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Transcritical flows in free surface hydrodynamics emulate black hole horizons and their time-
reversed versions known as white fountains. Both analogue horizons have been shown to emit
Hawking radiation, the amplification of waves via scattering at the horizon. Here we report on an
experimental validation of the hydrodynamic laws that govern transcritical flows, for the first time in
a free surface water channel using an analogue space-time geometry controlled by a bottom obstacle.
A prospective study, both experimental and numerical, with a second obstacle downstream of a first
one is presented to test in the near-future the analogous black hole laser instability, namely the
super-amplification of Hawking radiation by successive bounces on a pair of black and white horizons
within cavities which allow the presence of negative energy modes necessary for the amplification
process. Candidate hydrodynamic regimes are discussed thanks to a phase diagram based on the
scaled relative heights of both obstacles and the ratio of flow to wave speed in the upstream region.

William Unruh’s demonstration in 1981 [1] of a math-
ematical analogy between the propagation of light in a
curved space-time and the propagation of acoustic waves
in a moving fluid has led to the implementation of many
experiments, not just in the original domain of acous-
tics. Indeed, the analogy, called Analogue Gravity [2, 3],
can be extended to other fields of physics such as op-
tics [4], Bose-Einstein condensates [5] and interfacial hy-
drodynamics [6]. In the latter, surface waves play the
role of light and an accelerating fluid plays the role of
an effective black hole space-time [7]. In the case of a
Schwarzschild black hole in general relativity, the hori-
zon is defined as the position at which the escape veloc-
ity (vescape(r) =

√
2GM/r where M is the mass of the

black hole and G is Newton’s gravitational constant) is
equal to the speed of light. An analogue definition of
a hydrodynamical horizon is used in interfacial hydro-
dynamics based on the Froude number Fr = U/

√
gh

which reaches unity when the velocity of long waves,
c(x) =

√
gh(x), is equal to the velocity of the flow cur-

rent, U(x). The flow is then said to be transcritical. In
the case where the Froude number is less (respectively
greater) than 1, the flow is characterized as subcritical
(respectively supercritical). Since waves at the surface of
a fluid are in general dispersive, the notion of an analo-
gous dispersionless horizon like in General Relativity is
generalized with the introduction of a dispersive group
velocity horizon [6, 8, 9], defined as Frdisp = U/vg, where

vg = ∂
(
ω −−→U · −→k

)
/∂k is the group velocity in the rest

frame of the flow.
With this kinematical analogy between several fields of

physics, Analogue Gravity allows us to verify some theo-
retical predictions, like the Hawking radiation of black
holes [10]. This is the predicted glow that originates

in quantum vacuum fluctuations in the vicinity of the
event horizon, with the partners of each virtual pair being
separated by the horizon so that real particles are emit-
ted. Spontaneous Hawking radiation, seeded by quantum
noise in the manner just described, has been measured
in a Bose-Einstein condensate with a dispersive superlu-
minal linear and transcritical regime [11, 12]. However,
a classical version of it has been measured with hydro-
dynamic analogues in the dispersive subcritical regime,
via either the amplification of turbulent noise [13], or by
stimulating waves in interfacial hydrodynamics experi-
ments at a white fountain horizon [6].

Another theoretical prediction, also relying on Hawk-
ing radiation, is the black hole LASER effect or insta-
bility. This is the amplification or damping of Hawking
radiation due to successive bouncing of trapped modes
between two horizons, which would act as active mirrors
in a LASER cavity. One of the first theoretical contri-
butions on the LASER instability due to Vilenkin is the
coupling between the event horizon of a rotating black
hole and a convex mirror, in order to amplify gravita-
tional, scalar or electromagnetic waves [14]. In the case
of the more recent Corley & Jacobson scenario [15], the
convex mirror is replaced by an inner horizon (which hap-
pens, for instance, with charged black holes). In this case,
the partner particles, emitted on the supercritical side of
the outer horizon, reach the inner horizon and are then
reflected, going on to reach the outer horizon again and
further stimulate the Hawking radiation process at each
reflection. This stimulation depends on the nature of the
particles: amplification occurs for bosons and damping
for fermions. Moreover, in order to be able to return
to the outer horizon, the partner particles in the super-
critical region need a superluminal dispersive correction
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in order to beat the dragging effect of space-time within
the outer horizon. The possibility of a black hole las-
ing effect in an analogous system has been demonstrated
numerically in the case of nonlinear optics [16], in inter-
facial hydrodynamics [17], and in Bose-Einstein conden-
sates [18]. In order to accelerate a flow and thus create
an analogous black hole, a geometrical streamlined ob-
stacle is used that modifies the bathymetry. Hence, a
study with two obstacles is necessary to create LASER
cavities delimited by successive time-reversed horizons,
generated by the acceleration or deceleration induced by
the obstacles.

The remainder of the article is thus organised ac-
cordingly: in the one-obstacle case, it is shown that a
black hole type flow is formed, without imposed down-
stream boundary condition and without initial static wa-
ter depth. We show experimentally that the flow respects
the so-called theoretical Long’s law relating flow physics
to geometry, a premiere in the literature. In the two-
obstacle case, a phase diagram is constructed and mod-
ernised, based on an existing diagram introduced previ-
ously in a pure hydrodynamics context, and new hydro-
dynamic regimes and candidate regimes for the analogous
black hole LASER effect are demonstrated for the first
time.

Flows over one obstacle. In order to create a hydro-
dynamic horizon in an open water channel, the accelera-
tion or deceleration of the flow must be forced. A simple
method is to change the bathymetry of the channel by
placing an obstacle on the bottom. The study of a flow
over variable bathymetry is not a simple problem and
has a long history [6, 19–21]. To simplify the problem,
the current is assumed to be irrotational, stationary and
the longitudinal velocity U is related to the mean wa-
ter depth h by the conservation of flow rate (assuming a
laminar plug-like velocity profile in the vertical direction)
U(x) = Q

Wh(x) where W is the width of the rectangular

open water channel, Q is the flow rate produced by the
pump and x is the position along the channel. More-
over, to obtain an analogue dispersionless black hole hori-
zon, the local Froude number must be equal to 1, i.e. a
so-called transcritical regime is required. In hydraulics,
Long’s 1954 formula is the simplest theory that allows
the separation of transcritical, subcritical and supercriti-
cal regimes as a function of the so-called obstruction fac-
tor [21, 22] r = bmax/hupstream, with bmax being the max-
imum height of the obstacle and where hupstream is the
upstream water depth before the bottom obstacle taken
to be constant at a given distance of the obstruction. In
practice, the upstream water depth changes because of
friction: turbulent head losses, bottom and side frictions
due to viscosity along the water channel. Long’s formula
assumes no viscosity, flow rate conservation and energy
conservation [21, 22]. The upstream Froude number is
equal to Frup = Uupstream/

√
ghupstream and a transcrit-

ical regime is obtained (Fr(x) = 1 somewhere on the

obstacle) when [22]:

rLong = 1 +
1

2
Fr2up −

3

2
Fr

2
3
up (1)

Explicit formulas Frup = f(r) can be obtained by look-
ing for the roots of the implicit equation 1. These are
the 1948 Schijf’s expressions [23] obtained before Long
in a different context namely boat navigation in confined
waterways and that we relate for the first time in the lit-
erature (a bottom obstacle is similar to an inverted ship
occupying the full width of a rectangular water channel):

Frup =

(
2 sin

(
π −Arcsin(1− rLong)

3

)) 3
2

, for Frup > 1

Frup =

(
2 sin

(
Arcsin(1− rLong)

3

)) 3
2

, for Frup 6 1

The upper/lower formula separates the transcritical and
the supercritical/subcritical regimes. Only the latter is
relevant for Analogue Gravity to generate transcritical
flows akin to hydraulic black hole as we will demonstrate
experimentally below. We stress that the flow is turbu-
lent since the Reynolds number is large. We will show
that Long’s laminar flow formula still applies quite well
to the mean speed of the turbulent current and fluctua-
tions are supposed to be small because of the streamlined
bottom obstacle.

An approximation of the Long’s 1954 formula can be
constructed when the curvature of the obstacle is small
compared to the curvature of the flow (1/R� 1/h) and
the upstream velocity is small compared to the velocity
above the obstacle, then the Faber’s 1995 approxima-
tion [24] is obtained (r → 1):

hupstream = bmax +
3

2
3

√
q2

g
(2)

To obtain the scaled form, we divided the equation 2 by
the upstream height, hupstream:

rFaber = 1− 3

2
Fr

2
3
up (3)

that lacks the square term compared to Long’s formula.

Other theories have also been discussed theoretically,
based on the analysis of the forced KdV (fKDV) equa-
tion, which takes into account dispersive effects such
as in the work of Keeler and Binder [20, 25]. For in-
stance, Binder deduced another explicit formula relating
the Froude number with the obstruction ratio:

FrfKDV = 1−
(

9rfKDV

4
√

2

) 2
3

(4)
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To compare, experimentally, these theories predicting
the onset of the transcritical regime or a hydrodynam-
ics black hole horizon, several obstacles used in anterior
studies on Analogue Gravity were employed (see the Sup-
plemental Material). They are placed within the chan-
nel, without imposing a downstream boundary condition
or a static height contrarily to most of previous setups
reported so far [9, 13, 26–30] except [31]. The steady
upstream height is measured for a given obstacle with a
graduated ruler (with uncertainty ±1mm) as a function
of an increasing flow rate. This procedure is repeated
for different geometries and obstacles sizes. We plot then
Frup(r).

The experimental results are shown in the diagram 1
superposed to theoretical models. As expected, Faber’s
approximation tends to Long’s theory when Frup → 0
(or r → 1). The diagram gathers the results for differ-
ent geometries and sizes (extra graphics separating the
influence of geometry and size are given in the Supple-
mental Material). Even if there are differences in the
geometries, the experimental points are close to the lim-
its predicted by Long and its Faber approximation, which
means that these points are transcritical flows as seen by
visual inspection. The points closest to the Long’s theory
are the green points for the bigger obstacle, Vancouver
1, in the bigger channels used previously by [13, 27–30].
The points for the smaller obstacles in the smaller chan-
nel used in this work and previously by [31] are further
away from Long’s theoretical curve, because the bound-
ary layer for these obstacles is more developed and there-
fore the plug-like velocity profile assumed for Long’s law
is no longer completely valid. The maximum height of
the obstacles is also an important parameter: the smaller
the obstacle, the larger the range of values of the Froude
number explored. This is due to the fact that a larger
obstacle generates a larger return flow and therefore for
a slower flow a larger dynamic height upstream can be
reached. An example of the consequence of the maximum
obstacle height is illustrated with for instance the Van-
couver 0.05. This obstacle has the lowest height and the
range explored is r ∈[0.14 ; 0.46] and Frup ∈[0.23 ; 0.55].
Conversely, for the Vancouver 1, the range explored is
r ∈[0.42 ; 0.75] and Frup ∈[0.07 ; 0.26]. The Orsay and
ACRI more streamlined geometries are closer to theoret-
ical prediction than the Vancouver geometry. The big-
ger obstacles are better when compared to Long’s theory
than smaller obstacles because of the smaller value of the
ratio between the boundary layer and the total depth for
the former.

Flows over two obstacles. The study of flows over
two successive obstacles relies on the seminal work of
Pratt [32, 33]. Indeed, he looked to the influence of a
second obstacle downstream of the first. He fixed the
position and shape of the first obstacle. The distance
between both obstacles was four times the length of the
first one. As for the second obstacle, the length and shape

were variable thanks to a tongue at the back of the obsta-
cle, which allowed him, when the tongue was pulled, to
modify the shape and the maximum height of the obsta-
cle. The procedure of his experiments was to fix the flow
rate, the first obstacle and the inter-obstacle distance and
to explore the different hydrodynamic regimes by chang-
ing the length of the second obstacle. Once this proce-
dure is applied, he built a diagram (Frup as a function
of ∆b = (b2− b1)/b1), where bi is the maximum height of
the ith obstacle. We introduce in the literature, the now
called Pratt number terminology P = (b2 − b1)/b1 that
replaces the Pratt notation ∆b used in 1984 [33].

To modernise his diagram, we reproduce Pratt’s ex-
periments within an Analogue Gravity context probing
a larger range of parameters being more accurate. For
this purpose, the same free-surface channel is used as for
the single-obstacle experiments. However, the geometry
of the obstacle is fixed to the one in [9], ACRI 2010, a
most simple and reproducible obstacle with three slopes
and left-right asymmetry to avoid flow recirculation. A
homothetic ratio is used on all lengths of the geometry
(except the width W ) to produce smaller obstacles and
therefore a smaller maximum height to probe a bigger
range of Pratt’s number to be scanned, P ∈[− 1 ; 1] . In
doing so, the first and second obstacle dimensions as well
as the flow rate are varied contrary to Pratt’s experiment.
To construct a modernized diagram, both obstacles are
placed in the channel at an arbitrarily chosen distance of
9.2 cm. This distance is measured from the end of the
first obstacle to the beginning of the second and is fixed
for all experiments. The points in the diagram, Frup(P),
have been probed by strictly increasing the flow rate and
waiting for the steady state to avoid any hysteresis phe-
nomena.

In the case of flows over two obstacles, several regimes
are observed. To describe these regimes, a nomenclature
is created based on the one introduced in [6], through a
classification with a visual identification of the free sur-
face shape. This nomenclature uses a succession of three
symbols which characterise, respectively, the type of flow
above the first obstacle, the type of flow between the two
obstacles, and the type of flow above the second obsta-
cle. The letters used for this nomenclature are: S for
Supercritical, Ta for Transcritical (accelerating for black
hole horizon), B for Breaking, U for Undular (the un-
dulation is the zero frequency solution of the dispersion
relation [34]), D for Depression, E for Emission and F for
Flat. Ten regimes are identified (without the use of an
entrance sluice gate to accelerate the flow) and using the
above nomenclature the names of the ten regimes are: Ta-
S-S, Ta-B-Ta, Ta-UB(2)-Ta, Ta-UB(1)-Ta, Ta-U∗-Ta, D-
UB(1)-Ta, D-U -Ta, D-E-Ta, F -E-Ta and F -F -Ta. Pic-
tures of the regimes are available in the Supplemental
Material (figure 12). The regimes with the (i) exponent
are the regimes where the breaking regime of the un-
dulation starts for the (i + 1)th stubble (or whelp). For
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Figure 1. Experimental diagram of the upstream Froude number as a function of the obstruction ratio Frup(r) obtained in a free
surface channel, without downstream condition, without static water height and with asymmetric obstacles. The experimental
points are the coloured points and each colour corresponds to obstacles of different sizes and shapes, which are compared to
the Long’s theory (identical to the Schijf’s theory), the Binder’s theory and the Faber’s approximation.

example, for the regime Ta-UB(2)-Ta, the free surface be-
tween both obstacles is undulating (U) and the breaking
regime (B) starts at the 3rd stubble. The U∗-regime char-
acterises the Undulation in shallow water and U denotes
the Undulation in deep water. Finally, the E-regime is
a flat regime where there is a co-current and counter-
current waves emission. Experimentally, these waves are
emitted by a “parabola” which crosses the channel. The
position of the parabola is interpreted as the place where
the fluid velocity is approximately equal to the minimum
of the group velocity [6, 9].

The observed regimes are reported in a modernised
Pratt diagram, Figure 2, which was constructed us-
ing deep learning tools (see the Supplemental Material).
This diagram identifies new regimes that do not appear in
the original diagram [33], namely: Ta-S-S, Ta-B-Ta, F -
E-Ta and F -F -Ta. Pratt’s experimental points are also
superposed on it. However, it seems that the latter do not
all correspond to the domains found. Indeed, Pratt uses
another inter-obstacle distance not reported in his orig-
inal work, which makes it corresponds to another plane
in a three dimensional diagram, derived from a dimen-
sionless number that would play the role of a third axis.
We have not made this number explicit but we anticipate
it to be a function of viscous friction, maybe a Reynolds
number comparing the inter-obstacle distance and a vis-
cous scale due to friction and head losses as it is known in
the context of weir fishways [35]. In the context of Ana-
logue Gravity, the candidate regimes for the black hole

LASER effect are: Ta-B-Ta, Ta-UB(2)-Ta, Ta-UB(1)-Ta,
Ta-U∗-Ta and D-UB(1)-Ta since these regimes have an
undulation (a zero-frequency solution of the dispersion
relation) with or without wave breaking and a speed al-
lowing for the appearance of negative-energy waves [6, 9].
Finally, when using a sluice gate in the upstream region,
the acceleration of the upstream flow has made it possible
to reach regimes that are not introduced in the original
Pratt diagram [33]. These regimes are S-S-S and S-B-
Ta. A phase diagram that includes these two new regimes
is shown in Figure 14 (see the Supplemental Material).

To summarize, we have studied here different flow
regimes in a one-dimensional free surface water channel
over one or two obstacles. For a single obstacle, we ex-
perimentally validated Long’s law for transcritical flows
(without downstream boundary conditions and without
initial static water height). In Analogue Gravity, such
flows correspond to an analogue “black hole”, as there is
a position where the local Froude number crosses 1. We
observed that Long’s law tends to work better for large
obstacles, because boundary layer effects are less impor-
tant than for smaller obstacles; but even for the latter,
the deviations from Long’s law are relatively small. How-
ever, it appears that for the smallest obstacles and de-
spite the viscous effects, the obstacles that best “accom-
pany the flow” are those closest to the non-viscous Long
law, such as the Orsay obstacle or the ACRI 2010 ob-
stacle. For flows over two successive obstacles, we mod-
ernised and completed the Pratt diagram by observing
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several regimes, adding six to those that had already been
described by Pratt. Among all regimes, five are potential
candidates for the occurrence of the black hole LASER
effect, a subject of future enquiry.
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SUPPLEMENTAL MATERIAL

Experimental setup and metrology

At the Pprime Institute, we have carried out experi-
ments in an open water channel (reference H23 from Pro-
didac with transparent Plexiglas walls and an anodized
aluminum support) to test the robustness of the Long’s
theory and its Faber approximation in the case of one
obstacle. The channel dimensions (see figure 3 top) are:
length L = 2.5 m, height Z = 12 cm and width W = 5.3
cm. It was also used to build the phase diagram, with two
obstacles. The channel features a downstream guillotine
to impose or not a backward flow. In all the following
studies, no downstream condition is imposed, i.e. the
downstream door remains wide open, there is no initial
static water height and the flow is steady. An inclined
honeycomb is placed upstream of the channel to laminar-
ize locally the flow. The inclination of the honeycomb is
approximately 66° to the bottom of the channel. The
flow is sent through a pump upstream of the channel.
This pump delivers a flow rate per unit width q = Q/W
with q ∈[0.0006 ; 0.0115] m2.s−1. It is measured with
a flowmeter Vortex F 20 (DN20) from Bamo Mesures.

A Ultimaker 5S 3D printing machine is used with the
CURA software with either polylactic acid (PLA) (black)
or Acrylonitrile butadiene styrene (ABS) (blue) filaments
of diameter 2.85 mm. Notches measuring 6 mm in width
and 3.5 mm in depth allow to fix the obstacles on both
sides of the channel. The free surface of the flow is il-
luminated by an overhead LED lighting system. The
side meniscus is recorded by two grayscale (256) Point
Grey cameras with CMOS technology. A MATLAB al-
gorithm combines images from both cameras with a re-
sultant recording length of 2.07 m with spatial resolu-
tion dx = 0.5mm, during around 5 minutes at 25 fps for
the acquisition rate. Then, the meniscus interface is pro-
cessed with a subpixel detection method as in [13, 27–31].
We detect first the maximum intensity corresponding to
the meniscus on the combined images for each position
x and each time t. The aberrant points caused by blurs
or water drops are substituted by an average value of the
point neighborhood. A second step consists in seeking
the maximum brightness around the positions previously
found culminating with a one pixel precision. Finally, a
sub-pixel detection method allows to fit with a Gaussian
over five points around the maximum value in the verti-
cal direction of the luminosity reaching a fraction of the
pixel size dx. One purpose of detection is shown in the
figure 5. In this figure, the water level is shown as a solid
black line. A black mask is applied to locate the obstacle.
Coloured areas appear in the detection corresponding to
whether the local Froude number is greater than 1 (red
area) or less than 1 (blue area). Within these zones, there
are coloured sub-zones that compare the fluid velocity,
U(x) = q/h(x), to the minimum of the group velocity,
cgmin, and the minimum of the phase velocity, UL (the
threshold for the appearance of negative energy waves as
discussed in [9]). cgmin and the so-called Landau speed
UL are calculated from the following dispersion relation
(see [6, 9] for details):

ω2 = gk

(
1 +

γ

ρg
k2
)

tanh (kh) (5)

Influence of obstacles sizes and geometries

To test the robustness of the theories around the flow
over an obstacle, we used a panel of obstacles of differ-
ent sizes and geometries, as can be seen in figure 3 and
figure 4, where the bottom left image is an obstacle with
a more ”aerodynamic” geometry (which we call Vancou-
ver geometry as in [27]), or on the bottom right image,
where we use a different geometry and different sizes; the
obstacles of this image is called ACRI 2010 as in [36]. All
obstacles are built with a 3D printer in ABS (acryloni-
trile butadiene styrene). The obstacles are built from a
reference model where a homothety is applied on all the
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Figure 3. Top: This image is a CAD (Computer-aided design) of the channel we used for our experiments. The flow is sent by
the pump into the channel (green arrow) and arrives at its entrance from above through a nozzle at point a). The turbulent
flow passes through a honeycomb b), to laminarize it locally. The test section, c), is about 2.1m long. It is in this area that the
detection and observations are made. Finally, the flow passes through a guillotine, d), and is re-injected into the pump (red
arrow) through a water fall with a disconnected exit chamber. Thanks to the knob e), the channel is placed at the horizontal.
Bottom left: illustrative photo of a flow over one obstacle. The flow goes from left to right over a blue ABS obstacle. The
obstacle is Vancouver 0.11. Bottom right: illustrative photo of a flow over two successive obstacles. The flow goes from left
to right over the blue ABS obstacles. The obstacles are ACRI 2010 x0.02 and ACRI 2010 x0.01 inspired from the one used in
[36].

lengths of the obstacles except the width W, because the
very same width is needed to insert all the obstacles in
the water channel.

From an experimentalist’s point of view, the
Frup(r) diagram is replaced by the diagram
(hupstream − bmax) (q). It is in this diagram that
the studies on the geometry and size of the obstacles
were done separately in practice. By changing the
geometry and setting the maximum size of the obstacles,
we obtain the figure 6. The experimental points show
that these obstacle geometries tend to follow the Faber
approximation (black hatched line) and are in a tran-
scritical regime; even though the points are above the
theoretical Long curve (black solid line), which means
that, theoretically, they are subcritical regimes.

On the other hand, for the figure 7 the geometry has
been set to the Vancouver type and the size of the ob-
stacles is variable. According to the figure 7, small ob-
stacles, such as the Vancouver x0.05, converge towards
Long’s law when the flow rate increases. Otherwise, the
obstacle Vancouver x0.22 is furthest from the long the-
ory for a certain height of 2.2 cm, when the flow rate
increases.

To display the Long’s theory in the graph hupstream −
bmax as a function of q (solids lines on the graphics 6, 7
and 8), one must take the Long’s law (equation 1) and
isolate the variable Y = hupstream − bmax. This gives the
following third degree polynomial verified by Y:

Y 3 +

(
2bmax −

3

2
3

√
q2

g

)
Y 2 +

(
b2max − 3 3

√
q2

g
bmax

)
Y

+
1

2

q2

g
− 3

2
3

√
q2

g
b2max = 0 (6)

where bmax is the maximum height of the obstacle and
g = 9.81 m.s−2. By solving the polynomial, we find that
:
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Figure 4. Profiles of the obstacles used. Homothety ratios were applied from these obstacles. Image in the top left corner:
ACRI 2008 x1 obstacle [9, 26]; Image in the top right corner: ACRI 2010 x1 obstacle [36]; Image in the bottom left corner:
Vancouver x1 [27]; Image in the bottom right corner: Orsay 1 x1, an obstacle designed by Florent Michel and Renaud Parentani
in the same vein as the Orsay 2 obstacle we used in [13].

Figure 5. Example of interface extraction for an obstacle, here the ACRI 2010 x0.01 as in [36], without downstream condition
and static water depth.

hupstream =
1

2
3

√
q2

g
+
bmax

3
+

2

(
1

2
3

√
q2

g
+
bmax

3

)
×

cos


1

3
Arccos


1−

1
4
q2

g(
1
2

3

√
q2

g + bmax

3

)3





 (7)

The Faber approximation 2 can be derived from
this long-dimensional law (equation 7) by developing it
asymptotically as the ratio hc/bmax is very small com-
pared to 1 where hc = 3

√
q2/g is the critical water height,

i.e. the height of the fluid when the Froude number is
equal to 1 [22] (it corresponds to the first transition from
cyan to red colours in the figure 5).
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Figure 6. Influence of the obstacle geometry compared to Long’s theory [22]. This graph was obtained in the channel of figure
3, without downstream condition and without static water depth.
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Deviations from Long’s formula due to boundary
friction

Long’s formula for a transcritical flow can be derived
from the stationary Saint-Venant equations:

∂x [u(x)h(x)] = 0 ,

∂x

[
u2(x)

2
+ g(h(x) + b(x))

]
= 0 . (8)

The first of these equations encodes mass conservation,
and allows us to write u(x) = q/h(x) where q is the
flow rate per unit width. The second equation represents
energy conservation.

To take account of the effect of boundary friction, we
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Figure 9. Experimental and theoretical graph of the ratio of the downstream water depth by the upstream water depth as a
function of the Froude number. This graph was obtained without downstream conditions and without static water depth.

leave the first of Eqs. (8) as it is, and modify the second
to allow for a small dissipation of the energy:

∂x

[
u2(x)

2
+ g(h(x) + b(x))

]
= −f(u) , (9)

where f(u) is some positive function of the velocity u

that gives the rate of energy loss per unit distance per
unit mass in the direction of the flow. Here we shall
assume a straightforward linear function of the velocity:
f(u) = σu for some constant σ that is a property of the
particular flume being used. Note that, as the energy
loss rate is given per unit mass, we can expect σ to be
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static water depth. Furthermore, by asymptotic analysis, we show that: hupstream − hdowstream ∼
q→+∞

2
√
6

3

√
bmax
6√g

3
√
q. Thus,

according to Long’s model, the height of the transcritical cascade tends to +∞ as q tends to +∞. Indeed, the asymptotic

development of hupstream is : hupstream = 1
3√g
q

2
3 +

√
6
√
bmax

3 6√g
q

1
3 + O

q→+∞
(1)

larger for narrower flumes. The occurrence of back-flow
due to the presence of the obstacle also seems to play
an important role in the determination of σ. From an
examination of the flows achieved in the absence of an
obstacle, we estimate that, for the narrow flume used
in the experiments, we have σ ≈ 0.07 s−1; whereas, in
the upstream region in the presence of an obstacle, the
effective σ is an order of magnitude smaller than this.

In any case, for a given σ and obstacle profile b(x), we
get an explicit expression for the rate of change of the
water depth h(x):

h′(x) =
−gb′(x)h3(x)− σqh2(x)

gh3(x)− q2 . (10)

At the horizon, u2 = q2/h2 = gh, which occurs exactly
where the denominator on the RHS of (10) vanishes. To
avoid any divergence, the numerator must simultaneously
vanish, which means that at the horizon we must have

b′ = −σq
gh

= −σ
√
h

g
. (11)

Unlike in Long’s frictionless scenario, where the horizon
must occur where b′ = 0, here we find that the horizon
is pushed towards the downstream side of the obstacle
where b is decreasing. We also find that the position of
the horizon (which determines b′ for a given obstacle), the

water depth h at the horizon, and the flow rate q are not
independent quantities: fixing one determines the other
two.

Similarly, h′ is also determined at the horizon, for
the vanishing of numerator and denominator at the
same point means that we can apply l’Hôpital’s rule to
Eq. (10). This yields a quadratic equation for h′:

3gh2(h′)2 + (3gh2b′ + σq2)h′ + gh3b′′ = 0 . (12)

In fact there are two possible values of h′ for each q.
These correspond to an accelerating and a decelerating
flow at the horizon, i.e., to a black-hole and a white-hole
flow.

We can solve the equations numerically for different
q by determining the associated position of the horizon,
as well as h and h′ at the horizon. We may then give,
as initial conditions a short distance ε away from the
horizon,

h(x+ ε) = h0 + h′0 ε , (13)

and proceed to integrate Eq. (10) out into the asymptotic
region. In order to extract an upstream water depth
(for the obstruction ratio r = bmax/hupstream) and the
upstream Froude number Frup = uupstream/cupstream,
we need to choose a location at which these quantities
are evaluated, since the friction causes them to vary with



13

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

r

F
r u
ps
tr
ea
m

Figure 11. Deviations from Long’s formula [22]. The black
solid line is the Long curve relating the obstruction ratio r to
the upstream Froude number in the absence of friction. Using
Eqs. (9)-(13), we find deviations like the three gray curves,
which are found here for fixed σ but at various distances d
upstream from the obstacle. We find almost exactly the same
deviations if the distance is fixed and σ is varied, such that the
product σd seems to be the relevant parameter that governs
the deviations.

position. So we get a family of curves in the (r, Frup)
plane, examples of which are shown in Fig. 11.

The results of this section show that friction can ac-
count for the deviations from Long’s formula in a quanti-
tative sense: it tends to push the data points downwards
in the (r, Frup) plane, just as we observe for most of the
data points shown in Fig. 1. As noted in the caption
of Fig. 11, we find that it is the product σd that de-
termines the form of the deviations, and that a value of
σd ≈ 0.07m/s tends to fit the experimental data points
of Fig. 1 fairly well, particularly at lower values of Frup.
However, as the measurements of the upstream Froude
number and water depth were performed fairly close to
the obstacle at d = 5 cm, this would seem to require a
rather large friction coefficient σ ≈ 1.4 s−1. A more so-
phisticated analysis, including the effect of back-flow due
to the obstacle and taking account of the vertical depen-
dence of the fluid flow, may provide more quantitative
understanding of these phenomena.

Construction of the phase diagram

For the construction of the diagram, the obstacles were
placed in the channel with a separation distance of 9.2
cm. This distance was chosen arbitrarily as a result of
various tests. This distance is measured from the end of
the first obstacle to the beginning of the second. To con-
struct a point in the phase diagram, the pump flow rate
is set to the desired flow rate, always increasing the flow
rate (to avoid hysteresis phenomena). Thus, the Pratt
number is given by the maximum height of the two ob-
stacles and the global upstream Froude number is formed
with the measurement of the water depth, upstream of
the first obstacle, hupstream, and the pump flow rate, Q

(assuming the velocity profile Uupstream = q/hupstream
with q = Q/W ). Picture of the regimes are shown in
the figure 12.

Figure 12. Photos of the different regimes identified: 1. Ta-
S-S; 2. Ta-B-Ta; 3. Ta-UB(1)/(2)-Ta; 4. Ta-U∗-Ta; 5. D-
U/UB(1)-Ta; 6. D-E-Ta; 7. F -F/E-Ta; 8. S-B-Ta and 9.
S-S-S

The neural network

The experimental phase diagram, figure 2, was a clas-
sification problem that was solved using a deep learning
approach. A neural network, whose schematic is given
in figure 13, created with a python program, using the
ScikitLearn library and the MLPClassifier function. It
is a simple network, composed of a single hidden layer,
itself composed of 100 neurons. The number of neurons
in the input layer corresponds to the experimental points
(the training set). All experimental points are assigned
a label (a number corresponding to the regime to which
they belong). The assignment of a regime to a point was
done by visual identification of the free surface. The out-
put layer of the network is composed of as many neurons
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as there are hydrodynamic regimes.

Input #1

Input #2

Input #n-1

Input #n

Output

Output

Output

Output

Hidden
layer

with 100
neurons

Input
layer

with n
neurons

Output
layer

with k
neurons

Figure 13. Architecture of the neural network with n the
number of points in the training set and k the number of
groups (here the number of hydrodynamic regimes).

The loss function used by the MLPClassifier function
is:

Lloss = − 1

n

n∑

i=1

k∑

j=1

yi,j ln(pi,j) +
α

2n
‖W‖22 (14)

where n the number of points and k the label of the
regimes. In this case, yi,j = 1 if point i has label
j, and pi,j = P (yi,j = 1) with the following property:∑k
j=1 pi,j = 1, for all i. The goal is to minimize the loss

function and thus to find for a given point (i.e. for a given
i) which j maximizes pi,j . We can add a regularization
term L2, but it is very weak, because it is multiplied by
α = 0.0001, by default. For example, for the figure 2,
n = 119 and k = 10.

Improvement of the diagram with a sluice gate

In order to explore the phase diagram, figure 14, for
higher Froude number values, a sluice gate is used, and
placed before the honeycomb, to accelerate the flow. This
sluice gate is inserted vertically (and remains vertical for
all experiments). The distance between the channel bot-
tom and the sluice gate is between [1.3; 1.8] cm. These
new experiments with the sluice gate allow to extend the
phase diagram and to propose 2 new regimes: S-B-T and
S-S-S (figure 14).The uncertainties for these points are
higher, because the Froude number is not spatially con-
stant (due to pressure drops) upstream of the first obsta-
cle.

Uncertainties

The uncertainties used for the phase diagram 2 are
shown in the diagram 15 for clarity. The uncertainties,
for the upstream Froude number, used are statistical,
(equation 15). Indeed, absolute uncertainties are not
used, as the resulting uncertainty intervals are overes-
timated. The width of the channel, W, is assumed to be
known and therefore the uncertainty in the measurement
of W is neglected. The uncertainty on the Pratt num-
ber is estimated to be δP = 0.03 because of machining
uncertainties when creating obstacles.

δFrstatistic =

√
δQ2

W 2gh3
+

9

4

Q2δh2

W 2gh5
(15)

Identification of candidate hydrodynamic regimes for the
analogous black hole LASER effect.

Among these regimes, only five hydrodynamic regimes
are selected for the black hole lasing effect. These regimes
have been chosen because they meet the expected exper-
imental criteria for lasing. These criteria (numbered 1
to 5) are summarised in the table I. For the regimes Ta-
UB(1)-Ta, Ta-UB(2)-Ta and Ta-B-Ta, the LASER cavity
could be located between both obstacles and symbolised
by the cyan colour on the detection (because it is a sub-
critical region with a speed superior to the Landau speed
[6] for the appearance of negative energy modes). The
regime Ta-U∗-Ta has two supercritical LASER cavities
symbolised by the red colour on the detection. Finally,
for the last regime D-UB(1)-Ta, the cavity could be be-
tween a dispersive horizon located above the first obsta-
cle and a black horizon (boundary from cyan to red on
the detection 2). These regimes are candidates for the
LASER effect because:

• the Ta-UB(1)-Ta regime is closest to the prediction
in general relativity [15], because it is possible to
have negative-energy waves (antiparticle analogue
partner to Hawking radiation) in the cyan sublu-
minal cavity;

• in the Ta-UB(2)-Ta regime, the negative-energy
waves could be blocked because of capillary disper-
sion at small scale [37];

• the Ta-B-Ta regime has two horizons but the white
horizon is unsteady as shown in the space-time di-
agram 16 (hence the red cross in the table I);

• for the Ta-U∗-Ta regime, two superluminal red cav-
ities on both obstacles are formed but damping will
kill the superluminal capillary waves [38];
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Figure 14. Phase diagram with two obstacles, obtained without downstream condition and without initial static water height.
This phase diagram completes the diagram 2 with new regimes obtained with a lock gate positioned upstream of the first
obstacle. The new regimes are S-S-S and S-B-Ta. The uncertainties associated with the experimental points are larger,
because the water depth and velocity flow upstream of the first obstacle are not constant, due to the pressure losses. These
regimes have been identified with the obstacles ACR1 2010 x0.005 and ACRI 2010 x0.005 (in black on the interface extraction
images, images that surround the diagram)
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Figure 15. Uncertainties of the experimental points of the phase diagram 2. The uncertainty δP is estimated due to the
machining errors of the obstacles.
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Names of candidate regimes Ta-UB(1)-Ta Ta-UB(2)-Ta Ta-B-Ta Ta-U∗-Ta D-UB(1)-Ta

1
Two

stable horizons

√ √ × √ √

2
A superluminal or

subliminal dispersive
correction

√ √ √ √ √

3
A trapping cavity with a
flow regime compatible

with the dispersive regime

√ √ √ √ √

4
Mixing of positive and

negative modes
? ? ? ? ?

5 Avoid dissipative modes ? ? ? ? ?

Table I. Summary table of candidate regimes for the black hole laser effect. The table also summarises whether the regimes
meet the experimental criteria for black hole lasing.

• and for the D-UB(1)-Ta regime, the undulation is
trapped between a non-dispersive downstream hori-
zon and a dispersive upstream horizon [37].

For the first criterion, four regimes have two stable
horizons [17], with the exception of Ta-B-Ta. A distinc-
tion is made between horizon instability and undulation
instability. In the figure 16, for regimes Ta-UB(1)-Ta and
Ta-UB(2)-Ta the wave breaking regime appears on a stub-
ble; for regime Ta-B-Ta, the wave breaking appears at the
white horizon: the white horizon is unstable when the
space-time diagram for this regime is scrutinized. For
criteria 4 and 5, a question mark has been placed for all
cases. We don’t know yet whether there are positive and
negative modes in the cavity and their damping, because
the cavity is too small to have good resolution for the
Fourier transform. A future Lasing experiment will cer-
tainly measure the presence of negative modes in cyan
cavities provided the distance in-between both obstacles
is sufficient to observed in the Fourier space the corre-
sponding modes without forgetting that dissipation will
dampen the modes within the cavity. The cyan colour
is the insurance that surface tension will not avoid the
creation of negative energy modes.

Identifying the analogue LASER effect is non-trivial
and requires a detailed quantitative description, which
interface detection can provide. However, the cavity is
currently too small, because the obstacles are very close,
to observe the modes corresponding to the Hawking effect
with good spectral resolution. In addition, unanticipated
phenomena such as wave breaking could perhaps be a
sign of relaxation of the energy of the saturated undula-
tion. As for the instability of the horizons that appears in
the Ta-B-Ta regime, the bouncing of the modes present
in the cavity in the unsteady phases could explain this
instability.

Comparison with simulations

In [39], an original cut-cell method was developed to
preserve the second order accuracy of the MAC scheme
when enforcing Dirichlet boundary conditions on an ob-
stacle of arbitrary shape. In the present paper, the cut-
cell method is extended to treat two-phases incompress-
ible flows passing over a submerged rigid obstacle. The
tracking of the interface Γt between the two phases (wa-
ter and air) is achieved using the finite difference tech-
nique [40]. A rectangular domain discretized by a Carte-
sian grid allows to predict both water and air dynamics
(see figure 17).

As we expect to get smooth interfaces, the evolution
of Γt is modeled by the level set equation

Γt = {φ(., t) = 0} , ∂tφ+ u.∇φ = 0 (16)

where φ(x, t) and u(x, t) = (u(x, t), v(x, t)) are the level
set function and the velocity field at location x = (x, y)
at time t > 0. In order to ensure that φ stay a signed
distance function, i.e. ||∇φ|| = 1, the reinitialization
equation

∂τφ+S(φ0)(||∇φ||−1) = 0 , S(φ) =
φ√

φ2 + ε2
(17)

is iterated in virtual time τ , where φ0 is the initial φ and
ε is equal to the grid spacing.

Let δt stand for the time step and tk = kδt discrete
time values. A projection method [41] is applied on the
incompressible Navier-Stokes equations to decouple ve-
locity and pressure unknows. This leads to solve succes-
sively the prediction step:

ũk+1 − uk

δt
−µ
ρ
4ũk+1 = g−

(
uk.∇

)
uk , g = (0,−9.81)

(18)
and the projection step:

uk+1 − ũk+1

δt
+
∇pk+1

ρ
= 0 (19)

∇.uk+1 = 0 (20)
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Figure 16. Space-time diagram of water height fluctuations, δh, candidate hydrodynamic regimes for the black hole LASER
effect. The measurement range is 2.07 m and the acquisition time is 327.6 s.

where p(x, t), µ and ρ are respectively the pressure, the
dynamic viscosity and the density. The variable coeffi-
cient Poisson problem

∇.
(∇pk+1

ρ

)
=
∇.ũk+1

δt
(21)

is obtained after tacking the divergence of (19).
A standard MAC grid is used where p, ρ and φ exist at

the cell centers, while u and v are located at the appro-
priate cell edges. Away from both moving interface and
obstacle, linear partial differential operators (divergence,
gradient, Laplacian operator) and nonlinear terms are
discretized on a fixed Cartesian grid by using standard
second order Finite Differences approximations.

On the one hand, the Immersed Boundary Method [39]
enforce the no-slip boundary condition on the rigid ob-
stacle. On the other hand, the moving interface will is
tackled with the Level-Set technique [42]. The level set
function is evolved in time using the fifth order WENO
scheme.

In the prediction step (18), we simply use the sign of
the level set function to determine ρ as the air or water
density in a sharp fashion. In particular, ρ is spatially
constant on either side of the interface. The techniques
presented in [43] for the variable coefficient Poisson equa-
tion are used to solve the equation (21) for the pressure.
The resulting pressure is used to find the divergence free
velocity field uk+1 defined by (19). However, as it was

mentioned in [40], one should take care to compute the
derivatives of the pressure in (19) in exactly the same
way as they were computed in (21).

Many direct and iterative approaches have been em-
ployed to find the solution of the linear systems (18)
and (21). For large problems, the faster solver we
have found is an algebraic multigrid method (HYPRE
BoomerAMG). The resolution of the linear systems has
been implemented in parallel using the PETSc Fortran
library [44].

A large computational domain [−0.32 m; 2.42 m] ×
[0; 0.11 m] corresponding to the channel (figure 3) is dis-
cretized by a 2000 × 80 Cartesian grid. In addition, a
constant time step 4t = 1.25 10−4 s ensures that the
CFL number stay below 0.2.

The friction of the fluid on the lateral sides of the chan-
nel is not taken into account in the two-dimensional nu-
merical simulation. However, this induces a significant
pressure drop which must be modelled. To this end, we
take the dynamic viscosity µ equal to 0.005Pa.s in or-
der to fit with the experimental results. Figure 18 shows
the influence of the viscosity µ on the water height using
numerical simulations in the configuration described by
figure 5.

Using flow rates between 0.001 and 0.0255 m2.s−1, we
perform numerical simulations for P = −0.5 i.e. the first
obstacle is twice as large as the second. Figure 19 shows
a good agreement with upstream Froude numbers pre-
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Figure 17. Illustration of streamlines (blue) and water-air interface (black) provided by the Cut-Cell / Level-Set code.
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Figure 18. Influence of viscosity on the water height using numerical simulations.

dicted by Long theory [22]. As expected, we observe 4
differents regimes: Ta-U∗-Ta, Ta-UB(2)-Ta, Ta-UB(1)-Ta

and Ta-S-S. Again, the agreement between experimen-
tal and numerical results illustrates the efficiency and
robustness of the Cut-Cell / Level-Set code.
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