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Some properties of the eigenvalues of the volume Wentzell-Laplace

operator

Ataa Al Kheir
July 18, 2023

Abstract: In this paper, we consider the volume Wentzell-Laplace eigenvalues problem. In order to illustrate
the behavior of the spectrum, we consider an explicit example about the ball in R?, where we find explicitly
the eigenvalues and their corresponding eigenfunctions. After showing the analyticity of the eigenvalues A and
their corresponding eigenfunctions v in an open neighborhood of ¢t = 0, we derive, in the sense of Hadamard,
the first and second-order shape derivatives of the eigenvalues at time ¢ = 0. Moreover, after deriving two new
Pohozaev’s identities, we show that the ball is not a critical shape of this eigenvalues problem, with and without
a volume constraint, in any dimension.

Keywords: Wentzell-Laplace operator, first and second-order shape derivatives, Pohozaev’s identities, non-
critical shapes.
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1 Introduction and statement of the main results

In this paper, we consider the eigenvalues problem for the Laplace operator with Wentzell boundary conditions
defined on a connected open bounded subset 2 of R? with C? boundary,

—Au = du in Q, (1)
—A-,—U, + 8nu =0 on aQa
where ) is an eigenvalue of the Laplace operator, n is the outward unit normal vector on 9Q, A, := div. (V)

is the Laplace-Beltrami operator defined on 912, and the corresponding eigenfunction u belongs to the variational
space

H(Q) == {ulu € H'(Q),up0 € H'(0Q)},
equipped with the ||.[|3/ () norm defined by:

lullrcy = llullz2) + IVullL2 ) + lullz200) + [Vrull L2 00)-

The spectrum of the Laplacian with volume Wentzell conditions is discrete, i.e the spectrum consists in an
increasing sequence

Mo(Q) =0 < A (Q) < Ma(Q).. = 00 2)

with corresponding real orthonormal eigenfunctions wug, u1, ug, ... in L?(2). The first eigenvalue is zero with
constants as corresponding eigenfunctions. As usual, we adopt the convention that each eigenvalue is repeated
according to its multiplicity. Hence, the first eigenvalue of interest is A\;. A variational characterization of the
eigenvalues is available.

We define on H(2) the two bilinear forms

A(u,v) = / Vu.Vu dr + Vru.Vev do, B(u,v) = / uv, (3)
Q o0 Q
where V; is the tangential gradient. Now, the two bilinear forms are positive and the variational character-
ization for the k-th eigenvalue is

A
Ae(Q) = min{BEZ:Z)), v e H(Q), /Q'Uui =0, i=0,.. k- 1} (4)
In particular, when &k = 1, the minimum is taken over the functions orthogonal to the eigenfunctions

associated to A\g = 0, i.e constant functions.

In order to illustrate the behaviour of the spectrum, we consider an explicit example: we study the eigenpairs
of Wentzell-Laplacian operator in the case of a disk Br of radius R centered at O in dimension two. Actually,
one can refer to Antoine Henrot’s book to see an example of the disk for the Laplacian with Dirichlet boundary
conditions in dimension two (see [9, Proposition 1.2.14, p.11]). Now, we can state:

Proposition 1 Let Q2 = B be a disk of radius R in dimension two; then its eigenvalues and eigenfunctions
for the Wentzell-Laplacian operator are:



/2

-/
Aok = ]]%;, ug,k(r,0) = Jo (joékr> ; k>1, (5)
/
72 In (jnr) cos nf,
Anje = ;; double eigenvalue, Up ik (1,6) = n,k>1, (6)

j/
T ( %’“ 7‘) sinn,
where j,, . is the k-th zero of the Bessel function J;, (the derivative of Jy, ).

In a second step, we start by studying the analyticity of the eigenvalues A and their corresponding eigenfunc-
tions u in an open neighborhood of ¢ = 0, then we derive, in the sense of Hadamard, the first and second-order
shape derivatives of the eigenvalues at time ¢t = 0.

First of all, In order to study the regularity of the eigenpairs of the boundary problem (1), we introduce
some fundamental notations (see subsection 2.1 for more details):

We consider the map t — ¢; = Id +tV where V € W3 (), R%) and ¢ is small enough. We denote by

Q=) ={ax+tV(z), ze€Q}.

After that, we study the transport of the Laplace, Laplace-Beltrami and the Dirichlet-to-Neumann operators
from the moving domains onto a fixed one (at time zero). In fact, these transports are used in proving the
regularity of the eigenpairs around zero of the Wentzell-Laplace problem (1) in Theorem 7 (see subsection 2.2),
that says:

Let 2 be an open smooth bounded domain of R%. Assume that ) is an eigenvalue of multiplicity m of the
Wentzell-Laplace operator. We suppose that ¢; = I+ tV for some V € W (Q,R?) and denote ; = ¢;(9).
Then there exists m real-valued continuous functions ¢ ++ \;(t), i = 1,2, ...,m and m functions t — u} € H>/?(Q)
such that the following properties hold

L A0y =X i=1,...m,

2. the functions ¢ — \;(t) and ¢ — u}, i = 1,2,...,m are analytic in a neighborhood of ¢ = 0.

3. The functions u; ; defined by u;+ 0@ = ugare normalized eigenfunctions associated to A;(t) on the moving

domain ;. If one considers a compact subset K such that K C §; for all ¢ small enough, then ¢ — (ui,t)| K
is also an analytic function of ¢ in a neighborhood of ¢ = 0.

4. Let I C R be an interval such that I contains only the eigenvalue A\ of the Wentzell problem of multiplicity
m. Then there exists a neighborhood of ¢ = 0 such that A;(¢t) ¢ = 1,...,m are the only eigenvalues of €);
which belongs to I.

Actually, to prove Theorem 7, we follow the strategy of M. Dambrine, D. Kateb, and J. Lamboley in |7,
Theorem 3.4].

Now, we are aiming to study the first order shape derivative calculus for the volume Wentzell-Laplace prob-
lem. If we refer to the literature, M. Dambrine, D. Kateb, and J. Lamboley in [7] have studied the shape
derivatives of simple and multiple eigenvalues for the surface Wentzell-Laplace problem, where the authors Fa-
bien Caubet, Marc Dambrine, and Rajesh Mahadevan in [8] have computed the shape derivatives of eigenvalues
problem for elliptic operators associated to various boundary conditions, that is Dirichlet, Neumann, Robin and



Wentzell boundary conditions. In this paper, we represent the first order shape derivative calculus in another
way.

Let us now begin to present our main theorems in this chapter. First, we derive in Theorem 1 the local
variations of the eigenvalues and the eigenfunctions of our problem:

Theorem 1 (Characteristic equation in u'). With the notations of Theorem 7, if t — (A\(t),us) is one of
the smooth eigenpair path (X;(t),us ) of Qq for the Wentzell problem (1), then the shape derivative u' = (Oyuy)|=o
of the eigenfunction u; satisfies

-Au' = Nu+X/  inQ, (7)
A +0pu = divg(V,Vou) + Ar(V,0pu)
+div, (Vo (HId — 2D?b)V,u) + A\Vpyu  on 09, (8)

where D?b is the Weingarten operator defined on 0 and H is the sum of the principle curvatures of the
boundary.

Let A be a simple eigenvalue of the volume Wentzell-Laplace equation and let u be the corresponding
normalized eigenfunction. We give in this subsection the explicit formula for the shape derivative of the volume
eigenvalue of the Wentzell-Laplace operator.

On Q; = (Id + tV)(Q) with ¢ small, there is a unique eigenvalue A(t) near A which is an analytic function
with respect to the parameter t. The associated eigenfunction u;(x) = u(t,z) is the solution of the problem
. The shape derivative denoted v’ is the partial derivative dyu(t, z) evaluated at ¢ = 0 and solves (1). Let us
deduce the analytic expression of A (0):

Theorem 2 (First-order derivative of a simple eigenvalue). If (\ u) is an eigenpair (with u normalized)
for the volume Wentzell problem with the additional assumption that X is simple then the application t — A(t)
is analytic and its derivative at t = 0, for all deformation V€ W3>(R4), is

N(0) = / Vi(|Vrul? = [0pul® — Mu|? + Vul (HId — 2D*b)V u) (9)
o

where D?b is the Weingarten operator defined on Q) and H is the sum of the principle curvatures of the
boundary.

If we suppose that A is an eigenvalue of multiplicity m. For smooth deformation ¢t — €, there will be
m eigenvalues close to A (counting their multiplicities) for small values of t. We know that such a multiple
eigenvalue is no longer differentiable in the classical sense. We are then led to compute the directional derivative
of t — N\;(t) at t = 0 where \;(t), 7 = 1,...,m are given by Theorem 7 (see subsection 2.2).

Theorem 3 (First-order derivative of a multiple eigenvalue). Let A\ be a multiple eigenvalue of order
m > 2. Then each t — X\;(t) fori=1,2,...,m given by Theorem 7 has a derivative near 0, and the values of
X;(0), © =1,2,...,m are the eigenvalues of the matriz M(V,) = (M; k)1<jr<m defined by

M, = / Vo (V. Vrup — OpujOnuy — Aujuy + (HId — 2D2b)VTuj.VTuk) (10)
a0

where D?b is the Weingarten operator defined on OS2 and H is the sum of the principle curvatures of the
boundary.

Now, we study some second-order shape derivative computations. This kind of studies has been dealt with
in [7] for the surface version of the Wentzell-Laplace problem.
d’u

Let us begin with deriving the characteristic equation in v = (dt2

) in the direction V' € W3 (R?).
|t=0



Theorem 4 (Characteristic equation in u”). With the notations of Theorem 7, if t — (A(t),ut) is one

of the smooth eigenpair path (X;(t),u; ) of Q; for the Wentzell problem (1), then the second shape derivative
u" = (87ur)|1=0 of the eigenfunction uy satisfies

—Au" =X"u+2XN v + M in Q,

A" + 0’ =div, (A) + Ar(B) + Vo' VoV, + Vi Nu+ Vo' + VA
+ VI u A+ Vo Nu 4 Vi ! + Vo A0, Vi + V.2 Audpu + V.2 H Au on O1.
Where

A=V, [V (0pu') — 2D*0V ' + HV ' + Vo' + 0,uV, V]
+ Vol0n Vi Viou + 0,uAV  Vy + AV + 0,uAV  V, + A’V )

+ V2V (0nu) — 2D*0V ru + HV u + 2AV - (9,u) — 2D?0AV u + AV u + HAV 11
+ V. Voot + VN u + VAV -u + 0,V AV

and

B := V. 0pu+ Vi, (0pt' — V, V. Vou+ 0,V,0nu) — V2(Au + Opu + Hu),

where D?b is the Weingarten operator defined on 02, H is the sum of the principle curvatures of the
boundary, A := (HId — 2D?b) and we denote by A := (@; j)1<i,j<a the matriz whose elements are the normal
derivatives of a; j, where a; ;, 1,j =1, ....,d, are the components of the matriz A.

We give in Theorem 5 an explicit formula for the second-order shape derivative of a simple eigenvalue \ at
t =0, for all V € W3>°(R%), that is:

Theorem 5 (Second-order derivative of a simple eigenvalue). Let (us, A(t)) be a smooth eigenpair path

of (1) on Q. If A(t) is a simple eigenvalue, then the second-order derivative of A(t) at t = 0 in direction
V e W3(RY) i4s:

M(0) :/ (Vi + Vion Vi + ViZH) [|Vul® — [0,u? = Aul® + AV 0.V u]
oN

+ [ Vi [2d+ A)V,u. Vo + 2(21d + AV, V.V ud,u)
o0

+/ Vi [-20,ud,u’ — X|u* — 22u’ + A'V, 0.V u]
o0
+ / V2 [2(Id + AV (0,u).Vru — (2D + 2D*b A — AV u. V., u+2(1 + H)|8nu|2}
oQ
where D?b is the Weingarten operator defined on 0Q, H is the sum of the principle curvatures of the

boundary, A := (HId — 2D?b) and we denote by A := (@; j)1<i j<a the matriz whose elements are the normal
derivatives of a; j, where a; j, i,j = 1,....,d, are the components of the matriz A.



In the last step, we give two PohoZzaev’s identities, which will be used for proving that the ball is not a
critical shape of this eigenvalues problem (1), with and without a volume constraint, in any dimension. We
remark that in [7], the authors have shown that the balls are critical domains, in any dimension, where they
have used the second-order shape derivative calculus in order to investigate that they are local maximizers in
dimension 2 and 3, using an order two sensitivity analysis.

The following theorem allows us to state two new Pohozaev’s identities.
Theorem 6 (PohoZaev’s identities). Let 2 be a C? domain, and let u be an eigenfunction of problem (1).

1. Let X be a translation vector field, i.e X (x) = x + « for all z,a € R, and let D?*u be the Hessian matriz
of u. We have

/ (D2u+8nu1d)X.VTu+/ |vTu|2+/ Opu2(X.n) = 0, (11)
o o o

2. If Db is the Hessian matriz of the signed distance function b to 02, then we have

D*0V,uV,u+ [ D?*un.V,u +/ |0 ul? = 0. (12)
o o0 o

Now, let us give the definition of a critical shape:

Definition 1 A domain Q is said to be critical if there exist an eigenvalue A such that its derivative X' (2, V),
in any direction V € W3 (Q,R%), is zero.

The following corollary shows the non-criticality of the balls in any dimension:
Corollary 1 The balls in R?, with and without volume constraint, are not critical.

To illustrate, we show the plan of this paper in Figure 1.

2 Prerequisites

2.1 Notations and preliminaries for shape deformation

We adopt the formalism of Hadamard’s shape calculus and consider the map t — ¢; = I; + tV where
V € W3>(Q,R?) and ¢ is small enough. We denote by

Q= (Q) ={z+tV(z), =€}
Remark 1 More generally the results and computations from this section are valid if t — p; satisfies:

1. Yo = Id,
2. for every t near 0, ; is a W3 -diffeomorphism from 2 onto its image Qs = ©;(£2).

3. The application t — @y is real-analytic near t = 0.
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We need to introduce the surface jacobian w; defined as

wi(x) = det(Dpy(x))[| (D () 7)™ n(2)]),
and the functions

Ai(w) = (Dp(2)) " (Dee(2)) ™, Je(x) = det(Dpe())

Ai(z) = Ji(x)A(z),  Cy(z) = we(x)As(z).

We have to study the transport of the considered eigenvalue problem on the deformed domain €2;. To that
end, we first rewrite the deformed equation on the fixed domain €2 and its boundary 0€2: we have to describe
how are transported the Laplace-Beltrami and the Dirichlet-to-Neumann operators.

Transport of the Dirichlet-to-Neumann map. Let us consider the Dirichlet-to-Neumann operator defined
on its natural space D; : HY?(98;) — H~'/2(0Q;). Tt maps a function ¢; in H/?(9€;) onto the normal
derivative of its harmonic expansion in €}, that is to say Di(¢:) = Op,ut, where u; solves the boundary values
problem:

{ *A’U,t = 0in Qt, (13)

uy = ¢t on 8Qt .

To compute the quantity D; such that Dy(ds 0 pr) = [Di(dt)] 0 ¢, we transport the boundary value problem
(13) back on the domain .
To be more precise, we have the following result proved in [4].

Lemma 1 Given ¢ € HY?(98), we denote vt the solution of the boundary value problem
—div(A;Vvt) = 0inQ,
vt = 1 on O
and then define Dy € H=/2(09Q) as

D« f € HY2(00) /Q A () Vot (2).VE(f)(z)dz,

where E is a continuous extension operator from HY?(09) to H'(Y). Then the relation
(Dey)) o o1 = Difth o 4]
holds for all functions 1 € HY?(€Y,).

Setting u’ = u; o s, we check from the variational formulation, that the function u! is the unique solution
of the transported boundary value problem:

. (15)

—div(A;Vut) = 0inQ,
u = d)t O ¢ on 89

Hence, setting y = ¢¢(z), x € Q we get formally

(Dei(z))"'n(x) _ Ai(x)n(x).Vu'(z)
N(Der(@) (@)l [[(Dee(a)) = n(@)]|

Here again, we can give a sense to the co-normal derivative A;n.Vu? thanks to the boundary value problem
(15): this quantity is defined in a weak sense as the previous Dirichlet-to-Neumann operator D.

Di(¢:)(y) = Vue(y)-ne(y) = (Depe(x)) ™' Vur(2)



Transport of the Laplace-Beltrami operator. We recall now the expression of the transported Laplace-
Beltrami operator, relying on the relation

Vo € H?(08%), (Ar¢)op = div: [Ce(x)V (P o p)(z)] on ON.

1
wy ()
Let us denote by L; the operator defined as

Ci(2) V(¢ 0 py)(x).n(x)

L4060 () = ——div, {ct@)was o gr)(x) — Atu:)n(x)}

b
we(x)
for ¢ € H®/2(Q;). In [4], they have showed the following lemma:

Lemma 2 The identity
[Arg] o e = Li]d o ¢4
holds for all functions ¢ belonging to H®'?(Q,).

Transport of the Laplace operator. In the following, we transport back the Laplace operator A defined
on H°/2(€);) into a stable one L; that takes variables in H%/2(Q), where

Ve eQ, Li(z):= div[A(z)V ¢! (z)]

L
Jt(x)

and for ¢, € H/2(€,), ¢* = ¢4 0 ¢, is the back transport of ¢, onto H°/2(€).
Actually, we can prove the following lemma:

Lemma 3 The identity
[A¢s] 0 pr = Li[¢s 0 4]
holds for all functions ¢; belonging to H>/?(€;).

Proof: Let ¢, € H*/?(Q;). We fix a test function v, € H>/2().
By the variational definition of the Laplace operator, if v; is the trace of ¢; on 9, we get

Ape(y)e(y) = — | Vo(y). Vi (y) + Inve(y)Ye(y)

Qy Qy 0

=— | Véu(y). Vi (y) + Dii(y) e (y)-

Qy o,

By the change of variables y = ¢;(x), we get integrals defined in the fixed domain Q and its boundary 9f2.
Therefore, thanks to the back transport of the Dirichlet-to-Neumann operator D;, we get

[ (@eoe)@t @) =~ [ 96 @A /Dt b1 0 9)(@)0" (w)wn(z)

‘
t t At( ) ( )ngbt(a:)
/W) V() Ai(w) + /m I(Dee@) (o)

/w ).V () Ao /At )V () n(z)d (2).

Y (@)w (@)

Thus, by the divergence theorem, we obtain

10



[(@o0ce@ut@niz) = - [ Vo). Vet @A) + [ div [A@)76' 2} (@)
Q Q

div (/L(x)v¢t(x)> V()

S— 55—

—— [ Vo @V Ao) +

+ [ @)t (@). Vo (o)

= /Qdiv (At(a?)qu (m)) P'(x) = /QLt[¢t o | (w) Jp(x) " ().
Hence, we get the result:

Vot € HY2(Q), [Ad] o g = Lifoy o ¢u.

2.2 Regularity of the eigenfunctions and eigenvalues with respect to the parameter

We present now a standard theorem of the regularity of eigenvalues and associated eigenfunctions with respect
to the parameter ¢. The section is a slight variation of a theorem due to Ortega and Zuazua on the existence
and regularity of eigenvalues and associated eigenfunctions in the case of the Stokes system [6]. The difficulty
comes from the possible multiple eigenvalues. The main result is, for a fixed deformation field V € W3 (Q, R%),
the existence of smooth branches of eigenvalue. In other words, the eigenvalues are not regular when sorted
in increasing order, but can be locally relabeled around the multiple point in order to remain smooth. The
restriction is that this labeling depends on the deformation field V' hence one cannot hope to prove Frechet-
differentiability:

Theorem 7 Let Q be an open smooth bounded domain of R?. Assume that X is an eigenvalue of multiplicity
m of the Wentzell-Laplace operator. We suppose that p; = I +tV for some V.€ W3 (Q,R) and denote
Qr = (). Then there exists m real-valued continuous functions t — A;(t), i = 1,2,....m and m functions
t > ul € H52(Q) such that the following properties hold

1. 50) =X, i=1,...,m,
2. the functions t — \;(t) and t — ul, i =1,2,...,m are analytic in a neighborhood of t = 0.

3. The functions u; ¢ defined by u; 0y = ul are normalized eigenfunctions associated to \;(t) on the moving
domain Q. If one considers a compact subset K such that K C Qy for allt small enough, thent — (u; )|k
is also an analytic function of t in a neighborhood of t = 0.

4. Let I C R be an interval such that I contains only the eigenvalue \ of the Wentzell problem of multiplicity
m. Then there exists a neighborhood of t = 0 such that \;(t) ¢ = 1,...,m are the only eigenvalues of €
which belongs to 1.

Proof: We follow the method used by M. Dambrine, D. Kateb and J. Lamboley (see [7, Theorem 3.4]),
adapting ourselves to our volume Wentzell-Laplace problem, where we focus on the Laplace operator studied in
the volume of ;. To start with, Let A be an eigenvalue of multiplicity m and let uq, ..., u,, be the orthonormal
eigenfunctions associated to A. Let (A(),u;) be an eigenpair satisfying

11



*A'U,t = )\(t)ut in Qt, (16)
—Arug+0pu; = 0 on 0.
Setting u' = wu; o ¢, Lemma 3 (transport of the Laplace operator) shows that the system (16) above is
equivalent to the following equation set in the volume
—Liu' = \t)Je(z)u®  in Q, (17)
Consider the operator S(t) defined on H°/2(2) by

v St =—Lw (18)

From the regularity assumption on ¢, the operator A; is analytic in a neighborhood of ¢t =0 . Since J; > 0
for ¢ small enough, we deduce that all the expressions involved in L; are analytic in a neighborhood of ¢t = 0.
This enables us to conclude that S(¢) is also analytic in a neighborhood of zero.

To show that the eigenvalues and the corresponding eigenfunctions are analytic in a neighborhood of zero,
we apply the Lyapunov-Schmidt reduction in order to treat a problem on a finite dimensional space, namely
the kernel of S(0) — AI. To that end, we rewrite the problem (16) in the fixed domain  as

S(t)(u') — A(t)Je(z)u! = 0.
From the decomposition

(S(0) = N)(u') = [(S(0) = S(1) + [(A(t) = N)Ji + A(Jy — D]u’,

u? is solution of the equation
(S(0) = M) (u') = W(t, A(t) — M, (19)

where we have set R(t) = S(0) — S(t) + AM(Jy — 1) and W (¢, o) = R(t) + aJiI. From the Lyapunov-Schmidt
Theorem (see [6, Lemma 3-2, p. 999]), we obtain that S(0) — A has a right inverse operator denoted by K.
Hence the equation above implies that

ut = KW (t, \(t) — Nu + 1y

where ¢, € ker(S(0) — \), i.e ¢y = >, ck(t)gr where (¢y) is a basis of ker(S(0) — ). Notice that I —
KW (t,A(t) — A) is invertible on ker(S(0) — AI), the inverse of his operator restricted to this kernel will be
denoted by (I — KW (¢, A(t) — A))~! so that

ut = (I — KW(t,A(t) — \)) ™ ey
From (19), W (t, A(t) — A)u! belongs to Im(S(0) — A) = ker™(S(0) — \) since S(0) is a Fredholm self-adjoint

operator, and then

S WD) = NI~ KWEAE) = X)) =0, i=1,2,..,m, (20)
k=1

where (.,.) denote the scalar product of L?(§2). This shows that a vector of coefficients C' = (¢;)j=1,.. .m # 0
is a solution if and only if the determinant of the m x m matrix M (¢, \(t) — \) with entries

M(t,a)i; = (W(t,a)I = KW(t,a)) " b5, ¢:)

12



satisfies
det(M(t, A\(t) — A)) = 0.

Hence A(t) is an eigenvalue of our problem if and only if det(M (¢, A(t) — A)) = 0. Note that ¢ — M(t, A(¢))
is analytic around ¢ = 0.

For small values of t the operator (I — KW (t,a)) tis well defined since I — KW (0,0) = I and t ~
(I — KW (t,a))~! is analytic around ¢t = 0. On the other hand, if det M (¢,«) = 0 then (20) has a nontrivial
solution ¢j (t), ..., ¢y (t) and this means that A\(¢) = A\ + a is an eigenvalue of (16).

We focus now on det(M (¢, «)) for & € R. From the fact that W(0,«) = «l, it comes that for sufficiently
small values of «, the operator I — KW (0,«) is invertible on ker(S(0) — AI) and from the Von Neumann
expansion we write

(W (0, a)(I = KW (0,0))" 1, 65) = aldi; + Y a*(K*¢i,65)];
k=1

hence
(o) oo
det(M(0,)) = a™ + Z Bia™ =™ (1 + Zﬂiam).
i=1 i=1
Since det(M (0, «v)) # 0 is the restriction on ¢ = 0 of det(M (¢, «)), we deduce from the Weierstrass preparation
theorem that there is neighborhood of (0,0) such that det(M (¢, «)) is uniquely representable as

det(M(t, ) = P (t, a)h(t, )

where - .
P,(t,a) =a™ + Zﬂiam“ =a™+ Z ap(t)a™F
i=1 k=1
and where
h(t,a) #£ 0.
Furthermore, the coefficients ax(t), k¥ = 1,...,m are real and analytic in a neighborhood of ¢ = 0. Then

det(M(t,«)) = 0 if and only if P, (¢,a) = 0. If ar(t),k = 1,...,m are the real roots of the polynomial, we take
A1(t) = A+ aq(t) if ay(t) is not identically equal to zero.

We now have to find the (m—1) other branches A;(t) and the corresponding eigenfunction w; , for i = 2, ..., m.
We use the idea of the deflation method by considering the operator

Sa(t) = S(t) — M Pi(t)
where P; is the orthogonal projection on the subspace spanned by u; . At t = 0, we obtain
SQ(O)U]' = S(O)u] — )\61j’U,j

in other terms S2(0)u; = Auj,j = 2, ..., m while S3(0)u; = 0. This shows that A is an eigenvalue of multiplicity
m — 1 of S3(0) with eigenvalues ug, ..., u,,. One can show that these functions are the only linearly independent
eigenfunctions associated to A. Now we can apply the same recipe used before to the operator Sy instead of S.
We then get a branch A2(t) such that ¢ — A2(f) is analytic in a neighborhood of ¢t = 0.

Tterating the process, we get at the end the m-branches X;(¢t), ¢ = 1, ...,m such that each branch is analytic
in a neighborhood of ¢t = 0 and m corresponding eigenfunctions forming an orthonormal set of functions in
HO/2(Q,).

The proof of the last item follows the same lines as the proof of Ortega and Zuazua for the Stokes system,
see [6].

O
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2.3 Several useful lemmas

In this subsection, we will give several lemmas that are needed in our work. Beginning from the first order
shape derivative calculations for a simple eigenvalues, passing through the multiple eigenvalue case with its cor-
responding orthonormal eigenfunctions in L?(£2), and reaching the second-order shape derivative computations
for simple eigenvalues, where some additional derivation equations are derived.

Lemma 4 Let t — (A(t),us) is a smooth eigenpair path on 4 for the volume Wenitzell problem (1), and
u' = (Opuy)|i=o is the derivative of the eigenfunction u, then for all V € W32 (Q,RY), we have at t = 0:

2/ u u'+/ lu?V,, =0, (21)
Q o0

opuuVy,=— | V.V, Viuu— / IV rul* Vi, (22)
a0 a9 Ble)
and
Vi (VinOnu).Vou = OnuNV V.V u + VoV (0nu). Vi u, (23)
o0 a0 a0

where V,, denotes the usual scalar product (V,n).

Proof: The first line comes from the fact that wu; is normalize in L?(€;), for all t > 0, i.e. we have

/ g2 = 1.
Q
d
£ (),
dt \ o, —
2/uu'+/ |ul?V,, = 0.
0 20

For the second line, it is sufficient to use the boundary condition A;u = d,u in (1) and make integration by

parts:

Making the shape derivative we obtain

that is

V-V, Viuu 7/ |V7u|2Vn.

8nU'LLV = ATU’LLV :*/ VTU VT(UVn):f
oN oN oN

o0 [219]

The last line is trivial.
O

Lemma 5 Let t — (A(t),us) is a smooth eigenpair path of Q for the volume Wentzell problem (1), and
u' = (Oyuy)|i—o is the derivative of the eigenfunction u, then we have at t = 0:

N(O0)= [ Opuu —0pu u. (24)
00
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Proof: We have in €:

—Au =+ N (0)u.
Then, multiplying by u, and integrating over 2 we get:

—/ Au’uz)\/ u’ u—|—/\'/ |u|?.
Q Q Q
Using integration by parts twice and the normalization of u, we obtain
—/ u Au + Opu v’ — Ot u = )\/ uw'u+ N(0).
Q a0 o0 Q

Since —Awu = Au in ), we obtain A fQ uw'u on both sides, which allow us to cancel this term. Therefore, we
get the result

N(0) = Opu u' — Oy .
09

O

Lemma 6 Let (u;); and (uj);, .5 =1,...,m, be two families of smooth eigenfunctions of (1) such that u; and

u; are orthogonal in L*(Q) for alli # j and Vt, and denote by u} and u; the derivative of the eigenfunction u;

and u; at t = 0, respectively. Then for all V € W32 (Q,RY), we have at t = 0:

/’UJ; ’u,j+/7.l,i u;+/ ’UJinVnZO.
Q Q oN

Proof: We use the L?(;) orthogonality of u; and u; with each other:

Vvt > 0, / Ui = 0.
Q

Applying the shape derivative, we get at t =0

/(’LLZ'UJ')/'F/ Ui'LLjVnZO

Q a0
/u’iuj—i—/uiu;-—i—/ uju;Vy, =0
Q Q a9

that is

which gives the result.

In the following lemma, we give some derivation formulas:

Lemma 7 Let v be a C? function defined on a C? domain Q. Then we have the following derivation formulas
on its boundary 0 for some deformation vector fields V€ W32 (Q,R%):

(Opv) = 0" — V0V, Vy, (25)
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and

(V) =V + (V. V. V)n+ V.V, 0,v. (26)

Proof: To start with the first equation, we write d,v as Vv.n, then we have
(Opv) = (Von) = Vo'.n+ Vo,
and using (81) we get
(Opv) = Vv'.n— V. V,.Vo.

Again, by replacing Vv’ by the tangential and normal components, we obtain

(Opv) = V,v/n+ 0pv'nn — V. V,.Vou — (0,v) n.V,V, = 0,0 — V0.V, V,.

Moving on to the second equation, we remark that V.v = Vv — d,vn on 9f). Therefore, we have
(Vv) = (Vo = pon) = Vv’ — (0,v)'n — d,on/,
and by (25), we get

(V) =V — (0,0 )n+ (V,0.V Vy)n — dpon'.

Now, using (81), we obtain

(Vo) = Vo' — (0,0 )n + (Vo V Vo)n + 0,0V, V.
Finally, writing Vv’ as (9,v")n + V,v', we get

(V) = (00" )n+ Vo' — (00" )0+ (Vo0.V Vo )n + 8,0V V,, = Vo' + (Voo V. Vo )n + 0,0V, V,.

The next Lemma is used to derive the second order shape derivative of the eigenvalues of (1):
Lemma 8 Let t — (A(t),us) is a smooth eigenpair path on Q for the Wenizell-Laplace problem (1). Let u’

and v be the first and second-order derivatives of u at t = 0, respectively. Then we have at t = 0, for all
deformation vector fields V.€ W3 (Q,R9):

N'(0) = anuu"—/ 8nu”u+/ VXN |ul?, (27)
o9 o9 o9

Proof: We follow the same way as in lemma 5. In fact, we have in Q:

—Au" = XN+ 2\ u + A"

then, multiplying by v, and integrating over () we get:
—/ Au”u:)\/u”u—i—)\”/ |u\2+2/\’/u’u
Q Q Q Q

16



using integration by parts twice and the normalization of the solution w,

N = —/ u”’ Au + Opu u” — O’ u — 2)\’/ u u —/ DY)
Q oN o0 Q Q

by (21) and since —Au = Au in Q, we get

N(©)= [ Opuu — [ Opu"u+ / Vi N ul?.
o0 o0 o0

3 The proofs

In this section, we prove all the main theorems, propositions and corollaries of this chapter.

3.1 Proof of Proposition 1

Let us consider the disk Bg of radius R centered at O. In polar coordinates (r, ), looking for an eigenfunction
u of D of the kind u(r, 8) = v(r)w(0) leads us to solve the ordinary differential equations:

1 k
w"(0) + kw(f) = 0, w 27-periodic, o' (r) + =v'(r) + (A = 5)v(r) =0,
T r

v'(0) =0, —w’(0)v(R)+v'(R)w() = 0.

The periodicity condition for the first one implies that k& = n? where n is an integer. Thus, the general
solution of the first differential equation is

w(0) = ay, cosnb + by, sin nd. (28)

Then, replacing k by n? in the second equation allows us to recognize the classical Bessel differential equation,
for which its general solutions (bounded at 0 as our domain is a disk D = {r < R} and v'(0) = 0) are the
modified Bessel functions

o(r) = J(VAr). (29)

By the boundary conditions, we have v'(R) = —n?v(R). Therefore, we have

VAJL(VAR) 4+ n?J,(VAR) = 0. (30)

Now, we use the following two relations about the Bessel functions:

Jn(VAR) = *%R [Jn_l(ﬁR) + JnH(ﬁR)} . forn>1, (31)

1

To(VAR) = 5 [ -1 (VAR) = Jusa(VAR) (32)

We propagate by induction. For n = 0, By (30) we get J;(v/AR) = 0. Therefore, the eigenvalues \g ; belongs
Jow

to the set {\ | JJ(VAR) = 0}, that is Ao = T

.

k=1,2,..., where j(/),k is the k-th zero of the Bessel function

17
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n,k
R2
it is sufficient to prove that J; ., (vVAR) = 0 for n + 1.

Now, since J/,(v/AR) = 0 for n, we obtain from (30) that .J,,(vV/AR) = 0. Hence, using the two equations
(31) and (32), we have

+/2
]n-i-l,k:
R2

Let us assume that A, , = is true for n, and we have to show that we have A\, 1 = . To do so,

VAR VAR Jno_1(VAR) 0
2n 2n
= (33)
1 1
3 —3 Jnt1(VAR) 0
that is J,_1(VAR) = 0 = J,11(VAR) for n. But we know that (30) is valid for n + 1, thus we have
VAT, 1 (VAR) + (n 4+ 1)2J41(VAR) = 0, (34)

and then we get J/,, (VAR) =0 for n + 1.
Jrek

Finally, we can deduce that the eigenvalues are A, = T2

k=1,2, ..., where j;L,kI is the k-th zero of the

Bessel function J},.

3.2 Proof of Theorem 1

The expression of u’ in the volume domain in the first line is trivial. To derive the boundary condition satisfied
by ', we use a test function ¢; defined in € with 9,¢; = 0 and ¢} = 0 on 0%, then we get the following weak
formulation valid for all ¢ small enough:

Vult, o) Ver+ [ Voult,2). Vg = A1) / u(t, z)r.
Q 0 Q

We take the derivative with respect to ¢ and get at ¢ = 0:

d d d
— Vut,m.Vgp) +< VTut,x.VTga) z(/\t/ut,xgp> .
dt < Q G, 5)- Ve =0 4t \Jog, (1) Ve =0 @t W 2 . 2)y lt=0

Now, using Appendix A and making some integrations by parts, the first term of the left hand side can be
computed:

d
— < Vu(t,x).cht> = /(Vu.V(p)’ + Vi Vu.Vp
dt \Ja, =0 J© o0

= / Vu' Vo + V, Vu.V = —/ Au'<p+/ O’ <p+/ V., Vu.Vo
Q o0 Q a0 o0
but Vu =V, u+ dpu n on 092, and Vi = V. as d,p = 0 on 9f). Then

d
— (/ vu(t,x).v%) = —/ Au'p + Ot/ <p+/ VaVieu.Vip
dt \Ja, |t=0 Q o0 o0

= 7/ Au'goJr/ O’ g@—/ div: (V, Vu)p.
Q o0 o0

Where the second term is

18



d
— </ VTu(t,:c).VTgat> :/ (VTu.VT<p)'+/ Vaulon(Vru. Vi) + HV 4.V 0]
dt \ Jaq, =0 Joa a0

_ / (Vo) Voo + / Vi [0n (VoY 0) + HY 0.V, ).
N o

By Equation (26) (see Lemma 7), that says
(Vou) =V + (Vou Vo Vo)n+ YV, V,00u,
we get

d
— ( VTu(t,m).VTgpt> = V' Vi —|—/ (V Vo Viu) n.Vrep
dt \ Jaq, =0 Joa a9

+ OpuV V.V + / ValOn(Vru. V@) + HV ;u.V 1]
a0 a0

Notice that we have

/aQ(VTVn.VTu) n.V,p =10 (35)

since n is orthogonal to V¢ in R%.
Moreover, using Proposition 6 in Appendix D, that says

V.V (0nu) + V.V, (0np) = 2V, ul D*0V ¢ + 0, (V,u. V. o), (36)
we get
d /
— V,u(t,z). Vo = Vou' Vep+ 0nuN V.V
dt \ Jaq, jt=o Joo 20

+/ VnHvTu.ng;—Q/ VoV, uD?*bV 0 + anf(anu).vfcﬁ/ ViV (0n9).Vu
oN onN o

o9
by (23) and since ¢ = 0 on 9, we get

d

T < Vu(t, a:).VTgot) = V' Voo + Vo (VanOnu). Voo + / Vo Vou(HIg — D)V,
o0

[t=0 o0 o0 o0

- / (“Art! — A (ViBott) — divs (Vo Vou(H Iy — 2D%)))p.
o

On the other hand, the right hand side can be easily calculated by

d d
CCIA u(t,xm)“_o = [ 500 utta) o+ [ Vi r0) 0.0

~Ja, dt

:)\’(O)/uap—i-)\/u’cp—i—)\/ Vo w .
Q Q o9

To end the proof, it suffices to gather the relations.
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3.3 Proof of Theorem 2

We start with the result of Theorem 1. Let us multiply the two sides of the boundary condition satisfied by '
(8) by the eigenfunction w and integrate over the boundary 0%, so that we get

opu’ u —/ A o :/ | AVANRTR TS A (V,0pu) u (37)
o o (o9} o0

+ / div, (Vi (HI; — 2D*b)V . u) u + / AVou .
on oN

Integrating by parts the second term on the left hand side twice, and knowing that A,;u = 0,u on 9§), we
obtain:

opu’ u— Opu v’ :/ VoAru u +/ A (V,0pu) u (38)
o0 N o0 o

+ / div, (Vi (HI; — 2D*b)V . u) u + / AVou u.
oN oN

Using Lemma 5 and making some integration by parts on the right hand side, we obtain the result

N(0) = / Vi (IVrul?* = |0pul* = MNu|? + (HI; — 2D*0)V,u.V u).
oQ

3.4 Proof of Theorem 3

Let t — (u(t,z), A\(t) = A(£2)) be a smooth path of eigenpair of the Laplace-Wentzell problem, so that it satisfies

—Au(t,z) = Mt)u(t,x) in Qy, (39)
—Aru(t,x) + Opu(t,z) = 0 on 0. (40)

We have proved that u' = 9;u(0, x) satisfies the volume equation (7) in Q and the boundary condition (8)
on 9. We use the decomposition of u = u(0,z) in the eigenspace as

u= chuj (41)
j=1

for some ¢ = (c1,¢a,...,cm)T # 0. Multiplying the two sides equation of (41) by ug, we get after some
integration by parts the eigenvalue equation

N (0)e= Mc

where M = (M;)1<i,j<m is defined by (10). From this, we deduce that the set of derivatives (A;(0))i=1,....m
is exactly the set of eigenvalues of the matrix M, which achieves the proof of the theorem.

3.5 Proof of Theorem 4

The expression of v in the volume domain in the first line is trivial. To derive the boundary condition
satisfied by u”, we multiply (8) by a test function ¢; defined on 9Q; with d,,; = 0 and ¢, = 0. Let us set
A= (HId — 2D?)). Then we get for all ¢ small enough:
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/ (—A v+ Opu' ) :/ div, (Vo Vou)p + A (VpOpu)p (42)
0 a9 o0

+ Vn)\ugo—i—/ div; (Vo AV u)p.
o 0y

Let us do the shape derivative at time zero of each term of this equation. To simplify the notations, we set:

d
B, ) o= & ( | anter anu’xo)
LN |t=0

d
Alu, v, @) = % (/ divT(VnVTu)ga)
% [¢=0

d
B(u,u, ) = 7 ( AT(Vnanu)ap>
0 [t=0

Cu,u',p) = % (/ Vn)\ucp>
00 [t=0

d
Dl ) = < / divT(VnAVTu)<p> .
0 [t=0

Thus we have:

E(u, v/, u”,9) = A(u,u’, 0) + Blu, ', p) + C(u, ', ) + D(u,u’, p). (43)

We are going to study each of the five terms of this equation:

Study of E(u,u ,u”,p):

d d d
E(u, v/, v, ) = — (/ —Au o+ O ) = — (/ —A ) + — ( Opu/ )
( ®) dt 6Qt( v s [t=0 dt \Joq, ’ |t=0 dt \Joa, ’ [t=0

d d
S VTu/.VTgo> + — < Gnu/cp> )
dt < o [t=0 dt \Joq, [t=0

Applying Proposition 3 (see Appendix B), we get

d
E(u,u’,u",p) = / — (V' V.p) —I—/ Vo [0n (Vo' .V rp) + HV 0.V 1)
o dt 20

+/ i (671“/@) + / Vo [an(anU/QO) + Hanul</7] .
o dt a0

Since 9, = 0 and ¢’ = 0 on 912, in addition to applying Proposition 6 (see Appendix C) and equation (25),
we get

Blu, oo, ) = /

(Vo) Vo + / Vi [(V7(8,u'). Vo — QDQbVTu’.VTcp) + HV /' V¢
a0

o0
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62 /
- /dQ (anu// B VTU/VTvn) o /89 Vo |:5'nu2<p + HanUI<P:| .

Now, using equation (26) and Proposition 7 (see Appendix C), we obtain

E(u, v/ u”,p) = /8Q Vou" + V., V,0,u'] Vg + /aQ VoV (0p,u). Vo

9 / V2DV, .V + / Vi HV ' Voo + [ d,up
50 90 onN

— Vo' N Vo + Vo [Au' — Aju' — HOpu'| o + Vo HOouu' .
aQ a0 a0

Using the volume expression of v/, i.e —Au' = Nu + A/, we get

E(u,u',u”,p) = /Vfu”.VfcpqL 8nu'VTVn.VT<p+/ VoV (0pu'). Vg
o0 a9

o0

,2/ v,%DvaTu’.VT<p+/ VnHVTu/.Vfcp+/ O
o0 99 a9
_ VT’LLI.VTVMP_/ Vn)\/ugo—/ Vn)\u’go

aQ a0 o0

— VnATu’go—/ VnHanu’go—i—/ Vo HOuu' .
a0 aQ a0

Finally, in order to isolate the function ¢, we make integration by parts to obtain

E(u,u',u”,p) = - div, (V. u")p — divT(VTVn@nu’)gp—/ div, (Vo V. (0pu’))p
a0 a0 a0

+2 [ div.(V,D*bV ) — / div, (V, HV ') + / O (44)
o0 o0 oN

—/ VTu’.VTVnga—/ Vn/\’wp—/ Vn)\u'gp—/ VA .
) 0 a9 a0

Now, let us move to the right hand side of equation (43):

Study of A(u,u,p):

Alu,u’, ) == 4 ( divT(VnVTu)ga) = 4 (/ VnVTu.VTgo) )
dt \ Jaq, =0 a4t \Joag, =0
Applying Proposition 3 (see Appendix B), we get
d
Alu,u’,p) = — — (Vo Vou.Vep) — / Vi [0n (Vi Vo uVr9) — Vo Vou.Vepl .
aq dt 99

By equation (26) and using Proposition 6, and as d,¢ = 0 and ¢’ = 0, we obtain

Alu, ', p) = — VIV, u.V,p— VoVt Vg — / V0 0nuV VNV o — V0nOn Vi ViuV 1
a0 a0 a0 a0
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—/ VAV (0nu). Vg + 2 VnQD2bVTu.VT<p—/ VEHV .V, 0.
o

1219] oN

Making integration by parts we obtain

Au,u', @) = / divT(VéVTu)go—i—/ div, VnVTu')<p—|—/ div: (Vi 0puV Vi)
o on on
+ / div, (Vi 0n Vo Vo) + | divg (V2V - (Opu))p — 2 / div, (V2D?bV ;u) g
o0 o o

+ / div, (V2HV cu)p.
[5}9]
Study of B(u,u/,p):

d d
B(u,u, ) := pr ( AT(Vnﬁnu)g@) =-= < VT(Vnanu).VTg0>
o0 |t=0 o

|t=0

Applying Proposition 3 (see Appendix B), we get

Blu ) = — / %(VT(Vn(‘?nu).VTgo)— / Va0 (V2 (Vo). V) + HV 2 (Vadot). V.
o0 oQ

By equation (26) and Proposition 6, as 9, = 0 and ¢’ = 0, we obtain

B(”) ula (p) = - VT((Vnanu)/)-vT<p - 8n(vnanu)v7"/n~v7'<p - / ‘/nVT(an(‘/nanu))-vT@
o0 o0 o0

+2 / V D*bV - (V,,0,u).V o — / Vo HV - (V,,0,u).V 1 0.
o0 o

By equation (25) and integrating by parts the term faQ ViV (00, (Vi 0n1)). V-, we obtain

B(u,u',p) = — /aﬂ Vo (V!0pu).Vrp — /89 Vo (Vo). Voo + ” Vo (VoV Vo Vou).Viep

—/ On (Vi Onu)V .,V Vo + an(Vnanu)VTVn.VTgo—l—/ Vi (On (Vi Opu)) Az
o

o0 [5}9]

- / Vo AV (Vi 0u). V0.
o

By expanding the terms and some cancellations, in addition to using Proposition 6, we obtain

B(u,u, @) = — YV (V) 0pu). Voo — Vo (ViOpu') Vg + Ve (Vu VoV Vaou).Vop
0 £9) o0

+ / Vi Op Vi Opul,p + / V2 Au — Aru — HopulArp — / VpOnuAV .V, Vo
o o0 o

- V2ZAV . (0nu).V ..
o0
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Now, by splitting the fifth term and since —Au = Au, we get

B(u,u',¢) = -— VYV (ViOpu).Vrp — Vo (ViOpu'). Voo + V. (VoV, Vo Vou). Vi
o0 o0 o0

—I—/ VnanVnanuATcp—/ VANUA @ — VnQATuATga—/ V2HO,ul,
o9 aQ

o0 o0

_/ Vnanu-AvT%rvT@ - VnQ-AvT (8nu)v‘r<p
o0 o

Making integration by parts, we get

Blu,p) = /8 A (Vide+ /8 )

+/ AT(VnanVnﬁnu)apf/ AT(VHQ)\u)gof/ AL (V2A u)p
a0 o0 o9

A (Vi )p — / A (VaV, VoV ) (46)
oQ

- / A (V2HO,u)p + / div, (V3 OpuAV Vi) + / div, (V2ZAV, (0pu))p.
onN o on

Study of C(u,u’,p):

d
Clu,u', ) = 7 (/ Vn)\ug0>
00 [t=0

Applying Proposition 3 (see Appendix B), we get

d
Clu,u', @) = — (Vi dup) + Vo 0n (Vi dup) + HVy Augp].
oa dt o9
As Op,p =0 and ¢’ =0, we get
Clu,u', @) = / V! Mugp +/ VXN up +/ Vau' (47)
00 00 09

+ / V3O Vi Augp + / VN0, up + / VZH up.
oN oN o

Study of D(u,v,¢): Denote by A := (d;;)1<i,j<m the matrix whose elements are the normal derivatives
of a; j, where a; j, %,j = 1,....,m, are the components of the matrix A.

Thus, we have:

d d
D(u,u’,p) := pn (/ dz’vT(VnAVTu)ga) =-= (/ VnAVTu.VTgo) .
Q¢ [t=0 % [t=0

Applying Proposition 3 (see Appendix B), we get

d
D(u,u/, @) = — /,99 7 (Vh AV ;u.V 1) — /6(2 Vi [0n (Vi AV u.V - 0) + HV,, AV 4.V - ¢].

By equation (26) and Proposition 6, as 9,0 = 0 and ¢’ = 0, we obtain
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D(u,u, ) = — V!IAV, u.V, o — /

VAV Vi — / Va0nu AV, V, V0
o0 o0 o0

_ Vi AV u Vo — / VnOn Vi AV - u. Vo — Vf.AVT((“)nu).VTgo
o0 o0, o0

+2 / VZD* AV, u.V i — /
oN 4]

Making integrations by parts, we get

VAV, u.V, o — / VZHAV u.V .

Q o0

D(u,u’,p) = ; div, (V) AV u)p + g dz’vT(VnAVTu’)gO—l-/a div: (V, 0puAV -V, ) (48)
) Q Q

+ [ din (Ve AVau)o+ [ divs (Vad, Ve AV ) + / div, (V2AV 1 (91))p
o0 o0 o0

-2 [ div,(V2D* AV, u)p + | div,(VZAV,w)p + | div.(VPHAV ).
o0 oN o0

3.6 Proof of Theorem 5

First of all, we have seen in Lemma 8 that the expression of A” contains the second order derivative u”’. So
in order to get rid of this term, we try to find an explicit formula that depends only on u and u’. To do so,
we multiply the boundary condition equation obtained in Theorem 4 by a special test function which is chosen
to be an eigenfunction u corresponding to eigenvalue A\, and then we make integration by parts to obtain the
following equation:

E(u ', u") = Flu,u') — Blu,u') — Clu, ') + Dlu,u'), (49)
where we pose:
E(u, v’ u") == E(u,u’ v u),
A(u,v') := A(u, v, u),
B(u,u') := B(u,u’,u),
C(u,u’) := C(u,u’,u),

and

D(u,u’) := D(u,u’,u).

We start with the left hand side term of equation (49):
Calculation of &(u,u’,u"):

We replace the function ¢ by an eigenfunction w in equation (44), so that we get:
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E(u, v/, u") = —/ divT(VTu”)u—/
o0

divT(VTVnanu’)u—/ div, (Vu, V. (0pu'))u
a0 a0

+2 / div, (Vy, D*bV 1 Yu — / div, (Vo HV 0 )u+ [ Opu’u
o0 o0 o0

—/ (Vo' VYV, Vo )u — Vn)\’uu—/ Vn)\u’u—/ VoA v
a0 a0 o0 o0

Making integration by parts, we get

E(u, v/, u'") = VTUI/.VTU—F/ 3nu’VTVn.V7u—|—/ VoV (0pu').Vru
0 0 B9

72/ VnD2bV7u’.V7u+/ Vo, HV u' V. u+ A" u
o0 o o0

7/ (VTu’.VTVn)uf/ Vn/\/uu—/ Vn/\u/u—/ Vi, A u'u.
o o0 o [e19)

Let us remark that, using integration by parts, we have:

V' Veou=— div, (Viu)u” = — Auu =— Opu u”,
a0 0 0 a0
O’V V. Vo = —/ Vpdiv, (0pu'V,u) = — VOt Aju — VoV (0pu”).V 1,
a0 By a0 a0
and
- Vi, A u'u = Vo (Vou). Vo :/ (VTVH.VTu’)u—i—/ Vo (Vou. Vo).
a0 a0 a0 a0

Therefore, by equations (50), (51) and (52), we get

E(u,u’',u") = — Ot u"—/ V,ﬁnu'ATu—/ V,LVT(&LU’).VTU—F/ VoV (0pu').Vu
a0 a0 a0 a0

fz/ V,D*bV ' .V u+ 3nu”u+/ VnHVTu’.VTuf/ (V' V. Vy)u
o0 o0 o0 (o9}

f/ an|u|2f/ Vn/\u’qu/ (VTVn.VTu')u+/ Vo (Vou. Vo).
oN on o0 o0

Using Lemma 8, we obtain

E(u, v/ u'") = —)\"(0)+/ Vn)\’\u|2—/ Vnanu'ATu—/ VoV (0pu').Vru
B o9 09

+ VoV (0pu').Vou — 2/
a0 a0

—/ (vTu’.VTVn)u—/ Vn)\’|u|2—/ V'
o0 o0 o0
+/ (VTVn.VTu’)u—i—/ Vo(Vou Vo).

o0 o0

V, D20V ' V.u+ / V., HV . u' .V u
o0
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Finally, we can deduce that

E(u,u/,u") = =X\"(0) + Vo (Vi . Vou) —/
09 09

Vo Opt! A v — /

Vn)\u’u—i—/ Vi AV ' .V 1.
89 a0

Let us now move to the other side of equation (49):
Calculation of A(u,u’):

We replace ¢ by u in equation (45), so that we get

A(u,u’) = div, (V) V -u)u + div, (V,Vou')u + div, (Vi 0n,uV ., Vi )u
o0 o0 o

+ div: (Vi 0, Vi Vou)u + divy (V2V  (Opu))u — 2 div, (V2 D*bV  u)u
Ele) 90 o0

+ div, (V2HV cu)u.
o0

Making integration by parts, we get

A(u,v') = —/ V,;VTU.VTU—/ VnVTu'.VTuf/ V., 0,uV .V, .V u
oN onN oN
— | Vo ViVouNu— | VAV (0u)Vou+2 | V2DV, u.V,ou
oN o o0
— | V2HV,u.V,u.
o

Calculation of B(u,u'):

We replace ¢ by u in equation (46), so that we get

B(u,u') = AL (V) Opu)u + A (VpOpuu — A (Vo VLV, Vou)u
o0 o0 o0

+/ AT(VnanVnanu)u—/ AT(VT?/\u)uf AT(V,LQATU)U
o o o0

- / A (V2HO,u)u + / div, (V3 0nuAV Vi Ju + / div, (V2AV, (9pu))u.
on oN on

Making integration by parts twice, we get

Blu,u') = V,;(“)nuATu—&—/ Vn(?nu’ATu—/ Vo,V Vo Vulu + ViiOn Vi OpuN
a0 a0 Ey) a0
— [ VZ\ulA,u— / VEA ul u — / VZHO,ulu— [ Vi0ouAV,V,.V,u
a0 a0 a0 a0

— | V2AV,(0,u).V,u.
o0
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Remark that we have the following identity:

— S50, Va ViV Voulu = [0 Vidivg (Vi AruVou)

(55)
= [0 VaVeVa Vouliu+ [0 ViZ0ulru+ [o0 VIV uV, (Aru).
Now, by (55) and using the boundary condition A,u = d,u, we obtain
Bu,u') = V! 0pul* + Vi Optt' Opu + VooV Vi, Vo ulpu + V2V, 0.V (Opu)
a0 aQ oQ a0
+/ V00 Vi |0 u? —/ VA0, uu —/ V2H|0,ul? —/ Vi 0nuAV  V,,. NV ru
o0 oQ oQ o0
- / VAV (0,u).V u.
o0
By adding and subtracting the terms [, V>V, 0.V, (9pu) and [, V;ZH|0nu|?, we get
B(u,u') = / V! 0pul* + / Vi Ontt' Opu + / VoV Vi Vrudpu + 2 / V2V, 0.V (0pu)
o0 o0 oQ 20
7/ VAV, 0.V, (0,u) +/ V30 Vi |0 ul? 7/ VN0 uu — 2/ V2H|0,ul?
oQ o0 oQ oQ
+ / V2H|0,ul? — / ViOnuAV Vo Vou — [ VEAV,.(8,u).V .
oQ oQ oQ
Finally, using (55), we replace the term 2 fé)Q V2V, u.V,(0,u), so that we get
B(u,u') = / V;|anu|2+/ Vnanu’anu—g,/ VnVTVn.VTuBnu—Q/ V2|0 ul? (56)
0 o0 o0 o0
—/ VAV, 0.V, (0,u) +/ V3 0n Vi | Opu|? —/ VN0 uu — 2/ V2H|0,ul?
a0 a0 a0 aQ
+ / V2H|0,ul? — / VO uAV ViV ou — / VZAV . (0pu).V u.
a0 a0 a0
Calculation of C(u,u'):
We replace ¢ by u in equation (47), so that we get
Clu, ') = / VoA |ul? +/ Vo X |ul? +/ Vo u'u +/ Vi On Vi Aul? (57)
20 oQ oQ o0

+/ VﬁAanuu+/ VZH\|ul?.
oN on

Calculation of D(u,u'):

We replace ¢ by u in equation (48), so that we get
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D(u,u’) = /divT(VriAVTu)u—l—/ divT(VnAVTu')u+/ div: (Va0 uAV -V, )u
a0 a0 a0

+/ divT(VnA’VTu)u—i—/ divT(VnanVnAVTu)u—i—/ div, (V2 AV - (Opu))u
a0 a0 a0

—2 | div,(V2D*» AV, u)u+ | div,(VEAVwu+ | div.(VZHAV -u)u.
o0 o0 o0

Using integration by parts, we get

D(u,v') = — VAV, u.V,u — Vo AV 4V -u — VnOpuAV .V, .V u (58)
oN oN o0
- / Vi AV uV u — / VO Vi AV ;0. V pu — / VAV, (0pu). V. u
oN o o0

VnzleTu.VTu—/ V2HAV u.V .

+2 / V2D?b AV u.V cu — /
o 1¢] o

Q

In order to finish the proof, it is sufficient to replace the five terms in equation (49).

3.7 Proof of Theorem 6

To write the first Pohozaev’s identity, we multiply the boundary eigenvalue problem (1) in by X.Vu, where
u is an eigenfunction and X is defined on R? by X (x) := x + « for all 2, € R?, so that we have

/ Vu.V(X.Vu) — Opu(X.Vu) = )\/ u(X.Vu). (59)
Q

[219] Q

Let us remark that V(X.Vu) = D(X)Vu + D?uX, where D(X) is the differential matrix of the vector X
and D?u is the Hessian matrix of u. Since D(X) = Id, we get
V(X.Vu) = Vu + D*uX. (60)

Now, using integration by parts on the boundary 02, as Ayu = 0, u, we get

/\Vu|2+/D2uX.Vu+ VTu.VT(X.Vu):)\/u(X.Vu). (61)
Q Q o0 Q

Let us compute V. (X.Vu): We write V,(X.Vu) as V(X.Vu) — 9, (X.Vu)n. where n is the outward unit
normal field on 9. So we get

VA(X.Vu) =V(X.Vu) — [V(X.Vu).nn (62)
= Vu + D*uX — [Opu + (D*uX).nln
= V,u+ D*uX — (D*uX.n)n

Now, let us remark that (D*uX.n)n.V,u = 0 since V,u is orthogonal to n. Therefore, replacing (62) in
(61), we obtain
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/|Vu|2—|—/ D2uX.Vu—)\/u(X.Vu):— V. u.V.(X.Vu) (63)
Q Q Q oN

= —/ \Voul? = | D?*uX.V,u.
o0 o

On the other hand, referring to (59), we have

Vu.V(X.Vu) -\ | u(X.Vu) = / Opu(X.Vu). (64)
Q Q a0

Hence, we get by expressing Vu as V., u + Opun:

/Q |Vul? + /Q D?uX.Vu — X /Q uw(X.Vu) = /8 . Dnu(X.Vu) (65)

= Onu(X.[Vru + Opun))
o0

— [ ou(XVou) + / 1Oul2(X.n)
o o0

Combining between (63) and (65), we obtain

/ (D2u+8nu1d)X.V7u+/ |V ul? +/ |0 ul*(X.n) = 0. (66)
oN onN oN

Let us move to the second Pohozaev’s identity. Since € is of class C2, there exists h > 0, such that the signed
distance function b := bg belongs to C?(Uy), where Uy, := {z € Q | dist(x,0) < h} is a tubular neighborhood.
Let us make a truncation on U, so that we set b = iy in Uy, where ¢ is a C*°(Q2) cut-off function defined by

d
=l -
where d is the distance function to the boundary, and £ is a C*™ function defined on R as the following:

1 if0<t<y,
Lt) ==
0 if t>1.

Now, we have that b € C?(R%). Furthermore, we have b = b in a neighborhood of 89, in particular we get

b="b on 9N
To continue the proof, we multiply the boundary eigenvalue problem (1) in £ by Vb.Vu, where u is an

eigenfunction. Then, we integrate by parts, so that we get

/ Vu.V(V0.Vu) — [ 9,u(Vh.Vu) = A / u(Vb.Vu). (67)
Q Q

o0

We remark that V(Vb.Vu) = D(Vb)Vu + D*>uVb = D?bVu + D?>uVb, where D?b and D?u are the Hessian
matrices of b and u respectively.
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Now, using integration by parts on the boundary 02, as Ayu = O, u, we get

/ D?*bVu.Vu + / D*uVb.Vu+ | V,u.V.(Vbh.Vu) =\ / u(Vb.Vu). (68)
Q Q

o0 Q

Let us compute V,(Vb.Vu): We write V,(Vb.Vu) as V(Vb.Vu) — 8,(Vb.Vu)n. where n is the outward
unit normal field on 9€2. So we get

V. (Vbh.Vu) =V(Vb.Vu) — [V(Vb.Vu).nln (69)
= D?*Vu + D*uVb — [V(Vb.Vu).n)n

Now, let us remark that [V(Vb.Vu).n]n.V,u = 0 since V,u is orthogonal to n. Therefore, replacing (69) in
(68), we obtain

/ D*hVu.Vu + / D*uVb.Vu — A / w(Vb.Vu) = — / V., u.V,(Vb.Vu) (70)
Q Q Q on
=— | D’Vu.Viu+ D*uVb.V,u
oN
=— D%V, u. N, u — OnuD?b n.V  u
oN o
— | D*uVb.V.,u.
o

On the other hand, referring to (67), we get by expressing Vu as V,u + d,un:

/ D*Vu.Vu+ | D*uVb.Vu— X [ u(Vb.Vu) = O u(VD.Vu) (71)
Q Q o 0

z/ 8nu(VB.[VTu+ Opun))
o0

— [ 0u(VE,u) + / 1Onul2(VE.n).
o0 o

Combining between (70) and (71), we obtain

D*V,uV.u+ [ 0,uD*bnVou+ [ D*uVb.NV,u+ [ 9,u(Vh.V,u) (72)
on o o on

+/ |0, ul?(Vb.n) = 0.
o0

As b=b on 99, we deduce the following equation

D*W,uVu+ [ 0,uD?bnVou+ [ D*uVbV.u+ [ 9,u(Vb.V,u) (73)
o0 1919) oQ o

+/ |Onul?(Vb.n) = 0.
on
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Let us remark that the vector D?b n = Dn.n = 0 on 9% since n is unitary and Dn is symmetric (see [1,
p.223]). Also since Vb = n on 0%, and as V., u is orthogonal to n, we obtain

DbV u.V,u + D?u n.V.u+ / |0pul? = 0. (74)
90 Ele) 90

3.8 Proof of Corollary 1

To start the proof, Let X € W3°°(Q,R?) be deformation field defined in Theorem 6. We are going to study
both cases (simple and multiple cases).

1. Simple case. If X is simple, then we will use the equation (9) in Theorem 2:

N(0) = / Vil Vrul? = 0,u)? — Mul? + (HId — 2D?*b)V 0.V ).
o0

2. Multiple case. If ) is of multiplicity i, then let us define the real numbers ¢;;, ¢,5 = 1,..., h, by

ij 1= Vo Vru; Viouy — Vi duuy — Vi, 0puiOpuy + Vi (HId — 2D?b)V ru;. V ;.
o0

Now, as the h x h matrix M defined by (¢;;);; is symmetric, then M is diagonalizable with a single
eigenvalue X' (0). Therefore, we have

M = X\ (0)Id.
So we get:
@i =XN(0) forl1<i<h. (75)
Hence, we obtain
N(0) = / VallVrwil® = [00uil? = Ajwil* + (HId = 2D*0) Ve Vow),  i= 1,00 (76)
o0

In our case, the domain {2 is a ball B, hence we have X.n = 1. Since X = (X.n)n on 4B, then (D?u +
Opuld)X. V. u = [(D*u + 0,uld) X .n)n.V u is zero due to orthogonality of the vector n to V,u. Thus, we get
by (12)

V:u=0and d,u=0 on dB. (77)

First case. If we suppose that B is a critical shape, without volume constraint, then we have:

that is: for all V' we have

Mu[? =0, on dB.

Since A > 0, we have for all V:
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u=0, on J0B.
By Holmgren’s Theorem, we deduce that u is null in a neighborhood of dB. Thus, by analyticity, we get

u = 0 in the whole domain B, which is a contradiction since u is an eigenfunction of the problem (1).

Second case. On the other hand, if there is a volume constraint Vol(B) = constant, then there exists a
Lagrangian constant p such that
N (0) = u Vol'(B). (78)
So we have

/ Vn[|VTu|2—|8nu|2—/\|u\2+(HId—2D2b)VTu.VTu]:u/ V. (79)
OB OB

Therefore, by (77), we get for all V'

AMul? = p, on 9B.

Therefore, we deduce that u is constant on 9B, which means that w is so in a neighborhood of 0B, thanks to
the Holmgren’s Theorem. Thus, by analyticity, the eigenfunction w is constant in the whole domain B, which
is impossible.

4 Appendices

4.1 Appendix A. Differentiating in moving domains.

Let us now state one of the main tools for differentiating on intervals of R (see [1, Corollary 5.2.8, p.199]).
Proposition 2 Let us assume
pe CH0,TEWE=RY),  feO([0,T); LI (RY) N O([0,T); WHH(RT)

We set V(t,x) = %—f(t,cp(t)*l(x)) for all x € Q4, where Q; is a C? domain. Thent € [0,T) — I(t) defined

by
I(t) = [ f(t)
Q

is continuously differentiable on [0,T) and we have

ro=[ %(t)eriv[fV](t) =

of

G [ v,
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4.2 Appendix B. Differentiating on moving boundaries

We now state a classical proposition in shape optimization, which is proved in [1] (see [1, Proposition 5.4.4,
p.215]).

Proposition 3 Assume Q is of class C3, that t € [0,T) — o(t) € C? is differentiable at 0 with ¢(0) = I,
©'(0) =V, and that t — g(t) € WHL(RY) is differentiable at 0 with g(0) € W>L(R?). Then, t — G(t) defined
by

4.3 Appendix C. Some classical results on tangential differential calculus

4.3.1 C.1. Notations and definitions

We recall some essential notations and definitions that are needed for the computations of shape derivatives.
Given a smooth function f : 9Q — R, we define its tangential gradient V., as

V.f=Vf—(Vfn)n

where f is any extension of f in a tubular neighborhood of 9. An extension is easily obtained when 99 is
smooth. The tangential gradient does not depends on the extension. It is also useful to define the tangential
gradient as the normal projection of V f to the tangent hyperplane of 0€2; in other words

V.f=Vf—nonVf, on Q.

We also need the definition of the tangential divergence: For regular functions we define the surface Laplacian
or Laplace-Beltrami operator as

A, f = div. (V. f).

We recall the definition of the oriented distance byq:

da(x) for z € RI\Q
boa(x) = ;
—dqo(x) for z € Q

where the notation dg stands for the distance function for a subset Q c R¢:
do(z) = inf |x —
a(z) yen | Y|

We shall sometimes write b instead of bpq; its gradient is an extension of the normal vector field n in a
neighborhood of 9. Let D?b be the Weingarten operator with entries (V:)in; where n; is the j-th component
of n. The normal vector is known to be in the kernel of D?b, while the other eigenfunctions are tangential with
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the corresponding eigenvalues given by the principal curvatures of 0f2. Let k;,i = 1,...,d — 1 be the non zero
eigenvalues of D2b. We define the mean curvature H as

S

-1
H =Y ki =Tr(D%) = Ab, on 9.
1

4.3.2 C.2. Preliminary results

We restate some propositions, in which one can refer to [7]. Let us start with the following proposition:
Proposition 4 Suppose that the boundary O is of class C>. Then the normal derivative of the mean curvature
H is

d—1
OnH ==Y k. (80)
i=1

Shape derivative of the main curvature H and of the normal n in the direction of a velocity V:

Proposition 5 Let a surface Q) be of class C?>. The shape derivatives of the normal n and of the mean
curvature H in the direction of the velocity vector V' are

n =-V.,V,, (81)

H = AV, (82)

where V,, = (V,n) denotes the normal component of the vector deformation V.

4.3.3 C.3. Some commutation equations

Let us state a useful proposition that is proved in [7]. Let f and g be two smooth functions defined on U a
neighborhood of 9€2; the notation b stands for the oriented distance. Recall that its gradient is an extension of
the normal field n on 0€.

Proposition 6 Let f and g be two smooth functions defined on U a neighborhood of Q2. Then we have:

an(v'rf'ng) + 2vaTD2bv'rg = V‘r(anf)ng + v‘r(ang)v'rf

In the last proposition, we give an essential equation that is proved in [1, Proposition 5.4.12].
Proposition 7 Let Q be an open set of class C? and u : Q — R of class C?. Then

ou  0*u
AquTquH%qL% on Of. (83)
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