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. It is also fitted to deal with sustainable economic issues, including environmental models, circular economy and optimal management of natural resources. We provide dynamic programming tools for such models. Without concavity assumptions, we show the existence of a solution and that the value function is the unique fixed point of the Bellman operator.

Introduction

History-dependencies are currently widely taken into account in economics in various domains, among which importantly representation of preferences issues (Rozen [START_REF] Rozen | Foundations of intrinsic habit formation[END_REF], Rustichini and Siconolfi [START_REF] Rustichini | Dynamic theory of preferences: Habit formation and taste for variety[END_REF][START_REF] Rustichini | Dynamic theory of preferences: Habit formation and taste for variety[END_REF]) or optimal growth (Ryder and Heal [START_REF] Geoffrey | Optimal growth with intertemporally dependent preferences[END_REF], Morhaim and Ulus [START_REF] Morhaim | On history-dependent optimization models: a unified framework to analyze models with habits, satiation and optimal growth[END_REF]). In this paper, we provide a general tractable framework for history-dependent models. The framework in Morhaim and Ulus [START_REF] Morhaim | On history-dependent optimization models: a unified framework to analyze models with habits, satiation and optimal growth[END_REF], in which consumption history is considered, is a particular case of transforming the instantataneous decisions into a history sequence. By generalizing the history formation process, through the introduction of a memory function, we provide a very general framework that keeps the framework being tractable as well as the elements of the basic model being interpretable within different contexts. This includes all the history-dependent models that are considered in Morhaim and Ulus [START_REF] Morhaim | On history-dependent optimization models: a unified framework to analyze models with habits, satiation and optimal growth[END_REF] (i.e. Ryder and Heal [START_REF] Geoffrey | Optimal growth with intertemporally dependent preferences[END_REF]) but also sustainability issues, in particular environmental models (Van Der Ploeg and Withagen [START_REF] Van | Pollution control and the ramsey problem[END_REF], Ikefuji [START_REF] Ikefuji | Habit formation in an endogenous growth model with pollution abatement activities[END_REF], Löfgren [START_REF] Löfgren | Habit formation in the environmental quality: dynamic optimal environmental taxation[END_REF]), optimal management of natural resource (Smulders, Toman and Withagen [START_REF] Smulders | Growth theory and green growth[END_REF], Ulus [START_REF] Yıldız | Pontryagin's principle for a class of discrete time infinite horizon optimal growth problems[END_REF]) and circular economy models (George, Chi-ang Lin and Chen [START_REF] Donald Ar George | A circular economy model of economic growth[END_REF], Kasioumi [START_REF] Kasioumi | The environmental kuznets curve: Recycling and the role of habit formation[END_REF][START_REF] Kasioumi | Economics of Recycling[END_REF][START_REF] Kasioumi | The environmental kuznets curve under recycling and habit formation[END_REF]). To illustrate the memory process, recall that in Morhaim and Ulus [START_REF] Morhaim | On history-dependent optimization models: a unified framework to analyze models with habits, satiation and optimal growth[END_REF], as in the consumption habit literature, the history sequence was built by, at each date t, keeping in memory the instantaneous consumption c t . When the model is analyzed as an equivalent optimization program with the decision variables being the capital stocks k t , keeping in memory c t means keeping in memory a function m (where in this case m(k t , k t+1 ) = f (k t ) -k t+1 for example) of the instantaneous decision k t+1 given the previous decision k t . Importantly, as a by-product, such a general framework allows to enrich the analysis by treating at the same time several kinds of history dependencies. This is crucial for sustainability issues as they involve on one hand habits (consumption habits but also recycling habits), and on another hand pollution stocks and environmental quality (Mazar[21], Moreau [START_REF] Moreau | Coming full circle: why social and institutional dimensions matter for the circular economy[END_REF]). Such a modelling choice also emphasizes the fact that the environment keeps in memory our activities and decisions.

It has been already shown that some environmental models (Ikefuji[13], Löfgren [START_REF] Löfgren | Habit formation in the environmental quality: dynamic optimal environmental taxation[END_REF]) fit the framework provided by Morhaim and Ulus [START_REF] Morhaim | On history-dependent optimization models: a unified framework to analyze models with habits, satiation and optimal growth[END_REF]. We focus here more generally on sustainability issues and circular economy models. In the literature, there are several aproaches for considering pollution. It can result from production and abatment activities in the line of Van Der Ploeg and Withagen [START_REF] Van | Pollution control and the ramsey problem[END_REF], Brock and Taylor [START_REF] William | The green solow model[END_REF]. Van Der Ploeg and Withagen [START_REF] Van | Pollution control and the ramsey problem[END_REF] propose an optimal growth Ramsey model that takes into account the dynamics of pollution that is generated from production. The pollution enters the utility but not the production function (it is not a circular economy model). Maris and Holmes [START_REF] Maris | Economic growth theory and natural resource constraints: A stocktake and critical assessment[END_REF] provide a recent survey on growth models incorporating pollution or natural resources issues. We also deal with optimal management of natural resources (Smulders , Toman and Withagen [START_REF] Smulders | Growth theory and green growth[END_REF], Ulus [START_REF] Yıldız | Pontryagin's principle for a class of discrete time infinite horizon optimal growth problems[END_REF]). Our modelling provides a well-suited framework for circular economy models (George, Chi-ang Lin and Chen [START_REF] Donald Ar George | A circular economy model of economic growth[END_REF], Kasioumi [START_REF] Kasioumi | The environmental kuznets curve: Recycling and the role of habit formation[END_REF][START_REF] Kasioumi | Economics of Recycling[END_REF][START_REF] Kasioumi | The environmental kuznets curve under recycling and habit formation[END_REF]). We provide dynamic programming tools for such models. Without concavity assumptions, we show the existence of a solution and that the value function is the unique fixed point of the Bellman operator. The paper is organized as follows. Section 2 introduces our general framework. Section 3 details some applications from the related literature. Section 4 provides dynamic programming tools.

A general framework

We propose a general intertemporal optimization framework in which the instantaneous reward function depends on memory of all the previous decisions. The formalism we propose allows to discuss and study the memory process formation (through a function m) as well as the way the history enters the instantaneous reward function (through a function ϕ). We describe a general framework of an infinite horizon intertemporal history dependent decision problem of a social planner which may be a problem of optimal growth related to consumption, saving, conservation, accumulation, pollution or sustainable issues. depending on the objectives and the constraints of the model. Let X be a topological space which will be the set of state and control variables of the problem. 1 . Let us consider an intertemporal decision process. Let Y be a topological space. We define a memory function/process by m : X × X → Y such that for time t, m(x t , x t+1 ) is the memory for the decision x t+1 ∈ X given x t . By this memory function/process m we will obtain the history of the memories over time which is modeled in the following way: At time t = 0, she has a time-0 history denoted by h(0) := (h

(0) 0 , h (0) 1 , ....) = (h (0) j ) ∞ j=1 lying in l ∞ + .
Having on memory m(x 0 , x 1 ) at time 0, she has then time-1 history equal to h(1) := (m(x 0 , x 1 ), h(0) ) at time t = 1. That is, for any time t ≥ 1, time-t history will be

∀t ≥ 1, h(t) = (h (t) j ) ∞ j=1 := (m(x t-1 , x t ), m(x t-2 , x t-1 ), ...., m(x 1 , x 2 ), m(x 0 , x 1 ), h(0) )
The j-th coordinate of the sequence h(t) is denoted by

h (t) j . For j such that 1 ≤ j ≤ t, the term h (t) j
is the decision j periods prior to time t, i.e.

h (t) j = m(x t-j , x t-j+1 )
For j ≥ t + 1, the terms h (t) j of the sequence h(t) are defined by the terms of h(0) , i.e.

(h

(t) j ) ∞ j=t+1 = h(0)
Let us consider an agent facing a time t objective function F which is defined on a subset

D F of l ∞ + × X × X F : D F ⊆ (l ∞ + × X × X) → IR The feasible correspondence Γ : (l ∞ + × X) → X is given such that for any ( h, x) ∈ l ∞ + × X Γ( h, x) ⊆ {x ∈ X, ( h, x, x ) ∈ D F }
Assuming a fixed discount factor β ∈ (0, 1), for initially given state stock x 0 > 0 and time-0 history h(0) ∈ l ∞ + ; with feasible state and control variables at time t, that is, satisfying the process x t+1 ∈ Γ( h(t) , x t ), for every t ≥ 0, the general framework optimization problem can then be written as follows:

P ( h(0) , x 0 ) =            Max +∞ t=0 β t F h(t) , x t , x t+1 s.t. ∀t ≥ 0, x t+1 ∈ Γ( h(t) , x t ) ∀t ≥ 1, h(t) = (m(x t-1 , x t ), m(x t-2 , x t-1 ), ....., m(x 1 , x 2 ), m(x 0 , x 1 ), h(0) )
x 0 > 0 and h(0) ∈ l ∞ + are given

Examples

In this section, we discuss how our general framework allows to study issues and models from various literature strands. On one hand, we introduce a general function allowing to model many different memory processes. On the other hand, we deal with general decision variables, objective functions and feasible sets. It thus firstly generalizes the history-dependent intertemporal optimization models provided in Morhaim and Ulus [START_REF] Morhaim | On history-dependent optimization models: a unified framework to analyze models with habits, satiation and optimal growth[END_REF] which gave general model examining various (including habit (Ryder and Heal [START_REF] Geoffrey | Optimal growth with intertemporally dependent preferences[END_REF], Rozen [START_REF] Rozen | Foundations of intrinsic habit formation[END_REF], Caroll, Overland and Weil [START_REF] Christopher D Carroll | Comparison utility in a growth model[END_REF]), satiation (He, Dyer and Butler [START_REF] He | On the axiomatization of the satiation and habit formation utility models[END_REF]), and environmental (Ikefuji [START_REF] Ikefuji | Habit formation in an endogenous growth model with pollution abatement activities[END_REF], Löfgren [START_REF] Löfgren | Habit formation in the environmental quality: dynamic optimal environmental taxation[END_REF]) and Safi and Ben Hassen [START_REF] Safi | Subtractive versus multiplicative habits in environmental economics[END_REF]) effects. Secondly, it allows to encompass sustainable economic models (including circular economy (George, Chi-ang Lin and Chen [START_REF] Donald Ar George | A circular economy model of economic growth[END_REF], Kasioumi [START_REF] Kasioumi | The environmental kuznets curve: Recycling and the role of habit formation[END_REF], Kasioumi and Stengos [START_REF] Kasioumi | The environmental kuznets curve under recycling and habit formation[END_REF]). Thirdly, applications from the optimal management of natural resources literature are provided (Smulders, Toman and Withagen [START_REF] Smulders | Growth theory and green growth[END_REF], Ulus [START_REF] Yıldız | Pontryagin's principle for a class of discrete time infinite horizon optimal growth problems[END_REF]).

Example 1: History-dependent optimal growth models with habit formation or satiation

In Morhaim and Ulus [START_REF] Morhaim | On history-dependent optimization models: a unified framework to analyze models with habits, satiation and optimal growth[END_REF], a representative agent consumes a single good on periods t = 0, 1, 2, .... and maximizes her intertemporal utility over the consumption c = (c 0 , c 1 , ....) from the set of consumption streams which is a subset of l ∞ . At date t, the consumer's instantaneous utility depends on her current consumption c t . But it also depends on her time-t (consumption) history h(t) which is defined from an initial history h(0) ∈ l ∞ + and keeps in memory the consumption decisions as follows:

∀t ≥ 1, h(t) = (h (t) j ) ∞ j=1 := (c t-1 , h(t-1) ) = (c t-1 , ...., c 0 , h(0) )
Her time t-utility u : D u ⊆ (IR + × R) → IR ∪ {-∞} changes endogenously from her time-t consumption history h(t) through the adjustment level function ϕ : l ∞ + → R with R = (IR + ) n (where n ≥ 1). Assuming a fixed discount factor β ∈ (0, 1), for initially given capital stock k 0 > 0 and time-0 history h(0) ∈ l ∞ + , the general framework and optimization problem, with f : IR + → IR + the production function and k t the capital stock at time t, is given as follows:

P u,ϕ,β (k 0 , h(0) ) =                                Maximize +∞ t=0 β t u(c t , ϕ( h(t) )) s.t. ∀t ≥ 0, k t+1 = f (k t ) -c t ∀t ≥ 0, c t ≥ 0 and k t ≥ 0, where k 0 > 0 is given ∀t ≥ 1, h(t) = (c t-1 , ...., c 1 , c 0 , h(0) ) where h(0) = (h (0) 1 , .....) ∈ l ∞ + is given ∀t ≥ 0, (c t , ϕ( h(t) )) ∈ D u ⊆ (IR + × R)
The problem can be rewritten as follows:

P u,ϕ,β (k 0 , h(0) ) =                                Maximize +∞ t=0 β t u(f (k t ) -k t+1 , ϕ( h(t) )) s.t. ∀t ≥ 0, k t+1 ∈ [0, f (k t )] ∀t ≥ 1, h(t) = (f (k t-1 ) -k t , f (k t-2 ) -k t-1 , ....., f (k 1 ) -k 2 , f (k 0 ) -k 1 , h(0) ) ∀t ≥ 0, (f (k t ) -k t+1 , ϕ( h(t) )) ∈ D u ⊆ (IR + × R) k 0 > 0 and h(0) = (h (0) 1 , .....) ∈ l ∞ + given
In order to cover this problem in our general framework, let us define X = Y = IR + , and x t = k t ∈ X for all t = 0 . . . ∞.

Also, let us define

F : l ∞ + × X × X → IR by for any h ∈ l ∞ + and x, x ∈ X F h, x, x := u(f (x) -x , ϕ( h))
We define for any decision x given x, the memory function/process m :

X × X → Y by 2 m(x, x ) = f (x) -x
and for history h ∈ l ∞ + and for any x ∈ IR + , the feasible correspondence Γ is given by

Γ( h, x) = {x ∈ [0, f (x)], (f (x) -x , ϕ( h)) ∈ D u }
Note that, this model encompasses the Ryder and Heal [START_REF] Geoffrey | Optimal growth with intertemporally dependent preferences[END_REF] model while n = 2 is used in modeling habits and satiation effects as in He, Dyer and Butler [START_REF] He | On the axiomatization of the satiation and habit formation utility models[END_REF]. Thus, through the adjustment level, this framework allows one to consider various models with different possible effects. Morhaim and Ulus [START_REF] Morhaim | On history-dependent optimization models: a unified framework to analyze models with habits, satiation and optimal growth[END_REF] discussed several interpretations and forms of ϕ that have been examined in the related literature. For habit models, they refer specifically to the papers by Rozen [START_REF] Rozen | Foundations of intrinsic habit formation[END_REF], Ryder and Heal [START_REF] Geoffrey | Optimal growth with intertemporally dependent preferences[END_REF] and Carroll, Overland and Weil [START_REF] Christopher D Carroll | Saving and growth with habit formation[END_REF] and showed that the habit dynamics in these papers can be expressed through a linear adjustement level function ϕ. The general framework proposed in Morhaim and Ulus [START_REF] Morhaim | On history-dependent optimization models: a unified framework to analyze models with habits, satiation and optimal growth[END_REF] allows one not only to cover all the linear cases but also consider nonlinear dynamics as suggested in Rustichini and Siconolfi [START_REF] Rustichini | Dynamic theory of preferences: Habit formation and taste for variety[END_REF]. Also, by defining adequately ϕ, the framework in Morhaim and Ulus [START_REF] Morhaim | On history-dependent optimization models: a unified framework to analyze models with habits, satiation and optimal growth[END_REF] encompasses models with both habit and satiation effects introduced by He, Dyer and Butler [START_REF] He | On the axiomatization of the satiation and habit formation utility models[END_REF] and Baucells and Sarin [START_REF] Baucells | Predicting utility under satiation and habit formation[END_REF].

The modelling underlines the fact that the memory process is a consumption memory process. This appears through the memory function m which associates the consumption to the decisions.

Example 2: History-dependent optimal growth models with environmental effects

History-dependence is important in environmental economics models. For example, habit is a crucial issue in these models. We discuss the specifications, which include nonlinear dynamics, proposed by Löfgren [START_REF] Löfgren | Habit formation in the environmental quality: dynamic optimal environmental taxation[END_REF]. Löfgren [START_REF] Löfgren | Habit formation in the environmental quality: dynamic optimal environmental taxation[END_REF] proposes a model with environmental quality habit formation and in which a consumption good moreover causes a negative external effect on the environment. The intertemporal utility of the social planner depends on consumption of two goods and the environment. The social planner maximizes the utility given the negative effect of the consumption good on the environment and taking into account that there is habit formation in environmental quality. The model is adapted in discrete time in the following way. The instantaneous utility depends on n t which is the environment that displays habit formation, x t the "dirty" consumption good (the environmental bad), z t the "clean" consumption good and s t the habit level related to the environment, i.e. ũ(n t , x t , z t , s t ) with (γ ∈ (0, 1), β ∈ (0, 1))

   n t = n -γx t z t = y -x t s t+1 = βn t + (1 -δ)s t
with δ ∈ (0, 1), y is an exogenously given income and n can be interpreted as a given initial environment.

One can consider the model with the utility function u defined by

u(x t , s t ) = ũ(n -γx t , x t , y -x t , s t )
and s t satisfies the recurrence relation

s t+1 = λ + λ 1 s t + λ 2 x t with λ = βn, λ 1 = (1 -δ), λ 2 = -βγ, since s t+1 = βn t + (1 -δ)s t = s t+1 = β(n -γx t ) + (1 -δ)s t = βn -βγx t + (1 -δ)s t
Note that this is a nonlinear dynamics case.

The model can be written in our notations with c t := x t in the same manner as in Section 3.1 where ϕ is defined through the following recurrence relation

∀c ∈ IR + , ∀ h ∈ l ∞ + , ϕ((c, h)) = λ + λ 1 ϕ( h) + λ 2 c and u(c, s) = ũ(n -γc, c, y -c, s) so that u(c t , ϕ( h(t) )) = ũ(n -γc t , c t , y -c t , ϕ( h(t) )).
Löfgren [START_REF] Löfgren | Habit formation in the environmental quality: dynamic optimal environmental taxation[END_REF]'s model is encompassed in our general framework. Let us define X = Y = IR + , and

x t = k t ∈ X for all t = 0 . . . ∞.
Also, let us define

F : l ∞ + × X × X → IR by, for any h ∈ l ∞ + and x, x ∈ X, F h, x, x := ũ(n -γ(f (x) -x ), f (x) -x , y -(f (x) -x ), ϕ( h))
We define for any decision x given x, the memory function/process m :

X × X → Y by 3 m(x, x ) = f (x) -x
and for history h ∈ l ∞ + and for any x ∈ IR + , the feasible correspondence Γ is given by

Γ( h, x) = {x ∈ [0, f (x)], (n -γ(f (x) -x ), f (x) -x , y -(f (x) -x ), ϕ( h)) ∈ D ũ}
We further describe how the discrete time version of Ikefuji [START_REF] Ikefuji | Habit formation in an endogenous growth model with pollution abatement activities[END_REF]'s model is encompassed in our framework. Ikefuji [START_REF] Ikefuji | Habit formation in an endogenous growth model with pollution abatement activities[END_REF] studies habit formation in consumption and pollution abatement activities when agents derive disutility both from the habit stock and pollution. The pollution P t = kt at φ in period t is generated by the capital stock k t used in production and reduced by abatement activities a t in the same period. The problem is written4 as folllows.

P (h 0 , k 0 , m 0 ) =                Max +∞ t=0 β t u(c t , H t , P t ) s.t. ∀t ≥ 1, H t+1 = ρc t + (1 -ρ)H t ∀t ≥ 1, P t = kt at φ k t+1 = Ak t -c t -a t -k t k 0 > 0, m 0 > 0 and h 0 are given
where c t denotes the consumption in period t, H t denotes the consumption habit (called the stock of reference consumption), and P t is the level of aggregated pollution in the economy.

In order to cover this problem in our general framework, let us define X = (IR + ) 2 , Y = IR + , and

x t = (k t , a t ) ∈ X for all t = 0 . . . ∞.
Let us define the function ϕ :

l ∞ + → IR by ∀ h ∈ l ∞ + , ∀c ∈ IR + , ϕ(c, h) = G(c, ϕ( h)) and h(0) is defined such that ϕ( h(0) ) = h 0 . with the function G defined by G(c, y) = ρc + (1 -ρ)y Also, let us define F : l ∞ + × X × X → IR by, for any h ∈ l ∞ + and x, x ∈ X, F h, x, x := u f (π 1 (x)) -π 1 (x ), ϕ( h), π 1 (x) π 2 (x) φ
We define for any decision x given x, the memory function/process m :

X × X → Y by 5 m(x, x ) = f (π 1 (x)) -π 1 (x )
and for history h ∈ l ∞ + and for any x ∈ IR + , the feasible correspondence Γ is given by

Γ( h, x) = {x ∈ [0, f (π 1 (x))], π 2 (x ) > 0, f (π 1 (x)) -π 1 (x ), ϕ( h), π 1 (x) π 2 (x) φ ∈ D u }

Example 3: Optimal management problems of natural resources

Smulders, Toman and Withagen [START_REF] Smulders | Growth theory and green growth[END_REF] and Ulus [START_REF] Yıldız | Pontryagin's principle for a class of discrete time infinite horizon optimal growth problems[END_REF] present models referring to the management of an exhaustible natural resource like oil, coal, gas. where there exists a single planner who manages the decision of extraction and consumption of a single exhaustible natural resource at each period. At each period t, the capital is denoted by k t , s t stands for the stock of the natural resource and an extraction is realized where the extraction flow per unit of time is denoted by r t . The output y t ∈ IR + is produced from capital and extracted quantity of resource by a production function f : IR + × IR + → IR + where y t = f (k t , r t ). The output is either consumed as c t ≥ 0 or saved as capital to the next period as k t+1 satisfying:

c t + k t+1 ≤ f (k t , r t ) + (1 -δ)k t with k t ≥ 0
where δ stands for the depreciation rate of capital. The extraction, consumption, saving and conservation decision with respect to the constraints of the model is then the solution of the following problem:

The problem of the planner of the natural ressource is then:

P (k 0 , r 0 )), s 0 =                        Maximize +∞ t=0 β t u(s t , c t ) s.t. ∀t ≥ 0, s t+1 = s t -r t ∀t ≥ 0, 0 ≤ c t = f (k t , r t ) + (1 -δ)k t -k t+1
s 0 , k 0 , r 0 > 0 are given which can be rewritten as

P (k 0 , r 0 )), s 0 =                        Maximize +∞ t=0 β t u(s t , f (k t , r t ) + (1 -δ)k t -k t+1 ) s.t. ∀t ≥ 0, s t+1 = s t -r t ∀t ≥ 0, 0 ≤ k t+1 ≤ f (k t , r t ) + (1 -δ)k t s 0 , k 0 > 0 are given
Let us define G by G(s, r) = s -r. Note that our framework allows to consider more general forms of G. This model can be written similarly to Morhaim and Ulus [START_REF] Morhaim | On history-dependent optimization models: a unified framework to analyze models with habits, satiation and optimal growth[END_REF] framework, defining ϕ by the law of motion

∀t ≥ 0, ϕ( h(t+1) ) = G(r t , ϕ( h(t) ))
so that the instantaneous utility u(s t , c t ) is u(ϕ( h(t) ), k t , r t , c t ). Let us define h(0) such that ϕ( h(0) ) = s 0 and for any t ≥ 0, h(t+1) is defined by h(t+1) = (r t , h(t) ), so the model is written

P (k 0 , r 0 ), s 0 =                        Maximize +∞ t=0 β t u(s t , f (k t , r t ) + (1 -δ)k t -k t+1 ) s.t. ∀t ≥ 0, s t+1 = s t -r t ∀t ≥ 0, 0 ≤ k t+1 ≤ f (k t , r t ) + (1 -δ)k t s 0 , k 0 , r 0 > 0 are given
The model can be written in our framework by defining

x t = (k t , r t ) F (x t , x t+1 , h(t) ) = u ϕ( h(t) ), f (π 1 (x t ), π 2 (x t )) + (1 -δ)π 1 (x t ) -π 1 (x t+1 ) that is F (x, x , h) = u ϕ( h), f (π 1 (x t ), π 2 (x)) + (1 -δ)π 1 (x) -π 1 (x ) and m(x 0 , x 1 ) = r 0 , i.e. m(x 0 , x 1 ) = π 1 (x 0 ) so m(x t , x t+1 ) = π 1 (x t ) I.e m(x, x ) = π 1 (x)
and let us define

Γ( h, x) = {x , 0 ≤ π 1 (x ) ≤ f (π 1 (x), π 2 (x)) + (1 -δ)π 1 (x), 0 ≤ π 2 (x ) ≤ ϕ( h)} Π(x 0 , h(0) ) = {x = (x t ) +∞ t=1 ∈ X IN , ∀t ≥ 0, x t+1 ∈ Γ(x t , h(t) ), h(t+1) = (m(x t , x t+1) , h(t) )}

Example 4: Circular economy models in discrete time

George, Chi-ang Lin and Chen [START_REF] Donald Ar George | A circular economy model of economic growth[END_REF] presents a closed circular economy model with two types of economic resources, namely a polluting input and a recyclable input.

The variable χ corresponds to the recyclable resource 6 and one has ∀t ≥ 0, χ t = bs t At each date t, output q t = φ(χ t , z t ) is used for consumpion or for the employment of the polluting resource and the rest accumulates as waste s t , and waste is potentially recycled (a proportion b is recycled), so the dynamics of waste accumulation is written

∀t ≥ 0, s t+1 -s t = φ(χ t , z t ) -c t -αz t+1 -bs t ∀t ≥ 0, s t+1 = φ(χ t , z t ) -c t -αz t+1 + (1 -b)s t
Let us define the function f by

∀s, z, f (s, z) = φ(bs, z) + (1 -b)s One has ∀t ≥ 0, c t = f (s t , z t ) -s t+1 -αz t+1 with αz t+1 + s t+1 ≤ f (s t , z t )
The dynamics of pollution is written

∀t ≥ 0, p t+1 = (1 -δ)p t + θz t + (1 -b)s t
where θz t is the pollution induced by the use of the polluting resource z, (1 -δ)p t is the previous date pollution p t that has evolved in (1 -δ)p t (George, Chi-ang and Chen [START_REF] Donald Ar George | A circular economy model of economic growth[END_REF] assume that δ > 0, i.e. the environment is assumed to self-renew in such a way that stock of pollution decays naturally at a rate δ) and (1 -b)s t is the non-recyclable waste.

The social planner solves the following optimization problem

P (s 0 , z 0 ), p 0 =                                Maximize +∞ t=0 β t u(c t , p t ) s.t. ∀t ≥ 0, 0 ≤ c t = f (s t , z t ) -s t+1 -αz t+1 ∀t ≥ 0, αz t+1 + s t+1 ≤ f (s t , z t ) ∀t ≥ 0, p t+1 = (1 -δ)p t + θz t + (1 -b)s t s 0 , z 0 > 0, p 0 ≥ 0 are given
Our memory function m allows to display the fact that at each date t, p t+1 depends on the previous pollution stock p t and of y t = θz t + (1 -b)s t , in other words, p t+1 depends on the memory of y t = θz t + (1 -b)s t , analagously as in Ryder and Heal [START_REF] Geoffrey | Optimal growth with intertemporally dependent preferences[END_REF] h t+1 depends on the previous habit level h t and of c t = f (x t ) -x t+1 , that is h t+1 depends on the memory of consumptions c t = f (x t ) -x t+1 . For the model by George, Chi-ang and Chen [START_REF] Donald Ar George | A circular economy model of economic growth[END_REF], we define m(x, x

) = θz +(1-b)s = θπ 2 (x)+(1-b)π 1 (x). p t+1 = (1 -δ)p t + θz t + (1 -b)s t and m(x, x ) = θz + (1 -b)s = θπ 2 (x) + (1 -b)π 1 (x) so G(y, p) = (1 -δ)p + y
This modeling allows to highlight the economic processes at work: on one hand the memory process, i.e. in George, Chi-ang and Chen [START_REF] Donald Ar George | A circular economy model of economic growth[END_REF] how the decisions x, x are transformed into additional pollution (m(x, x )), and on the other hand how this new additional pollution combines with the previous pollution state to form the new one (through G).

Let us define X = IR + and x := (s, z). Let us define the memory process m :

X × X → Y by m(x, x ) = θπ 2 (x) + (1 -b)π 1 (x)
and the function

G : Y × Y → Y defined by G(y, p) = (1 -δ)p + y Let us define the function ϕ : l ∞ + → IR by ∀ h ∈ l ∞ + , ∀c ∈ IR + , ϕ(y, h) = G(y, ϕ( h))
and h(0) is defined such that ϕ( h(0) ) = h 0 . Let us define F by

F h, x, x = u(f (x) -π 1 (x ) -απ 2 (x ), ϕ( h)) Given ( h, x) ∈ (IR + ) 2 × l ∞ + , let us denote D u ( h, x) = {x ∈ (IR + ) 2 , (f (x) -π 1 (x ) -απ 2 (x ), ϕ( h)) ∈ D u },
and for any x ∈ (IR + ) 2 and history h ∈ l ∞ + , the feasible correspondence Γ is given by

Γ( h, x) = {x ∈ (IR + ) 2 , π 1 (x ) ∈ [0, f (x)], απ 2 (x ) + π 1 (x ) ≤ f (x), (f (k) -k , ϕ( h)) ∈ D u }
George, Chi-ang and Chen[9]'s problem is then written in our general framework

(P)(x 0 , h(0) ) =            Max +∞ t=0 β t F h(t) , x t , x t+1 s.t. ∀t ≥ 0, x t+1 ∈ Γ( h(t) , x t ) ∀t ≥ 1, h(t) = (m(x t-1 , x t ), m(x t-2 , x t-1 ), ....., m(x 1 , x 2 ), m(x 0 , x 1 ), h(0) )
x 0 > 0 and h(0) ∈ l ∞ + are given Note that there are alternative ways to put such models into our framework. One can always consider the memory process m(x, x ) = x or (x, x ) and work with such a memory process. Kasioumi [START_REF] Kasioumi | The environmental kuznets curve: Recycling and the role of habit formation[END_REF] extends this model by both incorporating habit formation on recycling and a (given) intensity τ of recycling.

Recall χ corresponds to the recyclable resource and one has ∀t ≥ 0, χ t = τ bs t At each date t, output q t = φ(χ t , z t ) is used for consumption or for the employment of the polluting resource and the rest accumulates as waste s t , and waste is potentially recycled (a proportion b is recycled), so the dynamics of waste accumulation is written

∀t ≥ 0, s t+1 -s t = φ(χ t , z t ) -c t -αz t+1 -τ bs t ∀t ≥ 0, s t+1 = φ(χ t , z t ) -c t -αz t+1 + (1 -τ b)s t with α = 1.
Let us define the function f by

∀s, z, f (s, z) = φ(τ bs, z) + (1 -τ b)s one has ∀t ≥ 0, c t = f (s t , z t ) -s t+1 -αz t+1 with αz t+1 + s t+1 ≤ f (s t , z t )
The dynamics of the habit stock H is given by

H t+1 = µτ bs t + (1 -µ)H t
and the dynamics of pollution is

∀t ≥ 0, p t+1 = (1 -δ)p t + θz t + (1 -b)s t + ξc t = (1 -δ)p t + θz t + (1 -b)s t + ξ(f (s t , z t ) -s t+1 -αz t+1 )
where θz t is the pollution induced by the use of the polluting resource z, (1 -δ)p t is the previous date pollution p t that has evolved in (1 -δ)p t (George Chi-ang and Chen [START_REF] Donald Ar George | A circular economy model of economic growth[END_REF] assume that δ > 0, i.e. the environment is assumed to self-renew in such a way that stock of pollution decays naturally at a rate δ) and (1 -b)s t is the non-recyclable waste. The social planner solves the following optimization problem (note that in Kasioumi [START_REF] Kasioumi | The environmental kuznets curve: Recycling and the role of habit formation[END_REF] α = 1)

P (s 0 , z 0 ), H 0 , p 0 =                                                Maximize +∞ t=0 β t u(c t , R t , H t , p t ) s.t. ∀t ≥ 0, 0 ≤ c t = f (s t , z t ) -s t+1 -αz t+1 ∀t ≥ 0, αz t+1 + s t+1 ≤ f (s t , z t ) ∀t ≥ 0, H t+1 = µτ bs t + (1 -µ)H t ∀t ≥ 0, p t+1 = (1 -δ)p t + θz t + (1 -b)s t + ξc t r t = τ βs t
s 0 , z 0 > 0, H 0 , p 0 ≥ 0 are given which is written

P (s 0 , z 0 ), H 0 , p 0 =                                Maximize +∞ t=0 β t u(f (s t , z t ) -s t+1 -αz t+1 , τ bs t , H t , p t ) s.t. ∀t ≥ 0, s t+1 + αz t+1 ≤ f (s t , z t ) ∀t ≥ 0, H t+1 = µτ bs t + (1 -µ)H t ∀t ≥ 0, p t+1 = (1 -δ)p t + θz t + (1 -b)s t + ξ(f (s t , z t ) -s t+1 -αz t+1 )
s 0 , z 0 > 0, H 0 , p 0 ≥ 0 are given There are several ways to write this model in our framework. We propose the following one (and let the reader eventually chose an alternative way she wants according to the issues to be studied).

Let us define X = IR 2 and x = (s, z). There are here two memory processes, one (denoted m 1 ) involved in habits and one (denoted m 2 ) involved in pollution, so that m :

X × X → Y is defined for any (x, x ) ∈ X × X by m(x, x ) = m 1 (x, x ), m 2 (x, x ) with m 1 (x, x ) = τ bπ 1 (x) m 2 (x, x ) = θπ 2 (x) + (1 -b)π 1 (x) + ξ(f (π 1 (x), π 2 (x)) -π 1 (x ) -απ 2 (x ))
The dynamics of the habit stock H

H t+1 = µτ bs t + (1 -µ)H t i.e. H t+1 = µm 1 (x t , x t+1 ) + (1 -µ)H t ∀t ≥ 0, ϕ 1 ( h(t+1) ) = (1 -µ)ϕ 1 ( h(t) ) + µτ bs t Let us define the function G 1 by G 1 (y, H) = µy + (1 -µ)H
The dynamics of habit is then written

∀t ≥ 0, ϕ 1 ( h(t+1) ) = G 1 (m 1 (x t , x t+1 ), ϕ 1 ( h(t) )) = G 1 (π 1 (m(x t , x t+1 )), ϕ 1 ( h(t) ))
The dynamics of pollution is written

∀t ≥ 0, p t+1 = (1 -δ)p t + θz t + (1 -β)s t + ξc t = (1 -δ)p t + θz t + (1 -β)s t + ξ(f (s t , z t ) -s t+1 -αz t+1 ) Let us define the function G 2 by G 2 (y, p) = y + (1 -δ)p
The dynamics of pollution is written

∀t ≥ 0, ϕ 2 ( h(t+1) ) = G 2 (m 2 (x t , x t+1 ), ϕ 2 ( h(t) )) = G 2 (π 2 (m(x t , x t+1 )), ϕ 2 ( h(t) ))
Let us define the function F by

F h, x, x = u(f (π 1 (x), π 2 (x)) -π 1 (x ) -απ 2 (x ), τ bπ 1 (x), ϕ 1 ( h), ϕ 2 ( h))
For any x ∈ X and history h ∈ l ∞ + , the feasible correspondence Γ is given by Γ

( h, x) = {x ∈ X, απ 2 (x ) + π 1 (x ) ≤ f (x), f (π 1 (x), π 2 (x)) -π 1 (x ) -απ 2 (x ), τ bπ 1 (x), ϕ 1 ( h), ϕ 2 ( h) ∈ D u }
Kasioumi [START_REF] Kasioumi | The environmental kuznets curve: Recycling and the role of habit formation[END_REF] problem is written in our general framework as follows

(P)(x 0 , h(0) ) =            Maximize +∞ t=0 β t F h(t) , x t , x t+1 s.t. ∀t ≥ 0, x t+1 ∈ Γ( h(t) , x t ) ∀t ≥ 1, h(t) = (m(x t-1 , x t ), m(x t-2 , x t-1 ), ....., m(x 1 , x 2 ), m(x 0 , x 1 ), h(0) ) x 0 > 0 and h(0) ∈ l ∞ + are given
Kasioumi [START_REF] Kasioumi | Economics of Recycling[END_REF] (p. 142) introduces habit formation affecting the intensity of recycling. This is the same model as previously but instead of τ is constant, we have τ (H t ) with the particular affine function τ defined by τ (H) = η + τ H. Let us define the function f by

∀s, z, f (H, s, z) = φ(τ (H)bs, z) + (1 -τ (H)b)s
The problem is written

P (s 0 , z 0 ), H 0 , p 0 =                                Maximize +∞ t=0 β t u(f (H t , s t , z t ) -s t+1 -αz t+1 , τ (H t )bs t , H t , p t ) s.t. ∀t ≥ 0, s t+1 + αz t+1 ≤ f (H t , s t , z t ) ∀t ≥ 0, H t+1 = µτ (H t )bs t + (1 -µ)H t ∀t ≥ 0, p t+1 = (1 -δ)p t + θz t + (1 -b)s t + ξ(f (H t , s t , z t ) -s t+1 -αz t+1 ) s 0 , z 0 > 0, H 0 , p 0 ≥ 0 are given Let us define the function m 1 (x, x ) = bs t = bπ 1 (x) and let us define G 1 by G 1 (y, H) = µτ (H t )y + (1 -µ)H
Note that this is an example of an application with G 1 not affine (even when τ is affine, G 1 is not).

Let us define the function F by

F h, x, x = u(f (ϕ 1 ( h), π 1 (x), π 2 (x)) -π 1 (x ) -απ 2 (x ), τ (ϕ 1 ( h))bπ 1 (x), ϕ 1 ( h), ϕ 2 ( h))
For any x ∈ X and history h ∈ l ∞ + , the feasible correspondence Γ is given by Γ

( h, x) = {x ∈ X, απ 2 (x ) + π 1 (x ) ≤ f (ϕ 1 ( h), x), f (π 1 (x), π 2 (x)) -π 1 (x ) -απ 2 (x ), τ (ϕ 1 ( h))bπ 1 (x), ϕ 1 ( h), ϕ 2 ( h) ∈ D u } 4 Dynamic programming
Let X, Y be topological spaces. Let us consider F : X × l ∞ + × X → IR the instantaneous reward function, m : X × X → Y the memory function and the (fixed) discount factor β ∈ (0, 1). Let x 0 ∈ X and h(0) ∈ l ∞ + be given. Let us consider the problem

P F,β,m (x 0 , h(0) ) =        Maximize +∞ t=0 β t F h(t) , x t , x t+1 s.t. ∀t ≥ 0, x t+1 ∈ Γ( h(t) , x t )
∀t ≥ 1, h(t) = (m(x t-1 , x t ), m(x t-2 , x t-1 ), ....., m(x 1 , x 2 ), m(x 0 , x 1 ), h(0) )

Notations and feasible sets

Definition 4.1.-For any given initial data x 0 > 0, and initial time-0 history h(0) ∈ l ∞ + , the feasible set Π(k 0 , h(0) ) is defined by the set of sequences feasible from x 0 and h(0) , i.e. for any x 0 > 0, for any h(0

) ∈ l ∞ + , Π( h(0) , x 0 ) = {x = (x t ) +∞ t=1 ∈ X IN , ∀t ≥ 0, x t+1 ∈ Γ( h(t) , x t ), h(t+1) = (m(x t , x t+1 ), h(t) )}
The process is analogous as usual. The feasible set is defined from x 0 but here also from the given (infinite) sequence h(0) . Once x 1 is chosen in the feasible set Γ(x 0 , h(0) ), the sequence h( 1) is updated from the current chosen variable x 1 and the given variable x 0 . Then, x 2 is chosen given x 1 and h(1) in the feasible set Γ(x 1 , h( 1) ). And so on, at time t + 1, given x t and h(t) , the variable x t+1 must be chosen in the feasible set Γ(x t , h(t) ). Once x t+1 is chosen, at time t + 2, x t+2 is chosen given x t+1 and h(t+1) that has been updated from the previous history sequence h(t) and the variables (x t , x t+1 ). Such a process allows to keep decisions in memory while chosing the variable x t at each time t.

For a sequence x = (x t ) +∞ t=1 ∈ Π(k 0 , h(0) ), we denote by U(x) the objective i.e.

U(x) = +∞ t=0 β t F ( h(t) ), x t , x t+1 )

Assumptions

Let us give a set (A) of assumptions: (F) on the feasible set, (A) on the instantaneous function, and (M) on the memory function.

(F) (F1) Γ is a continuous nonempty compact-valued correspondence from X × l ∞ + into X. (F2) There exists a ≥ 0, a = 1 and a ≥ 0 such that for any x ∈ X and any history h ∈ l ∞ + , x ∈ Γ( h, x) ⇒ x ≤ a x + a (A) (A1) ∀x 0 > 0 and h(0) = 0, ∃x ∈ Π( h(0) , x 0 ) such that U(x) > -∞. (A2) There exist a ∈ IR + with aβ < 1, a 2 ∈ IR + and a continuous 7 function a 1 : X → IR such that for any x 0 > 0 and h(0) ∈ l ∞ + , for any feasible sequence x = (x t ) +∞ t=1 ∈ Π( h(0) , x 0 ) and its associated history h(t) , for any t ≥ 0,

F + ( h(t) , x t , x t+1 ) ≤ a 1 (x 0 )a t + a 2 (M) (m1)
The function m is continuous.

The objective is well-defined

The next result shows that, under the set of assumptions (A), the objective function of the optimization problem P F,β,m ( h(0) , x 0 ) is well-defined. The proof is given in the Appendix.

Proposition 4.1.-Assume (A) and let x 0 ∈ X and h(0) ∈ l ∞ + be given. Then for any feasible sequence x = (x t ) +∞ t=1 ∈ Π( h(0) , x 0 ), the limit8 lim

T →+∞ T t=0 β t F h(t) , x t , x t+1 , with ∀t ≥ 1, h(t) =
(m(x t-1 , x t ), m(x t-2 , x t-1 ), ....., m(x 1 , x 2 ), m(x 0 , x 1 ), h(0) ), is well-defined.

Proof of Proposition 4.1

By the assumption (A), along a feasible path x = (x t ) +∞ t=1 ∈ Π(x 0 , h(0) ), with associated history h(t) = (m(x t-1 , x t ), m(x t-2 , x t-1 ), ....., m(x 1 , x 2 ), m(x 0 , x 1 ), h(0) ),

∀t, F ( h(t) , x t , x t+1 ) ≤ a 1 (x 0 )a t + a 2
Then for all T ∈ IN,

T t=0 β t F ( h(t) , x t , x t+1 ) ≤ T t=0 β t (a 1 (x 0 )a t + a 2 ) = a 1 (x 0 ) T t=0 (aβ) t + a 2 T t=0 β t
since 0 < aβ < 1 and 0 < β < 1 the conclusion follows.

Existence and uniqueness of the solution

In this section, we give a proposition which shows the existence of a solution to the optimization problem P F,β,m (x 0 , h(0) ). The uniqueness is obtained under additional assumptions, requiring strict concavity of the instantaneous function F . The proof is given in the Appendix. Proposition 4.2.-Assume (A) and assume that Π(x 0 , h(0) ) = ∅. Then there exists an optimal solution. Moreover, if F is jointly strictly concave in (y, x, x ) on l ∞ + × X × X, then the solution is unique.

We give the existence and uniqueness results in a general framework, in particular without any differentiability assumptions. The strict joint concavity of F allows to guarantee uniqueness.

Proof of Proposition 4.2

Let us show that the objective is upper semi-continuous and the feasible sequence set is a compact set of the product topology. By (F), one can check by induction that for any given k 0 ∈ IR + and h(0) ∈ l ∞ + , for all feasible sequence x = (x t ) t ∈ Π( h(0) , x 0 ), for all t, x t+1 ∈ Γ( h(t) , x t ), we have

∀t, x t ≤ a t x 0 + 1 -a t 1 -a a = ( x 0 - a 1 -a )a t + a 1 -a
The feasible set Π( h(0) , x 0 ) is included in a compact set for the product topology. Moreover, it is closed. So the feasible set Π( h(0) , x 0 ) is also compact.

We next show that the objective function U is upper semi-continuous.

Let us consider a sequence xn = {(x n t ) +∞ t=1 } n ⊂ Π( h(0) , x 0 ) that converges to x = (x t ) +∞ t=1 ∈ Π( h(0) , x 0 ). Note that when n converges to +∞, by (m1), the sequence of associated histories ∀t ≥ 1, h n (t) = (m(x n t-1 , x t ) n , m(x n t-2 , x n t-1 ), ....., m(x n 1 , x n 2 ), m(x n 0 , x n 1 ), h(0) ) converges to the associated history ∀t ≥ 1, h(t) = (m(x t-1 , x t ), m(x t-2 , x t-1 ), ....., m(x 1 , x 2 ), m(x 0 , x 1 ), h(0) ).

Let us show that lim n→+∞ U(x n ) ≤ U(x). The notation lim means lim sup.

For any t ≥ 0, by (A2), for any x = (x t ) +∞ t=1 ∈ Π( h(0) , x 0 ) and with history h(t) associated to

x F + ( h(t) , x t , x t+1 ) ≤ a 1 (x 0 )a t + a 2
and by 0 < aβ < 1, for any ε > 0, there exists T ε such that for any (x t ) +∞ t=1 ∈ Π( h(0) , x 0 ), and for any T ≥ T ε , +∞ t=T β t F + ( h(t) , x t , x t+1 ) ≤ ε So for any ε > 0, there exists T ε such that for any n ∈ IN and for any T ≥ T ε ,

+∞ t=T β t F + ( h n (t)
, x n t , x n t+1 ) ≤ ε and for any n ∈ IN and for any

T ≥ T ε , +∞ t=0 β t F ( h n (t) , x n t , x n t+1 ) = T t=0 β t F ( h n (t) , x n t , x n t+1 ) + +∞ t=T β t F ( h n (t) , x n t , x n t+1 ) ≤ T t=0 β t F ( h n (t) , x n t , x n t+1 ) + +∞ t=T β t F + ( h n (t) , x n t , x n t+1 ) ≤ T t=0 β t F ( h n (t) , x n t , x n t+1 ) + ε
By taking n → +∞ (and using the continuity of F in the right-hand side of the above inequality),

lim n→+∞ +∞ t=0 β t F ( h n (t) , x n t , x n t+1 ) ≤ T t=0 β t F ( h(t) , x t , x t+1 ) + ε
where F + (h, r, r ) = max{0, F (h, r, r )}.

(i) By (H), ∃T 0 , ∀T > T 0 , ∀x 0 ∈ V(x 0 ), ε > 0, ∀x ∈ Π( h(0) , x 0 ), +∞ t=T β t F ( h (t) , x t , x t+1 ) ≤ +∞ t=T β t F + ( h (t) , x t , x t+1 ) ≤ ε Let x ∈ Π( h(0) , x 0 ), T ≥ T 0 . For any x = (x T +1 , ....) ∈ Π( h (T ) , x T ), one has (x 1 , ...., x T , x T +1 , ....) ∈ Π( h(0) , x 0 ), and β T F ( h (T ) , x T , x T +1 ) + β T +1 F ( h (T +1) , x T +1 , x T +2 ) + .... ≤ ε so β T V ( h(T) , x T ) ≤ ε which implies (i).

(ii) ∀x ∈ Π( h(0) , x 0 ),

-∞ < U(x) ≤ T t=0
β t F ( h(t) , x t , x t+1 ) + β T +1 V ( h(T+1) , x T +1 ) and 0 = lim

T →+∞ [U(x) - T t=0 β t F ( h(t) , x t , x t+1 )] ≤ lim T →+∞ β T +1 V ( h(T+1) , x T +1 )
The notation lim means lim inf. From (i) then lim T →+∞ β T +1 V ( h(T+1) , x T +1 ) = 0 We now finally state that the value function is the unique fixed-point of the Bellman operator on this set of functions. The proof is given in Appendix.

Proposition 4.6.-Assume (A). Then the value function V is the unique fixed-point of the Bellman operator on the set of functions F b (l ∞ + × X, IR).

Proof of Proposition 4.6

The proof that V is a fixed-point of the Bellman operator is standard (see Stokey Lucas and Prescott [START_REF] Stokey | Recursive methods in dynamic economics[END_REF]). Uniqueness of the fixed point is shown by contradiction. Indeed, suppose there exists W another fixed-point of B in F b (l ∞ + × X, IR). Let us first check that W ≤ V . Let ( h(0) , x 0 ) be given. There exists x 1 ∈ Γ( h(0) , x 0 ) such that W ( h(0) , x 0 ) = F ( h(0) , x 0 , k 1 ) + βW ( h(1) , x 1 ) and by induction, there exists a sequence (x t ) t≥1 with associated history sequence ( h(t) ) t such that for any T , W ( h(0) , x 0 ) = T -1 t=0 β t F ( h(t) , x t , x t+1 ) + β T W ( h(T) , x T ) Since W belongs to F b (l ∞ + × X, IR), one has taking the limit when T → +∞, and then by V being the sup of the sum W ( h(0) , x 0 ) ≤ +∞ t=0 β t F ( h(t) , x t , x t+1 ) ≤ V (x 0 , h(0) )

Let us now show that V ≤ W . Let x 0 ∈ X, h(0) ∈ l ∞ + . For any x ∈ Π( h(0) , x 0 ) such that U(x) > -∞, one has, with h(1) = (m(x 0 , x 1 ), h(0) ), W ( h(0) , x 0 ) = BW ( h(0) , x 0 ) ≥ F ( h(0) , x 0 , x 1 ) + βW ((m(x 0 , x 1 ), h(0) )), x 1 ) = F ( h(0) , x 0 , x 1 ) + βW ( h(1) , x 1 ) and so by induction, with h(t) = (m(x t-1 , x t ), m(x t-2 , x t-1 ), ....., m(x 1 , x 2 ), m(x 0 , x 1 ), h(0) ),

W (k 0 , h(0) ) ≥ T t=0
F ( h(t) , x t , x t+1 ) + β T +1 W ( h(T+1) , x T +1 )

≥ lim T →+∞ T t=0
F ( h(t) , x t , x t+1 ) + lim

T →+∞ β T +1 W ( h(T+1) , x T +1 ) = U(x)
which implies that W ( h(0) , x 0 ) ≥ V ( h(0) , x 0 ) (since for any x ∈ Π( h(0) , x 0 ), one has W ( h(0) , x 0 ) ≥ U(x) and V ( h(0) , x 0 ) is the sup of U(x) for x in Π( h(0) , x 0 )). Finally, this shows that dynamic programming tools can be used to deal with general historydependent optimal growth models.

Conclusion

We provide a general framework allowing to deal with historically dependent models. This framework, by generalizing the one proposed in Morhaim and Ulus [START_REF] Morhaim | On history-dependent optimization models: a unified framework to analyze models with habits, satiation and optimal growth[END_REF], allows to deal with sustainable economic models such as environmental models, circular economy and optimal management of natural resources.

For example, in Morhaim and Ulus[START_REF] Morhaim | On history-dependent optimization models: a unified framework to analyze models with habits, satiation and optimal growth[END_REF], X = IR + , in George, Lin and Chen[START_REF] Donald Ar George | A circular economy model of economic growth[END_REF], X = IR × IR +

Note that there several memory process can enter the preferences

Note that there several memory process can enter the preferences

Note that Ikefuji[START_REF] Ikefuji | Habit formation in an endogenous growth model with pollution abatement activities[END_REF] considers the utility function defined by u(c, H, P ) =cH -β P -ε 1-γ 1-γ. In Ikefuji[START_REF] Ikefuji | Habit formation in an endogenous growth model with pollution abatement activities[END_REF], we have k t+1 = Ak t -c t -a t -k t cf p.3.1 p.245.

Note that several memory processes can enter the preferences

Note that this variable is denoted x in George, Chi-ang Lin and Chen[START_REF] Donald Ar George | A circular economy model of economic growth[END_REF] but to avoid confusion, we denote it by χ here.

This continuity assumption is needed to prove the upper semi-continuity of the value function (Proposition 4.3).

i.e. the objective function

So U is upper semi-continuous on Π( h(0) , x 0 ).

By Weierstrass Theorem (Aubin [START_REF] Aubin | Initiation à l'analyse appliquée[END_REF], Theorem 5.3.1), since U is upper semi-continuous and Π( h(0) , x 0 ) is a compact set for the product topology, there exists an optimal solution.

The assumptions that F is jointly strictly concave ensures the uniqueness of the solution.

The value function and Bellman equation

We now define the value function of the optimization problem. We show that under the set of assumptions (A), dynamic programming tools can be used to study P F,β,m ( h(0) , x 0 ). We first study the properties of the value function. We then provide an appropriate set of functions on which the Bellman operator has a unique fixed point which is the value function.

The proof of this proposition can be found in Appendix.

Proof of Proposition 4.3

A direct proof using (A2) can be done. Indeed, let us consider a sequence (

+ × X, use the fact that x n 0 converges to x 0 and let us consider a subsequence (

Let ε > 0. By (A2), there exist i 0 and T 0 such that for any i ≥ i 0 and for any T ≥ T 0 , and for optimal path (x

, x n i 0 ) and its associated history

, x n i 0 ) can be assumed to converge to some x in Π( h(0) , x 0 ). By the definition of the associated history and the continuity of m, this implies that ( h n i (t)

) i converges to h(t) the history associated to x. Let i → +∞, by the continuity of F ,

The next proposition states some further properties on the value function and the proof is given in Appendix. These properties, together with the upper-semi continuity, will provide an appropriate set of functions to consider for dynamic programming tools.

A standard proof (see Theorem 4.4 p.75 Stokey, Lucas and Prescott [START_REF] Stokey | Recursive methods in dynamic economics[END_REF]) allows to show the following result.

Proposition 4.5.-Assume (A). Then x * is an optimal solution if and only if

) Let B be the Bellman operator, i.e. B : F(l ∞ + × X, IR) → F(l ∞ + × X, IR) be defined by ∀w ∈ F(l ∞ + × X, IR), Bw( h, x) = max

x ∈Γ( h,x)

{F ( h, x, x ) + βw((m(x, x ), h), x )}

4.9 Proof of Proposition 4.4

One can check (see Le Van and Morhaim[17]) that (F2) and (A) imply that (H) ∀x 0 ∈ X, ∃V(x 0 ) a compact neighborhood of x 0 in X, ∀ε > 0, ∃T 0 such that ∀T ≥ T 0 , ∀x 0 ∈ V(x 0 ), ∀x ∈ Π( h(0) , x 0 ), one has with h (t) = (m(x t-1 , x t ), m(x t-2 , x t-1 ), ....., m(x 1 , x 2 ), m(x 0 , x 1 ), h(0) ), +∞ t=T β t F + ( h (t) , x t , x t+1 ) ≤ ε 9 by the compactness of Π( h ni (0) , x ni 0 )