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THE JACOBS-KEANE THEOREM FROM THE S-ADIC
VIEWPOINT

FELIPE ARBULU, FABIEN DURAND, AND BASTIAN ESPINOZA

ABsTRACT. In the light of recent developments of the S-adic study of sub-
shifts, we revisit, within this framework, a well-known result on Toeplitz sub-
shifts due to Jacobs—Keane giving a sufficient combinatorial condition to en-
sure discrete spectrum. We show that the notion of coincidences, originally
introduced in the ’70s for the study of the discrete spectrum of substitution
subshifts, together with the S-adic structure of the subshift allow to go deeper
in the study of Toeplitz subshifts. We characterize spectral properties of the
factor maps onto the maximal equicontinuous topological factors by means of
coincidences density. We also provide an easy to check necessary and sufficient
condition to ensure unique ergodicity for constant length S-adic subshifts.

1. INTRODUCTION

A series of recent works shows that the underlying S-adic structures of zero-
entropy subshifts shed new light on the study of their properties as shown by
[BSTYT9, BCBD™21, [DDMP21], [EM22, [Esp22], [GLL22, [AD23] [Esp23]. This ap-
proach, which goes back to [LV92 [Fer96], consists in finding a representation of
the subshift in terms of an infinite sequence of morphisms defined on finitely gen-
erated monoids. For more references on this subject, see the general references
[BD14l DP22].

In the present work we investigate the spectral properties of Toeplitz subshifts
through the S-adic perspective. For a sequence z = (2,)ncz € A% on some fi-
nite alphabet A and p > 0, we denote by Per,(x) the set of integers n such that
(Tn+kp)kez is constant. The aperiodic part of = is the set

Aper(z) =7\ U Per,(x).

p=>0

A Toeplitz sequence is a non periodic sequence x such that Aper(z) = () and a
Toeplitz subshift is the subshift generated by a Toeplitz sequence x, i.e., the shift
orbit closure of z.

Toeplitz sequences z always have a periodic structure, that is, a sequence (p,)n>0
such that for all n > 0 we have

e Per, (x) # 0 and Pery, (v) # Pery(z) for all 0 < ¢ < pp;
e p,, divides p,41; and
o U,>oPer,, (z) =Z.
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This results, topologically, in a maximal equicontinuous topological factor which is
the odometer [Wil84]. A famous result of Jacobs and Keane [JK69, Mar75, [Dow05]
gives a sufficient condition by means of this periodic structure to ensure that the
Toeplitz subshift has discrete spectrum, that is, there exists a measure theoretical
isomorphism between the subshift and a translation on a compact Abelian group.

In this paper we revisit this result through the S-adic framework. Indeed from
[GJO0, Theorem 8] (see also [DP22, Theorem 6.1.7]) we know that Toeplitz sub-
shifts are generated by proper, constant length, primitive and recognizable S-adic
sequences. We will precise this can be relaxed changing “proper” by “having coin-
cidences” in Proposition [7l

Observe that when a minimal dynamical system (X,T) continuously factorizes
onto a group rotation then the factor map is unique up to a translation. Thus
below we will speak about “the” factor map instead of “a” factor map. We denote
by Tmeq this continuous factor map.

In [JK69, Theorem 6] the authors show that for a Toeplitz subshift the equivalent
conditions in Item 2] and Item [3] below imply the discrete spectrum of the system.
However, these conditions are not necessary for the discrete spectrum. Indeed, they
are equivalent to the strictly stronger condition that the subshift is a regular ex-
tension of its maximal equicontinuous topological factor (the union of the singleton
Tmeq-fibers has full measure). For more details see Section 2l There exist discrete
spectrum Toeplitz subshifts that do not fulfill this condition (see Section []).

The difference between regularity and having discrete spectrum has been studied
in detail in [DGI6] [GR17, HLSY21l [GRJY21] for topological dynamical systems.
There are given various strictly different notions, from topological to more mea-
surable ones, all implying the discrete spectrum, such as mean equicontinuity or
p-mean equicontinuity (which is equivalent to the discrete spectrum relative to u).

In our work we introduced the point of view of coincidences to propose a more
computable way to see the discrete spectrum. This allows us to build many exam-
ples having various spectral and ergodic properties.

The notion of coincidence is quantified below by the term “coinc” that is defined
in Section 2.4l Coincidences have shown to be very relevant to detect the pure
discrete spectrum. For example, in the context of constant length substitution
subshifts [Dek78|, two-symbol Pisot substitutions [BD02 [HS03] or more general
substitutions [Liv87, [Que87]. Moreover, this notion has been intensively used to
tackle the Pisot substitution conjecture [CS01l, [Fog02, BK06, BBKOG].

For a subset A C Z, the density of A is dens(A) = limsupy_, , w.
Theorem 1. Let (X,S) be the subshift generated by the Toeplitz sequence x with
periodic structure (pp)n>0. Then, X is defined by some constant length, recognizable
directive sequence with coincidences T = (Tp)n>0 and the following are equivalent:

(1) (X,S) is a regular extension of its mazximal equicontinuous topological fac-
tor: the union of the singleton Tmeq-fibers has full measure.

(2) dens(Perp, (z)) = 1 as n — 0.

(8) dens(Aper(y)) =0 for every y € X.

(4) For every n >0, we have

lim |coine(7p,, )|

=1.
N—+o0 |T[n,N)|
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(5) We have
|coinc(7jo, vy _
N—+o0 |7'[0,N)| o
(6) There is a contraction ' = (7},)k>0 of T such that

coinc(7
5 el _
k>0 |Tk|

Moreover, any of these conditions implies that (X, S) is uniquely ergodic and that
Tmeq 1S @ measure theoretical isomorphism between (X, S) and its mazimal equicon-
tinuous topological factor.

It is observed in [GRJY21l Theorem 4.12][Theorem 54]Gar17 that for a minimal
topological dynamical system the regularity condition is equivalent to the diam-
mean equicontinuity property.

The S-adic approach also allows us to study measure-theoretic aspects of a sub-
shift. This is done by considering the notion of adapted directive sequences. Roughly
speaking, when considering adapted sequences we get rid of parts of the system that
are negligible.

We present a variation of Theorem [Ilin terms of coincidence densities relative to
the non negligible part of the system. This result is stated for subshifts generated
by constant length directive sequences. It includes the case of Toeplitz subshifts
as shown by Proposition [7 but also cases of non Toeplitz, non uniquely ergodic
subshifts.

Theorem 2. Let X be generated by the constant length, recognizable and primitive
directive sequence T = (1, : Ay | = A )n>0. Suppose that T is (A],)n>0-adapted
to an ergodic measure pu of X. The following conditions are equivalent.
(1) The map Tmeq : (X, S, 1) = (Z(jriy) wsos T1: V) defines a measure-theoretic
isomorphism.
(2) For every n >0, we have

coinc 4/ (T
lim sup | A (T, v

=1
N—+o00 |T[n,N)|

We illustrate below, as applications of our results, various behaviours of Toeplitz
subshifts with respect to discrete spectrum. They are detailed in Section

Let A = {a, b} and consider the directive sequence 7 = (7, : A* — A*),>¢ such
that for all n > 0 the morphism 7, : A* — A* is defined by

aa” baa”Q, b b aadb™ .
The Toeplitz subshift (X.,S) is not a regular extension of its maximal equicon-
tinuous topological factor, it has two ergodic measures p, and pp. Moreover, the
map Tmeq defines a measure theoretical isomorphism to the maximal equicontinuous
topological factor for both (X, S, ue) and (X, S, up) (see Section [6.3)).

Now let A = {a, b, ¢} and consider the directive sequence 7 = (7, : A* — A*),>0
such that for all n > 0 the morphism 7, : A* — A* is defined by

a— (ab)"2+1ac(ab)"2+l, b— (ab)"2+1bc(ab)"2+l, c— c(ab)"2 cccc(ab)"2c.

The Toeplitz subshift (X.,S) is not a regular extension of its maximal equicon-
tinuous topological factor, it possesses a unique invariant probability measure p



4 FELIPE ARBULU, FABIEN DURAND, AND BASTIAN ESPINOZA

such that myeq is a measure theoretical isomorphism to its maximal equicontinuous
topological factor (see Section [6.4]). As far as we know, the first such example was
given in [DK15| Section 5|.

Other interesting examples are the following. Let A = {a,b,c}, m : N —» N
defined by 2m(n) + 3 = 3™ for each n > 0 and consider the directive sequence
T = (78 : A* = A*),>0 such that for all n > 0 the morphism 7, : A* — A* is

a s (ab)™™abe, b a(ab)™Mae, ¢ (ab)™™cbe.

The Toeplitz subshift (X, S) is such that its maximal equicontinuous topological
factor is (Zs3,+1). Moreover it has a unique ergodic measure p. Nevertheless mTmeq
is not a measure theoretical isomorphism, but (X, S, ) has discrete spectrum: it
is measure theoretically isomorphic to (Zs x Z/2Z,+(1,1)) (see Section [G.H]).

Let A ={1,2,a,b,c}, s : N = N a nonnegative function such that 2s(n)+5 = 3"
for n > 0 and consider the directive sequence T = (1, : A* — A*),>0 such that for
all n > 0 the morphism 7, : A* — A* is defined by

1+ a(12)*™12bc, a > (ab)*™abl2c
2+ a(12)*™21be, b a(ab)*™bl12c
¢ — (ab)*™ab12c.

The Toeplitz subshift (X, S) has two ergodic measures p and v and its maximal
equicontinuous topological factor is (Z3, +1). The map meq is a measure theoretical
isomorphism for the measure p whereas it is not for the measure v. Nevertheless,
the system (X, S, v) has discrete spectrum: it is measure theoretically isomorphic
to (Zs X 2/27,+(1,1)) (see Section [6.6]).

Let A= {1,2}, s : N = N a nonnegative function such that 3s(n) + 1 = 52" for
n > 0 and consider the directive sequence T = (7, : A* — A*),,>0 such that for all
n > 0 the morphism 7, : A* — A* is defined by

1 (121)°M2, 2 1(121)5™),

The Toeplitz subshift (X, S) has a unique ergodic measure u. However, (X, S, )
does not have discrete spectrum (see Section [6.7).

Finally we consider an example of a minimal non Toeplitz subshift generated
by a constant length directive sequence that has positive entropy and where the
conclusion of Theorem 21 holds (see Section [6.8]).
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2. BACKGROUND

2.1. Basics in topological dynamics. A topological dynamical system (or just a
system) is a pair (X,T) where X is a compact metric space and T : X — X is a
homeomorphism. The system (X,T') is minimal if for every point « € X the orbit
{T"x :n € Z} is dense in X.
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Let (X,T) and (Y, S) be two topological dynamical systems. We say that (Y, 5)
is a topological factor of (X, T) if there exists a continuous and ontomap 7 : X — Y
such that

(1) mol =Som.

In this case, we say that 7 is a factor map and that (X, T) is an extension of (Y, S).
If in addition the map 7 in () is a homeomorphism, we say that it is a topological
conjugacy and that (X, T) and (Y, .S) are topologically conjugate.

Let (X,T) be a uniquely ergodic system and denote by p its unique invariant
probability measure. We say that (X,T) is a regular extension of (Y, S) if there
exists a factor map 7 : X — Y such that

(2) p{z e Xt fn ({m(x)})| = 1}) = 1.

Any topological dynamical system (X,T) possesses a maximal equicontinuous
topological factor [EG60], that is, there exists an equicontinuous system (Y, S) and
a factor map 7 : X — Y such that every other equicontinuous factor of (X,T) is a
factor of (Y, S). The system (Y, S) is unique up to topological conjugacy. Moreover,
if (X,T) is minimal, then (Y,.5) corresponds to a rotation on a compact abelian
group and we usually denote by v the Haar measure on Y.

In the minimal case, if (X, T') is a regular extension of its maximal equicontinuous
topological factor (Y, .5), then condition (2]) is equivalent to

3) v({yeY [ ({yhl=1}) = 1.
Moreover, since any two such factor maps differ only by a translation, condition

@) is independent of the choice of the factor map 7 and of the representation of
(Y, S) in its conjugacy class.

2.2. Subshifts. Let A be a finite and nonempty set that we call alphabet. Elements
in A are called letters or symbols. The number of letters of A is denoted by |.A|.
The set of finite sequences or words of length ¢ € N with letters in A is denoted by
AY. The full shift A” is the set of all bi-infinite sequences (x,,)nez with x, € A for
alln € Z.

A word w = wowy ... we_q1 € A? can be seen as an element of the free monoid
A* endowed with the operation of concatenation (whose neutral element is e, the
empty word). The integer £ is the length of the word w and is denoted by |w| = ¢;
the length of the empty word is 0. We say that a word w occurs in a sequence
= (2n)nez € X if there exists m € Z such that w = x,, - - ‘Tt |w|—1- We use the
same notion for words. For such a word w in A* and a letter a in A, the number of
occurrences of a in w is denoted by |wl|,. A nonempty word w = wowy ... we—1 € A*
starts (resp. ends) with a nonempty word u € A* if u = wy ... w;_1 for some i < ¢
(resp. u = w; ... we—1 for some j > 0).

The shift map S : A> — A” is defined by S((2n)nez) = (Tni1)nez. A subshift is
a subset X of a fullshift A% which is closed for the product topology and invariant
under the shift map. Thus (X, .5) is a topological dynamical system that we also
call subshift.

Let (X, S) be a subshift. For z € X and 4,j € Z with i < j we define z[; ;) =
ZiTit1 ... xj—1. The language of (X, ) is the set L(X) containing all words w € A*
such that w = @[, pm|w|) for some z = (z,)nez € X and m € Z. In this case, we
also say that w is a factor (also called subword) of x. Given x € X, the language
L(z) is the set of all words that occur in z. For two words u,v € £(X), the cylinder
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set [u.v] is the set {x € X : w[_|y|s|) = uv}. When u is the empty word we only
write [v], erasing the dot. We remark that cylinder sets are clopen sets and they
form a base for the topology of the subshift.

2.3. Morphisms and substitutions. By a morphism we simply mean a mor-
phism 7 : A* — B* between the free monoids A* and B* for some finite alphabets
A and B. We say that 7 is erasing whenever there exists a in A such that 7(a) is
the empty word. Otherwise we say it is nonerasing.

The morphism 7 is positive if for all a in A every letter of B occurs in 7(a). The
morphism 7 is proper if there exist p and s in B such that 7(a) starts with p and ends
with s for every letter a in .A. The morphism 7 is of constant length if the length
of the word 7(a) does not depend on a. In that case, we denote by |7| the length
of the word 7(a) for any a in A. Observe that if 7: A* — B* and o : B* — C* are
morphisms of constant length, then the morphism o o 7 is of constant length and

o o] = |o]|7].

When it is nonerasing, 7 extends naturally to maps from A" to itself and from
AZ to itself in the obvious way by concatenation (in the case of a two-sided sequence
we apply 7 to positive and negative coordinates separately and we concatenate the
results at the coordinate zero).

To the morphism 7 : A* — B* we associate a composition matriz M, indexed
by B x A such that its entry at position (b, a) is the number of occurrences of b in
7(a) for every a € A and b € B.

2.4. Coincidences of constant length morphisms. Throughout this article we
will use the notion of coincidences of constant length morphisms. Let 7: A* — B*
be a constant length morphism. A coincidence of T relative to A’ C A is an integer
1 € [0,|7|) such that the map that sends a letter a in A’ to the i-th letter of 7(a) is
constant. We denote by coinc/(7) the set of such integers. When A’ = A we just
say these integers are coincidences and denote the set of such integers by coinc(7).

The following lemma states how coincidences behave when morphisms are com-
posed. The elementary proof is left to the reader.

Lemma 3. Let 7 : A* — B* and o : B* — C* be two morphisms of constant length.
Then the set coinc(o o T) contains the disjoint union

{ilo| +j : i € coinc(r), 0 < j <|o|}

U {ilo|+j:4€[0,|r]) \ coinc(r), j € coinc(o)}
and we have

(4) I_MS(I_M>(1_M>'

ool o] 7]
Moreover, if |A| = |B| = 2 then inequality ) is an equality between both terms.

2.5. S-adic subshifts. A directive sequence T = (1, : Aj, 1 — Al )n>0 is a se-
quence of morphisms. From now on, we only consider morphisms that are noneras-
ing. When all morphisms 7,, for n > 1 are proper we say that 7 is proper; and
when all morphisms 7,, for n > 1 are of constant length we say that 7 is of constant
length.
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For 0 <n < N, we denote by 7, ny or 7, x_1] the morphism 7,07 110+ -0TN_1.
We say 7 is primitive if for any n € N there exists N > n such that M- . >0,
i.e., all letters in A, occur in 7y, n)(a) for all a € Ay.

For n € N, the language L™ (T) of level n associated with T is defined by

LM (1) = {w e A% : w occurs in 7, ny(a) for some a € Ay and N > n}

and X\ is the set of points x € AZ such that £(z) € £ (7). When nonempty,
this set clearly defines a subshift that we call the subshift generated by L™ (T).
We set X, = X and call (X+,S) the S-adic subshift generated by the directive
sequence 7. See [DP22, Chapter 6] for more details.

A contraction of T = (7, : Ay, 1 — Ay )n>0 is a directive sequence of the form

/ / . * *
T = (1 = 7 : .Ank+1 — Aj, k>0,

Nk, Nkt1)
where the sequence (ng)r>o is such that ng = 0 and ny < ng4q for all & > 0.
Observe that any contraction of 7 generates the same S-adic subshift X .

Inspired by the definition of substitutions with coincidences in [Dek78|, we say
a constant length directive sequence 7 has coincidences if there is a contraction
7' = (77,)k>0 of T such that coinc(7},) # 0 for all k > 0.

One says that 7 has finite alphabet rank when liminf, 1 |A,| < +oo. This
notion is related to the topological rank defined more generally for minimal Cantor
systems. We refer to [DDMP21] for more details about their interaction.

2.6. Recognizability and dynamical partitions. We now present the recog-
nizability property for morphisms and directive sequences in terms of topological
partitions. The usual definition and a more general discussion can be found in
[BSTY19, BPR23|, BPRS23].

Let 7 : A* — B* be a nonerasing morphism and let X C A% be a subshift. We
say that T is recognizable on X if

P={S"r(la]) :a € A, 0<k<|r(a)|}
defines a partition of the subshift (J, o, S*7(X).
We say that a directive sequence 7 = (7, : A3 | — A}, )n>0 is recognizable if
() Pn={S*10,n)([a]) 1 a € An, 0 <k < 7o) (@)}, 120,

defines a sequence of partitions of X,. We have that 7 is recognizable if and only
if for each n > 0 the morphism 7,, is recognizable on X.(,"+l) [BSTY19, Section 4].

It will be convenient, in order to manipulate these partitions, to consider the
following definitions. For n > 0 and a € A,,, we denote by

(6) Tn(a) = U S*710,)([a])
0<k<|T(0,n)(a)]
the tower indexed by a and by By (a) the base 7)o ,)([a]) of this tower. The base of
P is
(7) B, = |J Bul(a).
acA,
We make here two important observations about (Py,)n>0. For any 0 < n < m,

(1) the partition Py, is finer than the partition P, ; and
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(2) we have that
®)  [{k € [0.70,m)®)]) : S* B (b) € Bu(@)} = [T, my (b)las @ € A, b€ Ap.
We now state a fundamental theorem for the ergodic and topological study of

S-adic subshifts.

Theorem 4 ([BSTY19, Lemma 6.3|). Let 7 = (1, : Al — Al)n>0 be a rec-
ognizable directive sequence and p an invariant measure of (Xr,S). Then, for
p-almost all x € X, the set (=0 5" Tjo.n)([an]) is a singleton, where (kn, an)n>0
for n > 0 is the (Pn)nzo-addréss of x, that is, the unique sequence satisfying
z € S* 10,0y ([an]), n > 0.

We end this section with the following remark: if in addition to recognizability
the sequence 7 is assumed to be primitive and proper, then the atoms of UnZO Pn
generate the topology of X [DL12| Proposition 2.2].

2.7. Invariant measures. Let 7 = (7, : A, | = A}, )n>0 be a recognizable direc-
tive sequence and p be an invariant measure of (X, S). In this context, Theorem[l
implies the following.

Corollary 5. The sequence (Pn)n>0 p-generates the Borel o-algebra of X, that
is, u 1s uniquely determined by the values it assigns to By(a), a € An, n > 0.

This motivates the following. For n > 0 we define the column vector u,, by
pn = (n(a) : a € Ap), where pn(a) = p(By(a)).
Since T is recognizable, we have
(9) P = Mz, pin, 0<m <n.

The measure of the tower indexed by a is
(10) 1(Tn(a))) = u(Bn(a))|Tjo,m)| = pn(a)l7io,ml, n = 0.

When dealing with measure theoretical arguments, it is natural to get rid of small
portions of the space. We will need the definition of adapted directive sequences to
state our main results, where we distinguish those towers with small measure and
those with a measure uniformly bounded away from zero.

For each n > 0 let A/, C A,, be a nonempty alphabet and set

o= U T, o= T T'=U T2
ac Al m>n n>0

Observe that 7' = liminf,, 4o 7,..
We say that 7 is (A},)n>0-weakly-adapted to p if

(11) S (X \ T]) < o0,
n>0

If in addition there exists § > 0 such that

(12) w(Tn(a)) > 6, a€ A, n>0,

we say that 7 is (A}),>0-adapted to p (for the constant §). Observe that in such
case sup,,~ |A.,| is bounded by 1/0.

When 7 has finite alphabet rank, up to a contraction and a renaming of the
alphabets, there exists A, C A, for all n > 0 such that 7 is (A, )-adapted to p.
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The previous definitions are inspired by the definition of clean Bratteli diagrams
in [BDMI0] (see also [BKMSI3| Section 3]).
In the weakly-adapted case, the Borel-Cantelli lemma implies that

(13) u(T') = 1.

2.8. Convergence of frequencies. It is a well known fact that for substitutions
systems the measures u(B,(a)) correspond to the letter frequencies of the iterates
of the substitution [Que87, Chapter 5]. A similar result was proved in [BKMSI3|
Proposition 5.1] in the more general context of uniquely ergodic Bratteli-Vershik
systems.

In this paper, we will need an extension of these results that is valid for the class
of non uniquely ergodic systems we later consider.

Proposition 6. Let 7 = (1, : A}, — Ay)n>0 be a primitive and recognizable
directive sequence, let i an ergodic measure for (X,,S) and let (by,)m>0 a sequence
of letters with by, in A,,. Suppose that any of the following conditions hold:

(1) there exists a p-generic point x in X such that © € Ty, (by,) for all m > 0;
(2) liminfp, 400 f(Tim(bm)) > 0;
(8) T is (A))n>0-adapted to p and by, belongs to AL, for all m > 0;
(4) the system (X, S) is uniquely ergodic.
Then, for any n > 0 and a € A,,, we have

. |T[n m) (bm)la
14 lim ————— = u(By(a)).
(14) L S (] (Bn(a))

Proof. Let x be a u-generic point such that = belongs to Ty, (b,,) for all m > 0. We
define i,,, = max{k < 0: S¥z € B,,} and j,, = min{k > 0: S*¥z € B,,}. Observe
that jm, — im = |7[0,m)(bm)|. Since T is recognizable, from (§) we get, for n < m,
[{k € [0, 710,m) (b)) = S* B (bin) € Bu(a)}| = |7m) (b bim € Am.
This implies, as S'x and Sz are in B,,(b,,) and P,, is finer than P,,, that
|{k € [im,jm) : S*z € Bu(a)}| = [Tim,m) (bm)a-

The left-hand side corresponds to the ergodic sum Eke[z‘m i) 1Bn(a)(Sk:1:) of the
indicator function 1p, (,). Hence, since z is p-generic, we conclude that

|T[n m) (bm>|¢l 1 k
lim ———— = lim —— 1B, (a (S"z) = u(Bn(a))
oo [T (bm)| Mo jm — im ke[gjm) v
and (I4) holds.

Now suppose that liminf,, oo (T (bm)) > 0. We assume, with the aim to

obtain a contradiction, that there exist n > 0 and a € A,, such that % is

bounded away from p(B,(a)) for all m in an infinite set £ C N.
Let
K =limsup Ty, (by).

m——+oo
meE

From our hypothesis, we have u(K) > 0 and hence that there is a p-generic point
x in K. We have that z is in 7., (b) for all m belonging to an infinite set £’ C E.

But then from Item [ in Proposition [6] the sequence Ty bl -y € E') is
1710, m) (B)]
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arbitrarily close to u(By(a)), which contradicts our previous assumption. This
shows that (I4]) holds.

Next, we suppose that 7 is (A}, )n>o-adapted to u and b, € A}, for all m > 0.
Then, from (I2) we get liminf,, 1o (T (b)) > 0 and thus ([I4) holds by Item [2I
of this proposition.

Finally, if the system (X, S) is uniquely ergodic, then any point is u-generic and
(@) holds for any sequence of letters by, in A,, from Item [Iin Proposition O

2.9. Toeplitz sequences as S-adic subshifts. In [GJ00, Theorem 8] it is shown
that the class of Toeplitz subshifts coincides, up to topological conjugacy, with the
class of expansive Bratteli-Vershik systems defined on diagrams with the equal path
number property. This is the starting point of the link between Toeplitz subshifts
and S-adic subshifts that is summarized in the proposition below. This will be used
throughout the article. We follow the proof in [DP22 Theorem 6.1.7].

Proposition 7. Let (X,S) be a subshift. The following are equivalent.
(1) (X,S) is a Toeplitz subshift;
(2) (X,S) is generated by a constant length, primitive, proper and recognizable
directive sequence; and
(3) (X,S) is generated by a constant length, primitive and recognizable directive
sequence with coincidences.

Proof. Tt is clear that Item [ implies Item Bl We now prove that Item [3 implies
Item [ Let 7 = (7, : A}, — A%)n>0 be a constant length, primitive, proper,
and recognizable directive sequence. For each n > 0, let k, be a coincidence of 7,
Cn = ||T10,m)|/2], T = |Tj0,n)| — £n and x a point belonging to Np>070,n) ([An-An]).
If we define the sequence of points x,, = S*»IT0.mI+ty 1 >0, we observe that

(I")[—fnﬂ“n) = (xn)[_é7l+k"7—[0,n+l)|77‘n+k'|7—[0,n+1)‘)7 k€ Z.

This implies that any accumulation point of the sequence (x,,)n,>0 is a Toeplitz
sequence, and hence (X, S) is a Toeplitz subshift.
It remains to prove that Item [Il implies Item

Claim 8. Let x € A? be a Toeplitz sequence. Then there exists a nonempty alphabet
B, a constant length and positive morphism with coincidences T : B* — A* and
a Toeplitz sequence y € B” such that x = 7(y). Moreover, the morphism T is
recognizable on the subshift Y generated by y.

Proof. Let m € N be large enough so that all letters that occur in z also occur in
T[—m,m). Define u = x_p, o) and v = x[g,,). As x is a Toeplitz sequence, there
exists a minimal p > 2m such that

T[—m+kp,m+kp) = L[—m,m) = UV, keZ.

Define B’ be the set of words {Z(gp,(k+1)p) : k¥ € Z} € A*. Let 7: B — B’ be a
bijection, where B is an alphabet. The map 7 of course defines a morphism from
B* to A*.

We have that 7 is positive, with coincidences and |7| = p. It is clear that there
exists a unique point y € B% such that z = 7(y). Since z is Toeplitz, we have that y
is Toeplitz. We are left to prove that 7 is recognizable on the subshift Y generated

by y.
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Consider the cylinder U = [u.v] in X and define
Per,(2/,U) ={n€Z:S"™ (') e U, ke Z}, 2/ €X, geN.

Since p is minimal we have Pery(z,U) = 0 if ¢ < p and Per,(z,U) # 0. The set
{2/ € X : Perp(2/,U) # 0} is nonempty, closed and S-invariant, hence it is equal
to X as (X, 5) is minimal. From this we see that if

C ={2' € X : Per,(a’,U) = Per,(z,U)}

then {S'C : 0 <i < p} is a clopen partition of X. Finally, since (X, S) is minimal
one has C' = [,z 7([b]), where the cylinders [b], b € B, are considered in Y. This
implies that

{S*r([b]) :be B, 0 <k < p}

is a clopen partition of X, and thus 7 is recognizable on (Y, .5), finishing the proof
of the claim. O

By the claim, we inductively construct a sequence of alphabets (B,,),>0 with
By = A; a sequence of Toeplitz sequences (yy,)n>0 with 3, € BZ for n > 0 such
that yo = z; and a directive sequence of morphisms 7 = (7, : B}, 1 — B} )n>0
which is of constant length, primitive, with coincidences and such that for all n > 0
the morphism 7, is recognizable on the subshift generated by y,. Since we have
Yn = Tn,n)(yn) for all 0 < n < N, we see that y,, generates the subshift XM,
particular, T is recognizable and X = X, which finishes the proof. O

2.10. The maximal equicontinuous topological factor.

2.10.1. Odometers. For a sequence of positive integers (p,)n>0 such that p, divides
Pny1 for n > 0, the odometer given by (pn)n>0 is the system (Z +1), where

pn)nEO’

Zipnyno = I Z/paZ = {(xn>n>o € T] 2/pnZ: tnsr =20 (mod pn), n > o}

n>0

and the map “+1” is given by
(xn)nZO = (zn +1  (mod pn))nzo-

If p, = p™ for some p > 1 and all n > 0, we simply denote Z,, ) ., by Z,.
Odometers are, in particular, minimal rotations on compact abelian groups.
They are equicontinuous and uniquely ergodic, where the unique ergodic measure
is the Haar measure. In particular, the measurable system given by the odometer
has discrete spectrum.
For £ >0 and z = (2n)n>0 € Z(p,), ., We define the cylinder

(20,21, -y ze—1] = {(Tn)n>0 € Lippynso t Tk =2k, 0 <k < 03},
The Haar measure v on (Zy,), 5, +1) satisfies
1
15 v(|zo, 21, -, 20-1]) = —— .
15) (l70, 2 ) bop1 - - -Pe—1

We finally remark that the odometer is coalescent as a measure theoretical sys-
tem, that is, every measurable automorphism of the odometer is an isomorphism.
This follows since it has discrete spectrum [HP68§].
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2.10.2. The mazimal equicontinuous topological factor. Let T = (7,)n>0 be a con-
stant length, primitive, and recognizable directive sequence with coincidences. It
is a well-known fact that the maximal equicontinuous topological factor of (X, S)
corresponds to the odometer (Z(‘T[M)Dnzo, +1). Indeed, this follows from Proposi-
tion [l and [Wil84] Theorem 2.2].

The factor map mmeq @ X+ — Z(lT[o,n)l)nzo
x € X,. By recognizability of T, for every n > 0 there exists ky(z) with 0 <
kn(z) < |Tjo,n)| such that z € S*(®) B, where B, is the base given by (7). Then
we define

(16) 7Tlﬂﬂeq(x) = (kn(x))nZO'

It can be observed that k,y1(x) = kn(x) (mod |770,,|) for € X;. In order to
help the reader, it is important to notice the following relation

(17) i

can be described as follows. Let

meq([20, 215+, 2e) = 8% Be, (20)n20 € L(jrg 0 usor £ = 0-
The following lemma will be useful.

Lemma 9. Let 0 <n <m and Ap ., be a subset of [0, |7y m|). Then

[An,m|

| [n,m)| '

v({z € Z(l"’[o,n)l)nzo 1 Zm € Zp + |T[Q7n)|An,m}) =

Proof. Observe that, from (1), the set {2 € Z(jr, /)50 * #m € Zn + [Tjo,n)[An,m }
is a disjoint union of |7yg )| - [An,m| cylinders of measure 1/|7jg ,)|. We obtain
v({z € (70.m) Dm0 * Zm € Zn + |T[0,n)| nm}) = .

| [n,m)|

O

3. ABOUT UNIQUE ERGODICITY OF S-ADIC SUBSHIFTS OF CONSTANT LENGTH

In this section we give a necessary and sufficient condition for unique ergodicity in
the specific case of S-adic subshifts generated by constant length and recognizable
directive sequences. This condition is in terms of the matrices of the directive
sequence and can be check relatively easily.

Lemma 10. Let (apn : 0 < n < N) be a doubly indezed sequence in [0,1] that
satisfies

(18) arn < AmGmn, | <m<n.

The following are equivalent.

(1)

lim a,n =0, for alln > 0;
N —+oc0

(2) there exists an increasing sequence (nk)g>o such that

. _ >0
K1~1>r£oo Gy =0, for all k> 0; and

(8) there exists an increasing sequence (nk)g>o such that

E Ony gy, < T00.
k>0
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Proof. We first prove that Item [I is equivalent to Item Bl It is clear that Item [I]
implies Item 2l Let now n > 0 and (ng)r>0 be such that Item 2 holds. From (IS),
we deduce that the sequence (an, n : N > n) is nonincreasing in N. In particular,
since it is bounded, we have limy_, { oo G, = infn~p an, n. Then, for any integers
0 < k < K such that n < ny < ng, Equation (I8]) yields

0 < inf Gn,N < Qnon < Qny ng -
N>n

By letting K — 400, we obtain Item [II

Item [B] can be obtained from Item 2l by considering a sequence (ny)r>o such that
Anyynpsr < 27k for k > 0. It is left to prove that Item [3]implies Item Pl Let k& > 0.
By using (I8) and the inequality log(z) < x — 1 for = € [0, 1], we obtain

ank,nk S H a’n,]‘,’n,]‘+1 S eXp( Z a'nj,nj+1 - K + k)? 0 S k < K7
k<j<K k<j<K

from which we deduce Item 2] if we let K — +oo0. O

We now prove the main result of this section. Denote by |v| the sum of the
entries of a vector v.
Theorem 11. Let 7 = (7, : Ay, — A2 )n>0 be a constant length and recognizable
directive sequence. The following are equivalent.
(1) There exists a contraction 7/ = (7], = 7 Je>o0 of T such that the

[nkynk+1)
vectors (vg)k>0 given by

vk(a):b min |77 (b)]a, a € Ay, k>0,

k41

satisfy
v
(19) > @ = +o0.

(2) The system (X.,S) is uniquely ergodic.
A*

Proof. Let ™" = (7}, = Tnpnirn) © Anpyy = An)k>o0 be a contraction of 7 and
(vk)k>0 be the vectors such that Item [Ilin Theorem [IT] holds. Observe that, with
this definition of the vectors (vg)r>0, we have

(20) MT;C = V141 —i—M]/C, k>0,
where the matrix M ,’C is nonnegative and 141 is the row vector of ones in ZAmk41

Claim 12. Define the doubly indexed sequences of vectors (vgx : 0 <k < K) and
of matrices (My jc = 0 < k < K) inductively by vy 1 = vg; My = My for
k> 0; and
Vg, K41 = [VK|vk e+ My, v + (17| — vk |)ok, i
My g1 = My g Mje, K > k.

Then we have

kyK)

:Uk,K1K+Mé7K, 0<k<K.
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Proof. From 20) we have 1, M, = (|7| — |vg|)1x4+1 for all £ > 0. We prove the
claim by induction on K. Equation (2I]) holds if K =k + 1 by @0). If 2I) holds,
then

= (’Uk,KlK + M127K)(UK1K+1 + M}()

|

k,K+1)
= (lvi|vk,x + My gvie + (ITic| = [oc))or, i) L1 + M e M
= vp k4111 + My g
thus proving the claim by induction. ([

Observe that from the previous claim we have
1/€MI/C,K = (|Tfk,K)| — v,k )1k
and hence
[ok,kc+1] = [viclow, x| + (Le My, g )vie + (|| = [vre]) ok x|
= [k llvex | + (T | = [k, Dve | + (ITk | = [k ) ok k|
= (I7ie| = ok Dlve | + 7 s llvk |, 0 <k < K.

After rearranging terms, we obtain

1o el ol ) (el g g
|T[k,K+1)| |T[k1K)| 7|

therefore
1— |vllc,K| _ H (1_M>7 0<k<K.
175 | k<t<K 7l
Define
g, K = —|UI/€7K|7 0§]€<K
|Tk,K|

Since Equation (I9) holds, Lemma [I0 applied to (ax x : 0 < k < K) gives

vk, K |

(22) lim

=1, k>0.
Kﬁ+w|

Tlk.16)]

We now prove that Item [2 in Theorem [I1] holds. It is enough to prove that
(X7, S) is uniquely ergodic. Let p be an invariant measure of (X,/,S) and define
the sequence of column vectors (g )k>0 by

HE = /J’(T[/O,k)([a]))v aec Aﬂk? k > 0.
From Corollary [l it is enough to prove that

(23) pp = lim —eK

RE k>0
K—+4oo |7'[01K)|

Let 0 < k < K. By recognizability of 7/, we have that |ux| = |7/, |7 and
ur = M. pr. Hence, from (ZI)) we deduce

[k, K)
Uk, K

ik + My, kK-

B |T[/07K)|

If we multiply both sides by |7y, ;| and sum over all letters a € A,,, we obtain

vk, K |

|/ | + |T[10,k)||Mllc,K/‘K| =1
[k, K)
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From (22), we have |Mj ypux| — 0 as K — 400 and, since the matrix Mj , is
nonnegative, we finally deduce (23)).

Now assume that Item [Z] in Theorem [I1] holds. Define ny = 0 and denote by
1 the unique invariant probability measure of (X,,S). From Proposition [ we
inductively construct an increasing sequence (ny)r>o such that

mianAnk+1 |T[nk,nk+1) (b) |¢1

(24)

1
> =70t (@), a € Ap,, k>0
|T[”k7"k+1)| 2 [0,n5) [Hny ne
Define the contraction 7" = (7 = 7 [/nk nk+1))k20 of 7. By summing over all letters

a € A,, in 24), we deduce that (I9) holds for the contraction 7’. This shows that
Item 2] implies Item [l in Theorem [I1] and finishes the proof. O

The following corollary shows that the conditions stated in Theorem [ implies
the unique ergodicity.

Corollary 13. Let T = (7, : A}, 1 = A )n>0 be a constant length and recognizable
directive sequence. If there exists a contraction ™' = (7},)k>0 of T such that

(25) > [eoine(r)l _ .

= Il
then the system (X, S) is uniquely ergodic.

Let us make some observations about Theorem [Tl There are in the literature
other such conditions implying unique ergodicity. Let m,, and M, be the smallest
and greatest entry of M., , respectively. It comes from [Sen81] that if

Lz
— =400
5w
then (X,,S) is uniquely ergodic. This implies the well-known fact that, when
dealing with square matrices, not necessarily in the constant length case, if a matrix
with positive coefficients occurs infinitely many times in the sequence (M., : n > 0),
then (X, .5) is uniquely ergodic. This criteria for unique ergodicity can be tracked
down to [Fur60].
For the constant length case, we do not need all coefficients to be positive.

Corollary 14. Let T = (7, : A} .1 = A}, )n>0 be a constant length and recognizable
directive sequence. Suppose that there exists a morphism 7 : A* — B* which
satisfies:

(1) There exists a letter b in B which occurs in 7(a) for every a € A; and

(2) We have T, = T for infinitely many values of n.

Then (X-,S) is uniquely ergodic.

Our result also implies unique ergodicity when matrices are upper or lower trian-
gular with positive coefficients (in the corresponding triangular and diagonal parts
of the matrices) and one of each type occurring infinitely many times.

Theorem [Tl covers more situations in the constant length case than classical
criteria. For example, one cannot deduce from the Seneta criteria the unique er-
godicity when

1 n?
MT"_(2n2—1 nQ)’ nz0



16 FELIPE ARBULU, FABIEN DURAND, AND BASTIAN ESPINOZA

whereas it is uniquely ergodic as |v,| = 1 + n?. Moreover, in our framework we do
not require (|.A,| : n > 0) to be bounded, which is a constraint in [Sen8I].
Let us mention that when

M, = (aln a1n> , where a,, >0
it is shown in [FETQ09] that (X, S) is uniquely ergodic if and only if > 1/a,
diverges.

We finally remark in this section that there exist other result about ergodic
measures in the context of constant length directive sequences. However, these
results go in the direction of characterizing when the system possesses exactly k
ergodic measures, where k is the rank of every composition matrix in the directive
sequence [ABKKI17, Theorem 3.7].

4. PRELIMINARY DEFINITIONS AND RESULTS

In this section we include all main preliminary lemmas that allow us to deduce
our main results in the next section.

Let 7 = (1, : Aj41 = A))n>0 be a constant length and recognizable directive
sequence and let u be an ergodic measure of (X, S). For each n > 0, let A}, C A,
be a nonempty alphabet. For convenience, we set

coinc’ (7, vy) = coincur (Tjn,n)); N >n

where coinc 47 (7(,,,n)) is the set of coincidences of the morphism 7, ) relatively
to Aly introduced in Section 24

From now on, we suppose that p is (Al )n>0-adapted to p. We recall the def-
inition of the sequence of partitions (P,)n>0 given in Section as well as the
definition of the sets B}, 7,7, T, for n > 0 and 7’ given in Section [2.7]

In the following we aim to control the set (an their measure) of z € Z
having a unique myeq-preimage. We set

T ={zeZy ({z})NT' <1} and

I, ={z¢€ Z : ﬂ'r;éq({z}) N ’Tz’m is contained in some atom of P,,}

‘T[O,n) Dnzo
. |7r_1

‘T[O,n)l)nZO . meq

‘T[O,n)l)nzo

for each m > 0.

We recall that v is the Haar measure on Zjr, 1),

Lemma 15. The set I’ is equal to (), Z;, up to a set of v-measure zero.

Proof. Observe that the inclusion Z' C (1,5, Z, follows directly from the defini-
tions. Thus, it is enough to prove that

(26) V(ﬁnZOI:l) < I/(I/).

We observe that if z belongs to Z, for every n > 0, then all points in 7,1, ({z}) N7’
share the same (Pp,)n>0-address. Therefore, by Theorem ] we deduce

1(Timeq(Mn=0T1)) < i(Tineq (T'),
which implies (26]). O

The next lemma allows us to interpret coincidences in topological terms. The
proof is left to the reader since it is straightforward from the definitions.
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Lemma 16. Let 0 < n < m. Then k belongs to coinc/(T[mm)) if and only if there
exists a letter a € A,, such that S¥ImomIB! C B, (a).

The next lemma is a first step to control the measure of the set of points having
a unique mpeq-preimage.
Lemma 17. We have that
s
coinc' (7
m>n |T[n,m) |
Proof. Let n > 0 and define the sets

Dmm = {Z S Z(m

n > 0.

3

o) nzo * Fm € zp + |T{07n)|coinc’(7-[n7m))}, m > n.

We first prove that D, ., is contained in Z/, for all m > n. Indeed, if z € D,
from Lemma, [0l there exists a letter a € A,, such that

S*m Bl C S*"B,(a)
Thus if 2 is in 7L, ({2}) N TZ,, then z is in the atom S*" B, (a) and thus z is in Z,.
From Lemma [ we obtain
s
coinc (. m
I/(Ivlz) 2> sup I/(Dn,m) = sup M

m>n m>n |T[n,m)|

O

As it is more easy to control the positions that are not coincidences, we give the
following definition. For 0 < n < m and letters a and b in A,, we define

Cnym(avb) = {k € [Oa |T[n,m)|) : Sk‘T[O’n)‘B;n N Bn(C) # @7 VC € {aﬂb}}

Observe that, since the partition P,, is finer than Py, for all k¥ in C), ,,(a,b) and ¢
in {a, b} there exists a letter ¢’ in A/, such that

(27) SHTo.m B, (¢) C By(e).

The following lemma will allow us define two disjoint sets in X, with the same
projection under mpyeq and whose v-measure is controlled in terms of coincidences.

Lemma 18. Let n > 0. Then there exist distinct letters a and b in A,, and an
increasing sequence (N¢)o>o such that

C, b 1 inc’ (77,
(28) (G (@, D)), - 1~ timsup 1<)l ) o)
|Tin, N0l 2| An| ttoo TNyl

If in addition the directive sequence T is (A, )n>0-adapted to p, then (Ng)e>o can
be defined so that it satisfies

|T[N£,N£+l)(c)|d 1
17NNl T 29 AN|
Proof. Let n > 0 and ng > n such that

0, . . . 1 s "
o) L lmmD o mum)l L0 Teotne ()Y
|T[n,N)| 2 N—+oco |T[n,N)|

(29)

+u(Tn,(d)), c€ Ay,,,, d€ An,, £2>0.

By definition, for every N > ng and k € [0, |7, n)|) \ coinc’ (7, n)) there exist
distinct letters ay  and by in A, and letters a§v7k and b?v,k in Ay such that
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the k-th letter of 7, n)(aly ;) (vesp. of 7, ny(blyx)) is an i (vesp. bny). This
translates into

Sklr[o,n)\Bgv N By(c) #0, Ve € {an i bNk}s

or k€ Cpn(an k, bN)k). Now, for each N > ng we use the Pigeonhole principle to
obtain distinct letters ay and by in A,, and a subset C;LN of Cp, n(an,by) with

/
AN,k = GN, b]\[71C = bN, ke Cn,N?

(31) |G| = 1[0, 1750, [) \ coin’ (1,3 )| /| An 2.

Moreover, we can find an increasing sequence (N¢)e>o with Ny > no and distinct
letters a,b € A, such that a = an, and b = by, for all £ > 0. Therefore the sets

Chn,n,(a,b) satisty [28) by B0) and EI)).

If T is (A),)n>o0-adapted to p, from Proposition [l we can construct (N¢)e>o
inductively so that it additionally satisfies (29]). O

The next lemma provides two disjoint sets that, roughly speaking, separate the
fibers and whose measures can be controlled by the density of coincidences. It is
the main lemma of this section. Its proof is subdivided in some technical claims.

Lemma 19. Let n > 0. There exist sets E, and E!, in Xr such that

(1) E, and E!, are disjoint;
(2) Tmeq(En) = Tmeq(E},); and

1 |coine’ (71, )|
V(Tmeq(En)) = v(Tmeq(EL)) > 1 — limsup ———— 220 )
( eq( )) ( q( )) 2|~An|2 ( N~>+OI<? |7-[n,N)|

If in addition the directive sequence T is (AL )n>o-adapted to u for the constant
0 >0, then
(1) p(Ey) and u(E)) are greater than

0 inc’ (77,
stz | 1 — limsup —|c01nc (.0 ; and
2|An| N—+o00 |T[n,N)|

(2) Tmeq(Ern NU) = Tmeq(E), NU) (mod v) for any Borel set U in X, such
that p(U) = 1.

Proof. From Lemma [I8 there exist distinct letters a and b in A,, and an increasing
sequence (Ng)¢>o such that ([28) holds. For ¢ > 0 define C,, n, = Cy N, (a,b) and
observe that if k is in C), n, and c is in {a, b}, then (27) implies that there exists a
nonempty set An v, x(c) C Aly, such that

SHTom By, (¢) C By(e), ¢ € Ann,i(c).
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Let K C X be a compact set. For all £ > 0 we set

Fon,={z¢€ Z(jri0.m))ns0 * ZNe € Zn + IT10,m)|Cn,Ne 3 Fnjoo = limsup F, n,

{—+oo
Fun,k(c) ={z€ F,n, : S By, NS B,(c) N K # 0}; c € {a,b}
Fn,oo,K = lim sup Fn,Ntz,K(a);
{— 400
F,’LOQK = limsup Fy, N,k (b)
{—+oo

En,Ne (C) = U U Sk‘T[O’n)‘JerNe (C/); cE {av b}

RECn Ny ¢ €A, Ny 1 (0)

0<j<|(0,m) |
E, =limsup E, n,(a);
{—+oo
/ .
E;, = limsup E,, n,(b).
{—+oo

Observe that, from the definition of the sets C), n,, we have

/
F‘n,oo,X.r =F Fn,oo

n,00, X+ —
and that
E, C Tn(a) and E], C T,(b).

In particular, £, and E! are disjoint.
Claim 20. For all compact set K C X, we have
Tmeq(En N K) = F, oo,k and ﬂ'qu(E,/l NK)= ’r/L,OO,K'

Proof. By symmetry, it is enough to show that mmeq(Ern N K) = Fyy 00,x. Observe
that if  belongs to E,, n,(a) N K then myeq(x) is in Fy, N, i (a); hence we have the
inclusion
7Tmcq(Ejn N K) g Fn,oo,K-

Suppose now that z belongs to F), oo . Then, there is an infinite set A C N such
that z belongs to F), n, and a point xy in S*Ne ije N S* By(a) N K for all £ € A.
Since X, is compact, we can find an infinite set A’ C A and z € X, such that
xg — x as { — +oo and £ € A'. Then z = Mpeq(z) and z € E, N K since K is
compact, which shows that F}, oo k' € Tmeq(En N K). O

Claim 21. We have mmeq(Ern) = Tmeq(E),) = Fn.co and

1 |COinC/(T[n N))|
vViF, ) > ——=|1—-limsup —>—~|.
o) 2 3747 ( Ve

Proof. If we put K = X, in Claim we obtainl Tmeq(En) = Tmeq(E),) = Fn,co-
On the other hand, from Lemma [0 and (28] we obtain

Cn 1 coinc’ (7,
V(Fy,00) > limsup [Cn.ave| > 5| 1 —limsup M )
£—=4o0 |T["1Nz)| 2| A, N—+4o0 |T[n,N)|

This proves the first part of Lemma
We henceforth assume that 7 is (A},),>0-adapted to u for the constant § > 0.
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Claim 22. u(E,) and u(E)) are at least
5 (1 limsup |coinc'(T[n)N))| )
2| A, Notoo  |Tin,w)l
Proof. Observe that, for each £ > 0 and ¢ € {a, b}, the sets
{SHm0mH BN, () 1k € Cun,y 05 < |Tomyl, ¢ € Anni(c)}
are disjoint. Since A, n, k(c) C Al,, from ([I2Z) we have
min  p(By, (<)) = 6/|7p0,n,)-

CIG-An,NZ,k (C)
Thus we obtain

. Cn
HEn (€)= Ol -ro] |, in (B () > 512

N (0) |7, 30 |
and (28) implies

) |coinc'(T[n M)l
limsup E, c) | > 1 —limsup ————>— .
(s ) 2|An|2< Ve ]

Claim 23. For all compact set K C X, we have

1
V<limsup Fn,Ng,K(C)> > limsupv(Fy n,) — g,u(XT \ K), ce€{a,b}.

£—+o00 £—+o00

Proof. Let ¢ € {a,b} and £ > 0. We define R,, v,k (c) as the set of coordinates zy,
in [0, |7j0,nv,)|) Where z ranges over F, n, \ F,n, k().
From (I8) we have

(32) V(FH,N[ \Fn,Ne,K(C)) < V(UTeRn,NE,K(C){Z € Z(I‘r[g,n”)nzo PZN, = T})

< [Run k(0]
LORAY
Observe that if z and 2/, with zy, # 2, belong to F, n, \ Fu n, k(c), then
S*Ne By, N S*" By, (c) and SN By, NS#n By (c) are disjoint and contained in X, \ K.
Hence,

RN k()] min p(S*Ne By, N S*" By(c)) < p(X- \ K).
Zan,Ne\Fn,Ne,K(C)

Now, if z belongs to Fy, n, \ F,n, x(c), then from 1) we have that S*¥¢ By, N
S#mBy,(c) contains S*¥e By, (c') for some ¢’ € Ay,. Hence, by (12,

WS Bly, NS B,(0) > min p(Br() = —
ce EVE

min > .
2€F, Ny \Fn,N,,Kx(c) |T[0,Ntz)|

Combining this with (32)) yields
1
v(Fnne \ Fan,k(€) < sp(Xr \ K),

and then we finally obtain

1
V(lim sup Fn7NE7K(c)) > limsup v(F, n, k(¢)) > limsup v(F, n,) — =p( X+ \ K).
£—+00 £—+00 £—+00 d
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Claim 24. We have
V(F,, ) = limsupv(Fy N, )-

t—+o00

Proof. Define
Ge=1{ke[0,|mn, N Sk‘T[O’N‘”IBMH C By,}
Hy={z¢€ Z (|10 )nso0 ° SZNHIBEVHI - SZNEvae}, >0

Hpe oo = (1) He, € >0.
0> 0%

Observe that k belongs to Gy if and only if for all ¢ in A’N/Z+1 the k-th letter of
T[Ny, Npsy) (€) 18 in Ay, Hence
|[07 |T[Ne1Nz+1)|) \ Gfl < Z Z |T[Ne1Nz+1)(C)|d'
ceAgVHl deAn, \A3Ve
From (29) we obtain
|[07 |T[N£,N£+1 \ Gg Z Z |T[Ntz,Ntz+1)(C)|d

|T[N27Ne+1)| |T[N£,Ntz+1)|

ceA/ 4 deAn,\ Ay 17
1

< sup | AL |{ o7 + (XA \TR,) )
n>0 2

On the other hand, one has z € Hy if and only if z,,, € 2, +|7j0,n,)|G¢. From
Lemma [9 we have

v(He) = |Gel/|Ting Nl €2 0.
Therefore, for £* > 0 one has
(0 () ) = 3 sl (g 06\ Th) ).
0>0¢ >0+ "2
Recall that by (I2)) we have sup,,>¢|A;,| < 1/0, hence by (L)
(33) lim V(X \ m Hg) =0.

0x—
Hoo >0+

Now let £* < ¢ < {'. Observe that if z belongs to F, n, N Hy+ o, then for ¢ in
{a,b} we have S*¢ By, N S* By(c) € S*¢ By, N 5% By(c), which is nonempty.
We deduce that z belongs to F}, y, and so

Fn,Ne/ N HZ*,OO c Fn,Ng N HZ*,ooa

i.e., the sequence of sets (Fy, n, N Hyx oo )e>¢+ is decreasing. We obtain

v (lim sup FH,N[)
{—+oo

=v (limsup EFon, N Hg*)oo) + y(limsup Fon, N (X7 \ Hg*)oo))

{— 400 {—+o00

<limsupv(F, n,) + v(Xr \ Hee 00)-

{—+oo
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If we let £* — 400, from [B3]) we deduce
V(F,, ) = limsupv(Fy N, ),

{——+o00

which proves the claim. (I

Claim 25. We have
Tmeq(En NU) = Tmeq(E), NU)  (mod v)
for any Borel set U C X, such that u(U) = 1.

Proof. By symmetry, it is enough to prove that mmeq(En NU) = Fj o (mod v).

Since Tmeq(En) = Fn o0, We have the inclusion mmeq(En NU) C F, o0. It remains

to prove that v(mTmeq(En NU)) > v(Fp o). Let € > 0. Since X is compact, p is a

regular measure and there exists a compact set K, C U with pu(X, \ K.) <e.
From Claim 20 we have

T‘—meq(En N Ka) = F‘n,oo,K5
and from Claim [23] and Claim [24] we deduce

V(Fy 00,k.) > limsupv(F, n,) — c > v(Fpoo) — =
£—~+o00 d d
Thus, since K. is a subset of U, one has
V(Tmeq (En NU)) > v(Fnoi.) = V(Foo) — %
If we let € go to 0, we deduce v(mmeq(En NU)) > v(Fy,00), which finishes the
proof. (I
The achieves the proof of the Lemma (I

5. PROOF OF THE MAIN RESULTS
We will freely use the terminology introduced in Section [l
5.1. Proof of Theorem [l

Proof. From Proposition [7 and recognizability of 7 it is easy to see that Item [2]
Ttem [3] Item [ and Item [Blin Theorem [l are equivalent.
We define
_ |eoine(7in, 3))|
7,3
From Lemma 3] we deduce that inequality (I8]) holds. Hence, we obtain that Item [4]
and Item [@] are equivalent.

It remains to show that Item [Il and Item [l We set A/, = A, for each n > 0.
Observe that, with this choice, the directive sequence 7 is (A], ), >o-weakly-adapted
to any invariant probability measure p of (X, .S). In this case, we have

T' = {2 € Ljry 1y l)uso * [Tmeg {21 = 1}
Suppose that Item [I holds. By contradiction, if Item M does not hold, there exists
n > 0 such that

Qn,N = , 0<n<N.

coinc(7y,
lim sup M < 1.

N —+oc0 |T[n,N)|
Lemma, ensures the existence of disjoints sets F, and E!, in X, such that
U(Tmeq(En)) > 0 and if 2 € Tyeq(En), then ml ({2z}) N B, # 0 and 7l ({z}) N
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E;, # 0. Thus Z \ Z' contains Mmeq(Enr), which contradicts the fact that

‘T[O,n)l)nzo

v(Z') =1.
Now assume that Item @ holds. Then, Lemma and Lemma [I7] imply that
v(Z') = 1. This shows that Item [I holds and finishes the proof. O

5.2. Proof of Theorem [21

Proof. Suppose that Item [l in Theorem 2] holds. This implies that there exists a
Borel subset U of X, and a Borel subset V' of Z such that Tmeq : U =V
is a bijection and p(U) =v(V) = 1.
By contradiction, if Item [21 does not hold, then there exists n > 0 such that
coinc 4/ (T,
lim sup | AN( n.)

N—+o00 |T[n,N)|

[T10,n)Dn>0

<1

Lemma then ensures the existence of disjoints sets E,, and E!, in X such that
1(Ey) >0, p(E;,) > 0 and
Tmeq(En NU) = Tmeq(E, NU)  (mod v).
This implies, as Tmeq: U — V is a bijection, that E,, NU = E/,NU (mod ), which
contradicts the fact that F,, and E!, are disjoint and of positive measure.
Now assume that Item [2] holds. Define

X, =71 (T)NT.

meq

From Lemma [I5] Lemma [I7 and (I3), we have pu(X,) = 1 and v(Tmeq(X,)) = 1.
On the other hand, the definition of X, implies that mmeq : X, — Tmeq(Xy) is a
bijection. This shows that Item [I holds and finishes the proof. O

Remark 26. Let us observe that when 7 is of alphabet rank two, then it follows
from Lemma Bl and Item [l in Theorem [ that (X, S) is a regular extension of its
maximal equicontinuous topological factor if and only if

Z |coinc(Ty,)] o
7>0 |Tn|
Indeed, it follows from Lemma [3] that if 7/ = (7},)x>0 is a contraction of 7 then

Z |coine(7,)| < Z |coinc(7'n)|'

= Il = Il

6. EXAMPLES AND APPLICATIONS

6.1. Dekking’s theorem revisited. A substitution is a morphism o : A* — A*
that is nonerasing. It naturally defines a directive sequence 7 = (o, 0,...) which is
of finite alphabet rank and which generates a (possibly empty) substitution subshift
(X5, 9).

When o is primitive (that is, the sequence o is primitive) the subshift (X,,.S)
is minimal, has a unique ergodic measure p [Que87, Chapter V|, A, = A and o is
recognizable [Mos92l [Mos96].

Let 0 : A* — A* be a constant length and primitive substitution. We say o
is pure if its maximal equicontinuous topological factor is the odometer (Z4, +1).
We say o admits a coincidence if there exists m > 1 such that coinc(c™) # 0, i.e.,
if the directive sequence o = (0,0, ...) has coincidences.
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As a consequence of Theorem [Iland Theorem 2] we recover the following result.

Corollary 27 (|[Dek78|). The system (X, S, ) where o is a pure substitution has
discrete spectrum if and only if o admits a coincidence.

Proof. Suppose that o is pure and admits a coincidence. Let m > 1 be such that
coinc(o™) # ). From Equation (@) we deduce

L |coinc(a™™)] < <1 B |coinc(am)|>n 550 as n— +oo
o[ o™
which implies by Theorem [l that (X, S, 1) has discrete spectrum.

Now suppose that (X,, S, pt) has discrete spectrum. Every measurable eigenvalue
for the system (X,,S, ) is necessarily continuous [Hos86]. This implies, since
o is pure, that there exists a measure theoretical isomorphism 7 : (X,,S,u) —
(Zy5),+1,v). As (Z)],+1,v) is coalescent (see Section LI0), the factor map mmeq
is a measure theoretical isomorphism. Thanks to Theorem [2] and the fact that
A, = A, we deduce

— 1 as n—+o0
and hence o has coincidences, finishing the proof. (Il

We remark that the previous proof shows that for primitive, pure substitutions o
the three hypothesis (X,, S) is a regular extension of (Zy, +1); Tmeq : (Xs, S, 1) —
(Zy,+1,v) is a measure theoretical isomorphism; and (X,, S, 1) has discrete spec-
trum are all equivalent.

6.2. Example 1. Rank-one transformations have been studied extensively in er-
godic theory since the apparition of the first examples in the ’60s. In order to study
these systems from the topological and symbolic dynamics perspective, rank-one
subshifts have been introduced. We refer to [Fer96l [Fer97| for a more extensive
discussion on these subshifts. Minimal rank-one subshifts are studied from the S-
adic perspective in [AD23], where the authors prefer to call them Ferenczi subshifts.
In [AD23| Section 4.3] it is shown that a minimal Ferenczi subshift possesses an
induced system that is (conjugate to) a Toeplitz subshift generated by the constant
length directive sequence T = (7, : A}, 1 — A}, )n>0 which have the form

(34) Tn(a) = LpaRy,, a € Apgq

for some nonempty words Ly, R, in A%. In particular, from ([B4) we immediately
deduce

|coinc(Ty,)]

|Tn|

and hence from Item [ in Theorem [I] we obtain that this induced system is a
regular extension of its maximal equicontinuous topological factor. This improves
the remark made in [AD23] saying that these systems are mean equicontinuous (we
refer to [GRJY21] for the definition and details about this notion).

>2 n>0

- 3

6.3. Example 2. Let A = {a,b}, f : N — N a nonnegative function such that for
some pair of constants s > 1 and ¢ > 0 we have f(n) > ¢n® for n > 0 and consider
the directive sequence 7 = (7, : A* — A*),>0 such that for all n > 0 the morphism
Tp o+ A — A* is defined by

ar af™ba, b b Maa.
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Observe that 7 is a constant length primitive directive sequence with coinci-
dences. Moreover, the sequence 7 is recognizable since the composition matrix of
the morphism 7, for each n > 0 is

fn)+1 2 >
M, =
" ( 1 f(n)
which is invertible [BSTY19, Theorem 4.6]. Thus (X, S) is a Toeplitz subshift.
From Theorem [Tl we have that (X, S) is not a regular extension of its maximal
equicontinuous topological factor. Indeed, since T is of alphabet rank two, from
Remark 26 we have

|coine(7y,)] 1
yDELLICIES il E.
T & Fmre

However, the hypothesis on f implies that (X, ,S) has two ergodic measures pi,
and up [ABKKI7, Proposition 3.1]. We set

Ay, = {a} and A,, = {b}.

We see that 7 is (A, )-adapted to p, and (A, )-adapted to p;, [BKMS13, The-
orem 3.3]. From Theorem [2 we conclude that mpeq defines a measure theoretical

isomorphism to the maximal equicontinuous topological factor for both (X, S, 14)
and (X-, S, up).

6.4. Example 3. Let A = {a,b,c}, f : N — N a nonnegative function such that
for some pair of constants s > 1 and ¢ > 0 we have f(n) > cn® for n > 0 and
consider the directive sequence T = (7, : A* — A*),,>0 such that for all n > 0 the
morphism 7, : A* — A* is defined by

a v (ab)! Mg

b (ab) ™M+ 1pe

¢ c(ab)!™ece,

Observe that 7 is a constant length primitive directive sequence with coinci-
dences. Moreover, the sequence 7 is recognizable since the composition matrix of
the morphism 7, for each n > 0 is

fm)+2 fn)+1 f(n)
(35) M, = fn)+1 f(n)+2 f(n)
1 1 4

which is invertible [BSTY19, Theorem 4.6]. Thus (X, S) is a Toeplitz subshift.
From Theorem [Tl we have that (X, S) is not a regular extension of its maximal
equicontinuous topological factor. Indeed, by contradiction assume that

_ |coine(7po,m))

" | —0 as N — +oo.
[0,N)

By induction, it is easy to see that

. |coine(7po,n+1)| . 1 1 |coinc (7o, n))| N>
710,84+ 1)] o 2f(N)+4 70,3 ’ n
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and hence

|coinc(y i |coine(7o)|
|7 1;[( ﬁ)(l_ )

but it is standard to check that, under the hypothesis on f, the infinite product
I, (1 — m) does not converge to 0. This contradiction shows that (X, S)

is not a regular extension of its maximal equicontinuous topological factor.
On the other hand, from (B3] the vectors (v, )n>0 in the statement of Theorem [IT]
(for the trivial contraction of 7) satisfy

oul _ 201
Ll T X amd

which implies that the system (X, S) is uniquely ergodic. Denote by u the unique
invariant probability measure and let A, = {a,b}. We claim that 7 is (A, )-adapted
to p. Indeed, from (@) and (I0) we have

1(Tn(@)) = (@) 70.0) | = [Tj0um)| D Mo, (@, Opins1(£) = ()70 D pnr1(£)
4

14

W(Tat1(4)) f(n) 1
Tio.n = > =
Mom 2 T T >

A similar computation shows p(7, (b)) > 1/6. On the other hand, we have

Z“(% Z“” |T[On)|_Z|TO7l)|ZMTnaé,un+1(£)

n>0 n>0 n>0
p(Tng1 (£
< Z4|TO n)|z,ufn+1 Z4|7'[0 n)|z |7_n |
n>0 n>0 [0,n+1)

§T§2f(n)+4 < oo

and thus conditions ({1l and (I2) are satisfied.
Finally, for all n > 0 we have

fim |coinc,, (Tjn, ny)|

=1.
Notoo [T,

Indeed, it is easy to check that

_ Jeoine,, (T, n+1)) S coine (g, ) )| . N>n
I Tn, N4+ 1) 2 [, |
and hence
coinc(Ty, 1 i n
_ |eoine(7n,m)| 1 _ Jeoine(m)} Lo s N S oo
|T[n,N)| 2 n |T’ﬂ|

From Theorem [2] we conclude that mmeq defines a measure theoretical isomorphism
between (X, S, 1) and its maximal equicontinuous topological factor.
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6.5. Example 4. Let A = {a,b,c}, m : N — N the function such that 2m(n)+3 =
3" for all n > 0 and consider the directive sequence T = (7, : A* — A*),>0 such
that for all n > 0 the morphism 7,, : A* — A* is defined by

a— (ab)™™ abe
b a(ab)™™ac
¢ (ab)™™ che.

Observe that 7 is a constant length and primitive directive sequence with coin-
cidences. Moreover, the sequence 7T is recognizable since the composition matrix of
the morphism 7, for each n > 0 is

mn)+1 mn)+2  mn)
M, =|mn)+1 mn) mn)+1
1 1 2

which is invertible [BSTY19, Theorem 4.6]. Thus (X, S) is a Toeplitz subshift with
maximal equicontinuous topological factor (Zs,+1). Moreover, from Theorem [T
it has a unique ergodic measure p. Nevertheless myeq is not a measure theoretical
isomorphism but (X, S, ) has discrete spectrum. Indeed, an easy computation
similar to the previous examples which is left to the reader shows that for A, =
{a, b} we have T is (A, )-adapted to p and

1 |Coinc#(7-[07N))| _ Nl:[l (1 3) (1 B |coincﬂ(7’o)|),

710, 3k |70

which does not converge to 0 as N — +o0o and from Theorem [2] we obtain that
Tmeq 1S DOt a measure theoretical isomorphism.
Let us show it has discrete spectrum. Let P be the subset of X, given by

P= liginf(ﬁ(a) U Tn(D)).

The following arguments mainly come from [BDM10]. The Borel-Cantelli lemma
implies that pu(P) = 1. For n > 0 define
o) 0 if z€SBy(a), where 0 < j < |rgn]is even
n(z) = , 4
1 if 2e€ 8B, (b)US’By(c), where 0 < j < |7y, is odd.

Let A, = {z € X7 : fu(z) # far1(x)}. A quick computation by cases shows
that

A € ( U sjBnH(b)) UTn(€) U Tt (0).
0Sj<‘7[0,n)|
It is easy to check that

2 ; 1
#(Tale)) < o u( U SﬂBnH(b)) <
0<j<|[0,n)l
and consequently > p(A,) converges. The Borel-Cantelli lemma again implies that

the sequence (fy)n>0 converges p-almost everywhere to some measurable function
f X+ — Z/2Z that satisfies f(Sz) = f(z) + 1 (mod 2) for pu-almost every z.



28 FELIPE ARBULU, FABIEN DURAND, AND BASTIAN ESPINOZA

Denote by (Zs x Z/27Z,4+(1,1)) the product system of (Zs,+1) and (Z/27Z,+1)
and let v be the Haar measure on this product. Consider the measurable factor
map F: (X;,S,u) = (Z3 x Z/2Z,+(1,1),v) defined by

F:XT_)Z3XZ/2Z
T — (ﬂ'mcq(x)vf(‘r))

We claim that F' defines a measure theoretical isomorphism. Indeed, it is suffi-
cient to prove that the map F is injective on P. If F(z) = F(y) = (z,w) for some
x,y in P, we have that for all large values of n we have both x and y belonging to
S#n T, (w), where z = (z,)n>0. Hence, since 7 is proper, the atoms of the sequence
of partitions (7,)n>0 generate the topology of (X,,S) (see Section [Z6) and we
obtain z = y.

6.6. Example 5. Let A = {1,2,a,b,c}, s : N = N a nonnegative function such
that 2s(n) + 5 = 3™ for n > 0 and consider the directive sequence 7 = (7, : A* —
A*)p>0 such that for all n > 0 the morphism 7, : A* — A* is defined by

1= a(12)*™12bc, a — (ab)*™abl2¢
2+ a(12)*(™21be, b+ a(ab)*™Mb12c
¢ = (ab)*™ab12c.

Observe that 7 is a constant length, recognizable and primitive directive sequence
with coincidences. Thus (X, S) is a Toeplitz subshift with maximal equicontinuous
topological factor (Zs, +1).

The composition matrix of the morphism 7,, for each n > 0 is

s(n)+1 s(n)+1 1 1 1

s(n)+1 s(n)+1 1 1 1
M, = 1 1 s(n)+1 sn)+1 s(n)+1
1 1 s(n)+1 s(n)+1 s(n)+1

1 1 1 1 1.

The subshift (X, S) has two ergodic measures jiq and p; 2. Indeed, since the
rank of each matrix M, is two, (X, S) has at most two different ergodic measures.
Moreover, the system is not uniquely ergodic thanks to Theorem [T} a simple yet
tedious computation shows that for any increasing sequence (ng)g>o the vectors

(vk) k>0 satisfy |vg| = an<j<nk+1(25(j) + 3) and so

vl L s
k>0 1Tl 2s(nk) +5

where 7], = T[Ink,nk+1)’ k>0.

Let A,,, = {a,b} and A, , = {1,2}. Observe that, from the form of the
composition matrix M., , for any ergodic measure p of (X, S) we have

w(Ta(e)) =0, w(Tn(a)) = u(Tn(b)) and w(Tn(1) = u(Ta(2)).

Thus, without loss of generality, T is (A, ,)-adapted to pap and (A, ,)-adapted
to p1,2. We left the details to the reader.

The map mmeq is @ measure theoretical isomorphism with respect to 11,2 whereas
it is not with respect to pqp as it has —1 as an eigenvalue. Moreover, as in the
previous example, (X, S, pq,5) has discrete spectrum: it is measure theoretically
isomorphic to (Zs x Z/2Z,+(1,1),v) (here v is the Haar measure on Zz x Z/2Z).
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We leave it to the reader to verify these statements in the light of the calculations
made earlier.

6.7. Example 6. Above we gave example of Toeplitz subshifts with discrete spec-
trum. There are of course many Toeplitz subshifts that has a non discrete spectrum
such that those with positive entropy. All examples we gave has a finite topological
rank and are thus of entropy zero. It is interesting to give a finite topological rank
Toeplitz shift that does not have a discrete spectrum.

Let A= {1,2}, s : N = N a nonnegative function such that 3s(n) + 1 = 52" for
n > 0 and consider the directive sequence T = (71, : A* — A*),>¢ such that for all
n > 0 the morphism 7, : A* — A* is defined by

1 (121)5M2, 2. 1(121)%™),

The directive sequence 7 is clearly recognizable. Let us show that (X.,S) does
not have non continuous eigenvalues. Suppose that A = exp(2ima) is such an
eigenvalue. Then, from [BDMI0, Proposition 28] one can suppose a = 1/2. But
from [DEM19] Corollary 16] and some computations one can show A = —1 cannot
be an eigenvalue.

Thus, the maximal equicontinuous measurable factor is (Zs,+1) and it cannot
be measure theoretically isomorphic to (X,,S) as (Zs,+1) is coalescent [HPGS].
Indeed, otherwise mpneq would be a measure theoretical isomorphism which is not
possible because T does not fulfill Item 2] of Theorem

6.8. Example 7. We finish this section with the description of a non Toeplitz sub-
shift generated by a constant length directive sequence that has positive topological
entropy and where the conclusion of Theorem ] holds.

Let (¢,)n>0 be a sequence of nonnegative numbers such that

lpyr =y — 1)1 41, n>0.

For n > 0 let A, = {an,bn(1),...,b,(¢n —1)}. The choice of £, implies that
there exists a bijection m, between {b,11(1),...,bnt1(lnt1 — 1)} and the set of
all words in A%, which can be defined using each letter in {b,(1),...,b,(¢, — 1)}
exactly once. Let m/, be an onto map between {b,11(1),...,bp41(lnt1 — 1)} and
A2, Consider the directive sequence T = (7, : A}, 1 — A%),>0 such that for all

n > 0 the morphism 7, : Ay | — A}, is defined by

Tn(anrl(i)) = Wn(anrl(i))ﬂiz(anrl(i))ana 1<i<lpyr

Tolans1) = alr b, (1).

The fact that 7 is a constant length directive sequence that is primitive, injective
on letters, recognizable and without coincidences is left to the reader. Since every
word in A2 occurs in the images of 7, it can be checked that the maximal equicon-
tinuous topological factor of (X, S) corresponds to the odometer (Z -, . 1),500 T1)-
Thus, since T does not have coincidences (X, S) is a minimal non Toeplitz subshift.

Stirling’s approximation implies that

log i1 > (b — 1) log(ly, — 1) — (£y, — 1).
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Since £, — 1 > 2% for k > 0, inductively we obtain
log 4,41 k—1)... (0 —1)
1
(bo+2)...(0n+2) >H( £+2) og(t Z£0+2 ol +2)
3
> H (1 - Q—k) log(fo — 1) — 2.
k=0

From [BH94, Lemma 2.6] the topological entropy of (X, S) is

lim M = lim 0g b
n——+o0o |7’[0)n)| T nS¥eo (bo+2)...(lp—1+2)

>0

if we choose £y such that [[,—, (1 — 2%) log(¢p — 1) > 2. In particular (X,,S) is

not of finite topological rank.

Finally if A, = {a,} for n > 0 then there exists an ergodic measure y such that
7 is (A}, )n>0-adapted to pu. Theorem [ implies that (X, S, ) is isomorphic to

(Z(jr9my Dm0 +150)-
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