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Non-asymptotic statistical test for the diffusion

coefficient in 2-dimensional stochastic diffusions

Anna Melnykova∗, Patricia Reynaud-Bouret†, Adeline Samson ‡

Abstract

We develop several statistical tests of the determinant of the diffu-
sion coefficient of a stochastic differential equation, based on discrete
observations on a time interval [0, T ] sampled with a time step ∆. Our
main contribution is to control the test Type I and Type II errors in a
non asymptotic setting, i.e. when the number of observations and the
time step are fixed. The test statistics are calculated from the process
increments. In dimension 1, the density of the test statistic is explicit.
In dimension 2, the test statistic has no explicit density but upper and
lower bounds are proved. We also propose a multiple testing proce-
dure in dimension greater than 2. Every test is proved to be of a given
non-asymptotic level and separability conditions to control their power
are also provided. A numerical study illustrates the properties of the
tests for stochastic processes with known or estimated drifts.

1 Introduction

Stochastic diffusion is a classical tool for modeling physical, biological or
ecological dynamics. An open question is how stochasticity should be intro-
duced into the stochastic dynamic process, on what coordinate and at what
scale. For example, diffusions have been widely used to model neuronal ac-
tivity, either of a single neuron (Ditlevsen and Samson, 2014, Höpfner et al.,
2016, León and Samson, 2018), or of a large neural network (Ditlevsen and
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Löcherbach, 2017, Ableidinger et al., 2017). Although the intrinsic stochas-
ticity of neurons is well established, where and on what scale this stochastic-
ity should be introduced (on ion channels or membrane potential or both)
is still a matter of debate (Goldwyn and Shea-Brown, 2011). Examples also
exist in other applications, for example in modeling oscillatory systems or
movement behavior in ecology. From a statistical point of view, this corre-
sponds to testing the noise level of a multivariate diffusion process. The aim
of this paper is to answer this question. We propose to do this by testing
whether the determinant of the diffusion coefficient is equal or larger than
a certain value. If the test is rejected, the process is considered as elliptic,
since there is sufficient noise on all coordinates.

Let us formally introduce the stochastic process. Consider a filtered
probability space (Ω,F , (Ft)t≥0,P). Let X be a d−dimensional process
solution of the following Stochastic Differential Equation (SDE):

dXt = btdt+ΣdWt, X0 = x0, t > 0, (1)

with a drift function bt, a diffusion matrix Σ ∈ Rd×d, and W a d-dimensional
Brownian motion. In this paper, for simplicity’s stake, we assume a diagonal
Σ. We consider discrete observations of X on a time interval [0, T ] with a
regular time step ∆, denoted {Xi∆}i=0,...,n.

The objective is to construct a statistical test procedure to decide be-
tween the two following hypotheses :

H0 : detΣΣ
T = detΣ0Σ

T
0

H1 : detΣΣ
T > detΣ0Σ

T
0 .

Our test consists in rejecting the null hypothesis when an estimator of
detΣΣT , chosen as the testing statistic, is greater than a certain critical
value. The main issue in constructing the test procedure is the choice of
the critical value guaranteeing that the test is exactly at the desired level α.
In addition, to understand the performance of the constructed procedure,
we want to find conditions leading to non-asymptotic control of the Type II
error.

When working with real data, observations are sampled with a fixed
time interval [0, T ] and a fixed time step ∆. The framework is therefore
non-asymptotic in the sense that we have to control the Type I and Type II
errors of the test procedure for fixed n and ∆. Controlling the Type I and
Type II errors of a statistical test in a non asymptotic setting is difficult.
Here, it is all the more difficult because the non asymptotic framework is
also an problem for SDE inference. Indeed, estimators of drift and diffusion
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coefficients have been shown to be consistent in different asymptotic settings
(either T fixed and n going to infinity or T going to infinity) but few results
are available in a non-asymptotic setting. Here, we face both difficulties.
Especially, here, we will need non asymptotic behavior of the estimator of
the diffusion coefficient.

Several tests have been proposed on the matrix ΣΣT of a diffusion pro-
cess, but only in the asymptotic setting ∆ goes to zero and n goes to infinity
(Dette and Podolskij, 2008, Jacod et al., 2008, Podolskij and Rosenbaum,
2012). The test statistic therefore has an asymptotic distribution from which
one can construct a statistical test with a given asymptotic level α through
a rejection area. Among others, we can cite Dette and Podolskij (2008)
which propose to test the parametric form of the volatility with the empir-
ical processes of the integrated volatility. Podolskij and Rosenbaum (2012)
construct a test statistic and derive its asymptotic behavior to test the local
volatility hypothesis. Their test statistic is a function of the increments of
the stochastic process. Jacod et al. (2008), Jacod and Podolskij (2013) test
the rank of the matrix ΣΣT . In Jacod et al. (2008), they consider continuous-
time observations of X and construct a test statistic based on the process
perturbed by a random noise. Introducing a random perturbation of the
increment matrix enables to apply a ratio statistic based on the multilin-
earity property of the determinant and ensures that the denominator of the
ratio never vanishes. The authors prove that the limit of the ratio statistic
identifies the rank of the volatility and they also study the asymptotic dis-
tribution of this statistic. In Jacod and Podolskij (2013), they extend their
work to the case of discrete observations {Xi∆}i∈N. They also prove its
asymptotic distribution when ∆ goes to zero. Fissler and Podolskij (2017)
consider testing the maximal rank of the volatility process for a continuous
diffusion observed with noise, using a pre-averaging approach with weighted
averages of process increments that eliminate the influence of noise. Reiss
and Winkelmann (2021) extend their work to time-varying covariance ma-
trices, again in an asymptotic setting.

In all these cases, the distribution of the test statistic is not explicit and
only asymptotic distributions have been obtained by applying asymptotic
convergence theorems when ∆ goes to zero.

As already mentioned, our framework is different: we assume that the
time step ∆ is fixed, which places us in a non-asymptotic setting. So we
want to construct a test procedure that guarantees a given level α in the non-
asymptotic setting with ∆ and n fixed. This is a major difference with the
works cited above. Although statistical tests reveal good properties in the
asymptotic setting, they are generally difficult to apply in a non-asymptotic
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setting. In some examples, even if the rank of ΣΣT is strictly less than
d, the corresponding empirical covariance matrix may be numerically full
rank, i.e. in the non-asymptotic setting. This problem is circumvented in
the asymptotic setting in Jacod and Podolskij (2013) by adding a random
perturbation and studying the convergence of determinant ratio statistics.
But if we want to work in the non-asymptotic setting, we need to use other
estimators and probabilistic tools.

We have chosen to test the determinant of ΣΣt rather than the rank.
The test statistic is therefore the determinant of the diffusion increments
matrix. In the asymptotic case, the influence of the drift is negligible, since
it is of order O(∆). In the non-asymptotic case, drift must be taken into
account. We therefore propose to center the statistics by removing the drift.
We then study the distribution of the test statistic. Under the assumption
that the drift does not depend on Xt itself (model (1)), the increments are
independent. This makes possible to derive the analytic distribution of the
statistic in some simple cases, and in other cases to prove lower and upper
bounds of the distribution using concentration inequalities. The case of a
drift depending on Xt is also discussed. However in this case, the statistics
is only approximately centered and its distribution is much harder to access,
even if we derive bounds for the critical value.

Our first main contribution is to construct procedures for testing H0

versusH1 that satisfy non-asymptotic performance properties. In particular,
we propose a choice of critical values based either on the explicit distribution
of the test statistic (for one-dimensional SDE with known drift) or on the
lower bounds of the test statistic (for two-dimensional SDE). In particular,
for each α in [0, 1], these tests are of level α, i.e. they have a probability
of Type I error at most equal to α. For particular models, they are even of
size α, the probability of Type I error being exactly α since they are based
on the exact non-asymptotic distribution of the test statistic.

Our second main contribution consists in deriving non-asymptotic con-
ditions on the alternative hypothesis which guarantee that the probability
of Type II error is at most equal to a prescribed constant β. This can
be done for one-dimension SDE with necessary and sufficient conditions,
when the drift is fully known or even known up to a linear parameter. For
two-dimension SDE, the distribution is not exact and we use concentration
inequalities to prove upper bounds on the test statistic. The separability
condition can then be deduced. When the drift parameter is unknown, the
test procedure is adapted. However, power deteriorates slightly when the
parameter is estimated on the first half of the sample. For a dimension
greater than 2, this is much more difficult, and we are unable to prove the
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lower and upper bounds of the test statistics. Instead, we propose an ap-
proach based on multiple one-dimensional tests and prove that we control
the level of the overall procedure. This procedure gives very good results in
practice.

This paper is organized as follows. First, we consider the case of a one-
dimensional diffusion process in Section 2. We calculate the exact distri-
bution for the non-centered and centered statistics, then deduce the critical
value and study conditions to control the Type II error. We show that,
from a non-asymptotic point of view, the centering of the test statistics has
a considerable influence on the test separation rates. We also extend thus
result to the case of unknown drift and discuss the case of a drift depending
on the process itself. In Section 3, we deal with a two-dimensional process
with known drift. We consider the center statistic and prove the lower and
upper bounds of its distribution. We then propose critical values and con-
ditions such that Type I and II errors are controlled. Section 4 presents
the multiple testing approach. Next, Section 5 presents a numerical study
to illustrate the properties of the testing procedure on different SDEs. We
conclude with a discussion and perspective.

2 Test for a one-dimensional SDE

We start with a simple one-dimensional Brownian motion with drift depend-
ing on time:

dXt = btdt+ σdWt, X0 = x0, t > 0, (2)

where bt : R→ R is the drift function that depends only on time t, σ ∈ R is a
constant diffusion coefficient and W is a one-dimensional Brownian motion.
The case of a drift b depending on Xt is discussed at the end of Section 2.

We assume that the process (Xt)t≥0 is discretely observed on a time
interval [0, T ] at equidistant time step ∆, t0 = 0, t1 = ∆, . . . , tn = n∆ = T .
Our aim is to construct a statistical test to decide between the two following
hypotheses:

H0 : σ
2 = σ2

0 versus H1 : σ
2 > σ2

0,

where σ2
0 is a pre-chosen positive constant.

In Section 2.1, we consider an exact testing procedure by calculating the
exact distribution of the test statistic. We then introduce a centered version
of the test statistic in Section 2.2. We deal with the case where the drift is
unknown and estimated in Section 2.3. Finally, Section 2.4 introduces an
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approximation of the statistics for the case of a drift b depending on the
process Xt itself.

For each test, we present the test statistic and its exact distribution. We
then construct the test by calculating the critical value that control s the
Type I error. Finally, we study the Type II error of the test by deriving
non-asymptotic and optimal conditions on the alternative hypothesis. We
will use the notations Pσ2

0
and Pσ2 to distinguish the probability under the

null or the alternative hypothesis.

Notations In the following, we denote N (µ, ω2) a normal distribution
with mean µ and variance ω2, χ2

n(0) a chi-squared random distribution with
n degrees of freedom, χ2

n(λ) a chi-squared random distribution with n de-
grees of freedom and a non-centrality parameter λ. Let us also denote the
quantiles qN ,β, qχ2

n,β
and qχ2

n(λ),β
of order β of the distributions N (0, 1),

χ2
n(0) and χ2

n(λ), respectively. Further, the symbol ”∼” is used throughout
the paper as an alias for ”follows a certain probability distribution”.

2.1 Non-centered statistics

We consider the normalized increments of process X defined as:

ξi :=
Xi∆ −X(i−1)∆√

∆
, i = 1, . . . , n. (3)

Let ξ = (ξ1, . . . , ξn). Note that the {ξi} are independent in i, since the
increments do not overlap. We then define the test statistic:

S =
1

n

n∑
i=1

ξ2i =
1

n
∥ξ∥2. (4)

We calculate the distribution of ξi, ∥ξ∥2 and S in the next lemma:

Lemma 1. Let ξi be the random variables defined by (3). We have

1. ξi ∼ N
(∫ i∆

(i−1)∆ bsds
√
∆

, σ2

)
.

2. ∥ξ∥2 ∼ σ2χ2
n(λ(σ)), with a non-centrality parameter λ(σ) equal to:

λ(σ) =

∑n
i=1

(∫ i∆
(i−1)∆ bsds

)2
σ2∆

.
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3. S ∼ σ2

n χ2
n(λ(σ)). Its cumulative distribution function is ∀t > 0

Pσ2 (S ≤ t) = 1−Qn/2

(√
λ(σ),

√
nt

σ2

)
,

where Qm(u, v) is a Markum Q-function, defined as:

Qm(u, v) = exp

(
−u2 + v2

2

) ∞∑
k=1−m

(u
v

)k
Ik(uv), (5)

where Ik is a modified Bessel function of the first kind of order k.

Remark. 1. If the function bs is constant, the non-centrality parameter
λ(σ) = n∆b2/σ2 is of order O(n∆). In the asymptotic setting T fixed,
it is a constant. In the asymptotic setting ∆ fixed and n → ∞, it
converges to ∞.

2. Note that expression (5) is not explicit, even though several packages
or approximations exist (Gil et al., 2014). We will show in the next
section that centering the statistic gives results that are easier to use.

The following proposition directly follows Lemma 1:

Proposition 1. [1d-Test with noncentered statistics] Let α ∈]0; 1[ be a fixed
constant. Let S be the test statistic defined by (4) and let us define the test
Υ which rejects H0 if

S ≥ z1−α =:
σ2
0

n
qχ2

n(λ(σ0)),1−α.

Then, the test Υ is of Type I error α and therefore it is of level α.
Further, let β ∈]0; 1[ be a constant such that 1 − β ≥ α. For all σ2 > 0

such that
σ2 ≥ σ2

0

qχ2
n(λ(σ0)),1−α

qχ2
n(λ(σ)),β

, (6)

the test Υ satisfies
Pσ2 (Υ accepts H0) ≤ β.

Condition (6) is sufficient and necessary.

Proof. Since S is distributed according to a non-centered chi-squared distri-
bution, it is straightforward to obtain

Pσ2
0

(
S ≥ σ2

0

n
qχ2

n(λ(σ0)),1−α

)
= α.
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For the Type II error, we have

P (S ≤ z1−α) = P

(
χ2
n(λ(σ)) ≤

σ2
0

σ2
qχ2

n(λ(σ0)),1−α

)
.

It implies that Pσ2 (S ≤ z1−α) ≤ β as soon as
σ2
0

σ2 qχ2
n(λ(σ0)),1−α ≤ qχ2

n(λ(σ)),β
.

Type II error is bounded by a β when (6) holds.

We want to understand the influence of n and ∆ on the threshold z1−α

and the separability condition (6). However, they are implicitly defined
as they depend on σ2

0 and σ2 via the non-centrality parameters λ(σ0) and
λ(σ). In what follows, we consider the simplified case of a constant drift
b, provide a quantile approximation to detail the effect of n, ∆ and deduce
more intuitive conditions on σ.

In the following, □ denotes a positive quantity that is upper and lower
bounded by positive constants. Its value can change from line to line and
even within the same equation. In the same spirit, □β designates a quantity
that is upper and lower bounded by positive functions of β.

Thanks to Lemma 7 in the appendix, we have for α < 1/
√
2π,

n−1+λ(σ0)+log(1/α) ≤ qχ2
n(λ(σ0)),1−α ≤ n+□

√
n log(1/α)+□log(1/α)+□λ(σ0).

So the critical value satisfies

σ2
0

n− 1

n
+□σ2

0

log(1/α)

n
+□∆b2 ≤ z1−α ≤ σ2

0+□σ2
0

√
log(1/α)√

n
+□σ2

0

log(1/α)

n
+□∆b2.

Let us now describe the behavior for the two asymptotic settings:

1. T fixed, n → ∞ and ∆ = T/n → 0. With the previous inequality, we
know that the critical value z1−α −→

n→∞
σ2
0.

2. ∆ fixed, n → ∞ and T = ∆n → ∞. Then the critical value does
not converge towards σ2

0. There is a bias of the order of ∆b2 up to a
multiplicative constant.

Study on the separability condition (6) We have shown that the Type
II error is less than β if and only if

σ2 ≥ σ̄2
α,β = σ2

0

qχ2
n(λ(σ0)),1−α

qχ2
n(λ(σ)),β

.
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We can approximate this bound thanks to Lemma 7 for α < 1/
√
2π and

β < 0.5. On one hand

σ̄2
α,β ≤ σ2

0

n+□

√(
n+ n∆b2

σ2
0

)
log(1/α) +□log(1/α) + n∆b2

σ2
0

n+ n∆b2

σ2 −□β
√
n−□β

√
n∆b2

σ2
0

.

On the other hand

σ̄2
α,β ≥ σ2

0

n− 1 + log(1/α) + n∆b2

σ2
0

n+ n∆b2

σ2 +□
√
n

.

By introducing u = 1 + ∆b2

σ2 and u0 = 1 + ∆b2

σ2
0
, we get that Equation (6) is

therefore implied by

σ2u ≥ σ2
0u0

1 +□α(nu0)
−1/2

1−□βn−1/2(1 +
√
u0 − 1)u−1

.

But u ≥ 1 hence u−1 ≤ 1 and since we are under H1 : σ2 ≥ σ2
0, we have

u0 ≥ u. Hence (6) is implied by

σ2u ≥ σ2
0u0

1 +□α(nu0)
−1/2

1−□βn−1/2(1 +
√

∆b2

σ2
0
)
.

This is equivalent to

σ2 +∆b2 ≥ (σ2
0 +∆b2)

(
1 +

□α,β√
n

[
σ0√

σ2
0 +∆b2

+ 1 +

√
∆b2

σ2
0

])
or finally to

σ2 ≥ σ2
0 +

□α,β√
n

[
σ0

√
σ2
0 +∆b2 + (∆b2 + σ2

0)

(
1 +

√
∆b2

σ2
0

)]
.

This is a sufficient condition for having a Type II error of value β. We
are losing the necessary condition because of the lower bound on the chi-
squared quantile of the numerator, where the term in

√
n disappears. This

is why we cannot prove that it is a sufficient and necessary condition up
to a constant. However we believe it is the true rate in the sense that the
Gaussian concentration inequality has been proved recently to be tight for
two-sided quantiles of convex Lipschitz functions (Valettas, 2019). We have
just not been able to pass from two-sided to one sided bounds. Let us now
describe the behavior for the two asymptotic settings:
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1. T fixed, n → ∞ and ∆ = T/n → 0. We have ∆ = T/n. We recover a

rate (at least for the upper bound) equal to σ2
0(1 +

□α,β√
n
).

2. ∆ fixed, n → ∞ and T = ∆n → ∞. In this case the limit deteriorates
and converges at the same

√
n rate but with a multiplicative constant

that worsens for large ∆. If ∆b2/σ2
0 ≥ 1, the upper bound is at least

in σ2
0(1 +

□α,β√
n

∆b2

σ2
0
) and up to σ2

0

(
1 +

□α,β√
n

(
∆b2

σ2
0

)3/2)
, depending on

whether one is looking only at the numerator or if we take into account
the concentration of the denominator in Equation (6). In both cases, it
means that the multiplicative factor is increasing with ∆ and we loose
the

√
n rate of separability of the two conditions when ∆ is ”large”.

2.2 Centered statistics with known drift

In this section, we propose a new statistic to remove the dependency on
the drift and avoid the rate lost in the separability condition. To do so, we
introduce a centered test statistic. For i = 1, . . . , n, let us denote

ξ̇i = ξi −
1√
∆

∫ i∆

(i−1)∆
bsds =

Xi∆ −X(i−1)∆ −
∫ i∆
(i−1)∆ bsds

√
∆

, (7)

such that ξ̇i ∼ N (0, σ2). Then, we define the statistics Ṡ as follows:

Ṡ =
1

n

n∑
i=1

ξ̇2i . (8)

Note that Ṡ follows a rescaled centered chi-squared distribution with n de-
grees of freedom

Ṡ ∼ σ2

n
χ2
n(0).

Proposition 2 (1d-Test with centered statistics and known drift). Let α ∈
]0; 1[ be a fixed constant. Let Ṡ be the statistic defined in (8) and let us
define the test Υ̇ which rejects H0 if

Ṡ ≥ ż1−α =:
σ2
0

n
qχ2

n,1−α. (9)

Then, the test Υ̇ is of Type I error α and therefore it is of level α.
Let β ∈]0; 1[ be a constant such that 1− β ≥ α. For all σ2 such that

σ2 ≥
qχ2

n,1−α

qχ2
n,β

σ2
0, (10)
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the test Υ̇ satisfies

Pσ2

(
Υ̇ accepts H0

)
≤ β.

It is again a necessary and sufficient condition.

Proof. Since Ṡ is distributed according to the centered chi-squared law with
n degrees of freedom, it is straightforward to show that

Pσ2
0

(
Ṡ ≥ ż1−α

)
= α. (11)

For the power of the test, we first note that

Pσ2

(
Ṡ ≤ ż1−α

)
= Pσ2

(
χ2
n(0) ≤

n

σ2

σ2
0

n
qχ2

n,1−α

)
,

It implies that Pσ2

(
Ṡ ≤ ż1−α

)
≤ β as soon as

σ2
0

σ2 qχ2
n,1−α ≤ qχ2

n,β
. Thus

Type II error is bounded by a fixed risk level β ∈]0; 1[ when (10) holds.

Study of the threshold ż1−α =
σ2
0
n qχ2

n,1−α We use again Lemma 7 to
prove that

σ2
0

(
1 +

□α

n

)
≤ ż1−α ≤ σ2

0

(
1 +

□α√
n

)
.

This approximation does not depend on ∆, only on the sample size n.
The order is thus the same for the setting T fixed, n → ∞,∆ = T/n → 0,
and the setting ∆ fixed, n → ∞, T = ∆n → ∞.

Study of condition (10) We have

σ2 ≥
qχ2

n,1−α

qχ2
n,β

σ2
0.

The same study as Section 2.2 leads again to a discrepancy between the
upper and lower bound. However if we look only at the upper bound, a
necessary condition for (10) to hold is

σ2 ≥ σ2
0

(
1 +

□α,β√
n

)
.

Therefore we see here that whatever the asymptotic regime, the multi-
plicative constant in front of the separability rate does not explode when ∆
increases since it does not depend on it. Of course our reasoning to compare
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the centered and non centered procedure is purely on the upper bound. But
as mentionned earlier, because of recent results in Gaussian concentration
(Valettas, 2019), we believe that the upper bounds are more tight than the
lower bounds, even if we have not been able to prove it. This difference
between the behavior of the centered and non centered procedures for large
∆ has been confirmed on simulations, see Section 5.

2.3 Centered statistics with unknown drift

The drift is rarely known and has to be estimated from the discrete ob-
servations {Xi∆}i=0,...,n. We present in this section an adaptation of the
previous test to the specific case of a parametric drift depending on a linear
parameter:

dXt = θftdt+ σdWt, X0 = x0, t > 0, (12)

where θ ∈ R is an unknown scalar parameter and ft : R → R is a known
function. A standard estimator of θ is the mean square estimator:

θ̂ = argmin
θ

n∑
i=1

(
Xi∆ −X(i−1)∆ − θ

∫ i∆

(i−1)∆
fsds

)2

. (13)

This estimator has an explicit form and is normally distributed even
when ∆ is fixed.

Lemma 2. Let θ̂ be defined by (13). Then, the following holds:

(i) θ̂ =

∑n
i=1(Xi∆−X(i−1)∆)

∫ i∆
(i−1)∆ fsds∑n

i=1

(∫ i∆
(i−1)∆ fsds

)2 .

(ii) θ̂ ∼ N (θ, σ2
θ) with σ2

θ = ∆σ2∑n
i=1

(∫ i∆
(i−1)∆ fsds

)2 .

Proof is given in Appendix.
Now, let ξ̂i be the increments centered around the estimated drift:

ξ̂i = ξi −
θ̂√
∆

∫ i∆

(i−1)∆
fsds =

Xi∆ −X(i−1)∆ − θ̂
∫ i∆
(i−1)∆ fsds

√
∆

. (14)

We study the distribution of the vector ξ̂ = (ξ̂1, . . . , ξ̂n).

Lemma 3. Let us introduce i = 1, . . . , n:

Zi =
1√
∆

∫ i∆

(i−1)∆
fsds,
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and Z = (Z1, . . . , Zn)
t. Let H be the projection matrix:

H := Z(ZtZ)−1Zt.

Let C be a matrix such that (CtC)+ = (I −H), where A+ denotes a Moore-
Penrose inverse of a matrix A. Then

• ξ̂ ∼ N (0, σ2(I −H)),

• 1
σ2 ∥Ctξ̂∥2 ∼ χ2

n−1(0).

Proof is given in Appendix. In practice, as the matrix I −H has rank
n−1, we use the singular value decomposition (SVD) of I−H. SVD produces
two unitary matrices U and V , and a diagonal matrix D with n−1 non zero
values such that I −H = UDV t. Then we take C = UD−1/2.

We also define a new statistic:

S̃ =
1

n− 1
∥Ctξ̂∥2, (15)

such that
n− 1

σ2
S̃ ∼ χ2

n−1(0).

We can now define the test procedure.

Proposition 3 (1d-Test with centered statistics and unknown drift). Let
α ∈]0; 1[ be a fixed constant. Let S̃ be the test statistic defined by (15) and
let us define the test Υ̃ which rejects H0 if

S̃ ≥ ẑα =
σ2
0

n− 1
qχ2

n−1,1−α.

Then, the test Υ̃ is of Type I error α and therefore it is of level α.
Let β ∈]0; 1[ be a constant such that 1− β ≥ α. For all σ2 such that

σ2 ≥ σ2
0

qχ2
n−1,1−α

qχ2
n−1,β

. (16)

the test Υ̃ satisfies

Pσ2

(
Υ̃ accepts H0

)
≤ β.

This is a necessary and sufficient condition.

The proof is analogous to Proposition 3. The condition for the Type II
error is essentially the same as the previous test and especially it does not
depend on ∆ as well.

13



Remark. 1. This procedure could be generalized to the case of a mul-
tidimensional vector θ when for example the drift bt is defined as
bt =

∑p
1 θkfkt for a set of p known functions (fkt)k=1,...,p.

2. A non-linear drift bt = f(t, θ) could be considered with estimators ob-
tained through contrasts for example. But, we would loose the exact
level of the test.

To conclude the study of the one-dimensional case, we proved that cen-
tering the statistics is important in a non-asymptotic setting, since it allows
us to find separation rates that are of parametric rate 1/

√
n in both settings

(T fixed, ∆ → 0 and ∆ fixed, T → ∞). This is not the case if the centering
is not done and if ∆ is fixed and T → ∞.

2.4 Approximated statistics for a drift depending on X

Let us now consider an SDE where the drift b depends on X, that is:

dXt = b(Xt)dt+ σdWt.

First we introduce a theoretical and ideal statistic centered by the integral
of the drift, that would correspond to continuous observations of the process
X. Then we discretise this integral to fit with discrete observations of X
and bound the corresponding approximation. Let us be more precise.

For i = 1, . . . , n, let us denote the theoretical quantity

ξ̇i =
Xi∆ −X(i−1)∆ −

∫ i∆
(i−1)∆ b(Xs)ds

√
∆

(17)

such that ξ̇i ∼ N (0, σ2) and are independent. These quantities are not
calculable because the process X is only observed at discrete times and not
continuously. However, it can be approximated with a numerical scheme,
for example the Euler-Maruyama scheme. More generally, we consider the
following assumption:
(A1) There exists a function A : R × R → R (possibly depending on pa-

rameters of the process), such that ∀∆ > 0, the following holds:∥∥∥∥ max
t∈[0,T ]

∣∣∣∣∫ t+∆

t
b(Xs)ds−A(Xt, Xt+∆)

∣∣∣∣∥∥∥∥
∞

≤ ∆K,

where the constant K depends on the function b.

14



In the case of the Euler-Maruyama approximation, A(Xt, Xt+∆) = ∆b(Xt)
and K can be a Lipschitz constant of the drift multiplied by the bound of
finite moments of the process. It could also be a global bound of the drift
function.

Then, we can introduce the following approximation of the ξi:

ξ̇i,A =
Xi∆ −X(i−1)∆ −A(Xi∆, X(i−1)∆)√

∆
, (18)

and a test statistic ṠA:

ṠA =
1

n

n∑
i=1

ξ̇2i,A. (19)

We can now define the test procedure.

Proposition 4. Let α ∈]0; 1[ and η ∈]0; 1[ be fixed constants. Let ṠA be the
test statistics defined by (19) and let us define the test Υ̇A which rejects H0

if

ṠA ≥ (1 + η)ż1−α +

(
η + 1

η

)
∆K2,

where ż1−α is defined in Proposition 2 ad K is the constant from assumption
(A1). Then the test Υ̇A is of Type I error less than α and therefore it is of
level α.

Let β ∈]0; 1[ be a constant such that 1− β ≥ α. For all σ2 such that

σ2 ≥
(
1 + η

1− η

)
qχ2

n,1−α

qχ2
n,β

σ2
0 +

2

η(1− η)

n∆K2

qχ2
n,β

,

the test Υ̇A satisfies

Pσ2

(
Υ̇A accepts H0

)
≤ β.

It is only a sufficient condition.

Proof. First, note that ṠA can be written as follows:

ṠA =
1

n

n∑
i=1

(
ξ̇i +

∫ (i+1)∆
i∆ b(Xs)ds−A(Xi∆, X(i−1)∆)√

∆

)2

.
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Then, for any η > 0, since for all a, b, (1− η)a2 − (1− η)/ηb2 ≤ (a+ b)2 ≤
(1 + η)a2 + (1 + η)/ηb2, the following bounds hold on ṠA:

(1− η)Ṡ − 1− η

η
∆K2 ≤ ṠA ≤ (1 + η)Ṡ +

η + 1

η
∆K2

Combined with Proposition 2, it implies that

P

(
ṠA ≥ (1 + η)ż1−α +

η + 1

η
∆K2

)
≤

P

(
(1 + η)Ṡ +

η + 1

η
∆K2 ≥ (1 + η)ż1−α +

η + 1

η
∆K2

)
=

P
(
Ṡ ≥ ż1−α

)
≤ α.

The same inequalities grant the control over the power of the test:

P

(
ṠA ≤ (1 + η)ż1−α +

(
η + 1

η

)
∆K2

)
≤

P

(
(1− η)Ṡ − 1− η

η
∆K2 ≤ (1 + η)ż1−α +

(
η + 1

η

)
∆K2

)
=

P

(
Ṡ ≤ 1

1− η

(
(1 + η)ż1−α +

2

η
∆K2

))
.

Similar arguments as the one in the proof of Proposition 2 give the result.

Thus this test procedure generalises the previous tests to the case of a
drift depending on the process X.

From a separation rate point of view, the first term is still (up to a

multiplicative constant) in σ2
0

(
1 +

□α,β√
n

)
. However, since qχ2

n,β
∼ n, there

is a residual in ∆K2, that tends to zero only if ∆ tends to 0. This rate
is even worse than in the non centered case, where the factors in ∆ where
divided by

√
n. It means in particular that if ∆ >>

√
n, the rate is not the

parametric rate anymore but is governed only by the size of the step. In this
sense, the problem of testing with drift depending on the process itself can
be much more complex than the other cases and might lead to separation
rates that strongly depend on the approximation and observation scheme.
We did not try to calibrate this test in practice, because even the choice of
η might lead to huge variations in practical performance and its calibration
is beyond the scope of the present article.
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3 Test for a two-dimensional SDE

Now let us turn to a two-dimensional SDE X = (X1
t , X

2
t ), defined as:

dXt = btdt+ΣdWt, X0 = x0, t > 0, (20)

where bt = (bt,1, bt,2)
T is a known drift and Σ is a diagonal diffusion matrix

with constant coefficients σ1 and σ2 on the main diagonal and W is a 2-
dimensional Brownian motion. In this section, we only consider the case of
a drift depending on time t. The goal is to construct a statistical test of
the following hypothesis:

H0 : detΣΣ
T = detΣ0Σ

T
0

H1 : detΣΣ
T > detΣ0Σ

T
0 .

As we assume Σ diagonal, it is equivalent to testing

H0 : σ
2
1σ

2
2 = σ2

1,0σ
2
2,0, versus H1 : σ

2
1σ

2
2 > σ2

1,0σ
2
2,0.

We define the 2-dimensional centered increments with shifted indices to
allow independent variables for j = 1, 2, i = 1, . . . , n/2:

ξ̇ij :=
X(2i+j−2)∆ −X(2i+j−3)∆ −

∫ (2i+j−2)∆
(2i+j−3)∆ bsds

√
∆

. (21)

Lemma 4. The vectors ξ̇ij are independent in i and j. Moreover ∀j ∈ {1, 2},
i ∈ {1, . . . , n/2}:

ξ̇ij ∼ N
(
0,ΣΣT

)
.

Note that the independence in i and j is not true when the drift depends
on the process X itself. Let us define the determinant of the following 2x2
matrices ṡi = det[(ξ̇i1)

2, (ξ̇i2)
2] = ξ̇2i11ξ̇

2
i22 − ξ̇2i12ξ̇

2
i21. The first terms are

ṡ1 = det

(X∆ −X0 −
∫ ∆
0 bsds√

∆

)2

,

(
X2∆ −X∆ −

∫ 2∆
∆ bsds√

∆

)2


ṡ2 = det

(X3∆ −X2∆ −
∫ 3∆
2∆ bsds√

∆

)2

,

(
X4∆ −X3∆ −

∫ 4∆
3∆ bsds√

∆

)2
 ,

and so on. The statistic is thus the sum of independent variables:

Ṡ =
1

n/2

n/2∑
i=1

ṡi. (22)
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We start by some preliminary results on Ṡ in Section 3.1. Then, we study
the Type I and Type II errors of the test in Section 3.2. The two previous
sections consider the drift known. The case of an unknown drift is presented
in Section 3.3.

3.1 Preliminary results on the test statistic Ṡ

First, the distribution of ṡi is studied. Thanks to the centered statistics,
its cumulative distribution function is explicitly known, as detailed in the
following proposition (proof is given in Appendix).

Proposition 5. 1. The density function of ṡi is given by:

gṡi(x) =
1

2
√

σ2
1σ

2
2

e
−
√

x

σ2
1σ

2
2

√
x

. (23)

2. Its expectation and variance are defined by:

E [ṡi] = 2σ2
1σ

2
2, (24)

V ar [ṡi] = 20σ4
1σ

4
2. (25)

3. The following holds for all i, ∀x:

P (ṡi ≤ x) = 1− e
−
√

x

σ2
1σ

2
2 .

The following Theorem provides that the lower bound of Ṡ is sub-
gaussian due to the fact that Ṡ > 0 and the upper bound of Ṡ is obtained
using Chebyshev’s inequality. The proof is given in Appendix.

Theorem 1. Let Ṡ be defined by (22).

1. For any t ∈ R, we have the lower bound

P
(
Ṡ − E

[
Ṡ
]
≤ −t

)
≤ exp

(
− nt2

96σ4
1σ

4
2

)
. (26)

2. For any t ∈ R, we have the upper bound

P
(
Ṡ − E

[
Ṡ
]
≥ t
)
≤ 1

n/2

20σ4
1σ

4
2

t2
. (27)

Note that the lower bound (26) is decaying exponentially fast as t grows.
In comparison, the upper bound (27) is decaying at much slower rate.
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3.2 Control of Type I and Type II errors

Using Theorem 1 we can define the rejection zone for the test statistic Ṡ.

Theorem 2 (2-dimensional test with centered statistics). Let α ∈]0, 1[ be a
fixed constant and let Ṡ be the test statistic defined in (22). Let us define a
test Υ̇ which rejects H0 : detΣΣ

T = detΣ0Σ
T
0 if

Ṡ ≥ żα = 2detΣ0Σ
T
0

(√
10

nα
+ 1

)
.

Then Υ̇ is a test of Type I error α and therefore it is of level α. Let β ∈]0, 1[
such that 1− β ≥ α. If n > 24(− log β) and if

detΣΣT ≥
detΣ0Σ

T
0

(√
10
nα + 1

)
1− 2

√
− 6

n log β
, (28)

then the test Υ̇ satisfies

Pσ

(
Υ̇ accepts H0

)
≤ β.

Proof. We start with the Type I error. We apply Theorem 1 to control the
probability to surpass some given threshold żα:

Pσ0

(
Ṡ ≥ żα

)
= Pσ0

(
Ṡ − E

[
Ṡ
]
≥ żα − E

[
Ṡ
])

≤ 1

n/2

20(detΣ0Σ
T
0 )

2(
żα − 2 detΣ0ΣT

0

)2 .
We want to limit the risk of the Type I error to α. We have to solve the
following inequality:

1

n/2

20(detΣ0Σ
T
0 )

2(
żα − 2 detΣ0ΣT

0

)2 ≤ α.

Thus

żα ≥ 2 detΣ0Σ
T
0

(√
10

nα
+ 1

)
.

It remains to control the power of the test. UnderH1, E[Ṡ] = 2 detΣΣT .We

are looking for conditions on detΣΣT , such that Pσ

(
Ṡ ≤ żα

)
≤ β. Then,
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by Theorem 1:

Pσ

(
Ṡ ≤ żα

)
= Pσ

(
Ṡ − 2 detΣΣT ≤ żα − 2 detΣΣT

)
≤ exp

(
−
n
(
żα − 2 detΣΣT

)2
96(detΣΣT )2

)
.

Now, the right part of the expression is bounded by a fixed risk level β if

detΣΣT ≥ żα

2− 4
√

− 6
n log β

.

Replacing żα by its definition, we obtain the result. For certain values of n
and log β it is possible that the lower bound of condition (28) takes negative
values. It is not the case as soon as n > 24(− log β).

Remark. Theorem 2 is valid under condition n > 24(− log β). For example,
for β = 0.05, one needs at least 150 observations.

Study of condition (28) Let us approximate condition (28):

detΣΣT ≥ detΣ0Σ
T
0

(
1 +

1√
n

(√
10

α
+ 2
√
−6 log β

)
+

4

n

√
−15 log β

α

)
This does not depend on the setting T fixed, n → ∞ or ∆ fixed, n → ∞.
For both cases, the separation rate has order 1/

√
n.

3.3 Test with unknown drift

As it is not realistic to assume the drift fully known, we consider the case
of a drift depending on a linear vector θ = (θ1, θ2)

t and a vector of drift
ft = (ft,1, ft,2)

t:
dXt = θtftdt+ΣdWt.

If the parameter θ is estimated on the same sample than the one used for
testing, the centered increments used to define the test statistics are not
independent. Instead, we propose to split the sample in two sub-samples
(X1, . . . , Xne) and (Xne+1, . . . , Xn).

Standard estimators of θk, k = 1, 2 are the mean square estimators
calculated on (X1, . . . , Xne) and their distribution is known, by following
the same steps as in one-dimension (Lemma 2). Then we prove the next
lemma:
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Lemma 5. Let us define the estimators of θl, for l = 1, 2

θ̂l = argmin
θl

ne∑
i=1

(
Xi∆,l −X(i−1)∆,l − θl

∫ i∆

(i−1)∆
fs,lds

)2

.

Their distributions are

θ̂l ∼ N (θl, σ
2
θ,l) with σ2

θ,l =
∆σ2

l∑ne
k=1

(∫ k∆
(k−1)∆ fs,lds

)2 .
The estimators θ̂1, θ̂2 are calculated from the first sub-sample (X1, . . . , Xne)

and are thus independent of the second sub-sample (Xne+1, . . . , Xn). This
allows to define independent increments centered around the estimated value
of the drift, for l = 1, 2, j = 1, 2 and i = ne+3

2 , . . . , n2 :

ξ̃ij,l =
X(2i+j−2)∆,l −X(2i+j−3)∆,l√

∆
− θ̂l√

∆

∫ (2i+j−3)∆

(2i+j−2)∆
fs,lds. (29)

For l = 1, 2, we have ξ̃ij,l = ξij,l +
θ̂l−θl√

∆

∫ (2i+j−3)∆
(2i+j−2)∆ fs,1ds and we prove the

following Lemma.

Lemma 6. The distributions of the increments are, for l = 1, 2, j = 1, 2
and i = ne+3

2 , . . . , n2 ,

ξ̃ij,l ∼ N (0, σ2
l (1 + hij,l)) with hij,l =

(∫ (2i+j−3)∆
(2i+j−2)∆ fs,lds

)2
∑ne

k=1

(∫ k∆
(k−1)∆ fs,lds

)2 .
We assume that there exists a constant C, smaller than ne such that

∀i, j, l, hij,l ≤
C

ne
≤ 1.

Let us define the determinant of the following 2x2 matrices s̃i = det[(ξ̃i1)
2, (ξ̃i2)

2]
= ξ̃2i1,1ξ̃

2
i2,2 − ξ̃2i1,2ξ̃

2
i2,1. Conditionally on θ̂, its expectation and variance are

approximated by:

E [s̃i] = 2σ2
1σ

2
2(1− hii,1)(1− hii,2)≤ 2σ2

1σ
2
2

(ne − C)2

n2
e

≤ 2σ2
1σ

2
2,

V ar [s̃i] = 20σ4
1σ

4
2(1− hii,1)

2(1− hii,2)
2≤ 20σ4

1σ
4
2

(ne − C)4

n4
e

≤ 20σ4
1σ

4
2.
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We can then apply the same methodology developed for the known drift
case. Let us define the statistic

S̃ =
2

n− ne − 1

n
2∑

i=ne+3
2

s̃i. (30)

Proposition 5 and Theorem 1 can be easily extended to this case. We can
then define the rejection zone for the test statistic S̃.

Theorem 3 (2-dimensional test with centered statistics and unknown drift).
Let α ∈]0, 1[ be a fixed constant and let S̃ be the test statistic defined in (30).
Let us define a test Υ̃ which rejects H0 : detΣΣ

T = detΣ0Σ
T
0 if

S̃ ≥ z̃α = 2detΣ0Σ
T
0

(√
10

ntα
+ 1

)
,

where nt = n−ne is the size of the second sample. Then Υ̃ is a test of Type
I error α and therefore it is of level α. Let β ∈]0, 1[ such that 1− β ≥ α. If
nt > 48(− log β) and if

detΣΣT ≥
detΣ0Σ

T
0

(√
10
ntα

+ 1
)

1− 4
√

− 3
nt

log β
, (31)

then the test Υ̃ satisfies

Pσ

(
Υ̃ accepts H0

)
≤ β.

It is difficult to deduce a natural choice for ne from this result. But we
recommend using ne = n/2.

As in dimension 1, this could also be extended to the case of a drift
defined as a linear combination of known functions (bt =

∑p
k=1 θ

t
kfkt).

4 Test in dimension d ≥ 2 with a multiple testing
approach

The previous tests are difficult to adapt to the case d > 2 because we lose the
equivalent of Proposition 5. An alternative is to consider several tests δj,α,
one for each component j = 1, ..., d and then correct them for multiplicity.
This multiple procedure is not equivalent to the test of H0 = ”det(Σ) =
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σ2
0,1...σ

2
0,d” versus H1 = ”det(Σ) > σ2

0,1...σ
2
0,d”. However, it is of main

interest when the primary objective is to identify on which SDE coordinate
the noise acts (for example in neurosciences).

More precisely, let us consider the test δj,α testing H0,j = ”σ2
j = σ2

0,j”

versus H1,j = ”σ2
j > σ2

0,j” at level α. In particular, we can use any of the
tests developed in Section 2, coordinate per coordinate, like the ones with
centered statistics, that have been proved to have better performance.

Note that if the hypotheses are considered as a set of probabilities where
the hypotheses hold and if the model consists in saying that σj ≥ σ0,j for
all j, we have that

H0 =
⋂

j=1,...,d

H0,j and
⋃

j=1,...,d

H1,j = H1.

So we can build a test of H0 versus H1 by saying that we reject H0 if
there exists a test δj,α/d that rejects. Note that we use the level α/d. This
comes from the Bonferroni bound (Roquain, 2011):

PH0(∃j = 1, ...d, δj,α/d rejects H0,j) ≤
∑

j=1..d

PH0(δj,α/d rejects H0,j)

≤ dα/d = α.

Thus, this multiple testing approach controls the first type error.
In addition to being a test of the same level, this aggregation of individual

tests gives us extra information: the indices j for which the test δj,α/d rejects,
that is the coordinates j for which the noise is large.

5 Numerical experiments

In this section, we illustrate the numerical properties of the test in dimension
1 or 2. We focus on studying their power and the impact of designs by letting
n and ∆ varying. In dimension 1, we consider three test statistics: the non-
centered drift statistics S (Section 2.1), the centered statistics Ṡ with the
drift being explicitly known (Section 2.2) and, the centered statistics S̃ with
the drift being estimated from the discrete observations (Section 2.3). In
dimension 2, we consider the test statistic with the drift known (Section 3.2)
or estimated (Section 3.3) and the multiple testing approach (Section 4).
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5.1 One dimensional process with known drift

Let us consider the following toy SDE, a randomly perturbed sinusoidal
function, defined as follows:

dXt = θ sin(t)dt+ σdWt, X0 = 0, (32)

where θ ∈ R and σ ∈ R. The parameter θ is fixed to 1 in all simulations.
To study the power of the test procedures, processes are simulated under

H1 for a given value of σ2 and the test is applied to each process. Different
values of σ2 are considered, varying from 0 to 0.36 with a step 0.001. For each
value of σ2, N = 5000 processes are simulated with Euler-Maruyama scheme
with a time step 0.01, for different values of time horizon T and subsampled
with different discretization step ∆. These processes are denoted Xσ. The
power of a test procedure Ψ is then estimated as the proportion of processes
for which the test is rejected and is denoted Π(Ψ):

Π(Ψ) =
# processes for which H0 is rejected according to test Ψ

N
. (33)

The power functions Π(Υ), Π(Υ̇) and Π(Υ̃) are computed in three set-
tings: T = 1,∆ = 0.1 and n = 10; T = 1,∆ = 0.01 and n = 100; and
T = 10,∆ = 0.1 and n = 100. Note that the decision rules are given in
Propositions 1, 2 and 3, respectively.

All three power functions are plotted on Figure 1. The performance of
the centered statistics in tests Υ̇ and Υ̃ are almost identical and depend
mostly on the number of available observations. The performance of the
non-centered test Υ is sensitive to the step size ∆.

Especially the power functions Π(Υ̇) and Π(Υ̃) are identical when T =
10,∆ = 0.1 and T = 1,∆ = 0.01. This is in accordance with the concluding
remark in Section 2.2: the performance of the test does not depend on the
time horizon nor on the step size, only on the number of observations. For
the non-centered statistics Π(Υ), however, it is not the case: as the law of
the statistics depends on the drift, the performance of the test depends both
on the number of observations, and on the discretization step.

5.2 2-dimensional process with known drift

To illustrate how the method works in dimension two, we use a randomly
perturbed sinusöıd Xt = (Xt,1, Xt,2):

dXt,1 = θ1 sin(t)dt+ σ1dWt,1,

dXt,2 = θ2 cos(t)dt+ σ2dWt,2.
(34)
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delta = 0.01, T=1 delta = 0.1, T=1 delta = 0.1, T=10
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Figure 1: Power functions of the test ofH0 : σ
2 = 0.12 againstH1 : σ

2 > 0.12

as a function of σ2
20. Processes Xσ are simulated for σ2

20 varying between 0
and 0.36. Three tests are considered: the one-dimensional non-centered test
S with known drift (Section 2.1) in dashed blue line, with centered statistic
Ṡ (Section 2.2) in dotted green line, with centered statistics and estimated
drift S̃ (Section 2.3) in plain red line. Three designs are considered: ∆ =
0.01, T = 1 (left), ∆ = 0.1, T = 1 (middle) and ∆ = 0.1, T = 10 (right).
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Figure 2: Power functions of the test of H0 : σ2
1σ

2
2 = σ2

20 against H1 :
σ2
1σ

2
2 > σ2

20 as a function of σ2
20. Processes Xσ are simulated for σ2

20 varying
between 0 and 0.36. Four tests are considered: the 2-dimensional test with
known drift (Section 3.2) in plain red line, with estimated drift (Section
3.3) with dotted green line, the multiple testing procedure (Section 4) with
known drift in blue dot-dashed line and estimated drift in magenta dashed
line. Three designs are considered: ∆ = 0.01, T = 1 (left), ∆ = 0.1, T = 1
(middle) and ∆ = 0.1, T = 10 (right).

Parameters used for simulations are X0,1 = X0,2 = 0, θ1 = θ2 = 1, σ2 = 1.
We generate N = 5000 processes under H1 with σ2

1 varying between 0 and
0.36 (with a step 0.001) in order to study the power of the test. We use 3
different scenarios: with T = 1,∆ = 0.01; T = 1,∆ = 0.1 and T = 10,∆ =
0.1.

We define the power function as in (33) for the 2-dimensional tests with
known drift (Section 3.2) or estimated (Section 3.3), and for the multiple
testing procedure (Section 4) with either known drift, or estimated.

Results are presented in Figure 2. For 2-dimensional tests, the power
is influenced by the number of observations n. When ∆ = 0.1, T = 10,
the powers are almost identical to the case ∆ = 0.01, T = 1. This is in
accordance with the remark following Theorem 2, the separation rate of the
two hypotheses depends only on the number of observations. Unsurprisingly,
in the scenario with very few observations (∆ = 0.1, T = 1), the hypotheses
fail to separate even when σ2 >> σ2

0. When the parameters of the drift are
estimated, the power of the test is slightly smaller. This is expected as the
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test statistic is build only on half of the sample (the first half sample being
used to estimate the parameters).

The multiple testing gives better results. For both known and estimated
drift, the multiple test gives a perfect separation already at σ = 0.14 (for set-
tings ∆ = 0.01, T = 1 and ∆ = 0.1, T = 10), while for the two-dimensional
test a separation occurs closer to σ = 0.25.

6 Conclusions

We develop various tests of the diffusion coefficients of SDEs. In dimension
one, we propose a test statistic that has an explicit distribution, even when
the (linear) drift parameter is unknown. The tests are of exact level α. We
also prove separability conditions to achieve a given power. The test with
an unknown parameter can be applied to a non-parametric drift estimated
by a projection on a functional basis, e.g. on a spline basis. It can therefore
be used to test the diffusion coefficient of a one-dimensional SDE even when
the drift is unknown.

In dimension 2, we propose a test statistic, with a non-explicit distribu-
tion. However, thanks to concentration inequalities, we prove a test proce-
dure with a non-asymptotic level. When the drift parameter is unknown,
the test procedure is adapted by estimating the parameters on the first half
of the sample and then applying the test statistic using data from the sec-
ond half of the sample. We therefore loose power when the parameters are
estimated, as the simulations also illustrate.

We therefore propose an alternative, which is also suitable for a di-
mension d greater than 2. This alternative uses a one-dimensional test on
each coordinate and corrects the procedure by a multiple testing approach.
This allows to control the Type I error of the global test. Since the one-
dimensional tests have the exact level even when the linear drift parameters
are estimated, the multiple testing procedure detects the diffusion coefficient
with the exact level, even when the drift is estimated on a functional basis
(spline basis, for example).

Further work will continue considering SDE whose drift depends on the
process itself, as introduced in Section 2.4. A strategy is to approximate
the drift by introducing an extra parameter, as done in this paper. The
calibration of this hyperparameter could be done by cross-validation or test
aggregation. Another strategy would require the development of further
concentration inequalities to prove the upper and lower bounds of the test
statistics. Also the separation rate of the test we provided in this case is
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strongly deteriorated when ∆ >> n−1/2. We do not know if this is minimax,
meaning that this deterioration is there whatever the test or if it is just due
to our method. This could be a very interesting aspect to search for future
work.
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A Appendix

Proofs for 1-D SDE

Proof of Lemma 2. We only prove (ii) as (i) is trivial. Note that(
Xi∆ −X(i−1)∆

)
∼ N

(
θ
∫ i∆
(i−1)∆ fsds,∆σ2

)
and the increments are inde-

pendent. As θ̂ is normally distributed as a linear combination of normal
variables, it is easy to see that E(θ̂) = θ and

V ar
[
θ̂
]

=

∑n
i=1 V ar

[
Xi∆ −X(i−1)∆

] (∫ i∆
(i−1)∆ fsds

)2
(∑n

i=1

(∫ i∆
(i−1)∆ fsds

)2)2

=
∆σ2∑n

i=1

(∫ i∆
(i−1)∆ fsds

)2 .

Proof of Lemma 3. Let us introduce for i = 1, . . . , n, Yi =
Xi∆−X(i−1)∆√

∆
and

the corresponding vector Y = (Y1, . . . , Yn)
t, such that Y = Zθ+ ε, with ε ∼

N (0, σ2I). Thus θ̂ = (ZtZ)−1ZtY and ξ̂i = Yi−Ziθ̂. Then we have ξ̂ = (I−
H)Y and ξ̂ follows a normal distribution with variance σ2(I −H) (because
I −H is a projection matrix). Note that

∑n
i=1Hii = 1 and rank(H) = 1.

Thus rank(CtC) = n− 1 and we can deduce the last point.

Proof of Proposition 5. First, note that by Theorem 4.1.1. in Girko (1990)
ṡi ∼ σ2

1σ
2
2χ

2
i,1χ

2
i,2, where χ2

i,k denotes a variable distributed according to
a chi-squared distribution with k degrees of freedom, all variables being
independent in i. Here we use the advantage that the covariance matrix of
each vector-column is the same. The distribution of χ2

i,1χ
2
i,2 is deduced from

Wells et al. (1962) . The PDF of a product χ2
i,1χ

2
i,2 is written as follows:

f(ω) =
ω−1/4K1/2(ω

1/2)
√
2Γ(1)Γ(1/2)

, (35)

where Kv(x) is the modified Bessel function of the second kind. Further, in
our specific case, K1/2(ω

1/2) = 1
2

√
2πe−

√
ωω−1/4, and simplify (35), obtain-

ing:

f(ω) =
1

2

ω−1/4
√
2πe−

√
ωω−1/4

√
2π

=
1

2
ω− 1

2 e−
√
ω.
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We can deduce the expectation:

E [ṡi] =
1

2

∫ ∞

0

√
x

σ2
1σ

2
2

e
−
√

x

σ2
1σ

2
2 dx = 2σ2

1σ
2
2.

For the second moment the computation is similar:

E
[
ṡ2i
]
=

1

2

∫ ∞

0

x3/2√
σ2
1σ

2
2

e
−
√

x

σ2
1σ

2
2 dx = 24σ4

1σ
4
2.

Finally, note that

P (ṡi ≤ x) = P
(
σ2
1σ

2
2χ

2
i,1χ

2
i,2 ≤ x

)
= P

(
χ2
i,1χ

2
i,2 ≤

x

σ2
1σ

2
2

)
=

1

2

∫ x

σ2
1σ

2
2

0

e−
√
ω

√
ω

dω.

Computing the integral, we obtain the result.

Proofs for 2-D SDE Before we proceed, let us establish a state an aux-
illary result from analysis:

Proposition 6. For any u > 0, the following holds:

0 ≤ e−u + u− 1

u2
≤ 1

2
.

Proof. First, we recall that e−u ≥ 1 − u,∀u. It proves the first part of
inequality automatically. For the second part, let us consider function
f(u) = e−u + u − 1 − u2

2 . Note that f(0) = 0. Then, it is enough to
prove that f(u) is descending in order for the second part of inequality to
hold. For that, it is enough to look at the sign of f(u):

f ′(u) = −e−u + 1− u ≤ 0,

by using again that e−u ≥ 1− u,∀u.

Proof of Theorem 1. Proof of 1. First, note that

P
(
Ṡ − E

[
Ṡ
]
≤ −t

)
= P

n/2∑
i=1

(ṡi − E [ṡi]) ≤ −nt/2

 .

For all λ > 0, we have:

P

n/2∑
i=1

(ṡi − E [ṡi]) ≤ −nt/2

 = P
(
e−λ(

∑n/2
i=1 ṡi−

∑n/2
i=1 E[ṡi]) ≥ eλnt/2

)
.
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Then, by Markov’s inequality, we have:

P
(
e−λ(

∑n/2
i=1 ṡi−

∑n/2
i=1 E[ṡi]) ≥ eλnt/2

)
≤ E

[
e−λ(

∑n/2
i=1 ṡi−

∑n/2
i=1 E[ṡi])

]
e−λnt/2.

Since all the ṡi are independent in i, we note that

E
[
e−λ(

∑n/2
i=1 ṡi−

∑n/2
i=1 E[ṡi])

]
e−λnt/2 = e−λnt/2

n/2∏
i=1

E
[
e−λ(ṡi−E[ṡi])

]

= e−λnt/2+λ
∑n/2

i=1 E[ṡi]

n/2∏
i=1

E
[
e−λṡi

]
.

Now, let us rewrite:

E
[
e−λṡi

]
= 1− λE[ṡi] + λ2E

[
ṡ2i

e−λṡi + λṡi − 1

(λṡi)
2

]
.

Now, let us define the following function:

h(u) :=
e−u + u− 1

u2
,

which is decreasing for any u > 0 (see Proposition 6). For λ > 0 and as
ṡi ≥ 0, we have:

h (λṡi) ≤ lim
u→0

h(u) ≤ 1

2
.

Then, E
[
ṡ2ih (λṡi)

]
≤ E

[
ṡ2i
]
and E

[
e−λṡi

]
≤ 1−λE[ṡi] +

λ2

2 E
[
ṡ2i
]
. Finally,

we obtain:

P
(
e−λ(Ṡ−E[Ṡ]) ≥ eλt

)
≤ e−λnt/2+λ

∑n/2
i=1 E[ṡi]

n/2∏
i=1

(
1− λE[ṡi] +

λ2

2
E
[
ṡ2i
])

≤ exp

−λnt/2 + λ

n/2∑
i=1

E [ṡi]− λ

n/2∑
i=1

E[ṡi] +
λ2

2

n/2∑
i=1

E
[
ṡ2i
]

= exp

−λnt/2 +
λ2

2

n/2∑
i=1

E
[
ṡ2i
] .

Then we maximize the last expression with respect to λ. The maximum
is obtained for λ̂ = nt

2
∑n/2

i=1 E[ṡ2i ]
. Using E

[
ṡ2i
]
= 24σ4

1σ
4
2 (Proposition 5), we
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obtain the bound

exp

−λ̂nt/2 +
λ̂2

2

n/2∑
i=1

E
[
ṡ2i
] = exp

(
− (nt/2)2

2
∑n/2

i=1E
[
ṡ2i
]) = exp

(
− (nt/2)2

n24σ4
1σ

4
2

)
.

It gives the result.
Proof of 2. By Chebyshev’s inequality we have

P

∣∣∣∣∣∣
n/2∑
i=1

ṡi − E

n/2∑
i=1

ṡi

∣∣∣∣∣∣ ≥ nt/2

 ≤
V ar

[∑n/2
i=1 ṡi

]
(nt/2)2

.

It implies:

P

n/2∑
i=1

ṡi − E

n/2∑
i=1

ṡi

 ≥ nt/2



≤
V ar

[∑n/2
i=1 ṡi

]
(nt/2)2

− P

n/2∑
i=1

ṡi − E

n/2∑
i=1

ṡi

 ≤ −nt/2

 .

Note that P
(∑n/2

i=1 ṡi − E
[∑n/2

i=1 ṡi

]
≤ −nt/2

)
is evaluated in (26) and is

decaying exponentially fast as t grows. In comparison, the first term is
decaying at a much slower rate. Thus, the principal term which controls

the upper bound is given by
V ar

[∑n/2
i=1 ṡi

]
(nt/2)2

. Finally, the following result is

obtained:

P
(
Ṡ − E

[
Ṡ
]
≥ t
)
≤ 10nσ4

1σ
4
2

(nt/2)2
=

40

nt2
σ4
1σ

4
2.

Sharp estimate on classical quantiles

Lemma 7. For any α ∈ (0, 0.5], we always have that

qN ,1−α ≤
√
2 log(1/α)

and that

qχ2
n(λ),1−α ≤ (

√
n+

√
2 log(1/α))2 + 2

√
2 log(1/α)λ1/2 + λ.
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With α = 0.5, we get the slightly better bound

qχ2
n(λ),0.5

≤ (
√
n+

√
2 log(2))2 + λ.

Moreover if α ≤ 1/
√
2π ≃ 0.39, we also have that

qN ,1−α ≥
√
log(1/α)

and
qχ2

n(λ),1−α ≥ n− 1 + 2
√

log(1/α)λ1/2 + λ+ log(1/α).

For β < 0.5, we have the following bound

qχ2
n(λ),β

≥ n+ λ−

√
2(n+ 2λ)

β
.

Proof. Gordon (1941) establishes that if Φ(x) is the c.d.f. of N (0, 1) then
for all positive x,

e−x2/2

√
2π (x+ x−1)

≤ Φ(x) ≤ e−x2/2

√
2πx

.

Since the function f(x) = e−x2/2

x is strictly decreasing, we can obtain an

upper bound on the quantile by finding a zα such that f(zα) ≤
√
2πα for

α < 0.5. Choosing xα =
√

2 log(1/α), we get f(xα) =
α√

2 log(1/α)
≤

√
2πα

since α < 0.5.
For the lower bound of the Gaussian quantile, note that for all v > 0,

v − log(v) ≥ 1, so xt =
√

2 log(1/t)− 2 log log(1/t) is well defined for all
t ≤ 1 and satisfies xt ≥

√
2, for all t ≤ 1. So Gordon’s lower bound implies

that

Φ(xt) ≥
1

2
√
2π

f(xt) =
t log(1/t)

2
√
2π
√

2 log(1/t)− 2 log log(1/t)
.

But v2/4 ≥ 2v − 2 log(v) holds for all positive v, so

log(1/t)2/4 ≥ 2 log(1/t)− 2 log log(1/t)

and Φ(xt) ≥ t√
2π
.

By taking t =
√
2πα, we get therefore that lower bound

qN ,1−α ≥
√

2 log(
√
2π/α)− 2 log log(

√
2π/α).
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It holds for all α ≤ 1/
√
2π.

But by studying the function we can see that

2 log(
√
2π/α)− 2 log log(

√
2π/α) ≥ log(1/α).

For the chi-square distribution with central parameter λ, we use the
results by Robert (1990), which states that

qχ2
n(λ),1−α ≤ qχ2

n(0),1−α + 2qN ,1−αλ
1/2 + λ.

We use Gaussian concentration of measure (Boucheron et al., 2013) to
derive that, if X is a standard Gaussian vector of dimension n and ∥X∥
designs its euclidean norm, then for all positive x

P(∥X∥ ≥ E(∥X∥) + x) ≤ e−x2/2.

Since E(∥X∥) ≤
√
n, we have that

P
(
∥X∥2 ≥ (

√
n+

√
2 log(1/α))2

)
≤ α.

Combined with the bound on the Gaussian quantiles, it give us the upper
bound. For α = 0.5, note that qN ,1−α = 0.

For the lower bound, Robert (1990) also proves that

qχ2
n(λ),1−α ≥ n− 1 + q2N ,1−α + 2qN ,1−αλ

1/2 + λ.

Combined with the lower bound on Gaussian quantiles, we get the corre-
sponding lower bound.

For the rougher bound for small β, note that if Z ∼ χ2
n(λ) then

E(Z) = n+ λ and V ar(Z) = 2(n+ 2λ).

So by Bienaymé Tchebicheff inequality, we obtain for all positive x

P(Z ≤ E(Z)− x) ≤ V ar(Z)

x2
.

So by choosing x =
√

2(n+2λ)
β , we obtain the desired lower bound.
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