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Multijet bundles and application to the finiteness of
moments for zeros of Gaussian fields

Michele Ancona* Thomas Letendre '

July 18, 2023

Abstract

We define a notion of multijet for functions on R™, which extends the classical notion of
jets in the sense that the multijet of a function is defined by contact conditions at several
points. For all p > 1 we build a vector bundle of p-multijets, defined over a well-chosen
compactification of the configuration space of p distinct points in R™. As an application, we
prove that the linear statistics associated with the zero set of a centered Gaussian field on
a Riemannian manifold have a finite p-th moment as soon as the field is of class C? and its
(p — 1)-jet is nowhere degenerate. We prove a similar result for the linear statistics associated
with the critical points of a Gaussian field and those associated with the vanishing locus of a
holomorphic Gaussian field.

Keywords: Compactification of configuration spaces, Gaussian fields, Moments, Multijets, Ran-
dom submanifolds.
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1 Introduction

This paper is concerned with two different but related problems. The first one is to define a natural
notion of multijet for a C*¥ function on R", generalizing the usual notion of k-jet. By multijet we
mean that we want to consider a collection of jets at different points in R™ and patch them together
in a relevant way. The second one is to find natural conditions on a Gaussian field f : R® — R”"
ensuring that the (n —r)-dimensional volume of f~1(0) "B admits finite higher moments, where B
stands for the unit ball in R™. One way to tackle this second problem is by considering the multijet
of the random field f. In the following, we give more details about our contributions concerning
the previous two problems, as well as some variations on these questions.

1.1 Multijet bundles

Let us start by recalling some standard facts about jets. See [29] for background on this matter.
Let x € R™ and k£ > 0. Two smooth functions f and g on R™ are said to have the same k-jet at x if
f — g vanishes at x, as well as all its partial derivatives up to order k. Having the same k-jet at z is
an equivalence relation on C*°(R™), and the space J;(R™), of k-jets at z is the set of equivalence
classes for this relation. We denote by j, (f, z) the k-jet of f at z, that is its class in J,(R"™),. The
map ji(-,x) is a linear surjection from C*(R™) onto the finite-dimensional vector space Ji(R™),.
Of course, j,(f, ) makes sense even if f is only C* and defined on some neighborhood of z.

Considering the family of k-jet spaces for all 2 € R”, the set Jp(R") = | |, cpn Ju(R"); is
equipped with a natural vector bundle structure over R™. Then, if  C R" isopen and f: Q — R
is C*, the map j,(f, ) is a local section of J;(R™) — R™ over 2. These definitions are well-behaved
with respect to smooth changes of coordinates, so one can define similarly the vector bundle of
k-jets of functions on a manifold M. More generally, if £ — M is a vector bundle over M, there
is a corresponding vector bundle J (M, E) — M of k-jets of sections of E — M.

In this paper, we are interested in defining similarly a notion of multijet and the associated
vector bundles. That is, we want to consider smooth functions on R™ up to an equivalence relation
defined by the vanishing of some derivatives at several points.

Let us make this more precise. Let p > 1 and Ay = {(z1,...,2p) € (R™)? | 3 # j s.t. @y = x;}
denote the diagonal in (R™)?. Given & = (z1,...,2p) ¢ A,, we say that f and g have the same
multijet at z if f(x;) = g(z;) for all ¢ € [1, p] (here we use the notation [a,b] = [a,b] NN). This is
an equivalence relation on functions, defined by the vanishing of f —g on the set {x1,...,z,} C R",
that is by p independent linear conditions. Thus the corresponding set of classes is a vector space
of dimension p, that we denote by MJ,(R");. We also denote by mj,(f,z) the class of f in this
space, that is its multijet at x.

As will be explained later, this defines a vector bundle M7, (R™) of rank p over (R™)P \ A,.
Moreover, for all z ¢ A, the linear map mj,(-,z) : C*(R") — MJT,(R"), is surjective, and
for all smooth f its multijet mj,(f,-) is smooth. We would like to extend this picture over the
whole of (R™)P. Note that the surjectivity conditions rule out defining M7 ,(R") as Jo(R™)P
with mj,(f,z) = (jo(f, xi))1gi<p' When x ¢ A, the previous notion of multijet is defined by p



independent linear conditions: vanishing at each of the x;. The main issue is that, when x € A,
these conditions are no longer independent and we need to replace them by another p-tuple of
independent conditions.

A first natural idea is to look at vanishing with multiplicities. In dimension n = 1 this works very
well. Let € RP be a permutation of (y1,...,Y1,---,Ym,---,Ym) Where (yj)1<j<m € R™\ A,
and y, appears exactly (k; + 1) times. We say that f and g have the same multijet at z if
(f — )™ (y;) = 0 for all j € [1,m] and k € [0,k;]. In this sense, having the same multijet
is equivalent to having the same Hermite interpolating polynomials at x. Thus, we can define
MTp(R) as the trivial bundle R, _1[X] x R? — RP and mj,(f,z) as the Hermite interpolating
polynomial of f at z.

If n > 1 the previous approach fails, already for p = 2. Let us consider x € R™ and the
corresponding & = (x,x) € Ay. Asking for the vanishing of f — g and its differential at x gives us
(n + 1) independent conditions, which define the 1-jet space J1(R™),. This space has dimension
n+ 1 > 2, hence it is too large to be the MJ2(R™), we are looking for. The next natural idea
is to ask only for the vanishing at x of f — g and one of its directional derivatives. But whatever
choice of directional derivative we make will lead to mj,(f,-) not being continuous at x, for most
f € C°°(R™). Actually, one can not extend MJ2(R™) nicely over (R")? if n > 1. However, we can
extend it nicely over a larger space: the blow-up Bla, ((R™)?) of (R™)? along Ay. The key idea is
that Bla, ((R™)?) contains (R™)?\ A as a dense open subset and that points in the complement of
(R™)2\ A; can be described by the following data: a base point z € R™ and a direction u € RP" 1.
This data tells us exactly which directional derivative to consider at the corresponding point in
the exceptional locus of Bla, ((R”)2) We will come back to this example later, see Example 5.9.

This long discussion shows that there is a natural way to define a multijet bundle M7 ,(R")
over the configuration space (R™)? \ A,, but that it does not extend nicely over (R™)? in general.
The case p = 2 hints that it might however be possible to define a natural multijet bundle over
a slightly larger space, containing a copy of (R™)” \ A, as a dense open subset. Our first main
contribution is to define such an object. Its main properties are gathered in the following statement,
where C*(R", V) denote the space of C* functions from R™ to V.

Theorem 1.1 (Existence of multijet bundles). Letn > 1 andp > 1 and let V be a real vector space
of finite dimension r > 1. There exist a smooth manifold C,[R"] of dimension np without boundary
and a smooth vector bundle MJ ,(R™, V) — C,[R"™] of rank rp with the following properties.

1. There exists a smooth proper surjection m : Cp[R"] — (R™)P such that 7=1((R™)P\ A,) is
a dense open subset of C,,[R™], and w restricted to 7= ((R™)P \ A,) is a C>-diffeomorphism
onto (R™)P\ A,.

2. There exists a map mj, : CP~H(R™, V) x Cp[R"] = MTp(R", V) such that:

e for all z € C,[R"], the linear map mj,, (-, 2) : CPLR™, V) = MJ,(R™, V), is surjective;
o for all f € CHP=L(R™ V), the section mj,(f,) of MTp(R™, V) — C,[R"] is cl.
3. Let z € C,[R™] be such that 7(z) = (x1,...,1,) & A, then for all f € CP~HR", V) we have:

4. Let z € Cp[R™] be such that m(z) is obtained as a permutation of (Y1,..., Y1, Yms- -+ Ym)
where y; appears exactly (k; + 1) times and y1,...,ym are pairwise distinct vectors in R™.
Then, there exists a linear surjection © : [T Tk, (R™,V)y, = MITp(R™, V), such that

Ve Y RM V), mj,(f,2) =0.(jk (f,11) ik, (fsYm))-

Remark 1.2. In Theorem 1.1, the manifold C,[R"] does not depend on V. Condition 1 means
that we can consider (R™)? \ A, as a dense open subset in C,[R"]. Condition 2 are properties
that we expect any reasonable notion of multijet to satisfy. Condition 3 means that, as in the
previous discussions, if 7(z) ¢ A, then MJ,(R™), = CP~}(R",V)/ ~, where f ~ g if and only if
f(zi) = g(z;) for all i € [1,p]. Condition 4 means that, more generally, mj,(f,z) only depends on



the collection of jets (j, (f, ¥;))1<j<m- In particular, mj,(f, z) still makes sense if f is only Cki on
some neighborhood of y;. This last condition also means that we can think of mjp( f, z) intuitively
as a family of p independent linear combinations of partial derivatives of f, up to order k; at y;.
However this family is neither explicit nor unique in general.

Let us now introduce some definitions and notations.

Definition 1.3 (Multijets). Let 2 C R™ be open, we denote by C,[Q] = 7~ 1(2?) and by
MITH(Q, V) — CplQ] the restriction of MJ,(R™, V) to Cp[Q]. We call MT,(Q,V) — C,[Q]
the bundle of p-multijets of functions from Q to V. Its fiber MJ,(R"™, V), above z € Cp[()] is the
space of p-multijets at z. If V =R, we drop it from the notations and write M7,(Q) — C,[Q].
Let f: © — V be of class CP~!, we call the section mj,(f,-) of MJ,(Q,V) the p-multijet of f and
its value at z € C,[Q] the p-multijet of f at z.

The manifold C,[R"] is what is called in the literature a “compactification” of the configuration
space (R™)P\ A,. We will use this terminology, even though it is ill-chosen in our case since Cp,[R"]
is not compact. However C,[R"] contains a diffeomorphic copy of (R™)? \ A, as a dense open
subset and it is equipped with a proper surjection onto (R™)? so that, in a sense, it is locally a
compactification of (R™)P \ A,,.

Compactification of configuration spaces are built to understand how a configuration (ordered
or not) of p distinct points can degenerate as these points converge toward one another. They
are usually obtained by blowing up various pieces of the diagonal. Points in the exceptional lo-
cus then correspond to singular configurations, with some extra data encoding along which paths
regular configurations are allowed to degenerate in order to reach this singular configuration. The
hope is that the extra data attached to singular configurations is enough to lift the singularities of
the problem under consideration. The simplest example of this kind is the blow-up Bla, ((R”)Q)
discussed above. More evolved examples are the space defined by Le Barz in [21], the compact-
ification of Fulton-MacPherson [14] (see also [7, 30]), Olver’s multispace [28], the polydiagonal
compactification of Ulyanov [31], the construction of Evain [13] using Hilbert schemes, and many
others.

In dimension n = 1, most of the compactifications of configuration spaces that we found in the
literature coincide and can be used to define multijets, see for example [1] where Olver’s multispace
is used. In higher dimension they are different and none of them exactly suited our needs. Thus to
the best of our knowledge, the manifold Cp[R"] in Theorem 1.1 is a new addition to the previous
list. We define it by resolving the singularities of some real algebraic variety, using Hironaka’s
Theorem [17, 18]. In particular, C,,[R"] is obtained by a sequence of blow-ups along A,. Note
that this sequence of blow-ups is neither explicit nor unique. Actually, Cp[R"™] itself is not uniquely
defined, but this is not an issue for the applications we have in mind.

1.2 Finiteness of moments for zeros of Gaussian fields

Let us now describe our contributions concerning zeros of Gaussian fields. Let n > 1 and let
r € [1,n]. In the following n will always denote the dimension of the ambient space and r the
codimension of the random objects we are interested in.

Let Q C R™ be open and let f : @ — R” be a centered Gaussian field of class C'. We will
always assume that f is non-degenerate, in the sense that det Var(f(x)) > 0 for all x € Q. Under
this hypothesis the zero set Z = f71(0) is almost surely (n — r)-rectifiable, see [6]. As such, it
admits a well-defined (n — r)-dimensional volume measure dVolyz induced by the Euclidean metric
on R™. We denote by v the random Radon measure on Q) defined by:

Vo € CO(Q), (y,q§>:/zq§(m)dVolz(m), (1.1)

where CO(€) denotes the space of continuous functions on {2 with compact support.

Actually, (v, ¢) makes sense as an almost surely defined random variable as soon as ¢ € L*(Q)
and has compact support. This kind of test-functions includes C2(£2) and indicator functions of
bounded Borel subsets, which are the examples we are most interested in. Random variables of the
type (v, ) are called the linear statistics of v (or of f). Understanding the distribution of these



linear statistics is one way to understand the distribution of the random measure v, or equivalently
of the random set Z. For example, if B C (2 is a bounded Borel set and 15 denotes its indicator
function, then (v,1p) is the (n — r)-dimensional volume of Z N B.

In this setting, a classical question is to determine conditions on the field f ensuring that its
linear statistics admit finite moments. If n = r = 1, such conditions were first obtained in [10].
More generally see [8, Thm. 3.6], which holds even if f is not Gaussian. If n > r = 1, a similar
result is proved in [4], see also [5, Thm. 4.4]. For a survey of previous results for hypersurfaces
(i.e. r = 1), we refer to [8, Chap. 3, Sect. 2.7] in dimension n =1 and to the introduction of [4] in
dimension n > 1. This problem was also studied in [25] for n = r = 2, that is for points in R2.

Our second main result gives simple conditions on the field f ensuring the finiteness of the p-th
moments of its linear statistics in any dimension and codimension. These conditions are of two
kind: we require the field to be regular enough, and to be non-degenerate in the following sense.

Definition 1.4 (p-non-degeneracy). Let p > 1 and let f : @ — R” be a CP centered Gaussian
field. We say that the field f is p-non-degenerate if for all x € 2 the centered Gaussian vector

(f(x), Dsf,..., D2 f) € @ Sym* (R") @ R”
k=0

is non-degenerate, where Sym” (R™) denotes the space of symmetric k-linear forms on R™ and
Dkf e Sym"*(R") ® R” stands the k-th differential of f at .

Remark 1.5. If f = (f1,..., fr), the p-non-degeneracy condition means more concretely that for
all x € Q the Gaussian vector (aafi (x))1<i<r‘|a‘<p is non-degenerate, where we used multi-index

notations (see Section 2.2). More abstractly, this condition means that the p-jet j,(f, ) of f is
non-degenerate for all x € €.

Theorem 1.6 (Finiteness of moments). Let n > 1, let r € [1,n] and let p > 1. Let Q C R™ be
open, let f : Q@ — R” be a centered Gaussian field and let v be defined as in Equation (1.1). If f
is C? and (p — 1)-non-degenerate then E[|(v, ¢)|P] < +oo for all ¢ € L>(Q) with compact support.

Ezample 1.7. Let us give some examples of fields satisfying the assumptions of Theorem 1.6.

e The Bargmann—Fock field, i.e. the smooth stationary Gaussian field on R™ whose covariance
_l=y?

function is x — e~ "2 , satisfies the hypotheses of Theorem 1.6.

e Let f: R™ — R be a stationary CP centered Gaussian fields. If the support of its spectral
measure has non-empty interior then f is (p — 1)-non-degenerate.

e In codimension r, if (fi)i1<i<r are r independent (p — 1)-non-degenerate C? Gaussian fields
then sois f = (f1,..., fr).

e The Berry field, i.e. the smooth stationary Gaussian field f on R™ whose spectral measure
is the uniform measure on S®~!, is 1-non-degenerate but not 2-non-degenerate. Indeed it
almost surely satisfies Af + f =0, so that (f(z), D.f, D2 f) is degenerate for all z € R".

We can consider the same question in a more geometric setting. Let (M, g) be a Riemannian
manifold of dimension n > 1 without boundary and let £ — M be a smooth vector bundle of
rank r € [1,n] over M. Let s be a centered Gaussian field on M with values in F, in the sense
that s is a random section of E — M such that for all m > 1 and all z1,...,x,, € M the random
vector (s(21),...,8(zm)) is a centered Gaussian. We assume that s is almost surely C' and that
det Var(s(z)) > 0 for all z € M.

As in the Euclidean setting, Z = s71(0) is almost surely (n — r)-rectifiable. As before, we
denote by v the random Radon measure on M defined by integrating over Z with respect to
the (n — r)-dimensional volume measure dVolz induced by g. For all ¢ € L°°(M) with compact
support, we define the linear statistic (v, ¢) as in Equation (1.1). In this context Definition 1.4
adapts as follows.



Definition 1.8 (p-non-degeneracy for Gaussian sections). Let p > 1 and let s be a CP centered
Gaussian field on M with values in E. We say that s is p-non-degenerate if, for all x € M, the
centered Gaussian vector j,(s,z) € Jp(M, E), is non-degenerate.

Theorem 1.9 (Finiteness of moments for zeros of Gaussian sections). Letp > 1, let s be a centered
Gaussian field on M with values in E and let v be defined as in Equation (1.1). If s is CP and
(p — 1)-non-degenerate then E[|(v, $)|P] < 400 for all ¢ € L>(M) with compact support.

We are aware of the very recent paper [15] by Gass and Stecconi, in which they prove a result
similar to Theorem 1.6, as well as its analogue for zeros of Gaussian fields on a Riemannian mani-
fold. Their work and ours are independent, and the proofs are different. Their idea is to compare
the Kac—Rice densities (see Section 6.3) of the field f with those of a well-chosen Gaussian polyno-
mial P. Then they deduce the result for f from the result for P, which is a consequence of Bezout’s
Theorem. Our proof follows a different path, as it relies on the multijet bundle that we defined in
Theorem 1.1. Our idea is to observe that the zero set of F': (z1,...,2p) — (f(z1),..., f(zp)) in
the configuration space QP \ A, is exactly the vanishing locus of the multijet mj,(f,-) restricted to
QP\ A, C Cp[Q)]. Instead of working with F' which degenerates along A,, we work with the field
mjp( f,-) that we built to be non-degenerate everywhere. Then, we deduce Theorem 1.6 from the
Kac—Rice Formula for the expectation (see Proposition 6.17) applied to the p-multijet of f and a
compactness argument.

1.3 Higher order multijets and holomorphic multijets

Let us now discuss two important variations on our main results Theorems 1.1 and 1.9. In
Section 1.1, we said that two functions f and g on R™ have the same p-multijet at a point
z = (x1,...,2p) € (R")P\ A, if and only if f and g have the same value, i.e. the same 0-jet,
at x; for all ¢ € [1,p]. In a sense, the p-multijet of f at z is obtained by patching together the
0-jets of f at each of the x; in a relevant way. A natural generalization is to define a higher order
multijet of f at x by patching together the k-jets of f at each of the x;. We define such an higher
order multijet in Section 7. More generally, we define a multijet bundle adapted to a differential
operator D. The case of higher order multijets corresponds to D = j,. The analogue of Theo-
rem 1.1 in this framework is Theorem 7.4 below. We use it to prove an analogue of Theorem 1.9
adapted to D, see Theorem 7.8 for a general statement. In the special case where D = D is the
standard differential, the statement is the following.

Theorem 1.10 (Finiteness of moments for critical points). Let M be a smooth manifold without
boundary. Let f : M — R be a centered Gaussian field and let vp denote the counting measure of
its critical locus. Let p > 1, we assume that f is C*’ and (2p — 1)-non-degenerate. Then, for all
¢ € Le°(M), we have E[|{vp , ¢)[P] < +o0.

Another variation on Theorem 1.1 is to define holomorphic multijets for holomorphic maps.
This is done in Section 8, and more precisely in Theorem 8.2. This is used to prove an holomorphic
version of Theorem 1.9. The general statement is given in Theorem 8.13. For a holomorphic
Gaussian field on an open subset of C”, it takes the following form.

Theorem 1.11 (Finiteness of moments for zeros of holomorphic Gaussian fields). Let Q@ C C" be
open and let f : Q — C" be a centered holomorphic Gaussian field, where r € [1,n]. Let v be as in
Definition 6.11. Let p > 1, we assume that, for all x € Q, the complex Gaussian vector

p—1
(f(x), Daf,..., D' f) e P sym"(C) @ C"
k=0
is non-degenerate. Then, for all ¢ € L°(2), we have E[|(v, ¢)[P] < +o0.

Note that Theorems 1.10 and 1.11 are not consequences of Theorem 1.9. Indeed, if f: M — R
is a smooth Gaussian field then Df can not be 1-non-degenerate because D?f is symmetric.
Similarly, if M is a complex manifold and s is holomorphic, then s is never 1-non-degenerate
because it satisfies the Cauchy—Riemann Equations.

Gass and Stecconi [15] proved, independently and by a different method, results analogous
to Theorem 1.10 (for a CP*! and p-non-degenerate field) and to Theorem 1.11. For holomorphic
Gaussian fields in dimension n = 1, see also [27].



1.4 Organization of the paper

In Section 2 we gather useful notations that appear in several parts of the paper. In Section 3
we discuss Kergin interpolation, which is a multivariate polynomial interpolation appearing in
the definition of multijets. Section 4 is dedicated to evaluations maps on spaces of polynomials,
and more precisely the properties of their kernels. We define our multijet bundles and prove
Theorem 1.1 in Section 5. Section 6 is concerned with the application of multijets to the finiteness
of moments for the zeros of Gaussian fields and the proof of Theorems 1.6 and 1.9. Multijets
adapted to a differential operator are discussed in Section 7, where we also prove the analogue of
Theorem 1.9 for critical points. Finally, holomorphic multijets are defined in Section 8, where we
prove the analogue of Theorem 1.9 for holomorphic Gaussian fields.

Acknowledgments. The authors thank Vincent Borrelli, Nicolas Vichery and Gabriel Riviére
for independently suggesting to take a look at various compactifications of configuration spaces.

2 Notations: partitions and function spaces

The goal of this section is to quickly introduce definitions and notations that will appear in different
parts of the paper. We gather them here for the reader’s convenience.

2.1 Sets, partitions and diagonals

In this paper, we denote by N the set of non-negative integers. Let a and b € N, we use the
following notation for integer intervals [a, b] = [a,b] N N.

Let A be a non-empty finite set. For simplicity, in all the notations introduced in this section,
if A =11, p] we allow ourselves to replace A by p in the indices and exponents. We denote by |A]
the cardinality of A. Let M be any set, we denote by M the Cartesian product of |A| copies of
M indexed by the elements of A. A generic element of M4 is usually denoted by z = (24)aca. If
0 # B C A, we denote by x5 = (24)acB-

Definition 2.1 (Large diagonal). We denote by A4 the large diagonal in M4, that is:
Ay = {(za)aeA e M4 ’ Ja,b € A such that a # b and z, = xb}.

Definition 2.2 (Partitions). Let A be a non-empty and finite set, a partition of A is a family
T ={I,..., I} of non-empty disjoint subsets of A such that | |;", I = A. The subsets I1,..., I,
are called the cells of Z. Given a € A, we denote by [a]z the only cell of Z that contains a. Finally,
we denote by P4 the set of partitions of A.

Definition 2.3 (Clustering partition). Let z = (74)aca € M4, we denote by Z(x) € P4 the only
partition such that, for all @ and b € A we have z, = xp, <= [a]7(p) = [b]z(2)-

Ezample 2.4. If x = (x,...,2) then Z(z) = {A}. If 2 € M4\ A, then Z(z) = {{a} | a € A} = Ty.

Definition 2.5 (Strata of the diagonal). For all Z € P4, we set Ag 1 = {g e M4 | I(z) = I}, o)
that Ay 7, = MAN\ Ay and Ay = |_|I;£Io Aaz.

Definition 2.6 (Diagonal inclusions). Let Z € P4, we denote by 1z : MZT\ Az — A,z the
bijection defined by LI((yI)IGI) = (y[a]I)aeA'

2.2 Spaces of functions, sections and jets

We use the following multi-index notations. Let a@ = (aq,...,a,) € N™, we denote its length by
|a] = a1 4+ -+ -+ . Let 9; denote the i-th partial derivative in some product space, we denote by
0% = 97" ---0%. Finally, if X = (X1,...,X,), we denote by X* = X - X2,

Definition 2.7 (Polynomials). We denote by R4[X] the space of real polynomials in n variables
of degree at most d, where d € N and X = (X3,...,X,,) is multivariate.



Definition 2.8 (Symmetric forms and differentials). Let & € N, we denote by Sym”(R") the
space of symmetric k-linear forms on R™. Let V be a finite-dimensional real vector space, then
Sym* (R™)®V is the space of symmetric k-linear maps from R” to V. Given a C*¥ map f : R" — V,
we denote by D! f € Sym"(R™) @ V its k-th differential at = € R”.

Let M and N be two manifolds without boundary, for all £ € NU{oc}, we denote by C¥(M, N)
the space of C¥ maps from M to N. If V = R, we drop it from the notation and we simply
write C¥(M). We denote by Li (M) the space of locally integrable functions on M. We denote by
CO(M) (resp. L°(M)) the space of continuous (resp. L) functions on M with compact support.
Finally, for any Borel subset B C M, we denote by 15 : M — R its indicator function.

Let E — M be a vector bundle of finite rank over M, we denote by E, the fiber above x € M.
For all k € NU {00}, we denote by I'*(M, E) the space of C* sections of E — M.

Definition 2.9 (Jets). Let k € N, we denote by Ji(M,FE) — M the vector bundle of k-jets
of sections of F — M. If E = V x M is trivial with fiber V, we denote its k-jet bundle by
Tw(M, V) — M. If V = R, we simply write Jx(M) — M. Given s € I'¥(M, E), we denote by
jr(s,z) € T(M, E), its k-jet at x € M.

3 Divided differences and Kergin interpolation

An important step in our construction of a multijet for C* functions is to reduce the problem to
that of defining a multijet for polynomials. This is done by polynomial interpolation. In several
variables, polynomial interpolation is rather ill-behaved, at least compared with the one variable
case. However, a multivariate polynomial interpolation suiting our needs was defined by Kergin
in [19]. A constructive version of his proof was then given in [26], using a multivariate version
of the so-called divided differences. In this section, we give the definitions of theses objects and
recall their relevant properties. We refer to the survey [24] for more background on polynomial
interpolation in R™.

3.1 Divided differences

In this section, we recall the definition of multivariate divided differences, see [26]. Let k € N, we
denote by oy the standard simplex of dimension k, that is:

k
Z 11} C R, (3.1)

ok{ﬁ(to,...,t e [0,1]k+!
=0

The simplex oy, is a subset of {t € RF*1 | 3"¢; = 1}, and we denote by v} the (k-dimensional)

Lebesgue measure on this hyperplane, normalized so that vy (o) = % One can check that its

restriction to o satisfies:

k
/ Qﬁ(ﬁ) dl/k(ﬁ) = / ..... tk>0 <1 _Zti;tla'-';tk> dtq ... dtg, (32)
Ok k =1

;<1

where dt; . ..dt is the Lebesgue measure on R¥. For any x = (zg,...,%) € (R”)]Hrl we denote
by o(z) the convex hull of the z; and we define v, : t — Zl o tits from oy onto o(z). Recalling
Definition 2.8, we have the following.

Definition 3.1 (Divided differences). Let z = (2;)jc;<), € (R™)k*1 and let f be a C* function
defined on some open neighborhood of o(z) in R™. We define the divided difference of f at x by:

flzo, ... xk] = / DSE(Df dvy(t) € Sym*(R™),
ok

that is as the average of D¥ f over o(x) with respect to the pushed-forward measure (v;)«(vk)-

Remark 3.2. o If x = (z,...,x) for some x € R™ then f[z,...,a] = HD’;f.



e Definition 3.1 is invariant under permutation of (zo,...,zx).

e When n = 1, Definition 3.1 coincides with the classical definition of divided differences,
under the canonical isomorphism Sym”(R) ~ R. This is known as the Hermite Gennochi
formula [26].

Lemma 3.3 (Regularity of divided differences). For all x € (R™)**1, the map f +— flxo, ...,z
is linear. Moreover, if f is of class C**! then x v f[xo,...,x1] is of class C'.

Proof. The linearity with respect to f is clear. The regularity with respect to z is obtained by
derivation under the integral, using Definition 3.1 and Equation (3.2). O

3.2 Kergin interpolation

This section is dedicated to Kergin interpolation. In the following, we recall the construction of
Kergin interpolation by Micchelli-Milman [26], which relies on the divided differences introduced
in Definition 3.1. We will use the notation introduced in Definition 2.7.

Proposition 3.4 (Kergin interpolation). Let x € (R™)? and let f be a function of class CP~1
defined on some neighborhood of o(x) in R™. There exists a unique polynomial K(f,x) € Rp_1[X]
such that, for all non-empty I C [1,p], we have flz;] = (K(f,x))[z;]. Moreover,

P
K(fz)=> flor,..., o] (X =21, X — 2p1). (3.3)

k=1
Proof. This is the content of [12, Thm. 12.5] for m = 0. See also [26]. O

Remark 3.5. In particular, Proposition 3.4 implies the following.
e The restriction of K(-,z) to R,—1[X] is the identity.

e If x appears with multiplicity at least k + 1 in z, then:

DFf =K\f[x,... x] =k(K(f,2))l=,... 2] :D’;(K(f,g))
—— ——

k+1 times k+1 times

e The map P — (P[zy,..

whose inverse map is given by (S;)o<j<p—1 —> Z?;Ol Si(X —x1,..., X — ;).

-, %j]) <<, IS an isomorphism from R,_;[X] to @?;3 Sym? (R™)

Definition 3.6 (Kergin polynomial). The polynomial K(f,z) from Proposition 3.4 is called the
Kergin interpolating polynomial of f at x.

Ezample 3.7. If n = 1, then K(f,z) is the Hermite interpolating polynomial of f at € RP. If
z=(x,...,x), then K(f,z) is the Taylor polynomial of order p — 1 of f at = € R™.

Lemma 3.8 (Regularity of the Kergin polynomial). For all z € (R™)?, the map K(-,z) is linear.
Moreover, if f is CP~1 then K(f,-) is of class C.

Proof. This is a consequence of Lemma 3.3 and Equation (3.3). O

We need to prove a form of compatibility in Kergin interpolation, when the set of interpolation
points is refined. We will use this fact to prove that the multijet bundle we define below satisfies
Condition 4 in Theorem 1.1. The following lemma is stated using the clustering partition Z(x)
from Definition 2.3.

Lemma 3.9 (Compatibility in Kergin interpolation). For all x € (R™)P the linear map from
Ry—1[X] to [[;ez(u) Ryrj-1[X] defined by (K(~,11))I€I(£) : P (K(P, EI))IGI(Q) is surjective.



Proof. Let € (R™)? and let us denote Z = Z(z) for simplicity. As explained at the end of
Section 2.1, there exists a unique y = (yr)rez € (R™")% \ Az such that z = 1z (y). Let (x1)rez be
smooth functions on R” with pairwise disjoint compact supports and such that x; is equal to 1 in
a neighborhood of yj.

Let (Pr)rez € [l ez Rjrj-1[X], we consider the function f = > ;.7 xrPr € C*(R"). Let
P = K(f,z) and let us prove that K(P,z;) = Py for all I € Z. For all k¥ < |I| — 1 we have
D’y“IP = D’yclf = D’y“IP[. Indeed y; appears with multiplicity |I| in z (cf. Remark 3.5) and f is
equal to Py in a neighborhood of y;. Recalling Example 3.7, we know that K (P, z;) is the Taylor
polynomial of order [I|—1 at y; of P, hence of Pr. Since Pr € Rj_1[X], we get K(P,z;) = P;. O

4 Evaluation maps and their kernels

The goal of this section is to study evaluation maps on spaces of polynomials and their kernels.
Defining multijets is closely related to these objects. Indeed, let n > 1 and p > 1 and recall that
A, stands for the large diagonal in (R™)P, see Definition 2.1. As explained in the introduction,
when z ¢ A, we want the multijet of a CP~! function f at x to be the class of f in CP~}(R")/ ~,
where f ~ g if and only if (f(xi))lgigp = (g(xi)hgigp- The Kergin interpolation of Section 3.2
shows that any such class can be represented by a polynomial. Hence, the space of p-multijets at x
is canonically isomorphic to R,—1[X]/ kerevy, where ev, : P — (P(z1),...,P(zp)).

Definition 4.1 (Grassmannian). Let V' be a vector space of finite dimension N and k € [0, N],
we denote by Gr (V) the Grassmannian of vector subspaces of V' of codimension k.

Remark 4.2. Beware that this notation is slightly unusual, since in most textbooks Gry (V) stands
for the Grassmannian of subspaces of dimension k.

Let us denote by L;eg (V, Rk) C V* ® R* the open dense subset of linear surjective maps from
V to R*. The group G L (R) acts on Ereg(V, Rk) by multiplication on the left. On the other hand,
L > ker(L) defines a surjective map from Lyeg(V,R¥) to Gry(V), and ker(L;) = ker(Ly) if and
only if there exists M € GL;(R) such that Ly = M L;. Thus, one can identify Gry(V) with the
orbit space L;eg (V, Rk) /GLk(R) of the previous action. This is one of the many ways to describe
Gry(V) as a smooth real algebraic manifold.

Definition 4.3 (Evaluation map). Let z € (R™)?, we set evy : f — (f(z1),..., f(zp)) from any
space of functions defined at the x; to RP. The source space will always be clear from the context.

Lemma 4.4 (Non-degeneracy of evy). Let & ¢ Ay, then evg : R,—1[X] — RP is surjective.

Proof. Since z ¢ A, we have Z(z) = {{1},...,{p}} and ev, = (K, zi))1<i<p under the canonical
identification Ro[X] ~ R. Hence this is just a special case of Lemma 3.9. Alternatively, in the
right basis, one can extract a Vandermonde matrix from that of ev,. O

Lemma 4.4 shows that the following map is well-defined from (R™)? \ A, to Gr,(R,—1[X]):
G:xz—> kerev,. (4.1)
Lemma 4.5 (Algebraicity of G). The map G : (R™)? \ A, — Gr,(R,—1[X]) is algebraic.

Proof. Recalling the previous discussion, we have Lyeq(Rp—1[X],RP)/GL,(R) ~ Gr,(R,_1[X]),
where the isomorphism is obtained as the quotient map of ker : L — ker(L). In particular,

ker : Lreg(Rp—1[X],R?) — Grp(Rp—1[X]) > Lreg(Rp—1[X], R?)/GLy(R)

is just the canonical projection, which is algebraic.
Denoting by ev : z — ev,, we have G = keroev. Thus it is enough to prove that ev is algebraic
from (R™)P\ A, to Lreg(Rp—1[X],R?). In the basis of R,_1[X] formed by the monomials (X¢)

the matrix of ev, is (")

la|<p>

1<i<pilal<p’ which depends algebraically on z. O
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Let z € (R™)P \ A,, we defined G(z) € Grp(R,—1[X]) by Equation (4.1). For any non-empty
I C [1,p], we define similarly

Gr(z) =kerevy, € Grjp(R;-1[X]) and Gr(z) = kerev, € Grj(R,-1[X]). (4.2)

Because of the interpolation properties of the Kergin polynomials (cf. Remark 3.5), we have that
evs, = (€%, ), ) @ K(o2p) on By [X]. Hence Gr(@) = K (.2) " (Gr(@). Since K (-.zy) is

surjective from Ry, _1[X] to R|;—1[X], this shows that Gr(z) has indeed codimension ||, like G (z).

This collection of subspaces satisfies some incidence relations that will be useful in the following.
For all non-empty I C [1,p], we have G(z) C G;(z). Actually, we can be more precise: for any
T € Pp, we have G(z) = ;o7 G;(z), and this intersection is transverse by a codimension argument.
Remark 4.6. The map G : (R")? \ A, — Grp(R,—1[X]) does not admit an extension as a regular
map from (R™)? to Gr,(Rp—1[X]), except if n =1 or p = 1, that is if Gr,(R,—1[X]) is a point.

For example, when n = 2 = p, the Grassmannian Grp(Rp,_1[X]) is the set of lines in Ry [ X1, X2].
Taking z = R(cos 0, sin ) € R?\ {0} the reader can check that G(0,z) = Span(X; sin — X, cos )
which does not converge as R — 0. However, in this case, G(0,-) extends to the blow-up Bl (Rz)
of R? at 0 and similarly G extends smoothly to Bla, ((R?)?). This suggests that, even though G
does not extend to smoothly to (R™)P, it might extend to a larger space.

5 Definition of the multijet bundles

In this section we define the vector bundle MJ,(R™, V) — C,[R"] of p-multijets for functions
from R™ to some finite-dimensional vector space V and prove Theorem 1.1. The singularity of G
along A, makes it impossible to define such a bundle over (R™)P, which is why we define it over a
compactification C,[R"™] of the configuration space (R™)P \ A,,.

The manifold C,[R"] does not depend on V. It is defined in Section 5.1. In the next two
sections, we work in the case V = R. All important ideas appear in this case but notations are
slightly simpler. In Section 5.2, we define the bundle M. 7,(R™). In Section 5.3, we prove that
p-multijets are local, in the sense of Condition 4 in Theorem 1.1. Finally, we define the bundle
MTH(R™, V) of multijets for vector valued maps and prove Theorem 1.1 in Section 5.4.

5.1 Definition of the basis C,[R"]

In this section, we define the basis C,[R"] over which our p-multijet bundles are defined. This is
a smooth manifold, obtained a compactification of the configuration space (R™)? \ A, such that
(Gr) 1c1,p] €Xtends smoothly to Cp[R™]. Let us first introduce some notations. We denote by IIy
the projection from the product space

®RY? < [T Grn(Ryg-alX))
0#£IC[1,p]
onto the factor (R™)P. Similarly, we denote by II; the projection onto Grjy (Rm_l[X]). Then, let
2= {(z.(@1@),p ) |ze ®PAA @Y < [ Grun®yalX) (1)
0#IC[1,p]

denote the graph of the map (gf)lc[[l,p]]' We denote by ¥ the closure of ¥ in the product space on
the right-hand side of Equation (5.1).

Lemma 5.1 (Surjectivity of (Il);5). Let z € (R™)P, then there exists z € 3 such that Ty(z) = x.

Proof. Let (z_n)neN be a sequence of points in (R™)? \ A, converging to z. Since Grassmannians

are compact manifolds, up to extracting subsequences finitely many times, we can assume that for

all non-empty I C [1,p] there exists Gy € Gr|rj(R)7_1[X]) such that G;(zy,) P Gj. Then
- n——+0o0

(x_n, (gf(x_n))lcﬂlyp]]) — (& (GI)[C[[LP]]) =z€eX. O

n—-+o0o
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Lemma 5.2 (Location of the new points). We have X\ ¥ C II; 1 (A,).

Proof. Since X is the graph of a continuous function on (R™)? \ A, it is closed in the open subset
I, ' (R™)P \ Ap). Hence T NI ((RM)P\ A,) = and X\ C Iy H(A). O

Lemma 5.3 (Algebraicity of ¥ and X). The graph Y is a smooth real algebraic manifold and
(Io)jx : ¥ — (R™)P\ A, is an isomorphism. Moreover, X is a real algebraic variety whose singular
locus is contained in ¥\ X.

Proof. By Lemma 4.5, the set ¥ is the graph of an algebraic map, hence a smooth real algebraic
manifold. Besides, Iy is algebraic and its restriction to X is the inverse of x — (g, (QI @))Ic[u,p]])'
Thus (Ilp)s is an algebraic isomorphism from ¥ onto (R™)? \ A,. Since ¥ is real algebraic, so
is its closure ¥. By Lemma 5.2, we know that ¥ N II;*((R™)? \ A,) = X is smooth. Hence, the
singular locus of ¥ is contained in ¥ N T (4,) =X\ Z. O

Example 5.4. In simple cases, we understand very well what X is.
e Ifp=1andn > 1, then A, = ) and Grp(R,_1[X]) = {{0}}, so that ¥ = ¥ = R™.
e If n=1and p > 1, then Gr|1|(Rm,1[X]) = {{0}} for all I C [1,p] and X = RP.

e If p=2and n > 1, then for z # y in R™, we know that G(z,y) C Ry[X] is the subspace of
affine forms on R™ vanishing at « and y, i.e. on the affine line through 2 and y. Thus G(z,y)
encodes this line. As y — x, the accumulation points of G(x,y) correspond to all the affine

lines passing through z, and they encode “the direction from which y converges to 2”. In this
case, one can check that ¥ = Bla, ((R™)?).

In the previous examples the variety ¥ is smooth. Hence the following natural question.
Question. Is ¥ smooth for allm > 1 and p > 17?

Lacking a positive answer to this question, since we want C,[R"] to be a smooth manifold, we
will define it by resolving the singularities of . The existence of a resolution of singularities is given
by Hironaka’s Theorem [17, 18]. Our references on this matter are Kollar [20] and Wlodarczyk [32].
See also [16] for a softer introduction to this theory.

Proposition 5.5 (Resolution of singularities). There exists a smooth manifold C,[R™] without
boundary of dimension np and a smooth proper IL : Cp[R™] — (R")? X [Ty 11 pp Gri1| (Ry7-1[X])
such that:

1 (G, RY) = 5,
2. II71(X) is an open dense subset of Cp[R"];
3. j-1¢xy is C*-diffeomorphism from I=1(X) onto X.

Proof. We apply Hironaka’s Theorem [20, Thm. 3.27] to resolve the singularities of Y. Since ¥
is algebraic by Lemma 5.3, there exists a smooth real algebraic manifold C,[R"] and a projective
morphism IT : C,[R"] — ¥ such that II is an isomorphism over the smooth locus of X.

In particular Cp[R"] is smooth, the map II : Cp[R"] — (R")? X Ty rcpnp Grir(Ry7-1[X])
is smooth and proper, and II(C,[R"]) C ¥. Since ¥ is contained in the smooth locus of ¥, the
restriction of II to II71(X) is an isomorphism, in particular Condition 3 is satisfied.

According to [32, Thm. 1.0.2], the manifold Cp[R"] and the projection II are obtained by a
sequence of blow-ups along smooth submanifolds that do not intersect the regular locus of X,
hence .. This ensures that Conditions 1 and 2 are satisfied. O

The following corollary proves the existence of the manifold Cp[R™] and the proper surjection
7 Cp[R"] — (R™)P satisfying Condition 1 in Theorem 1.1.

Corollary 5.6 (Existence of the basis C,[R"]). There exists a smooth manifold Cp[R™] without
boundary of dimension np and a smooth proper surjection m: C,[R™] — (R™)P such that:
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1. the open subset T 1((R™)P \ A,) is dense in C,,[R™] and 7 induces a C*°-diffeomorphism from
this set onto (R™)P \ Ap;

2. for any non-empty I C [1,p], the map Gr o admits a unique smooth extension to Cp[R™].

Proof. We consider II : Cp[R"] — (R™)? x []y_;cp1,,) Gy (Rj7-1[X]) given by Proposition 5.5
and we denote by m = Il oIl. Since Grassmannians are compact, Iy is proper. Hence 7 is smooth
and proper because II and Iy are. The surjectivity of 7 is given by Lemma 5.1 and Condition 1
in Proposition 5.5.

Item 1 in Corollary 5.6 is a consequence of Lemmas 5.2 and 5.3 and of Conditions 2 and 3 in
Proposition 5.5. Let I C [1,p] be non-empty. On the dense open subset 7—*((R")? \ A,) we have
Gr om = IIj oIl by definition. In the last equality, the right-hand side is well-defined and smooth
on Cp[R"], which yields the unique extension we are looking for. O

Since it is defined using Hironaka’s Theorem, the manifold C},[R"] is not unique. However, the
value of the smooth extension of Gy om = II; o Il at z € C,[R"] only depends on TI(z) € ¥. So
this extension does not really depend on the choice of a resolution of singularities. In the following
we choose once and for all a realization of 7 : C,[R"] — (R™)? as in Corollary 5.6. Thanks to
Condition 1, we can identify the configuration space (R™)?\ A, with its open dense pre-image by .
Under this identification, Condition 2 states that the maps (Gr) [y ) extend smoothly to Cp[R™].

So, from now on, we consider G; as a smooth map from Cp,[R"] to Gr7(R7-1[X]).

5.2 Definition of the bundle M7 ,(R")

Now that we have defined the base space Cp[R"] of our multijet bundle, we can define the bundle
itself. The purpose of this section is to construct the vector bundle MJ,(R") — C,[R"] of
multijets for functions from R™ to R, and the associated multijet map. The construction for vector
valued maps, explained in Section 5.4, is basically a fiberwise direct sum of this simpler case.

Recall that we defined the following projections C,[R"] LN SRR (R™)? and that 7 = I o IL.
Thanks to Corollary 5.6, and under the identification discussed above, the map G = Gy ;) defined
by Equation (4.1) extends as a smooth map from Cp,[R"] to Grp(Rp,—1[X]). Seen as a collection of
subspaces of R,_1[X] indexed by C,[R"], this means that G defines a smooth vector sub-bundle of
corank p in the trivial bundle R,_1[X] x C,[R"] — C,[R"]. We define our multijet bundle as the
quotient of this trivial bundle by G.

Definition 5.7 (Vector bundle of multijets). Let n > 1 and p > 1, the vector bundle of multijets
of order p on R™ is the smooth vector bundle of rank p over C,[R"] defined by:

MTp(R") = (Rp—1[X] x Cp[R"]) /G.
In particular, for any z € C,[R"], the fiber M7 ,(R"), = R,_1[X]/G(2) only depends on II(z) € 3.

Recalling the definition of Kergin polynomials given in Section 3.2, we can now define the
p-multijet of a CP~! function on R™.

Definition 5.8 (Multijet of a function). Let f € CP~}(R") and z € C,[R"™], the multijet of f at z
is the element of MJ,(R™), defined as:

mj,(f,z) = K(f,7(z)) mod G(z).
In particular, as an element of R,_1[X]/G(z), the multijet mj,(f,z) only depends on I1(z) € X.

Ezample 5.9. In Examples 5.4 we saw that in simple cases > is smooth. In these cases we set
Cp[R"] = ¥ and we can describe the bundle MJ,(R") — C,[R"] and the map mj,,.

o If p=1, then C;[R"] = R"” and G : z — {0} C Ro[X] ~ R. Thus MJT1(R") is the trivial
bundle R x R — R"™. Moreover, if f € C°(R") then K(f,z) = f(z) € Ro[X] ~ R and
mj, (f,z) = f(x) for all z € R".
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e If n =1, then C,[R] =R? and G : z — {0} C R,_1[X]. Thus MJ,(R) is the trivial bundle
R, 1[X] x R? — RP. If f € CP~(R) then mj,(f,z) = K(f,z) is the Hermite interpolating
polynomial of f at z, see Example 3.7.

Given z = (z1,...,xp) ¢ A,, Lemma 4.4 shows that ev, : R,_1[X] — RP is an isomorphism.
We can then consider the Lagrange basis (L;(z)),¢;¢, of Rp—1[X] which is the pre-image
by ev, of the canonical basis of R?. We then have mj,(f,z) = K(f,z) = >0, f(x:)Li(z).
Geometrically, this means that the map (P, z) — (evg(P),g) defines a local trivialization
of MTJ,(R) — Cp[R] over RP\ A, and that z — (Li(z)), ¢, is the corresponding frame.
Moreover, it is tautological that mj,(f,z) reads as (f(z1),..., f(zp)) in this trivialization.

On this example, one can also define a global trivialization of M7 ,(R) by considering the
global frame of Newton polynomials z (Nk@))lgkgp’ where Ni(z) = H1<i<k(X — Z;).
By Equation (3.3) we have K(f,z) = >_7_; flz1,..., 2] Ni(z), so that mj,(f,z) reads as
(flx1,- -+, 2k]) < g, in this trivialization, where the divided differences are the classical ones
in dimension 1. In this setting, we used in [2] a strategy that can be roughly summarized
as replacing (f(xi)hgigp by (flz1,... vkalgkgp' Our present point of view shows that we
were actually considering mj, (f,z) all along, but read in different trivializations.

o If p = 2, we saw that C»[R"] = Bla, ((R™)?). Given 2z € Co[R"], if 7(2) = (21, 32) ¢ Ao,
we know that G(z) C Ry[X] is the subspace of affine forms vanishing on the line L, C R"
through 27 and xo. It is then natural to think of the class of P modulo G(z) as its restriction

to L,. Parametrizing L, by t — x7 + ”Z;”“t, one can check that P P(xl 4 Z2=L1 T)

—z1| lw2—z1l|

induces an isomorphism MJ5(R"), ~ R;[T] ~ R?, where T is univariate and the second
isomorphism is obtained by reading coordinates in the canonical basis (1,7") of R [T].

Recalling Definition 3.1, we have:

T2 — 1

! T P(zy)— P
T = (/ Doy ti(es—an P+ (22 — zl)dt> _ P(x2) (m)T’
0

Plxq, x| - o
[21, 22] |22 — 1| w2 — z1]]

|22 — 21|

P(ﬁﬁz)*P(ﬁﬁl)

and P = K (P, x1,x2) is given by Equation (3.3). Denoting by ]S(z) = , we have:

P(x1+uT) :K(Rmm)(x1+ T2 — 11

|2 — = 22 — 21|

T):P@Q+ﬁ@f

Thus, the previous isomorphism M2 (R"), — R? is (P mod G(2)) (P(ﬂ'(z)l), ﬁ(z))

Let us now consider z € 7w~ !(Az). This exceptional divisor is the projectivized normal
bundle of Ay in (R™)2. So we can think of z as a point in the diagonal, say (z,7) € Ag,
and a line in (R™)? which is orthogonal to As, say spanned by (u, —u) with u € S*~1. Then
z = lim.,0(x+eu, z—eu) in C2[R™]. By continuity, G(z) is the space of affine forms vanishing
on the line L, C R™ parametrized by ¢t — x + tu. As above, mapping P to the coefficients
of P(x +Tu) = P(z) + (D,P-u)T € Ry[T] induces an isomorphism MJ2(R"), — R2.
Denoting by P(z) = D, P -u, this isomorphism is again (P mod G(z)) — (P(ﬂ(z)l), ]S(z))
Actually, one can check that everything depends smoothly on the base point z € C3[R"], so
that the bundle map (P mod G(z),2) — (P(?T(Z)l), P(z), z) defines a global trivialization
MT2(R") — R? x C3[R"]. If f € C*(R™), with the same notations as above, mj,(f, z) reads
in this trivialization as (f(acl), M) if 2 ¢ 77 1(Az) and as (f(x), D, f - u) otherwise.

lzo—=]
In these examples, the multijet bundle M7 ,(R") — C,[R"] is trivial. This raises the following.
Question. Is MJ,(R™) — C,[R"] trivial for alln > 1 and p > 17

The following two lemmas prove that the bundle map mj, : CP~'(R™) x Cp[R"] - MJT,(R™)
satisfies Condition 2 and 3 in Theorem 1.1.
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Lemma 5.10 (Regularity of multijets). The map mj,(-,z) : C°~H(R") = MJT,(R™). is a linear
surjection for all z € Cp[R"]. Besides, let 1 > 0 and let f € C""P=1(R™), then mj,(f,-) is a section
of class C' of MJT,(R™) — C,[R™].

Proof. Let z € Cp[R"], the map K(-,7(z)) : CP"'(R™) — R,_1[X] is linear by Lemma 3.8. It is
also surjective since its restriction to R,_1[X] is the identity. Since mj,(-,z) is the composition of
K(-,7(z)) with the canonical projection from R,_1[X] onto MJ,(R")., it is a linear surjection.
Let [ > 0 and let f € C'*?~}(R"). By Lemma 3.8, we have K(f,-) € C/(R")?,R,_1][X]).
Since 7 is smooth, we get K(f,-) o € C/(Cp[R"],R,_1[X]). In other words, K(f,) o m defines
a section of class C! of the trivial bundle R,_1[X] x Cp[R"] — C,[R"]. Since G is a smooth sub-
bundle of R,,_;[X] x Cp[R™], projecting onto the quotient bundle M7 ,(R™) does not decrease the
regularity. O

Lemma 5.11 (Multijets and evaluation). Let z € Cp[R"™] be such that w(z) = (x1,...,2p) & Ap,
then for all f € CP~1(R™), we have: mj,(f,z) =0 <= (Vi € [1,p], f(z:)=0).

Proof. Let us denote by z = (z1,...,2,) = 7(2) ¢ A,. For all f € CP~1(R"), we have:
mj,(f,2) =0 <= K(f,z) €G(z) <= eva(K(f,2)) =0 = evy(f) =0,
since K (f,z) interpolates the values of f on at z1,...,z, (see Remark 3.5). O

Actually, we can describe more precisely the relation between multijets and evaluation outside
of the diagonal. This will appear in the proof of Theorem 6.26 below. Thanks to Lemma 4.4, the
smooth bundle map ev : (P,z) — (evg(P),z) from R,_1[X] x (R™)P\ A,) to R x ((R™)?\ A,)
is surjective and its kernel is exactly the sub-bundle kerev = G. Thus it induces a smooth bundle
map 7 : MTp(R™)|@n)r\a, — RP X (R™)P\ Ap) defined by 7(P mod G(z)) = (evy(P),z), which
is bijective. Thus 7 defines a smooth local trivialization of MJ,(R"™) over (R")? \ A,. Moreover,
for all f € CP~Y(R") and z € C,[R"] such that z = 7m(z) ¢ A, we have:

T(mjp(f,z)) = T(K(f,g) mod g@)) = (eVE(K(f,g)),g) = (evg(f),g).

Hence mj,(f, z) simply reads as (f(x1),..., f(},)) in this trivialization.

5.3 Localness of multijets

The goal of this section is to prove that the multijet bundle M7 ,(R™) — Cp[R"] defined in the
previous section satisfies Condition 4 in Theorem 1.1. Let z € C,[R"], let z = m(2) and let Z = Z(z)
be as in Definition 2.3. As explained in Section 2.1, there is a unique y = (y1);c7 € RT \ Az such
that = tz(y). Recalling that we dropped V = R from the notation in the present case, we can

restate Condition 4 in Theorem 1.1 as: there exists O : [[;c7 Jjrj-1(R"),, = MT,(R"). a linear

surjection such that mj,(f,z) = 6. ((j|1|—1(fa yI))IeI) for all f € CP~H(R™).

This property is fundamental. First, it shows that mj,(f,z) is obtained by patching together
(part of) the jets of order (]I| — 1) of f at y;, which justifies the name multijet. Second, it shows
that mj,(f,z) only depends on the values of f in arbitrarily small neighborhoods of the yr. This
is not obvious at all since the definition of mj,(f, z) involves divided differences of f, that are
obtained by integrating on the whole convex hull o(z) of the x; (see Definition 3.1). In particular,
it shows that mjp(f,z) makes sense even if f is only C’!=! in some neighborhood of y;, for all
I € 7. Hence Definition 1.3 makes sense even if 2 is not convex.

In the following, we consider what we think of as the I-th part of a multijet, where I C [1,p].
This is just a variation on what we did in Definitions 5.7 and 5.8 and it is defined as follows.

Definition 5.12 ([-multijets). Let n > 1 and p > 1 and let I C [1,p] be non-empty, we define
the bundle of I-multijets as the following smooth bundle of rank |I| over Cp[R"]:

Mj](Rn) = (R|[|_1[X] X CP[RH])/g]
Let f € CMI=1(R™) and z € C,[R"], we define by mj;(f, 2) = K(f,7(z);) mod Gr(z) € MJT(R"),
the I-multijet of f at z is .
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As explained in Section 5.1, for all § # I C [1,p] we have a map G : Cp[R"] — Gr|fj(R;7-1[X])
extending the one on (R")? \ A,. Let z € Cp[R"] and z = 7(z), as in Section 4 we denote by
g~1(z) = K(-,QI)_l(g](Z)) S GI‘|[|(RP_1[X]), where K(-,QI) : Rp_l[X] — Rm,l[X]. Note that
G1(z) has the same codimension as Gy(z) since K(-,z;) is surjective.

Lemma 5.13 (Compatibility of the Gr). For all I C [1,p] and z € C,[R"] we have G(z) C Gr(2).

Proof. We know from Section 4 that G(z) C Gr(z) for any z € (R™)? \ A, C C,[R"], that is
K(-,7m(2)1)(G(2)) C Gr(z). This incidence relation is a closed condition. By construction, the
subset (R™)? \ A, is dense in C,[R"] and both terms in the previous inclusion are continuous

with respect to z, see Lemma 3.8 and Corollary 5.6. Hence the inclusion actually holds for any
z € Cp[R™]. Thus G(z) C Gi(z) for all z € Cp[R™]. O

Let 0 # I C [1,p], let z € Cp[R"] and z = 7(z). We consider mj; (-, z) : Rp—1[X] = MT (R"),
from Definition 5.12. This linear map is surjective as the composition of K (-, z;) and the projection
modulo G;(z). Moreover, ker(mj; (-, z)) = G;(z) contains G(z) by Lemma 5.13. Hence, mj; (-, z)
induces a surjective linear map from MJ,(R"), = R,_1[X]/G(z) onto MT(R™), that we still
denote by mj; (-, z). This is summarized on the following commutative diagram, where the vertical
arrows are the canonical projections and all arrows are surjective.

K(»&)
Rp_l[X] —I> Rlll_l[X]

l 1Hj1(~]z) l (52)
MIT R, —202 7 A 7 (R,

Note that (P, z) — (K (P, 7m(2)r), z) is a smooth bundle map over C,[R"] from R,,_1[X] x C,[R"]
to Rj;j—1[X] x C,[R™]. Hence, the previous diagram (5.2) defines a smooth surjective bundle map
mj; : (P mod G(2)) — (P mod G;(z)) from MJT,(R") to MJT(R™) over C,[R"].

Definition 5.14 (Partitioned multijet). For all Z € P, and z € C,[R"], we define a linear map
from MTp(R"). to [[;ez MT1(R™): by mjz (-, 2) : v = (mjr(@, 2)) ez
As above, mj; : (o, z) — mjz(a, z) defines a smooth bundle map over Cp,[R"] from MJ,(R")

to @ ez MIT 1(R™), which is obtained as the quotient of (P, z) — ((K (P, 7(2)1);e1,2). However,
mjz (-, z) is not surjective in general. The following lemma proves its surjectivity in some cases.

Lemma 5.15 (Splitting of multijets). Let z € Cp[R"], let x = w(2z) and let Z(z) be defined as in
Definition 2.3. Then mjz(, (-, 2) : MTp(R"): = [Irez(m) MI1(R™): is an isomorphism.

Proof. The map mjz,(+, 2) is linear between two spaces of the same dimension p = ZIEZ@ |1], so
it is enough to prove its surjectivity. Let (1) ez(y) € [rez(w) MI1(R™)z, for each I € Z(z) there
exists Pr € Rj;_1[X] such that a; = Pr mod Gr(z). By Lemma 3.9, there exists P € R,_1[X]
such that K(P,z;) = Py for all I € Z(z). Let us denote &« = P mod G(z) € MJ,(R"),. Then,
for all T € Z(z), we have:

mj;(a, z) =mj;(P,z) = K(P,z;) mod Gi(z) = Pr mod Gi(z) = ay.
Hence mjz,(at, 2) = (1) jez(y)> and mjz(,) (-, 2) is indeed surjective. O

Let k € N and let x € R™. By definition, two maps f and g € C¥(R") have the same k-jet at
if and only if they have the same Taylor polynomial of order k at x. Let z = (z,...,z), recalling
Example 3.7, the linear map K (-, z) : C*(R") — Ry [X] is surjective, and it induces an isomorphism

Let z € Cp[R"], let z = 7(2), let Z = Z(x) and let (y1) ;.7 = 171 (z), see Definitions 2.3 and 2.6.
For all I € Z, the canonical isomorphism J|7—1(R"),, ~ R|;j_;[X] allows us to see the projection
from R j_1[X] onto M T (R"). as a canonical linear surjection @, 1 : Jj7j—1(R"),, = MJT(R")..

Definition 5.16 (Gluing map). Let z € Cy[R"], let x = 7(2) and let (yr);c.; = 171 (z), where
T =TZ(z). We define @, : (ar);cq = (@wz1(ar)) o7 from [[;cz Trj-1(R™)y, to [1;cz MT1(R")...
We also define ©, = mjz(-,2)"! o w,.
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We can now check that ©, satisfies Condition 4 in Theorem 1.1.

Lemma 5.17 (Localness of multijets). For all z € C,[R"], the map ©. is a linear surjection from
[ier Ti1-1(R™)y, to MT,(R™).. Moreover, it is the only map such that

vf e CrI®n), ®z<(jz_1(f, yﬂ)m) — mj, (f,2).

Proof. With the same notations as in Definition 5.16, for all I € Z the map w, ; is a linear
surjection by definition. Hence so is w,. Since mj;(-,2) is an isomorphism by Lemma 5.15, the
map O, = mjz(-,2)"! o w, is also a linear surjection.

Let f € CP~1(R"). For all I € Z, the image of Jir=1(f,yr) under the canonical isomorphism
Ji-1(R™)y, =~ Ry;—1[X] is the Taylor polynomial K(f,z;). Hence

Wz,1 (jm—1(fa yl)) = K(f,z;) mod Gi(z) = mj;(K(f, z),2)-

Thus, we have wz((jml(f, yI))IGI) = (mj;(K(f,z1),2)) ;7 = miz(mj,(f,2),2), and finally

GZ((J'|1|—1(f, yz))lez) =mj,(f,2).
Since the yr are pairwise distinct, every element of [];.; Jjrj—1(R™),, can be realized as

(j|1|71(f, yI))IGI for some f € C*°(R™). Hence the previous relation completely defines ©,. O

5.4 Multijets of vector valued maps

So far we have only defined multijets of real-valued functions. In this section, we extend the previous
construction to maps from R™ to some vector space V of dimension r > 1. Let 7 : C,[R"] — (R™)?
be given by Corollary 5.6 as before. We define MJ,(R™, V) — Cp[R"] as the tensor product of
the bundle MJ,(R"™) — C,[R"] from Definition 5.7 with the trivial bundle V' x C,,[R"] — C,[R™].

Definition 5.18 (Multijet bundle of vector valued maps). Let n > 1 and p > 1, let V be a real
vector space of dimension r > 1, we define the bundle of p-multijets of V-valued maps on R™ as
the following smooth bundle of rank pr over C,[R"]:

MIL(R™, V) = MT,(R") @ V.

Definition 5.19 (Multijet of a map). Let (v1,...,v,) denote a basis of V. Let z € C,[R"] and
let f=3>"i_ fivi € CP"H(R", V), we define by mj,(f,z) = > i mj,(fi,2) ® v € MTH(R", V),
the p-multijet of f at z.

Lemma 5.20 (Independence from the basis). In Definition 5.19, the vector mj,(f,z) does not
depend on the choice of the basis (v1,...,v,).

Proof. Let (w, ..., wy) be another basis of V. There exists a matrix (ai;),¢; ;<, € GLr(R) such
that v; = Y7, a;w; for all i € [1,r]. Denoting by g; = 3", ai; fi for all j € [1,7], we get

T T
f= Zfivi = Z aij fiw; = Zgjwj-

i=1 1<, j<r j=1
Then, by linearity of the p-multijet for functions, we have:

> omj,(g ) @wi= Y aymi,(fi,z)@w; =Y mi,(fi,2) ®vi. O
=1

j=1 1<, j<r
Ezample 5.21. If V. = R", then for all z € C,[R"] and f = (f1,..., fr) € CP71(R",R") we have
MTp[R",R"), = MTp(R"), @ R" = (MT,(R")2)",

and under this canonical isomorphism mj,(f, z) = (mjp(fi, z))1<i<T, as one would expect.
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Let x € R™ and k € N, we have a canonical isomorphism Ji(R™, V), ~ Jx(R"), @ V. If
(v1,...,v,.) is a basis of V, this isomorphism is totally determined by the fact that the image of
Be(fo)is Y in(fisx) @ v for all f =31, fiv; € CF(R™, V). As in the proof of Lemma 5.20,
this does not depend on the choice of the basis (v1,...,v.).

Definition 5.22 (Gluing map for vector valued multijets). Let z € C,[R"], let z = 7(2), let
T =1(z) and let (yr);c7 = i1 (). Using the previous canonical isomorphisms, we have:

ij\ 1R, V), HJI\ 1(R")y, @V = <HJI—1(R")yI>®V~

IeT IeT IeT

Recalling Definition 5.16, we define a linear map ©. : [[;o7 Jj5-1(R™, V), = MT,(R", V). by
O.(a®v) =0.(a) ®@v for all @ € [[;c7 Jj1j-1(R"),, and all v € V.

We now have everything we need to prove Theorem 1.1.

Proof of Theorem 1.1. The base space Cp[R"] and the projection 7 are given by Corollary 5.6. In
particular, they satisfy Condition 1 in Theorem 1.1. Definition 5.19 and Lemma 5.10 show that mj,
satisfies Condition 2. Similarly, Condition 3 is satisfied thanks to Lemma 5.11 and the definition
of mj, for V-valued maps.

Let us check that the linear maps O, from Definition 5.22 satisfy Condition 4. Let z € C,[R"],
let z = 7(2), let T = Z(z) and let (y1);c7 = 17 (z). Let us also denote by (vq,...,v,) a basis
of V. Let @« € MJ,(R", V)., there exists ai,...,a, € MJTH(R™), such that o« = >\, a; ® v;.
By Lemma 5.17, for each i € [1,r], there exists 3; € [[;c7 Jjr—1(R™)y, such that a; = ©.(5;).
Hence, ©.(3;_, Bi®@v;) =Y., 0.(8) ®v; = o, and O is indeed surjective.

Finally, let us consider f =3"!_, fiv; € CP°~Y(R", V). Then, by Lemma 5.17 once again,

ez((jlll—l(fayl))lez) =0; (i(jl_l(fi’yl))fez ) Z@ ((J|1| 1 fzayf)) ez) ® v
—Zme fisz ®Uz_m.]p(fa z). O

Remark 5.23. Another way to define MJ,(R", V) and mj, is the following. If f : R" — V' is
regular enough, then the divided differences from Definition 3.1 still make sense, only this times
flzo, ... ,xz1] € Sym*(R") ® V. Then, one can still define K(f,z) as in Proposition 3.4, and
it defines an element of R,_1[X] ® V that interpolates the divided differences of f. Similarly,
everything we did from Section 3.1 to Section 5.3 can be adapted to the case of V-valued maps,
simply by tensoring each vector space by V', and each linear map by Idy. One can check that we
recover the same objects as in Definitions 5.18 and 5.19, up to canonical isomorphisms.

6 Application to zeros of Gaussian fields

This section is concerned with our application of multijet bundles to Gaussian fields. In Section 6.1,
we describe the local model for the Gaussian fields with values in a vector bundle that we consider.
In Section 6.2, we prove a Bulinskaya-type Lemma and a Kac-Rice formula for the zeros of these
fields. Section 6.3 is dedicated to the definition of the Kac-Rice densities of order larger than 2.
We also relate the properties of these functions with the moments of the linear statistics associated
with our field. Finally, we prove Theorem 1.6 and 1.9 in Section 6.4, using the multijet bundles
defined in Theorem 1.1.

6.1 Gaussian vectors and Gaussian sections

In this section, we briefly recall some notations and conventions concerning Gaussian vectors. Then
we describe the local model for Gaussian fields with values in a vector bundle. We will mostly
consider centered random vectors in finite-dimensional vector spaces, so we restrict ourselves to
this setting. In the following, V is a finite-dimensional real vector space.
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Definition 6.1 (Gaussian vector). We say that a random vector X with values in V' is a centered
Gaussian vector if, for all n € V*, the real random variable n(X) is a centered Gaussian in R.

In particular, a centered Gaussian vector in V has finite moments up to any order. Let us assume
that V is endowed with an inner product (-,-). Then for all v € V, we denote by v* = (v,-) € V*.

Definition 6.2 (Variance operator). Let X be a centered Gaussian vector in (V, (-, -)), then its
variance operator is the non-negative self-adjoint endomorphism Var(X) = E[X ® X*] of V. We
say that X is non-degenerate if Var(X) is invertible.

Recall that a centered Gaussian vector in (V, (-,-)) is completely determined by its variance.
In the following, we denote by N'(0,A) the centered Gaussian distribution of variance A, and by
X ~ N(0,A) the fact that X follows this distribution.

Definition 6.3 (Gaussian field). Let £ — M be a vector bundle over some manifold M, we
say that a random section s of £ — M is a centered Gaussian field if for all m > 1 and all
Z1,...,%Tn the random vector (s(z1),...,s(xm)) is a centered Gaussian. We say that this field is
non-degenerate if s(x) is non-degenerate for all z € M.

If the centered Gaussian field s is CP, then its jet j, (s, ) is a centered Gaussian for all z € M.
Thus, the definition of p-non-degeneracy of the field makes sense, see Definition 1.8. Note that
0-non-degenerate simply means non-degenerate.

Since this will appear in several places later on, let us describe the local model for Gaussian
fields in this context. Let z¢ € M, there exists a chart (U, ¢) of M around zo. That is ¢ : U — Q
is a diffeomorphism between an open neighborhood U of xy and an open subset @ C R™. Up to
reducing U, we can assume that E is trivial over U, i.e. there exists a trivialization 7 : Ej;y — R"XU.
Denoting by 7, = (Id, ¢) o 7, we have the following commutative diagram, where arrows on the
top row are bundle maps covering the maps on the bottom row.

T T

Ey ——— R"xU 19 Ry
l l l (6.1)
U Id U L4 Q

Let s be a local section of Ejy, then 7, 050 ¢! is a section of the trivial bundle on the

right-hand side of (6.1). Hence there exists a map f : @ — R” such that 7,0s0¢~! = (f,1d). For
all x € €, the vector f(x) is the image of s(¢~!(z)) by a linear bijection. Thus, if s : M — E is a
centered Gaussian field, its restriction to U corresponds to a centered Gaussian field f : Q2 — R".
Moreover, f has the same regularity as s.

The local trivializations on the diagram (6.1) induce a similar picture for jet bundles so
that we have a local trivialization J,(U, E|y) ~ J,(€2,R"), under which j,(f, ) corresponds to
ip(s, @~ (z)). Thus, the Gaussian section s is p-non-degenerate in the sense of Definition 1.8 if and
only if f is p-non-degenerate in the sense of Definition 1.4. If this is the case, up to replacing 2 by
a smaller € such that Q' C Q is compact, we can assume that f is uniformly p-non-degenerate, in
the sense that det Var(jp( 7 x)) is bounded from below on 2. This local picture is summarized in
the following lemma.

Lemma 6.4 (Local model for Gaussian fields). Let s : M — E be a centered p-non-degenerate
Gaussian field. For all xg € M, there exist an open neighborhood U of o and a local trivialization
of the form (6.1) such that s reads in local coordinates as a centered Gaussian field f : Q@ — R" of
the same reqularity as s and which is uniformly p-non-degenerate on €.

6.2 Bulinskaya Lemma and Kac—Rice formula for the expectation

Let (M, g) be a Riemannian manifold of dimension n > 1 without boundary and let E — M be a
vector bundle of rank r € [1,n]. We consider a non-degenerate centered Gaussian field s : M — E,
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in the sense of Definition 6.3. The goal of this section is to state a Bulinskaya-type Lemma and a
Kac—Rice formula for the expectation of the linear statistics of s.

When M is an open subset of R® and £ = R” x M is trivial, these results are proved by
Armentano—Azais—Leon in [6, Prop. 2.1 and Thm. 2.2|. They are extended to fields on submanifolds
of RV in [6, Sect. 9.1]. In the following we check the results of [6] can be adapted to the case of
Gaussian sections.

Remark 6.5. Some readers are most interested in the zeros of Gaussian fields from R™ to R” and
the present geometric setting may seem overly complicated to them. Let us stress that, even in
the simpler setting of fields from R™ to R", our proof of Theorem 1.6 uses the Kac-Rice formula
in the more general setting we are studying here.

In order to state the Bulinskaya Lemma and the Kac—Rice formula, we need the following.

Definition 6.6 (Jacobian determinant). Let L : V' — V' be a linear map between Euclidean
spaces and let L* denote its adjoint map. The Jacobian of L is defined as Jac(L) = det(LL*)3.

Remark 6.7. We have Jac(L) > 0, and Jac(L) > 0 if and only if L is surjective. In particular, the
fact that Jac(L) = 0 depends only on L and not on the Euclidean structures on V' and V’. Thus
the condition Jac(L) = 0 makes sense even if no inner product is specified.

Proposition 6.8 (Weak Bulinskaya Lemma). Let V be a connection on E — M. If the centered
Gaussian field s : M — E is C' and non-degenerate, the (n — r)-dimensional Hausdorff measure
of {r € M | s(x) =0 and Jac(V,s) = 0} is almost surely 0.

Remark 6.9. If s(x) = 0 then Vs does not depend on V. Hence the random set we are interested
in in Proposition 6.8 does not depend on the choice V.

Proof of Proposition 6.8. We can cover M by countably many open trivialization domains of the
type described in Lemma 6.4. Then it is enough to prove the result in each of these domains.

Let U C M be as Lemma 6.4. In local coordinates, the restriction of s reads as a uniformly
non-degenerate C' centered Gaussian field f : O — R”, where 2 C R" is open. Moreover, for any
x € Q such that f(x) = 0, the covariant derivative of s reads as D, f, independently of the choice
of V. Thus, we are left with proving that the (n — r)-dimensional Hausdorff measure of

{r e Q] f(z) =0 and Jac(D,f) =0}
is almost surely 0, which is given by [6, Prop. 2.1]. O

Let us assume from now on that the centered Gaussian field s : M — E is C' and non-
degenerate. We denote its zero set by Z = s71(0). Let us denote by Zsing = {z € Z | Jac(V,s) = 0}
and by Zieg = Z \ Zsing. By Proposition 6.8, the (n — r)-dimensional Hausdorff measure of the
singular part Zgng is almost surely 0. On the other hand, the regular part Z,e; is the set of
points where s vanishes transversally. As such, it is a (possibly empty) C! submanifold of M of
codimension r without boundary. Thus, Z is almost surely the union of an open (in Z) regular
part Z,.z of dimension n — 7, and a negligible singular part Zg,, that we can think of as a set of
lower dimension. Let us mention that, under additional assumptions on the field, the singular part
is almost surely empty.

Proposition 6.10 (Strong Bulinskaya Lemma). If the centered Gaussian field s : M — E is C?
and 1-non-degenerate, then Zgg = 0 almost surely.

Proof. As in the proof of Proposition 6.8, it is enough to prove the result in local coordinates given
by Lemma 6.4. In these coordinates, s reads as a C? centered Gaussian field f : Q — R” which
is uniformly 1-non-degenerate, that is det Var(f(x), D,.f) is bounded from below on Q. Then the
result follows from [8, Prop. 6.12]. O

The Riemannian metric g induces a metric on Z,eg, that in turn defines an (n — r)-dimensional
Riemannian volume measure dVolz. This measure coincides with the (n—r)-dimensional Hausdorff
measure on Z. In the following, we consider this measure as a Radon measure on M defined as
follows. Recall that the space of Radon measures is the topological dual of C2(M), and that being
a non-negative Radon is equivalent to being a Borel measure which is finite on compact subsets.
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Definition 6.11 (Random measure associated with Z). We denote by v the random non-negative
Radon measure on M defined by:

Yo € CO(M), (v,¢) = / é(z) dVoly ().
Zreg
We define (v, ¢) similarly if ¢ is non-negative Borel function (in which case (v, ¢) € [0, +00]) or if
¢ is a Borel function such that (v, |¢|) < +o00 almost surely.

Ezample 6.12. If n = r then Z is almost surely locally finite. In this case v = 3 0, is the

random counting measure of this point process.

reZ

Let us go back to the local model of Lemma 6.4. Around any o € M there exists a chart (U, )
and a local trivialization of the kind described by (6.1). Since s is C! and non-degenerate, it
corresponds in local coordinates to a C' non-degenerate Gaussian field f : O — R”. We still denote
by Z (resp. Zieg) the image of Z (resp. Zieg) by ¢, which is the zero set of f (resp. its regular part).
Similarly, we still denote by g (resp. dVolyz) the push-forward to  of the metric g (resp. of the
measure dVolyz), and we identify test-functions on U, with test-functions on Q. Thus, if ¢ € L2 (U)
we have:

.9 = [ o) dVolz()
Zreg
where we think of everything on the right-hand side as defined on 2. Now, the measure dVoly is
the (n — r)-dimensional Riemannian volume on Z C  C R™ induced by g¢. In the following, we
will need to understand how it compares with the Riemannian volume dVolOZ on Z induced by the
Euclidean metric. This is the purpose of what comes next.

Definition 6.13 (Riemannian densities). Let x €  and let G be a subspace of R", we denote by
det (g($)|G) the determinant of the restriction to G of the inner product g(z), in any basis of G
which is orthonormal for the Euclidean inner product of R™.
For all r € [0,n], we denote by 7, : Q@ x Gr,(R") — (0,400) the continuous map defined by
1

Y (2, G) — det(g(z)|G) 2. We also denote by 7 : & — vo(z, R") for simplicity.
Lemma 6.14 (Comparing volumes). Let Z be a submanifold of codimension r of Q and let dVoly
(resp. dVoly) denote the (n — r)-dimensional Riemannian volume on Z induced by g (resp. the

Euclidean metric). Then dVoly admits the density x — ~,(x,TpZ) with respect to dVoly. In
particular dVolg admits the density v with respect to the Lebesgue measure on €.

Proof. This follows directly from the definition of the Riemannian volume measures, cf. [22,
Chap. 3| for example. O

We can now state and prove the Kac—Rice formula for the expectation of the linear statistics
in our setting of Gaussian fields on M with values in a vector bundle F.

Definition 6.15 (Kac—Rice density). Let p; : M — [0,400) be defined by:

L E[Jac(Vys) | s(z) = 0]
det (27 Var(s(z)))

3

=

where the numerator stands for the conditional expectation of Jac(Vys) given that s(z) = 0.

Remark 6.16. Since s is non-degenerate and C', the function p; is well-defined and continuous.
Moreover, it does not depend on the choice of V, nor on the choice of a metric on FE.

Proposition 6.17 (Kac-Rice formula for the expectation). Let s be a non-degenerate C* centered
Gaussian field. Then, for all Borel function ¢ : M — R which is non-negative or such that
¢p1 € L*(M), we have:

M%M:LMWMMWMW

i.e. E[v] is the Radon measure on M with density p1 with respect to the Riemannian volume dVoly;.

21



Remark 6.18. For any Borel maps ¢1 and ¢2, we have

E[|(v,¢1) — (v, ¢2)|] <E[(v,|d1 — ¢2|)] = /M|¢1($) — ¢2(z)|p1(x) dVoly (2).

Then, if ¢1 = ¢2 almost everywhere on M we have (v, ¢1) = (v, ¢2) almost surely. Thus, (v, ¢)
makes sense as a random variable even if ¢ is only defined up to modification on a negligible set.

Proof of Proposition 6.17. By a partition of unity argument, it enough to prove the result if ¢ is
compactly supported in an open domain U satisfying the same properties as in Lemma 6.4. In
this case, in local coordinates, the field s corresponds to a non-degenerate C' centered Gaussian
field f: 2 — R" with Q C R™ open. Thanks to Remark 6.16, we can assume that V corresponds
in this trivialization to the standard derivation for maps from  to R", and that the metric on F
corresponds to the canonical inner product on R". Identifying Z,c., the metric g, the measure
dVolz and the test-function ¢ with their images in the trivialization, we have reduced our problem
to proving the result for the vanishing locus of f with the volume measures induced by g.
By Lemma 6.14, we have:

El{v,¢)] =E

/Z ¢(x) dVolz(x)

E[ /Z ¢(x)y (z, ker D, f) dVoly(z)| .

For all z € Q and A € C°(Q, L(R™,R")) we define ¥(z,\) = ¢(x)7,(z,ker \(z))1o(A(z)), where
O = {L e L(R",R") | Jac(L) > 0}. Since O is open and the maps ker : O — Gr,(R") and
v, are continuous, the map ¥ is lower semi-continuous with respect to each variable, where
Co(Q, L(R™,R")) is equipped with the weak topology. Thus, we can apply the Euclidean Kac—
Rice formula with weight from [6, Thm. 7.1 and Rem. 8] to ¥(z, Df). This yields

. E [y (z, ker D, f) Jac” (D, f) | f(z)=0]

E[(v,¢)] = /Q a det (27 Var(f(z)))? "

3

where Jac® means that we computed the Jacobian with respect to the Euclidean metric on R”.

To conclude, we need to compare Jac? with the Jacobian Jac with respect to g. This is the
content of Lemma 6.19 below, which yields that 4, (x, ker D, f) Jac’(D,. f) = v(x) Jac(Dy f). Since
~(z) is deterministic, by Lemma 6.14 we have:

) _ . E[Jac(D.f) | f(x)
Bl o)) = [ o= HEL LE

0]

W(x)d,r:/qu(x)pl(x)dVolQ(ac).

wl=

This proves that the result holds locally, that is for a field f : 2 — R”", with the volume measures
induced by any Riemannian metric on €2, which concludes the proof. O

Lemma 6.19 (Comparing Jacobians). Let x € Q and let L : R™ — R" be a surjective linear map.
With the same notations as above, we have ,(x,ker L) Jac’ (L) = ~(x) Jac(L).

Proof. We denote by Ly (resp. Lg) the adjoint of L with respect to the inner product g(x) (resp. the
Euclidean inner product). In a Euclidean orthonormal basis adapted to ker(L)* @ ker(L), the

matrix of g(x) is symmetric of the form (g tg ) with A and C positive-definite, the matrix of L

is (Fo), that of L is (té?) and that of L} is (). We have (té?) = (g tcff)({f), which leads to
‘F=(A-"BC™'B)X. Hence,

det(LLy) = det(F'F) = det(A — *BC™'B) det(FX) = det(A — *BC™'B) det(LL}),

and ~,(z,G) Jac’ (L) = det(C)= det(A —*BC~'B)? Jac(L). Since A — "'BC~'B is the Schur
complement of C' in the matrix of g(z), we have det(C)2 det (A-*BC7'B)? =y(x). O
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6.3 Factorial moment measures and Kac—Rice densities

As in the previous section, we consider a non-degenerate C' centered Gaussian field s : M — E
which is a random section of some vector bundle E — M. Recall that n = dim(M) and r € [1,n] is
the rank of E. We are interested in the finiteness of the moments of the linear statistics (v, ¢) with
¢ € L (M), see Definition 6.11. In this section, we introduce the factorial moment measures and
Kac—Rice densities of the fields s, and we relate them to higher moments of the linear statistics.

In the following, p will always denote the order of the moment we are considering. Recall that,
under our hypothesis on s, the random measure v is almost surely a non-negative Radon measure
on M, see Remark 6.18.

Definition 6.20 (Product measures). Let p > 1, we denote by v®P the product measure of v
with itself p-times. We also denote by v!?! the restriction of v®? to MP? \ A,. That is, for any
test-function ®:

(v®P @) = /Z ®(z) dVolSP(z) and <1/[p] ,<I>> = / » ®(z) dVolSP(z).

P
reg

Almost surely, these measures are Radon measures on MP. More generally, if we want to consider
product spaces indexed by a non-empty finite set A instead of [1, p], we denote by v®4 the product
measure of v with itself |A| times on M4 and by vl its restriction to M4\ A4.

The following lemma describes the relation between v®? and v!?), using the notations introduced
in Section 2.1.

Lemma 6.21 (Relation between v®? and VP, Letp > 1. If r < n then v® = vlPl, Ifr = n then

Vo =Y rep, (1), (V).

Proof. If 7 < n then Z,e is a C' submanifold of positive dimension in M. In particular, the large
diagonal in (Z.eg)? has positive codimension, hence is negligible for dVol?. Thus v®? = vlP! in
this case.

If r = n then Z,¢, is a locally finite set and v is its counting measure. Similarly, v®? is the
counting measure of the locally finite (Zeg)”, and A, in no longer negligible for this measure.
In r = n = 1, we proved in |2, Lem. 2.7] that v®? = ZIE% (LI)*(V[I]). The proof is purely
combinatorics and it extends immediately to the case r =n > 1. O

Our interest in these measures is that, by the Fubini Theorem, for all ¢ € LS (M) we have
E[(v,@)7] = E[(v®,6%)] = (E[/°7],$%P), where ¢ : (z1,...,3,) = ¢(21). -~ d(z,). Thus,
the measure E[u®?] is closely related with the computation of moments of linear statistics. For
technical reasons, it is more convenient to consider E [,u[lﬂ instead.

Definition 6.22 (Moment measures). Let p > 1, the measure E[u®?] is called the p-th moment
measure of the field s and E [1/[1’]] is called its p- th factorial moment measure.

Definition 6.23 (Kac—Rice density of order p). Let p > 1 and let us assume that the random
vector (s(z1),...,s(zp)) is non-degenerate for all (z1,...,xp) € MP\ A,. Then we define
E[[IL, Jac(Va,s) | Vi € [1,p], s(zi) = 0]

det(27r Var(s(xl), o, 8(zp)))

pp (T, ., xp) —

vl |

from MP \ A, to [0,+00), where the numerator is the conditional expectation of [[V_; Jac(Vg, s)
given that s(x;) =0 for all ¢ € [1,p].

Once again, p, is well-defined and continuous on MP? \ A, thanks to our non-degeneracy hy-
pothesis. However, its expression is singular along A,,. In particular, p, is in general not bounded,
which raises the question of its local integrability near A,. For example, if f : R® — R is a
non-degenerate enough stationary Gaussian field and p = 2, one can check that as y — x, the
corresponding Kac—Rice density pa(z,y) behaves like ||y — z|| if n =1 and like To==T z|| ifn>1.
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Proposition 6.24 (Kac-Rice formula for the p-th factorial moment). Let s be a C' centered
Gaussian field such that (s(z1),...,s(zp)) is non-degenerate for all (x1,...,xp) € MP\ A,. Then,
for all Borel function ® : MP — R which is non-negative or such that ®p, € L*(MP), we have:

B[(0 )] = | @y (a) aveli/ ),

i.e. E[V[p]} s the measure on MP with density p, with respect to the Riemannian volume dVol%f.

Proof. Let us consider S : (z1,...,2p) — (s(z1),...,s(zp)) on MP\ A,, which is a random section
of the restriction over M?\ A, of the vector bundle EP — M?. This is a non-degenerate C' centered
Gaussian field on M?\ A,, and vP! is the measure of integration over its zero set. Bearing in mind
that A, is negligible in M? for dVol%f , the result follows from Proposition 6.17 applied to S. O

The following proposition relates the properties of the Kac—Rice densities, the moment measures
and the moments of linear statistics.

Proposition 6.25 (Relation between moments, measures and densities). Let p > 1 and let s be a
C! centered Gaussian field such that (s(x1),...,s(zp)) is non-degenerate for all (z1,...,2,) & Ap.
Then the following four properties are equivalent.

1. For all ¢ € L*(M), we have E[|(v, ¢)["] < +o0.

2. For all k € [1,p], the moment measure E[V®k] is Radon on MF, i.e. finite on compact sets.
3. For all k € [1,p], the factorial moment measure E[l/[k]] is Radon on MF.

4. For all k € [1,p], the Kac-Rice density satisfies py, € L} (MF).

Proof. Let us assume (1). Let k € [1,p] and let Ky C M* be compact. There exists a compact
set K C M such that Ky C K*. Then,

B[ 1) < E[#] 17 = B[, 10" = £ [j0r, 1) ],

Since 1x € L°(M), the p-th absolute moment of (v, 1) is finite, hence so is its k-th absolute
moment. Thus (E[v®*] 1) < +oo for all compact K and (2) is satisfied.

If (2) is satisfied then so is (3). Indeed, for any k € [1,p], the measure v[¥] is the restriction of
v® to M*\ Ay. Thus, for any compact K C M* we have:

(B[] 1) =E[(v¥, 150} | <E[(v7F,1x)] = (B[v*4], 1k) < +oc.

If (3) is satisfied, let k € [1,p] and let K C M* be a compact. By Proposition 6.24 we have:

/K pr(z) AVolSP (z) = /M 1x(z)pr(z) AVoI§P (z) = E [<1/[k] ,1K>} = <E |:I/[k]:| ,1K> < o0.

Thus py, is integrable on any compact set, that is py € L (M¥). This prove (4) in this case.

Finally, let us assume that (4) holds. Let ¢ € L°(M), and let us denote by K C M its
compact support. We have E[|(v, ¢)|"] < E[(v, |6])’] < ||B||ZE[(v,1k)P], so it is enough to prove
that E[(v,1x)?] = E[(v®P,1k»)] is finite. By Lemma 6.21, whether r = n or not, we have:

E[(v®7 1)) < 3 E[<u[’~’1 Ao oqﬂ -y <IE [V[I]} ,1KI>.

TP, ZePp

Then, the Kac-Rice formula for moments and the local integrability of the (px)1<r<p yields

Bl 1) € 3 (B[] 1) = 3 [ (@) avoli @) < +oc,
ZeP,

IeP,

which proves (1) and concludes the proof. O
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6.4 Proof of Theorems 1.6 and 1.9: finiteness of moments

The goal of this section is to prove Theorems 1.6 and 1.9, which give simple conditions for the
finiteness of the moments of the linear statistics of a Gaussian field. We begin by proving a
local version of Theorem 1.6, under a non-degeneracy hypothesis for the multijets of the field.
This is Theorem 6.26 below. Then we deduce Theorem 1.9 from Theorem 6.26, in the case of
Gaussian fields with value in a vector bundle. Finally, Theorem 1.6 is obtained as a special case
of Theorem 1.9.

Let Q C R™ be open. Recall that MJ,(2,R") — C,[Q] is defined in Definition 1.3 as the
restriction over C,[2] C C,,[R"] of the vector bundle MJ,(R"™,R") — C,[R"] from Theorem 1.1.

Theorem 6.26 (Finiteness of moments, local version). Let f : Q@ — R” be a centered Gaussian
field and v be as in Definition 6.11. Let p > 1, if f is CP and for all k € [1,p] the Gaussian
field mj,(f,-) : Ck[Q] = MTk(Q,R") is non-degenerate, then the four equivalent statements in
Proposition 6.25 hold.

Proof. Let f:Q — R" be a CP centered Gaussian field such that mj,(f,-) : Cx[Q] - MTk(Q,R")
is non-degenerate for all k € [[1, p].

Step 1: Gaussianity and non-degeneracy of the multijets. Since f is CP, for all k € [1, p]
we have mj,(f,) € T'(Cp[€], MT (2, R")) because of Condition 2 in Theorem 1.1. Since f
is centered and Gaussian, so is any finite collection of jets of f. Then, for all m > 1 and all
21,y 2m € Ck[Q] we have that (mj,(f,21),...,mj,(f,21)) is a centered Gaussian. Indeed, by
Condition 4 in Theorem 1.1, this is the image of a centered Gaussian by a linear map. Thus,
mj, (f,-) is a non-degenerate C! centered Gaussian field on Cy[Q2] with values in MJx(Q,R").

Let 2 ¢ m~1(A,) and let z = (21, ...,2,) = 7(2). By Condition 4 in Theorem 1.1, the map ©,
is a linear surjection. A dimension argument, shows that it is actually a bijection. Thus

(f(l'l), o af(zp)) - (jo(f7$1)7 ce ajO(fvxp)) = ®Z_1(m‘]p(f7z))a

which proves that (f(acl), ey f(xp)) is non-degenerate. Thus, the hypotheses of Proposition 6.25
are satisfied, and the four statements appearing in this proposition are indeed equivalent.

Step 2: Comparing zeros of f and mj,(f,-). Let k € [1,p], in the following we are going
to prove that E[l/[k]] is a Radon measure on QF, which is enough to conclude the proof. In the
following, we say that a subset of C[Q] (resp. QF) is negligible if its k(n —r)-dimensional Hausdorff
measure is 0.

Let us consider the Gaussian field mj,(f,-) : Cx[Q] = MT,(2,R"). We have checked above
that it satisfies the hypotheses of Proposition 6.8. Let X C Cy[Q?] denote the zero set of mj,(f,-).
As in Section 6.2, we denote by Xgng = {z € Cx[Q)] ’ mj;,(f,z) = 0 and Jac(V,mj,(f,-)) =0}
and by Xieg = X \ Xsing. Recall that X, is a C! submanifold of codimension kr and that
Xsing is almost surely negligible by Proposition 6.8. Let Y = X N 7T_1(Qk \ Ak), we also denote
Ysing = Y N Xging and Yieg =Y N Xieg.

Recalling that Z = f~1(0) C Q, for all z € Cx[Q)] we have z € Y <= 7(2) € ZF\ Ay,
see Condition 3 in Theorem 1.1. By Condition 1 in the same theorem, the restriction of 7 to
71 (Q%\ Ay) is a diffeomorphism. Hence 7(Y) = Z* \ Ay, the set (Y;eg) is a C' submanifold of
QF\ Ay, and 7(Yaing) is almost surely negligible. Since Z%\ (Zreg)k is also almost surely negligible,
the submanifolds Z%, \ Ay and m(Y;eg) are almost surely the same, up to a negligible set (actually
the reader can check that m(Yieg) = ZE, \ A using the trivialization 7 introduced at the end of
Section 5.2). Recalling Definition 6.20, this shows that v*! is the same as the integral over 7(Yieg)
with respect to the Riemannian volume dVol,yy induced by the Euclidean metric on (R")k. At
this stage we know that, almost surely,

voerz(r), (M) - / B(z) Vol (v (2)- (6.2)
W(Yreg)
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Step 3: Comparing volumes. Let us introduce a Riemannian metric g on Cy[?]. It induces
a volume measure dVolx on X,g, hence on Yie,. Besides, let z € Ci[Q] and let G C T.(Cx[])

be a vector subspace of codimension kr, we denote by J(G) = det((DZmG)*DZmG) 2, where the

adjoint of D, g is computed with respect to g on G and to the Euclidean metric on (R™)k. Since
7 is smooth, this defines a smooth non-negative function J on the total space of the Grassmannian
bundle Gry, (T(Ck[Q])) — Ci[€] of subspaces of codimension kr in the tangent of Ci[©]. Our
interest in this map is that, if z € Yiez and G = T.Y;cg then J(G) is the Jacobian determinant of
D, (my), where the C*°-diffeomorphism 7y : Yieg — m(Yicg) is the restriction of 7 on both sides.

Let K C QF be compact and let us apply Equation (6.2) to 1x. Using the previous notations,
the change of variables 7y yields:

<1/[k] ,1K> = /Y 1k (m(2))J (T3 Yreg) dVolx (2) < /x 1o1(k)(2)J (T Xreg) dVolx (2).

reg reg

By Condition 1 in Theorem 1.1, the projection 7 is proper, hence K = 7~ Y(K) is compact. Since
the bundle Gry, (T(Cy[€2])) — Ci[€2] has compact fiber, its restriction over K C Ci[Q] is compact.
By continuity, the function J is bounded on this compact set by some constant C'x. Finally, we
have proved that, almost surely,

<l/[k],1K> < Cr(P,1z),

where v is defined by integrating over X,es with respect to dVolx. Taking expectation on both
sides we get <IE[1/V“]] 71K> < CK<IE[D'] , 1f(>'

Step 4: Applying the Kac—Rice formula to multijets. Now, X, is the regular part of
the zero set X of the Gaussian field mj,(f,-). We have checked at the beginning of the proof that
mj,, (f,-) satisfies the hypotheses of Proposition 6.17. This Proposition yields that E[7] is a Radon
measure on Cy[Q2]. Hence (E[7],1%) is finite, and so is (E[v*] ,1x). Thus E[v*/] is Radon on
QF which concludes the proof. O

We can now prove Theorem 1.9, which gives a criterion for the finiteness of the p-th moments
of the linear statistics associated with a centered Gaussian field s : M — E, where F — M is some
vector bundle of rank r over a Riemannian manifold (M, g) without boundary of dimension n > r.
The idea of the proof is to patch together the local results obtained by applying Theorem 6.26 in
nice local trivializations.

Proof of Theorem 1.9. Let p > 1 and let s € T?(M, E) be a centered Gaussian field which is CP
and (p — 1)-non-degenerate.

Step 1: Existence of nice local trivializations. Let zy € M, there exists an open neighbor-
hood U of zy and a local trivialization of E over U given by Lemma 6.4. In this trivialization,
the Gaussian section s corresponds to a centered Gaussian field f : & — R” which is CP and
(p — 1)-non-degenerate. We denote by x € Q the image of z( in local coordinates.

Let k € [1,p] and let z = (z,...,2) € QF. Since j, ,(f, ) is non-degenerate so is j, _,(f, ),
cf. Definition 1.4. Then, by Condition 4 in Theorem 1.1, for all z € 7~ '({z}) C Cx[2] the
Gaussian vector mj,(f, z) = 0,(j,_1(f,z)) € MTL(Q,R"), is non-degenerate. By Condition 1 in
Theorem 1.1, the map 7 is proper, hence 7=!({z}) is compact. One the other hand, since f is CP,
then mj, (f,-) is at least C'. Thus z — det Var(mj,(f, z)) is continuous on C[Q2] and positive on
the compact 7= ({z}), hence on some neighborhood Vj, of 7=!({z}) in Cx[€].

Up to reducing Vi, we can assume that Vi, = 7T_1(Wk), where W}, is an open neighborhood of =
in QF. Otherwise, there would exist a sequence (2,),,cry € Ck[Q]\ Vi such that 7(z,,) o By

properness of m, up to extracting a subsequence, we could assume that z, —+> z. By continuity
n— 400
z € 7~ 1({z}), which would be absurd. Since W} is a neighborhood of z in Q¥ there exists an

open neighborhood Y}, of z in Q such that (Y)* C W;.
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Let us denote by T = N7_, T, which is an open neighborhood of z. For all k € [1, p], we have
Ci[Y] =a=1(T*) C 71 ((Th)¥) € 7= 1 (W) = Vi and mj,(f, ) is non-degenerate on Cy[Y]. Thus,
up to replacing ) by the smaller neighborhood T of z in 2 and replacing U by the corresponding
neighborhood of xy on M, we can assume that the local trivialization given by Lemma 6.4 is such
that, for all k € [1,p], the Gaussian field mj,(f,) : Cx[Q] = MT (2, R") is non-degenerate.

Step 2: Reduction to the local case. Let ¢ € L°(M) and let K denote its support. By
compactness, there exists a finite family (U;)]"; of open subsets such that K C (J;-; U; and each
U; is the domain of nice trivialization of the type we built in the previous paragraph. Denoting by
Uy = M \ K, there exists a smooth partition of unity (x;);-, subordinated to the open covering
(Us)1ey of M. Then ¢ = >, x;¢ by definition of K.

Recall that v is the measure from Definition 6.11. We have |(v,¢)| < (v, |d]) = > im, (v, ¢i),
where ¢; = x;|¢| for all ¢ € [1,m]. Let p > 1, by Holder’s inequality we get:

E[l<v,¢>|p]<El<Z<u,¢i>>] Z E . o) < D HE v, 6:,))"

=1 01 5nees ip < Jj=1 1<iy,.. s ip<m j=1

<m” max E[(v, ¢:)"].

Thus, in order to prove Theorem 1.9, it is enough to prove that E[(v,$)’] < +oo for any non-
negative ¢ € L°(M) whose support is included in the domain of a nice trivialization.

Step 3: Local case. Let U C M be an open subset over which we have a nice trivialization of
FE and s. That is U is as in Lemma 6.4, the section s reads as f : 2 — R” in local coordinates,
and in addition we can assume that for all k € [1,p] the field mj,(f,-) is non-degenerate on Cy[€2].
Identifying objects on U with their image in the local trivialization, we reduced our problem to
proving that E[{(v,¢)?] < +oo for all non-negative ¢ € L(2). Note that v is the measure
of integration over Z..; with respect to the Riemannian volume measure dVolz induced by the
metric ¢g. In order to apply Theorem 6.26, we need to compare v with v, which is the measure of
integration over Z,e; with respect to the Euclidean volume measure dVol%.

Let ¢ € L(2) be non-negative and let K denote its compact support. Recalling Defini-
tion 6.13, Lemma 6.14 shows that:

= / #(z) dVoly(z) = / d(2)y, (x, ker D, f) dVolY (z).
Zreg ZregNK

Since 7, is continuous and K x Gr,(R") is compact, the non-negative function =, is bounded by
some Ckx > 0 on this set. Thus (v,¢) < Cx(V,d). Since f : Q@ — R” satisfies the hypotheses
of Theorem 6.26 and v is the measure of integration over its zero set induced by the Euclidean
metric, we have E[(v, ¢)"] < CRLE[(V, ¢)P] < +00. O

We conclude this section with the proof of Theorem 1.6, which is a corollary of Theorem 1.9.

Proof of Theorem 1.6. Let f : Q — R” be a centered Gaussian field which is C? and (p — 1)-non-
degenerate in the sense of Definition 1.4. Then s = (f,1d) is a random section of the trivial bundle
R” x 2 — Q. This s is also a C? and (p — 1)-non-degenerate centered Gaussian field. Its vanishing
locus (as a section) is the same as the vanishing locus of f. Hence, the result follows from applying
Theorem 1.9 to s. O

7 Multijets adapted to a differential operator

In Theorem 1.1 we defined multijets such that, over the configuration space (R")?\ A, C C,[R"],
the p-multijet mj,(f,z) reads as (f(x1),..., f(7p)) in the natural trivialization 7 (cf. the end of
Section 5.2). Thus mj,(f,z) is a way to patch together the 0-jets of f at x; into a smooth object
that does not degenerate along A,. In this section, we explain how a similar construction allows
to build a multijet that patches together the k-jets of f at x;, and more generally the values at x;
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of Df, where D is a differential operator. In Section 7.1 we recall the definition of a differential
operator. Then we define a multijet adapted to a given differential operator in Section 7.2. Finally,
in Section 7.3, we prove Theorem 1.10.

7.1 Differential operator

In this section, we recall a few fact about differential operators. In the following, we use the
multi-index notations introduced in Section 2.2.

Definition 7.1 (Differential operator). Let Q@ C R™ be open let ¢, > 1 and d > 0, a differential
operator of order at most d is a linear map D : C4(Q,R?) — C°(Q,R") such that there exists
continuous functions (aija)lgigr;lgqu;|a\<d on Q such that for all f = (fi,..., f,) € C4(Q,RY),

LT Zzaw )0 f; () : (7.1)

J=1 |a|<d 1<i<r

More generally, let M be a manifold of dimension n and let E — M and F — M be two vector
bundles of rank g and r respectively, we say that D : I'Y(M, E) — T'°(M, F) is a differential operator
of order at most d if around any point x € M there exist a chart and local trivializations of £ and
F such that D is of form (7.1) in the corresponding local coordinates. We say that D is of order
d € N if it is of order at most d and not of order at most d — 1. If s € T*(M, E) and = € M, we
write Ds = D(s) and Dys = D(s)(x) for simplicity.

Remark 7.2. Let us make some important comments.

o If D:T4M,E) — I'°(M, F) is a differential operator of order at most d, then it is of the
form (7.1) in any set of local coordinates on M, E and F.

e An equivalent definition of a differential operator of order at most d is that it factors linearly
through the bundle of d-jets. That is, there exists L € I''(M,J4(M, E)* ® F) such that
D,s = L(x)j,(s,x) € F, for all s € '*(M, E) and x € M.

In the following we always assume that M, F, F and L are smooth. In particular, the functions
(aijo) appearing in the local expression (7.1) of D are smooth. This implies that if s € T9(M, E)
then Ds € T'(M, F).

Ezample 7.3. The main examples we have in mind are the following.
e The differential D : C*(M) — I'Y(M,T*M) is a differential operator of order 1.

e For all k € N, the jet map j, : T*(M, E) — I'°(M, J.(M, E)) is a differential operator of
order k corresponding to L(z) being the identity of Ji(M, E), for all z € M.

e If M is equipped with a Riemannian metric, the Laplace-Beltrami operator A acting on
C%(M) is a differential operator of order 2.

e If V is a connection on E — M then V : T1(M,E) — I'°(M,T*M ® E) is a differential op-
erator of order 1. Indeed, in a local frame (eq, ..., e,) of E and local coordinates (z1, ..., xy)
on M the covariant derivative of s = 2?21 fie; € TH(M, E) at z is given by:

n

ZZ(@JJ JFZHka )dzz®ej( ),

i=1 j=1

where the (1) are defined by the relations Ve, = 37" | 2?21 pijkdr; @e; for all k € [1,4q].
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7.2 Multijets adapted to D

The purpose of this section is to explain how to modify the construction of Section 5 in order to
define a multijet bundle adapted to a given differential operator.

Let n,q and r > 1, we consider a differential operator D : Cd(R", R?) — CO(R™,R") of order d.
As in Remark 7.2, there exists a section L of J3(R™, R9)* ® R" such that for any f € C¢(R", R?)
and z € R", we have Dyf = L(x)j;(f,x). We assume that for all z € R™ the linear map
D, : CY(R",R%) — R" is surjective, which is equivalent to L(z) : J3(R",R), — R" being surjec-
tive. Moreover, we assume that L is smooth. In this context, we have the following analogue of
Theorem 1.1. It holds in particular if D = j,, or D = D is the differential.

Theorem 7.4 (Existence of multijets adapted to D). Let D : C4(R",R?) — C°(R",R") be a
differential operator of order d as above. Let p > 1, there exist a smooth manifold CPD[R”] of

dimension np without boundary and a smooth vector bundle MJE(R") — CE [R™] of rank rp with
the following properties.

1. There exists a smooth proper surjection w : CP[R™] — (R™)? such that m=*((R")P \ A,) is a
dense open subset of CP[R"], and m restricted to 7= ((R™)P\ A,) is a C*-diffeomorphism
onto (R™)P \ A,.

2. There exists a map mjf : ClFTDP—1(R? R") x CP[R"] — MJE(R") such that:

e for all z € CP[R"], the map mj] (-, z) : C{HVP=LR™ R™) = MTPD (R™). is surjective;
o for all f € CHHVP=L(R" R™), the section mjl (f,") of MJTL (R") — CP[R"] is C'.

3. Let z € CP[R™] be such that w(z) = (x1,...,x,) & Ay, then for all f € Cld+Dp=1(R" RY):

mj>(f,z) =0 <= Vi€ [L,p], Do, f=0.

4. Let z € CP[R™], let T = I(n(z)) and let (yr)rez = 171 (m(2)) € (R™)T\ Az, there ewists a
linear surjection OF : [1;c7 Tar1y1j—1(R™, Ry, — MJE(R”)Z such that

vfec PR RY),  mjp(f,z) =67 <(j<d+1”—1(f’ yI))IeI)'

Proof. The proof follows the same strategy as what we did in Sections 4 and 5 in order to prove
Theorem 1.1. Let us sketch its main steps.

Let z = (21,...,7,) € (R®)P and let Z = (z,...,2) € (R")@FTVP, Let f € Cl4TVP~L(R" RY),
the polynomial map K (f,Z) € R(g41)p—1[X] ® R? is defined as in Definition 3.6. For all i € [1,p],
since x; appears with multiplicity (d + 1) in Z, the map K (f,Z) has the same d-jet as f at x;.
Hence Dy, f = L(w:)jg(fy:) = L{@s) ia(K (f,2), 2:) = Da, (K (f,2))-

If £ ¢ Ay, let us denote by evl : P — (D2, P)1<icp from Rigpn)p—1[X]@R? to (R")P. Since
we assumed that L(x;) is surjective for all ¢ € [1,p], the previous interpolation result proves that

evl is surjective. Then, as in Equation (4.2), for all non-empty I C [1, p] we define

g})@) = ker erI € GI‘T|[| (R(d+1)|[|_1[X] X Rq)
We also denote by GP(z) = gﬁpﬂ (2).

Following the same strategy as in Section 5, we denote by ¥p the graph of (g}?) rc[1p] defined

on (R™)?\ A,. We define C’[R"] as a resolution of the singularities of the algebraic variety

Spc®YPx I Grn(Rarnyin[X]@RY).
0#IC[1,p]

The manifold CpD [R"] satisfies the analogue of Corollary 5.6. In particular the maps GP with
I C [1, p] extend smoothly to CpD [R™]. Then we define the p-multijet bundle adapted to D as:

MJE(R”) = ((Ria+1)p-1[X]®@R?) x CE[RnD/gD
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over CP[R"], similarly to Definition 5.7. Given a function f € Cl+Dr=1(R™ RY), we define its
p-multijet adapted to D at z € C’[R"] as:

—

mj] (f,z) = K(f,7(z)) mod G7(2).

Then, following the same steps as in Section 5, one can check that the objects we just defined
satisfy the conditions in Theorem 7.4. O

As before, thanks to the localness condition in Theorem 7.4 (Condition 4), the multijet mjz?(f, z)

makes sense even if f is only defined and C4*+DI=1 near y;, for all I € Z(n(z)). Hence, the
following definition makes sense.

Definition 7.5 (Multijets adapted to D). Let © C R" be open, we denote by CP[Q] = =~ (Q®)
and by MJT(Q) the restriction of MJ Y (R") to CP[2]. We call MJTL (Q) — CP[Q] the bundle
of p-multijets adapted to D. Let f : Q2 — RY be of class C(@TDP~1 we call the section mj;)(f, -) of
MJ;D(Q) the p-multijet of f adapted to D.

7.3 Finiteness of moments for critical points

The purpose of this section is to prove Theorem 1.10. More generally we prove an analogous result
for the zero set of Ds, where s is a section of a vector bundle £ — M and D is a differential
operator, see Theorem 7.8. This is done by adapting what we did in Section 6 to this framework.

Let (M,g) be Riemannian manifold of dimension n > 1 without boundary. Let E — M
(resp. F — M) be a smooth vector bundle of rank ¢ > 1 (resp. r € [1,n]). We consider a
differential operator D : T'4(M, E) — T'°(M, F) of order d > 0, corresponding to a smooth section
L € T°(M,J4(M,E)* ® F), see Remark 7.2. Thanks to this smoothness assumption we have
D : T4Y(M,E) — TY(M,F) for all | > 0. Finally we assume that L(z) : Ju(M,E), — F, (or
equivalently D, : I'Y(M, E) — F) is surjective for all x € M.

Let s : M — E be a centered Gaussian field on M with values in E in the sense of Defini-
tion 6.3. We assume that s is C?*! and d-non-degenerate, so that j,(s,-) is a centered Gaussian
field with values in J;(M, F) which is C! and non-degenerate. Then Ds € I''(M, F) is a centered
Gaussian field with values in F', which is non-degenerate because of the surjectivity assumption
on L. Everything we did in Sections 6.2 and 6.3 applies to Ds. In particular, Ds satisfies the weak
Bulinskaya Lemma (cf. Proposition 6.8). Hence its vanishing locus is almost surely the reunion of
codimension r submanifold of M and a negligible singular set. We denote by vp the random Radon
measure on M defined by integrating over the zero set of Ds. The formal definition is similar to
Definition 6.11.

Ezample 7.6. Let us assume that £ = R x M is trivial. Then we can identify T''(M, E) with
CY(M) and consider the differential D : C*(M) — T'O(M,T*M), which is a differential operator
of order 1. Let f : M — R be a C? and 1-non-degenerate centered Gaussian field. Then Df is a
non-degenerate C! centered Gaussian field on M with values in 7% M, the vanishing locus of Df is
the set of critical points of f, and vp is the counting measure this random set.

We can now state the analogue of Theorem 6.26 in this context, bearing in mind that Propo-
sition 6.25 applies to vp.

Theorem 7.7 (Finiteness of moments for vp, local version). Let Q C R™ be open and f : Q@ — R? be
a centered Gaussian field. Let r € [1,n]. Let D : C(Q,R?) — C°(Q,R") be a differential operator
of order d satisfying the previous hypotheses and vp denote the measure of integration over the
zero set of Df. Let p = 1, if f is C“*VP and the Gaussian field mjL (f,-) : CP[Q] — MJTE ()
is non-degenerate for all k € [1,p], then the four equivalent statements in Proposition 6.25 hold
for vp.

Proof. Under these hypotheses, for all k € [1,p] the Gaussian field mjZ (f,-) is at least C'. Then
the proof is the same as that of Theorem 6.26. O
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Theorem 7.8 (Finiteness of moments for zeros of Ds). In the setting introduced at the beginning
of this section, let s : M — E be a centered Gaussian field and vp denote the measure of inte-
gration over the zero set of Ds. Let p > 1, if s is CYVP and ((d 4+ 1)p — 1)-non-degenerate then
E[[{vp, ¢)|"] < +oo for all ¢ € LZ(M).

Proof. We deduce Theorem 7.8 from Theorem 7.7 in the same way that we deduced Theorem 1.9
from Theorem 6.26, see Section 6.4. o

8 Multijets of holomorphic maps

The purpose of this section is to explain how to adapt what we did in Sections 3 to 6 to the
case of holomorphic maps. Theorem 1.6 asks for the (p — 1)-non-degeneracy of the field f, that
is j,_1(f,7) needs to be non-degenerate for all z. If f : C* — C is a centered holomorphic
Gaussian field, then (f(z), D, f) is always degenerate. Indeed, identifying canonically C with R?,
the differential D, f takes values in the subspace of £(R?", R?) consisting of R-linear maps that are
actually C-linear. Thus, if we see the holomorphic field f as a smooth field from R?" to R?, we can
not apply Theorem 1.6. From the point of view of multijets, the multijet mjp( f,-) of a holomorphic
function f : C"* — C takes values in a strict sub-bundle of M J,(R?*", R?), which is similar to what
happens for jet bundles. Thus, the field mj,(f,-) associated with a holomorphic Gaussian field f
is necessarily degenerated and Theorem 6.26 does not apply. To remedy this situation, we define
in Section 8.1 a multijet bundle adapted to holomorphic maps. Then, in Section 8.2, we use this
holomorphic multijet to prove Theorem 1.11.

8.1 Definition of the holomorphic multijet bundles

In this section, we define a multijet bundle for holomorphic maps. Our main result is an equivalent
of Theorem 1.1 in this context. Let us first introduce some notations.

Definition 8.1 (Spaces of holomorphic maps). We define the following spaces.

e We denote by C4[X] the space of complex polynomials of degree at most d in n variables,
where X = (X1,...,X,,) is multivariate.

e If M and N are two complex manifolds, we denote by O(M, N) the space of holomorphic
maps from M to N. If N = C, we simply write O(M).

e If E — M is a holomorphic vector bundle, we denote by JC(M, E) — M the holomorphic
bundle of k-jets of holomorphic sections of E. If E =V x M is trivial with fiber V', we denote
its holomorphic k-jet bundle by JE(M,V) — M. If V = C, we simply write J,5(M) — M.
Given a holomorphic section s of E, we denote by j%(s, x) its holomorphic k-jet at = € M.

Theorem 8.2 (Existence of holomorphic multijet bundles). Let n > 1 and p > 1 and let V be a
complex vector space of dimension r > 1. There exist a complex manifold CE [C™] of dimension np

and a holomorphic vector bundle Mjg(@”, V) = C5[C"] of rank rp with the following properties.

1. There exists a holomorphic proper surjection  : CE [C"] — (C™)? such that 7= ((C™")P \ Ap)

is a dense open subset of C5[C"], and m restricted to 71 ((C™)P \ Ap) is a biholomorphism
onto (C™)P \ A,.

2. There exists a map mjg :O(C", V) x CFC"] — Mjg(@”, V) such that:

e forall z € Cg[@"], the linear map mjg(~, z): O(C", V) — MJE(C", V). is surjective;
o for all f € O(C", V), the section mjg(fa -) of Mjg(@”, V) = C5[C"] is holomorphic.

3. Let z € CF[C"] be such that w(z) = (z1,...,3p) ¢ A, then for all f € O(C™, V) we have:

mjg(f,z) =0 < Vie[Lp], f(z;) =0.
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4. Let z € CL[C"], let T = I(w(2)) and let (yr)rer = 17 (m(2)) € (C™)T\ Az, there exists a
linear surjection ©F : [1;.1 jﬁH(C", V) — MJS((C", V). such that

VfeoC" V), mjﬁf(f,Z) = 6(KS<(J.(ICII1(f’ yI))IeI)'

Proof. The proof follows the same steps as what we did in Sections 3, 4 and 5 to prove Theorem 1.1.
In the following, we sketch how the proof of Theorem 1.1 adapts to the holomorphic case.

Step 1: Divided differences and Kergin interpolation. Let us consider f € O(C") and
z = (20,...,7) € (C*)**1. The divided difference f[zo,...,zx] from Definition 3.1 still makes
sense. Since [ is holomorphic, it is now a symmetric C-multilinear form on C", that depends
linearly on f and is holomorphic with respect to z. As explained in [19, Prop. 5.1], the Kergin
interpolating polynomial is well-behaved with respect to holomorphic maps. Given f € O(C") and
z € (C")?, Equation (3.3) defines K(f,z) € C,—1[X] that interpolates the values of f[z;] for all
non-empty I C [1,p]. The equivalent of Lemma 3.8 is true, in the sense that K(-,z) is C-linear
and K(f,-) is holomorphic from (C™)? to Cp_;[X].

In this complex framework, the equivalent of Lemma 3.9 holds, that is: for all z € (C™)? the
map P+ (K(P, z1)) ez, is surjective from Cp—1[X] to [[;c7(,) Cjrj-1[X]. Note however that the
proof we gave of Lemma 3.9 does not adapt to the holomorphic setting since it uses bump functions.

Here, we deduce the surjectivity of (K(-,z))cz(,) from a general amplitude result in algebraic
geometry. Let Z = Z(z) and (y;)ez = t7 ' (z). ForallI € T, let P; € Cj;/—;[X]. Multiplying P; by
the right power of X yields an homogeneous polynomial P e Cgoj‘ [Xo, ..., X,], that is a global
holomorphic section of the line bundle O(p—1) — CP". Recall that O(p—1) is the (p—1)-th tensor
power of the hyperplane line bundle O(1) — CP". Since O(1) is very ample, the bundle O(p — 1)

is (p — 1)-jet ample, see [9, Cor. 2.1]. This means that there exists P € Ch[Xy, ..., X,,] with the

same (|I| — 1)-jet as Py at y; for all I € T, where we sece C" as a standard affine chart in CP".
Then, for all I € Z, the polynomial P = P(1,X;,...,X,) € C,_1[X] has the same (|I| — 1)-jet
(i.e. the same Taylor polynomial of order |I| — 1) as Pr at yr. Thus (K(P,z;));c7r = (P1) ez

Step 2: Kernel of the evaluation and resolution of singularities. As in Definition 4.3, we
define a complex evaluation map by evs : f +— (f(21),..., f(zp)), where z € (C")P. If z ¢ A, this
map is surjective from C,_1[X] to CP. Hence we can define G¥(z) = ker evgl € Gr7)(Cjp—1[X]) for
all non-empty I C [1,p], where the Grassmannian is now the Grassmannian of complex subspaces
of codimension |I|. Then, everything we did in Section 4 and 5 works in the holomorphic setting
after replacing R-linear objects by C-linear ones.

We define ¥¢ as the graph of (Q?)Icﬂl,pﬂ from (C")P \ Ay to [[yrep o Grirl (Cy7-1[X]) and

CF[C"] as a resolution of the singularities of its closure 3¢ in (C™)P x Iosrcpi g G (Cipj-11X]).
The resolution of singularities is a result from algebraic geometry which holds over fields of charac-
teristic 0. In particular, in Proposition 5.5 and Corollary 5.6, smooth can be replaced by algebraic
everywhere. The same results hold over C, in which case algebraic implies holomorphic. Thus,
Cg [C™] is a complex manifold of dimension np, which satisfies the equivalent of Corollary 5.6 with
“smooth” replaced by “holomorphic”.

Step 3: Definition of the holomorphic multijet bundles. Everything we did in Sections 5.2,
5.3 and 5.4 adapts to the holomorphic setting. It is enough to replace C* functions by holomorphic
ones and to write the linear arguments over C instead of R. We can then define the holomorphic
vector bundle of p-multijets of holomorphic functions on C" by

MTG(C") = (Cpa[X] x CF[C"]) /G° (8.1)

and the p-multijet of f € O(C") by mjg(f, z) = K(f,m(2)) mod G®(z) for all z € CF[C"]. If V is
a complex vector space of finite dimension, we define as in Definition 5.18

MIS(C V) = MTS(C) @ V. (8.2)
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Then we define the p-multijet of f € O(C™, V) as in Definition 5.19. If (v1,...,v,) is a basis of V
and f = S7_, fiv; is holomorphic, then mjS(f,2) = S, mjS(fi,z) @ v; for all z € CS[C"]. As
in Lemma 5.20, this definition does not depend on a choice of basis. This defines the holomorphic
p-multijet that we are looking for. O

As in the real case, thanks to Condition 4 in Theorem 8.2, the holomorphic multijet mjg(f, 2)
of fat z € C’;C[(C"] only depends on the germ of f near the x;, where (z;)1<i<p = 7(2). Thus, we
can define a holomorphic multijet bundle over any open subset of C™.

Definition 8.3 (Holomorphic multijets). Let @ C C™ be open, we denote by C’g[Q] = 7 1(QP)
and by MJE(Q, V) — CF[Q] the restriction of MJE((C”, V) to Cp[Q]. It V = C, we drop it from
the notations and write MJS(Q) — CE[Q]. Let f € O(Q,V), we call the section mjg(f, \) of
MJS(Q, V') the holomorphic p-multijet of f.

8.2 Application to the zeros of holomorphic Gaussian fields

In this section, we explain how the holomorphic multijets defined in Section 8.1 allow to prove
Theorem 1.11, and the analogue of 6.26 for holomorphic Gaussian fields. We start by recalling a
few facts about complex Gaussian vectors, see [3, Chap. 2].

A random variable X € C is called a centered complex Gaussian if its real and imaginary part
are independent real centered Gaussian variables of the same variance, i.e. there exists A > 0 such
that X = Xy + iXg with (Xg, Xg) ~ N (0, \1d) in R2.

Definition 8.4 (Complex Gaussian vector). We say that a random vector X in a finite-dimensional
complex vector space V is a centered Gaussian if for all n € V*, the complex variable n(X) is a
centered complex Gaussian.

If V is equipped with a Hermitian inner product (-,-) and we denote by v* = (v,-) then the
variance of X is the non-negative Hermitian operator Varc(X) = E[X ® X*]. We say that X is
non-degenerate if Varc(X) is positive-definite.

Remark 8.5. As in the real case, the Gaussianity and non-degeneracy of X do not depend on (-, -),
but the variance operator does.

A centered complex Gaussian vector X in (V,(-,-)) is completely determined by its variance.
For example, if Varc(X) = A is positive-definite, then X admits the density v — me_@ ATT)

with respect to the Lebesgue measure on V. We denote by AN (0, A) the centered complex Gaussian
distribution of variance A. Then X ~ N¢(0,A) in C™ if and only if its real and imaginary part

satisfy (X, Xg) ~ N(O, %(jﬁg(é\g) ;gﬁg )) in R2",
Let E — M be a holomorphic vector bundle over a complex manifold M, we denote by
H°(M, E) the vector space of global holomorphic sections of E — M.

Definition 8.6 (Holomorphic Gaussian field). We say that a random section s € HY(M, E) is
a centered holomorphic Gaussian field if for all m > 1 and all zy,...,z,, the random vector
(s(x1),...,8(xm)) is a centered complex Gaussian. We say that this field is non-degenerate if s(x)
is non-degenerate for all x € M.

Note that if s € H°(M, E) is a centered holomorphic Gaussian field then, for all k& € N, its
holomorphic k-jet j%(s, -) defines a centered holomorphic Gaussian field with values in J.°(M, E).

Definition 8.7 (p-non-degeneracy for holomorphic fields). Let p > 1, we say that the centered
holomorphic Gaussian field s € H°(M, E) is p-non-degenerate if the centered complex Gaussian
jg(s, z) € JF (M, E), is non-degenerate for all z € M.

As in the real framework, we need the following definition.

Definition 8.8 (Complex Jacobian). Let L : V' — V' be a C-linear map between Hermitian spaces
and let L* denote its adjoint map. The complex Jacobian of L is defined as Jacc(L) = det(LL*).
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Remark 8.9. If we see V, V/ and L as R-linear objects and we equip V and V' with the Euclidean
structures induced by their Hermitian inner products, then the real and complex Jacobians are
related by Jace(L) = Jac(L)?, cf. [3, Thm. A.5].

Let us consider a complex manifold M of complex dimension n equipped with a Riemannian
metric g and a holomorphic vector bundle E — M of complex rank r € [1,n]. In the following,
we denote by V a connection on E which is compatible with the complex structure. As in the real
case, the choice of this connection will not matter. Let s € HY(M, E) be a centered holomorphic
Gaussian field on M with values in E and let Z = s7'(0) denote its vanishing locus. We will
always assume that s is non-degenerate. In this setting, the random section s satisfies a strong
Bulinskaya-type Lemma.

Proposition 8.10 (Holomorphic Bulinskaya Lemma). Almost surely the following set is empty
{r € M| s(x) =0 and Jacc(Vys) = 0}.

In particular, the zero set Z is almost surely a (possibly empty) complex submanifold of complex
codimension r in M.

Proof. Tt is enough to check the result locally. On an open subset {2 C M over which F is trivial,
we can consider s as a non-degenerate smooth centered Gaussian field from € to C" ~ R?". Then,
the local result follows from [23, Thm. 7]. O

Let us consider Z as random submanifold of real codimension 27 in the Riemannian manifold
(M, g) of real dimension 2n. The metric g induces a (2n — 2r)-dimensional Riemannian volume
dVolz on Z and we can define v as in Definition 6.11, bearing in mind that Z = Z..,. Then
Propositions 6.17, 6.24 and 6.25 hold for the holomorphic field s and the associated linear statistics
(v,¢) with ¢ € LS°(M). More generally, everything we did in Sections 6.2, 6.3 and 6.4 adapts to
the holomorphic setting.

Remark 8.11. In Definition 6.23, the function p, is defined in terms of real Jacobians and the

variance of (s(x1),...,s(xp)) seen as a real Gaussian vector. One can check that another expression
of pp(x1,...,xp) is the following, which is more natural in our holomorphic framework:
E[[T,_, Jacc(Va,s) | Vi € [1,p], s(zi) = 0]

V(@1,. ., 2p) € Dp,  pp(z1,...,3p) = det(ﬂ-Var(c(( 1),---,8(xp)))

We can now state the equivalent of Theorem 6.26 for holomorphic Gaussian fields. Let  C C"
be open. Recall that Mjg(Q,(Cr) — Cg[ﬂ] is defined in Definition 8.3 as the restriction over

C Crrn Cron r Cirn
Cy [ € C;[C"] of the vector bundle M7, (C",C") — C;[C"] from Theorem 8.2.

Theorem 8.12 (Finiteness of moments for holomorphic fields, local version). Let f : 2 — C” be a
centered holomorphic Gaussian field and v be as in Definition 6.11. Let p = 1, if for all k € [1,p]

the holomorphic Gaussian field mj% (f,-) € H° (C}S[Q],MJE(Q,(CT)) is non-degenerate, then the

four equivalent statements in Proposition 6.25 hold.

Proof. The proof of Theorem 6.26 relies mostly on two facts that are valid for all k € [1,p].
First, on the open dense subset QF \ A;, C O[], the zero set of mj,(f,-) is the same as that of
(1,...,28) = (f(x1),..., f(zr)). And second, the field mj, (f,-) is non-degenerate on C[€2], so
that we can apply the Kac—Rice formula (Proposition 6.17) to the k-multijet.

These two facts are still true in the present holomorphic setting. Hence, the same proof as that
of Theorem 6.26 yields the result. O

We deduce from this result the equivalent of Theorem 1.9 for a centered holomorphic Gaussian
field s on a complex manifold M of dimension n with values in a holomorphic vector bundle F of
rank r € [1,n]. Theorem 1.11 is a special case of the following.

Theorem 8.13 (Finiteness of moments for zeros of holomorphic Gaussian sections). Let p > 1,
let s € HY(M, E) be a centered holomorphic Gaussian field and let v be as in Definition 6.11. Ifs
is (p — 1)-non-degenerate then E[|(v, $)|P] < +o0 for all p € LX(M).
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Proof. We deduce Theorem 8.13 from Theorem 8.12 in the same way that we deduced Theorem 1.9
from Theorem 6.26, see Section 6.4. O

Remark 8.14. In particular, Theorem 8.13 proves the local integrability of the p-points correlation
functions studied in [11] and their scaling limit.
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