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Abstract

This study elaborates on a methodology to design health indicators for vibration-based condition monitoring
of rotating machines for early fault detection. These indicators are optimal in maximizing the probability of
detection given a constant rate of false alarm. Two probability density functions (PDF) modeling the vibration
signals’ healthy and faulty states are exploited to generate health indicators using a generalized likelihood ratio
test. The key point is formulating a framework to express the health indicators as the function of the partial
derivatives of the PDF of the healthy state and a modulation function. The modulation function allows the
detection of slight deviations from the healthy state of the vibration signals. Furthermore, it is shown that
specific choices of the modulation functions recover conventional health indicators such as kurtosis, skewness,
¢,/l,-norms, the negentropy of the squared envelope, etc. Since the indicators are asymptotically distributed
as a chi-squared distribution, a statistical threshold can be estimated to assess the machine’s state with respect
to its healthy state. The performance of the thresholds is demonstrated on simulated and experimental vibration
signals. It is shown that the transition from the healthy to the faulty state of the machine can be detected via
the threshold. An important conclusion of this study is that many conventional health indicators are optimal
if and only if the healthy state of the machines is Gaussian. The proposed methodology shows how to design
indicators for non-Gaussian descriptions of the healthy state and can pave the way for the development of many
other health indicators by carefully selecting the PDF of the healthy state and the modulation function.

1 Introduction

Vibration-based condition monitoring has extensively utilized various health indicators (HI) such as kur-
tosis, skewness, Jarque-Bera statistic, and peak factor [1]. Dyer and Stewart first proposed kurtosis for fault
detection, and it has been used as a measure of a signal’s distribution’s heavy tails or as a sparsity measure
in numerous studies [2, 3, 4, 5, 6]. Skewness, introduced by Martin and Honarvar, evaluates the distribution’s
asymmetry and is useful for detecting non-Gaussian features in fault signals. It has also been used as an ob-
jective function for an optimization algorithm for bearing fault detection [7]. The Jarque-Bera statistic, which
combines kurtosis and skewness, was initially introduced in economics and derived from the Lagrange mul-
tiplier test [8]. The peak factor, also known as crest factor, is another indicator employed in vibration-based
condition monitoring, and its usage alongside kurtosis is discussed in [9, 10]. Sparsity indicators include the
¢, /l4-norm families and negentropy of the squared envelope [1], with the former being the most commonly
used [11, 12, 3] and additional statistical indicators assessing impulsiveness using ¢, /¢, being derived [13].
Bozchalooi and Liang introduced the geometric-to-arithmetic ratio of signals, or smoothness index [1], to the
field of vibration-based condition monitoring to address the issue of extremely low signal-to-noise ratios [14].
Negentropy has also been utilized as an indicator of deviation from Gaussianity [12, 15]. Many of these indica-
tors lack a comprehensive mathematical foundation to justify their application and they have been introduced
to the field through heuristic means [1].

The development of HIs in vibration-based condition monitoring has generally been based on existing indi-
cators [2]. However, literature has also introduced statistical tests to interpret common conventional indicators.



Kurtosis and skewness were demonstrated to be powerful tools for normality tests [16], and recovered using La-
grange multiplier tests [17, 8]. Statistical tests such as the Rao, Wald, and generalized likelihood ratio (GLRT)
have also been used for vibration-based fault detection [18]. Log-envelope-based indicators have been proposed
based on the Priestly and Subba Rao test to detect a fault in multiple second-order cyclostationary noises [19].
Recently, Antoni and Borghesani proposed new condition monitoring indicators developed using the GLRT [2].
These were generated using probability density functions (PDF) of a Gaussian, a generalized Gaussian (GG),
and a Bernoulli-Gaussian mixture distribution. These indicators were found to be similar to conventional indi-
cators like Kurtosis. Antoni et al. proposed an extension of these indicators [2] to construct condition indicators
using GLRT for the frequency domain [20]. However, the proposed indicators have limitations, as the forms of
the rooting PDFs are limited because the GLRT requires the tested PDFs to be nested.

This study employs the approach proposed in the previous work of Antoni et al. [2] to develop HIs in an
optimal manner, which maximizes the probability of detecting faults while maintaining a constant false alarm
probability. This study focuses on early fault detection when the healthy state’s PDF undergoes slight changes.
The HIs are rooted in two PDFs describing the healthy and faulty conditions. The main contribution of this
study is the derivation of a theorem that provides a closed-form expression for the optimal HIs in terms of
the partial derivatives of the PDF under the healthy state and the modulation function that characterizes its
distortion in the faulty state. Additionally, this study provides the asymptotic PDF of the HIs, which facilitates
a comparison to a threshold. Furthermore, the theorem shows that many classical HIs can be produced as
specific cases, including kurtosis, ¢ /¢, indicator, geometric to arithmetic mean ratio, and negentropy of the
squared envelope. To the authors’ knowledge, the thresholds associated with many of these HIs have not been
previously reported in the field of condition monitoring.

2 Theoretical framework

This section presents a general framework for designing optimal HIs to detect early faults. The methodology
is based on Neyman-Pearson theory, which maximizes the probability of detecting faults while maintaining a
constant false alarm rate.

Consider a sequence of data samples X = (xo,...,x;_1)7 € Rl of length L. For simplicity, the samples
are assumed to be identically and independently distributed (iid) and centered (i.e., Ex = 0) without loss of
generality. The healthy state of the system is denoted as Hy, and the faulty states as Hj, each characterized by
a distinct PDF. A health indicator is defined as a scalar quantity /(x), computed from the data x, which takes
different values depending on whether the data originates from the healthy or faulty state. Ideally, the HI is
zero in the healthy state and strictly positive in the faulty state. Formally,

Definition 2.1 An HI is a functional 1(x) : RL — R such that
lim; . I(x|Hy) = O (healthy state) 0
lim; . I(x|H;) > 0 (faulty state).

The optimal HI is designed in the Neyman-Pearson sense. It maximizes the probability of detection
P(I(x) > y|H;) given a constant probability of false alarm P(I1(x) > y|Hp) = o, where y > 0 is a threshold.

The optimal detector is returned by the likelihood ratio p(x|H;)/p(x|Hy), where p(x|H;) and p(x|Hp)
stand for the PDFs of the data under H; and Hy, respectively. In general, for iid data, one will have p(x|H;) =
Hﬁ;é pi(x,;0;), with p; the PDF of a single observation x, specified by the vector of parameters 6; under H;,
i =0, 1. In most instances, the latter will be partially or even fully unknown, and therefore must be estimated
from the data x themselves. Based on these ideas, reference [2] proposed to define an HI as the average of the
logarithm of the generalized likelihood ratio (GLR),

I(X) = <lnpl(xn§él)_lnpo(xn;éo)>7 (2)

where ; stands for the maximum likelihood estimate (MLE) of 8; under H;, i = 0,1 and (e) = 1YL= 0 (o) for
the time averaging operator. The so-defined HI has many nice properties, which were thoroughly studied in [2].
This is now specialized to the case where one wants to detect a small —i.e. early — transition from Hy to

H,. For simplicity, let 8y = 6y be a scalar parameter, and 6; = (6}, V) a two-element vector. In order to model



a slight change of pg towards py, let us consider the particular but rather flexible form

P1(x:01,V) = po(x;01) 9 (x;61,V) €)

where ¢ (x,; 01, V) is a positive continuous function of v such that
@ 0(i0.0)=1, and () [ po(x:0)6(x,:6.v)dx= 1. @)

thus ensuring that p; is a PDF such that p;(x;0,0) = po(x;0). The function ¢ (x;0;,v) modulates the PDF
po to transform it into p; as the system transits from state Hy to H;, when v departs from zero (v = 0 under
Hp). The tuning parameter v determines the magnitude of this deviation, and the maximum likelihood estimate
(MLE) V is expected to be closely linked to the design of a health indicator (HI), such that V ~ 0 only under
Hy.

Suppose po(x; 0) and ¢ (x; 0, V) are twice differentiable with respect to 6 and v. Then, if (i) the parameter-
ization (3) is locally identifiable and if (ii) <a£¢ (s 9070)> = 0, the MLE of v given a small deviation from

state Hy is
Iy /91 A
(200 i) )+ 0() ®

where 0'(9?) represents the high-order terms, 6o is the MLE of @ under the Hy assumption, i.e. such that
% (In po(xn; éo)) =0,y = —Epg, {3‘9—;2 In po(x; (-)0)} is the Fisher information of the statistical model described
by Hy and

d%1 d%1 J%1 d%1

ey (00 ZEEn0) (P00 Bea0)
0 0
DL (x;00,0) 221 (x; 69,0) 99 (x;60,0) 252 (x;69,0)

is the Fisher information matrix of the statistical model described by Hp, all evaluated at 8y = IEHO{éo|Ho},
with Eg {---} = E{---|Ho} the expected value with respect to Hy. Accordingly, under the abovementioned
condition,
{ lim; .. V|Hy = E{V|H)} =0 )
limL_m\A/\Hl = E{\A/‘Hl} 7é 0.

Thus, the HI defined by Eq. (2) has the asymptotic expression

oo (- 60,0))
I(x) = (i) +O),  ®)

221n 2 02 021n
2 (E{ oo (% 9070)VH0} /E{ AP0 (x; 90)\1‘10} —E{ 2 (x; 90,0)]H0}>

which follows the Chi-squared distribution y?/(2L).

In accordance with Eq. (8), /(x) clearly satisfies definition (2.1). The so-defined HI can be used as such,
yet any positive and monotonic function of it will also be a valid HI. This remark will be useful to recover some
classical indicators used in condition monitoring.

2.1 Interpretation of the optimal HIs

The proposed HI can be interpreted either in light of the perturbation parameter v or, in some instances, in
light of another known indicator derived from it.

According to condition given in Eq. (7), V reflects the deviation from Hy to Hj, and squaring it will make
it a valid metric to measure the distance between py and p;. In addition, from Eq. (8), one has E{I(x)} =
To/(2|1;|)V{¥|Ho} where E{I(x)} = 1/(2L) since I(x) ~ x?/(2L) ; therefore V{¥|Hy}{9?} = |I;| /(LI,) and

2
1 %
%) = 5 (VMHO}> . ©)

In other words, the HI I(x) turns out to be the square of the standardised perturbation parameter V.



It happens that in many cases investigated hereafter in the paper, the perturbation parameter can be related
to a known indicator $(x) through the relationship

U =a(8(x) —s0), (10)
for some constant a and where sy = E{§(x)|Hp}. Therefore,

I ($(x) = s0)°

BEREAZECHTS

(11

This expression confers on the optimal HI /(x) an interpretation in terms of the square of the centred and
standardized indicator §(x). As will be seen in the following examples, it also offers a systematic way to
calculate the mean and variance of many classical HIs.

2.2 The linear modulation

The design of the modulation function @ (x; 6, V) is crucial in the proposed methodology. It should ideally
be informed by the theoretical knowledge of the PDF p; representing the faulty state, in comparison to the
reference PDF p representing the healthy state. However, considering the interest in small deviations of pg
characterized by small values of v, it is expected that ¢ can be approximated by a polynomial form (e.g., a
Taylor expansion) in v. Since Eq. (8) only involves derivatives up to the second order, the polynomial can be
truncated to the second order:

¢(x;0,v) = 14+ vgi(x;0) + Vg (x;0) +R(x; 0, V), (12)

with R(x; 0, V) a residual of higher order. In order for ¢ (x;6,V) to be a valid modulation function, condition
(b) of Eq. (4) requires that E{g,(x;0)|Ho} = E{g2(x;0)|Ho} = 0 and E{R(x;60,Vv)|Hyo} = 0, Vv. Therefore,
one has

<;)vln¢(xn;9,0)> = (g1(xn;0)) (13a)
E{azln(p(x .0 o)\HO} = —E{g1(x;0)|Ho}? = —E{aln(p(x .0 o)\Ho}2 (13b)
ov2 " ’ v "
E{aZlnMx ;0 0)\H0} :E{agl(x ;0 O)|H0} (13c¢)
[ Loev " 20° " '

The definitions above are plugged into the expression defined in Eq. (8) to obtain the health indicators.

2.3 Recovery of the indicators

This section focuses on constructing optimal Hls based on the Gaussian PDF pg, which holds significant
practical importance. In this context, the widely accepted assumption that the normal distribution accurately
describes the healthy state of a system is adopted. This assumption is often supported by the central limit
theorem, which states that the sum of many random variables with finite and somewhat comparable variances
tends to follow a Gaussian distribution!. Relying on the Gaussian assumption enables the derivations of well-
known indicators commonly used for condition monitoring.

The Gaussian has the standard deviation 6 for its free parameter. Its MLE is the solution of the equation
(doIn po(x,; 0)) = 0, which reads

0o = 1/ (|xa]?). (14)

The expected curvature at 6y = IE{6y|Hy} is then returned by

0°1 2
E{(;G’fo(xn;eo)} = (15)
0

LA precise statement is given by Lindeberg’s condition [21]




2.3.1 Recovery of the /,/(, indicators

The distortion of the Gaussian PDF by a simple polynomial (with respect to x) modulation:

2

Ho: po(x;0) = ﬁzy 0<6
1

Hy: pi(x;0,v) = PO(X;9)<1+V(m‘g‘q—1>>7 0<gq, 0<v<IL (16)
B

¢(x;0,v)
The modulation function models an inflation of the tails of a PDEF, for instance because of a series of transients
in the signals due to a fault. Condition (4)(b) then implies that

sT((B+1)/2)

Ve
and the condition of positivity of ¢ that 0 < v < 1, which places a limit on the distortion imposed to pg in the
faulty state. Alternatively, the B-th moment under H is given by

E{l/00 1} = [ o1t v)bettdx= [ potes 1)(1+v([xf/m, — 1) v

:mq—i-v(n;f—mq) (18)
q

This proves that E{|x/0|7|H; } —E{|x/6|?|Ho} linearly increases with v.
The implementation of Eq. (8) starts by calculating the partial derivatives

mg =B{lx/6/P|Ho} = [ po( 1)l dx =2 (17)
R

206,00 = @i(x0) = L[5|"-1
J%1 2
v (1:0.0) = —gi(x0) = —5(|5"~1) (19)
9’1 . _ 9 . _ 1
o (:6.0) = Fge) = -5
Substituting the MLE (14) for 6 into the first partial derivative and taking the average then returns
dlng L[ (Jxn|?)
; 0o, = — —-1). 20
(5 i) = o ({50 e
Then, taking the expected value under Hy of the last two partial derivatives evaluated at 6y = Eyo{éo} = m;/ 2,
2
EHOa I (x;60,0) = —myg+m? o
EHO ave (X; 60,0 ) = _qu/ml/Z'
Then, the definition in Eq. (5) yields
o ($ga(x)/mg—1) A (Ja]7)
V= , Where §,,(x)= . 22
oy —mE(L+ 7/2) 1200 = {yan >
Similarly, application of Eq. (8) yields
N 2
I(X) — (Sq 2( ) mq) (23)

2 (mag—m2(1+¢%/2))’

which is asymptotically distributed like 2 /L - )(1!17 o under Hy. The ¢, /¢, indicator particularizes to two popular
cases commonly used in condition monitoring, when ¢ = 4 and ¢ = 1, which are investigated hereafter.

2.3.2 Recovery of the kurtosis
With g = 4,

§4,2 (X) = <x2>2 24)
is the kurtosis. In this case, m4 = 3 and mg = 105, so that

(§42(x) —3)? 0

I(x) = =2 (25)



2.3.3 Recovery of the ¢, //, indicator

Similarly, with ¢ = 1, the ¢; /¢, indicator is recovered:

. X
f1a(x) = Il L) : (26)
()
Then, m; = \/2/m and mp = 1, yielding

I(X) _ (§],2(X)_ V 2/7[)27 0<v< \/f (27)

2(1-3/7)

2.3.4 Recovery of the negentropy of the squared envelope

A different modulation function is now considered, which continuously transforms the Gaussian PDF into
a generalized Gaussian. The statistical model reads

2

. . _ e 26’
Ho: po(x;0) = 55, 0<86 . 28)
Hi: pi(x;0,v) = \61(;;7?%6_@ =po(x;0)9(x;0,v), v>-2

2+v

v
Following the same calcuiation steps as in the previous example, Eq. (8) then yields

. o )
I(X):(Hz(X)+ln2+7 2)? _ (H,—0.7296)

3gz—7 N 1.6091 ’
where ¥ ~ 0.5772 is Euler’s constant, and

(29)

i 2 2
b (x) :< Y > (30)

is the negentropy of the squared envelope x2.

To the best of the authors’ knowledge, the use of the negentropy of the squared envelope as an HI for
condition monitoring has never been justified on a formal basis before, although it has been suggested on
intuitive grounds [15]. Even less obvious is the threshold that comes with it.

2.3.5 Recovery of the Geometric-to-Arithmetic mean of the squared envelope

Lety = (x%, ...,x2 )T collects the squares of the data x, also known as the squared envelope. When x is

sampled from the Gaussian distribution under Hp, y will follow a Chi-squared. The Chi-squared PDF py(y; 6)
is a special case of the Gamma distribution, which can represent the PDF p;(y; 6, v) under assumption H;. This
is expressed as

1
Ho: po(y:0) = 71"(\1//62))}_26 =550, a1
V+5 |
Hi: pi(3:6,v) = gloimp’ 2e® = po(x:0)9(x:0,v), v>—1/2,
with the modulation function ¢ (x; 6,v) = yv%.
Following theorem (8), the GLRT yields
(Sca(x) +1n2+7)?
I(x) = 2
() = A (32)
where v is the Euler’s constant as mentioned above and
1
o= (W = (b )~ (b)), (3)
n

is the log-ratio of the geometric mean to the arithmetic mean of the square envelope x2. This is also known as
the smoothness index, applied on the squared envelope.
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Figure 1: Statistical features of Kurtosis indicator on simulated signals.

2.4 Proof of concept

The proof of the concept is performed on simulated signals sampled from the generalized Gaussian (GG)
distribution. Altering the shape factor p of the GG between 2 and 1, signals are simulated. Decrease in the p
from 2 results in more leptokurtic signals. The performances of the recovered HIs are tested on signals with
100000 points and scale 6 = 1 of the GG PDF. As mentioned above, the distribution of an HI follows the Chi-
squared distribution scaled by twice the signal’s length with a given confidence level. Furthermore, the degree
of freedom of the Chi-squared is inherently one because the parameter space of Hy differs from H; merely
with the tuning parameter. Therefore, as signal length and the confidence level of 0.1% is kept constant, the
threshold is the same for all indicators.

Health indicators derived from a Gaussian kernel are expected to exceed the threshold as the shape factor
p of the signals slightly deviates from p = 2, for which the signal’s distribution is Gaussian. The trend of
the Kurtosis index is demonstrated in Fig. 1, along with its tuning parameter and distribution. The kurtosis
index exceeds the threshold just after the shape factor p = 1.93, demonstrating an ever-increasing trend as p
decreases. Furthermore, the distribution of the Kurtosis index obtained via Monte-Carlo simulation and the
Chi-squared with a single degree of freedom is demonstrated in Fig. 1b. As can be seen, the distribution
of the Kurtosis indicator well respects the Chi-squared probability distribution function. The performance of
three other indicators is not tested on simulated signals since they demonstrate a similar trend to Kurtosis;
nonetheless, they will be tested on experimental signals in the next section.

3 Experimental results

The experimental signals are obtained by Flanders Make using a lab test rig, which performs accelerated
run-to-failure tests. The test rig comprises a FAG 6205-C-TVH ball bearing with a Rockwell-C indentation of
300 micrometer in diameter in the inner race of the bearing. The test rigs were operating at a constant speed
of 2000 rpm and a radial load of 9 kN. Acceleration signals are sampled at a rate of 50 kHz for one second.
These signals are classified as quasi-Gaussian because the maximum likelihood estimate of the shape factor
for the healthy state of the bearing is approximately 2. The evolution of the shape factor, denoted as p, for the
entire measurement set, is depicted in Fig. 2. The value of p remains just below two until the fault becomes
pronounced enough to alter the distribution significantly.

The trends of the Hls on experimental signals are illustrated in Fig. 3. It is important to highlight that the
thresholds depicted in Fig. 3 are estimated with a 99.9% confidence level, ensuring that the number of HIs
falsely rejecting the healthy hypothesis remains below 1 for every 1000 measurements. In Fig. 3, multiple HI
values surpass the threshold for the Kurtosis index, ¢; /¢,-index, and negentropy of the squared envelope. The
percentage of HIs exceeding the threshold for healthy measurements does not exceed 3% for these indicators.
On the contrary, the trend of the geometric-to-arithmetic mean aligns with the threshold for all the "healthy”
measurements. The reason behind this behavior is uncertain to the authors, but this particular indicator may be
less sensitive to signal distribution variations.

Authors also tested the skewness, Jarque-Bera statistics, and derivates of £ B /l>-index. However, due to the
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Figure 3: Trends of the Hls along with their statistical threshold on experimental signals. The statistical thresh-
old is estimated at significance level of 0.1%.

page limitations, results are not demonstrated in this text.

4 Conclusion

This study presents a framework for designing health indicators optimized for early detection of faults,
along with a statistical threshold for a given risk level. The methodology uses the generalized likelihood ratio
test to compare two probability distribution functions representing the healthy and faulty states of the signals.
The faulty PDF is derived from the healthy one through Taylor expansions, ensuring they are nested. The
approach is designed to detect slight deviations from the distribution of healthy signals. Furthermore, the
healthy PDFs are customized to recover classical health indicators, such as kurtosis, negentropy of the squared
envelope, and ¢,/¢,-norms. The optimality of several classical health indicators is validated concerning a
test comparing two PDFs using the proposed approach. The authors claim that most of the decision rules
accompanying the recovered indicators are established for the first time in the context of condition monitoring,
despite their widespread use.

Both simulated and experimental vibration signals are used to evaluate the proposed approach’s detection
performance. HIs rooted in the Gaussian null hypothesis are tested on quasi-Gaussian signals. The results
show that the trend of health indicators follows the threshold as long as the signals’ distribution is similar to



Gaussian. The proposed approach can be used with different probability distribution functions or mixtures.

The formalism laid out in this study can extend the utilization of such indicators in the condition monitoring
field by using PDF mixtures that better represent the healthy distribution of signals while being mathematically
complex. An extension of the proposed method using GG PDF to construct new HIs may also have the potential
to employ on the signals whose healthy state is not purely Gaussian.
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