy) My, # < (@y/My + B/ My) May,. (51)

As previously, thanks to the definitions (), (Bl), () and the property (III), we obtain
Sop = (0 — _)MZk (52)
Now, using ([9) with i =1 and j = k — 1, we obtain, when 2 < ¢ < 2k — 2:
| M| Mag—o| < Mo Moo, (53)

and therefore, we use (52)), (42), and (&) in the differential inequality ([B2) for My to get

I 2k—2
EM% < (=34 g1 — 6+ v1(t)) Moy, + <22k ; (25)>M2M2k—2, (54)

where vy (t) = (2k + 1)ayv/Mz + B(2ky/My + Ms). Now, using (50), we obtain that when MY,
converges to 0, then M) and MY also converge to 0. Therefore by induction and thanks
to Proposition Bl vy (t) and MsMs,_o have decay controlled by M. k and with respective
rates [min(1, 3 + 16)]~ and [wo]~, where

rl>|0:>

co=(min(h §+0) + (- e 1) > G- gm0 2140 69)
since k > 3. Therefore, since % 4+ > % — 2%%1 + J, we can apply Lemma and this ends the
proof. O

We can now use the estimate on a moment of high order to obtain better rates for all lower
order moments, as stated in the following proposition, which corresponds, with Definition BTl
to the claimed Proposition [[LT]in the introduction.

Proposition 3.3. We suppose that Assumptionm is satisfied. If Mgko is finite (for ko > 2),

then for all k < ko, May, has decay controlled by M. k with rate [min(1 — 22,}_1 ) % — 2%})_1 +0)]”

Proof. We proceed once more by induction, from k = kg down to kK = 1. Indeed, since we
have & < n(ZTp) < %, we get that min(1 — 2%}),1,% — 22,%,1 +0) = % - 2%% + §, which
corresponds to the rate given by Proposition We fix k < kg and suppose that the result is

true for k 4+ 1. We have, thanks to Lemma [3I] and using Young’s inequality for some & > 0:

1o < / & — () g(2)dz + BMagar

a? a?
< / |$ — E(t)|2k (g + E|$ — E(t)|2)g(x)dx + ,BMQIH_Q < 6M2k + <E + 5) M2k+2.
R

Therefore, as in the proof of Proposition B2 using (53)), (42)), and (5I) in the differential equa-
tion (BIl) for Moy, we get

2%—2 _
d 1 2k a?
&M% < (=14 gz +e+vi(t) Moy + (2% ; (%) | MaMay—s + EJrﬂ Moy 12,

where vy (t) =

(2k+1)a/Ms+ B(2kv/ My + M) has decay controlled by M0 (and hence by Mgko)
and rate [min(%, 2=+36)]~. By induction Moy o has decay controlled by M, k and with rate [wg] ™~
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where wy = min(1— 2%%, %—2%—%)_1—}—5). And we know by Propositions B.Iland B2 that MoMoy_o
has decay controlled by MY, (and hence by Mgko) and with rate [wo]™ with wy given in (B5), so
Whenk>3wehavewo>%+5>%—2%—%_1+52c~u0.

When k& = 2 we also obtain wy = min(% +26,1) > % — 2%—%_1 + 0 > Wy since § < % Finally
when k£ = 1 the sum on /¢ is empty.

So, in all cases we get thanks to Lemmal[32that My, has decay controlled by max (MY, , Mgko)
(and therefore by Mg, only) and with rate [min(1 — 2%%1 —¢€,wp)]”, for any £ > 0, which ends
the proof. O

When the initial condition has enough moments, we then see thanks to Proposition B3] that
all My with k > 2 decay with rates strictly greater than %, and that M, decays with rate [%]*
Therefore we expect all the moments Moy, to decay “faster” than Moy, and we will see in the
next section that this property is important to study the self-similar behaviour of the solution
as time goes to infinity. However, to have such a property, we have to get a lower bound
for Ms(t). By using a refinement of Lemma [3.2] we could prove that there exists Cy > 0 such
that |Msy(t) — C’ge_%t\ < Ce 0! with wy > %, but this is not sufficient to get a lower bound
on Ms, as we could have Cy = 0.

To O\ﬁrcome this difficulty, instead of asking the fourth moment M, to be small initially, we
the initial profile around Zy by a given parameter %, which has the effect of scaling any initial
moment My, by a factor e2*. Before proving that this condition is enough to get lower bounds
on M, we will need an adaptation of Lemma in a nonlinear setting (the main difference
being that we now require smallness of the initial condition y(0) and of the parameter o), which

in stated in the following result.

will ask <=2 to be small initially, for kg sufficiently large. This is for instance the case if we shrink

Lemma 3.3. We suppose that y is a nonnegative continuous function satisfying for all t > 0 :

a+
FTEAZAS (= A+ vi(y())y(t) + vo(t),

where v1(r) < Cr? for all v > 0 sufficiently small (with 6 > 0 and C > 0), and vo(t) has a decay
controlled by the parameter o and with rate [wo) ™.

Then, if y(0) and o are small enough, y(t) has a decay controlled by max(y(0),0) and with
rate [min(\, wo)]~ .

Proof. We fix @y < wp, then A< min(\, &), and we pick 7 > 0 such that A — Cr? > A (and
small enough so that v1(7) < C7 as soon as 7 < r). Therefore, as soon as y(t) < r, we have

d+

PTRAGIS —Xy(t) + C(o)e ™0t

where 6’(0) — 0 as 0 — 0. We suppose that y(0) + o) <
w

0
We denote T' = sup{t > 0,Vs € [0,t],y(s) < r}. By continuity of y, since y(0) < r, we
have T' > 0 and therefore for all ¢ € [0, 77,

~ — @Mty < -
u(t) < (4(0) + C(o) =) e < e,

showing that T'= 4oc0. Indeed, if it was not the case, we would have y(7T') < r, in contradiction
with the definition of T, by continuity of y. Therefore we also obtain

0 (y(0) < € (5(0) + Clo)——) e,

WQ—)\

26



showing that v;(y(t)) has a rate controlled by max(y(0),o) with rate [NGX]_. We can therefore

apply Lemma B3] as we now have a linear estimate (provided y(0) + 50((_7)} < r), and this ends

the proof. 0O

We are now ready to prove the following result, which leads to the statements of Theorem [L.3l

MO

Pr0p051t10n 3.4. Under Assumption [31, if ]\/21180 is sufficiently small and if 2%% < 4,
2
0

2kg . 1
A and with rate [0 — Sz;=]
0 0

M9 M.
Furthermore, in that case, there exists Cy,(—=2), converging to 1 as ]\/2;80 — 0 such that
2

the

MO

M(i) >C < kO)M e 2
2 = k 2 .
0 7‘10

0

. Moy, M2k0 .
Consequently, for all k > 2 (with k < k), YA has decay controlled by and with

M3
rate [min(% — 22,61,1,5 — 2%}),1)]*.
Proof. We compute
E(Mgko) _ Ld"‘Msz _ LdMg (MQko)
dt \ My My dt My dt > My 7
Thanks to (@) and the estimates ([42)) (48], we have
d 1 ~
M2 > (=5 —av Mz = BM) Mz — a/ MaMy — BMa, (56)
and therefore, using (54), since 2% Z% 2 ( ) 1, we obtain
dt My, ~ o\ Mog
E( M;) <(—0+ 2—21%—1 + w(t)) M; + May,—2, (57)
where
My
w(t) = a((2k +2)v/ M. ﬂ/ )+6(2k\/ +2Mz+ﬁ)
Using ([@0), we get
My My
My < /My = 2 < 224 58
and therefore we obtain
_ ~ [ My My
< (2 — 2 —
w(t) < (2k + 3)a R +( /<:+3)ﬁM2
Now, using ([9) with ¢ =1, £ = 4 and j = ko, we obtain
2kp—4 2
2kg—2 2kg—2
M4 M2 ’ M2k00 _ (MQko)m (59)
M2 M2 M2 ’
and therefore we get
~ Mo\ 1 Mop,\ —2
W(t) < (2K + 3)a(522) o7 4 (2k + 3)B(H22) o2, (60)
M, M,
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Finally, thanks to Proposition B3] Mk, o has decay controlled by the initial moment Mgko

and with rate [min(1 — 2%})_3, i 2%})_1 +0)]~, and since we have

MQk;()

L ) - M, < (%)hL%OQ&’
2

Moy, < ( M,

M9 M9

we get that Mgko — 0 if ]\/2;80 — 0, so May,—2 has decay controlled by ]\/2[’80. Thanks to (B7)
2 2

0

M,
and (60), we can apply Lemma B3] with y(t) = Aﬁl;o and o = Af['f)“ = y(0), the function w
2

being given by vi(r) = (2k + 3)(ar? + Br?), where § = %0%2 We therefore obtain that
MO MO

if =20 is sufficiently small, then Maky 15 decay controlled by its initial value —=¢ and with

rate [(5 - 22,6%]

0 0
M3 Mo M3

0
My

MY
converging to 0 as ¢ — 0, such that we have

Still denoting o = if we pick wg < § — 2%%, we then get that there exists C(o),

Moy,

YR < C(o)e ok,

Therefore, using (56)), (G8]) and (59), we obtain

d 1 My My
S > (=2 —2a /22 o —>M
at 2 ( 5 20 ~ 2L ) M
1 Moy, \ 0 Moy, \ 260
> (=2 —og(f2he)0 _gg 22k )M
( y ~ 20y, 285 M
1 ~
> (— 3 —C(o) ef€”°t>M,

where

C(o) = 2aC(0)? +28C(0)%,
which still converges to 0 as ¢ — 0. Solving this differential inequality for Ms, we get

t 6(0) —w00t_1 _5(‘7) ot
or MY > e w0f Me 2,

)
€

MQ(t) 2 €

which gives the expected lower bound on Ms.
The last part of the proposition is a direct application of Proposition B3] using the fact
0

My |
MY )

that Mbsy, — 0 as soon as

4 Convergence to a self-similar profile

The goal of this section is to prove Theorem [[L4] which states the large time convergence of the
centered and rescaled measure 7 to a self-similar profile in the Fourier distance defined in (I4)),
for some value of s.

We first discuss some prior results obtained on the following equation

~ ~ ~ 1.4
0A(1,€) = 72 (1.§) —7(t€) + 760A(1.9). (61)
which is precisely equation (35 in the case R = 0, that is when m is constant and then there is no

selection. This equation on the Fourier transform of the rescaled distribution can also be derived
from the kinetic model of Boltzmann-type studied in [34]. In this work, the authors proved a
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contraction property of the operator of equation (€Il) in the space of probability measures that
satisfy ([B3]) and have finite moments up to order or s = 2 + § with 6 > 0 well chosen, endowed
with the Fourier distance ds. Also, they proved the convergence in the Fourier distance of the
rescaled measure towards the unique stationary solution of (6I) with mass 1, centered, and
second moment equal to 1, which is denoted by 7, and defined in ([I6]).

Here is the outline of the proof. First, we derive an estimate on the distance between -~
and 7, under the assumption that the term R(t,&) exponentially decreases in time and is also
controlled by a [£|®. Next, we prove that, for all (¢,£) € Ry xR, R(t, &) satisfy theses conditions
in the framework we set. We eventually combine these results to conclude to the statement of
Theorem [L4

The first step of the proof is the following result.

Proposition 4.1. We fiz s € (2,3) and we set A\s =1 — § — 2175 (we have Ay > 0 since s — A
is strictly concave and Ay = A3 = 0). We suppose there exist L > 0 and ¢ > 0 such that

[R(t,6)| < [¢°Le™, VEER, (62)
Then, for all time t,

o if c = )\, then we have
dS(ry, 700)@) < ds(r)/(], 'Yoo)eiASt + LteiASt,

e otherwise, we have

—ct __ e—)\st

_ &
ds (7,700 (£) < ds(70, 700)e ™" + L———

Proof. From (35]), we obtain

% <et§(t, e’ﬁf)) = e'7? <t, e*£%> +e'R <t, e’ﬁé“) ,

and so we get the following Duhamel formulation
t t T ! T
ety (t, 6715) =9 + /0 eTH? <T, 671%> dr + /0 e'R <T, 6715) dr. (63)

Since 7o is a stationary solution to (BB with R = 0, applying then in this case (63))
with J(¢,£) = Y0 (§), we obtain

¢
e Vo <e*i§> = Yoo +/ €770 <e*£%> dr. (64)
0
First, notice that

5 (e i5) 7 (e

NN
[Ne]7a0%
N——
I\
=
/N
:]
|
ISR
[No]7a,
N———
+
2
2)
/N
m\
ISK)
[No]7a,
>
/N
:]
m\
IR
[No]7a,
N———
|
2
2)
/N
m\
ISK)
DN
N———

since ||Y|loo < 1 and |[Yoolloo < 1 (7 and 7y are probability measures).

Besides, we have from (62))

|[R(r,e™5)| e T|E[ Le™ .
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Therefore, we obtain the estimate on the last term in formula (G3])

t - t s
/ "R <T, e*zf;“) dr < Ll / ed=i-97qr.
0 0

Now, by subtracting (64) from (63)) and dividing by [£|®, we obtain

Bl -],
’ &l° < ds(Y05Yo0) +2 s/ el 4>Tds(%%o)(7)dT+L/ e1=5-97qr.
0 0

Since we assumed that f° has finite moment up to order 4 and also 7 up to order s, the
distance dg(y(t,),Voo) is finite, then we can take the supremum on & # 0 in the estimate above
to finally obtain

¢ t
e D (7, 700) () < ds(Y0,7o0) + 217 / T d (7,700 ) (T)dT + L / !5 97dr. (65)
O 0

This Gronwall estimate can be solved classically by setting

t
2(t) =72 St(ds(%,%o)+2”/ B(I’Z)Tds(%%o)(f)dﬂ,
0

thus we obtain
t
Z,(t) _ 21—56_21*Ste(1—i)td8(7’ ,YOO)(t) o 21_82’(t) < 21—5Le—215t/ e(l—i—c)TdT’
0

which gives, since z(0) = ds(70,Vo0),

t t
2(t) < ds(70,700) + L (—e‘QlSt / el =i7mdr 4 / G(AS_C)TdT> . (66)
0 0

Getting back to (65]), we obtain

t
dy(7, 700 ) (8) < e U <621‘Stz(t) +L / 6(1—§—c)7d7'>
0

and using (60l), we get

t t
dm,%o)(t)<d8<wo,%o>e—kst+L<e—Ast / eOuma)T gy _ o= (1=t / eu—i—cvdT)
0 0

t
e (- / =597 g,
0

Hence we have .
ds (7,700 ) (£) < ds(Y0, Yoo ) + Le_Ast/ ePs=97qr,
0
which gives the result stated in Proposition F.11 O

Next, we establish some estimates on R(t,&) and the moments of g that will help to derive

an estimate of the type (62). From now on, we use the notation

- 9o - 829 ~ o

/ /! /1
t = (7 t = (7 t = (7

F0.6):= g8, 916 =G (10, §"(16) = G (1.0)
for the sake of simplicity. We will also omit the dependency on time in the proofs of the two
next stated results, since all the estimates are derived at a fixed time ¢t. We will resume the
dependency on time when we prove Theorem [T.4]

The lemma below provides some useful estimates on R.
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Lemma 4.1. We fir t > 0. For all £ € R, we have the two following estimates:

IR(t, O] < (5182 oo + 118/t )lloo + 187 (2, ) oo )€, (67)
IR(t O] < (1B )lloo + 312" (1 ) o) 7 (£ oo + 318 (E)lloo + 518" (E)llo) €% (68)

Proof. From the definition (B6) of R, we obtain

| <
| <

Sa(t)

R(t.6) = Su(03(0.€) ~ $(0.6) ~ 5 (Sult) — 20 ) 67/(0.6) i1

0 (L, ). (69)

Since v(t,-) is a centered probability density with second moment 1, we get
3(t,0) =1, 7'(t,0) =0, 7"(t,0)=—
Furthermore, for all £, we have
7, &) < /Rv(x)dx =1, {9l =1-2v(t 8l < /R |y (t, x)dz = 1. (70)
We also have, by Cauchy-Schwarz inequality,
7.9 =~ @0 < [ bt o)ds <1 ()
R

Now, a simple change of variable reads, for k € N,

Sk / K & (k)
= [ 2¥p(x)dr =" 2"(0),
\/MQk R

(where the dependency on time ¢ is omitted) and therefore, the expression (69) of R(¢,£) can be
written under the form

R(t,€) = F0)7() = $() + (F(0/7(6) — 1(3(0) + &"(0)7() ) &.

From this, we easily remark that R(0) = 0 and we obtain
R'(t,€) = §(07(6) — '(€) + 5(2(0) — #"(0))7(€)
(70RO -} "

Also, we remark once again that R/(t,0) = 0 (since 7/(0) = 0), and we also have from (72

3
R(t.) = [ (F07 0 -8+ 5(70) - 2"0)7"0))dy
0
+ (FOF©) - 3(30) + §'0)7"©)¢.
Using ([70)-(71), we obtain a first estimate on R’

R (] < (I18lloe +201@ lloo + 218" 100) 8]

and since R(¢,0) = 0, by integration we get the estimation (67]).

Similarly, we compute the second derivative of R and we obtain

R(t,€) = 20 (0)7'(§) - 2(€) - <0W’<s>
+ (F0F(©) - 3(30) + 2"(0)7"(©) )¢
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From this, we remark once more that R”(¢,0) = 0 (since 7”(0) = —1), and we also have

R(te = [ @07 () ~ 2" (0) — (07" ()
+ (076 - 1(20) + 2"(0)7"(©) )¢
Using again (70)-(ZT), we obtain
B ()] < (31800 + 318" lo0) 17" llso + 3118 llow + 12" 1o ],

and since R'(t,0) = R(t,0) = 0, by two successive integrations we get the estimation (G8]) and
this ends the proof. O

Next, we prove estimates on the derivatives of ¢ with the moments Mj, using the results of
Section 8l Once more, we fix t > 0 and omit the dependency on ¢ in the notations, the norm |||/
being the supremum with respect to the Fourier variable £ only.

Proposition 4.2. We have

VM,

I < 73
7"l < ST, (73)
and if m satisfies Assumption [I.2, we have (with o and B given by Lemma[31) :
—~ . |M M
13| o <a($)\/ﬁi+5ﬁi, Jor 0 < k<2,
M. My M,
18W|o < a(@)—5 + Y50, for 0 <k < 3.
My My

Proof. By a simple change of variable, we have

M
kk :/xkfy(x)dx,
v Mo R

and in particular, we get (73]) by

WW(S)’ < /R‘x’fffy(x)dx < \//R xz’y(w)dw\//R zty(x)dr = V1 \/]]\\44—424 - \/]\%

Furthermore, the quantity [p |z|*~y(z)dz is nondecreasing with k, from k > 1. Indeed, by

induction, thanks to (7I]) we first have [, |z|y(z)dz <1 = [ |2z|*y(z)dz. And if for some k > 1,
we have [p |z|*y(z)dz < [; |z[*F1y(z)dz then by Cauchy-Schwarz inequality, we get:

xk'H X )ax X X )ax X X )ax
/R\ F+ () <\//R\ o () \//r k42 (2)d
< \/ /R |w|k+w<w>dw\/ / 242y (2)de,

which proves that [, |2["y(z)dz < [ =] (z)dz.
Now, with Lemma Bl we obtain by the definition (34)) that for all 2 € R, we have

ol < [(@) v/ Malz| + BMo|e[*]y ().
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Therefore we obtain

50(6)] < /R j2l¥|o(z)|dz

_ k k
o(@)V/ > /R 2y (2)de + BMy /R 22 () de

which the gives

159 o < a@)V/E [ las(@)de + 5 [ fal*y(a)do
13®) \/_/ |24 ( dx+BM2/ || (x

We have [ |z[>v(z)dz < \/MW; thanks to (Z3), [ |z|*y(z)dx
Schwarz inequality,

for 0 < k<2,

for 0 <k <3.

MQ, and finally, by Cauchy-

JERE \// afts(a)d [l (a)de < |37

and we therefore obtain the desired estimates

O
We can conclude with the proof of Theorem [T.41

Proof of Theorem[I.4] Combining the results of Lemma K.I] and Proposition gives the fol-
lowing estimates for |R(t,£)]:

5 M. M.
R(t.€) < 5 (a@ L +ﬁﬁ;‘) €%,

and

3
M. 1M2  2/M,M,
IR(t,6)| < [a@—5 +8 | ;54 e

3 3 M2 g 3 ’5‘3
M22 2 M22
_ My My Mg
< | a@—5 +8—F5— | I€P,
]\422 ]\422

with the last inequality coming from the fact that My < +/MsMg by Cauchy-Schwarz inequality.

0
Then, we fix § from Assumpt1on Bl By Proposition B.4] assuming that
for some kg >

is small enough
3 (and such that 2%0,1 < 0), we have that, for each w < mm(g,é
exist constants C7 and C5 such that

W) there

[R(t,€)] < Cre 3¢,

and

IRt €)] < Coeli=)g.
Thus, taking s € (2,3) and defining ¢5 := (3 — s)

|R(t, )| =

with ¢s > 0 when s < 5:=2+

¢ — (s —2)(3 — w), we obtain
|R(t,f)|(3_5)+(5_2) < Cf*505*26—03t|£|s,

w
T .

2
We can distinguish two situations depending on the value of w
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o Ifw> %, then we have ¢; > 0 for all s € (2,3). Moreover, we have that ¢, > A for each
value of s, which implies from Proposition 4.1]

e*)\st

ds (77 700)(t) < dS(fYOa VOO)e_ASt +L
Cs — As

Indeed, in this case, for s = 3 and w = %, we have A3 —c3 = 0, and for s € (2,3)

the function s — Ay — ¢ is increasing (it is strictly concave and its derivative at s = 3

is 2(In2 — %) > 0). Therefore for w = 1 we have Ay < ¢, for all s € (2,3). Since c; is

increasing with respect to w (and s does not depend on w), this provides the same result

for w > %.

o [fw < %, s must be in (2,5) to get ¢, positive. Furthermore the function s — Ay — ¢s is
still increasing on (2, 3), since it is strictly concave and with positive derivative at s = 3.
Since A3 —c3 > 0 and Aa —c2 < 0, we get that there is a unique value sg for which Ay, = cs,.
Then, Proposition 1] can be applied. We obtain

sy (V, Yoo ) (t) < dsy (0, Yoo )e 0" + Lte*wol,

And for s # sg, we have
ds (7, 700) (t) < ds(Y0, Yoo ) + Llem minsclt,
. _ L
Wlth L, = m

Hence the statement of Theorem [[L4], together with the precisions given in Remark [LT O
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