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MONOTONICITY OF DYNAMICAL DEGREES FOR HÉNON-LIKE AND

POLYNOMIAL-LIKE MAPS

FABRIZIO BIANCHI, TIEN-CUONG DINH, AND KARIM RAKHIMOV

Abstract. We prove that, for every invertible horizontal-like map (i.e., Hénon-like map) in
any dimension, the sequence of the dynamical degrees is increasing until that of maximal value,
which is the main dynamical degree, and decreasing after that. Similarly, for polynomial-like
maps in any dimension, the sequence of dynamical degrees is increasing until the last one, which
is the topological degree. This is the first time that such a property is proved outside of the
algebraic setting. Our proof is based on the construction of a suitable deformation for positive
closed currents, which relies on tools from pluripotential theory and the solution of the d, ∂̄,
and ddc equations on convex domains.

Notation. Dr and D denote the disc of radius r and centre 0 and the unit disc in C, respectively.
For k ≥ 1, B = Bk denotes the unit ball in Ck. M and N will denote open bounded convex
subsets of Cp and Ck−p, respectively, for some fixed 1 ≤ p ≤ k. We will usually denote by
M ′,M ′′ (resp. N ′, N ′′) open bounded convex subsets of Cp (resp. Ck−p) which are slightly
smaller than M (resp. N), with M ′′ ⋐ M ′ ⋐ M and N ′′ ⋐ N ′ ⋐ N , and set D′ := M ′×N ′ and
D′′ := M ′′ × N ′′. We also denote by M⋆ ⊂ Cp and N⋆ ⊂ Ck−p further auxiliary convex open
sets satisfying M ′′ ⋐ M⋆ ⊆ M and N ′′ ⋐ N⋆ ⊆ N . For p = k, N reduces to a point and we
take N ′′ = N ′ = N .

The definition of a horizontal-like map f on M × N is given in Definition 3.1, see also
Remark 3.2 for the special case of polynomial-like maps (corresponding to p = k). For such
maps, the dynamical degrees of type I λ±

s and of type II d±s are defined in Definitions 3.6 and
3.9, respectively1. For 0 ≤ s ≤ p (resp. 0 ≤ s ≤ k − p) we denote by Hs(M

⋆ × N⋆) (resp.
Vs(M

⋆ × N⋆)) the space of horizontal (resp. vertical) positive closed currents of bi-dimension

(s, s) on M⋆ × N⋆ and of finite mass. We will denote by H(1)
s (M⋆ × N⋆) and V(1)

s (M⋆ × N⋆)
the subsets of Hs(M

⋆ × N⋆) and Vs(M
⋆ × N⋆) given by currents of mass 1, respectively. For

0 ≤ s ≤ p the semi-distance distM⋆×N⋆ on Hs(M
⋆ × N⋆) is defined in (2.1). A similar semi-

distance is defined on Vs(M
⋆ ×N⋆) for 0 ≤ s ≤ k − p.

The pairing ⟨·, ·⟩ is used for the integral of a function with respect to a measure or more
generally the value of a current at a test form. By (s, s)-forms and (s, s)-currents, we mean
forms and currents of bi-degree (s, s), respectively. The mass of a positive (resp. negative) (s, s)-
current R on an open subset U ⊂ Ck is ∥R∥U :=

∫
U R ∧ ωk−s (resp. ∥R∥U := −

∫
U R ∧ ωk−s),

where ω := ddc∥z∥2 for z ∈ Ck is the standard Kähler form on Ck. Recall that dc = i
2π (∂̄ − ∂)

and ddc = i
π∂∂̄. The definition generalizes to positive and negative currents on compact Kähler

manifolds.
The notations≲ and≳ stand for inequalities up to a multiplicative constant (usually depending

on the domains under consideration). We will use the notation π to denote a projection. In
general, given two domains A and B, we will denote by πA and πB the natural projections of
the product A×B to the factors A and B, respectively.

1. Introduction

Let f : X → X be dominant rational self-map of a complex projective manifold, or more
generally a dominant meromorphic self-map of a compact Kähler manifold of dimension k. Let

1The dynamical degrees d±s were introduced in [9] for invertible horizontal-like maps. In the case of polynomial-
like maps, the dynamical degrees were introduced in [10] and [15], and denoted by ds and d∗s , respectively. We
choose here a notation to avoid confusion between them.
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ω be a Kähler form onX. For any 0 ≤ s ≤ k one can define the sequence λ+
s,n := ∥(fn)∗(ω

k−s)∥X
of the masses of the positive closed (k−s, k−s)-currents (fn)∗(ω

k−s), and the dynamical degree
of order s of f as

λ+
s := lim sup

n→∞
(λ+

s,n)
1/n.

For cohomological reasons, ωk−s could be replaced by any smooth form or some positive closed
current in the same cohomology class. In particular, the sequence (λ+

s,n)n∈N detects the volume
growth of s-dimensional subvarieties (whenever they exist) under the action of fn, for n ∈ N.

It turns out that the sequences (λ+
s,n)n∈N are (almost) sub-multiplicative, hence the lim sup

in the definition above is actually a limit [11, 12, 22, 29, 35], see also [5, 34]. For a precise
behaviour of these sequences in a number of settings, see also [4, 6, 17, 26, 33] and references
therein. It is also a consequence of the fundamental Khovanskii-Teissier inequalities that the
sequence of the dynamical degrees λ+

s is log-concave, i.e., the function s 7→ log λ+
s is concave

[8, 20, 25, 32]. An immediate consequence of this property is that there exists 1 ≤ p ≤ k such
that

(1.1) λ+
0 ≤ λ+

1 ≤ . . . ≤ λ+
p ≥ . . . ≥ λ+

k−1 ≥ λ+
k .

When X is projective, this means that the growth rate under the action of f of the volumes
of s-dimensional analytic subsets, for s ≤ p, dominates that of (s − 1)-dimensional analytic
subsets, and the reversed property is true for s > p. Moreover, the so-called algebraic entropy
log λ+

p of f is larger than or equal to the (topological) entropy of the system [11, 12, 21, 36], see
also [7, 37].

Let us stress that the proof of the log-concavity of the sequence of the degrees {λ+
s }0≤s≤k,

and as a consequence that of (1.1), deeply relies on the algebraic setting and on cohomological
arguments (Hodge-Riemann theorem). In particular, it breaks down when considering non-
compact or local situations, even when λ+

k is the degree of maximal value (i.e., when the system
is somehow geometrically expanding). We address this problem in this paper, with new tools
coming from pluripotential theory.

We consider in this paper invertible horizontal-like maps in any dimensions [9, 13] and
polynomial-like maps in any dimensions [10, 15]. Horizontal-like maps are essentially holomorphic
maps, defined on some bounded (convex, for simplicity) subset D of Ck, that have an expanding
behaviour in p directions and contracting behaviour in the remaining k − p directions. Such
expansion and contraction are of global nature, and these maps are in general not uniformly
hyperbolic. Assuming D = M×N (with M ⋐ Cp and N ⋐ Ck−p bounded convex domains), the
map f sends a vertical open subset of D to a horizontal one and, roughly speaking, the vertical
(resp. horizontal) part of the boundary of the first to the vertical (resp. horizontal) part of the
boundary of the second. As a particular case, when p = k the set N reduces to a point and one
recovers the notion of polynomial-like maps, proper holomorphic maps of the form f : U → V ,
for some open bounded subsets U ⋐ V ⋐ Ck, with V convex [10, 15].

Horizontal-like and polynomial-like maps can be seen as the building blocks of larger systems
and, in particular, give a good setting to study local dynamical problems in larger dynamical
systems. Small perturbations of such maps still belong to these classes (up to slightly shrinking
the domain of definition), hence we get large classes of examples, and the families are infinite-
dimensional. As examples, perturbations of lifts to Ck+1 of holomorphic endomorphisms of
Pk(C) give examples of polynomial-like maps. Perturbations of complex Hénon automorphisms
of C2 [2, 19, 30] give horizontal-like maps with k = 2 and p = 1. Such maps were for instance
considered in [16]. More generally, we call any invertible horizontal-like map a Hénon-like map.

Given a Hénon-like map or a polynomial-like map, one can introduce dynamical degrees as
above. Denoting again by ω the standard Kähler form on Ck, one can roughly define (see Section
3 for the formal definition)

λ+
s := lim sup

n→∞
(λ+

s,n)
1/n, where λ+

s,n := ∥(fn)∗ω
k−s∥M ′×N ′ .
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Here M ′ ⋐ M and N ′ ⋐ N are open convex sets slightly smaller than M and N respectively.
In fact, we can show that λ+

s is independent of the choice of D′ := M ′ × N ′, see Lemma 3.8.
Because of the geometry of the problem, these definitions are only given for 0 ≤ s ≤ p. On
the other hand, for Hénon-like maps, since p < k, one can also define the remaining degrees as
λ−
s (f) := λ+

s (f
−1) for 0 ≤ s ≤ k − p (since f−1 is a “vertical-like” map with k − p expanding

directions).
Observe that, a priori, the sequences (λ+

s,n)n∈N above need not be sub-multiplicative this
time. More importantly, the lack of a Hodge theory means that, a priori, the resulting degree
may change if one replaces ωs with the integration on a given analytic set of dimension k − s,
or more generally with a (positive closed) current of bi-degree (s, s). Hence, for 0 ≤ s ≤ p it is
natural to also introduce the degree

d+s := lim sup
n→∞

(d+s,n)
1/n, where d+s,n := sup

S
∥(fn)∗(S)∥M ′×N

and S runs over the set of all horizontal positive closed currents of bi-dimension (s, s) and of
mass 1 on D′ := M ′ × N ′. These definitions are also independent of the choice of D′. As for
λ−
s , for Hénon-like maps we can define the remaining dynamical degrees as d−s (f) := d+s (f

−1)
for every 0 ≤ s ≤ k − p.

The following theorems are our main results, which in particular answer [9, Question 6.3].
More complete and precise versions of Theorems 1.1 and 1.3 are given in Propositions 4.1 and
4.2 and Theorems 5.1 and 5.2.

Theorem 1.1. Let 1 ≤ p < k be integers and f be a Hénon-like map from a vertical open subset
of a bounded convex domain D = M ×N ⊂ Cp × Ck−p to a horizontal open subset of D. Then,
the sequences {λ+

s }0≤s≤p, {λ−
s }0≤s≤k−p, {d+s }0≤s≤p, and {d−s }0≤s≤k−p satisfy

λ+
0 ≤ λ+

1 ≤ . . . ≤ λ+
p = λ−

k−p ≥ . . . ≥ λ−
1 ≥ λ−

0

and
1 = d+0 ≤ d+1 ≤ . . . ≤ d+p = d−k−p ≥ . . . ≥ d−1 ≥ d−0 .

Moreover, we have λ+
p = d+p ∈ N.

Since log d+p is equal to the topological entropy ht(f) of f [9], we deduce the following
immediate consequence of Theorem 1.1.

Corollary 1.2. Let p, k, f be as in Theorem 1.1. Then, for all 0 ≤ s+ ≤ p and 0 ≤ s− ≤ k− p
we have

log λ±
s± ≤ log d±

s± ≤ log d+p = ht(f).

As we will see, the proof of Theorem 1.1 can be applied also in the case of polynomial-like
maps, even if these maps are in general not invertible.

Theorem 1.3. Let k ≥ 1 be an integer and take open sets U ⋐ V ⋐ Ck with V convex. Let
f : U → V be a polynomial-like map of topological degree dt. Then the sequences {λ+

s }0≤s≤k and
{d+s }0≤s≤k satisfy

λ+
0 ≤ λ+

1 ≤ . . . ≤ λ+
k = dt and 1 = d+0 ≤ d+1 ≤ . . . ≤ d+k = dt.

In particular, all the dynamical degrees of f are smaller than or equal to dt.

As far as we are aware of, the only (non trivial) cases where the monotonicity of the dynamical
degrees could be established until now are of algebraic nature, and such monotonicity is a
consequence of the log-concavity property mentioned above. In a nutshell, in order to establish
the monotonicity of the sequence {d+s }0≤s≤p, given a (horizontal positive closed) current S of
bi-dimension (s, s) with s < p, one needs to find another current, of bi-dimension (s+ 1, s+ 1)
whose mass growth under iteration bounds the mass growth of S under iteration. Although
tricky, this is not a big problem when S is smooth (which essentially gives the monotonicity of
the sequence {λ+

s }0≤s≤p). The main problem arises when S is not smooth, and already in the
3



case where S is given by the integration on an analytic set. Even considering an analytic set
containing the first one, it is not clear at all why the iterates of the first should behave nicely
inside the iterates of the second.

Our solution to the problem can be roughly explained as follows. Given a (horizontal positive
closed) current S in D, we first construct a “holomorphic” family of positive closed currents
Sθ parametrized by θ ∈ D and with S0 ≥ S 2. We then consider all these currents as the
slices of a unique current R, of bi-dimension (s+ 1, s+ 1), on the space D× D, using the slices
D × {θ}. The candidate to the role of current of bi-dimension (s + 1, s + 1) in D would then
be R := (πD)∗(R), where πD : D×D → D is the natural projection. Two difficulties arise here.
First, we need to make sure that R is well-defined and horizontal in D. In order to do this, we
suitably modify R in the space D × D = M ×N × D, in order to make it become horizontal in
M × (N × D), i.e., to have support contained in M ×K, for some compact subset K of N × D.
This makes both the projection (πD)∗(R) well-defined (since now the projection πD is proper
on the support of R), and horizontal there (since the projection of the support of R on N is
relatively compact). In order to do this, we exploit some results in the theory of the d, ∂, and
ddc equations. Observe that, in order to get all these controls, it is crucial to work with the
extra flexibility given by (positive closed) currents, and not only with analytic subsets.

Once R is well-defined, we still need to make sure that the growth of the mass of (fn)∗(R)
dominates the growth of the mass of (fn)∗(S). In order to get this, we need to pay extra
attention, and get further estimates, during the construction of R and R. More precisely, we
make sure that the family of deformations Sθ, and the family of the slices Rθ of R with D×{θ}
are sufficiently continuous in a suitable sense. Studying the growth of the mass of (fn)∗(R) in
D amounts to study the mass growth of (Fn)∗(R), where F := (f, id) on D×D. We prove that
the sequence of functions ϕn on D, where ϕn(θ) is the mass of (fn)∗(Rθ) (suitably normalized),
is bounded with respect to a suitable norm (the DSH norm). A now-classical theorem by
Skoda then implies that a large growth of this sequence at θ = 0 must imply a large growth of
this sequence for θ sufficiently close to 0. Going back to currents, this implies a bound (from
below) on the growth of the mass of (fn)∗(Rθ), hence of (F

n)∗(R), and hence of (fn)∗(R). The
assertion then follows.

Organization of the paper. In Section 2 we give the main construction, that we will use in
the sequel, to produce a current of bi-dimension (s+1, s+1) in a product space from one of bi-
dimension (s, s). The construction gives a good control on the support and norms. In Section 3
we define the dynamical degrees for horizontal-like maps, and we give their first properties. The
two chains of inequalities in Theorems 1.1 and 1.3 are proved in Sections 4 and 5, respectively.

Acknowledgments. The authors would like to thank the National University of Singapore
and the University of Lille for the warm welcome and the excellent work conditions.

This project has received funding from the French government through the Programme
Investissement d’Avenir (I-SITE ULNE /ANR-16-IDEX-0004, LabEx CEMPI /ANR-11-LABX-
0007-01, ANR QuaSiDy /ANR-21-CE40-0016, ANR PADAWAN /ANR-21-CE40-0012-01) and
from the NUS and MOE through the grants A-0004285-00-00 and MOE-T2EP20120-0010.

2. Deformations of horizontal positive closed currents

We fix in this section integers 1 ≤ p ≤ k and convex open bounded subsets M ′′ ⋐ M ′ ⋐ M ⋐
Cp and N ′′ ⋐ N ′ ⋐ N ⋐ Ck−p and set D := M × N , D′ := M ′ × N ′, and D′′ := M ′′ × N ′′.
Observe that, when p = k, we have N = N ′ = N ′′ and these sets reduce to a single point. We
denote by πM and πN the natural projections of D on M and N , respectively, and use similar

2For technical reasons, we often need to reduce slightly the domain D, and the estimates that we obtain at any
fixed n may depend on the chosen domain. On the other hand, we will show that the limit objects do not depend
on such choice. The possible bad behaviour of the currents near the boundary of their domain of definition is a
source of technical difficulty in all the paper. For the sake of simplicity, we do not specify this change of domain
in this Introduction.
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notations for the projections of D′ to M ′ and N ′ and of D′′ to M ′′ and N ′′. We say that a
subset E ⊂ M×N is horizontal in M×N if πN (E) ⋐ N and vertical if πM (E) ⋐ M . A current
in M×N is horizontal (resp. vertical) if its support is horizontal (resp. vertical). These notions
naturally generalize to subsets of and currents on other product spaces. Note that when p = k
any current in M ×N is horizontal, since N is a single point.

Consider any convex open sets M⋆ and N⋆ with M ′′ ⋐ M⋆ ⊆ M and N ′′ ⋐ N⋆ ⊆ N . For
0 ≤ s ≤ p, we denote by Hs(D

⋆) the set of all horizontal positive closed currents of bi-dimension
(s, s) of finite mass on D⋆ := M⋆ ×N⋆. We consider the semi-distance on Hs(D

⋆) given by

(2.1) distD⋆(S, S′) := sup
Ω

|⟨S − S′,Ω⟩|,

where Ω is a real smooth vertical (s, s)-form on M ′′ × N⋆ whose C1-norm is at most 1. A
similar semi-distance can be defined on the set Vs(D

⋆) of all vertical positive closed currents
of bi-dimension (s, s) of finite mass on D⋆, for 0 ≤ s ≤ k − p, by testing against real smooth
horizontal (s, s)-forms on M⋆ ×N ′′ whose C1-norm is at most 1.

The main result of this section is the following technical theorem, which will be used in
Section 5. It gives the deformation of a horizontal positive closed current S on D as described
at the end of the Introduction.

Theorem 2.1. Let S be a horizontal positive closed current of bi-dimension (s, s) and of mass
1 on M ×N with support contained in M ×N ′′, for some 0 ≤ s ≤ p − 1. Then, there exist a
positive closed current R of bi-dimension (s + 1, s + 1) on M ′ × N × D and a constant c > 0
independent of S such that

(i) R is smooth outside π−1
D (0);

(ii) the slice Rθ := ⟨R, πD, θ⟩ is well-defined as a current of M ′ ×N of bi-dimension (s, s)
and of mass at most 1 for every θ ∈ D, and ∥R∥ ≤ 1;

(iii) S ≤ cR0 on M ′ ×N ;
(iv) distD′(Rθ,Rθ′) ≤ |θ − θ′| for all θ, θ′ ∈ D;
(v) R is horizontal in M ′ × (N × D), with horizontal support in M ′ × (N ′ × D1/2).

In particular, (πM ′×N )∗R is well-defined and ∥(πM ′×N )∗R∥ ≤ 1.

Observe that the quantity distD′(Rθ,Rθ′) in the fourth item is well-defined by (2.1) since,
for all θ ∈ D, the current Rθ is horizontal on M ′ ×N ′ by the fifth item.

We refer to [18] for the general theory of slicing of currents, and to [13, 16] in the particular
case of horizontal positive closed currents. When well-defined, the slice ⟨R, πD, θ⟩ can be seen
as the intersection current R ∧ [π−1

D (θ)]. In particular, it is a current of bi-dimension (s, s) on
M ′ ×N × D, supported by M ′ ×N × {θ}, that we can identify with a current of bi-dimension
(s, s) on M ′ ×N , see also [1]. In our case, since R is smooth outside of π−1

D (0), for θ ̸= 0 the

slice ⟨R, πD, θ⟩ is equal to the restriction of R to π−1
D (θ).

Although, a priori, the first property in the statement will not be needed in the sequel, we
will use smooth deformations in order to obtain the other properties. In particular, the proof
of Theorem 2.1 uses the following lemma, which relies on the solution of the d and ∂̄ equations
by means of integral formula, see for instance [3, 9, 23, 24, 28].

Lemma 2.2. Let m ≥ 2 and 0 ≤ l ≤ m−1 be integers. Let U,U ′, V, V ′ be open convex domains
of Cm with V ′ ⋐ V ⊆ U ′ ⋐ U . Let Ψ be a positive closed current of bi-degree (m − l,m − l)
on U , and assume the Ψ is smooth on V . Then there exists a negative L1 form UΨ of bi-degree
(m− l− 1,m− l− 1) on U ′, which is smooth on V , and a positive constant c (depending on the
domains but independent of Ψ) such that

(2.2) ddcUΨ = Ψ on U ′, ∥UΨ∥U ′ ≤ c∥Ψ∥U , and ∥UΨ∥C2(V ′) ≤ c∥Ψ∥C2(V ).

We will also need the following basic lemma, which will be used several times in the paper.
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Lemma 2.3. Let m ≥ 2, 1 ≤ p ≤ m− 1, and 0 ≤ l ≤ p be integers. Let U ⊂ Cp and V ⊂ Cm−p

be bounded convex open domains. For every compact subset K ⋐ U × V there exists a smooth
horizontal positive closed (m− l,m− l)-form ΩK on U × V such that ΩK is strictly positive on
K.

Proof. Fix an open convex set V ′ ⋐ V such that K ⊂ U × V ′. Take z ∈ K. Since l satisfies
0 ≤ l ≤ p, we can find an l-dimensional complex plane Πz passing through z and contained in
U × {z}, so that it does not intersect U × ∂V ′. By using a convolution, we can average small
perturbations of [Πz] to obtain a closed positive horizontal (m − l,m − l)-form Ωz on U × V ′,
which is strictly positive at z. By continuity, Ωz is actually strictly positive on a neighbourhood
of z. By taking a finite sum of such Ωz’s, we can construct a positive closed horizontal form Ω
on U × V ′ which is strictly positive in a neighbourhood of K. The assertion follows. □

Proof of Theorem 2.1. We fix M⋆ and N⋆ convex open sets satisfying M ′ ⋐ M⋆ ⋐ M and
N ′′ ⋐ N⋆ ⋐ N ′, and set D⋆ := M⋆ × N⋆. Fix r > 0 sufficiently small so that the 3r-
neighbourhood of M ′ (resp. M⋆, N ′′, N⋆) is contained in M⋆ (resp. M,N⋆, N ′). Denote by B
the unit ball of Ck and let D2 be the disc centred at 0 and of radius 2 in C. For a ∈ B and every
θ ∈ D2 define the holomorphic automorphism ha,θ : Ck → Ck as

ha,θ(z) = z + rθa

and the holomorphic submersion Ha : Ck × D2 → Ck as

Ha(z, θ) := h−1
a,θ(z) = z − rθa.

Define Sa := (H∗
aS)|D⋆×D2

. Then Sa defines a current on D⋆×D2 of bi-dimension (s+1, s+1).
Since N is convex and ha,θ is close to the identity (by the choice of r), for every θ ∈ D2 the set

(suppSa)∩π−1
D2

(θ) is a horizontal set inM⋆×(N⋆×{θ}), where πD2 : D
⋆×D2 → D2 is the natural

projection. Hence, the slice (Sa)θ := ⟨Sa, πD2 , θ⟩ is a horizontal current of bi-dimension (s, s)
in M⋆ ×N , supported on M⋆ ×N⋆ (where we identify M⋆ ×N × {θ} with M⋆ ×N). Observe
that, with this identification, we have (Sa)θ = (h−1

a,θ)
∗S on D⋆ and, in particular, (Sa)0 = S on

D⋆. Moreover, the dependence θ 7→ (Sa)θ is continuous for the weak topology of currents.

Let ρ(a) be a fixed smooth positive form of maximal degree with compact support in B and
of integral 1. It defines a probability measure on B. Set

S :=

∫
B
Saρ(a).

Then S is a current on M⋆ × N × D2, supported on D⋆ × D2. For θ ∈ D2, we denote by
Sθ := ⟨S, πD2 , θ⟩ the slice current of S by π−1

D2
(θ), and we identify it to a (positive closed)

current on D⋆ of bi-dimension (s, s).

Claim. The current S satisfies the following properties:

(i) S0 = S on M⋆ ×N ;
(ii) Sθ is smooth for all θ ∈ D2 \ {0};
(iii) ∥S∥C2 ≤ c̃ outside M⋆ ×N × D1/10 and ∥S∥ ≤ c̃ on M⋆ ×N × D2;
(iv) distD′(Sθ,Sθ′) ≤ c̃|θ − θ′| for all θ, θ′ ∈ D2;

where c̃ is a positive constant independent of S.

Observe that, as Sθ is supported on M⋆ × N⋆ for all θ ∈ D2, we can see its restriction to
M ′ ×N⋆ as a (horizontal) current on M ′ ×N ′. Hence, the quantity distD′(Sθ,Sθ′) in the last
item is well-defined by (2.1).

Proof of the Claim. It follows from the definition that S0 = S on M⋆×N . To prove the second
item, we show that the coefficients of Sθ are smooth. First, observe that

Sθ =

∫
B
(Sa)θρ(a) for all θ ∈ D2.
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For any two given multi-indices I := (i1, . . . , ik−s) and J := (j1, . . . , jk−s) with il, jl ∈
{1, . . . , k} for all 1 ≤ l ≤ k − s, let γ(z), γaθ (z), and γθ(z) be the coefficients of dzI ∧ dz̄J :=
dzi1 ∧ · · · ∧ dzik−s

∧ dz̄j1 ∧ · · · ∧ dz̄jk−s
in S, (Sa)θ, and Sθ, respectively. Consider the change of

coordinates on Ck given by the translation

(2.3) z 7→ w = h−1
a,θ(z, θ) = z − rθa.

Since (Sa)θ = (h−1
a,θ)

∗S, we have γaθ (z) = γ(w). Hence, we have

γθ(z) =

∫
w∈Ck

γ(w)ρ

(
z − w

rθ

)
.

Thus, γθ is smooth for θ ̸= 0. It follows that Sθ is smooth for θ ∈ D2 \{0}. The second assertion
follows.

We now prove the third item. In the variables ζ = (ζ ′, ζk+1) := (z, θ) with ζ ′ := (ζ1, . . . , ζk),
let σa(ζ) and σ(ζ) be the coefficients of dζI ∧ dζ̄J := dζi1 ∧ ... ∧ dζik−s

∧ dζ̄j1 ∧ ... ∧ dζ̄ik−s
in Sa

and S respectively, where I := (i1, . . . , ik−s) and J := (j1, . . . , jk−s) with il, jl ∈ {1, . . . , k + 1}
for all 1 ≤ l ≤ k − s. Consider this time the change of coordinates on Ck+1 given by

(ζ ′, ζk+1) 7→ (w, ζk+1) = (ζ ′ − rζk+1a, ζk+1).

Then, we have

(2.4) σ(ζ) =

∫
w∈Ck

σa(w, ζk+1)ρ

(
ζ ′ − w

rζk+1

)
.

Since Sa = (H∗
aS)|D⋆×D2

, we can see that σa(w, ζk+1) is independent of the coordinate ζk+1. So
the right-hand side of (2.4) (and hence σ(ζ)) is smooth outside ζk+1 = 0. Hence, S is smooth
outside π−1

D2
(0). As the estimates are uniform out of a neighbourhood of {ζk+1 = 0} = {θ = 0},

this gives the proof of the first part of the item. For the second part, observe that

S = (πD⋆×D2)∗
(
ρ(a) ∧ H∗(S)|D⋆×D2×B

)
where H : Ck × D2 × B → Ck is defined as H(z, θ, a) = Ha(z, θ), and πD⋆×D2 : D⋆ × D2 × Ck →
D⋆ × D2 is the natural projection. Since H is a submersion, the masses of ρ(a) ∧ H∗(S) on
D⋆ × D2 × B and of its push-forward to D⋆ × D2 are bounded above by a constant which only
depends on ρ and the considered domains. This completes the proof of the third assertion in
the claim.

Let us prove the last item. Let Ω be a smooth real (s, s)-form with vertical support inM ′′×N ′

and C1-norm less than or equal to 1. Then, for all θ ∈ D2, we have

(2.5) ⟨Sθ,Ω⟩ =
∫
a∈B

⟨(Sa)θ,Ω⟩ρ(a) =
∫
a∈B

⟨S, (ha,θ)∗Ω⟩ρ(a) = ⟨S,Ωθ⟩,

where we set

Ωθ :=

∫
a∈B

(ha,θ)
∗(Ω)ρ(a).

Since Ω is a vertical form with vertical support in M ′′×N ′, Ωθ is well-defined as a vertical form
on M⋆ ×N⋆. As S is supported on M ×N ′′, the pairing in last term in (2.5) is well-defined.

Since Ω is smooth and real, and ∥Ω∥C0(M ′′×N ′) ≤ 1, there exists a constant c1 independent of
Ω such that

−c1ω
s∥Ωθ1 − Ωθ2∥C0(D⋆) ≤ Ωθ1 − Ωθ2 ≤ c1ω

s∥Ωθ1 − Ωθ2∥C0(D⋆) for all θ1, θ2 ∈ D2.

Moreover, since ∥Ω∥C1(M ′′×N ′) ≤ 1 there exists also a constant c2 (depending on ρ but independent
of Ω) such that

∥Ωθ1 − Ωθ2∥C0(D⋆) ≤ c2|θ1 − θ2| for all θ1, θ2 ∈ D2.

Since S has mass 1, we have

|⟨Sθ1 − Sθ2 ,Ω⟩| = |⟨S,Ωθ1 − Ωθ2⟩| ≤ c1∥Ωθ1 − Ωθ2∥C0(D⋆) ≤ c̃|θ1 − θ2|,
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where c̃ = c1c2 is independent of Ω. So, we have distD′(Sθ1 , Sθ2) ≤ c̃|θ1 − θ2|. The proof of the
claim is complete. □

The Claim implies that the current δS satisfies properties (i)-(iv) in the statement of Theorem
2.1 for any constant δ > 0 small enough. We now need to modify this current in order to satisfy
also the last property. Observe that πN (suppS ∩ (M⋆ ×N × D1/4)) ⋐ N⋆ by the choice of r.

Since S is positive and closed, by using Lemma 2.2 for Ψ = S on U ′ = D′ × D and for
U := M⋆ × N × D2, m = k + 1 and l = s + 1 ≤ k, we see that there exists a current US on
D′ × D such that ddcUS = S on D′ × D. Moreover, US is smooth on D′ × (D \ {0}), with good
C2 estimates on compact subsets of D′ × (D \ {0}).

Denote W := N ′ × D. Let 0 ≤ χ ≤ 1 be a non-negative smooth cut-off function, horizontal
in M ′ × W , which is equal to 1 on a neighbourhood of M ′ × N⋆ × D1/4 and vanishes on
M ′ × (N1 × D1/3)

c for some open convex set N1 such that N⋆ ⋐ N1 ⋐ N ′. Define, on M ′ ×W ,

S̃ := ddc(χUS) = ddcχ ∧ US + dUS ∧ dcχ+ dχ ∧ dcUS + χddcUS

= ddcχ ∧ US + dUS ∧ dcχ+ dχ ∧ dcUS + χS.

Then S̃ is horizontal and closed in M ′ ×W . It is smooth outside π−1
D (0). Moreover, we have

S̃ = S on M ′ × N⋆ × D1/4 (since ddcχ = dχ = dcχ = 0 and χ = 1 there) and supp S̃ ⊂
M ′ × N1 × D1/3 since χ vanishes on M ′ × (N1 × D1/3)

c. In particular, S̃ satisfies (v). On the

other hand, S̃ is not necessarily positive on M ′×N1×(D1/3\D1/4). However, it is bounded from

below by some smooth negative form independent of S because the C2-norm of US is bounded
there by a constant independent of S. We now construct a smooth horizontal positive closed
(k− s, k− s)-form Ω+ on M ′ ×N ′ ×D1/2 such that S̃ +Ω+ is (horizontal, closed and) positive,
and has good support and norm estimates.

Set F := N1×D1/3. By Lemma 2.3 applied with m = k+1, l = s+1 (which is possible since

s ≤ p − 1 by assumption), U = M , V = N ′ × D1/2, and K = M ′ × F , there exists a smooth
horizontal positive closed (k− s, k− s)-form Ω+ on M ×N ′ ×D1/2 which is strictly positive on

M ′ × F . Since S̃ = S on M ′ ×N⋆ × D1/4, and outside this set the C0-norm of S̃ is bounded by
a constant independent of S, by taking large enough constants b1, b2 > 0 (independent of S) we

can see that the current R := b−1
2 (S̃ + b1Ω+) satisfies the requirements on the statement. This

concludes the proof.
□

3. Dynamical degrees of horizontal-like maps

We again fix in this section integers 1 ≤ p ≤ k and a bounded convex domain D = M ×N ⊂
Cp × Ck−p. We also set ∂vD := ∂M × N (resp. ∂hD := M × ∂N) and we call it the vertical
(resp. horizontal) boundary of D. We denote by π1 and π2 the first and the second projections
of D ×D on its factors, respectively.

Definition 3.1. A horizontal-like map f on D is a holomorphic map whose graph Γ ⊂ D ×D
satisfies the following properties:

(i) Γ is a submanifold of D ×D of pure dimension k (not necessarily connected);
(ii) (π1)|Γ is injective;
(iii) (π2)|Γ has finite fibers;

(iv) Γ does not intersect ∂vD ×D and D × ∂hD.

Observe in particular that f does not need to be defined on the whole D, but only on the
vertical open subset π1(Γ) of D. Likewise, the image of f is the horizontal subset π2(Γ) of D.
We will write Dv,1 = π1(Γ) and Dh,1 = π2(Γ) in the following. More generally, for all n ≥ 1 we
consider the iterate fn = f ◦ · · · ◦ f (n times). These are also horizontal-like maps. We denote
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by Dv,n and Dh,n the domain and the image of fn. Observe that the sequences (Dv,n)n≥1 and
(Dh,n)n≥1 are decreasing.

Remark 3.2. In the case where p = k, as N is a point, Definition 3.1 amounts to simply
considering proper holomorphic maps f : M0 → M , where M0 := f−1(M) is open, M0 ⋐ M ,
and M ⋐ Ck is a convex open set (we set in this case ∂N = ∅ by convention, to keep the
condition (iv) consistent). These are the so-called polynomial-like maps, see for instance [10].
A polynomial-like map f : M0 → M defines a ramified covering over M . We usually call the
degree dt of the covering the topological degree of f .

The filled (forward) Julia set K+ of f is defined as

K+ := {z ∈ D : fn(z) is defined for all n ≥ 0}.
Note that K+ = ∩n≥1Dv,n. Define also K− := ∩n≥1Dh,n. Both K+ and K− are non-empty,
and we have f−1(K+) = K+ and f(K−) = K−. Observe that K+ (resp. K−) is a vertical (resp.
horizontal) closed subsets of D. In particular, K+ ∩ K− is a compact subset of D.

We call any invertible horizontal-like map (i.e., any horizontal-like map such that (π2)|Γ is
also injective) a Hénon-like map. In the rest of this section, f will be either a Hénon-like map
or a polynomial-like map in the sense of Remark 3.2. The sets M ′,M ′′, N ′, N ′′ will be as in the
Notation at the beginning of the paper. We will assume in what follows that M ′ and M ′′ (resp.
N ′ and N ′′) are chosen sufficiently close to M (resp. N) so that

(3.1) Dv,1 ⊂ M ′′ ×N and Dh,1 ⊂ M ×N ′′.

In particular, we can replace D with D′ or D′′ and still get horizontal-like maps. We denote
by D′

v,n, D
′
h,n, D

′′
v,n, and D′′

h,n the domains and images of the restrictions of fn to D′ and D′′,

respectively. Note that, when f is a polynomial-like map, N,N ′, and N ′′ consist of a single
point and we have Dv,n = f−n(M) and Dh,n = M (and, similarly, D′

v,n = f−n(M ′), D′
h,n = M ′,

D′′
v,n = f−n(M ′′), and D′′

h,n = M ′′). In this case, condition (3.1) means that f−1(M) ⊂ M ′′.

The following lemma gives some basic compactness estimates that follow from the inclusions
(3.1) and that we will need in the sequel. Recall that the operators f∗ and f∗ are defined as

f∗ := ((π2)|Γ)∗ ◦ ((π1)|Γ)∗ and f∗ = ((π1)|Γ)∗ ◦ ((π2)|Γ)∗.
The operator f∗ is continuous on horizontal currents, and the operator f∗ is continuous on
vertical currents. Recall that we only consider Hénon-like maps and polynomial-like maps.

Lemma 3.3. Let M,M ′,M ′′, N,N ′, N ′′, and f be as above. Then, there exists a constant A
(depending on the domains and f) such that

(i) (fn)∗(ωs) ≤ A(fn−1)∗(ωs) on D′
v,n for all 0 ≤ s ≤ k and n ≥ 1;

(ii) (f∗(S))|D′ ∈ Hs(D
′) and ∥f∗(S)∥M ′×N ≤ A∥S∥M ′′×N for all 0 ≤ s ≤ p and S ∈

Hs(D
′).

Proof. Set A := max
0≤s≤k

∥f∗(ωs)∥C1(D′
v,1)

. Then we have f∗(ωs) ≤ Aωs on D′
v,1 for all 0 ≤ s ≤ k.

The first assertion follows from the inclusion D′
v,n ⊂ D′

v,1.

Take now S ∈ Hs(D
′), for some 0 ≤ s ≤ p. Using (3.1), we have

∥f∗(S)∥M ′×N =

∫
M ′×N

f∗(S) ∧ ωs ≤
∫
M ′×N

f∗ (S ∧ f∗(ωs))

=

∫
f−1(M ′×N)

S ∧ f∗(ωs) ≤
∫
M ′′×N

S ∧ f∗(ωs)

=

∫
M ′′×N ′

S ∧ f∗(ωs) ≤ A∥S∥M ′′×N .

In the last inequality, we used the fact that S ∈ Hs(D
′) and the first assertion with n = 1.

Since f is horizontal-like, (f∗(S))|D′ is a horizontal current on D′. By the above inequality its
mass is finite and hence (f∗(S))|D′ ∈ Hs(D

′). This completes the proof. □
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We now define quantities to measure the growth of the mass of the currents (fn)∗(S) (for
S horizontal and of dimension up to p) and (fn)∗(R) (for R vertical and of dimension up to
k − p). The case of dimension p and k − p, respectively, is given by Lemma 3.5 below. Recall
that, by [13, Theorem 2.1] for any S ∈ Hp(D), the slice measure ⟨S, πM ′ , z⟩ is well-defined for
any z ∈ M ′ and its mass, denoted by ∥S∥h, is independent of z and is equal to ⟨S, π∗

M (ΩM )⟩ for
every smooth probability measure ΩM with compact support in M ′. Similarly, if R ∈ Vk−p(D)
the slice measure ⟨R, πN ′ , w⟩ is well-defined for any w ∈ N ′ and its mass, denoted by ∥R∥v
is independent of w and equal to ⟨R, π∗

N (Ω′
N )⟩ for every smooth probability measure Ω′

N with
compact support in N ′.

Lemma 3.4. If S ∈ Hp(D) is supported in M × N ′, then ∥S∥D′ ≲ ∥S∥h ≲ ∥S∥D′. Similarly,
if R ∈ Vk−p(D) is supported in M ′ ×N then ∥R∥D′ ≲ ∥R∥v ≲ ∥R∥D′.

Proof. It is enough to prove the assertion for S ∈ Hp(D). The inequality ∥S∥h ≲ ∥S∥D′ is a
consequence of the fact that (πM ′)∗(S|D′) = ∥S∥h · [M ′], which gives ∥S∥D′ ≥ ∥(πM ′)∗(S|D′)∥ ≳
∥S∥h · |M ′|, where |M ′| denotes the Lebesgue measure of M ′. The proof of the other inequality
is essentially given in [10, Lemma 3.3.3], see also [15, Lemma 2.5]. We recall here the idea of
the proof.

Let ωM and ωN denote the standard Kähler forms on M and N , respectively. Then, ω =
ωM + ωN is the standard Kähler form on D. For any [p × (k − p)]-matrix A, consider the
projection πM,A : (Cp × Ck−p) → Cp defined as πM,A(z, w) = z + Aw. If the entries of A are
sufficiently small (depending on M,M ′, and N), πM,A is well-defined on D′, with image in M .
By the first part of the proof, the slice ⟨S, πM,A, z⟩ is then well-defined for every z ∈ M ′. Its
mass is independent of A, and in particular equal to ∥S∥h. Hence, the integral

∫
D′ S∧π∗

M,A(ω
p
M )

is well-defined and bounded by a constant times ∥S∥h ·|M | for every A. To conclude, it is enough
to observe that ωp can be bounded on D′ by a finite sum of forms ci · π∗

M,Ai
(ωp

M ), where the
entries of Ai can be taken small as above, and the ci’s are positive. As a consequence, we have

∥S∥D′ =

∫
D′

S ∧ ωp ≤
∑
i

ci

∫
D′

S ∧ π∗
M,Ai

(ωp
M ) ≲ ∥S∥h.

The assertion follows. □

Lemma 3.5 ([13, Proposition 4.2]). The operators f∗ : Hp(D
′) → Hp(D

′) and f∗ : Vk−p(D
′) →

Vk−p(D
′) are well-defined and continuous. Moreover, there exists an integer d ≥ 1 such that

∥f∗(S)∥h = d∥S∥h for all S ∈ Hp and ∥f∗(R)∥v = d∥R∥v for all R ∈ Vk−p(D
′).

We call the integer d as in the last statement the main dynamical degree of f . Note that
when f is a polynomial-like map (see Remark 3.2), since Hk(D

′) is the set of constant functions,
the main dynamical degree is the topological degree dt of f .

We now introduce some invariants in order to measure the growth of currents of arbitrary
dimension and degree, as above. The first is an adaptation of the (smooth) dynamical degrees
for polynomial-like maps introduced in [10].

Definition 3.6 (Dynamical degrees of type I). Let M,M ′, N,N ′, and f be as above. For
0 ≤ s ≤ p, we define the dynamical degree λ+

s as

λ+
s := lim sup

n→∞
(λ+

s,n)
1/n, where λ+

s,n := ∥(fn)∗(ω
k−s
|D′

v,n
)∥.

For 0 ≤ s ≤ k − p, we define the dynamical degree λ−
s as

λ−
s := lim sup

n→∞
(λ−

s,n)
1/n, where λ−

s,n := ∥(fn)∗(ωk−s
|D′

h,n
)∥.

The mass in the definition of λ+
s,n (resp. λ−

s,n) is taken on M ′ × N (resp. M × N ′), or
equivalently on the image D′

h,n (resp. the domain D′
v,n) of f

n.
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Remark 3.7. Note that for polynomial-like maps we only consider λ+
s with 0 ≤ s ≤ k. For

Hénon-like maps, we can see that λ+
s (f) = λ−

s (f
−1) for all 0 ≤ s ≤ p and λ−

s (f) = λ+
s (f

−1)
for all 0 ≤ s ≤ k − p, where the degrees of f−1 can be defined reversing the role of f∗ and f∗

and using the fact that f−1 is a vertical-like map with k − p expanding directions, see also [9,
Section 3].

Lemma 3.8. The definitions of λ+
s and λ−

s are independent of the choice of M ′ and N ′ as
above. Moreover, we have λ+

p = λ−
k−p = d, the main dynamical degree.

Proof. For the proof in the case of polynomial-like maps we refer to [15, Lemma 2.3]. So, we
assume that f is a Hénon-like map. By Remark 3.7, it is enough to prove the statement for
λ+
s , for 0 ≤ s ≤ p. We fix convex open sets M ′′ ⋐ M ′ and N ′′ ⋐ N ′ as above and 0 ≤ s ≤ p,

and we denote by λ̃+
s,n, λ̃

+
s the dynamical degrees of type I defined using D′′

v,n instead of D′
v,n

in Definition 3.6. Since

∥(fn)∗(ω
k−s
|D′′

v,n
)∥ ≤ ∥(fn)∗(ω

k−s
|D′

v,n
)∥

it is clear that, for all n ≥ 0, we have λ̃+
s,n ≤ λ+

s,n for 0 ≤ s ≤ p, hence λ̃+
s ≤ λ+

s for every s as
before. So, we only need to prove the reverse inequality.

Recall that we are assuming that Dh,1 ⊂ M×N ′′ and Dv,1 ⊂ M ′′×N , see (3.1). In particular,
Lemma 3.3 holds and since fn : D′

v,n → D′
h,n is bijective we have

(3.2) f−1(D′
h,n) = fn−1(D′

v,n) ⊂ D′′
h,n−1 ∩D′

v,1

for all n ≥ 2. Indeed, for all n ≥ 2, since D′
h,n ⊂ D′

h,1 we have that f−1(D′
h,n) ⊂ D′

v,1. Thanks

to (3.1) we also have D′
v,n = f−n(D′) = f−n(M ′ ×N ′′) ⊂ f−n+1(M ′′ ×N ′′) = D′′

v,n−1. So (3.2)
follows.

Using (3.2) and the first assertion in Lemma 3.3 it follows that, for all n ≥ 2 and 0 ≤ s ≤ k−p,
we have

∥(fn)∗(ω
k−s
|D′

v,n
)∥ =

∫
D′

h,n

(fn)∗(ω
k−s
|D′

v,n
) ∧ ωs

=

∫
f−1(D′

h,n)
(fn−1)∗(ω

k−s
|D′

v,n
) ∧ f∗(ωs)

≲
∫
f−1(D′

h,n)
(fn−1)∗(ω

k−s
|D′

v,n
) ∧ ωs

≤
∫
D′′

h,n−1

(fn−1)∗(ω
k−s
|D′

v,n
) ∧ ωs

≤
∫
D′′

h,n−1

(fn−1)∗(ω
k−s
|D′′

v,n−1
) ∧ ωs = ∥(fn−1)∗(ω

k−s
|D′′

v,n−1
)∥,

where in the last inequality we used the inclusion D′
v,n ⊂ D′′

v,n−1. Hence we have λ+
s,n ≲ λ̃+

s,n−1,

which implies that λ+
s ≤ λ̃+

s and the independence of λ+
s from the domains.

Finally, let us show that λ+
p = d. A similar proof also shows that λ−

k−p = d, see also Remark

3.7. There exists α−, α+ ∈ Hp(D
′) such that ∥α±∥h = 1 and

α− ≲ ωk−p on D′ and ωk−p ≲ α+ on D′′

(where the existence of α+ follows from Lemma 2.3). We apply Lemma 3.5 with S = α− and
obtain that λ+

p ≥ d. By the first part of the proof, the dynamical degree of type I is independent

of the choice of D′. So we can replace D′ with D′′ in the definition of λ+
p . Applying Lemma 3.5

with α+ gives λ+
p ≤ d. Hence, we have λ+

p = d. The proof is complete. □

We will also consider the following notion of dynamical degrees, which was introduced in [9],
see [15] for the earlier definition in the setting of polynomial-like maps.
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Definition 3.9 (Dynamical degrees of type II). For 0 ≤ s ≤ p, the dynamical degree d+s is
defined by

d+s := lim sup
n→∞

(d+s,n)
1/n where d+s,n := sup

S
∥(fn)∗(S)∥M ′×N ,

and S runs over the set H(1)
s (D′) of all horizontal positive closed currents of bi-dimension (s, s)

of mass 1 on D′ := M ′ ×N ′.
For 0 ≤ s ≤ k − p, the dynamical degree d−s is defined by

d−s := lim sup
n→∞

(d−s,n)
1/n where d−s,n := sup

R
∥(fn)∗(R)∥M×N ′ ,

and R runs over the set V(1)
s (D′) of all vertical positive closed currents of bi-dimension (s, s) of

mass 1 on D′ := M ′ ×N ′.

Remark 3.10. Similarly as for dynamical degrees of type I, for polynomial-like maps we have
p = k, hence we only need to consider d+s with 0 ≤ s ≤ k. When f is a Hénon-like map, we
can define the degrees of type II for the vertical-like map f−1 and we have d+s (f) = d−s (f

−1)
for 0 ≤ s ≤ p and d−s (f) = d+s (f

−1) for 0 ≤ s ≤ k − p.

The following lemma is proved in [15, Lemma 2.6] in the case of polynomial-like maps and
in [9, Lemma 3.5] in the case of Hénon-like maps.

Lemma 3.11. The dynamical degrees d+s and d−s do not depend on the choice of M ′ and N ′.
Moreover, we have d+0 = d−0 = 1 and d+p = d−k−p = d.

In particular, it follows from Lemma 3.5 that

dn ≲ d+p,n ≲ dn and dn ≲ d−k−p,n ≲ dn as n → ∞.

Remark 3.12. By considering a current S given by the integration on a horizontal analytic
subset of dimension 0 ≤ s ≤ p which intersects K+ we can see that d+s ≥ 1 because (fn)∗(S)
satisfies the same property for all n, and hence these currents have mass bounded from below.
Recall that for polynomial-like maps we only have to consider d+s with 0 ≤ s ≤ k. When f is
a Hénon-like map, we can apply the above argument for f−1. By Remark 3.10, we get that
d−s ≥ 1 for 0 ≤ s ≤ k − p.

Remark 3.13. Take 0 ≤ s ≤ p. By Lemma 2.3, one can bound ωk−s
|D′′ from above with a smooth

horizontal positive closed (k− s, k− s)-form Ω on D′ (we used here that s ≤ p). Therefore, it is
easy to deduce that λ+

s ≤ d+s if we use D′′ to compute λ+
s and D′ to compute d+s , see Lemmas

3.8 and 3.11. Similarly, one can see that λ−
s ≤ d−s for all 0 ≤ s ≤ k − p.

Lemma 3.14. The sequences (d+s,n)n∈N (for 0 ≤ s ≤ p) and (d−s,n)n∈N (for 0 ≤ s ≤ k − p) are

sub-multiplicative, i.e., we have d±s,n+m ≤ d±s,md±s,n for all n,m ≥ 0. In particular, we have

d±s = lim
n→∞

(d±s,n)
1/n = inf

n≥1
(d±s,n)

1/n.

Proof. We prove the assertion for d+s for a given 0 ≤ s ≤ p, the argument is the same for d−s for
0 ≤ s ≤ k − p, see also Remark 3.10. As d+s,0 = 1 for all 0 ≤ s ≤ p, we can assume that n ≥ 1.

Take S ∈ H(1)
s (D′). Then, using that f is horizontal-like, for all m ≥ 0 we have

∥(fn+m)∗(S)∥M ′×N = ∥(fm)∗((f
n)∗(S))∥M ′×N

≤ ∥(fn)∗(S)∥M ′×N · ∥(fm)∗(T )∥M ′×N

≤ d+s,n · ∥(fm)∗(T )∥M ′×N ,

where T := (∥(fn)∗(S)∥M ′×N )−1 · ((fn)∗(S))|M ′×N is a current of mass 1 on M ′ × N . More
precisely, T is a horizontal positive closed current whose support is contained in the horizontal
subset D′

h,n of M ′×N . By (3.1), it is then also a horizontal positive closed current on M ′×N ′.
12



In particular, T belongs to H(1)
s (D′). Therefore, by Definition 3.9, for all m ≥ 0 we have

∥(fm)∗(T )∥M ′×N ≤ d+s,m. It follows that

∥(fn+m)∗(S)∥M ′×N ≤ d+s,md+s,n for all S ∈ H(1)
s (D′),

which implies that d+s,n+m ≤ d+s,md+s,n for all n ≥ 1 and m ≥ 0. By the classical Fekete lemma,
the second assertion is a consequence of the first one. □

4. Monotonicity of dynamical degrees of type I

In this section we prove the assertions in Theorems 1.1 and 1.3 involving the dynamical
degrees of type I. We first deal with Hénon-like maps. Recall that, in this case, we fix integers
1 ≤ p < k, a bounded and convex domain D = M ×N ⊂ Cp × Ck−p and the convex open sets
M ′′ ⋐ M ′ ⋐ M and N ′′ ⋐ N ′ ⋐ N are assumed to be sufficiently close to M and N so that
(3.1) and Lemma 3.3 hold. The following result gives the first chain of inequalities in Theorem
1.1. The λ+

s ’s and λ−
s ’s in the statement are given by computing the masses on M ′ × N and

M ×N ′ in Definition 3.6, respectively.

Proposition 4.1. Let 1 ≤ p < k be integers, f be a Hénon-like map on D = M×N ⊂ Cp×Ck−p,
and M ′,M ′′, N ′, N ′′, λ+

s , λ
−
s be as above. Then, we have

λ+
s ≤ λ+

s+1 for 0 ≤ s ≤ p− 1 and λ−
s ≤ λ−

s+1 for 0 ≤ s ≤ k − p− 1.

Proof. It is enough to prove the inequalities for the degrees λ+
s . The assertions on the degrees

λ−
s can be obtained by replacing f with f−1, see Remark 3.10. We fix 0 ≤ s < p in the following.

Since 1 ≤ p < k, by Lemma 2.3 there exists a smooth horizontal closed (k − p, k − p)-form Ω

on D′ satisfying ωk−p
|D′′ ≲ Ω ≲ ωk−p

D′ . Let χ1 be a cut-off function equal to 1 on M ′′ × N and

which vanishes in a neighbourhood of (M \M ′)×N . Let χ2 be another cut-off function equal
to 1 on the support of χ1 and vanishing in a neighbourhood of (M \M ′) × N . In particular,
the supports of both χ1 and χ2 are vertical in M ′ ×N . Then, for all n ≥ 1, using the fact that
s < p we have

∥(fn+1)∗(ω
k−s
|D′′

v,n+1
)∥M ′′×N ′ =

∫
D′′

h,n+1

(fn+1)∗(ω
k−s) ∧ ωs

≲
∫
D′′

h,n+1

(fn+1)∗(Ω ∧ ωp−s) ∧ χ1ω
s

≤
∫
D′

v,n+1

Ω ∧ ωp−s ∧ (fn+1)∗(χ1ω
s)

≲
∫
M ′×N

ddc∥z∥2 ∧ Ω ∧ ωp−s−1 ∧ (fn+1)∗(χ1ω
s),

where z is the standard coordinate on Ck such that ω = ddc∥z∥2 and in the last step we also
used the fact that D′

v,n+1 ⊂ D′
v,1 ⊂ M ′ ×N , see (3.1). Since Ω is horizontal and closed and χ1

is vertical in M ′ ×N , we can apply Stokes theorem and deduce that

∥(fn+1)∗(ω
k−s
|D′′

v,n+1
)∥M ′′×N ′ ≲

∫
M ′×N

∥z∥2Ω ∧ ωp−s−1 ∧ (fn+1)∗(ddcχ1 ∧ ωs)

≲
∫
M ′×N

Ω ∧ ωp−s−1 ∧ (fn+1)∗(χ2ω
s+1)

≲
∫
M ′′×N

Ω ∧ ωp−s−1 ∧ (fn)∗(χ2ω
s+1),

where in the last step we used again the fact that D′
v,n+1 ⊂ D′

v,n ⊂ M ′′×N (see (3.1)), Lemma

3.3, and the fact that (fn+1)∗(χ2) ≤ (fn)∗(χ2) on D′
v,n+1. Using the fact that χ2 is supported

13



in M ′ ×N , and the above upper bound for Ω, we obtain

∥(fn+1)∗(ω
k−s
|D′′

v,n+1
)∥M ′′×N ′ ≲

∫
D′

Ω ∧ ωp−s−1 ∧ (fn)∗(ωs+1)

=

∫
D′

h,n

(fn)∗(Ω ∧ ωp−s−1) ∧ ωs+1

≲ ∥(fn)∗(ω
k−s−1
|D′

v,n
))∥.

This proves the inequality λ̃+
s,n+1 ≲ λ+

s+1,n, where λ̃
+
s,n is the quantity defined using D′′

v,n instead

ofD′
v,n in Definition 3.6, and the implicit constant is independent of n. The inequality λ+

s ≤ λ+
s+1

follows by taking the powers 1/n and a lim sup for n → ∞ in the previous one, and applying
Lemma 3.8. The proof is complete. □

The following proposition gives the first part of Theorem 1.3.

Proposition 4.2. Let f : U → V be a polynomial-like map where U ⋐ V is open and V ⊂ Ck

is a bounded convex open set. Then λ+
s ≤ λ+

s+1 for all 0 ≤ s ≤ k − 1.

Proof. The proof is similar that of Proposition 4.1, hence we only sketch it.
Let V ′′ and V ′ be convex domains satisfying U ⋐ V ′′ ⋐ V ′ ⋐ V . Note that f−1(V ) = U ⋐ V ′′.

In the sense of Remark 3.2, we have the identifications

M ′×N = V ′ = D′
h,n, M ′′×N ′ = V ′′ = D′′

h,n, D′
v,n = f−n(V ′), and D′′

v,n+1 = f−n−1(V ′′).

Recall that in this case N = N ′ = N ′′ is a single point.
As p = k, we have k − p = 0. By putting Ω ≡ 1 and taking two cut-off functions χ1 and χ2

with compact support in V ′ and such that χ1 = 1 on V ′′ and χ2 = 1 on the support of χ1, we
can repeat the same computations as in the proof of Proposition 4.1 and obtain

∥(fn+1)∗(ω
k−s)∥V ′′ ≲ ∥(fn+1)∗(ω

k−s−1)∥V ′

for every 0 ≤ s ≤ k−1, where the implicit constant is independent of n. Since λ+
s is independent

of the choice of V ′ (see Lemma 3.8) we have

λ+
s = lim sup

n→∞
∥(fn+1)∗(ω

k−s)∥1/nV ′′ ≤ lim sup
n→∞

∥(fn+1)∗(ω
k−s−1)∥1/nV ′ = λ+

s+1.

The proof is complete. □

5. Monotonicity of dynamical degrees of type II

The following theorems answer [9, Question 6.3] and complete the proof of Theorems 1.1 and
1.3. We work with the choice of M ′,M ′′, N ′, N ′′ as in the beginning of Section 4. In particular,
we assume that (3.1) and Lemma 3.3 hold. As in the previous sections, the degrees d+s,n and d+s
are computed with respect to M ′ and N ′, as in Definition 3.9.

Theorem 5.1. Let 1 ≤ p < k be integers and f be a Hénon-like map on a bounded convex
domain D = M ×N ⊂ Cp × Ck−p. Then

d+s ≤ d+s+1 for 0 ≤ s ≤ p− 1 and d−s ≤ d−s+1 for 0 ≤ s ≤ k − p− 1.

In particular, all the dynamical degrees of f are smaller than or equal to d+p = d−k−p = d.

The following is the counterpart of the above statement for polynomial-like maps.

Theorem 5.2. Let k ≥ 1 be an integer and f : U → V be a polynomial-like map of topological
degree dt, where U ⋐ V ⋐ Ck are open sets and V is convex. Then d+s ≤ d+s+1 for all 0 ≤ s ≤
k − 1. In particular, all the dynamical degrees of f are smaller than or equal to d+k = dt.

14



Since f is assumed to be invertible in Theorem 5.1, it is enough to prove only the assertion
on the degrees d+s in that statement. Because of the similarity of the proofs of the monotonicity
of {d+s }0≤s≤p in Theorems 5.1 and 5.2, we will give their proofs in parallel. From now on, we
work under the assumptions of Theorems 5.1 and 5.2 and we fix an s as in those statements.
So, below f is either an invertible horizontal-like map or a polynomial-like map. In the case
of a polynomial-like map (i.e., for p = k), we identify V with M and N to a single point, see
Remark 3.2.

Fix an open convex set M⋆ with M ′′ ⋐ M⋆ ⋐ M ′. The quantities that we will introduce may
depend on the domains M ′,M⋆,M ′′, N ′, N ′′, even if this is not explicitly stated. Recall that
Hs(M

⋆ ×N ′) is the set of all horizontal positive closed currents of bi-dimension (s, s) of finite
mass on M⋆ ×N ′. We will need the following basic lemma.

Lemma 5.3. There is a constant L > 0 such that the action of f∗ : Hs(M
⋆×N ′) → Hs(M

⋆×N ′)
is L-Lipschitz with respect to the semi-distance distM⋆×N ′ defined as in (2.1).

Proof. Let Ω be a smooth form with vertical support in M ′′×N ′ and whose C1-norm is at most
1. Since f∗(Ω) is also vertical, for S, S′ ∈ Hs(M

⋆ ×N ′) we have

|⟨f∗(S)− f∗(S
′),Ω⟩| = |⟨S − S′, f∗(Ω)⟩| ≤ distM⋆×N ′(S, S′)∥f∗(Ω)∥C1(M ′′×N ′).

Since ∥f∗(Ω)∥C1(M ′′×N ′) is bounded by a constant independent from Ω, the result follows. □

Remark 5.4. Note that Lemma 5.3 is still true even when f is a non-invertible horizontal-like
map. On the other hand, it is not clear how to get a version of Lemma 5.3 for the action of f∗

in the case where f is not invertible. In particular, such a result cannot hold in general because,
as soon as the critical set intersects the Julia set J + = ∂K+, the C1, Lipschitz, and Hölder
norms are not preserved by f∗.

Let d̃+s,n be the quantity obtained by replacing M ′ with M⋆ in the definition of d+s,n in

Definition 3.9. Recall that the dynamical degree d+s+1 does not depend on the choice of M ′ and
N ′, see Lemma 3.11. The following more precise proposition implies Theorems 5.1 and 5.2.

Proposition 5.5. Let f be either an invertible horizontal-like map or a polynomial like map as
above. We have d+s,n+1 ≲ nd̃+s+1,n as n → ∞.

Recall that we fix 0 ≤ s ≤ p − 1 in all this section. By the Definition 3.9 of d+s,n, for every

n ∈ N there exists Sn−1 ∈ H(1)
s (D′) such that

(5.1) ∥(fn)∗(Sn−1)∥M ′×N ≥ 1

2
d+s,n.

It follows from (5.1) (applied for n+ 1 instead of n) and Lemma 3.3(ii) that

(5.2) ∥(fn)∗(Sn)∥M ′′×N ≳ ∥(fn+1)∗(Sn)∥M ′×N ≳ d+s,n+1.

For every n ∈ N, we apply Theorem 2.1, with M ′,M⋆, and Sn instead of M,M ′, and S,
respectively. This gives a corresponding current Rn on M⋆ × N × D satisfying the properties
(i)-(v) of R in that theorem. Fix a cut-off function 0 ≤ χ ≤ 1 with vertical support in M⋆ ×N
and equal to 1 on M ′′ ×N . For each n, define the function ϕn : D → R+ as

(5.3) ϕn(θ) :=
〈
(d+s,n+1)

−1(fn)∗(Rn,θ), χω
s
〉
,

where Rn,θ = ⟨Rn, πD, θ⟩ is the slice current of Rn for θ ∈ D and the integral in (5.3) is taken
over M⋆ ×N .

Proposition 5.5 will follow from the following three claims. We keep the assumptions and the
notations as above.

Claim 1. There exists a constant β > 0, independent of n, such that ϕn(0) ≥ 2β for all n.
15



Proof. By Theorem 2.1(iii) there exists c > 0 independent of n such that

ϕn(0) =
〈
(d+s,n+1)

−1(fn)∗(Rn,0), χω
s
〉
≥ c

〈
(d+s,n+1)

−1(fn)∗(Sn), χω
s
〉

≥ c

∫
M ′′×N

(d+s,n+1)
−1(fn)∗(Sn) ∧ ωs = c (d+s,n+1)

−1∥(fn)∗(Sn)∥M ′′×N .

For the second inequality, we have used the fact that χ ≡ 1 on M ′′ ×N . Finally, (5.2) implies
that the last expression is larger than 2β, for some β > 0. The claim follows. □

We will see that ddcϕn is a signed measure on D. When ddcϕn is a signed measure, we can
define its mass ∥ddcϕn∥ as the sum of the masses of its positive and negative parts.

Claim 2. The mass of ddcϕn satisfies

∥ddcϕn∥ ≲ (d+s,n+1)
−1d̃+s+1,n as n → ∞.

Proof. Recall that we denote by πM⋆×N the projection of (M⋆ ×N)×D to the factor M⋆ ×N .
Set

Tn := (d+s,n+1)
−1Rn ∧ π∗

M⋆×N ((fn)∗(χωs)),

with χ as above. By Theorem 2.1(v), the current Rn is horizontal on M⋆ × (N ′ × D). So, Tn

is (well-defined and) compactly supported in M⋆ ×N ′ × D. In particular, πD is proper on the
support of Tn. Hence, we have

(πD)∗Tn = (πD)∗
(
(d+s,n+1)

−1Rn ∧ π∗
M⋆×N ((fn)∗(χωs))

)
= ϕn.

It follows that

ddcϕn = ddc
(
(πD)∗Tn

)
= (πD)∗(dd

cTn) = (πD)∗
[
(d+s,n+1)

−1Rn ∧ π∗
M⋆×N ((fn)∗(ddcχ ∧ ωs))

]
,

where we used that both Rn and ω are closed.
Since χ is smooth there exists a positive constant c such that −cω ≤ ddcχ ≤ cω on M⋆ ×N .

Therefore, we have∣∣(d+s,n+1)
−1Rn ∧ π∗

M⋆×N ((fn)∗(ddcχ ∧ ωs))
∣∣ ≲ (d+s,n+1)

−1Rn ∧ π∗
M⋆×N

(
(fn)∗(ωs+1)

)
,

where we denoted by | · | the sum of the positive and negative parts of the measure in the
left-hand side. It follows that

∥ddcϕn∥ ≲ ∥(πD)∗
(
(d+s,n+1)

−1Rn ∧ π∗
M⋆×N ((fn)∗(ωs+1))

)
∥D

= (d+s,n+1)
−1∥Rn ∧ π∗

M⋆×N ((fn)∗(ωs+1))∥M⋆×N×D,

where in the last step we used the fact that the pushforward operator (πD)∗ preserves the mass
of positive measures. To conclude, we need to bound the last term as in the statement.

Since Rn is horizontal on M⋆ × (N ′ ×D), the projection πM⋆×N ′ is proper on the support of
Rn. It follows that (πM⋆×N )∗(Rn) is well-defined and is a horizontal positive closed current of bi-
dimension (s+1, s+1) on M⋆×N ′. Moreover, by Theorem 2.1(ii), the mass of (πM⋆×N )∗(Rn)
is less than or equal to 1. Using again the fact that πM⋆×N preserves the mass of positive
measures, it follows that∥∥Rn ∧ π∗

M⋆×N ((fn)∗(ωs+1))
∥∥
M⋆×N×D =

∥∥(πM⋆×N )∗
[
Rn ∧ π∗

M⋆×N ((fn)∗(ωs+1))
]∥∥

M⋆×N

= ∥(πM⋆×N )∗(Rn) ∧ (fn)∗(ωs+1)∥M⋆×N

≤ d̃+s+1,n,

where in the last step we used the fact that ∥(πM⋆×N )∗Rn∥ ≤ 1 and Definition 3.9 (recall

that we replace M ′ with M⋆ to define d̃+s+1,n). We deduce from the inequalities above and the
definition of ϕn that

∥ddcϕn∥ ≲ (d+s,n+1)
−1d̃+s+1,n as n → ∞.

The proof of the claim is complete. □
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Define now the function Φn : Hs(M
⋆ ×N ′) → R by

Φn(S) :=
〈
(d+s,n+1)

−1(fn)∗(S), χω
s
〉
,

where the integral is taken over M⋆ × N and, for every n, is well-defined since (fn)∗(S) is
horizontal and χ has vertical support in M⋆ ×N .

Claim 3. There exist a constant L > 0 independent of n such that

|Φn(S)− Φn(S
′)| ≲ Ln distM⋆×N ′(S, S′) as n → ∞.

Proof. Since χ is a smooth function with vertical support in M⋆ × N , by (3.1), f∗(χωs) is a
vertical smooth form with support in M ′′ ×N . Hence, for all n ≥ 1, by Lemma 5.3 we have

|Φn(S)− Φn(S
′)| = (d+s,n+1)

−1|⟨(fn−1)∗(S − S′), f∗(χωs)⟩|
≤ (d+s,n+1)

−1∥f∗(χωs)∥C1(M ′′×N ′)L
n−1 distM⋆×N ′(S, S′)

≲ (d+s,n+1)
−1Ln distM⋆×N ′(S, S′)

for some positive constant L independent of n. Since (d+s,n+1)
−1 ≲ 1 (see Remark 3.12), the

assertion follows. □

We can now prove Proposition 5.5, which also concludes the proof of Theorems 5.1 and 1.1
(for f invertible horizontal-like map) and Theorems 5.2 and 1.3 (for f polynomial-like map).

Proof of Proposition 5.5. We keep the notations and definitions as above. We assume by
contradiction that

lim sup
n→∞

d+s,n+1

nd̃+s+1,n

= +∞.

Hence, there exist two sequences nj → ∞ and cj → ∞ such that

(5.4) d+s,nj+1 = cjnj d̃
+
s+1,nj

for all j.

By Theorem 2.1(v), we see that ϕnj (θ) = 0 for all j and 1/2 < |θ| < 1. By Claim 2 and

(5.4), we also have that ∥ddcϕnj∥ ≲ (d+s,nj+1)
−1d̃+s+1,nj

= (cjnj)
−1 as j → ∞. Hence, the family{

cjnjϕnj

}
j∈N is a bounded family of DSH functions on P1, i.e., differences of quasi-psh functions

on P1 (see [15, Appendix A.4]). Indeed, it is enough to apply Lemma 5.6 below with X = P1

and µ a smooth probability measure supported on P1 \ D. Observe that, by the same lemma,
the fact that the family is bounded does not depend on the choice of the measure µ used to
define the norm.

According to Skoda-type estimates [31], there exist positive constants α,C, independent of
j, such that

(5.5)

∫
D
eαcjnj |ϕnj | ≤ C for all j,

where the integral is with respect to the Lebesgue measure on D.
Theorem 2.1(iv) and Claim 3 imply that

|ϕnj (0)− ϕnj (θ)| ≲ Lnj distM⋆×N ′ (Rnj ,0,Rnj ,θ) ≲ Lnj |θ| for all θ ∈ D.

Hence, for some rj such that L−nj ≲ rj ≲ L−nj , by Claim 1 we have

ϕnj (θ) ≥ β for |θ| ≤ rj and all j sufficiently large.

This and the above estimate (5.5) imply that, for all j sufficiently large,

C ≥
∫

D
eαcjnj |ϕnj | ≥

∫
Drj

eαcjnj |ϕnj | ≳ eαcjnjβr2j ≃ eαcjnjβL−2nj = enj(αcjβ−2 logL).

Since cj → ∞, this gives the desired contradiction, and completes the proof. □
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Lemma 5.6 ([15, p.283]). Let µ be a positive measure on a compact Kähler manifold X which
integrates the DSH functions. Then

∥u∥µ :=
∣∣ ∫ uµ

∣∣+min ∥T±∥

(where the minimum is taken over all positive closed (1, 1)-currents T± such that ddcu = T+ −
T−) defines a norm on DSH(X). Moreover, for all µ and µ′ which integrate the DHS functions,
the norms ∥ · ∥µ and ∥ · ∥µ′ are equivalent.
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1997, in: Panor. Synthèses, vol. 8, Soc. Math. France, Paris (1999), 97–185.

[31] Skoda, H., Prolongement des courants, positifs, fermés de masse finie, Invent. Math. 66 (1982), no. 3,
361–376.
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Email address: fabrizio.bianchi@univ-lille.fr

National University of Singapore, Lower Kent Ridge Road 10, Singapore 119076, Singapore
Email address: matdtc@nus.edu.sg

National University of Singapore, Lower Kent Ridge Road 10, Singapore 119076, Singapore
Email address: rkarim@nus.edu.sg

19


	1. Introduction
	Organization of the paper
	Acknowledgments

	2. Deformations of horizontal positive closed currents
	3. Dynamical degrees of horizontal-like maps
	4. Monotonicity of dynamical degrees of type I
	5. Monotonicity of dynamical degrees of type II 
	References

