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ABSTRACT

In this paper, we consider a general single species model in a heterogeneous envi-
ronment of n patches (n > 2), which each patch is either a source or a sink. First,
we study the dynamics of the model when the matrix of migration is irreducible
and reducible. We show that, there is a threshold number of source patches such
that the population potentially becomes extinct below the threshold and established
above the threshold. Next, used the theory of singular perturbation and theorem of
Tikhonov, in the case of perfect mixing, i.e. when the diffusion rate tends to infinity,
we calculate implicitly the equilibrium of the model, which in general is different
from the sum of the s carrying capacities of source patches. We give also a good
approximations of the solutions in this case. Second, we give some properties of the
total equilibrium population and we compute its derivative at no dispersal. In some
particular cases, we determine the conditions under which fragmentation and mi-
gration can lead to a total equilibrium population which might be equal or smaller
than the sum of the s carrying capacities. The following both cases: death rates are
much larger than the growth rates and growth rates are much larger than the death
rates are considered. Finally, we study an example of two-patch source-sink model
where the first patch follows a logistic law and the second a Richard’s law, we give
a complete classification of the model parameter space as to whether dispersal is
beneficial or detrimental to the carrying capacity.

KEYWORDS
Population Dynamics, Migration rate, Source-sink model, generalized Logistic
growth, Global stability, Slow-fast systems, Tikhonov’s theorem.
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1. Introduction

Many complex systems in sciences and engineering can be modeled by coupled systems
of differential equations on networks. A network can be mathematically treated as a
weighted digraph (directed graph), consisting of a set of n vertices and a set of directed
arcs. In 1977, Freedman and Waltman [23] consider a two-patch model with a single
species in logistic population growth as follows:

dx x

71 =T1T1 1— 71 + E(LL'Q — :1:1),
d.CC2 1 T2 4 ( )
— =TT - err —x
dt 242 K2 1 2)s

where x; represents the population density in patch i, the parameter r; is the intrinsic
growth rate, K is carrying capacity and € is the dispersal rate. Freedman and Waltman
show that under certain conditions, the total population abundance can be larger than
the total carrying capacities K1 + Ko. Holt [34] generalized these results to a source-
sink system. In 2015, Arditi et al. [I] gave a full mathematical analysis of the model
of Freedman and Waltman with symmetric dispersal.

In 2018, Arditi et al. [2] extended the model (1f) by considering asymmetric dispersal,
i.e. the model:

d:L‘l I

— =nra (1 — — ) + e(n222 — y2121),
da:Q 1 T2 + ( )
— =TT - — € T — T
i 2%2 Ky Y21%1 — Y12%2),

where e€y12 and eyp; with v;; > 0,7 # j and € > 0, are the migration terms which
describe the flows of individuals from the patch 2 to the patch 1, and from the patch
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1 to the patch 2 respectively. These flows can for example depend on the distance
between the patches. By noting that the positive equilibrium (7 (¢€), 25(€)) of model
is the unique positive solution to

rezi(e) (1 - "“’T(E)) Fromi(e) (1 _ W) _o,
s = <vfzilx’{(e) - ajto (1 —[;K”)) ,

i.e., the intersection of an ellipse and a parabola, they used a graphical method to
completely the analyze of the model in order to determine when dispersal is either
favorable or unfavorable to the total population abundance

In [14], I suggested to study the two-patch coupled model where each patches follows
a Richard’s law, i.e, the model:

d 14
% =71z (1 — (;U{ll) ) + €(y1222 — Y2121),

I e (3)
= 1— (== + (72171 — Y1272),

where x1 and xo represent population densities of the species in patch 1 and 2, re-
spectively. The parameters K; and r; represents the carrying capacity and the growth
rate respectively. Parameter e represents the dispersal rate and pu is a positive param-
eter. y12 denote the migration rate from patch 2 to the patch 1 and ~9; from patch
1 to patch 2. For this model, I interested in the effect of this choice, which generalize
the logistic, on the dynamic of the total population in two patches. I have given a
complete classification of the model parameters regarding when the dispersion causes
a total biomass smaller or greater than the sum of the carrying capacities. I used for
this classification, the geometric method of Arditi et al. [2].
In 2019, Wu et al. [49] studied the following two-patch source-sink model:

d

S (1 a:1> + e(xg — sx1),
d.l‘g 1 T2 + ( )
—= =rry | —1— —= €(sz1 —x
7t 272 e 1— T2),

where 1 and x5 represent population densities of the species in patch 1 and 2, respec-
tively. Parameter e represents the dispersal intensity while the parameter s reflects
the dispersal asymmetry. The authors show that the dispersal asymmetry can lead to
either an increased total size of the population in two patches, a decreased total size
with persistence in the patches, or even extinction in both patches. They show also
that for a large growth rate of the species in the source and a fixed dispersal intensity:

e If the asymmetry is small, the population would persist in both patches and reach
a density higher than that without dispersal and the population approaches its
maximal density at an appropriate asymmetry.

e If the asymmetry is intermediate, the population persists in both patches but
reaches a density less than that without dispersal.

e If the asymmetry is large, the population goes to extinction in both patches.

Arino et al. [3] also studied a source-sink model of n patches, where the source
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patch follows a logistic growth rate, and the sink patch follows exponential decay, i.e
the model

dzx; T . .

dmi
dt

(®)

n
:—riazi+eg YijTj, 1=s+1,...,n,
j=1

where x; represent population densities of the species in the patch 7. The parameter
e represents the dispersion rate of the population, v;; > 0 denote the flux between
patches j and i for ¢ # j. We denote I', the matrix I" := (7;;)nxn With

Vii = — Z Vji- (6)

=157

For system , the authors proved the existence of a threshold number of source
patches such that the population potentially becomes extinct below the threshold and
persistent above the threshold.

In 2021, Elbetch et al. [13] have considered the model of multi-patch logistic growth,
coupled by asymmetric linear migration terms

dzx; T = .
o = Tidi (1_K:'> +6.;¢A(%g‘%‘—%z‘xz‘)7 =1 n, (7)
J=1,37

where n is the number of patches in the system. The parameters r; and K; are respec-
tively the intrinsic growth rate and the carrying capacity of patch i. The term on the
right hand side of the system describes the effect of the linear migration between
the patches, where € is the migration rate and I' := (vy;;) is the matrix representing the
migrations between the patches. Note that, the system is studied also by Elbetch et
al. [12] and Takeuchi [46] in the case when the matrix I" is symmetric. We recall that,
when the matrix of migration I' is irreducible, System admits a unique positive
equilibrium which is globally asymptotically stable, see [3, Theorem 1] [4, Theorem
2.2] or [12, Theorem 6.1], when € — oo, this equilibrium tend to

; 0T
L s

where a; = = and (d1,.. ., 6,)T the vector which generate the vector space ker I' (for
more properties of the vector space ker I, see subsection .

In [12] 13], Elbetch et al. have answered in some particular cases of the model
to the following important question: Is it possible, depending on the migration rate,
that the total equilibrium population be larger than the sum of the carrying capacities
>, K 7 This question is of ecological importance since the answer gives the conditions
under which the linear dispersal is either beneficial or detrimental to total equilibrium
population. Note that, this question has been studied by many researches, see [I, 2] [0~
13, 15, 17, 21H24] for logistic model, [3, 16 18, 49] for source-sink models, [28-30]
for susceptible-infected-susceptible (SIS) patch-model and [5] 6, B5] for populations
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with time-varying growth rates living in sinks and also some details of the dispersal-
induced growth (DIG) phenomenon ( i.e. it is possible for populations in a set of
patches, with dispersal among them, to persist and grow despite the fact that all these
patches are sinks). They proved that, if all the patches do not differ with respect to the
intrinsic growth rate (i.e., 71 = ... =ry,), then the effect of linear migration is always
detrimental. In the case when (K7i,...,K,)" € kerI" ( if the matrix I' is symmetric,
the condition (K7,...,K,)T € kerI' means that the patches do not differ with respect
to the carrying capacity ), linear migration has no effect on the total equilibrium
population. An example when the effect of linear migration is always beneficial, is in
the case when I' is symmetric and all the patches do not differ with respect to the the
parameter a = r/K quantifying intraspecific competition (i.e., oy = ..., ;) ( see also
[13, Prop. 4.2]).

With the aim to generalize the results obtained in [12, [I3] for a multi-patch lo-
gistic model, to a multi-patch model with generalized growth rate, recently, Elbetch
[20] have considered the model of multi-patch generalized logistic growth, coupled by
asymmetric linear migration terms:

dx; - ,
o =wipiw) e Do (g —w),  i=1em, (8)
j=Lii

where ¢;(z;) represents the specific growth rate of the population in the i-th patch

and satisfied to the following conditions: ¢;(0) > 0, Z‘if (z;) < 0, there exist K; > 0
such that ¢;(K;) = 0 and z;p;(z;) — —o0 as z; — +o00 for all i = 1,...,n. When the
matrix of migration I' = (7;;)nxn is irreducible, System admits a unique positive
equilibrium which is GAS, see [20, Theorem 6]. When ¢ — oo, this equilibrium tend
to Aog(d1,...,0,), where )\ is the unique solution in the positive axis of the following
equation ) . 6;¢;(0;x) = 0, see Theorem 7 in [20]. For this last model, Elbetch [20]

have shown that, if the n patches do not differ with respect to K; fl“;: (K;) then the total
equilibrium population on the n connected patches is always less than or equal to the
sum of carrying capacity of the isolated patches. In the general case when K; flﬁj (K3)
are different, He determined some conditions for which the total population size of the
n connected patches at equilibrium may be greater than the sum of carrying capacities
of n isolated patches.

For general information of the effects of patchiness and migration in both continuous
and discrete cases, and the results beyond the logistic model, the reader is referred to
the work of Levin [37, 38], DeAngelis et al. [9, [10] and Freedman et al. [22].

Our aim in this work is to study the model of n patches with generalized source-
sink dynamics, coupled by migration terms. In particular, we are interested in studying
the effect of dispersion and the specific growth and death rates on the dynamics of
population. Thus we generalize some results of [20] for n-source, 0-sink generalized
logistic patch model to s-source, (n-s)-sink patch model and also we extend the results
proved by Elbetch et al. [12], [13] for n-source, 0-sink patch logistic model to s-source,
(n - s)-sink patch model and also we extend the results proved by Wu et al. [49] for
1-source, 1-sink patch model.

This paper is organized as follows: The introduction consists of giving an overview
of the different models of two and n patches, as well as of the two-patch source-sink
models of a single population and also for n patches. In Section [2] we introduce the
mathematical model and we give some definitions and notations. Next, in Section
We prove that there exists a threshold number of source patches such that the
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population becomes extinct below the threshold and persist above the threshold for
the model @D In Section |4} we study the behavior of the system @ in the case when
the migration rate goes to infinity by using perturbation arguments and Tikhonov’s
theorem [36), [47), 48]. In Section we compare the total equilibrium population with the
sum of the s carrying capacities for some parameter space. In Section [6] the following
both cases: death rates are much larger than the growth rates and growth rates are
much larger than the death rates are considered. In Section[7} using the method graphic
of Arditi et al. [2] and of [49], we give a complete analysis of two-patch source-sink case,
where the first patch follows a logistic law and the second Richards law. Two-patch
model where one growth rate is much larger than the second one is also examined. In
Appendix [A] we give some background concepts and preliminaries results which are
used in the analysis of the global stability of our different models. We ends with a
conclusion in the section Bl

In the following, we shall use for convenience the abbreviation LAS for Locally
Asymptotically Stable and GAS for Globally Asymptotically Stable equilibria.

2. Mathematical model and assumptions

Let us consider the growth of single specie which can disperse among of n patches,
with s source and n — s sink patches, described by:

n

dx; )
o = Tivi(@i) +e | Z (igrg = ygiza), A=,
J=1,37i (9)
d.’Ei - .
p” = —J:Z-goi(xi) + € | Z '(’yija:j — 'yj,-:c,-), t=s4+1,...,n,
J=1.5#

where x; represents the population density of the species in the i-th patch and ¢;(z;)
represents the specific growth rate of the population in the i-th patch for ¢ < s and
specific death rate for i < s+ 1, see figure [2| for an example when n = 3. Since the
specific growth and death rates may depend on each patch environment, the function
vi(z;) is supposed to be different in each patch. The second term of the right hand
side in @D describes the diffusion effect between source and sink patches where € is
the migration rate and v;; > 0, for all ¢ # j is the term of asymmetrical migration
which describes the flows of individuals from the patch j to the patch i. These flows
can for example depend on the distance between the patches. We list the following
hypotheses, the first three of which are standard in single species models ( see [22] 46]):

H1. All solutions of the initial value problem @ exist, are unique and are continuable
for all positive time.

H2. Source patch: ¢;(0) > 0, Zij (z;) < 0, there exist K; > 0 such that ¢;(K;) =0
and x;p;(x;) = —oc as x; — +oo foralli =1,...,s.

H3. Sink patch: ¢;(0) > 0, Zﬁ: (x;) > 0, and x;pi(z;) — +o0 as x; — +oo for all
t=s+1,...,n.

H4. The matrix I' := (v;;) where 7;; given by @, is irreducible.

In term of graph theory, given a network represented by digraph G with n vertices,
n > 2, a coupled generalized source-sink system can be built on G by assigning each
vertex its own internal dynamics and then coupling these vertex dynamics based on
directed arcs in G ( see Figure |1f).
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b = wipi(ai) i = —%0;(x;)
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Figure 1. A coupled generalized source-sink system on a network. Under the irreducibility of the matrix I", a
patch (source or sink )among the n patches can connect, only source patches, or, only sink patches, or, mixture
of source and sink patches, see figure @

System @ can be written:

dx;

dtz = xpi(x;) + ezlfyi]m], 1=1, )8,

) =, (10
i )

dtz :—xitpi(xi)+e;'y¢jxj, i=s+1,...,n,

where the term ~;; accounts for the flux out of patch ¢ and takes the form @ The
system @ can also be written in matrix form as follows:

{ X, = dlag (901(1-1)’ e 7¢S(x5)) Xs+e (FssXs + Pstp) ) (11)

Xp = diag (Pst1(xsr1), -+, on(Tn)) Xpte (Fsts + Fprp) )

where X5 = (21,...,25)7,X, = (Ts41,...,7)7 and the matrices Tss, [pp, Dsp, Tps
describe the flux within and between source and sink patches. They are obtained by
writing the matrix I" in block form as

Igs T
r=| . 07| 12
|: FPS Fpp :| ( )

Assumption H1 is a just mathematical one. The first part in H2 ensures the expo-
nential growth of the population for its small density. The second in H2 means the
limited resources and K; given in H2 is a carrying capacity of the source patch. Note
that p(z) = r(1 — z/K) for logistic growth and it satisfies all the above assumption
H2. In H2, for i < s, all patches are source since ;(0) > 0, and in H3, for i > s + 1,
all patches are sink since —p;(0) < 0. We remark that growth and death functions
of patches can be very different; that is, system @ allows patch-specific population
dynamics. To model this specification using continuous space model, one needs to deal
with partial differential equations with spatially varying coefficients, which are par-
ticularly challenging in stability analysis. General growth model & = z¢(x) which ¢
satisfies to H2, has been used by many ecologists. For example, Richard’s model [42],
see also Gilpin and Ayala 1973 [33], & = rz (1 - (%)” ), Gompertz’s model (see Swann

and Vincent 1977 [44]), & = —rlog (%), Schoener 1973 [43], & = rx (é — C —bz) and

Pianka 1972 [41], # = = (b + f‘;cfcx> , where r, K, u,a,1,C,b and ¢ are positive con-

stants. Note that, last model exhibits an Alee effect, which occurs in a population with
difficulties in reproducing at low densities. That is, the growth rate of the members in
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the population is enhanced up to a certain density by aggregation and beyond its den-
sity the rate decreases as the density increases by the limited resources. The function
¢ in Pianka’s model has a maximum at z,, = (=1 4+ /1 + ca)/c > 0 and the solution
converges to z* > 0 as t — oo, where p(z*) = 0. Further, ¢ can be approximated by
the function b + ax for small x > 0, by b + a/c — x/c for large x > 0 and verify the
Alee effect.

In hypothesis H4, The matrix I" being irreducible means that the set of the source
and sink patches cannot be partitioned into two nonempty disjoint subsets, I and J,
such that there is no migrations between a patch in subset I and a patch in subset J, i.e
the irreducibility of matrix I implies that every patch in the model @ is connected
by migration term, i.e. the species can reach any i-th patch from any j-patch. For
Two-patch model, the matrix I' is irreducible if and only if 12 and 791 are positives.
If n = 3, we have four cases possible as in figure [2| and when I is irreducible, we have
five cases, see figure [3]

N O )
Erd) Cr) @) @

3-source, O-sink  2-source, 1-sink  1-source, 2-sink  0-source, 3-sink

Figure 2. The possible cases modulo permutation of the three patches, for n = 3 and s € {0, 1, 2, 3}. Source
patches are in red and sink patches are in blue. Under the irreducibility hypothesis on the matrix I', there are
five possible cases, modulo permutation of the three patches, which patches can connect, see figure

aYAN

g1 G2 g3 G4 gs

Figure 3. The assumption that the matrix I' is irreducible, implies that the species can reach any i-th
patch from any j-patch. For Three-patch model, under the irreducibility hypothesis on the matrix I', there
are five possible cases, modulo permutation of the three patches. The two graphs Gi and Ga for which the
migration matrix may be symmetric, if v;; = 7;;. For the remaining cases, the graphs G3,G4 and G5, cannot
be symmetrical.

The model (9) studied in [49] for two patches, i.e (n,s) = (2,1),p1(z1) =11 — 7=
and @2 (22) = r2+ £ 2. The same model studied in [3] for n patches where the source
population flow at the growth rate: &; = rz; (1 — x;/K;) for all 1 < i < s, and the sink
population flow at the death rate: ©; = —r;x; for all s + 1 < ¢ < n. Recently, Elbetch
[20] studied the model @ for s = n. Note that, @ studied in [T}, 2, [7, [, 22] 23, 34]

for two source patches, s = 0 sink patch and logistic growth rate, i.e.
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Model @D is studied in [I0} 1T}, 50] for n source patches, 0 sink patches and a logistic
growth rate, where the matrix I' take the following form:

Yin = Yl = Yiji—1 = Yi—1,; = 1 for 2 <i < n and 7;; = 0 otherwise. (13)

We have the following result:

Proposition 2.1. The domain Q = {(x1,...,z,) € R"/z; > 0,i=1,...,n.} is posi-
tively invariant for the system @D

Proof. Assume that x; = 0 and z; > 0 for all j # 7. We have

dxz; .
dtlze,z_%ﬁjZQ i=1- 0.
J=Lj#i

Hence, on the boundary of €2, the vector field associated to @ either is tangent to €2,
or points inward 2. According to [45, Proposition B.7, page 267], no trajectory comes

out of €.
Therefore, €2 is positively invariant for the system @D O

3. Global stability

In this part, our goal is to study the dynamics of the system . Note that, in the
9

absence of migration, i.e. the case where € = 0, the equations (|9 are uncoupled:
dx; )
ddtl :$Z§01($Z> 1=1,...,s,
i .
dtl = —x;pi(z;) i=s+1,...,n,

and according to the hypotheses H2 and H3, the system @ admits
(Ki,...,K,0,...,0) as a non trivial equilibrium point, which furthermore is GAS
in the positive cone, indeed, consider the following Liapunov function:

V(xl,...,:cn):i{xi—Ki—Kilog <;U{l>}+ i ZTi.

=1 =541

System @ admits origin as trivial equilibrium which is unstable and a boundary
equilibrium occur where one or more of the K;, 7 < s are replaced by zero. The problem
is whether or not, the equilibrium continues to exist and GAS for any € > 0. Here,
we obtain a complete global asymptotic behavior of solutions which depends on the
maximal eigenvalue of Jacobian of @ evaluated at the origin 0. The Jacobian matrix
of the system @ evaluated at x = 0 is given by:

J5(0) = diag(¢1(0), ..., ¥s(0), =ps+1(0), . . ., —n(0)) + €T, (14)

which is the same as the matrix obtained by Arino et al. [3, Equation 7] for the model
(5) ( just replace ¢;(0) by ;). The matrix Js(0) is cooperative ( see Appendix [A]). We
have the following result:
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Lemma 3.1. Consider the matriz J5(0). Then, if s =0, S(Jo(0)) <0, and if s =n,
S(Jn(0)) > 0, where S denote the stability modulus defined by (A1) .

Proof. If s =0, then the matrix Jo(0) becomes
J0(0) = diag(=¢1(0), ..., =¢n(0)) + €T, (15)
Let u = (1,---,1)T. We have
To(0)"u = (=¢1(0), -+, =n(0))" < Au,  where A =max{-1(0),-, —¢n(0)} < 0.
Therefore, since Jy(0) is a cooperative matrix, according to Lemma we have
S(Jo(0)) = STe(0)T) < A <.
If s = n, then the matrix J,, (0) becomes
Jn(0) = diag(1(0), ..., ¢n(0)) + €I'. (16)
Let w = (1,---,1)T. We have
J0(0)Tu = (¢1(0),...,0,(0)T > Au,  where A = min{;(0),...,9n(0)} > 0.
Therefore, since J,(0) is a cooperative matrix, according to Lemma we have
S(J,(0)) = S(J.(0)T) > X > 0.

This completes the proof of the lemma. O
We have also the following result:

Lemma 3.2. The stability modulus of the matriz Js(0) is a non-decreasing function
of s. Moreover, if the matriz of movement I' is irreducible, then Js(0) is an increasing
function of s.

Proof. See proof of Proposition 6 in [3]. O
The dynamics of the system @D in the case where I' is reducible, is given as follow:

Theorem 3.1. Consider the system @ Assume that T is reducible. Then, there
exists a unique interval T C]0,n[C R, such that:

o If s <minZ, then the origin is LAS, and
e if s > maxZ, then the origin is unstable.

Proof. Since S(Jp(0)) < 0, and S(J,(0)) > 0 by Lemma Moreover, the function
s +— S(Js(0)) is non-decreasing by Lemma and continues with respect s (See [27],
Theorem 2.4.9.2]). So by the intermediate value theorem, there exists an interval Z,
possibly reduced to a single point, such that S(Js(0)) = 0 for all s € Z. Criteria for
local asymptotic stability and instability of equilibria gives the completes proof of the
theorem. O

10
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Our goal in the remainder of this section is to study the dynamics of the model @D
in the case when the matrix I' is irreducible. First, according to hypothesis H1, the
solutions of @D exist for all ¢ > 0 and remain non negative for non negative initial
conditions. Thus, the positive cone R"} is invariant under the flow of the system @D
To establish the boundedness of solutions, we have the following result:

Proposition 3.1. For any non negative initial condition, the solutions of the system
@ remain non negative and positively bounded.

Proof. To show that all solutions are bounded, we consider the quantity defined by
Xp =",z So, we have

n

X =Y wipi(w) — D wipi(i). (17)

=1 i=s5+1

According to hypotheses H2 and H3, for sufficiently large x; for i = 1,...,n, we have
Xr < 0, so Xp(t) < Xp(0). Therefore, the solutions of system () are positively
bounded and defined for all ¢ > 0. OJ

We have the result:

Theorem 3.2. Consider the system @D Assume that the matriz T' is irreducible,
then, there exists a unique point I* €]0,n|, such that:

o If s <TI*, then the origin is GAS, and
e if s > 1%, then the model has a unique equilibrium point E*(e€), which is GAS in
the interior of the positive cone R™ \ {0}.

Proof. If the matrix I is irreducible, then the interval Z reduced to a single point Z%,
such that: if s < Z*, then S(Js(0)) < 0, and if s > Z*, then S(Js(0)) > 0. According to
[39, Theorem 1], if S(J5(0)) < 0, the origin is GAS. If S(Js(0)) > 0, then, the model (9)
is persistent for any € > 0, that is, any solution x(t) satisfies lim;_,oo infz;(t) > 0, for
all 7, and furthermore, since all the solutions to @ are bounded, there exists a positive
equilibrium point. We note (27 (e), ..., z}(€)) an equilibrium of (9). Now, define the
map:

Yi:0, +oo[= R, Yi(&) = Wi(SE"(e)),
where U = (Uy,..., ¥, ) denote the vector field associated to @ We have,

. cxi(e) {pi(€xi(e) —gi(xi(e))}, i=1,...,s.
Ti(&) = { §xi(e) {pi(xi(€) — %(E:L‘ N}, i=s+1,...,n

By hypotheses H2 and H3, Zif (x;) <0 for all i < s, and Z—i:(mi) >0foralli>s+1
respectively, we deduce that:

' >0 for 0<é<l,
Tl(g){ <0 for £E>1,

Therefore, according to Theorem we conclude the proof of theorem. O

11



206 As a corollary of the previous theorem we obtain the following result which proven
207 in [20, Theorem 6.1]:

20s Corollary 3.1. If s = n, the model @D has a unique equilibrium point in the interior
200 of the positive cone, which is GAS.

Remark 3.1. As it is initialized by Arino [3, Prop. 8 ] for the system (f]), in the
irreducible case, we can express the result of Theorem using a basic reproduction
number R defined by

~1
Ro = p ([ + Top fling(— i =n(0) = Ty ] dingla(0) 02000

s00 where the matrices I'ss, I'pp, I'sp, I'ps describe the flux within and between source and
s sink patches given by .

302 In all of this work, the globally asymptotically stable positive equilibrium of the
s03 system (9] is denoted by E:(e) = (z}(e), ..., z}(€)), and by T} (e) the total equilibrium
34 population

Ty(e) = Z z; (€)- (18)

305 4. Fast diffusion rate

6 The goal in the next is to give the behavior of the model @ when the growth of
so7  diffusion tend to infinity (i.e € — 00).

s 4.1. Properties of the migration matrix T

300 Note that the matrix I' combines the connection matrix deduced from the graph of
s10  patches, and a description of the intensity of the connections. The connection matrix
s of the graph is thus easily reconstructed from I' by setting diagonal entries in I' to
sz zero, and nonzero off diagonal entries to 1. We recall that, if I" is irreducible, then 0
313 is a simple eigenvalue of I' and all non-zero eigenvalues of I' have negative real part.
s Moreover, the kernel of the matrix I" is generated by a positive vector ( see Lemma 2
a5 in [3]). In all of this paper, we denote by § := (d1,...,d,)" this positive vector. For the
316 existence , uniqueness, and positivity of 0 see Lemma 1 of Cosner et al. [7], Lemma
si7 4.1 and Lemma 1 of Elbetch et al. [12] [13]. Note that, if the matrix T" is symmetric,
us then ker I is generated by 6 = (1,...,1)7. On the other hand, it is shown in Guo et al.
50 [31, Lemma 2.1] and Gao and Dong [30, Lemma 3.1] that the vector (I'%,..., % )7
s20 is a right eigenvector of I' associated with the zero eigenvalue. Here, I'}; is the cofactor
21 of the i-th diagonal entry of T', and sgn(I'};) = (—1)""1. As in our work, the matrix
2 I is assumed to be irreducible, then (—1)""Y(T%,,...,T%,)7 is strictly positive, i.e
23 6; = (—=1)"71T'% > 0 for all i. Therefore, we have explicit formula for the components
34 of the vector §, as functions of the coefficients of I', at our disposal. For two patches

12
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326

327

328

329

330

331
332

333

334
335

336

337

338

339

we have § = (712,721)7, and for three patches we have § = (61,92, d3)7, where

01 = y12713 + V12723 + V32713,
02 = 21713 + V21723 + V31723, (19)
03 = Y2132 + V31712 + Y31732-

In Lemma 2.1 of Guo et al [31] gives explicit formulas of the components of the vector
&, with respect of the coefficients of v as follow:

(Skz Z H ’yij, k'=1,...,n, (20)

TETs (i,j)€E(T)

where 7} is the set of all directed trees of n vertices rooted at the k-th vertex, and
E(T') denotes the set of arcs in a directed tree T'.

4.2. Two time scale dynamics

In this part, we use the theory of singular perturbations to obtain a better under-
standing of the behavior of the system @ in the case of perfect mixing. We have the
following result:

Theorem 4.1. Let (z1(t,¢€),...,zn(t,€)) be the solution of the system () with initial
condition (x9,--- ,20) satzsfyzng 29 >0 fori=1---n. Let Y(t) be the solution of the
equation

(Za) —X<Z(5@<pz< X) - 121&%(2—& )) 1

with initial condition Xo =Y 1", 29, Then, when € — oo, we have
Z zi(t,e) =Y (t) + 0e(1), uniformly for t € [0,400) (22)

and, for any tg > 0, we have

x;i(t,€) = z:n&ié'Y(t) +oc(l), i=1,...,n, uniformly for t€ [tg,+00). (23)
=171

n
Proof. Let X(t,e) = Z:c,-(t, €). We rewrite the system (J) using the variables
i=1

13
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341

342

343
344

345

346

347
348

349

350
351
352

353

(X,z1, -+ ,2p—1). One obtains:

dX S n
prl D wipi (i) = Y wipi (@),
i=1 i=s+1
dﬂji - .
- i (i) + € Z (vijzj — Viwi), i=1,---,s. (24)
J=1j7#i
d:L’i - .
il (@) +e > (ygmj — vz, i=s+1,---,n—1L
=1,
This system is actually a system in the variables (X, x1, -+ ,2,—1), since, whenever

xp, appears in the right hand side of , it should be replaced by

n—1

xn =X — le (25)

i=1

When ¢ — o0, is a slow-fast system, with one slow variable, X, and n — 1 fast
variables, z; for i = 1---m — 1. According to Tikhonov’s theorem [36, 47, 48] we
consider the dynamics of the fast variables in the time scale 7 = et. One obtains

dr; 1 - .
dTZ = —Tips () + | Z '(%'jxj —yjizi), =15
]:17]7&1 26
g1 A (26)
dTl - i (i) + ) ;;é,(%ﬂj —%i%i), i=s+1l---n—-1
J=L4J7F

where x,, is given by . In the limit € — oo, we find the fast dynamics

dz; n .
de - Z (vij; — Vi), i=1,---,n—1 (27)
J=1,j#i

This is an n — 1 dimensional linear system differential. According to Lemma 3.9 of
Elbetch et al. [I3], the slow manifold of system , which is the equilibrium point of
the fast dynamics , is unique and is given by:

_ 0
Z?:l 0

As this manifold is GAS, the theorem of Tikhonov ensures that after a fast transition
toward the slow manifold, the solutions of are approximated by the solutions of
the reduced model which is obtained by replacing into the dynamics of the slow
variable, which gives the equation .

Let we denote 2 the function

00 =S (5 0) - 3 e ()

i=1 i=s+1 =1

X, i=1,...,n—1 (28)

Ty =

14
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359
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362
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365

366
367
368
369

370

371

372

n

- Q
We have Q(0) = 251'%' (0) — Z dipi (0), 3—X < 0 and 2 - —oo when X — +o0.
=1 i=s+1

So by the intermediate value theorem, if €2(0) > 0, then there exists unique point

S
X* > 0 such that Q(X*) = 0. Else, Q(X) < 0 for all X. Therefore, if 251% (0) >
i=1

Z dipi (0), then admits

1=s+1

X' = <Zn: (51> Y
=1

as a positive equilibrium point, which is GAS in the positive axis, where A\g > 0 is the
unique solution in the positive axis of the following equation:

Z 6i80i (5Z:II) — Z 51(,01' (511‘) = 0. (29)
=1

1=s+1

S n

If Z dipi (0) < Z dii (0), then admits the origin as unique equilibrium point,
i=1 i=s+1

which is GAS. The approximation given by Tikhonov’s theorem holds for all ¢ > 0 for

the slow variable and for all ¢ > ¢y > 0 for the fast variables, where {( is as small as we

want. Therefore, let Y (¢) be the solution of the reduced model of initial condition
n

Y(0) = X(0,¢) = Zazg, then, when € — oo, we have the approximations and
i=1

23). O

Approximation shows that, with the exception of a thin initial boundary layer,
where the density population x;(¢, €) quickly jumps from its initial condition x? to the
average 0;Xo/ > i 0;, each patch of the n-patch source-sink model behaves like the
following equation:

<Z 51-) L (Z Sipi () — 3 b (u)> . (30)
i=1 =1

i=s+1

Hence, when ¢ and € tend to oo, the density population x;(¢,€) tends toward K =
dido, if D071 0ips(0) > D77 11 6ips(0), and (2, €) tends toward 0 if Y 7 | d;;(0) <
Z?:s—i—l 61901(0)

According to the previous theorem, we obtain the limit E*(oc) of E*(¢) when ¢ —
00:

Corollary 4.1. We have:

lim E* (6) _ AO(617 ey 6n); if Z::l 51@1(0) > Z:'l:s_;,_l 57,907,(0)7 (31)
e—+oo 0 otherwise,
where (01,...,0,) the vector which generate the kernel of T'. Moreover, if the matriz
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374

375

376

377

378

379

380

381
382

383

384
385

386

I' is symmetric, then:

e—+00 0 otherwise.

lim E*(G) — { AO(L sy 1)7 if Z?:l SO@(O) > Z?:S—l—l QOZ(O)’ (32)

As a second corollary of the previous theorem we obtain the following result which
describes the total equilibrium population for perfect mixing:

Corollary 4.2. We have
T (+o0) = { (2oiz1 i) Ao if > i1 0ipi(0) > Z?:s+1 dipi(0), (33)

0, otherwise.
Moreover, if the matrix I' is symmetric, then:

* _ n)‘oa lf Zf:l @1(0) > Z?:s—f—l Pi (0)7
Ta(too) = { 0, otherwise. (34)

Proof. The sum of the n components of the point E*(co) immediately gives Formula

B3). 0
In the case n = 2 and s = 1, one has §; = 12 and §2 = 721. Therefore becomes

(72 + ’Y21)w if
Tr(+o00) = Vi + Y3 a2

0 otherwise.

721/712 < 7“1/7“2,

which is the formula given by Wu et al. [49, Equation 5.8]. In the case n = s = 2,
Formula becomes

) Jizr e

T (400 Y12 + Y21
n (400) = ( Vo B

which is the formula given by Arditi et al. |2, Equation 7].
In the case of the multi-patch logistic model with asymmetric migration, i.e. the
model @D with s = n, Formula becomes

T (+00) (Zé) e 16“

zlzal

which is the formula given by Elbetch et al. [I3, Equation 13].
When the movement pattern of individuals among n patches is symmetric, the
previous theorem becomes:

Theorem 4.2. Assume that the matriz T is symmetric. Let (x1(t,€),...,x,(t,€)) be

the solution of the system @ with initial condition (z9,---,22) satisfying x? >0 for

i=1---n. Let Y(t) be the solution of the equation
dX 1 - 1 & 1
@ _x (ox) - (=x) ), 35
i (26 2 6) )
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n
with initial condition Xg = Z l’?. Then, when € — oo, we have
=1

Z xi(t,€) =Y () + 0c(1), uniformly for t € [0, +00) (36)
i=1

and, for any tg > 0, we have
1
xzi(t,e) = =Y (t) + 0c(1), i=1,...,n, uniformly for t € [ty,+00). (37)
n

Proof. If the matrix I is symmetric, then § = (1,...,1)T. O

As a corollary of the previous theorem we obtain the following result which describes
the total equilibrium population for perfect mixing when the dispersal is symmetric.
We can state this result as follows:

Corollary 4.3. If 37, 0; (0) > " . ¢ (0) then, the total equilibrium population
for perfect mizing Ty (+00) satisfied:

i=s+1

Proof. If the matrix I' is symmetric, then 6 = (1,..., 1)T. The equation prove
that T7¥ (+o0) is satisfied by Equation (38). O

5. Total equilibrium population

In this section, our aim is to compare the total equilibrium population 7} with the
sum of carrying capacities of source patches T)¥(0) = K; + ... + K, when the rate of
migration e varies from zero to infinity. First, we compute the derivative of T} at no
dispersal.

5.1. Deriwative of T, at no dispersal

Proposition 5.1. The derivative of the total equilibrium population T at € = 0 is
given by:

drx u 1 i n s
O =3 | s X tuk k) |+ 3 | X ik — i)
i=1 id:c,i( i) =157 imst1 \ i o1

(39)
1 1 1
N\ T K e : D(Ki,..., Ks0,...,0)7.
( Ky 2 (k) K 92 (k) s41(0) @n(0)> s
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404
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409

Proof. The equilibrium point E(e) is the solution of the algebraic system:

{ 7 (€)i(z7 (€)) +€Z] 1;;&1(%3 5(€) = iz} (€)) = O, t=1,--- s,

7 (€)i(z7 (€)) +EZJ_1,]¢1(% 5(€) —jixi(€) = i=s+1-,n
(40)
The derivative of the first equation in with respect to € give:
i@ ()1 (6) +af() 7= (@ (€)= () + Y (vijwi(e) —jiwi ()
de dzx; de =
J=Llj#i
S da da} ‘
+6.Z.</ﬁ]d ()_’incle&))_O’ =1, s,
J=1,j#1
and, the derivative of the second equation in with respect to € give:
— i@} () =L (6) = wi () (@ (@)= () + D (viai(e) — vjiwi(e)
de dx; de —
! j=1j#i
- da da} _
+€'Z' PYUde()_’inE(ﬁ) =0, it=s+1,---,n
J=lj#i
For € = 0, we obtain
il (0) T 0) + 27 (0) o (w(0)) ST (0) + S0y (g (0) — 75 (0)) = 0, i =1,
dx} J(pi dx}

(w1 (0) T (0) - 5 0)

dx;
Since z}(0) = K for all ¢ < s and x(0) =0 for all i > s+ 1 then ¢;(K;) =0, and

dy; dxy s ,
Ki—— d * (K5) de (0) + Zj:lg;éi(%'jKj - ’inKi) =0, i=1,...,s,

*

da? .
=i(0) 1 (0) + Xt (i K = 5iKi) = 0, i=s+1..m

By summing the previous equations for ¢ = 1,...,n we obtain the formula of the
derivative . O

The formula is an extension of the one obtained by Arditi et al. [I}, 2] for two-
patch logistic model, the results of Elbetch [14] for two-patch Richard model, Elbetch
et al. [I3 Equation 28] for multi-patch logistic model and also the result of Elbetch
[20, Equation 44] for multi-patch generalized logistic model.

In the rest of this section, we show that the total equilibrium population, 7} (€), is
generally different from the sum of the carrying capacities, 7,7(0), of the source patches.
Depending on the kernel of the matrix I'; the intrinsic growth and death functions,
T (e) can either be smaller than, or equal to the sum of the carrying capacities of the
source patches. If the equilibrium FE*(€) exist, then it is a solution of the algebraic

18
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System:

n
0= zipi(w;) + € Z (VijTj — VjiTi), i=1,...,s,
J=1j#
n
0= —xicpi(aci)+6 Z (’Yz'jxj_’)/ji.xi), 1=s4+1,...,n.
J=Llj#1

The sum of these equations shows that E*(e) satisfies the following equation

n

> wigi(w) = Y wipiz;) =0, (41)
=1

1=s+1

Therefore E(€) belongs to the locus of points described by the equation consists
of the origin together with a connected (n-1)-dimension surface denoted by:

S:= {az eRY : O(x) := lecpl(xl) - Z zipi(zi) = 0} , (42)
i=1

1=s+1

which passes through all boundary equilibria together with the equilibrium
(Ky,...,K,0,...,0). Note that this surface is independent of the migration terms
€ and ;5. In all of the rest , we assume that S is compact and convex. Let we start by
the following situation:

5.2. Homogeneous source-sink system

Proposition 5.2. Consider System (9). If —K; ‘;‘511 (Ki) = ... = —KSZT‘P:(KS) =
©0s+1(0) = ... =, (0), then Ti(e) < >.7_| K; for alle >0, and %(0) = 0. Moreover,

o If 77 1 0ipi(0) < D7 1 0i0i(0), then there is € > 0 such that, T);(e) > 0 for
e <€, and Ty (e) =0, for e > €*.

o If 75 1 0ipi(0) > 30 1 0i0i(0), then Ty () >0 for all € > 0.

Proof. The equation of the tangent space to the surface S, defined by , at point
As = (Ky,...,Kq,0,...,0) is given by

s

Sl - K S (A) + D i (A) =0, (43)

=1 1=s+1

where O is given by Equation . Since %(AS) = —K-Z—?(Ki) foralli=1,...,s
and g—g(As) =¢(0) for all i = s +1,...,n, Equation can be written as follows:

S n

Y-k Ui )i — K + 3" wil0)z; =0. (44)

— g
; dz; .
i=1 i=s+1

If we take —K1 92 (Ky) = ... = —K,92(K,) = ¢.41(0) = ... = ¢, (0), in Equation
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, we get that the equation of the tangent plane to surface S at the point A is

n s
=1 i=1

By the convexity of the surface S, any point of S lies in the half-space defined by the
inequality Y ;" x; < >"7 | K;. Therefore E*(¢) satisfies

n S
Zx;‘(e) §ZK¢ for all e >0.
i=1 i=1

Now, according to the formula of perfect mixing , we can see immediately that
T (4+00) = 0 if and only if Y7, d;¢;(0) = Z?:SH 0ii(0).

If —K 98 (K1) = ... = —stlx (Ks) = ©0s41(0) = ... = ©,(0) =: r, then the
formula of the derivatlve at ¢ = 0 becomes

drx 1 T
o =—(1,...,) ' (Kyq,...,KsO0,..., = 0.
de (0) T‘( ’ > ) ( 1, > 0 0) 0
This completes the proof of the proposition. ]

Note that, the result of the previous proposition is also obtained by Arditi et al.
[T, 2] for two-patch logistic model and by Elbetch et al. [12) 13] for n-patch model
with logistic dynamic ¢;(z;) = r; — r;/K;x;. They proved that, if the growth rates r;
are equal in all patches, then the total equilibrium population is always smaller than
the sum of the carrying capacities. In the case when s = n, the previous proposition
(K1) = ... = K, 922 (Ky), then 0 < Tji(e) < 32, K;, which is [20

Prop. 13].

5.3. Heterogeneous source-sink system

In the next proposition we give sufficient and necessary conditions for the total equi-
librium population not to depend on the migration rate. More precisely, we show that,
the only situation where the total equilibrium population is independent with respect
to dispersal, is when all the patches are sources and the vector of the carrying capac-
ities lies in the vector space kerI'. That is, if there is at least one sink patch, or we
have n sources and the vector of the carrying capacities does not belong to the vector
space kerI', then the total equilibrium population depends on the dispersion.

Proposition 5.3. The equilibrium E*(€) does not depend on € if and only if, s = n
and (K1,...,K,) € kerT". In this case E*(¢) = (K1,...,Ky) for all e > 0.

Proof. The equ1hbr1um E*(e = (X3 (e); X;(€)), where X (e) = (zi(e),...,x5(€))

S
and X (€) = (z3,1(€),..., 75 (€)), is the unique positive solution of the system (9)), i.e:

{ 0 = diag (¢1(27(€)), -+ , s (2i(€))) XI(€) + € (Tss X1 (€) + Tsp X (€)

0 = —diag (1 (£1(€)), - » £a(22(€))) X2(6) + € (TpX2() + TppX3(6)) . 47

Suppose that the equilibrium E*(e) does not depend on €. The derivative of with
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respect to € gives:

Vo0t @ [ ][ X |=eermo=0 @

Replacing Equation in , we get E*(e) = (Kq,...,Ks,0,...,0). From Equation
, we conclude that (K7,...,Ks,0,...,0) € kerI'. Since the vector space kerI is
generated by a positive vector, then (K7i,...,Ks,0,...,0) € kerI" is hold if and only
if, s = n.

Now, suppose that s = n and (Ky,...,K,) € kerl', then (Ki,...,K,) satisfies
Equation , for all € > 0. So, E*(¢) = (K1, ..., K,), for all € > 0, which proves that
the total equilibrium population is independent of the migration rate e. O

When all the patches are sources and the vector of the carrying capacities lies in
the vector space kerI'; we obtain the results proved by Elbetch et al. [I2] Prop. 3.2
I,[13, Prop. 4.5 | and [20}, Prop. 15 |.

5.4. Two blocks of identical source and sink patches

We consider the model of source-sink patches @ and we assume that we have one
block of identical source patches and one block of identical sink patches. We denote
by I = {1,...,s} and I;; = {s+ 1,...,n} for the block of the source patches and
sink patches respectively such that Iy, U I;; = {1,...,n}. The source patches being
identical means that they have the same growth functions ;. Therefore, we have

Ol = ... = Qs =: Pso- (47)

The same for the sink patches, we suppose that:

Ps+1 =« .. = Pn = Psi. (48)
First, we give some definitions:

Definition 5.1. Let the flux

Lig, = Z Yijs Ljr,, = Z Yijs U110, = Z Yij;and  I'p.r, = Z Vi

]€I>L Ze[&o ZEIbU,JEI“ le[boy]EIsz

e Fori e I,,,I';1,, is the flux from block I,; to patch 7, i.e. the sum of the migration
rates 7;; from patches j € I; to patch .

e For j € I, I';1,, is the flux from block I, to patch j, i.e. the sum of the migration
rates 7;; from patches i € I, to patch j.

o I'7 1. is the flux from block I, to block I, i.e. the sum of the migration rates
7vi; from patches j € I;, to patches i € I,.

e I'; 1 is the flux from block I, to block I, i.e. the sum of the migration rates
74i from patches i € I,, to patches j € I;.

For each patch 7 we denote by 7; the sum of all migration rates v;; from patch 7 to
another patch j # i (i.e. the outgoing flux of patch i) minus the sum of the migration
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rates «y;r from patch & to patch ¢, where k£ belongs to the same block as i. Hence, we
have:

Ifi e I, T = Z Yii + Z ’Ykz ’sz

j€ls; kel \{i}
If j € I, Z Yij + z ’Vk] Fij
1€15, kel.i\{j}

We make the following assumption on the migration rates

FH“. =...= stsi, F(s-&-l)fsn =...= Fnlso (49)
Ti=..=T, Ten==Tn

If Conditions are satisfied, then, according to [I3, Lemma 4.6], for all i € I, and
j € I one has

Vir, =Tr,n./ss Ujn,=Trnu./s, Ti=Tr.u../s, Ti=Tr,./5.  (50)

where s =n — s,y ;. and ['; ;. are defined in Definition We have the following
result

Theorem 5.1. Assume that Conditions , and are satisfied. If System
@ admits unique equilibrium point in the interior of the positive cone, then is of the
form

* * *
Tl = TapyevnsTs = Tagy LTstl = Tajy-evy Ty = T
where (z},,x%;) is the interior equilibrium point of the two-patch source -sink model
dzso
dt = 51‘508050(3550) +e€ (Flsolsixsi - Flsilsoxso) s
dacsi (51)
i _gxsi@si(-rsi) +€ (F[sijso-fso - FfsofsixSi) )

with specific growth rate sTsppso(Tso) and death rate Sxg4psi(xsi), migration rates
I';.,1., from source to the sink patch and I'r, .. from the sink to the source patch.

Proof. Assume that Conditions and are satisfied. Then, if the interior equi-
librium point of @ exist, it is the unique positive solution of the set of algebraic
equations

n
$z§050 -7:1 Z ’}/lkxk — ’)/kl[[‘,b) = 07 1= ]_7 cee 8,
k= 1, 7 (52)

—xipsi(x;) + € (Vikxp — Vhizi) =0,  i=s4+1,---,n
k=1 ki

We consider the following set of algebraic equations obtained from by replacing
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Ti=xgfori=1,...,sand x; = x5 fori=s+1,...,n:

n

xsoSoso(xso) +e€ Z <7ik$si — ’Ykixso) =0, i=1,---,s,
kzl,ﬁ;éi (53)
_-xsigpsi(-fsi) +€ Z ("}’ikl‘so — ’Ykzxsz) = O7 1= 38 + 1, cee M.
k=1,k#1i

Now, using Condition , together with , we see that System is equivalent
to the set of two algebraic equations:

I Iy,.1,
xso@so(mso) +€ < - Tgj — s Tso | = 07

S
.1 I
*xsi@si(xsi) +e€ <'84$so - Tmsi = 0.

(54)

. L ks - . .
Therefore, if x5, = x3,, Ts = x¥; is a positive solution of (54) then z; = z, for

i=1,...,sand x; = %, fori = s+ 1,...,n is a positive solution of (52)). O
As a corollary of the previous theorem:

Corollary 5.1. Assume that Conditions , (@ and (@) are satisfied. Then, the
total equilibrium population

Ty (e) = sw50(€) + 52 (€)

of @ behaves like the total equilibrium population of the following Two-patch source-
sink model

dyso _ Yso
dt YsoPso | = ) + € (V2¥Ysi — MYso) 5
i (55)
dysi O (@) +e( _ )
dt YsiPsi 3 V1Yso — V2Ysi) -
. - - FI il I‘I Ig;
with migration rates y3 = —=i=2, yp = —S2et,

Proof. The equilibrium point (z},, x%;) is the positive solution of the following system:

0 = 51‘509050(3750) +e€ (Flsolsixsi - Flsilsol'so) s (56)
0 = —Swsipsi(zsi) +€(Cr,1.,%s0 = T'1,,1.,%si) 5
Therefore (y}, = sx},, yl; = sxk;) is the solution of the set of equations
Yso
YsoPso (?) + € ('723/52' - 'Ylysa) = 07
(57)
—YsiPsi (%) + € (71Yso — V2¥si) = 0,
obtained from by using the change of variables ys, = x50, Ysi = STs;- ]
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6. The growth and death rates with two different scales

Recently, in [19], Elbetch is interested in some biological situations that can be found
in the nature, that is, the case where several sub-populations grow with different speed.
Mathematically speaking, he studied the system under the hypothesis that some
growth rates tend to infinity (i.e r; — oo for some i ). In two following sections, we
consider the model @ and we assume that the death rates (resp. growth rates) are
much larger than growth rates (resp. death rates).

6.1. Death rates are much larger than the growth rates

In this part, we consider the multi-patch source-sink model @D and we assume that
the death rates of the sink patches are much larger than the growth rates of the source
patches. Under this assumption, one can write the model in the matrix form as follow:

(58)

):(S = diag (p1(z1), -+, ¢s(zs)) Xs + € TssXs + TepXy)
Xp = %diag (Pst1(@sr1), -, on(Tn)) Xp+e (Fsts + Pprp) )

where 7 is assumed to be a small positive number and the point denotes the derivative
with respect to t. We have the following result:

Theorem 6.1. Let (z1(t,n),...,zn(t,n)) be the solution of System with initial
condition (z9,...,20) satisfying 0 > 0 fori=1,...,n. Let u(t) = (u1(t),...,us(t))
be the solution of the following differential system

Xs = diag (901 (xl)a ) ‘Ps(xs)) Xs + €l'ss, (59)

with initial condition u(0) = (29,...,29), X5 = (z1,...,75)7 and Tss is the sub matriz

of I' defined by . Then, when n — 0, we have
zi(t,n) = ui(t) +op(1), i=1,...,s uniformly for t € [0, T, (60)
and
zi(t,n) =oy(1), i=s+1,...,n, (61)

uniformly for t € [to,T), where 0 < to < T are arbitrary but fixred and independent of
n. If the solution us(t) of the reduced problem converges to an asymptotically stable
equilibrium, then we can put T = +oo in Approrimations and .

Proof. When n — 0, System is a slow-fast system, with z,...,z5 are slow
variables, and x4y1, ..., , fast variables. Tikhonov’s theorem [36], 47, 48] prompts us
to consider the dynamics of the fast variables in the time scale 7 = %t. One obtains

Xp = diag (908+1(x5+1)7 T 7(Pn(xn)) Xp +en (Psts + Pprp) s (62)

where the point denotes the derivative of X, with respect to 7. In the limit  — 0, we
find the fast dynamics

X, = diag (@s+1(Ts+1)s -+ s on(zn)) Xp. (63)
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The slow manifold is given by the equilibrium of System , i.e X; =0, which is LAS
in the positive axis. When 7 goes to zero, Tikhonov’s theorem ensures that after a fast
transition toward the slow manifold, the solutions of converge to the solutions of
the reduced model , obtained by replacing X, = 0 into the dynamics of the slow
variable. Approximations ((60) and follow from Tikhonov’s Theorem. Recall that
when the reduced problem has an asymptotically stable equilibrium, then these
approximations hold for all ¢ > 0 and not only on a compact interval [0,T]. Recall
also that there is a boundary layer for the fast variables, that is Approximations
hold only for ¢t > ¢ty where ¢y > 0 can be arbitrarily small but fixed. O

6.2. Growth rates are much larger than the death rates

In this part, we consider the multi-patch source-sink model @D and we assume that
the growth rates of the source patches are much larger than the death rates of the
sink patches. Under this assumption, one can write the model in the matrix form as
follow:

| (64)

Xs = %diag (pr(z1), -+ s ps(xs)) Xs + € (TssXs + TspXp)
Xp = diag (0s+1(Tst1), -, onl@n)) Xp + € (Dps Xs + TppXp)

where 7 is assumed to be a small positive number. We have the following result:

Theorem 6.2. Let (z1(t,n),...,zn(t,n)) be the solution of System with initial

condition (29, ...,290) satisfying 29 >0 fori=1,...,n.
Let u(t) = (ust1(t),...,un(t)) be the solution of the differential system

X, = —diag (Ps+1(Ts41), - - - nl@n)) Xp + € TpsKs + TppXp) s (65)
with initial condition (xSH, e 20), Xp = (Tsgts s xzn)l, Ks = (K1, ..., Ko)T, Ty

and I'ps are the sub matrices of I' defined by . Then, when n — 0, we have
zi(t,n) = K;+o,(1), i1=1,...,s uniformly for t € [0,T], (66)
and
zi(t,n) = u;i(t) +on(1), i=s+1,...,n, (67)

uniformly for t € [to,T], where 0 < to < T are arbitrary but fixred and independent of
n. If the solution u,(t) of the reduced problem converges to an asymptotically stable
equilibrium, then we can put T = +oo in Approrimations and .

Proof. The proof is the same as Theorem O

Our next goal is to prove the global stability of the reduced model under the
hypothesis that the two matrices I'y, and I' are irreducible. First, we start by the
following lemma:

Lemma 6.1. Assume that the matriz I' is irreducible. The reduced model does
not have the origin as equilibrium.
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Proof. We suppose that the origin is an equilibrium of , then I')sKs = 0, which
is equivalent to I',s = 0. So, we obtain a contradiction since I' is irreducible. ]

Theorem 6.3. Assume that the two matrices I'y, and I' are irreducible. The reduced
model has unique equilibrium point in the interior of the positive cone R\ {0}
which is GAS.

Proof. To show the global stability of the reduced model in this case, we use
the result of Hirsch [26] recalled in Theorem [A.2| The Jacobian matrix of the reduced

model is given by
G(Xp> = _diag (SDS—H(-%'S-&-I): SRR Son(xn)) + €I\ppa

which is irreducible because I',, is also. Moreover, if G(X,) < G(Y))
then —diag (Pos1(Zos1), -+ @n(@n)) < —diag (Pos1(Yss1), - Pulyn)) which gives
or(rr) > ¢r(yx) for all k > s+ 1. Since the function ¢; is increasing, then zj > yi, i.e
X, > Y,. All solutions are bounded and the reduced model does not admits the
origin as equilibrium by Lemma Hence, the reduced model is globally stable
according to Hirsch [20]. O

7. Example of Two-patch Source-sink model

In this section, we concentrate on the following two-patch source-sink model:

d
% =7 (1 — 2) + € (71222 — Y2121)

d 2 (68)
2 s 14 (2 + € (Y2121 — Y1222)
7 2%2 e 2171 — V1222) ,

where the first patch is assumed to follow a logistic law and the second a Richard law
( see Fig. [4]).

€Y1222

2
dz, _ _ oz dry _ T
a — T ( Kl) a — et <1 + (K2> )

€Y2121

Figure 4. A Tow-patch source-sink coupled system

The total equilibrium population of the model in the perfect mixing case (i.e
€ — 00) equal (12 + Y21) Ao where

<—W1227”1K2 + V12212 K% 4+ 44013r0 K1 21911 — 472147“221(12) Ky
2921312 K

Ao =

)

is the unique solution of the following equation:

2 3 2

Y122 Y21% Y21°T2 o V12771
ri|l———|—yur2 |1+ | — =0& — = T+y12r1—"Y2172 = 0.
V12 1( K, ) 721 2( <K2 > ) Ky? K, Y12T1—"7Y2172
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s13 Therefore, T4 (4+00) is given by the following formula:

(*7122T1K2+\/'Y1247"12K22+4’Y213T2K12’Y127‘1*47214T22K12)K2 i
T3 (+o0) = { (712 + 721) o131 Ky if  yi2r1 > Y2172,
0 otherwise,
(69)
sz and the derivative of the total equilibrium population 7% (¢) at € = 0 becomes
dTy 1 1
d: (0) = (M2K2 — y21 K1) (7“1 - 7“2) : (70)

575 The equilibrium of the system is the solutions of the following algebraic system:

T
0=mrz (1 — K1> + € (V1222 — Y2121) ,
1

2 (71)
0= —roxo (1 + <K ) > + e (Y2121 — Y1222) -
2

sz ' The sum of two equations of shows that the equilibrium points are in curve noted
s77 [F, where its equation is given by:

F:ra <1—;”(1) — T <1+ <K2)2> = 0. (72)

The curve F passes through the points (0,0) and A := (K1,0). Note that, it is inde-
pendent of migration rate € and 7;; (shown in red in Fig. [5).
Solving the first equation of system for xo yields a parabola noted P, defined by

1 r x
Pe 1Pe(951) = Eﬂﬁl (721 - ?1 (1 - K11>>

ss - As our study is limited in the positive cone, then we are interested only in the positive
s7o  branch of Pe. The parabola P, ( shown in blue in Fig.|5|) depend on the migration rate

s0 €. It always passes through the origin and the point B := (Kl, %Kl) Notice that,

ss1  the parabola P, intersect the axis (Ox1) at 0 and a second point z1 = M if

s2 Yo1€ — 11 < 0, which always smaller than K;. So, the equilibrium points are the non
583  negative intersection between the curve F and Pe. So, we have at most two equilibrium,
ss«  the origin as unique equilibrium, or, the trivial point (0,0) and the second is a non
ses  trivial point Ej(e) = (x7(€),25(e)) whose position depend on migration rate € ( see
Fig. ).

When ¢ — 0, the left branch of parabola P, tend to the vertical line 1 = 0 and
the right branch into the vertical line Py : 1 = K;. Moreover, FN Py = {(K1,0)}.
In the case when ¢ — oo, the parabola P, tend to the oblique line Py, : x2 = j;‘; 1.
Moreover,

5

<]
=)

FAP. — {(0,0), (v12A0,72100)}  if 71712 > Y2172,
{(0,0)} if mim2 < ve1re.
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i) xI9 'PE

E3(e)

Figure 5. Some examples of the curve F and the Parabola Pe. The equilibrium points are the intersection in
the positive cone between F and P, this intersections contains the origin or the origin and a second positive
point E*(e).

7.1. Effect of dispersal on total equilibrium population

For two-patch source-sink model , it was shown by Wu et al. [49] that only three
situations can occur: the case where the total equilibrium population is always greater
than the carrying capacity of source patch, the case where it is always smaller with
persistence or even extinction in both patches, and a third case, where the effect of
migration is beneficial for lower values of the migration coefficient € and detrimental for
the higher values, with persistence or even extinction in both patches. More precisely,
it was shown in [49] that, the following trichotomy holds

o If T (+00) > K then T5(e) > K; for all € > 0.

o If 42 0) > 0 and T3 (+00) < K7, then there exists ¢g > 0 such that T3 (¢) > Ky
de 2 2

for 0 < € < €9, T5(€e) < K for € > ¢y and T3 (e9) = K;. Moreover, there exists
¢! > o such that Ty (e) > 0 for all € < ¢ and Ty (e) = 0 for all € > €.

o If dg;; (0) < 0, then Ty (e) < K; for all € > 0. Moreover, there exists e/ > 0 such

that Ty (¢) > 0 for all € < ¢! and Ty (¢) = 0 for all € > "

Therefore, the condition 75 (e) = K holds only for € = 0 and at most for one positive

value €. The value ¢ exists if and only if df (0) > 0 and Ty (400) < Kj.

In this section, Our aim is to compare the total equilibrium population

Ty (e) = ai(e) +a3(e),  Ea(e) = (21(e), 23(e)),

of and carrying capacity of the source patch Kj, by analyzing the stable posi-
tive equilibrium Ej(e). Note that, when there is no dispersal (i.e., € = 0), the total
equilibrium population is 75 (0) = K;. We study the effect of asymmetric dispersal on
the total equilibrium population for the two-patch source-sink system . Using the
method graphic of Arditi et al. [2] and of Wu et al. [49], we describe the position affects
the equilibrium Ej(e) when the migration rate varies from zero to infinity, we will give
the condition whether T% is greater or smaller than the carrying capacity 75 (0) = K;.
We prove there are only three cases as in the two-patch source-sink model with linear
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diffusion can occur. Denote

—T1K22 — 2?”2K12 + \/7“12K24 + 47”1K227“2K12 — 4T22K12K22

5 - 27"2K1

603 We consider the regions in the set of the parameters 721 and 712, denoted Ag, A1, Ao,
04 Ag and Ay, depicted in Figure [f] and defined by:

ry <rithen § Ag={(prm): <22 < bl

Tz

Ay=q(2,m2) 0 222 Kf_g}-

Ay = {721,712) T %},
If ro > 71 then
A1={(’¥21,’Y12): %>%}
73
AQZ{(’m,’m): %S%} (73)

Y12 T2 Y1z __ &
12 —= = = —= =
7 Y21 T1 Y12 Y21 Ki—¢§
Ay Ay
Yi2 __ T2

0 Y21 0 Y21
Case 9 > rq. Case ro < 1q.

Figure 6. Qualitative properties of source-sink model . In Ap and Aj, the effect is detrimental, with
extinction in two patches for Ag, and persistence for Aj. In A and As, the effect is beneficial for € < ¢p and
detrimental for € > g with persistence of the population in the region As, and extinction in the region As. In
A4, patchiness has a beneficial effect on the total equilibrium population.

605 We have the following results which gives the conditions under which fragmentation
6o and asymmetrical migration can lead to a total equilibrium population greater or
607 smaller than the carrying capacity K; of the source patch:

s0s Theorem 7.1. The total equilibrium population Ty of satisfies the following
600 properties

(1) If ro > 11, let Ag and Aq be defined by . Then we have:
(a) if (y21,712) € Ao then Ty (e) < Kj for all € > 0. Moreover, there is €9 > 0

6

—
o

6

_
=

612 such that Ty (e) =0 for all € > €.
613 (b) if (y21,712) € A1 then 0 < T5(e) < Ky for all € > 0. Moreover, T5(e) —
614 TQ*(OO) > 0 when € — +00.

(2) If ro <1y, let Ao, Az and Ay be defined by . Then we have:
(a) if (y21,712) € Ao then, there is € > 0, such that: T (e) > Kj fore < € and

6

—
o

6

-
o
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T5(e) < Ky for all e > €*. Moreover, there is €y > €* such that T5(e) = 0
for all e > ¢g.
(b) if (y21,712) € A3 then, there is €& > 0, such that: Ty (e) > Ky for e < €% and
T3 (e) < K for all € > €%. Moreover, Ty (¢) — T3 (c0) > 0 when € — +00.
(c) if (v21,m2) € A4, then T5(e) > Ky for all € > 0. Moreover, if % =
<M)2 then T} — T3 (c0) = Ki.
Proof. Recall that, the equilibrium points of are the non-negative intersection
between the curve F and parabola P.. There are most two equilibrium points. The
first is the trivial point (0,0) and the second is a non trivial point noted E*(e) :=
(73 (€), 25 (€)) whose position depend on migration rate € ( see Fig.[§). As our study is
limited in the positive cone, then we are interested only in the positive branch of P..

The tangent space of the curve F at O and A = (K1,0) is ToF : 29 = a1, and
TAF : 29 = —:—;ajl + %Kl respectively.

To facilitate comparison between the total equilibrium population T4 (e) and
T5(0) = K, we define a straight line A : x; + z9 = K. If the intersection of the
curve IF and the parabola P, , i.e., the equilibrium (x7(¢€), 5(€)), is on or below the
line A, then T3 (e) < T5(0), whereas if the intersection is above the line A, then
Ty (€) > T5(0). We see very simply that dispersal is favorable to T3 (¢) if E5(¢) is above
A, unfavorable if below A. The equilibrium point Ej(e) is always in ellipse, then, for
€ = 0, the equilibrium point states at A, and when € increases, E;(€) describes an arc
of the curve and ends at point E*(c0).

Suppose 71 < r2. Then the slope of T4F, —7* > —1, which means that the curve
F is below the line A in the first quadrant and TQ( ) < Ty (o), as shown in Fig.
If the slope of P, %, is bigger than the slope of TpE!, i.e. 121 > I the curve is
below the line A in the first quadrant. Thus, there is ¢y, such that, When 0 <e< e,
the equilibrium FE3(e) changes from point A to O. When € > ¢y, we have E5(e) = O
and Ty (e) = 0 for all € > ¢y ( see Fig. (a)). If % < 1+, the curve and the line Pog
has an intersection B. Then we have T5(€) — T4 (c0) > 0, as shown in Fig. [7}(b).

Y12 Y12
A %)

0 Y21 0 Y21
Case (1) — (a). Case (1) — (b).

Figure 7. This illustrates the cases (1)-a and (1)-b in Theorem Case (a) illustrate an example with
(y21,712) € Ag and the case (b) illustrate an example with (v21,7v12) € A1. The curve F and the parabola P
are shown in red and blue respectively for some parameters of the model , the straight lines A and P are
shown in green and orange respectively. As the migration intensity € increases from 0 to oo, the equilibrium
point E3(e) moves counterclockwise along the ellipse from A = (K71,0) to O in the case (1)-a, from A to B in
the case (1)-b. The total equilibrium population is always smaller than K for all € > 0.
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In the case when ri; > ro, direct calculation finds that the curve F and the line A
have two intersections: A = (K1,0), and C = (§, K7 — £). We denote by ¥ the straight
line joint the origin and C'. The slope of X is equal to Ki=C We distinguish three cases

relative position of the points O, B = E3(00), and C, or equivalently, the three lines
ToE!, P, and ¥ whose slopes respectively are

721 K -¢
—, — and ——.
rel M2 £
s7 By the method graphic of Arditi et al. [2] ( see also of [49]), we conclude the complete
ess  proof ( see Fig}&res and @ Y12 O
A ) P A
Pe > P.
C C
F B
F
0 Y1 0 Vo1
Case (2) — (a). Case (2) — (b).

Figure 8. This illustrates the cases (2)-a and (2)-b in Theorem As the migration intensity e increases
from 0 to oo, the equilibrium point EJ(e) moves counterclockwise along the ellipse from A = (K1,0) to O in
the case (a) from A to B in the case (b), passing through the point C' which is the other point of intersection
between the curve F and the line A. The dispersal is favorable when EJ (¢) is between A and C, and unfavorable
when EJ (¢) is between C' and B .

712 712
P
A
Pe
) A
P
C~B
F
F
0 Y1 0 Y21
Case (2) — (¢). Case (d).

Figure 9. This illustrates the case (2)-c¢ in Theorem As the migration intensity e increases from 0 to
0o, the equilibrium point E3(e) moves counterclockwise along the curve F from A = (K1,0) to B. The total
equilibrium point is always greater than K for all €, because it belongs to the ellipse and the limit point B is

above A. The figure (d) is a particular case of (2)-(c), where Ty — K7 = Ty (oco) for % ="
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Speaking biologically, the result of the previous theorem show that the asymmetric
dispersal can lead to either an increased total size of the population in two patches, a
decreased total size with persistence in the patches, or even extinction in both patches
when the growth of migration goes to infinity. Let us explain the result of Theorem

in the particular case where the dispersion is symmetric i.e. % = 1. In this case,

the system becomes

d
%:ﬁxl (1—2)—!—6(%2—3}1),

ds 2y )2 (74)
E:—Tgxg 1+<I{2) +6($1—1‘2),

We consider the regions in the set of the parameters r1 and r9, denoted Ay, Ay and
Ao, depicted in Figure [10] and defined by:

A():{(’r’l,TQ) : T2 27“1},
2K2
Al = {(7’1,7"2) : r <ro < mrl}, (75)

2K?2
AQ:{(T’l,TQ): TQZmrl}.

Ao

T _72K§ T
Ay 2= K7vakg 'l

As

Figure 10. Qualitative properties of source-sink model (74) with y12 = 21 = 1. In Ao, the effect is detrimen-
tal with extinction in two patches. In A1, the effect is beneficial for € < €** and detrimental for € > ¢** with
persistence of the population. In Az, patchiness has a beneficial effect on the total equilibrium population.

Corollary 7.1. Consider the model (74). Let Ao, A1 and Ao be defined by . The
total equilibrium population Ty of (74)) satisfies the following properties

(1) if (ri,m2) € Ao then, Ty (e) < Ki for all . Moreover, there is €y > 0 such that
T5(e) =0 for all € > €.
(2) if (r1,r2) € Ay then, there is € > 0, such that

{ T5(e) > K If e <¢*, (76)

0<T5(e) < Ky If e> €.

Moreover, T5(e) — T4y (00) > 0 when € — 0.
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(3) if (r1,m2) € Aa, then T5(e) > Ky for all € > 0. Moreover, i % = wrriRe then
TQ*(OO) = Kl.
Proof. Consequence direct of the theorem O

7.2. Two-patch model where one growth rate is much larger than the
second one

Recently, in [19], Elbetch is interested in some biological situations that can be found
in the nature, that is, the case where several sub-populations grow with different
speed. Mathematically speaking, he studied the system under the hypothesis that
some growth rates tend to infinity (i.e 7, — oo for some 7). In the preceding two
subsections, we consider the two-patch model and we assume that the death rate
ro (resp. growth rater;) is much larger than growth rate r; (resp. death rate rs).

7.2.1. Case where r9 — 00

In this part, we assume that the death rate ro is much larger than the growth rate r;.
For simplicity we denote 2 := 12 > 0 the migration rate from sink to source patch
and 1 := 21 > 0 from source to sink patch. The model is written:

dx X1

_— = 1 _ — —

ph r1T1 ( K1> + € (222 — M121),

p 2 (77)
2 P+ (2 + e (1121 — Y222)

7 n 72 e 171 ;

where 7 is assumed to be a small positive number. Denote E3(e,n) = (zi(e,n), 25(€,n))
the positive equilibrium of , and T (e,n), the total equilibrium population. We
recall that the derivative of T5 (e, n) with respect to € at € = 0 is written as follow:

Ty
de

(0,7) =K, (77 - 1) : (78)

r2 T

The total equilibrium population of the model for perfect mixing (i.e € — 00) is
given by the following formula:

(—77’Y227"1K2+\/772'y24r12K22+4n'y13r2K1272r1—47147«22[(12)](2 )
Ty (+o0,n) = 4 (11 +72) Ty e if 72717 > T2,
0 otherwise.
(79)

First, we have the result:

Theorem 7.2. Let (x1(t,n),x
condition (29,29) satisfying ¥
ential equation

o(t,m)) be the solution of the system with initial
>0 fori=1,2. Let u(t) be the solution of the differ-

—= =rmn <1 - K) — e =: p(x1), (80)
1
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with initial condition u(0) = 9. Then, when n — 0, we have
z1(t,n) = u(t) + oy(1), uniformly for t € [0, +00) (81)
and, for any to > 0, we have
z2(t,n) = oy(1),  wuniformly for t € [to,+00). (82)

Proof. When n — 0, the system is a slow-fast system, with one slow wvariable,
x1, and one fast variable, xo. Tikhonov’s theorem [36], 47, [48] prompts us to consider
the dynamics of the fast variables in the time scale T = %t. One obtains

2
B2 o (1 +(32) ) Fen(nar - ). (8

In the limit n — 0, we find the fast dynamics

dxo €2 2
—_— = — 1 _ . 4
dr Tm( + <K2> ) (84)

The slow manifold is given by the positive equilibrium of the system , ie xo =0,
which is GAS in the positive axis. When 1 goes to zero, Tikhonov’s theorem ensures
that after a fast transition toward the slow manifold, the solutions of converge
to the solutions of the reduced model , obtained by replacing xo = 0 into the
dynamics of the slow variable.

The differential equation admits 0 as unique equilibrium if r; < ey, which is
GAS, else, admits 0 which is unstable, and a positive equilibrium

2i(e,07) = LT (85)
a1

where a1 = . As p(z1) > 0 for all 0 < 21 < 27(¢,0%) and ¢(z1) < 0 for all
z1 > x3(e,07) then, the equilibrium z3(e,0") is GAS in the positive axis, so, the
approximation given by Tikhonov’s theorem holds for all ¢ > 0 for the slow variable
and for all ¢ > ¢y > 0 for the fast variable, where ty is as small as we want. Therefore,
let u(t) be the solution of the reduced model of initial condition u(0) = z9, then,
when 1 — 0, we have the approximations and . ]

As a corollary of the previous theorem, we have the following result which give the
limit of the total equilibrium population T (e,n) of the model when 7 goes to
Z€ero:

Corollary 7.2. We have:
" —en
T5(e,0%) := lim T3 (e, n) = lim (27 (e,n) + 23(e,m)) = ap
n=0 n=0 0, otherwise
(86)
Moreover, 0 < T5(e,0%) < Kj for all e < r1/v1, and Tj(e,07) =0, for e > ri/7.
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Proof. According to the equations , and , when 7 goes to zero, the
equilibrium E3(e,n) of the model is converge to E3(e,0%) := (275(¢,07),0), where
23(€,0%) is given in (BF).The sum of the coordinates of Ej(e,0m) gives the formula
®9). O

7.2.2. Case where r1 — o0

In this part, we assume that 71 is much larger than ro. The model is written:

d:L‘l T1 I

-0 2 1— 22 _

o n:cl < 1) + e (1222 — M121),

p 2 (87)
2 14 (22 + € (@1 — 7212)

i 222 K, 121 2T2),

where 7 is assumed to be a small positive number. We recall that the derivative of
T3 (e,m) with respect to € at € = 0 is written as follow:

Ty
de

0 =i (- 2). (59)

r2 T

The total equilibrium population of the model for perfect mixing (i.e € — o0) is
given by the following formula:

(*’Y22T1Kz+\/724T12K22+4777137“2](12721"1747]2 7147"22[(12)](2 )
T2*(+OO7 77) = (Fyl + 72) 2071312 K Zf Yor1 > NY1T2,
0 otherwise.
(89)

‘We have the result:

Theorem 7.3. Let (x1(t,n),x2(t,n)) be the solution of the system with initial
condition (29,29) satisfying 9 > 0 fori = 1,2. Let u(t) be the solution of the differ-
ential equation

% = —TaTy (1 + (}2)2) + e(m K1 — 12x2) =: p(21), (90)
with initial condition u(0) = 29. Then, when n — 0, we have

x2(t,n) = u(t) + oy(1), uniformly for t € [0, +00) (91)
and, for any ty > 0, we have

z1(t,n) = K1 +o0,(1), uniformly for t € [tg,+00). (92)

Proof. The proof is the same as in Theorem Denote o1 = %, 09 =79 + €9 and
2
o3 = €y1 K1, the equation becomes ¢(x3) = —011:% — 09x9 + 3. This last equation
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admits unique positive solution given by

1

i <10803 +12 J§w%> 012

(93)
As ¢(z2) > 0 for all 0 < 29 < x3(e,07) and p(z2) < 0 for all x5 > x3(e,07) then,
the equilibrium z5(e,0") is GAS in the positive axis, so, the approximation given by
Tikhonov’s theorem holds for all ¢ > 0 for the slow variable and for all ¢ > ¢o > 0 for
the fast variable, where ¢y is as small as we want. Therefore, let u(t) be the solution
of the reduced model (90) of initial condition u(0) = z9, then, when ¢ — 0, we have
the approximations nd . O

3 2 -~
1:;(6’ 0+) = 1/6j<10803+12\/§ w) 01201 1_20-2

g1

The result of the previous theorem prove that T35 (e,07) > K; for all e.

8. Conclusion

The aim of this paper is to generalize, to a generalized source-sink multi-patch model,
the results of Elbetch [20] for generalized multi-patch logistic model i.e. n-source 0-
sink patch model, the results obtained in [12] [13] for a multi-patch logistic model and
also the results obtained in [49] for a two-patch source-sink. The diffusion between
source and sink patches is modeled by a cooperative matrix. When this last matrix is
irreducible, two cases can produce for our system, either the origin is GAS, or there
is a positive equilibrium, which furthermore is GAS (see Theorem [3.2)). This is an
extension of Elbetch’s result [20, Theorem 6]. The extension is based on developed
cooperative system theory and proprieties of cooperative matrix.

In Section [4] we consider the particular case of perfect mixing, when the migration
rate goes to infinity. As in [12}[I3] and [20], we implicitly compute the total equilibrium
population as a function of the number of the source patches in that case, and, by
perturbation arguments and Tikhonov’s theorem [36], 47, 48], we prove that the dy-
namics in this ideal case provides a good approximation to the case when the migration
rate is large. Our results generalize those of [I| 2] for tow-patch logistic model, [49]
for tow-patch source-sink model, [12] for n-patch logistic model with dispersal sym-
metric between patches, [I3] for many patches with movement between patches not
necessarily symmetric, [16] for multi-patch source-sink model and [20] for generalized
multi-patch logistic model.

In Section [5, we considered the total equilibrium population in the n patches. As
shown in Proposition diffusion could make total equilibrium population small
than the sum of carrying capacities of the source patches and also the extinction
in all patches. We give also sufficient and necessary conditions for which the total
equilibrium population not to depend on the diffusion rate. More precisely, we show
that, the only situation where the total equilibrium population is independent with
respect to dispersal, is when all the patches are sources and the vector of the carrying
capacities lies in the vector space ker I'. That is, if there is at least one sink patch, or
we have n source patches and the vector of the carrying capacities does not belong to
the vector space ker I', then the total equilibrium population depends on the dispersion

(See Proposition [5.3)).
In Sections and we consider the model (9) and we assume that the death
rates (resp. growth rates) is much larger than growth rates (resp. death rates). First,
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for both cases, by perturbation arguments and Tikhonov’s theorem [306] 47, 48], we
construct the reduced models, and for the second case, under certain condition, we
prove its global stability by using Hirsch’s theorem Next, we compare the total
equilibrium population of the source-sink patch model @ with carrying capacities of
the source patches.

In Section[7}, Two-patch source-sink model where the first patch is assumed to follow
a logistic law and the second a Richard law is studied. As in [49], we have shown that,
the dispersal asymmetry can lead to either an increased total size of the population in
two patches, a decreased total size with persistence in the patches, or even extinction in
both patches. Next, the growth rate in the second (resp. first) patch is supposed to be
much larger than that in the first (resp. second) one. We have given then the conditions
for which patchiness is beneficial or detrimental for the population in models and
(87) when n — 0. In this configuration where the population of one of the patches
has a fast growing compared to the other patch, the critical value of migration rate
€9, which that the total equilibrium equal the some of carrying capacities, does not
intervene.

Finally, comparisons the present results with previous works [1} 2, 12| 13 16, 20, 49]
indicate that, in general, the generalized growth rate mechanism has an effect on the
dynamics of the total equilibrium population in the multi-patch source-sink model.
Some important questions remain open: Is there a way to make connections between
the source and sink patches (n > 3) that increases the total equilibrium population?
Mathematically speaking, are there conditions on the parameters of the model in
which:

i z; (e) > i Ki
i=1 i=1

for all positive diffusion rate €? Anther problem, for example, for three-patch model
(one-source two-sink, two-source one-sink), is it possible to give a complete comparison
between the total equilibrium population and the sum of the carrying capacities. 1
think this question is difficult and requires a lot of work and mathematical tools.

Appendix A. Background concepts and preliminaries results

In this section, our goal is to recall some concepts and results which we need in this
work. Proofs of some results are given here and the others we refer interested readers
to references.

Definition A.1. The kernel of a matrix A is defined by ker A = {v € R"; Av = 0}.

Definition A.2. A matrix A = (a;;) is called reducible, if there is a matrix of per-
mutation P = (p;;) ( i.e p;; = 0 or p;; = 1) such that:

A A
T _ 11 12
prap [ e ],

where A1 and Asy are two square sub-matrices of A. We say that A is irreducible if
A is non-reducible.

Definition A.3. A matrix A = (a;;) is called cooperative if a;; > 0 for all i # j.
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Definition A.4. The stability modulus of a matrix A is given by
S(A) = max {Re(A): X is an eigenvalue of A}, (A1)
and the spectral radius of A is
p(A) =max{| A |: A is an eigenvalue of A}. (A2)

We have the following result [40, Lemma 8]:

Lemma A.1. Let A be a non negative matriz. Let u € R} be a non-zero vector and
A € Ry be a real number. If Au > Au then p(A) > \. If for a strictly positive vector u
we have Au < Au then p(A) < A.

Proof. If Au > Au then, since A is non negative, A¥u > Ay for all k. Therefore
|| A¥|| > M* for any matricial norm. Using the Gelfand formula p(A) = limy_,o || A¥| %,
we obtain that p(A) > A. The second statement is a simple consequence of the repre-
sentation (2) in [40]. O

We have also the following result [8, Lemma 8§]:

Lemma A.2. Let A be a cooperative matrix. Let u € R™ and X\ € R. If Au > Au then
S(A) > \. If for a strictly positive vector uw we have Au < Au then S(A) < .

Proof. Let A be a cooperative matrix, there exists h > 0 such that A 4+ hl, where
I is the identity matrix, is non negative. Let u and A be such that Au > Au. Since

S(A+hI)u > (A+h)u, using Lemma[A.1] we deduce that p(A+hI) > A+h. According
to the Perron-Frobenius Theorem [32, Theorem 3, page 66], we have

S(A + hI) = p(A + hI).

Therefore we have S(A+hI) > A+h. Using S(A+hI) = S(A)+h, we obtain S(A) > A.
By the same method, we prove the second statement. ]

Let we consider the autonomous system:
i = U(a), (A3)

where @ denote the derivative of x, ¥ = (Uy,...,¥,) is C' on a domain R .

Definition A.5. Consider System . Let z(t,zo) is a trajectory, and zg is the
initial point. The set O of R is said to be positively invariant if zo € O implies that
x(t,xg) € O for all t > 0. In other words, once a trajectory of the system enters O, it
will never leave it again.

Definition A.6. System (A3]) is called cooperative if the Jacobian matrix JU(x) is a
cooperative matrix for all x € R"}.

To prove the global stability of the system cooperative ({A3|), generally, the following
result is used:
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Theorem A.1. [2], [25] If system (A3) possesses a positive equilibrium point x* sat-
isfying

N >0 for € €]0,1],
i&x ){ <0 for E>1, (Ad)

then x* is globally stable.
We have also the following result of Hirsch [26]:

Theorem A.2. If the cooperative system (A3|) has the following proprieties:

o JW(z) is irreducible for any x > 0,
o JU(x) <J¥(y) for any x >y >0, and
e all solutions are bounded,

then either the origin is globally stable or there exists a unique positive equilibrium
point and all the trajectories in R’} \ {0} tend to it.
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