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Non-asymptotic statistical test for the diffusion
coefficient in 2-dimensional stochastic diffusions

Anna Melnykova! Patricia Reynaud-Bouret! Adeline Samson *

Abstract

We develop several statistical tests of the determinant of the diffu-
sion coefficient of a stochastic differential equation, based on discrete
observations on a time interval [0, 7] sampled with a time step A. Our
main contribution is to control the test Type I and Type II errors in a
non asymptotic setting, i.e. when the number of observations and the
time step are fixed. The test statistics are calculated from the process
increments. In dimension 1, the density of the test statistic is explicit.
In dimension 2, the test statistic has no explicit density but upper and
lower bounds are proved. We also propose a multiple testing proce-
dure in dimension greater than 2. Every test is proved to be of a given
non-asymptotic level and separability conditions to control their power
are also provided. A numerical study illustrates the properties of the
tests for stochastic processes with known or estimated drifts.

1 Introduction

Stochastic diffusion is a classical tool for modeling physical, biological or
ecological dynamics. An open question is how stochasticity should be intro-
duced into the stochastic dynamic process, on what coordinate and at what
scale. For example, diffusions have been widely used to model neuronal ac-
tivity, either of a single neuron (Ditlevsen and Samson, 2014, Hopfner et al.,
2016, Ledn and Samson, 2018]), or of a large neural network (Ditlevsen and
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Locherbach, 2017, [Ableidinger et al., 2017). Although the intrinsic stochas-
ticity of neurons is well established, where and on what scale this stochastic-
ity should be introduced (on ion channels or membrane potential or both)
is still a matter of debate (Goldwyn and Shea-Brown| 2011). Examples also
exist in other applications, for example in modeling oscillatory systems or
movement behavior in ecology. From a statistical point of view, this corre-
sponds to testing the noise level of a multivariate diffusion process. The aim
of this paper is to answer this question. We propose to do this by testing
whether the determinant of the diffusion coefficient is equal or larger than
a certain value. If the test is rejected, the process is considered as elliptic,
since there is sufficient noise on all coordinates.

Let us formally introduce the stochastic process. Consider a filtered
probability space (€2, F,(Fi)i>0,P). Let X be a d—dimensional process
solution of the following Stochastic Differential Equation (SDE):

dX; = bydt + SdW,, Xo =19, t>0, (1)

with a drift function by, a diffusion matrix ¥ € R%*¢, and W a d-dimensional
Brownian motion. In this paper, for simplicity’s stake, we assume a diagonal
Y. We consider discrete observations of X on a time interval [0, 7] with a
regular time step A, denoted {X;a},_¢ -

The objective is to construct a statistical test procedure to decide be-
tween the two following hypotheses :

Hp : det 227 = det 2o%¢
Hy : det 227 > det 2o%E.

Our test consists in rejecting the null hypothesis when an estimator of
det ©27, chosen as the testing statistic, is greater than a certain critical
value. The main issue in constructing the test procedure is the choice of
the critical value guaranteeing that the test is exactly at the desired level a.
In addition, to understand the performance of the constructed procedure,
we want to find conditions leading to non-asymptotic control of the Type II
erTor.

When working with real data, observations are sampled with a fixed
time interval [0,7] and a fixed time step A. The framework is therefore
non-asymptotic in the sense that we have to control the Type I and Type 11
errors of the test procedure for fixed n and A. Controlling the Type I and
Type II errors of a statistical test in a non asymptotic setting is difficult.
Here, it is all the more difficult because the non asymptotic framework is
also an problem for SDE inference. Indeed, estimators of drift and diffusion



coefficients have been shown to be consistent in different asymptotic settings
(either T fixed and n going to infinity or T" going to infinity) but few results
are available in a non-asymptotic setting. Here, we face both difficulties.
Especially, here, we will need non asymptotic behavior of the estimator of
the diffusion coefficient.

Several tests have been proposed on the matrix X7 of a diffusion pro-
cess, but only in the asymptotic setting A goes to zero and n goes to infinity
(Dette and Podolskij, 2008, |Jacod et al., 2008, Podolskij and Rosenbaum,
2012). The test statistic therefore has an asymptotic distribution from which
one can construct a statistical test with a given asymptotic level o through
a rejection area. Among others, we can cite Dette and Podolskij (2008)
which propose to test the parametric form of the volatility with the empir-
ical processes of the integrated volatility. Podolskij and Rosenbaum (2012)
construct a test statistic and derive its asymptotic behavior to test the local
volatility hypothesis. Their test statistic is a function of the increments of
the stochastic process. |Jacod et al.| (2008), |Jacod and Podolskij (2013)) test
the rank of the matrix 3. InJacod et al. (2008), they consider continuous-
time observations of X and construct a test statistic based on the process
perturbed by a random noise. Introducing a random perturbation of the
increment matrix enables to apply a ratio statistic based on the multilin-
earity property of the determinant and ensures that the denominator of the
ratio never vanishes. The authors prove that the limit of the ratio statistic
identifies the rank of the volatility and they also study the asymptotic dis-
tribution of this statistic. In | Jacod and Podolskij (2013)), they extend their
work to the case of discrete observations {X;a};cy. They also prove its
asymptotic distribution when A goes to zero. |Fissler and Podolskij (2017))
consider testing the maximal rank of the volatility process for a continuous
diffusion observed with noise, using a pre-averaging approach with weighted
averages of process increments that eliminate the influence of noise. Reiss
and Winkelmann (2021)) extend their work to time-varying covariance ma-
trices, again in an asymptotic setting.

In all these cases, the distribution of the test statistic is not explicit and
only asymptotic distributions have been obtained by applying asymptotic
convergence theorems when A goes to zero.

As already mentioned, our framework is different: we assume that the
time step A is fixed, which places us in a non-asymptotic setting. So we
want to construct a test procedure that guarantees a given level « in the non-
asymptotic setting with A and n fixed. This is a major difference with the
works cited above. Although statistical tests reveal good properties in the
asymptotic setting, they are generally difficult to apply in a non-asymptotic



setting. In some examples, even if the rank of ¥X7T is strictly less than
d, the corresponding empirical covariance matrix may be numerically full
rank, i.e. in the non-asymptotic setting. This problem is circumvented in
the asymptotic setting in |[Jacod and Podolskij (2013]) by adding a random
perturbation and studying the convergence of determinant ratio statistics.
But if we want to work in the non-asymptotic setting, we need to use other
estimators and probabilistic tools.

We have chosen to test the determinant of ¥ rather than the rank.
The test statistic is therefore the determinant of the diffusion increments
matrix. In the asymptotic case, the influence of the drift is negligible, since
it is of order O(A). In the non-asymptotic case, drift must be taken into
account. We therefore propose to center the statistics by removing the drift.
We then study the distribution of the test statistic. Under the assumption
that the drift does not depend on X; itself (model ), the increments are
independent. This makes possible to derive the analytic distribution of the
statistic in some simple cases, and in other cases to prove lower and upper
bounds of the distribution using concentration inequalities. The case of a
drift depending on X; is also discussed. However in this case, the statistics
is only approximately centered and its distribution is much harder to access,
even if we derive bounds for the critical value.

Our first main contribution is to construct procedures for testing H
versus H; that satisfy non-asymptotic performance properties. In particular,
we propose a choice of critical values based either on the explicit distribution
of the test statistic (for one-dimensional SDE with known drift) or on the
lower bounds of the test statistic (for two-dimensional SDE). In particular,
for each « in [0,1], these tests are of level a, i.e. they have a probability
of Type I error at most equal to a. For particular models, they are even of
size «, the probability of Type I error being exactly « since they are based
on the exact non-asymptotic distribution of the test statistic.

Our second main contribution consists in deriving non-asymptotic con-
ditions on the alternative hypothesis which guarantee that the probability
of Type II error is at most equal to a prescribed constant 8. This can
be done for one-dimension SDE with necessary and sufficient conditions,
when the drift is fully known or even known up to a linear parameter. For
two-dimension SDE, the distribution is not exact and we use concentration
inequalities to prove upper bounds on the test statistic. The separability
condition can then be deduced. When the drift parameter is unknown, the
test procedure is adapted. However, power deteriorates slightly when the
parameter is estimated on the first half of the sample. For a dimension
greater than 2, this is much more difficult, and we are unable to prove the



lower and upper bounds of the test statistics. Instead, we propose an ap-
proach based on multiple one-dimensional tests and prove that we control
the level of the overall procedure. This procedure gives very good results in
practice.

This paper is organized as follows. First, we consider the case of a one-
dimensional diffusion process in Section 2 We calculate the exact distri-
bution for the non-centered and centered statistics, then deduce the critical
value and study conditions to control the Type II error. We show that,
from a non-asymptotic point of view, the centering of the test statistics has
a considerable influence on the test separation rates. We also extend thus
result to the case of unknown drift and discuss the case of a drift depending
on the process itself. In Section |3 we deal with a two-dimensional process
with known drift. We consider the center statistic and prove the lower and
upper bounds of its distribution. We then propose critical values and con-
ditions such that Type I and II errors are controlled. Section [ presents
the multiple testing approach. Next, Section [5] presents a numerical study
to illustrate the properties of the testing procedure on different SDEs. We
conclude with a discussion and perspective.

2 Test for a one-dimensional SDE

We start with a simple one-dimensional Brownian motion with drift depend-
ing on time:

dXt = btdt + O'th, XO = Xo, t> O, (2)

where b; : R — R is the drift function that depends only on time ¢, 0 € Risa
constant diffusion coefficient and W is a one-dimensional Brownian motion.
The case of a drift b depending on X; is discussed at the end of Section

We assume that the process (X;):>o is discretely observed on a time
interval [0,7] at equidistant time step A, tg = 0,t1 = A, ..., t, =nA =T.
Our aim is to construct a statistical test to decide between the two following
hypotheses:

Hy: 0% =02 versus Hj:o0?> o2,

where 03 is a pre-chosen positive constant.

In Section |2.1] we consider an exact testing procedure by calculating the
exact distribution of the test statistic. We then introduce a centered version
of the test statistic in Section 2.2l We deal with the case where the drift is
unknown and estimated in Section Finally, Section [2.4] introduces an



approximation of the statistics for the case of a drift b depending on the
process Xy itself.

For each test, we present the test statistic and its exact distribution. We
then construct the test by calculating the critical value that control s the
Type I error. Finally, we study the Type II error of the test by deriving
non-asymptotic and optimal conditions on the alternative hypothesis. We
will use the notations IPO.% and P, 2 to distinguish the probability under the
null or the alternative hypothesis.

Notations In the following, we denote N(p,w?) a normal distribution
with mean g and variance w?, x2(0) a chi-squared random distribution with
n degrees of freedom, x2(\) a chi-squared random distribution with n de-
grees of freedom and a non-centrality parameter A. Let us also denote the
quantiles gy g, ¢,2 g and g2 () g of order B of the distributions N(0,1),
x2(0) and x2(\), respectively. Further, the symbol "~ is used throughout
the paper as an alias for ”follows a certain probability distribution”.

2.1 Non-centered statistics

We consider the normalized increments of process X defined as:

Xin = Xi-na
VA

Let & = (&1,...,&n). Note that the {§;} are independent in i, since the
increments do not overlap. We then define the test statistic:

& = i=1,...,n. (3)

_Ise L
S_”;& = —llel® (4)

We calculate the distribution of &;, ||£]|?> and S in the next lemma:

Lemma 1. Let & be the random variables defined by (@ We have

Ji2 | A bsds
1. fiwj\/(( i)/% o2 ).

2. [I€]1? ~ o2x2(A(0)), with a non-centrality parameter N(o) equal to:

> i1 (f(iﬁl)A bsds) 2
a2A '

Ao) =



3.8~ %2)&(/\(0)). Its cumulative distribution function is ¥t > 0

g (S < t) =1 _Qn/Q (\/ )‘(U)v\/g> >

where Qp, (u,v) is a Markum Q-function, defined as:

Qunr) = oo (-55) 2 () R @

where I is a modified Bessel function of the first kind of order k.

Remark. 1. If the function bs is constant, the non-centrality parameter
Ao) = nAb? /a2 is of order O(nA). In the asymptotic setting T' fized,
it is a constant. In the asymptotic setting A fixed and n — oo, it
converges to oco.

2. Note that expression (@ is not explicit, even though several packages
or approximations exist (Gil et all 2014). We will show in the next
section that centering the statistic gives results that are easier to use.

The following proposition directly follows Lemma

Proposition 1. [1d-Test with noncentered statistics] Let o €]0; 1] be a fized
constant. Let S be the test statistic defined by and let us define the test
T which rejects Hy if

7%
§2 210 = PG (Aeo) 1—as

Then, the test Y is of Type I error a and therefore it is of level a.
Further, let 8 €]0;1[ be a constant such that 1 — 3 > . For all 0® > 0

such that 2
0_2 > O_g X7L(>\(UO))11_a (6)

AN ING
the test T satisfies
P2 (T accepts Hy) < 3.
Condition @ s sufficient and necessary.

Proof. Since S is distributed according to a non-centered chi-squared distri-
bution, it is straightforward to obtain

0
IPU% S > ZQX%()\(UO)),lfa = o



For the Type II error, we have
2
2 90
P (S < 51-0) =P (XEA@) < Bagionni-a)-

It implies that IP0.2 (S < Zlfa) < B as soon as Zi(qui()\(ﬂo))ylfa < qX%()\(O'))nB'
Type II error is bounded by a 5 when @ holds.

We want to understand the influence of n and A on the threshold z1_,
and the separability condition @ However, they are implicitly defined
as they depend on 08 and o2 via the non-centrality parameters \(cg) and
A(o). In what follows, we consider the simplified case of a constant drift
b, provide a quantile approximation to detail the effect of n, A and deduce
more intuitive conditions on o.

In the following, [1 denotes a positive quantity that is upper and lower
bounded by positive constants. Its value can change from line to line and
even within the same equation. In the same spirit, [lg designates a quantity
that is upper and lower bounded by positive functions of 5.

Thanks to Lemma [7]in the appendix, we have for a < 1/ V2,

n—1+A(o0)+log(1/a) < g2 (A(gy)),1—a < n+0y/nlog(1l/a)+0log(1/a)+0(00).
So the critical value satisfies

log(1/a)

NG

Let us now describe the behavior for the two asymptotic settings:

—1 log(1 log(1
o2l mp2los) e a2 100208 g
n n n

1. T fixed, n — oo and A = T/n — 0. With the previous inequality, we
know that the critical value z1_, — 08.
n—o0

2. A fixed, n — oo and T' = An — oo. Then the critical value does
not converge towards o3. There is a bias of the order of Ab? up to a
multiplicative constant.

Study on the separability condition @ We have shown that the Type
IT error is less than f if and only if

LRSS

2 —2
o >0 —
- aﬁ
: U3 (M0)).8



We can approximate this bound thanks to Lemma [7| for o < 1/v/27 and
8 < 0.5. On one hand

n+ D\/ (n pR ) log(1/a) + Olog(1/a) + nAOb

n4+ n?Qb o Dﬁ\r - Dﬁ n?gbZ

~2 2
Tap < 90

On the other hand

2n—1+log(1/a) ndp?
0% 4> 0 % .
wf =0 n+”§§’2+D\/ﬁ

By introducing u = 1 + Aab; and ug = 1+ 2%, we get that Equation @ is
therefore implied by

1 4 Og (nug) /2
1—Ogn=12(1 + Vug — Du=t

But v > 1 hence v~ < 1 and since we are under H; : o2 > 08, we have
ug > u. Hence @ is implied by

ou > Uguo

1 4 Og (nug)~1/2
1-— Dﬁnfl/Z(l + %%2)

ou > Jguo

This is equivalent to

Ab2

o + Ab? > (02 + Ab?) <1 +1+

)

[\/O’ 2+ Ab?

or finally to

Ua Ab?
o2 > ol + \/7’76 [(70\/08 + A2 + (A + 6?) (1 + (78)

This is a sufficient condition for having a Type II error of value 5. We
are losing the necessary condition because of the lower bound on the chi-
squared quantile of the numerator, where the term in /n disappears. This
is why we cannot prove that it is a sufficient and necessary condition up
to a constant. However we believe it is the true rate in the sense that the
Gaussian concentration inequality has been proved recently to be tight for
two-sided quantiles of convex Lipschitz functions (Valettas| 2019). We have
just not been able to pass from two-sided to one sided bounds. Let us now
describe the behavior for the two asymptotic settings:




1. T fixed, n - oo and A =T/n — 0. We have A = T/n We recover a
rate (at least for the upper bound) equal to o3(1 + 2 G £).

2. A fixed, n — oo and T'= An — oo. In this case the limit deteriorates
and converges at the same /n rate but with a multiplicative constant
that worsens for large A. If Ab%/02 > 1, the upper bound is at least

Oa,s Ab? Oas (Ap2 /2 .
in o3(1 + N ) and up to o} <1 + ( ) >, depending on
whether one is looking only at the numerator or 1f we take into account
the concentration of the denominator in Equation @ In both cases, it
means that the multiplicative factor is increasing with A and we loose
the \/n rate of separability of the two conditions when A is "large”.

2.2 Centered statistics with known drift

In this section, we propose a new statistic to remove the dependency on
the drift and avoid the rate lost in the separability condition. To do so, we
introduce a centered test statistic. For i = 1,...,n, let us denote
. iA
5 g iA bod Xin — X(ifl)A — f(lifl)A bsds
s = ,
' VA (i—-1)A \/Z

such that & ~ N(0,02). Then, we define the statistics S as follows:
1~
=D & (8)
i=1

Note that S follows a rescaled centered chi-squared distribution with n de-
grees of freedom

(7)

2
. g 2
S~ ;Xn(o)'
Proposition 2 (1d-Test with centered statistics and known drift). Let o €

10; 1 be a fized constant. Let S be the statistic defined in and let us
define the test Y which rejects Hy if

. ol
S>Z2_q = Pl CRERS 9)

Then, the test T is of Type I error a and therefore it is of level c.
Let 3 €]0;1] be a constant such that 1 — 3 > «. For all 0% such that

o2 > wgg, (10)
42 8

10



the test T satisfies
P, (T accepts Ho) <g.

It is again a necessary and sufficient condition.

Proof. Since S is distributed according to the centered chi-squared law with
n degrees of freedom, it is straightforward to show that

P, (S > zl,a) - a. (11)

For the power of the test, we first note that
N 2 n o
P2 (S < Zl—a) =P,2 Xn(o) < ?qui,l—a )

It implies that P, (S < 2’1—a) < B as soon as Zéqx%,l—a < ¢,2 3. Thus
Type II error is bounded by a fixed risk level 5 €]0; 1] when holds. O

2
Study of the threshold 2, , = %qu%,l—a We use again Lemma El to

prove that
Uy Ua
2 2 2
1 < —_— < 1 .
70 < n > e =90 < \/ﬁ>

This approximation does not depend on A, only on the sample size n.
The order is thus the same for the setting T fixed, n — oo, A = T/n — 0,
and the setting A fixed, n — 00, T = An — oo.

Study of condition (10) We have

ay2 1—
o2 > Danlza 2
4x2.8

The same study as Section leads again to a discrepancy between the
upper and lower bound. However if we look only at the upper bound, a
necessary condition for to hold is

Do,
02208<1+ ﬁ)

Therefore we see here that whatever the asymptotic regime, the multi-
plicative constant in front of the separability rate does not explode when A
increases since it does not depend on it. Of course our reasoning to compare

11



the centered and non centered procedure is purely on the upper bound. But
as mentionned earlier, because of recent results in Gaussian concentration
(Valettas|, 2019), we believe that the upper bounds are more tight than the
lower bounds, even if we have not been able to prove it. This difference
between the behavior of the centered and non centered procedures for large
A has been confirmed on simulations, see Section

2.3 Centered statistics with unknown drift

The drift is rarely known and has to be estimated from the discrete ob-
servations {X;a};_o, ,. We present in this section an adaptation of the
previous test to the épéciﬁc case of a parametric drift depending on a linear
parameter:

dX, = 0f,dt + cdW,, Xo=uxz0, t>0, (12)

where 6 € R is an unknown scalar parameter and f; : R — R is a known
function. A standard estimator of # is the mean square estimator:

n iA 2
0 = arg m@inz (Xm — X(i—pa — 0 fsds) . (13)
P (i—1)A

This estimator has an explicit form and is normally distributed even
when A is fixed.

Lemma 2. Let 0 be defined by . Then, the following holds:
;L:l(XiA_X(i—l)A)f(iiA—l)A fsds
. 2 .
1 (f(ZiA—l)A fsds)

(ii) 0 ~ N(8,02) with o2 = Ag® .
i=1 (f(ziA—l)A fsdg)

(i) 6= =

Proof is given in Appendix.
Now, let & be the increments centered around the estimated drift:

- i pin £ Xin — X(i—1)a — éf(iﬁnA Jsds
i = Qi — — = S s = )
VA Ji-na VA

~

We study the distribution of the vector é = (él, o).

(14)

Lemma 3. Let us introduce i = 1,...,n:
1 1A

~ VA Jina

12

Z’i deS,



and Z = (Z1,...,Zy)t. Let H be the projection matriz:
H:=Zz(Z'z)"'7".

Let C be a matriz such that (C*C)* = (I — H), where A™ denotes a Moore-
Penrose inverse of a matriz A. Then

o £~ N(0,0%(I — H)),

o HICHEIP ~ X3, (0).

Proof is given in Appendix. In practice, as the matrix I — H has rank
n—1, we use the singular value decomposition (SVD) of I—H. SVD produces
two unitary matrices U and V, and a diagonal matrix D with n—1 non zero
values such that I — H = UDV*. Then we take C = UD~ /2.

We also define a new statistic:

J 1 t )12
§=——lc|?, (15)

such that )
n — ~
55 ~ X1 (0).

We can now define the test procedure.

Proposition 3 (1d-Test with centered statistics and unknown drift). Let
a €]0; 1] be a fized constant. Let S be the test statistic defined by and
let us define the test Y which rejects Hy if

2
)

n— 150G 1-e

S>2,=
Then, the test T is of Type I error a and therefore it is of level a.
Let 3 €]0;1] be a constant such that 1 — 3 > «. For all o? such that
42 1
o2 > g2 lnm T (16)
qxi_lﬁ

the test T satisfies
P, (T accepts Ho> < 6.

This is a necessary and sufficient condition.

The proof is analogous to Proposition 3] The condition for the Type II
error is essentially the same as the previous test and especially it does not
depend on A as well.

13



Remark. 1. This procedure could be generalized to the case of a mul-
tidimensional vector 6 when for example the drift by is defined as

by = > 1 Ok fre for a set of p known functions (fit)k=1,. p-

2. A non-linear drift by = f(t,0) could be considered with estimators ob-
tained through contrasts for example. But, we would loose the exact
level of the test.

To conclude the study of the one-dimensional case, we proved that cen-
tering the statistics is important in a non-asymptotic setting, since it allows
us to find separation rates that are of parametric rate 1/4/n in both settings
(T fixed, A — 0 and A fixed, T'— o0). This is not the case if the centering
is not done and if A is fixed and T — co.

2.4 Approximated statistics for a drift depending on X
Let us now consider an SDE where the drift b depends on X, that is:

dXt = b(Xt)dt + O'th.

First we introduce a theoretical and ideal statistic centered by the integral
of the drift, that would correspond to continuous observations of the process
X. Then we discretise this integral to fit with discrete observations of X
and bound the corresponding approximation. Let us be more precise.

For i =1,...,n, let us denote the theoretical quantity

iA
é _ Xin — X(i—1)a — f(i—l)A b(Xy)ds n
1 \/Z

such that & ~ N(0,0%) and are independent. These quantities are not

calculable because the process X is only observed at discrete times and not

continuously. However, it can be approximated with a numerical scheme,

for example the Euler-Maruyama scheme. More generally, we consider the

following assumption:

(A1) There exists a function A : R x R — R (possibly depending on pa-
rameters of the process), such that VA > 0, the following holds:

max

t+A
b(X.)ds — A(X;, X
ma | [ B = A X )

oo
(o.)

where the constant K depends on the function b.

14



In the case of the Euler-Maruyama approximation, A(X;, Xiya) = Ab(Xy)
and K can be a Lipschitz constant of the drift multiplied by the bound of
finite moments of the process. It could also be a global bound of the drift
function.

Then, we can introduce the following approximation of the &;:

Xin — X—1)a — A(Xin, X(i-1)a)

g’i,A = \/K )

(18)

and a test statistic S Al

1 n
- E 2
n 4 gz,A' (19)
=1
We can now define the test procedure.

Proposition 4. Let o E]O 1[ and n €]0; 1] be fized constants. Let Sy be the
test statistics defined by (19) and let us define the test T 4 which rejects Hy
if

1
Sa> (L4+1)2 0+ <”:; )AKQ,

where 1_q is defined in Proposition[3 ad K is the constant from assumption
(A1). Then the test T 4 is of Type I error less than o and therefore it is of
level .

Let 3 €]0;1] be a constant such that 1 — 3 > «. For all 0% such that

KIS <1+n> LCRE S nAK27
1—n/) a2z n(l—=mn) azp

the test T 4 satisfies

P, (TA accepts H0> < 8.
It is only a sufficient condition.

Proof. First, note that S4 can be written as follows:

; 2
G- L Z f( hA s)ds — A(Xin, X(i—1)a)
n5 VA '
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Then, for any 1 > 0, since for all a,b, (1 —n)a? — (1 —n)/nb* < (a + b)?
(14+n)a? + (1+ 77)/an the following bounds hold on S :

n+t

(1— )S—TAK2<SA<(1+17)S+ AK?

Combined with Proposition [2] it implies that
P (SA > (14 1)é1-a + nAK?)
1
P (( )8 + 2 ; T AR > > (14+1)21-a+ 77J7;AK2> =
P (S > zl,a) <a.
The same inequalities grant the control over the power of the test:
) 1
P (SA < (14720 + ("j; ) AK2)
A 1
P ((1 S - T”M@ <(L+1)a+ <”‘; > AK2> =
. 1 . 2 9
P(S<—|(1+n)i-a+ -AK .
L= U

Similar arguments as the one in the proof of Proposition[2]give the result. [

Thus this test procedure generalises the previous tests to the case of a
drift depending on the process X.
From a separation rate point of view, the first term is still (up to a

multiplicative constant) in 00 (1 + f ) However, since g2 5 ~ n, there

is a residual in AK?, that tends to zero only if A tends to 0. This rate
is even worse than in the non centered case, where the factors in A where
divided by y/n. It means in particular that if A >> /n, the rate is not the
parametric rate anymore but is governed only by the size of the step. In this
sense, the problem of testing with drift depending on the process itself can
be much more complex than the other cases and might lead to separation
rates that strongly depend on the approximation and observation scheme.
We did not try to calibrate this test in practice, because even the choice of
7 might lead to huge variations in practical performance and its calibration
is beyond the scope of the present article.
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3 Test for a two-dimensional SDE

Now let us turn to a two-dimensional SDE X = (X}, X?), defined as:

dX; = budt + XdW;,  Xog=x9, t>0, (20)
where by = (b1, bt,g)T is a known drift and X is a diagonal diffusion matrix
with constant coefficients o1 and oo on the main diagonal and W is a 2-
dimensional Brownian motion. In this section, we only consider the case of
a drift depending on time t. The goal is to construct a statistical test of
the following hypothesis:

Hp : det 227 = det 2ox¢

Hy : det 227 > det 2o%E.
As we assume X diagonal, it is equivalent to testing
Hy: 0?03 = aioag’o, versus Hj : oio3 > Uioagvo.
We define the 2-dimensional centered increments with shifted indices to
allow independent variables for j =1,2,i =1,...,n/2:

2i+j—2)A
X@itj—2)a — X2itj-3)A — f((2i+j]f3))A bsds

VA

Lemma 4. The vectors 5” are independent in i and j. MoreoverVj € {1,2},
ie{l,...,n/2}:

éij =

(21)

&ij ~ N (0,257).

Note that the independence in ¢ and j is not true when the drift depends
on the process X itself. Let us define the determinant of the following 2x2
matrices $; = det[(£1)?, (&i2)?] = €4,E25 — E40E5,- The first terms are

A 2 2A 2
XA — Xo — bsd Xoan — XA — bsd
b [ (e i)

VA VA

. Xsa — Xoa — [20.ds\” [ Xun — Xsn — [Dbuds
$9 = det , )
VA VA

and so on. The statistic is thus the sum of independent variables:

n/2

. 1 .
S = 7/2282" (22)

=1
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We start by some preliminary results on S in Section Then, we study
the Type I and Type II errors of the test in Section [3.2] The two previous
sections consider the drift known. The case of an unknown drift is presented

in Section

3.1 Preliminary results on the test statistic S

First, the distribution of §; is studied. Thanks to the centered statistics,
its cumulative distribution function is explicitly known, as detailed in the
following proposition (proof is given in Appendix).

Proposition 5. 1. The density function of s; is given by:

@=Lt (23)
() =
9 2\/0%03 VT
2. Its expectation and variance are defined by:
Bls) = 20302, (24)
Var[s] = 200i03. (25)

3. The following holds for all i, Vx:

T

P(s;<z)=1—e¢ Vi,

The following Theorem provides that the lower bound of S is sub-
gaussian due to the fact that S > 0 and the upper bound of S is obtained
using Chebyshev’s inequality. The proof is given in Appendix.

Theorem 1. Let S be defined by .

1. For any t € R, we have the lower bound

. . nt?
P(S—E|S| <—t)< - . 26
( [ } = ) —eXp< 960%0§> (26)
2. For any t € R, we have the upper bound
. . 1 200‘110;L
P(5-E[s]20) < 5= 27)

Note that the lower bound is decaying exponentially fast as ¢ grows.
In comparison, the upper bound is decaying at much slower rate.
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3.2 Control of Type I and Type II errors

Using Theorem 1| we can define the rejection zone for the test statistic S.

Theorem 2 (2-dimensional test with centered statistics). Let a €]0,1[ be a
fized constant and let S be the test statistic defined in . Let us define a
test Y which rejects Hy : det X7 = det EOE(J; if

. /1
Szz’a:2det2020T< 0+1>.
no

Then Y is a test of Type I error a and therefore it is of level . Let 3 €]0,1]
such that 1 — > a. If n > 24(—log B) and if

det XoxT ( Loy 1)

6 )
1-2,/-C8logp

det 227 > (28)

then the test T satisfies
P, (T accepts Ho) < pB.

Proof. We start with the Type I error. We apply Theorem [I] to control the
probability to surpass some given threshold Z,:

1 20(det Xp%)?
n/2 (3, — 2det 5ox1)*

P,, (Szza) =P, (S—E[S} zza—]E{SD <
We want to limit the risk of the Type I error to . We have to solve the
following inequality:

1 20(det Xp%)?
n/2 (3, —2det 5oxd)* ~

/10
20 > 2det XoXd < +1> .
no

It remains to control the power of the test. Under Hy, E[S] = 2 det X7 . We
are looking for conditions on det ¥X7, such that P, (S < éa> < B. Then,

Thus
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by Theorem
P, (S < za) - P, (S —2det 257 < 3, — 2det 22T>

( n (2o 2detEET)2>
<exp| — .

96(det LXT)2

Now, the right part of the expression is bounded by a fixed risk level 3 if
Za
2 —4,/ —% log 8

Replacing Z, by its definition, we obtain the result. For certain values of n
and log (3 it is possible that the lower bound of condition takes negative
values. It is not the case as soon as n > 24(— log 3). O

det 227 >

Remark. Theorem@ is valid under condition n > 24(—log ). For example,
for B =0.05, one needs at least 150 observations.

Study of condition Let us approximate condition :

1 10 4 [“1510g B
det X7 > det oS8 (14 — (/= +2/=61 \/7
€ = de 00<+\/ﬁ< a+ 60gﬁ>+n -

This does not depend on the setting T fixed, n — oo or A fixed, n — oo.
For both cases, the separation rate has order 1//n.

3.3 Test with unknown drift

As it is not realistic to assume the drift fully known, we consider the case
of a drift depending on a linear vector § = (61,62)" and a vector of drift

ft = (ft,la ft,2)t1
dX; = Otftdt + 2dW;.

If the parameter 6 is estimated on the same sample than the one used for
testing, the centered increments used to define the test statistics are not
independent. Instead, we propose to split the sample in two sub-samples
(Xl, e ,Xne) and (Xne+17 ce ;Xn>

Standard estimators of 6, k = 1,2 are the mean square estimators
calculated on (X7i,...,X,,) and their distribution is known, by following
the same steps as in one-dimension (Lemma . Then we prove the next
lemma:
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Lemma 5. Let us define the estimators of 0y, forl =1,2

Ne iA 2
0, = arg Héinz <XiA,l = X@-nag — QZ/( R fs,ld5> :
bi=1 ‘

i—1)

Their distributions are

~ A 2
0[ NN(Q[,O’%J) with Ual = Ul 5
(f(k 1A falds)
The estimators 91, 05 are calculated from the first sub-sample (X1, ..., X,,)

and are thus independent of the second sub-sample (X, +1,...,Xy). This
allows to define independent increments centered around the estimated value
of the drift, for | = 1,2, j = 1,2 and i = 283, 2

£, = Neiiar— Xoi-yar U (zm_g)Af s, (29)
h \/Z \/7 (2i+5-2)A >

For [ = 1,2, we have &]l = &ij1 + 00, fgzzljj 23A fs,1ds and we prove the

following Lemma.

Lemma 6. The distributions of the increments are, for | = 1,2, j = 1,2

(mdi:"eT“'g,...,%,

N
(f(k 1 Afsld3>2

We assume that there exists a constant C', smaller than n. such that

Eiji ~ N (0,07 (L + hijy))  with hyjy =

C
Viajalvhij,l <—<1
Ne
Let us deﬁne the d~etermlnant of the following 2x2 matrices §; = det[(&1)2, (£2)?]
fll 1 12 2 511 2 12 1- Conditionally on 0, its expectation and variance are
approxnnated by

(ne — O) 2
n?

E [51] = 20’%0’%(1 — hii,l)(l — hiig)g 20’%0’% S 20’%0’%,

_ 4
Var [§Z] = 200%03(1 - hii,l)Q(l — hii,2)2< 200%03(,”6”6’)

< 7] < 200%03
e
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We can then apply the same methodology developed for the known drift
case. Let us define the statistic

~ 2 L -
S—m Z S;i. (30)

. ne+3
- 2

Proposition [of and Theorem [If can be easily extended to this case. We can
then define the rejection zone for the test statistic S.

Theorem 3 (2-dimensional test with centered statistics and unknown drift).
Let o €]0, 1] be a fized constant and let S be the test statistic defined in ([30).
Let us define a test Y which rejects Hy : det ©X7T = det 2025 if

N 1
S > %, =2det Zoxl (M&H),
t

where ny = n—ne is the size of the second sample. Then T is a test of Type
I error « and therefore it is of level a. Let 8 €]0,1[ such that 1 — > «. If
ny > 48(—log B) and if

det XoxT ( 10 1)

nt&

/_3
1—4y/—3logp

det 227 > (31)

then the test Y satisfies
P, (T accepts HO) < 8.

It is difficult to deduce a natural choice for n, from this result. But we
recommend using ne = n/2.

As in dimension 1, this could also be extended to the case of a drift
defined as a linear combination of known functions (by = Y 7 _, 0% frs).

4 Test in dimension d > 2 with a multiple testing
approach

The previous tests are difficult to adapt to the case d > 2 because we lose the

equivalent of Proposition [5l An alternative is to consider several tests d; q,

one for each component j = 1,...,d and then correct them for multiplicity.
This multiple procedure is not equivalent to the test of Hy = 7 det(X) =
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0371...037(1 versus Hy = 7 det(X) > 08,1...08@”. However, it is of main
interest when the primary objective is to identify on which SDE coordinate
the noise acts (for example in neurosciences).

More precisely, let us consider the test d;, testing Hy; = ”0]2- = 037]-”
versus Hyj =7 0j2~ > 0(2)]-” at level a. In particular, we can use any of the

tests developed in Section [2, coordinate per coordinate, like the ones with
centered statistics, that have been proved to have better performance.

Note that if the hypotheses are considered as a set of probabilities where
the hypotheses hold and if the model consists in saying that o; > o¢ ; for
all j, we have that

HO - m HO,j and U Hlvj = Hl'
j=1,....d 7=1,....d

So we can build a test of Hy versus H; by saying that we reject Hy if
there exists a test d;,/4 that rejects. Note that we use the level /d. This
comes from the Bonferroni bound (Roquain, [2011)):

Pro(3j =1,...d, 6 q/q rejects Ho ;) < Z Pr,(05,0/a Tejects Hy ;)
j=1.d
< da/d = .

Thus, this multiple testing approach controls the first type error.

In addition to being a test of the same level, this aggregation of individual
tests gives us extra information: the indices j for which the test 9; . /4 rejects,
that is the coordinates j for which the noise is large.

5 Numerical experiments

In this section, we illustrate the numerical properties of the test in dimension
1 or 2. We focus on studying their power and the impact of designs by letting
n and A varying. In dimension 1, we consider three test statistics: the non-
centered drift statistics S (Section , the centered statistics S with the
drift being explicitly known (Section j and, the centered statistics S with
the drift being estimated from the discrete observations (Section 2.3). In
dimension 2, we consider the test statistic with the drift known (Section
or estimated (Section and the multiple testing approach (Section .
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5.1 One dimensional process with known drift

Let us consider the following toy SDE, a randomly perturbed sinusoidal
function, defined as follows:

dX, = Osin(t)dt + cdW,, Xo =0, (32)

where 6 € R and o € R. The parameter 6 is fixed to 1 in all simulations.

To study the power of the test procedures, processes are simulated under
H, for a given value of 02 and the test is applied to each process. Different
values of o2 are considered, varying from 0 to 0.36 with a step 0.001. For each
value of 02, N = 5000 processes are simulated with Euler-Maruyama scheme
with a time step 0.01, for different values of time horizon T" and subsampled
with different discretization step A. These processes are denoted X,. The
power of a test procedure V¥ is then estimated as the proportion of processes
for which the test is rejected and is denoted II(¥):

# processes for which Hy is rejected according to test ¥
i .

The power functions IT(Y), TI(T) and II(T) are computed in three set-
tings: T = 1,A =0.1andn = 10; T = 1,A = 0.01 and n = 100; and
T = 10,A = 0.1 and n = 100. Note that the decision rules are given in
Propositions and [3] respectively.

All three power functions are plotted on Figure [I} The performance of
the centered statistics in tests T and T are almost identical and depend
mostly on the number of available observations. The performance of the
non-centered test T is sensitive to the step size A.

Especially the power functions II(T) and II(T) are identical when T' =
10,A=0.1and T'=1,A = 0.01. This is in accordance with the concluding
remark in Section the performance of the test does not depend on the
time horizon nor on the step size, only on the number of observations. For
the non-centered statistics II(T), however, it is not the case: as the law of
the statistics depends on the drift, the performance of the test depends both
on the number of observations, and on the discretization step.

T(¥) =

(33)

5.2 2-dimensional process with known drift

To illustrate how the method works in dimension two, we use a randomly
perturbed sinusoid X; = (X¢ 1, X¢2):

dXtJ =6 sin(t)dt + GlthJ,

(34)
dXt’Q =09 COS(t)dt + O'Qth’Q.
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Figure 1: Power functions of the test of Hy : 02 = 0.12 against H; : 02 > 0.12
as a function of 03,. Processes X, are simulated for 03, varying between 0
and 0.36. Three tests are considered: the one-dimensional non-centered test
S with known drift (Section in dashed blue line, with centered statistic
S (Section in dotted green line, with centered statistics and estimated
drift S (Section in plain red line. Three designs are considered: A =
0.01,7 =1 (left), A=0.1,7 =1 (middle) and A =0.1,7 = 10 (right).
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Figure 2: Power functions of the test of Hy : 0?05 = 03, against H; :
0?03 > 03, as a function of 03,. Processes X, are simulated for o3, varying
between 0 and 0.36. Four tests are considered: the 2-dimensional test with
known drift (Section in plain red line, with estimated drift (Section
3.3)) with dotted green line, the multiple testing procedure (Section [4)) with
known drift in blue dot-dashed line and estimated drift in magenta dashed

line. Three designs are considered: A = 0.01,7 =1 (left), A =0.1,7 =1
(middle) and A = 0.1,7 = 10 (right).

Parameters used for simulations are X1 = Xg2 = 0,01 =62 =1, 09 = 1.
We generate N = 5000 processes under H; with o3 varying between 0 and
0.36 (with a step 0.001) in order to study the power of the test. We use 3
different scenarios: with T =1,A=0.01; T =1,A=0.1 and T = 10,A =
0.1.
We define the power function as in for the 2-dimensional tests with
known drift (Section or estimated (Section [3.3), and for the multiple
testing procedure (Section [4]) with either known drift, or estimated.

Results are presented in Figure 2] For 2-dimensional tests, the power
is influenced by the number of observations n. When A = 0.1,T7 = 10,
the powers are almost identical to the case A = 0.01,7 = 1. This is in
accordance with the remark following Theorem [2] the separation rate of the
two hypotheses depends only on the number of observations. Unsurprisingly,
in the scenario with very few observations (A = 0.1,7 = 1), the hypotheses
fail to separate even when o >> 02. When the parameters of the drift are
estimated, the power of the test is slightly smaller. This is expected as the
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test statistic is build only on half of the sample (the first half sample being
used to estimate the parameters).

The multiple testing gives better results. For both known and estimated
drift, the multiple test gives a perfect separation already at o = 0.14 (for set-
tings A = 0.01,7 =1 and A = 0.1,7 = 10), while for the two-dimensional
test a separation occurs closer to o = (0.25.

6 Conclusions

We develop various tests of the diffusion coefficients of SDEs. In dimension
one, we propose a test statistic that has an explicit distribution, even when
the (linear) drift parameter is unknown. The tests are of exact level a. We
also prove separability conditions to achieve a given power. The test with
an unknown parameter can be applied to a non-parametric drift estimated
by a projection on a functional basis, e.g. on a spline basis. It can therefore
be used to test the diffusion coefficient of a one-dimensional SDE even when
the drift is unknown.

In dimension 2, we propose a test statistic, with a non-explicit distribu-
tion. However, thanks to concentration inequalities, we prove a test proce-
dure with a non-asymptotic level. When the drift parameter is unknown,
the test procedure is adapted by estimating the parameters on the first half
of the sample and then applying the test statistic using data from the sec-
ond half of the sample. We therefore loose power when the parameters are
estimated, as the simulations also illustrate.

We therefore propose an alternative, which is also suitable for a di-
mension d greater than 2. This alternative uses a one-dimensional test on
each coordinate and corrects the procedure by a multiple testing approach.
This allows to control the Type I error of the global test. Since the one-
dimensional tests have the exact level even when the linear drift parameters
are estimated, the multiple testing procedure detects the diffusion coefficient
with the exact level, even when the drift is estimated on a functional basis
(spline basis, for example).

Further work will continue considering SDE whose drift depends on the
process itself, as introduced in Section A strategy is to approximate
the drift by introducing an extra parameter, as done in this paper. The
calibration of this hyperparameter could be done by cross-validation or test
aggregation. Another strategy would require the development of further
concentration inequalities to prove the upper and lower bounds of the test
statistics. Also the separation rate of the test we provided in this case is
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strongly deteriorated when A >> n~%2. We do not know if this is minimax,

meaning that this deterioration is there whatever the test or if it is just due
to our method. This could be a very interesting aspect to search for future
work.

Acknowledgments

A.S. was supported by MIAI@QGrenoble Alpes, (ANR-19-P3IA-0003) and by
the LabEx PERSYVAL-Lab (ANR-11-LABX-0025-01) funded by the French
program Investissement d’avenir.

P.R.-B. was supported by the French government, through UC
and 3IA Coéte d’Azur Investissements d’Avenir managed by the National
Research Agency (ANR-15 IDEX-01 and ANR-19-P3IA-0002), directly by
the ANR project ChaMaNe (ANR-19-CE40-0024-02), and by the interdisci-
plinary Institute for Modeling in Neuroscience and Cognition (NeuroMod).

AJedi

References

M. Ableidinger, E. Buckwar, and H. Hinterleitner. A stochastic version of
the jansen and rit neural mass model: Analysis and numerics. The Journal
of Mathematical Neuroscience, 7(1):1, August 2017.

Stéphane Boucheron, Gabor Lugosi, and Pascal Massart. Concentration
inequalities: A nonasymptotic theory of independence. Oxford university
press, 2013.

H. Dette and M. Podolskij. Testing the parametric form of the volatility in
continuous time diffusion models- an empirical process approach. Journal
of Econometrics, 1438:56-73, 2008.

S. Ditlevsen and E. Locherbach. Multi-class oscillating systems of interacting
neurons. Stoch. Proc. Appl., 127:1840-1869, 2017.

S. Ditlevsen and A. Samson. Estimation in the partially observed stochastic
morris-lecar neuronal model with particle filter and stochastic approxima-
tion methods. Ann Applied Stat, 2:674-702, 2014.

T. Fissler and M. Podolskij. Testing the maximal rank of the volatility
process for continuous diffusions observed with noise. Bernoulli, 23:3012—
3066, 2017.

28



A. Gil, J. Segura, and N. M Temme. The asymptotic and numerical inversion
of the marcum g-function. Studies in Applied Mathematics, 133(2):257—
978, 2014.

V. Girko. Theory of Random Determinants. Springer, 1990.

Joshua H. Goldwyn and Eric Shea-Brown. The what and where of adding
channel noise to the hodgkin-huxley equations. 2011.

R.D. Gordon. Values of mills’ ratio of area to bounding ordinate and of the
normal probability integral for large values of the argument. The Annals
of Mathematical Statistics, 12(3):364-366, 1941.

R Hépfner, E Locherbach, M Thieullen, et al. Ergodicity for a stochastic
hodgkin—huxley model driven by ornstein—uhlenbeck type input. In An-
nales de ’Institut Henri Poincaré, Probabilités et Statistiques, volume 52,
pages 483-501, 2016.

J. Jacod and M. Podolskij. A test for the rank of the volatility process:
the random perturbation approach. The Annals of Statistics, 41(5):2391—
2427, 2013.

J. Jacod, A. Lejay, and D. Talay. Estimation of the brownian dimension of
a continuous itd process. Bernoulli, 14(2):469-498, 2008.

J.R. Ledén and A. Samson. Hypoelliptic stochastic FitzHugh-Nagumo neu-
ronal model: mixing, up-crossing and estimation of the spike rate. Annals
of Applied Probability, 28:2243-2274, 2018.

M. Podolskij and M. Rosenbaum. Testing the local volatility assumption: a
statistical approach. Annals of Finance, 8:31-48, 2012.

M. Reiss and L. Winkelmann. Inference on the maximal rank of time-varying
covariance matrices using high-frequency data. submitted, 23:3012-3066,
2021.

C. Robert. On some accurate bounds for the quantiles of a non-central chi
squared distribution. Statistics and Probability Letters, 10(2):101-106,
1990.

Etienne Roquain. Type I error rate control for testing many hypotheses: a
survey with proofs. J. SFdS, 152(2):3-38, 2011.

P. Valettas. On the tightness of gaussian concentration for convex functions.
Journal d’Analyse Mathématique, 139:341-367, 2019.

29



WT Wells, RL Anderson, John W Cell, et al. The distribution of the product
of two central or non-central chi-square variates. The Annals of Mathe-
matical Statistics, 33(3):1016-1020, 1962.

30



A  Appendix

Proofs for 1-D SDE

Proof of Lemma[3. We only prove (ii) as (i) is trivial. Note that
(Xm Xi-na ) N(@ f(l 1 Afsds,Ac;'?) and the increments are inde-

pendent. As 6 is normally distributed as a linear combination of normal
variables, it is easy to see that E(f) = 6 and

2
> ey Var [XzA Xi-na } (f(z 1 Af5d3>

< (e 1Afsd5>2>2

Ao?

>ic1 (f(l 1 Af5d5>2'

Var [0 =

O

. . - _ Xia—X-1a
Proof of Lemma[3 Let us introduce for i = 1,...,n, Y; = 7

the corresponding vector Y = (Y1,...,Y,)!, such that Y = Z0 + ¢, with € ~
N(0,02I). Thus § = (Z'Z)"1Z'Y and & = Y; — Z;0. Then we have £ = (I —
H)Y and € follows a normal distribution with variance o2(I — H) (because
I — H is a projection matrix). Note that Y ;' | H; = 1 and rank(H) = 1.
Thus rank(C*C) = n — 1 and we can deduce the last point. O

and

Proof of Proposition[5 First, note that by Theorem 4.1.1. in |Girko| (1990)
S5 ~ J%U%XZZJXZZQ, where X? . denotes a variable distributed according to
a chi-squared distribution with k& degrees of freedom, all variables being
independent in ¢. Here we use the advantage that the covariance matrix of
each vector-column is the same. The distribution of X?’l X?,Q is deduced from
Wells et al| (1962)) . The PDF of a product X1271 X%z is written as follows:

w VAR (w12

V2I(1)D(1/2)
where K, (x) is the modified Bessel function of the second kind. Further, in
our specific case, Kl/z(wl/z) = %\/ 2me V9w 14 and simplify ([39)), obtain-

ing:

~1/4 —Vw, —1/4
flw) = lw 2me d = 1w_%e_\/a.
2 21 2
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We can deduce the expectation:

1 [ Y
E[s] = / %e Veelol do = 20%03.
2Jo \oio;

For the second moment the computation is similar:

2 .2

9] 3/2  _ —m_
F [$2] = 1 / T e Veilddr = 240408,
0 01035

Finally, note that

. T 1 ﬁ e_‘/‘;
P (3 <z) =P (ofo3xiixi < 7) =P <X?’1X?’2 : 0202) - / e
103 0

Computing the integral, we obtain the result. O

Proofs for 2-D SDE Before we proceed, let us establish a state an aux-
illary result from analysis:

Proposition 6. For any u > 0, the following holds:

—u B
e +u 1<

1
0< <3

U

Proof. First, we recall that e™ > 1 — u,Vu. It proves the first part of
inequality automatically. For the second part, let us consider function
flu) =e"+u—1- “72 Note that f(0) = 0. Then, it is enough to
prove that f(u) is descending in order for the second part of inequality to
hold. For that, it is enough to look at the sign of f(u):

fllu)y=—e*+1-u<0,
by using again that e™ > 1 — u, Vu. O

Proof of Theorem [l Proof of 1. First, note that

n/2
P (S‘—E [S] < —t) =P | (5 - E[3]) < —nt/2
=1
For all A > 0, we have:
n/2 P P
P (5i-B[s])<-—nt/2]| =P (e*A(Eizl sim2iti Blsil) > e’\”t/2> :
=1
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Then, by Markov’s inequality, we have:

P (ewz?/ La- B > exnt/z) <E [64@?/? z"”n«:[sl])} o= nt/2

Since all the §; are independent in ¢, we note that

E { A2 g ZWE[SZ])} e—Ant/2 _ —Ant/2 ﬁE [e—)\(éi—E[éi})]

n/2
— At/ T B HE [e—“i] .

Now, let us rewrite:

A _
E [6_’\521 =1 \E[3;] + \2E 26+A3’1} .

(A3;)?
Now, let us define the following function:

e +u—1
h(u) i = ———,
(w) = 1
which is decreasing for any u > 0 (see Proposition |§[) For A > 0 and as
$; > 0, we have:

h(As;) < lim h(u) <

u—0

N |

Then, E [$2h (A3;)] < E [$2] and E [e=] < 1—AE[3,] + &' F [$2]. Finally,

we obtain:

n/2

p (e”\(sfm[sl]) > eAt) <e —Ant/24A T 2 E ) H (1 — AE[3$4] )\ [ Z])

n/2 n/2 2 n/2
< exp —)\nt/2—|—)\ZE 5] )\Z]EsZ —|——Z]E
=1
9 n/2
=exp | —A\nt/2 + £ ZE Ed
i=1

Then we maximize the last expression with respect to A. The maximum

is obtained for A = WQH Using E [$?] = 240103 (Proposition , we
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obtain the bound
2o /2
“ A2 (m&/2)2 (mﬁ/2)2
exp | —Ant/2 + — E s? = exp — | =exp| ——F~ |-
2 ; [57] QZn/Q E [2] n24otos

It gives the result.
Proof of 2. By Chebyshev’s inequality we have

n/2 n/2 Var |:Zz /? Szi|
P 5 —E Si||znt/2 )| £ ———5—
2 E Y (i 27
It implies:

n/2 n/2

d 5 —E > 4| =nt/2
=1 =1

Var [Zz/i } n/2. n/2'
§W7]P ;siE ;si < —nt/2

Note that P (Z?/? 5 —E [Zn/Q sl] < —nt/2) is evaluated in and is
decaying exponentially fast as ¢ grows. In comparison, the first term is
decaying at a much slower rate. Thus, the principal term which controls
Var [Z:’:/f SZ]
(nt/2)?

p(5-E[$] =) ngi’zgf(;g.

the upper bound is given by Finally, the following result is

obtained:

Sharp estimate on classical quantiles

Lemma 7. For any o € (0,0.5], we always have that

aN1-a < V/2log(1/a)

and that
< (Vn+ /2log(1/a))? + 2v/21log(1/a)AY? + A
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With o = 0.5, we get the slightly better bound

Bz .05 < (Vn+/21og(2)) + A.

Moreover if a < 1/+/2m ~ 0.39, we also have that

N 1-a > V10g(1l/a)

and
G2 (Wl—a >N — 1+ 24/1og(1/a) A2 + X + log(1/a).
For B < 0.5, we have the following bound

2(n+2X)
—5

Proof. |Gordon| (1941) establishes that if ®(z) is the c.d.f. of A(0,1) then
for all positive x,

G, =nt+A—

6—1‘2/2 e—z2/2

< P(x .

V27 (x + 271 (@) < 2
6712/2

Since the function f(x) = is strictly decreasing, we can obtain an
upper bound on the quantile by finding a z, such that f(z,) < V27w« for

a < 0.5. Choosing =, = /2log(1/a), we get f(z,) = ——2—— < V271«
v21og(1/a)
since o < 0.5.

For the lower bound of the Gaussian quantile, note that for all v > 0,
v —log(v) > 1, so z; = /2log(1/t) — 2loglog(1/t) is well defined for all
t <1 and satisfies 2; > /2, for all t < 1. So Gordon’s lower bound implies

that
1 B tlog(1/t)
P(xe) 2 5= f ) = 2v/2m/2log(1/t) — 2loglog(1/t)’

But v?/4 > 2v — 21og(v) holds for all positive v, so

log(1/t)?/4 > 2log(1/t) — 2loglog(1/t)

and ®(x;) > \/%

By taking t = v27a, we get therefore that lower bound

AN 1—a > \/2 log(v27/a) — 2loglog(V2r /).
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It holds for all o < 1/v/2.
But by studying the function we can see that

2log(V2m/a) — 2loglog(v2m /) > log(1/a).

For the chi-square distribution with central parameter A\, we use the
results by Robert| (1990)), which states that

qX%()\),l—a S qX%(D)J__a —+ 2QN,1701>\1/2 + )\

We use Gaussian concentration of measure (Boucheron et al., 2013) to
derive that, if X is a standard Gaussian vector of dimension n and ||X||
designs its euclidean norm, then for all positive x

P(IX]| 2 E(|X[) + ) < e/,

Since E(||X||) < y/n, we have that

P (IX]2 > (Vi + v/2log(1/))?) <

Combined with the bound on the Gaussian quantiles, it give us the upper
bound. For o = 0.5, note that gx 1—o = 0.
For the lower bound, Robert| (1990) also proves that

Ay2 (\),1—a >n—1+ qjg\f,l—a + QQN,l—Oé)‘l/Q + A

Combined with the lower bound on Gaussian quantiles, we get the corre-
sponding lower bound.
For the rougher bound for small 3, note that if Z ~ x2()\) then

E(Z)=n+ X and Var(Z)=2(n+2\).

So by Bienaymé Tchebicheff inequality, we obtain for all positive x

Var(Z
P(Z <E(Z)-2)<—3 ).
(6] yC OOSll’lg(If: , We O tain the desire oOwer pound.
So by choosi 2<”g”> btain the desired 1 bound O
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