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Continuity of the solution of the Wentzell-Laplace boundary
problem under shape deformations

Ataa Al Kheir
July 18, 2023

Abstract: We investigate the attitude of the solution of the Wentzell-Laplace boundary value problem
with respect to shape deformations. On one hand, we prove the continuity of the solution under Lipschitz
deformation of uniformly Lipschitz domains in the Euclidean space R?. On the other hand, we demonstrate the
continuity of the solution under the W2 convergence of (2, c0)-Sobolev domains in R%. After that, we discuss
the convergence of the signed distance function in W1?(B) with 1 < p < oo with respect to the Hausdorff
convergence of less regular domains, where B is a large ball containing the sequence of domains (,,)nen and
the limit set €2, and we derive the following results: the uniformly Lipschitz case is enough for proving the
convergence of the first order differential in LP with 1 < p < co; while in case p = 0o, we need to assume more
regularity, the "positive reach" one. Moreover, to prove the convergence of the first order differential of the
projection function on 99, in LP with 1 < p < oo, we have to inject the (2, 00)-Sobolev regularity with the
necessity of W2 convergence of these domains.

Keywords: Wentzell-Laplace operator, continuity of the solution, shape deformation, Hausdorff conver-
gence, W2 convergence, convergence of the signed distance function and its differential, convergence of the
differential of the projection function.
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1 Introduction and Statement of the results

In this paper, we consider the Wentzell-Laplace boundary problem defined on a connected open bounded subset
Q of R? with Lipschitz boundary. Let us give the following Wentzell-Laplace boundary problem

—Au=f in €,

(1)
—A;u+ Opu =0 on 09,

with f € L?(Q2), and let B be a ball containing the set 2. We denote by n the outward unit normal vector
on 092 and A, := div,(V,) is the Laplace-Beltrami operator defined on 02, where the solution u belongs to
the variational space

Ho(Q) := {u | ue H'(Q),ujpq € H'(0Q)}
equipped with the graph norm ||.|[3, (o) defined by:

lulla, ) = llullz2 @) + [IVullz2) + lullz20) + [IVull 2 00)-
Let’s set H(2) as

HQ) = {u € Ho(Q) | /mu _0)

which is closed in Hs(2) and inherits the norm from H,(€2). In fact, this set is necessary in order to prove
the existence and uniqueness of the solution (see section 3).

In fact, the Wentzell factor A,u = 9,u is well defined in the weak sense (see Definition 2.1) everywhere on
00 if Q is uniformly Lipschitz.

This problem has been studied a lot recently, especially in the last decade, and it is important to continue
discovering some new studies of this problem. So, as a kind of motivation, we are interested in studying the
continuity of the solution of problem (1) with respect to shape deformations, to a variety of convergence senses,
and to the regularity of the admissible domains.

First of all, we study the continuity of the solution of (1) under Lipschitz deformations of uniformly Lip-
schitz domains. To go deeper, we can refer to the article of M. Dabrine and D. Kateb on the "Persistency of
wellposedness of Ventcel’s boundary value problem under shape deformation” (see [11]), where they studied the
persistence of the solvability of the boundary value problem under smooth domain deformation.

Moreover, we deal with the continuity of the solution of (1) with respect to the convergence of W2 of
(2,00)-Sobolev domains (see the definition of Sobolev spaces in Definition 2.4). Recall that the convergence
W22 of the domains means that we have the convergence of the signed distance functions in W2,

Let us give the first result of the paper:

Theorem 1 (continuity with respect to Lipschitz deformation). Let (0,), be a sequence of uniformly
Lipschitz open domains and let Q be a Lipschitz open domain that are included in R?. Consider the Wentzell-
Laplace problem (1). Let u,, € H(Qy,) and u € H(Q) be the solutions of (1) on Q,, and Q, respectively. Suppose
that the Micheletti distance

d(Q,,Q) = )||<1>||W1,m 50,

inf
PeW.0(R), Q,=d(Q

then u, —— u in H(L).



First of all, we have to show the existence and the uniqueness of the solution of the problem (1). Now, to
prove this theorem, we need to introduce a sequence of Lipschitz vector fields (h,)nen. We define the sequence
of maps (®,)n, by @, : R? — R? with ®, := Id + h,, so that we have Q,, = ®,,(Q) = (Id + h,)(Q). In fact,
we divide the proof into three steps. In the first step, we formulate the variational formulation of (1) in Q,,
then we reduce our work to the fixed domain €2, using the inverse of the transformation ®,,, and by defining
the transport back functions v,, := u, o ®,, and f := f,, o ®,,. The second step consists in showing that (v,), is
bounded in H(?). Finally, we demonstrate the convergence of v,, to v (the solution on ) in H () in the last
step.

Now let’s move on to the second main result, which is independent of the previous theorem:

Theorem 2 (continuity with respect to W convergence). Let (), be a sequence of (2,00)-Sobolev
open domains and let Q be a (2,00)-Sobolev open domain, that are included in a ball B in R%. Consider the

Wentzell-Laplace problem (1), and let u,, € H2(S2,) be the solution of (1) on Q,. Suppose that Q, LAY}

E 1
Then there exists a limit u € H?(Q) such that u, B, 4 and u is the solution of (1) on L.

Remark 1.1 We remark that the last theorem is not valid for the Hausdorff convergence of the sets, and we
give a counter example in dimension two (see Remark 6.1).

The proof of the second theorem is much more difficult than the previous one. In fact, the {2 domain
should be at least (2, 00)-Sobolev, where a (2, p)-Sobolev with 1 < p < oo is defined such that the second-order
differential of the signed distance function at the boundary D?bq belongs to LY (Uy), with Uy, being a tubular
neighborhood around 02 of radius h > 0. It is clear that our sets will be in particular Lipschitz domains or in

the W1 class. This remark allows to find Lipschitz constants, in some proofs of our results.

First, we need to show the existence and uniqueness of the solution to problem (1). Next, we derive uniform
bound estimates for the solutions, then we show the existence of an extension operator from H 2 () into H2 (B).
Actually, we want to extend H(€2) to H(B), but it’s not clear at all. The difficulty with the set A is that the
restriction to Q of a function in H(B) has no reason to belong to H(2). So, we notice that it is interesting to
study the convergence in the space H 3 (€2), thanks to the Necas property (see [4]) which says: If u € H'(Q) and
w e HY(0Q) with Au = —f € L2(Q) C (H2())', then u € H2(Q) (with a uniform constant in the Lipschitz
norm of §2). Moreover, if (2,,),, is a sequence of open bounded uniformly Lipschitz domains that converges to
Q) in some topology T, and w,, being the solution of problem (1) on ,,, we prove the existence of a subsequence
of (@n)nen, With @, being the extension of w, in B, that converges weakly in H%(B) to a limit @. Therefore,
we obtain the strong convergence in H'!(B) thanks to the Compact injection of H?(B) in H'(B). Set u to be
the restriction of @ to 2. We have u € H? (©2). The next step shows that we have —Awu = f in 2. The question
is: does u satisfy the boundary condition? To answer, we will give several lemmas. In Lemma 5.5, we show
that for all v € W1°(B), we have:

/ Vit Vv — — Opu v.
o0, Fle)

Now, to continue the proof, we have to prove Proposition 7.1 which says: for all v € W2°°(B), we have:

Viu,.Viv — V., u.V v.
12197 oN
To overcome this obstacle, we need the assumption of the convergence of b, to b in W??, 1 < p < co. In
fact, a problem will appear in the differentials of the first (case p = 0o) and of the second order for the uniformly
Lipschitz shapes. Therefore, we need more regularity to prove that Db,, goes to Db in L>°(B), like the "positive



reach" sets (see [7, Definition 6.1, p.303]) where it suffices to have the Hausdorff convergence of these domains,
and even more regular for the second-order calculus as the (2, 00)-Sobolev domains (or simply W?2:°°) with the
necessity of W2 convergence of these domains (for more details, one can refer to |7, Definition 9.1, p. 374]).
Indeed, to avoid working with Radon measures as in [7], [9], and [10], we would like to truncate around the
boundaries of the domains to get rid of singular points in B; in other words, we try to keep the skeletons far
enough away from the boundaries 0€2,, and 02, so we do the studies in a uniform tubular neighborhood Uy, for
some h > 0 (see subsection 6.4). Moreover, if Dp,(x) and Dp(z) represent the differentials of the projection
functions p,, and p at the point x € Uy, on 952, and 92, respectively, we will deal with the convergence of Dp,,(x)
to Dp(z) in which we have to inject the regularity of (2,00)-Sobolev with the need for W2 convergence of
these domains, which will be presented in Proposition 6.5. This proposition could be proved thanks to the
article of Gunther Leobacher and Alexander Steinicke (see [8 , Theorem C]), where they derived an explicit
formula for Dp(z), x € Uy,

In the proof of Theorem 2, we use the uniqueness of the limit to prove that u is the unique solution of (1).
Moreover, since u is the only accumulation point of the sequence (u,)nen, the whole sequence converges to u
in H'(B), which completes the proof.

The plan of this paper is as follows (see Figure 1): in order to study the existence and uniqueness
of the solution of problem (1) in section 3, we define the set of e-cone in Definition 2.3, then we conclude that
a Lipschitz domain has this property thanks to Theorem 3. Furthermore, we can deduce in Corollary 2.1 that
if Q is (2, 00)-Sobolev domain then it also has the e-cone property. Actually, we use the Lax-Milgram Theorem
(see Proposition 3.1).

Concerning Theorem 1, the proof is in subsection 8.1.

For a proof of Theorem 2, we follow the following plan: After using Necas property stated above, we desire
to derive several uniform estimates, with respect to domains in the set O which is introduced in Definition 4.1,
on the function v € H2 () (see Propositions 3.2 and 4.1). Then in Proposition 4.2, we show the existence of
an extension operator from H2 () to H?(B). After that, we give some uniform estimations (with respect to
¢) on the extended function @ in H2 (B) (Corollary 4.1), and if we consider a sequence of uniformly Lipschitz
domains (€2,,), that converges to {2 under certain topology 7, we show the strong convergence of the sequence
of solutions (@), to a limit @ in H'(B) (Corollary 4.2). In Lemma 5.1, we show that the restriction u € H? (Q)
of the limit @ to 2 satisfies —Au = f. But we still need to show that w solves the problem (1), i.e. does u
satisfies —A,;u = Opu on 9Q? To answer this question, we give several lemmas (from Lemma 5.2 to 5.5), in
addition to Proposition 7.1 (see section 7). In fact, in this proposition, we need to deal with the convergence
of the signed distance functions in WP, p > 1, in a uniform tubular neighborhood Uj, for some h > 0, which
always exists due to Proposition 6.4 (see subsection 6.4), and then Theorem 2 is proved.

In section 6, we are going to study the behavior of the convergence in W1P(B), with 1 < p < oo, of the
sequence of the oriented distance functions (b,,),en or (bg, )nen with respect to the Hausdorfl convergence of
less regular domains (see Propositions 6.1, 6.2 and 6.3). Also, we study the convergence of the differential of the
projection functions p, on 99, in L? for 1 < p < oo with respect to the W2 convergence of (2, c0)-Sobolev
domains (see Proposition 6.5).
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2 Definitions and preliminaries
The first definition is for claiming that the normal derivative du is well defined in H~2 (99):

Definition 2.1 If Au € L2(Q), then the normal derivative Onu is well defined in H~=(9Q), where n denotes
the outward unit normal vector field on the boundary, in the following weak sense:
Let us define the linear continuous form L of H=(9S):

Y € H%(BQ)7 L(v) := / Au 94+ Vu.Vi = / Opu v (2)
Q o0

where ¥ := 7y '(v) € HY(Q) is the inverse image of v € Hz(8Q) by the linear bounded trace mapping ~o
from HY(Q) onto H: (09Q). By Riesz representation theorem (see [5, Theorem 4.12, p.40]), there exists a unique
y in (H2(0Q)) = H=2(89Q), such that L(v) = <y,v>H_%XH% for allv € Hz(99), then we can conclude from

(2) that Opu =y in a weak sense on the boundary 0.
¢

From the definition of H (), V,u is defined on 99 in a weak sense. For the study of this chapter, we need
to define an extension of V. u in B:
Let bg (or simply b if no confusion) be the signed distance function to the set €2, that is defined by

—d(z,00) if x e,
bo(z) = b(x,09Q) := -
d(z,0Q) if x € R\ Q,
where d is the usual metric in R?, and for any = € R?,
d(z,00) = inf d(z,y)= inf |z—y|

Now, as the skeletons of €2 are of zero d-dimension, we deduce that b is differentiable almost everywhere in
B, thus Vb € L?(B). In addition, we have outside the skeletons: its gradient satisfies |[Vb| = 1 and Vb = n on
0f), where n is the outward normal vector field.

Definition 2.2 We define the extension vector V,u € L?(B) outside OQ as

V,u = Vu— (Vu.Vb)Vb.

Definition 2.3 For a fized € > 0, let us introduce the class of open sets:

O = {Q open set, Q has the e-cone property}.
¢

One can refer to [2, p.54] to see more details about this set. Moreover, we have the following theorem proved
in [2, p.56].

Theorem 3 An open set Q with a bounded boundary has the e-cone property if and only if it has a Lipschitz
boundary.

Let us now state a result in A. Henrot and M. Pierre book (see [2, Theorem 2.4.10, p.59]).



Theorem 4 Let 2, be a sequence of open sets in the class O.. Then there exists an open set Q € O, and a
subsequence )y, that converges to ) in the sense of Hausdorff, in the sense of characteristic functions, and in
the sense of compacts. Moreover, §,, and 0%, converge in the sense of Hausdorff respectively to Q0 and 0f).

Let us introduce the following domains:

Definition 2.4 (Sobolev domains).
Givenm > 1 and p > 1, a subset Q of R? is said to be an (m,p)-Sobolev domain or simply a W™P-domain
if 00 # 0 and there exists h > 0 such that

ba € WiooF (Un(09)),
where Uy, is a tubular neighborhood of 02 of radius h.

We can deduce the following corollary:

Corollary 2.1 If Q is a (2,00)-Sobolev open bounded domain, then it has the e-cone property, with € > 0 is
uniform on 0S).

3 Existence and uniqueness of the solution of (1)

In order to prove the existence and uniqueness of the solution of problem (1), we give the variational formulation
of this problem:
For all v € H(S2), we have

fQ —Auv= fQ fo,
Joq —Aru v+ [5 Onu v =0.

Hence, we get

/QVu.Vv—i-/m VTU.VT’U:/QfU. (4)

Actually, we aim to use the Lax-Milgram Theorem, by showing the continuity of A and B on H(2) (even
Hs(2) is true), where

A(u,v) ::/Qvu.vw/m V,u. V.o, B(v) ;:/va, (5)

and that A is coercive on H(€2). Let us remark that the coercivity cannot be valid on H4(€2), since A(1,1) =0
and 1], () = Volume(Q) + Perimeter(£2).

Lemma 3.1 A and B are continuous on H(Q).

Proof: We have:

A(u,u) = ||VU||%2(Q) + ||Vru||2L2(Q) < ||“H3{(Q)

and

|B(w)| < [ fllezo lull2@) < [ fll2@llull#)
thanks to the Cauchy-Schwartz inequality. Therefore, A and B are continuous on H(f2).



Lemma 3.2 A is coercive on H(2).
Proof: Let us divide our proof into five parts:
1. Set Arp to be the lowest non-zero eigenvalue of Laplacian-Beltrami operator, then Yu € H'(99) with
Joqu =0, we have
[ull200) < ALllV-ullL200) (6)
since we have by Courant-Hilbert lemma

IVrull 22 00)

)\LB = m B E—
u€H(89), ull ||u||L2(aQ)

2. Since we have
ullzza2) < ALelIVrullrz(oq),

we get by interpolation between L2(9€2) and Hz(9) that

[l < CON[Vrull2o0) < C(OQ)||ullr (a0 (7)

HE (09) =
3. Let us split v = v + w where v solves
Av=0 inQ,

v=u on 0f)

and w solves

Aw = Au in Q

)

w=20 on 0f).

Now, for v € H2 () we have

[0]lL2@) < vl a1 ) = constant [|vf| 3 oo < C(e) Cle) (10)

ahoa) S CENI L 00 = CENUl 1 40

where C(e) is a constant that depends on the equivalence of norms between H2 (9€2) (the trace of H'(Q2))
and the intrinsic Sobolev norm H? defined as a double integral. In fact it depends also on the uniform
Lipschitz constant or e-cone property (for more details, see Maz’ya’s book in Sobolev spaces [12]).

Thus, by (7) we get

1]l 22 @) < C@)l|ulla 00)- (11)

Concerning w, we have using integration by parts in :



_ /QwAw: /Q Va2, (12)

On the other hand, we have:

—/ wAw = —/wAu:/Vu.ng 1Vl L2@) Vw2 (o) (13)
Q Q Q

Hence, combining between (12) and (13) we obtain

IVw|r20) < IVullz2(e)- (14)
But by Poincaré inequality we have:
E'Op = OPOincaré, such that ||w||L2(Q) < Opva”Lz(Q) (15)
Therefore, we get
[wllzz0) < IVullrz)- (16)
4. As u = v + w, we deduce that
lullZai) < 20072 + wliZ2 () < 201VullZz@) + CE)llullz o)- (17)

5. In this step, we will gather all the information above. So we have
||U||3-¢(Q) = ||UH%2(Q) + ||VU||%2(Q) + ||UH%2(BQ) + ||Vru||2L2(aQ)
<2||Ivul3 c 2 Vo2 Vul2 2 Voul?
< 2|[|[Vullz2(q) + C(€) (lullz20) + IVrulli200) ) | +1IVulliz) + llullz200) + IV-ullz2 00
< 3Vl 0y + 20() (A25(09) + 1) [Vl 00 + (V2 5(09) + 1) [Vl 2oy
= 3| Vu|F2(q) + (2C(e) +1) (AL p(0Q) + 1) [IV7ull72 50,
< max [3,(20(¢) + 1) (A7 5(89) +1)] (||vu||2L2(Q) + HVTU||2L2(89))
Therefore, there exists a constant o := max [3, (2C(e) + 1) (A7 5(89) + 1)] such that
ey < @ (IVullie@) + IVl o)) - (18)
1
If we set 8 := —
a

A(u,u) > BllullFyo- (19)

Hence A is coercive on H(f2).

10



Remark 3.1 The constant o of coercivity of A depends only on:

1. C(e) the constant in the equivalence of norms between H?z(8) (seen as the trace of H'()) and the

intrinsic Sobolev norm H? defined as a double integral. It is uniform on the class of e-cone domains (see
Maz’ya’s book in Sobolev spaces [12]).

2. The first non-trivial eigenvalue of the Laplace-Beltrami operator on 0S).

In dimension two, it depends only on the perimeter and decreases with respect to it; if there exists § > 0
such that Perimeter(0Q) > § > 0, then A\, g(0R) is bounded by a constant depending only on § and not Q.

In dimension three, bounds on curvature of 02 could be needed (to investigate).

Now, in order to end the proof of the existence and uniqueness of the solution, let us give this crucial
proposition:

Proposition 3.1 (Existence and uniqueness of the solution of (1)). Let Q be a Lipschitz domain. Then
for any f € H'(Q) (the dual of H(2)), problem (1) has a unique solution u in H(S2).

Proof: In order to prove this proposition, we just have to apply Lax-Milgram Theorem.

O
From the work above, we can show this proposition that will be useful in the next subsection:
Proposition 3.2 (A priori bounds for ug). For all f € H'(Q), the solution ug of (1) on Q satisfies
luallr@) < a(@)flw@)- (20)
Moreover, if f € L*(2), then we have
lua ) < al@))fllz2@)- (21)
Proof: Let f € H'(2). We use ug € H(Q2) as a test function so that we get from (18)
luall3iq) < (Q)A(ug, ug) = () bug) < Q)| £l @ lual),
hence we get
[ualln@) < (@) fllw @)
If f € L?(2), then we have
luallr@) < a(@)fllr2@)-
0

11



4 Extension operator and uniform bound estimations

The difficulty with the set H is that the restriction to 2 of a function in 7 (B) has no reason to belong to ().
Therefore, we consider the space H % to overcome this difficulty. That’s the reason we deal with the right hand
side f to be in L?(2) and not just in H'(Q).

In this section, our goal is to show the existence of an extension operator from H2(Q) into H?(B). Fur-
thermore, we would like to study some uniform bound estimation in H? () and H2(B) in order to show the
existence of a weakly convergent sequence of solutions (un)n, with respect to the convergence of a sequence of
domains (), to the limit set © in some sense, to a limit u in the extended set H? (B), and in particular we
get the strong convergence of u, to u in H'(B), thanks to the compact injection of H?2(B) into H'(B).

In order to set ourselves in the uniform case with respect to §2, we give this definition:

Definition 4.1 We set O to be a class of domains Q € O, such that there exists M > 0 and a(Q) < M (the
constant M is uniform with respect to Q € O, ). In other words, the domains in O are considered to be uniformly
Lipschitz with a uniform constant M.

&

In order to have an extension operator, we pass to H? () thanks to Necas property (see [4]):
If u € HY(Q) and u € HY(8Q) with Au = —f € L*(Q) C (H2(Q)), then u € H2(Q) (with a uniform
constant in the Lipschitz norm of ).

Proposition 4.1 On the set O, there exist M > 0 such that ||ul| <M.

a3 =

Proof: We use the uniform bound in H(€2) and Necas property.

Proposition 4.2 Let Q) € O. Then there exists an extension operator from H%(Q) into H%(B)
The following corollary investigates a uniform bound on the extended function @ in H?2 (B):

Corollary 4.1 Let Q € O. Then there exists M > 0 and @ an extension in H%(B) of u the solution of (1) in
Q, such that

|l s, . <M. (22)

As a consequence of Corollary 4.1, we have

Corollary 4.2 Assume, for a given topology T on O, that Q, — Q, where Q,, and Q are included in B

and belong to the set O. Let u,, be the solution of (1) on Q, and 4, its extension to B. Then ||11n||Hg(B) is
uniformly bounded. By consequence, there exists u € H%(B) such that
i, — @ in H?(B). (23)
In particular, we have the strong convergence in H*(B), in other words, we have
IT—! in L*(B), (24)
Vi, — Vi in L*(B). (25)

Set u to be the restriction of @ to Q. One has u € H2 (). The question now is: does u solves (1) on Q? To
answer, we have to pass to the limit in the variational formulations.

Remark 4.1 In the following, we will denote by u, (respectively u) the restriction to Qy, (respectively ) of
i, € H?(B) (respectively . € H? (B)), where €, and Q are in O.

12



5 Interpretation of the limit

In this section, we deal firstly with the volume case, so that we show that the limit w is a solution of the volume
equation —Awu = f. But in order to prove that w satisfies the boundary conditions of (1), we give several
lemmas, in addition to using Proposition 7.1. We will divide this section into many subsections.

5.1 The differential equation in the volume

Lemma 5.1 Given a sequence of uniformly Lipschitz domains (Qy,), that converges to a Lipschitz domain €,
let (un)n be a sequence of solutions of (1) defined in H?(Qy,), and let u be its limit in H2 (). Then, for
f € L3(Q), we have on §:

—Au = f.
Proof: Let ¢ € D(Q2), we have:

<_AUTL?<)0>'D'(QTL)><'D(Q (f,o)p "Q)xDQ) = (Vn, Vo) pr " () xD() =(f,o)p’ () xD(Q)
= (Vun, Vo) r2Byxr2) = (f, ) 12(B)xL2()
= (Vu, Vo) r2Byxr2) = (f;¢)L2(Byxr2(2) by (25)

= <Vuvv§0>”D'(Q)><D(Q) = (f, @>D’(Q)><D(Q) = <_Au790>D'(Q)><D(Q) =(/, 90>D/(Q)><”D(Q)'

5.2 Localization in Q) (the limit set)

As a consequence of Theorem 4, we can derive this lemma:

Lemma 5.2 Let (Q,), be a sequence of uniformly Lipschitz open bounded sets that converges in the Hausdorff
sense to a Lipschitz open bounded domain Q). Let f € L?>(B) and v € L?(B). Then we have

/BXanv—>‘/BXva

where Xq, and Xq are the classical characteristic functions defined in L'(B).

Proof: From Theorem 3, we deduce that 2, € O.. Thus, we can apply Theorem 4 that provides the
existence of a subsequence that converges in three different senses, in particular we have the characteristic
convergence of ,, to Q (i.e [Q,] — |Q] or Q, — Q in L}(B)). Let f € L?(B) and v € L?*(B). Then we have:

L'(B)

X, — Xo (26)

n

Since Xq, and the limit X take values in {0, 1}, we get

Xo, 2P, (27)
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Hence we have

1
X, fv =2 xg fo,

that is to say

/BXQ,,Lfv—>/BXva.

Lemma 5.3 Let (Q,), be a sequence of uniformly Lipschitz open bounded sets that converges in the Hausdorff
sense to a Lipschitz open bounded set Q. Let (uy,)n>1 be a sequence of solutions of (1) defined in H32(%,), and
let u be its limit in H2(Q). Then, for all v in W5*(B), we have:

O

/XQnVun.VU—>/ XoVu.Vu
B B

where Xq, and Xq are the classical characteristic functions defined in L*(B).

Proof: As Vu, — Vu and Xo, — Xq in L?(B), we get Vu,Xo, — VuXqg in L*(B). Since Vv €
L*(B), we deduce that Xq, Vu,.Vv — XoVu.Vo in L'(B). Hence we obtain

/XgnVun.Vv—>/ XoVu.Vo.
B B

5.3 Study of the surface term

Lemma 5.4 Let (Q,), be a sequence of uniformly Lipschitz open bounded sets that converges in the Hausdorff
sense to a Lipschitz open bounded domain Q. Let (un)n>1 be a sequence of solutions of (1) defined in H%(Qn),
and let w be its limit in H2 (). Then, for all v in W°°(B), we have:

/ Onlly, U — Onput v.
oy, o

Proof: We have:

8nunv:/ Aunv+/ Vun.Vv:—/ fv+/ Vu,.Vuv
02, Qp Q Qn Qo

n

:—/ Xﬂnf ’U—I—/ XQTLVun.Vv
B B

— —/ Xofwv +/ XoVu.Vou by Lemmas 5.2 and 5.3
B B

:—/fv+/Vu.Vv:/Auv+/Vu.Vv by Lemma 5.1
Q Q Q Q

= Onu .
o0

To end this subsection, we prove the following lemma which will be crucial in the proof of Theorem 2:
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Lemma 5.5 Let (Q,), be a sequence of uniformly Lipschitz open bounded sets that converges in the Hausdorff
sense to a Lipschitz open bounded set Q. Let (u,)n>1 be a sequence of solutions of (1) defined in H?(Q,), and
let u be its limit in H2(Q). Then, for any v € W1 (B), we have:

Viu, . Vo — — Onu v.
o0, a0

Proof: The proof can be easily done. From the boundary conditions in (3), we have:

/ —Arupv + Ontty,v = 0.
O, O

Using integration by parts, we obtain

Vi, Viv=— Onlin .
o, 0Qy,

Applying the limit to the right-hand side as n tends to infinity, we get using Lemma 5.4

/ Vi, Vi — — Ontt V.
Oy, o0

O

In order to complete the path concerning the surface terms, we still have to show that for all v in W?2°°(B),
we have

Viu,.Viv — Vyu. V. v
a9, a0
which will be proved in Proposition 7.1 (see section 7). In fact, to prove this proposition, we need to study
locally the attitude of the convergence of the signed distance function b, := bg, to b := by in W2P_ with
p > 1, in a uniform tubular neighborhood U}, of the boundaries for some h > 0, and actually we need the W2
convergence of (2, 00)-Sobolev domains (here the (2, 00)-Sobolev regularity has to be injected into the domains
Q,, and ©, which is much smoother than the Lipschitz one).

6 Study of the convergence of the signed distance and projection
functions in W1»

In this section, we are going to study the behavior of the convergence in WP (B), with 1 < p < oo, of the
sequence of the oriented distance functions (by,)nen or (ba, Jnen With respect to the Hausdorfl convergence
of less regular domains (uniformly Lipschitz and positive reach regularities). After that, assuming that b,
converges toward b in W2, we show the existence of a uniform tabular neighborhood U}, of the boundaries
for some h > 0, for (2, 00)-Sobolev domains. Also, we study the convergence of the differential of the projection
functions p, on 98, in LP(U), 1 < p < oo, with the assumption of W2 convergence of (2,c0)-Sobolev
domains.

15



6.1 L? convergence of the signed distance functions for uniformly Lipschitz do-
mains, for 1 <p < o

Proposition 6.1 Let (Q,), be a sequence of uniformly Lipschitz open bounded sets, that converges to a uni-
formly Lipschitz open bounded set 2, in the Hausdorff distance sense, and let B be a large ball containing $2,
and Q. Then we have:

by B

n

In particular, for p > 1 we have

G IN

Proof: If p = oo, the the proof is done for the complementary of €2,, and €2 in M. Dambrine and B. Puig
article (see [6], p.5, Proposition 2.7, Step 2.)
Moreover, if p < 0o, we have:

b= U5y = [ Ioala) =B@P < [ (50D Iba(2) = b)) = [y = Bl 5 001(B) 0.

6.2 W' convergence of the signed distance functions for domains of positive
reach

Proposition 6.2 Let (2,,), be a sequence of open bounded sets of uniform positive reach (i.e. each skeleton is
distant from its corresponding boundary) that converges to an open bounded domain ) of positive reach, in the
Hausdorff distance sense. Let h, be a positive real number and let Uy be a uniform tubular neighborhood, so
that 0 < h < hy, Vn € N, such that Uy, C N,Uy, , where

Uy, = {z € B;|baq, (z)| < hy,}.

Then we have
1,00
b, U

Proof: First of all, by [7, Theorem 3.3, (vii), p.347], we compute the gradient of bg:

Vdg(z) = x—ip(x)’ z e RN\Q,
Vb (x) = =) [ Vba(@)| =1, (28)

where dq is the distance function to €, knowing that bg(xz) = do(z) — dgg(x), and p is the orthogonal
projection of x € Uy on 9). Note that p(x) is unique in U,. We will denote by p,, the projection on 99,
instead of pq,, .

Then we have for all z € Up, \ Upen (09, U 0Q):

16



v—pule)  z—plx)
@ —pal@)]  Jz—p@)]|

[Vba, (2) = Vba(z)| =

Since the function ¢(y) = Y Lipschitz continuous on R™ \ {0}, we obtain

]
[Vba, (z) — Vba(z)| < |z —pa(z) — 2+ p(2)| = [pa(z) — p(2)]. (29)

Also, from Proposition 6.1, we get for all z € Up:

d(z, pn(z)) = b, (v) — ba(z) = d(z,p(z)). (30)

Now, since Uy, is compact, Jy € Uy, and there exists a subsequence (px())ren of the sequence (p,(7))nen,
still denoted by (p,(2))nen, such that p,(z) — y in Ujp. Then it remains to show that y € Q and y = p(z).

Step 1. Setting y,, := pn(z), we have

d(Yn, Q) < d(Yn, W) +dpg(Qn, Q) =0+ dp (2, Q) = d(Qn, Q).

Therefore, passing to the limit, taking into consideration the Hausdorfl convergence and from the conti-
nuity of the distance function d(., ), we get:

d(y, Q) = limd(y,, Q) <limd(Q,,Q) = 0.

Soy € Q.
Step 2. If p,(z) — y, then d(z,p,(x)) — d(x,y) by continuity of the distance function. Thus by

(30), we get d(z,y) = d(x,p(z)) by the uniqueness of the limit. Since x € Uy, y — d(z,y) has the unique
minimizer p(z) on . Hence y = p(z).

Therefore |p,(z) — p(xz)| — 0 for all z € Uy, this means that

IPn = Pl w,) — 0, (31)
and by (29), we get

[Vba, — VballL=(,) — 0. (32)
Finally, by Proposition 6.1, we obtain the result.
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6.3 WP convergence of the signed distance functions for uniformly Lipschitz do-
mains, 1 < p < oo

Proposition 6.3 Let (Q,), be a sequence of uniformly Lipschitz open bounded sets in RY, that converges to
a Lipschitz open bounded set ), in the Hausdorff distance sense. Let B be a large ball containing all these
domains. Then, we have for 1 < p < oo

by, W,

Proof: The proof here is much sharper than the precedent one. First of all, let us remark that since we
don’t have the positive reach condition, the points on the Skeletons (here the skeletons exist at least locally
in a tabular neighborhood of 9€) do not have a unique projection on the boundary p(z). In other word, the
function |p, () — p(x)| is not defined on all B; hence to overcome this problem, we look for a new procedure in
the following;:

Let z € B\ Upen(09, U0Q). Set

0, = argmind(z,.) = {y € 0Q,, | d(z,y) = d(z,0Q,)},
yeIN,

and

© = argmind(z,.) = {y € 9Q | d(z,y) = d(z,00)},
yeN

and define the functions g,, n € N, on B, such that:

Vz € B W(x) = inf  d(yn,y).
reB, gn(x) e o (Ynsy)

In fact, we have for x € B\ U,end$2, U 09,

[Vbn(z) — Vb(z)| < |pn(z) — p(2)| = gn(2).

Therefore, if we prove that g, goes to zero pointwisely, and since |Vb,(z) — Vb(z)| < |[Vb,(2)| + |Vb(z)| =

1+ 1 = 2 which is integrable on B, then Vbgq, i—(@% Vbgq, thanks to the dominated convergence theorem, and

1,1
hence bg,, W@, ba. Now, by M. C. Delfour and J.-P. Zolésio book (see [7 p.350, Theorem 4.1 (i)]), we have

the convergence in W1P(B), for all integers 1 < p < oo.
Pointwise convergence: From the Hausdorff converges of €2, to 2, we have:
Ve > 0, 3N, > 0, such that Vn > N, d(9,,Q) <e. (33)

Then we get (see Figure 2.2):

1. B(pn(z),e) Ny, # 0, ie.

Jy, € 0, such that d(pn(x),2) < d(yn,z) < d(p(z),z) + e < d(y,z) +e.

2. B(p(x),e) N Qy # 0, ie.

Jy € 99, such that d(p(z),z) < d(y,z) < d(pn(z),z) + ¢ < d(yn,x) +&.

18



aQH,

Figure 2: The projection of point x on 92, and 0f2.

Therefore, we have on one side:

|d(yn, ) — d(y, v)| <e. (34)
On the other side, we get

that is equivalent to say
|d(0Q,, x) — d(0Q, x)| < e. (35)
o, in order to finish the proof of the pointwise convergence, we have to prove that

Jy, € O,,3y € O, such that d(y,,y) — 0. (36)

To prove that, let (yn)nen, with y,, € ©,,, be a sequence in B. Since B is compact, there exists a subsequence
(yk )k (still denoted by (yn)n since no confusion) of (y,), in B, and there exist an element y in B, such that
yn — y in B. Now, it is sufficient to prove that y € 9.

Indeed, we have:

d(z,y) =limd(z,yn) by estimation (34)
= limd(z,09,) since y, € O,

= d(x,00) by estimation (35)
hence, y € 992, and the proof of (36) is finished.
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6.4 P convergence of the differential of the projection function for (2, c0)-Sobolev
domains, for 1 < p < oo

In the following, as mentioned in the introduction, we are going to deal with the second-order derivatives of the
signed distance function. In fact, we need such an extra regularity on §2,, and €2, which is the (m,p)-Sobolev
assumption, with m > 1 and p > 1, in which via these regularity, the m-th order derivatives can be defined
now locally. In particular, it is sufficient to choose m = 2 to deal with the second-order derivatives. Let us
remark that in order to avoid working with Radon measures as in [7], [9], and [10], we would like to make a
truncation around the boundaries of the domains to get rid of the singular points of the signed distance functions
in B. In other words, we separate the skeletons from the boundaries of 02, and 9. Actually, we have to
deal with the Hessian matrices D?b,, and D?b in a uniform tubular neighborhood Uy, which always exists (see
Proposition 6.4). Moreover, If we set p,, and p to be the projection on 952, and 91, respectively, we will study
the convergence of Dp, (x) to Dp(z) for all € Uy, which will be presented in Proposition 6.5. This proposition
could be proved thanks to Gunther Leobacher and Alexander Steinicke paper (see [8, Theorem C]), where they
investigated an explicit formula for Dp(x), = € Uy,.

To do so, let us introduce the notion of a tubular neighborhoods of 92, for all n € N (see Figure 3), then
we show the existence of a uniform one, in the following proposition:

Proposition 6.4 Let (), be a sequence of (2,00)-Sobolev domains that converges toward a (2,00)-Sobolev
domain Q in the W sense. For small h, > 0 and Vn € N, we set

Up, = {.%' € B; ‘baQn(m)‘ < hn}.

Then there exists h > 0, such that hy, > h, Vn € N, and a uniform tubular neighborhood U}, such that
Un C N, Uy, , so that we guarantee that the chosen domain Uy, will not include any of the skeletons of €, and
Q, for allmn € N.

Proof: Suppose by contrary that there exists ng € N such that h,, < h, for all ~ small enough, then the
skeleton of this set 2,, will approach from the boundary 0f,,, this means that the radius of curvature of
this boundary at a point z,, is going to zero. This is equivalent to saying that: at least one of the principle
curvature of this boundary at ,, is going to infinity. But we know that Q,, is converging to Q in the W2
sense, i.e. the eigenvalues of the Hessian matrix D?b,,, are converging toward those of D?b. Hence, we get a
contradiction. (see Figure 2.4).

|

Remark 6.1 We remark that Proposition 6.4 is not true for the Hausdorff convergence of the domains (see a
counter example in dimension two below).

Counter example: Let us give a counter example in dimension two for Hausdorff convergence of sets. Let
v :s € R +— R? be a parametrization of the boundary 92. We make a small perturbation ~,, for all € > 0
small enough, around a point xg € 92 in the following way:

) =20+ (22)

3

where ¢ is a mollifier and y(sg) = zp. One can see that as £ goes to zero, the perturbed domain Q. converges
to Q in the Hausdorff sense. But the distance h. between the skeleton Sk(I'c) of the perturbed section I'c of
09, and the curve I'; itself will tend to zero as ¢ — 0 (see Figure 5). This contradict the fact that there exist
h > 0 such that h. > h for all € > 0.

Now, let us make a uniform cut-off of size h.
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o1,

Figure 3: Tabular neighborhood of the boundary 92, locally.

Figure 4: Curvatures of 02, and 012 at points z,, and xo respectively.
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Figure 5: The perturbed domain
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Definition 6.1 We define a C'°° uniform cut-off function v as:

o

where d is the distance function to the limit set Q, and £ is a C* function defined on R* as the following:

&

Now, we prove the convergence of the sequence (Dpy,), to Dp in LP(Uy) for p > 1, where Dp,, and Dp
represent the differential of the projection functions p, and p, respectively.

Proposition 6.5 Let (2,), be a sequence of (2,00)-Sobolev open bounded domains in RY, that converges to a
(2, 00)-Sobolev open bounded domain 2, in the W2 sense. Then, for 1 < p < oo, we have

P
Dp,, L), Dp,
v
where Uy, is a uniform tubular neighborhood defined in subsection 6.4 and Dp, M Dp, 1 < p < o0,

.. P ..
means that the ij-component DY M) D" foralli,j=1,...,d.

Proof: First of all, let us compute explicitly the matrix Dp(x) at the point 2 € Up. To do so, we refer to
[8, Theorem C], where the differential of p at « € Uy, is computed as

1
Dp(x) = (IdT,,(m)(asz) — |z - P(Q«”)\Lp(z),v) Pr, . (09, (37)

where v = |z — p(z)| 7! (x — p(z)) and Ly(z),0 is the shape operator in the direction v at p(z), and Pr, . o9
is the projection operator on T}, (99).

Let us explicit the shape and projection operator in local coordinates. We define the basis B of R? around
p(z) like this: the first d — 1 vectors are the principle vectors of the tangent space T),(,)(02) at p(x) and the
last vector is the normal unit vector v. Then we have:

1 0 ... ... 0
0 1
Pr, . 00) = )
: 1 0
0o ... ... 0 0

and the shape operator in the same basis can be written as

0 k() :

L@y = : S
kdfl(l‘) 0
0 0 0
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where k;(z), i = 1,...,d — 1, are the principle curvatures of 9 at p(x).

Hence, replacing |z — p(x)| by b(x), we get

Dp(z) = (Idgp,,, o0 = b(@)Lp@)w) " Pr,., 002) (38)
1
1= b (2) 0 0
0 1
1
1— bkdfl(.%')
0 o . 0 0

Notice that the denominators 1 — bk;(z), i = 1,...,d, cannot be zero since we are working in a bounded
volume Up. Clearly, the matrix Dp(z) is diagonal with respect to the basis B, so it is sufficient to study the
diagonal terms. Therefore, if we denote by Dp¥ (x) the ij-th component of the matrix Dp(x), we have for all

1=
1) Convergence in L>*(Up):

1 B 1
1-— bnkn7z($) 1-— bk‘l((L‘)

|1Dpy — Dp™| L=,y = sup |Dpj;(x) — Dp"(z)| = sup
xzeUy, zeUy,

bnkn,i(m) — bk‘,(aﬁ) + bnkl(l‘) - bnk/’l(m)

bk (z) — bk:(z) ‘

oty | (L= bpkn (@) (1 = bko(2)) | aeo, (1= bk, (2)) (1 — bki(w))
N (b — b)ki(x) " b (ki — ki) (x)
S T = bk (@) (1 — b)) ‘ o = bukn s(@)) (1 — b)) ’

In fact, since D?b,, tends to D?b in L°°(U},), we have the convergence of the eigenvalues of the Hessian
matrix D?b,, toward those of D?b in L>(Uy), in other words, the principle curvatures k,, ;(z) for all
i = 1,...,d converge uniformly toward k;(x) (see Figure 2.4). Therefore, we have ||k, ; — ki||p~w,) =
SUp,ep, |kni(®) — ki(z)] 5 0. In particular, the principle curvatures k,, ;, i = 1,...,d, are uniformly
bounded with respect to n € N. In addition, the oriented distance functions b, go to b in L>°(U},), hence
they are also uniformly bounded with respect to n € N. Therefore, we get:

|1 Dply = Dp™ || oo (1,) < Cillbn — bll Lo ) + Callkn,i — kill Lo () —— 0

where C; and C5 are two positive constants independent of n € N. Finally, we get the desired result:

Dp,, RGN Dp. (39)
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2) Convergence in LP(U), p < ooz

For all ¢ = j, we have:
D85 = DV, = [ D) = D @)
h

S/U (sup |[Dpj;(«) — Dp™(x)])?

h zeUy,
= | Dpyy = Dp" ||} e (1, v0l(Un) — 0.
Hence, we have it for all 4,5 = 1,...,d. Therefore, we get the result:

Dp, 29 pp. (40)

7 The remaining convergence on the surface
In order to prove Theorem 2, we have to give the following crucial proposition:

Proposition 7.1 If u, € H2(Q,) and u € H2(Q) are defined as in Remark 4.1, then for all v € W2>(B),
we have:

Vi, Vv — V. u.V. v.
o, o0
Proof: We begin by transferring our domains of the integrals to the large one B which is containing all of
Q,, and ©, then we proceed by applying the truncation on the uniform domain Uy},.
First of all, let us recall that the tangential vector V,u can be extended to the vector Vu— (Vu.Vb)Vb in the
uniform tubular neighborhood Uj. Now, without loss of generality, we choose the test function v € W2>°(B)
so that the normal derivative vanishes on 9 (i.e. we get Vv = V, v in B). Then, we have:

VuVio = / [Vu — (Vu.Vb).Vb] . Vo = Vu. Vv — / (Vu.Vb)Vb.Vu
o9 o9 ro) a0

Now, as the normal vector n is unitary and using the fact that Vb is the extension of n in U}, we obtain by
applying the divergence theorem: for all v € W2°°(B),

Vu.Vv = Vu.Vo(nn) = Y(Vu.Vov)(n.n)
a0 a0 a9
/BQ [(Vu.Vv)n].n = /Qdiv [(Vu.Vo)n] = /Uh div [ (Vu. Vo)V

where the cut-off function v is introduced in Definition 6.1. Hence we get

/ Vu. Vo :/ (Vu.Vo)Viyp.Vb + YV (Vu.Vv).Vb + P(Vu.Vu)Ab
o Uh Uh, Uh
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= / (Vu.Vo)V.Vb+ [ p(V(VuD )Vl ).Vo+ [ »Vu'V(Vo)Vb+ [ (V. V)Ab
U Up Up, Un

— / (Vu.Vo)V.Vo+ [ Vol V(Vul Vb + [ Vul V(VoT)Vb+ | (Vu.Vu)Ab
Un Un Un Un

= / (Vu.Vo)V.Vb+ [ Vol D*uVb+ [ ¢Vul D*oVb+ [ ¢(Vu.Vo)Ab.
Uy, Uy, Uy, Uy,

Also, we have:

/ (Vu.Vb)Vb. Vo = P(Vu.Vb)Vun = | div [y (Vu.Vb)Vu] = div [ (Vu.Vb)Vv]
0 89 Q Un

- / (V. Vo) VY. Vo + | YV(Vu.Vb).Vo+ [ $(Vu.Vb)Av
Un Un Un

= / (Vu. Vo)V Vo + [ Vb V(Vul ) Vo + [ Ve V(YO )V + [ 9(Vu.Vb)Av
Uh Uh, Uh, Uh

_ /U (V. VB)Veb. Vo + /

VT D*uVv + / YVuT D*Vo + | (Vu.Vb)Aw.
Uh

Uh Uh

Therefore, due to cancellation of some terms, we get:

Vru.Voo =
o0

P (Vu.Vv)Ab+/ (Vu.Vv)Vp.Vb

/ »VuT D>V +
Uh Uh,

Up

— [ YVuID?*Vo— [ ¥ (Vu.Vb)Av — / (Vu.Vb) V. Vo.
Up, Up, U,

Thus, we have:

/ Vru, Vv —/ V uV,v=
o, o0

YVul D*oVb, — [ VuT D*0Vb+ [ (Vu,.Vu)Ab, — [ 1 (Vu.Vu)Ab
Upn U, Un Up

— | VUl D?,Vu+ [ YVuID*0Vo — [ (Vu,.Vb,)Av+ [ ¢(Vu.Vb)Av
Uy, Uy, Uy, U

+/Uh(wn.W)vw.Vbn/Uh(vu.w)vw.vz;/

Un

(V. Vb, ) V1p. Vo + / (Vu.Vb) V). Vo

= (Ay — A) + (By — B) — (Cy — C) — (D, — D) + (E, — E) — (F, — F).

Let us study the convergence of each of these six terms:
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1) Convergence of A, — A to 0:

We have:

/ Vul D*vVb, — / YVul D*0Vh
Un Up
d d d d
h i=1j=1 i=1j=1

d d
= Z Z w [@un&jvajbn — 81'1,6(91‘]"0(9]‘()} .
i=1 j=1"Un

As d;u, — d;u and 0;bn SALEN 0;b in L2(Uy,), we get 0iun0;by, SLLEN O0;u0;b in LY (Uy,). Since YOiv €
L>®(Uy), we obtain 10;u,0;;v0;b,, —— 1d;ud;jv0;b in L*(Uy), therefore we get

d d
/ YVul D*wVb,, — / PVuTD*Vh =" [ [0itn0005bn — 0;ud;v0;b] — 0.
Up Un U

i=1 j=1"Un

Hence, we get the aimed convergence:

A, —A-Ls0. (41)
Convergence of B, — B to 0:
In this point, we have:
Y (Vu,.Vv)Ab, — Y (Vu.Vu)Ab = U [(Vu,.Vu)Ab, — (Vu.Vv)Ab|.
Uy, Un Un

As Vu,, — Vu in L?(Uy,) (hence in L'(Uy)) and ¢Vv € L>®(Uy), we get ¥Vu,.Vv —— %Vu.Vv in
LY(Uy). Since Ab, —— Abin L>(Uy), we obtain 1 [(Ab, Vu, — AbVu). Vo] - 0 in L*(U},), therefore

we have

Y (Vu, . Vo)Ab, — [ 9 (Vu.Vv)Ab= [ 9 [(Ab,Vu, — AbVu).Vv] - 0.
U;L Uh Uh

Thus, we get the desired convergence:

B, — B 0. (42)

Convergence of C,, — C to 0:

Applying the same procedure as before, we have:

/ waiunﬁijbnajU - / wﬁzu&j bajv
Un Un
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d d d
Uy, —

i=1j i=1j=1

[

d d
= Z Z/ ¢ [3iunaijbnajv - 81'7181‘]‘176]'1}} .
i=1 j=1"Un

As d;u, — d;u and 0i;bn SRLEN 0;b in L2(Uy,), we get 0iun0;5by, SALEN O0;u0;;b in LY (Uy,). Since Yojv €
L>®(Uy), we obtain 10;u,0;;b,0;v —— 0;ud;;bd;v in L*(Uy,), thus we get

d d
V11, D;bnOjv — / O b0 =D > | Y [Oiundijby — 0iudi;b] O — 0.
Un Un U,

i=1 j=1"Un

Therefore, we reach our target:

C,—C -—=>0. (43)

Convergence of D, — D to 0:
We have:

Y (Vu,.Vb,)Av — P (Vu.Vb)Av = ¥ [Vuy,. Vb, — Vu.Vb] Av.
U Un Un

As Vu, = Vu and Vb, —— Vb in L*(Uy), we get Vu,.Vb, —— Vu.Vb in L' (U}). Since 9Av in
L>(Uy), we obtain 9 [Vb,.Vu, — Vb.Vu] Av 250in LY (Up), therefore we have

Y (Y, . Vb,)Av — [ 9 (Vu.Vb)Av = [ 9 [Vu,. Vb, — Vu.Vb] Av - 0.
Uy, Un Un

Thus, we get:

D, —D 0. (44)

Convergence of F,, — F to 0:

In this point, we have:
/ (Vu, Vo)V Vb, — / (Vu.Vv)Vp.Vb = V. [(Vu,.Vv)Vb, — (Vu.Vo)Vb|.
Uh Uh Uh

As Vu, — Vu in L?(U) (hence in L'(Uy)) and Vo € L>®(Uy), we get Vu,.Vo — Vu.Vv in
L' (Uy). Since Vb, —= Vb in L>®(Uy), we get V.Vb, —— V4.Vb in L>*(U;,). Hence, we obtain
(Vi . V0)V).Vb, — (Vu.Vo)Vip.Vb — 0 in L*(Uy,). Therefore we get

/ (Vu,.Vo)Vip.Vb, 7/ (Vu.Vo)Vip.Vb - 0.
Up,

Un
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Hence, we get the aimed convergence:

E,—-FE->0. (45)

6) Convergence of F,, — F to 0:
We have:

/ (V. Vb, ) V0.V — / (V. Vb) V.V = / VbV [Vitn. Vb, — V.V
Uy, Un Un
As Vu,, = Vu in L*(Uy,) (hence in L'(Uy)) and Vb, —— Vb in L= (Uy), we get Vu,,.Vb, —— Vu.Vb
in L' (Uy). Since Vi.Vv € L>(U},), we obtain
V. Vv [Vu,. Vb, — Vu.Vb] = 0 in L*(Up).
Therefore, we deduce that

V).V [V, Vb, — Vu.Vb] - 0.
Un

Hence, we get:

F,—F 0. (46)

8 The proofs

8.1 Proof of Theorem 1

Consider the sequence of vector fields (hy,)nen, with h,, € WH® (R4 R9), ¥n € N. We define the sequence of
diffeomorphisms (®,,),, by ®, : R — R¢ with ®,, := Id + h,,, so that we have ,, = ®,(Q) = (Id + h,)(Q).
The proof is divided into 3 steps:

Step 1. Transforming the solutions onto the fixed domain Q:

First of all, let us give the variational formula of (1) on the moving domains €,,:

Yo € H(Qy), / Vun.VgoJr/ Vg .Vaep :/ feo. (47)
Qn o Q.

Then, we transform the solutions of (1) into a fixed domain Q, using the inverse of the transformation
function ®,,. Let us set the following notations:

Vp = Up 0 ®,, A,:=(D® H'D® 1), B,:=(D®,HTD® 17,

where J,, and J7 are the volume and the surface Jacobian, respectively. Then, transforming the integrals
in equation (47) from €2, into the fixed domain 2, we get:

Yo € H(Q), /Aann.VgO—i-/ BnVTvn.VTnpz/Jnﬂp. (48)
Q le) Q
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Step 2.

Step 3.

8.2

Uniform bound of v, in H():

By the uniform bound C' shown in Proposition 3.2, we can deduce a uniform bound with respect to the
parameter n € N, with the necessity of Q to be in O defined in section 4, so that we have

lonll2) < C.

Showing the convergence of v, to v (the solution on Q) in H(Q):

Assume that it is not the case. Then there exists a subsequence (vy)ren of the sequence (vy)nen, and
there exists 8 > 0, such that |[vx — v|l3) > B > 0. But we know that v, is bounded in #H(£2), hence
there exists v, € H(2) and a subsequence (v,,)pen of the sequence (vg)gen, such that v, — v weakly in
H(2) as p — oo.

Now, writing (48) as

Yo € H(R), /Avap.V<,0+/ BpVTvp.VTgoz/ Jpfe,
Q o0 Q

and passing to the limit when p — oo, we get:

Yo € H(Q), /Vvoo.Vga—k/ Vrvoo-VT<p:/fg0,
Q d Q

Q

since A, and B, converge to Id and J, goes to 1 when p — oco. Therefore, vy is a solution of (1) in
H(£2). By uniqueness of the solution and since v is the only accumulation point, it says that ve = v.
Thus V3 > 0, we have ||v, — v|[3(q) < B, which leads to a contradiction.

Proof of Theorem 2

To start the proof, we have to gather Lemma 5.5 with Proposition 7.1, so that we get

—/ Ot ¥ = Vru.V, v,
oQ o0

by the uniqueness of the limit. Moreover, making integration by parts on the right-hand side, we obtain:

Yo € W2®(B), 0Opu= A,u on 0Q.

Hence, we deduce that u is the unique solution of problem (1) in Q. Furthermore, as u is the only accumu-
lation point of the sequence (uy,),, we deduce from Corollary 4.2 that the whole sequence converges strongly to
uin HY(B).
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