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Testing the Satisfiability of Formulas in
Separation Logic with Permissions

Nicolas Peltier

Université Grenoble Alpes, LIG, CNRS, Inria, Grenoble INP, F-38000 Grenoble,
France

Abstract. We investigate the satisfiability problem for a fragment of
Separation Logic (SL) with inductively defined spatial predicates and
permissions. We show that the problem is undecidable in general, but
decidable under some restrictions on the rules defining the semantics
of the spatial predicates. Furthermore, if the satisfiability of permission
formulas can be tested in exponential time for the considered permission
model then SL satisfiability is EXPTIME complete.

1 Introduction

Separation Logic [14, 22] (SL) is a dialect of bunched logic [18] that is widely used
in verification for reasoning on programs manipulating pointer-based data struc-
tures. It constitutes the theoretical basis of several industrial scale automated
static program analyzers [1,7,2]. SL formulas describe heaps, with atoms assert-
ing that some location (i.e., a memory address) is allocated and refers to some
tuple of locations (i.e., a record), combined with a special connective *, called
separating conjunction, which is used to compose heaps. Custom data structures
may be described in this setting by using spatial predicates, the semantics of
which is defined using inductive rules, similar to those used for defining recur-
sive structures in usual programming languages. Such rules allow one to describe
heaps of unbounded size with some particular structure such as lists or trees. In
this setting, existing work usually focuses on the fragment of SL called symbolic
heaps (defined as separating conjunctions of SL atoms).

Usually, SL formulas are interpreted in the standard heap model, where heaps
are defined as partial finite functions mapping locations to tuples of locations
and where the separating conjunction * is interpreted as the disjoint union of
heaps. Both the satisfiability and entailment problems have been extensively in-
vestigated for this heap model. It was proven that the satisfiability problem is
EXPTIME complete [6], whereas the entailment problem is undecidable in gen-
eral, and 2-EXPTIME complete provided the inductive rules meet some syntactic
conditions [13,11,12, 15] which are general enough to capture usual data struc-
tures used in programming. The combination of spatial reasoning with theory
reasoning has also been thoroughly investigated, see for instance [20, 21,19, 23,
16]).



However, richer models exist (see for instance [8]) accounting for additional
features of dynamic memory. The automation of reasoning in these models re-
ceived little attention. One such model that is of practical relevance is separa-
tion logic with permissions [3,5], where allocated locations are associated with
so called permissions used to model the ownership of a given heap region (e.g.,
a process may have read or write permission over some location). The heap
composition operator that is used to define the interpretation of the separating
conjunction is more complex in this framework than in the above case: non dis-
joint heaps can be combined if they agree on all the locations on which they are
both defined and if the corresponding permissions can be combined (for instance
it is natural to assume that read permissions can be freely combined but not
write permissions). The framework is thus parameterized by some permission
model describing which permissions are available and how they can be combined.
In [10] algorithms are provided to decide the satisfiability and entailment prob-
lems for SL formulas (symbolic heaps) with permissions in the case of lists, i.e.,
when all allocated locations refer to a single location (i.e., to a record of size 1)
and when there is only one spatial predicate 1seg, (7, y) denoting a list segment
from x to y, with permission p. The provided algorithms are generic w.r.t. the
permission model, and it is proven that these problems are in Np and co-NP,
respectively, assuming that some oracle exists for testing the satisfiability of
permission formulas in the considered model.

In the present paper, we investigate the satisfiability problem for SL formu-
las with permission defined over arbitrary spatial predicates, with user-defined
inductive rules. The goal is to allow for more genericity by tackling custom data
structures (such as trees, cyclic lists, doubly linked lists etc.) with arbitrary
permissions. The addition of permissions makes satisfiability testing much more
difficult: we prove that the problem is undecidable in general, and we devise
syntactic conditions on the inductive rules for which the problem is EXPTIME-
complete. The restrictions are similar — but stronger — to those given in [13] to
ensure the decidability of the entailment problem in the standard heap model.
In particular, the inductive rules defining the predicate 1seg mentioned above
fulfill these restrictions!, as well as other usual data structures such as cyclic
list, trees etc. (however, doubly linked lists or trees with parent links are not
captured). The considered inductive rules use a special connective o (different
from *) that is interpreted as a disjoint union. As we shall see, this is both
more natural for defining data structures (see also [5]) and required for deciding
satisfiability. Due to lack of space, proofs can be found in the appendix.

2 Definitions

Syntazr. We first briefly review some basic notations. If  and y are finite se-
quences, then we denote by .y the concatenation of £ and y. We denote by |z|
the length of x and by #|; its i-th element (if 1 < i < |z|). If E C {1,...,|z|}
then z|g denotes the set {z|; | ¢ € E}. With a slight abuse of notations, a finite

! provided the considered lists are not empty.



sequence z is sometimes identified with the set {z|; | i =1,..., |z|}, for instance,
we may write x € (u Uv) \ w to state that  occurs in w or v but not in w.

We consider a multisorted framework, with two sorts 1 (for locations) and
p (for permissions). Let V1 and V, be two countably infinite disjoint sets of
variables with V <V, U V;p, where Vi and V, denote location variables and
permission variables, respectively. The set of permission terms T, denotes the
set of terms built inductively as usual on the set of variables V, and the binary
function @ (written in infix notation). A points-to atom is an expression of the
form z > (Y1, yx) with 2,y1,...,yx € V1 and p € T,. An equational atom is
an expression of the form x ~ y or x % y with either x,y € V) or =,y € T;.

We consider two disjoint sets of predicate symbols P, and P. The set P,
denotes permission predicates, where each predicate Pec P, is associated with a
unique arity #(P) A permission atom is an expression of the form P(pl, ceyPn)s
P e Po, n = #(I:’) and pi,...,pn € Tp. P is a finite set of spatial predicate
symbols. Each symbol P € P is associated with a spatial arity #1(P) € N and
with an arity #(P) € N, with #(P) > #1(P) > 0 (#.(P) and #(P) — #.(P)
denote the number of arguments of P that are of sort 1 and p, respectively).
A predicate atom is an expression of the form P(z1,...,Zn,p1,...,Dm), With
n=4#(P),n+m=#(P), x1,...,2, € V1 and p1,...,pm € Tp. A spatial atom
is either a points-to atom or a predicate atom.

The set of formulas is built inductively as usual on the logical constants emp,
and | and on the set of spatial, equational and permission atoms, using the
special connectives * and o and existential quantification on variables of sort
1 only (existential quantification over variables of type p is not allowed). The
connective * is usually called separating conjunction, and we call o the disjoint
conjunction (it is intended to capture the disjoint union of heaps?). Formulas
are taken up to associativity and commutativity of the symbols * and o, up to
the commutativity of ~, 2 and up to prenex form. We denote by |¢| the size of
¢. For technical convenience, we assume that the symbols o and * have weight of
1 and 2, respectively, and that all atoms have size 1. For conciseness, a formula
Jxq...3x, ¢ will often be written Iz ¢, with & = (z1,...,2,). A permission
formula is a formula containing no spatial atoms and no equational atom of the
form ¢ ~ y or x % y with z,y € V1 (note that emp is a permission formula). A
formula is spatial if all the atoms occurring in it are spatial. A pure formula is a
formula that contains no spatial atom (it is not necessarily a permission formula,
as it may contain equations or disequations between locations) A symbolic heap is
a formula containing no occurrence of o, and a o-formula is a formula containing
no occurrence of .

A variable z is free in a formula ¢ if it occurs in ¢ outside of the scope
of any quantifier binding z. The set of variables (freely) occurring in a term
(or formula) ¢ is denoted by fu(¢). A substitution is a function mapping every
variable in V) to a variable in V) and every variable in V}, to a term in 7. The

2 The connective o is called strong separating conjunction in [5] and written * (whereas
* is written ®). Our notations are mostly consistent with those in [10].



domain of a substitution o (denoted by dom (o)) is the set of variables x such that
o(x) # x. A substitution of domain {z1,...,2,} with o(z;) = t; is denoted by
{z; t; |i=1,...,n}, or {& «+ t}, withz = (21,...,2,) and t = (t1,...,tn).
For all formulas or terms ¢, we denote by ¢o the formula or term obtained from
¢ by replacing every free occurrence of a variable z by o(z).

Semantics. Permissions are interpreted in some permission model:

Definition 1 (Adapted from [10]). A permission model P is a triple

(P, &3, (Pp) pep,)

where Py is a non empty set, called the set of permissions, @y : 73% — Py s
a binary partial function that is commutative, associative and cancellative, and
Pq_; C P%“P), for all P e Pp. If 1" € Py, we writem <g n’ if m =7’V (In" €
Ppr' =rdn’).

In what follows, 5 always denotes a permission model. If 7 € Py and n € N,
we denote by 7™ the permission m @y ... @y 7 (n times), note that 7™ is not
necessarily defined and implicitly depends on the considered permission model,
which will always be clear from the context. In contrast to [10], we do not assume
that a maximal “total” permission 1y exists, we allow instead for arbitrary
predicates over permissions (the total permission can be encoded as a unary
predicate symbol T', with Ty = {1g}).

Ezample 2. Assume that P, = (). A simple example of permission model is o =
({read,write}, B, (), with read &y, read = read and write By, 7 is undefined
for all 7 € {read,write}. Another example (from [4]) is f = (]0, 1], @5, 0) where
10, 1] denotes the interval of rational numbers, with 7@’ =+ 7' if r+7" <1
and 7 @5 7’ is undefined otherwise (f stands for fractional).

Let £ be a countably infinite set of locations. A store (for a given permission
model ) is a total mapping associating every variable in V) to an element of

L and every variable in V}, to an element of Py. A store can be extended into
def

a partial mapping from 7, to Py inductively defined as follows: s(p; @ p2) =
s(p1) @y 5(p2). Note that the obtained mapping is partial since s(p1) Gy 5(p2)

is not always defined. If z1,...,z, are pairwise distinct variables in V; and
ly,..., 0, € L, we denote by s{z; < ¢; | i = 1,...,n} the store s’ coinciding
with s on every variable not occurring in {z1,...,2,} and such that s'(x;) = ¢;
foralli=1,...,n.

A heap (for a given permission model 93) is a partial finite function from
L to L* x Py. The domain of a heap b is denoted by dom(h), and we de-
note by |h| the finite cardinality of dom(h). A heap of domain ¢4,...,¢, such
that h(¢4;) = ( ﬁ,...,ﬁ};i,m) (for all i € {1,...,n}) will be denoted as a set
{(t;,05,...,4, ,m) | i=1,...,n}. For every heap h we denote by loc(h) the set
{l; | Lo € dom(H),5(4y) = (b1,..., Lk, m),0 < i < k}. A heap may be viewed as
a directed (labeled) graph: the locations in loc(h) are the vertices of the graph



and there is a edge from £ to ¢' if h(¢) = (¢1,...,4,,7) and ¢ = £; for some
ie{l,...,n}.

A subheap of b is any heap b’ such that dom(h’) C dom(h) and b’ (£) = h(¥) for
all £ € dom(b'). A p-weakening of i (w.r.t. some permission model §3) is any heap
b’ such that dom(h’) = dom(h) and for all £ € dom(h), if H(¢) = (1,...,Ln, )
then b'(¢) = (¢1,..., 0y, 7") with 7" <q 7. We write b’ <1 b (resp. b’ <, b) if b’
is a subheap (resp. a p-weakening) of h. The relation < denotes the composition
of <; and <,. We write h ~ b" if h and b’ only differ by the permissions, i.e.,
dom(h) = dom(h’) and for all £ € dom(h), if §'(¢) = (¢1,...,4,,7") then there
exists 7 such that h(¢) = (fq,...,0,, 7).

Example 3. Consider the permission model f defined in Example 2 with £ = N.
Then

ho = {(Oa 0,1, Ol)a (1, 0,0, 02)}; b1 = {(Oa 0,1, 01)},

b2 = {(0,0,1,0.1),(1,0,0,0.1)} hs = {(1,0,0,0.1)}

are heaps, and we have, e.g., hp(0) = (0,1,0.1) (meaning that the location 0 is
allocated and refers to (0, 1), with permission 0.1), b1 <y ho, b2 <; ho, b3 <1 b,
and hs < hg. Moreover, by ~ hs.

Heaps can be composed using the following partial operator. If by, ho are
heaps, then by U by is defined iff for all £ € dom(h1) N dom(bhs), we have h;(£) =
(01, ..., 0, m) (for all i = 1,2) where ky = kg, £; = 3 forall j € {1,..., k1 } and
7 @y w2 1s defined. Then by LI by is defined as follows: if £ € dom(b;) \ dom(bh;)

def

with (4,7) € {(1,2),(2,1)} then (h1Ubh2)(€) = h;(¢), and if £ € dom(b1)Ndom(h2)
then (f’]l (] hg)(e) = (6}, S ,Ellﬂl,ﬂ'l DOy 71'2).

Ezxample 4. Consider the permission model § defined in Example 2, with £ =N
and the following heaps:

ho = {(0,0,0.5),(1,0,0.6)} by ={(0,0,0.5),(1,0,0.2),(2,0.1)}
h2 = {(0,0,0.5),(1,0,0.6)} b3 ={(0,0,0.1),(1,0.1)}

Then ho U by is defined, and we have: by U h; = {(0,0,1),(1,0,0.8),(2,0.1)}.
However, neither hoU b2 nor hoUbs is defined (in the former case the permissions
of location 1 cannot be combined (as 0.6 + 0.6 > 1) and in the latter case the
location 1 is associated with distinct tuples, (0) and (), respectively.

A structure (for a given permission model 9B) is a pair (s, §) where s is a store
and b is a heap for P. It is injective if s is injective. A location ¢ is allocated in
a structure (s,h) or in a heap b if £ € dom(h), and a variable z is allocated in
(s,h) if s(x) € dom(bh).

The semantics of spatial predicate is defined by inductive rules. A set of in-
ductive definitions (SID) is a set of rules of the form P(z1,...,Zn, Y1, -,Ym) <
¢ where n = #1(P), n+m = #(P), 1, ..., 2, are pairwise distinct variables in
Vi, Y1, ..., Ym are pairwise distinct variables in Vj, and ¢ is a formula such that
fu(d) CH{z1, . s Tny Y1, -« s Ym }- We write P(21,..., 20,01, ,Pm) <R ¥ if R
contains a rule P(x1,...,Zn, Y1, ..,Ym) < ¢ with ¢ = ¢{z; < z;,y; < p; | i €
{1,...,n},7€{1,...,m}}.



Definition 5. (Semantics) For every permission model B and SID R, the sat-
isfiability relation )zg is the smallest relation between structures (for B) and
formulas such that:

h) ER emp iff b = 0.
5, r)))> =R (yis. - ue) if s(p) is defined and b = {(s(x),5(y1), - - - 5(yx),
)

b izg x =~y (resp. (s,b) |:£ x#y)ifh=0,s(x) and s(y) are defined
and s(z) = s(y) (resp. s(z) £ 5()).
(s,h) % P(py,...,py) with P e Py if 5(ps) is defined for all i € {1,...,n},
(s(p1),-..,8(pn)) € Py and b = 0.
(s,b) ):2 P(x1,...,@Tn,T1,...,Tm) with P € P if there exists ¢ such that
P(21,. s Ty 1y Tm) <R ¢ and (5,h) X 6.
6. (s,h) ’:% @1 * Po if there exist heaps by,bo such that hy U by is defined,
b= by Uby and (s,b;) =k ¢i for alli=1,2.
7. (s,h) |:£ @1 0 ¢o if there exists heaps b1, ha such that dom(hy)Ndom(h2) = 0,
b= by Uby and (s,b;) =k ¢i for alli=1,2.
8. (s,b) % Jx ¢ if (s{x < £},h) |:£ ¢ for some l € L.

A structure (s,h) such that (s,h) ):% ¢ is an (R, B)-model of ¢. A formula
admitting an (R,B)-model is (R,P)-satisfiable. Two formulas are sat-equivalent
(w.r.t. R, P) if they are both (R,P)-satisfiable or both (R,P)-unsatisfiable.

Ezample 6. The formula z +5 (y,z)ox LN (y',2') is (R,P)-unsatisfiable, as x

cannot be allocated in disjoint parts of the heap. z v (y) *z = (y) *y % ¢/
is also (R,*)-unsatisfiable, as = cannot refer to two distinct records, but z

/

(y,2) * x % (y/,2') admits the model (on the permission model §) (s,h) with
s(z) =0, s(y) = s(W) =1, s(z) = s(2') = 2, s(u) = 0.5, s(u') = 0.2 and
h=1{(0,1,2,0.7)}.

Note that there is no logical constant T (true): no formula can be satisfied
on all heaps. The constant emp is similar to T but it states that the heap is
empty. For all formulas ¢,, we write ¢ ):2 ¢ iff the implication (s,h) )zg
¢ = (s,b) )zg ¥ holds for all structures (s,h), and ¢ E% 1 iff we have
both ¢ |:£ v and ¥ |:£ ¢. If ¢ contains no predicate symbols in P, then the
truth value of ¢ in (s, h) does not depend on R. We thus may write (s,h) =¥ ¢
instead of (s,h) =% ¢. If, moreover, ¢ is pure, then (s,h) =¥ ¢ holds only if b
is empty. We will write s =% ¢ to state that (s,0)) E¥ ¢. Finally, if ¢ contains
only equalities between variables then its semantics does not depend on R and
P thus we write 5 = ¢ to state that (s,0)) =% ¢. Note that the semantics of
@10 ¢o and ¢ * ¢o coincide if ¢1 or ¢ is pure, and also coincide with that of
the usual standard conjunction if both ¢1 and ¢o are pure.



Shorthands. If x = (x1,...,2,) and y = (y1,- .., Ym) are sequences of variables
in V; then  ~ y denotes the formula L if n # m and (x1 ~ y1)o...0o(x, =~ y,)
otherwise. For every permission term p, we denote by def(p) the atom p ~ p.
By definition, (s,h) =% def(p) iff 5(p) is defined and b = 0.

3 Bh-Regular Systems

We focus on SIDs of some particular form, defined below.

Definition 7. A rule is h-regular if it is of the following form:

P(%?/) <~ Hula"'vun (LL' ’£> (v17"‘7vk)oQ1(u1uyl)"‘an(un7yn)o¢)

where {u1,...,un} C {v1,..., 08}, yi is a vector of variables®, Q; € P and ¢ is
pure. We assume by a-renaming that x,y do not occur in {u,...,u,}. A SID
R is h-regular if all the rules in R are h-reqular.

Note that the right-hand side formula contains only the disjoint separation
connective o and not the usual separating conjunction *. As we will see (Theorem
33) this is crucial for the decidability of the satisfiability problem. However, as al-
ready observed in [5], this is also justified from a practical point of view. Assume
for instance that we want to define the predicate 1seg introduced in [10], denot-
ing a list segment from x to y with some permission z. The following rules can
be used?: 1seg(w,y,2) < x> (y) 1seg(w,y,z) < Ju (z = (u) olseg(u,y,2)).
A structure (s, b) satisfies 1seg(x,y, z) if b = {(¢;, biy1,8(2)) | i =1,...,n} with
n>0,s(x)="0,5(y) =lpy1 and (; # ¢; if i # j and 4,5 € {1,...,n}. This fits
in with the definition in [10] (except that n > 0). In contrast, if one uses instead
the connective *: 1seg(x,y,2) < Ju (z > (u) * 1seg(u,y, z)), then one could
obtain models where the list “loops” on itself an arbitrary number of times, such
as, for instance (s, {(s(x),s(x),p))}), with s(y) = s(z) and p = s(z)", for any
n > 0 such that §(z)" is defined. In the former definition, s(y) possibly occurs
in {¢1,...,4,}, but each location can only be allocated once.

Intuitively, h-regular sets of inductive rules generate heaps with a regular
structure (in the sense that it may be represented by a tree automaton [9]),
enriched with some additional edges (referring to the nodes corresponding to
the variables passed as parameters to the spatial predicates at some recursive
calls). These additional edges may refer to locations corresponding to free vari-
ables (e.g. the root of the structure) but also to existential variables (for instance
they may refer to the parent node in the tree). h-Regular SID are related to the
PCE systems introduced in [13] (for progressing, connected and established),
extended to formulas with permissions, but our conditions are slightly stronger,
because we require that every existential variable be allocated at the next recur-
sive call. Note that structures with mixed permissions are allowed, for instance

3 i.e., compound permission terms are not allowed in predicate atoms.

4 As h-regular rules allocate exactly one location, we assume that the segment is non
empty, the case of an empty segment must be considered apart.



the rules P(x,21,2) < x & () and P(z,21,2) < Ju(z & (u)o P(u,z2,21))
defines a list with permissions alternating between z; and z;. Rules with com-
pound permission terms in points-to or permission atoms are allowed (such as

P(z,y1,y2) < x By ()odef(y1 ®y1)), but not those with compound permis-
sion terms in spatial predicate atoms® (e.g., P(x,y1,%2) < @ LY ()oQ(z,y1Dy2)
is not h-regular).

For every quantifier-free formula ¢, we denote by roots(¢) the set of variables
def

x (called the roots of ¢) inductively defined as follows: roots(x ¥ (y1,...,yx)) =
{z}, roots(P(z,y1,...,yx)) = {x}, roots(Iy ¢) = roots(¢)\{y}, roots(¢) = 0 if ¢
is pure and roots(¢1 * p2) = roots(¢p1 o p2) = roots(¢1)Uroots(¢=2). By Definition
7, roots are always allocated:

Proposition 8. Let R be a h-regular SID. If (s,h) |:£ ¢ and x € roots(¢) then
s(z) € dom(h). Consequently, every formula of the form ¢, o ¢po with roots(¢pr)N
roots(pa) # 0 is (R, P)-unsatisfiable.

The conditions in Definition 7 are actually not sufficient to ensure that the
satisfiability problem is decidable:

Theorem 9. If there exist (not necessary distinct) permissions mi,To € Py
such that m Sq o is defined, then the (R, B)-satisfiability problem is undecidable
for b-regular SID R.

To ensure decidability, we need to further restrict the way existential variables
are passed as parameters during recursive calls. This is the goal of the next
definition.

Definition 10. Assume that R is h-reqular. Given two spatial predicates P and
Q, of arities n and m respectively, we write P <ig Q if P(x,21,...,Zp_1) *
Q(z,y1, -, Ym—1) is (R, B)-unsatisfiable® (where x1,...,Tn_1,Y1,-- - Ym—1 de-
note pairwise distinct variables of the appropriate sorts). We denote by g
the function associating every predicate symbol P of spatial arity n to a sub-
set of {2,...,n} inductively defined as follows: for every rule P(x1,...,z,,u) <
1, Ym @ in R, for every predicate atom Q(z1, . . ., 2k, ux) n ¢ with #1(Q) =
k and for alli € {2,...,k}:

1. z; € {yl,...,ym} =1 € ’)/R(Q)
2. zi€f{zj|jem(P)} = i€r(Q).

5 Otherwise the unfolding of spatial predicates could yield terms of arbitrary depth.

5 In practice, as this condition is hard to test, some stronger syntactic condition can
be tested instead, for instance one can check that all the formulas ¢ and ¢’ such
that P(z,z1,...,Zn-1) <r ¢ and Q(z,y1,...,Ym—1) <r ¢ are of the form ¢ =
(x = (w)ot) and ¢ = (z — (u')o)’) with |u| # |u’| (this condition is used in
Theorem 33 and for the EXpPTIME-hardness proof in Theorem 32.). More generally,
it is sufficient to test that the “shape” of the structures generated by P and @, up
to a certain fixed unfolding depth, are incompatible.



Let P* be a subset of P, such that: (3) P € P* = vr(P)=10; and (4) P €
P*ANQ e P\P* = Pwxxig Q. A b-regular rule is F-restricted (w.r.t. R and
P* ) if it satisfies the following condition (using the notations of Definition 7):

5. Vie{l,...,n}¥je{l,...,n}(u; €y, = Q; € P*).
A SID R is F-restricted if all the rules in R are I-restricted.

Conditions 1 and 2 in Definition 10 are meant to ensure that vz (P) denotes the
indices of the parameters of P that may (but do not have to) be instantiated by
some existential variable introduced during the unfolding of the inductive rules
in R (the other parameters may only be instantiated by variables occurring in
the initial formula). Condition 1 corresponds to a base case, where an existen-
tial variable is passed as a parameter to a predicate symbol, and Condition 2
handles the inductive case, when the variable is carried through recursive calls’.
Then, Condition 5 ensures that an existential variable may only be passed as a
parameter to a predicate symbol if it is the root of a structure defined by an
atom Q;(y;) containing no variables introduced by unfolding (by Condition 3).

Ezample 11. The rules of the predicate 1seg are J-restricted (with P* = 0).
Indeed, they contain only one existential variable u, which occurs only as the
first argument of a predicate. Hence Condition 5 in Definition 10 trivially holds.
If R contains no other rule then yz(lseg) = . Note that yg(1lseg) depends

on the entire set R. For instance, if R contains a rule P(z,y) < Ju(z +%
(u) o1seg(u,u,y)) then the second argument of 1seg may be instantiated by an
existential variable hence vz (1seg) = {2}, and the latter rule is not J-restricted.
On the other hand, if P* = {Q}, then the rules Q(z,y) < = % (), R(x,y) <
Ju,v (z % (u,v)olseg(u,v,y)oQ(v,y)) are F-restricted, with P* = {Q}. In-
deed, the variable u occurs only at the root of a predicate, and the variable v
is the root of Q(v,y). Note that 1seg(z,y,2) * Q(x,u) and R(x,y) * Q(x,u) are
(R,P)-unsatisfiable, thus 1seg xiz @ and R <ig Q.

Intuitively, the structures generated by 3-restricted rules are regular tree-shaped
structures, enriched with two kinds of additional edges: (i) a bounded number of
arbitrary edges (corresponding to free variables, which may be freely passed as
arguments to any predicate, thus may be referred to in an arbitrary way); (ii) an
unbounded number of other edges (corresponding to existential variables) which
are only allowed to point to structures that contain no edge of type (ii). Condi-
tion 4 ensures that the structures containing only edges of type (i) do not overlap
with those containing both kinds of edges. Note that the conditions of Definition
10 always hold if the existential variables occur only as roots (with P* = P or
P* = (). In this case there is no edge of type (ii), i.e., the obtained structures
are regular sets of trees with a bounded number of additional edges (for instance

" For generality, one could assume that all the equalities occurring in the rules are
propagated before yr is computed (so that existential variables are eliminated if
they are equal to a free variable), but this is not essential for our purposes hence the
corresponding formal definitions are omitted.



trees with pointers to the root, or cyclic lists). Note that doubly linked lists
cannot be captured (as they contain an unbounded number of additional edges
from every node to the previous one). In the following we devise an algorithm
to test the (R,*P)-satisfiability of symbolic heaps when R is F-restricted.

4 A Decision Procedure For Testing Satisfiability

Before entering into technical details we start with a general overview of the
procedure for testing satisfiability (assuming the considered SID is J-restricted).

1. Starting with a formula of the form d; * --- % §,, where the J;’s are atoms,
we first reduce every spatial atom ¢; into an equivalent disjunction of o-
conjunctions ¢4 o...o 5;n such that the only free variables allocated by an
atom 4} are its roots roots(0%) (as &} is an atom, card(roots(d})) < 1). Due
to the particular properties of the Bh-regular rules (more precisely, due to
the fact that the rules satisfy the “establishment” property of [13], i.e.,
every existential variable is allocated), this entails that, for all structures
(s,hi ;) satisfying 6%, the domains of b, ; and b j are either equal (if &
and 5;/, have the same roots) or disjoint (otherwise). Indeed, the establish-
ment property ensures that the considered heaps have no “pending edges”
(i.e., no location that is referred to but not allocated), other than those
denoted by free variables. This step can be considered as the key part of
the procedure. It requires to (automatically) enrich the language with addi-
tional predicates and rules, and the termination of the transformation cru-
cially depends on the conditions on 3-restricted rules. For instance, an atom
lseg(z,z) occurring in a formula with free variables z,y could be written
(r ~ yolseg(z,x)) V lseg' (v, z,y) V (1seg'(z,y,y) o 1seg'(y, x,x)) where
1seg'(u,v,w) denotes a list segment from u to v not allocating w. The pre-
vious decomposition depends on whether y is equal to x and whether y occurs
in the list segment from x to x.

2. By distributivity, we get at this point #-conjunctions of o-conjunctions of
atoms. Taking advantage of the previous property, we then reduce these
formulas into o-conjunctions of *-conjunctions of atoms, by regrouping the
atoms with the same roots, e.g., (P(z,y) o Q(y, x))x (P'(z,y) c Q' (y, z)) may
be written (P(z,y) + P'(z,)) o(Q(y, ) Q' (y, 7).

3. Next, we show that a *-conjunction of atoms sharing the same root (such as
P(z,y)* P'(x,y) or Q(y,x) * Q' (y,x)) can be denoted by a single atom, the
rules of which are obtained by “merging” the rules of the initial atoms.

4. At this point we get a o-conjunction of atoms. To ensure that the formula
is satisfiable it suffices to test that all these atoms have a model and that
all these models are compatible, w.r.t. the equality constraints, allocated
locations and permission constraints. To this aim, we construct finite ab-
stractions of the models of the considered atoms using a bottom-up fixpoint
algorithm.

In the next subsections, each of these steps is explained in details.



4.1 Normalization

We first show that every formula can be transformed into an equivalent formula
(that we call normalized) in which every allocated variable occurs as a root:

Definition 12. A formula ¢ is normalized if it is of the form 3z where v is
quantifier-free and for all spatial atoms § in ¥, for all (R,P)-models (s,h) of &
and for all variables y € fo(v): s(y) € dom(h) < y € roots(y)).

For instance, 1seg(x,y) is not normalized, because y may be allocated (e.g., if
s(z) = s(y)) and does not occur in roots(1lseg(x,y)) = {«}. To enforce this con-
dition, we introduce new predicate symbols (called derived predicates), the rules
of which can be automatically computed from those of the predicates already
occurring in this formula. We first define predicate symbols that ensure that
some given variable is not allocated.

Definition 13. For all predicate atoms P(x,p) (where & and p are vectors of
location variables and permission terms, respectively) and for all location vari-
ables v, we denote by P(z,p)[v]” any atom of the form Q(z,v,p), where Q is a
fresh predicate symbol, associated with the rules:

QY, w,2) <= Fu(Q1(y1,p1)[w]” o...0QumYm,Pm)[w] cpoyli % w)

for all rules P(y,z) < Fu(Q1(y1,p1)0...0Qm¥Ym,Pm)0d) in R (up to AC),
where yY,y,; are vectors of location variables, z, p; are vectors of permission vari-
ables, and ¢ contains no predicate atom.

For instance 1seg(x,y, z)[u] ™ is a predicate atom Q(z, y, u, z) defined by the fol-
lowing rules: {Q(z,y,u, 2) < 32/ (z > (2') o Q(z', y,u, 2) o 2 u), Q(z,y,u, 2) <
x5 (y)ox 9 u}. It denotes a list segment from z to y not allocating u. The
following result is straightforward to prove:

Proposition 14. For every 3-restricted SID R, the set R enriched with the
rules associated with the predicate Q corresponding to P(z,p)[v]” in Definition
18 is 3-restricted, with yr(Q) = yr(P) and Q € P* < P € P*.

Intuitively the structures that satisfy P(z,p)[v]” are exactly those that satisfy
P(z,p) and do not allocate v:

Lemma 15. For all h-regular SIDR, (s,h) =% P(x,p)[v]” iff (s,h) =& P(x,p)
and s5(v) & dom(h).

The operator  — d[x]~ can be applied recursively, e.g., one can consider atoms
of the form 6[z]~ [y]~, etc. For all predicate atoms d, we denote by unalloc(d) the

set of variables inductively defined as follows: unalloc(8[x]~) = {z} Uunalloc(5),

and unalloc(8) = 0 if § is not of the form &[x]~. The following proposition is an
immediate consequence of Lemma 15:

Proposition 16. If (s,bh) |:£ 0 then s(x) & dom(h), for all x € unalloc(d).



Next, we define predicate symbols allowing one to remove some part of a
structure. Intuitively, the expression (¢ —e 1) will hold exactly in the struc-
tures that satisfy 9 when a disjoint structure satisfying ¢ is added. For instance
given the rules tree(z,y) < 3z1,zo x v (21, x2) o tree(z),y) o tree(zs, y) and
tree(z,y) < x > (), tree(z,y) and tree(z,y) denote binary trees with roots
z and z, respectively, and tree(z,y) —e tree(z,y) denotes a tree of root x with
a “hole” at z (the structures satisfying tree(z,y) —e tree(z,y) are obtained
from models of tree(z,y) by removing the part of the heap that corresponds
to tree(z,y)). The formula ¢ —e 1 is similar to the strong magic wand intro-
duced in [17] and to the context predicates in [12] and also close in spirit to the
separating implication of SL although the semantics are slightly different.

Definition 17. For all finite sequences of predicate atoms P;(x;,p;) (with i =
0,...,n), wherex; andp; are vectors of location variables and permission terms,
respectively, we denote by (Py(z1,p1)o0... opn(:l;n,pn)) —e Py(xzg,po) any atom
P(z,p) with x = xg. . ... L,, P =DPo----- Pn, and such that P = Py if n = 0 and
otherwise P is a fresh symbol associated with rules of the form

P(y,2) < Fw ($10...0 6, 00)

for all rules

Po(yo,20) < Fw (Q1(u1,91)0...0Qm(Um,qm) 0 ®)

in R and for all decompositions ayo...0q, = Pi(y1,21)0...0 Pp(Yn,2n) (up
to AC, where the «;’s may be empty), where:

— y; and z; are sequences of pairwise distinct location and permission variables,
respectively, with |y;| = |z;| and |z;| = |pi|;

— 1; is of one of the following forms:
o cither a; — Q;(u;,q;);
o ory; ~u;0z; ~q;, if a; = Pj(y;,2;) and P; = Q.

For instance tree(z,y) —e tree(z,y) denotes an atom P(z,z,y,y) with the
rules:

P(x,z,y1,1) < 3x1, 25 (2 & (21, 20) 0 P21, 2,91, Y2) 0 tree(za, 2,51))
P(x,z,y1,12) < 3x1, x5 (2 & (21, 20) o tree(x1, z,41) 0 P(22, 2, y1,Y2))
P(x,z,y1,12) < 3z1, 29 (2 B (21, 20) 01 ~ zoy; ~ ypotree(za, 2,91))
P(z,z,y1,y2) < Jx1, 22 (x & (z1,22)otree(x1,2,Y1) 0T ™~ 20Y1 2 Yo)

For readability, all the expressions of the form emp —e tree(zs, z,y1) have been
replaced by tree(xs, z,y1). Note that the rules are not h-regular, as x1 and x5 do
not occur as roots in every rule, but they can easily be transformed into h-regular
rules by replacing x; and x5 by z in the third and fourth rule, respectively (using
the equations z1 ~ z and x3 ~ z). The definition can be applied recursively (i.e.,
Py, ..., P, may be derived predicates). The next proposition is an immediate
consequence of Definition 17:



Proposition 18. Let R be a h-regular SID. The rules associated with any pred-
icate P corresponding to an expression o —e 0 (Definition 17) are h-regular, up
to the following equivalence: Iz (x ~ yo ) E% o{x < y}. Moreover, the rules
are also -restricted, with yr(P) = yr(Py) and P € P* < Py € P*. Finally
if « = emp then (o — §) = 0.

Note that, however, the implication P € P* AQ € P\ P* = P xg Q
(Condition 4 in Definition 10) does not necessarily hold for derived predicates
P, Q. The following lemma states a form of modus ponens, relating the connective
o with —e:

Lemma 19. If R is h-regular then P(x,p)o((P(z,p)oa) - Q(y,q)) |:£ o —e
Qy.9)-

The next lemma states that every predicate atom allocating x can be written as
a o-formula in which = occurs as a root.

Lemma 20. Assume that R is 3-restricted. Let y,p be vectors of location vari-
ables and permission terms, respectively. If (s,5h) )22 Qy,p), s(x) # s(yl)
and s(x) € dom(h), then there exist atoms of the form P(x,z,q), Pi(x;, Y, q;)
(with i € {1,...,n}), where z € y U{x1,...,an}, ¥i € {yl; [ J € w(Q)},
q Cp and q; C p, such that: (s,h) =g 3z1,...,2, (Bo(5 — Qy.p))), with B =
P(z,2,9) o O Pi(x4,Y:,4:). Moreover, P; € P*, {x1,...,2,} C (2,2)]y,(p)
andyeynNzAy &yl | € m@Q)} = ye (2,2)] (P

Intuitively, since x is allocated and the rules are h-regular, then necessarily some
predicate atom of the form P(x,z,q) must be called at some point during the
unfolding of the rules. Using —e, this predicate can be removed from the call
tree of Q(y,p) and lifted at the root level in the formula. The atom P(z,z,q)
may contain variables not occurring in Q(y,p) corresponding to existential vari-
ables introduced by unfolding. As the rules are J-restricted, all such variables z;
must themselves appear as the root of some predicate atom P;(z;,y;,q;) which
contains (beside x;) only variables occurring in Q(y,p) (since yg(P;) = 0, due
to Condition 5 in Definition 10). Again, these atoms can be moved at the root
level. See Appendix E for details.

Definition 21. For all atoms Q(y,p) we denote by 5[z|™ the set of formulas of
the form 3xq,...,x, (Bo(S - Q(y,p))) as defined in Lemma 20. We also denote
by 0[z]= the formula: 6 o(x ~ y|1).

For every model of §, §[x]~ holds if = is not allocated in ¢, §[z]= holds if x is
equal to the root of § and §[z]™ holds if z is allocated but is not the root of §.
The following result follows immediately from Lemmata 19 and 20:

Lemma 22. Assume that R is 3-restricted. Let x € Vy. For every predicate
atom § such that x & roots(d), and for all structures (s,h): (s,h) |:£ 0 iff there

exists 1 € {0[z],8[x]=} U d[z]* such that (s,h) =X 1.



For instance the atom 1seg(x, y, z) holds iff one of the formulas 1seg(x,y, z) o x ~
y, lseg(x,y, z)[y]” or lseg(y,y, z)o(lseg(y,y,z) —o lseg(x,y,z)) holds. The
second formula corresponds to the case where y is not allocated, and the first
and third ones correspond to the case where there is a loop on y. By applying
repeatedly Lemma 22 on every variable x and atom § we eventually obtain a
disjunction of normalized formulas:

Lemma 23. Let R be a 3-restricted SID. There exists an algorithm transform-
ing any symbolic heap ¢ containing no points-to atom into a set of normalized
formulas W such that for all structures (s,b): (s, h) )zg ¢ iff there exists i € ¥
such that (s, h) Izg Y. Furthermore, every formula in ¥ is a (quantified) sepa-
rating conjunction of o-formulas.

4.2 Commuting Separating and Disjoint Connections

The next step consists in showing that — under some particular conditions en-
forced by the previous transformation — the operator * can be pushed innermost
in the formula (below the operator o). To this aim, we exploit an essential prop-
erty of h-regular SIDs, namely that all the locations that occur in the heap of
some model of a formula ¢ but are not allocated correspond to a variable in
fu(®). We shall denote by cut(L, L', H) the set of locations reachable from L in
b, from a path not crossing L’:

Definition 24. Let h be a heap, let L,L' C L. We denote by cut(L,L’,b)
the set of locations inductively defined as follows: L C cut(L,L',h), and if
0 e cut(L,L')b), b(¢) = (1,...,bg,m), i € {1,...,k} and £; & L' then
4; € cut(L, L', ).

The following lemma characterizes the domain of the part of the heap satisfying
some formula ¢:

Lemma 25. Let R be a h-regular SID and let ¢ be a o-formula containing no
quantifier. Let s be a store and let b, b’ be heaps, with i’ < b . Let V be a set
of variables, with fu(¢) C V U roots(¢) and s(V) N dom(h') = 0. If (s,H) |:£ 0]
then dom(h’") = cut(s(roots(¢)),s(V),h).

The commutation property, pushing * below o, is given by Lemma 26:

Lemma 26. Let R be a h-reqular SID. Let V. C )y and let ¢ be a normalized
formula, of the form ¢ = ¢' O(*?:l(qﬁi o) x "), where, for all i € {1,...,n},
roots(¢;) =V and (roots(v;) U roots(v')) NV = 0. Then ¢ is (R,P)-satisfiable
iff (¢ o *;‘:1@-) 0((*?:11/)1') x ') is (R,B)-satisfiable.

Roughly speaking, as roots(¢;) = V and ¢; is normalized, it is possible to prove,
using the characterization given in Lemma 25, that the parts of the heap that
correspond to the formulas ¢; have all the same domain. This entails that the
heaps corresponding to the formulas ¢; and ¢;; are disjoint, which permits to
prove that X (¢; 0 1;) can be written (K7, ¢;) o( K1), yielding the result.
The detailed proof is given in Appendix H.



4.3 Merging of Spatial Predicates

We show that, under some particular conditions, it is possible to replace the
separating conjunction of two spatial atoms having the same root by a single
spatial atom. The rules defining this atom are obtained by combining the rules
of the two initial atoms. More precisely, consider any h-regular SID R and two
spatial atoms P(z,y,p) and P'(z,y’,p’) sharing the same root x, where y,y’ are
vectors of location variables and p and p’ are vectors of permission terms. We
denote by P(z,y,p)V P (z,y’,p’') any atom Q(z,y,y’,p,p’) where Q is associated
with rules of the form:

Qu,w,w',2,2') < Juy, ..., up v (v1,...,08)

o O?:l(Qi(uia Yi, ql)vQ;(uza y'/u qi/)) o d) o d)/ o 11[}
with ¢ = p @ p/, for all pairs of rules of the following forms in R (with the
same numbers k£ and n, and up to a-renaming, so that the rules share the same
existential variables):

P(U,’LU,Z) <:E|U,1,...,Un ’U’g(’Ul,...,’Uk)O ;L:]Qi(uiayiaqi)o(b
/
P(v,w',2") < Juy,...,u, v»p%(v’l,...,v;)o L Qi(ui, Y, ql)od

where ¢ = OF_, (v; ~ v!). Note that all the produced rules are h-regular®.

Lemma 27. Let R be a h-reqular SID. Let x € V1 and let (s,h) be a structure
such that s(y) & dom(h) holds for all variables y such that s(x) # s(y). Then

(s.h) FR P(z,y,p)VP (2,4 ,p') < (s5.b) Fx P(z.y,p) * P'(z.y.p').

The result crucially depends on the fact that the parts of the heap that corre-
spond to P(z,y,p) and P’'(z,y’,p’) respectively must share the same domain,
since otherwise, as R is h-regular, a free variable would be allocated, contradict-
ing the hypothesis. This ensures that the heap can be generated by the above
rules(see Appendix I for details).

4.4 Heap Abstractions and Main Result

As we shall see later, the previous transformations can be used to transform any
symbolic heap into a o-formula (while preserving satisfiability). The final step
is to devise an algorithm to test the satisfiability of o-formulas. As it is done
in [6] for standard heap models, the algorithm works by constructing relevant
abstractions of the models of the predicate atoms. It suffices to keep track of
the truth value of the equational atoms, of the allocated variables and of the
permission atoms satisfied by the structure.

8 However J-restrictedness is not necessarily preserved.



Definition 28. A heap abstraction is a tuple a = (Vy, ~q, Aq, pa) where Vy is
a finite set of variables, ~4 is an equivalence relation on the variables of sort 1
occurring in Vy, Aq is a subset of VNV, closed under ~q (i.e., for all z,y € Vy:
T €A NT ~gy = Yy € Aqg), and py is a permission formula (with variables
in Vy).

Definition 29. Let (s,h) be a structure and let a = (Viy, ~q, Aa, pa) be a heap
abstraction. We write (s,h) =¥ a if all the following conditions are satisfied:
(i) For all variables z,y € VaNVi: @ ~q y < s(z) = s(y); (i) for all
T € VoV, v € Ay <= s(z) € dom(h); and (iii) s =¥ pa. A heap abstraction
is \P-satisfiable if there exists a structure (s,h) such that (s,b) E¥ a.

Proposition 30. A heap abstraction a is P-satisfiable iff pq is P-satisfiable.

For all o-formulas ¢, we define a set of heap abstractions 2(¢) by mutual in-
duction as follows. The sets 2(¢) are the least sets of heap abstractions sat-
isfying the following properties, for all finite sets of variables” V 2O fu(¢) and
for all equivalence relations ~ on V. N Vy: (i) if ¢ = = & (y1,...,y,) then
Vi~ Ay [y |y ~ o}, def(p)) € Ue). (i) if ¢ = @ ~ y (resp. x % y) with
z,y € V1 and © ~ y (resp. ¢ # y) then (V,~,0,emp) € A(¢p); (iii) if ¢ is a
permission formula then (V,~, 0, ¢) € A(¢p); (iv) if ¢ = Tz, (V,~, A, p) € A(Y)
then (V' \ {z},~", A\ {z},p) € A(¢), where ~' denotes the restriction of ~ to
the variables distinct from z, i.e., ~'= {(u,v) | u ~ v Au,v # x} (note that =
cannot occur in p, since quantification over permission variables is not allowed);
(v) if ¢ = p1o¢a, (V,~, A, p;) € U(p;) (for all 4 = 1,2) with A; N Ay = 0, then
(Vy~, AU Az, p1 0 p2) € A(P); (vi) if ¢ = P(x,p) and ¢ <x & then A(§) C A().

Lemma 31. A o-formula ¢ is (R,)-satisfiable iff at least one of the abstrac-
tions in A(P) is P-satisfiable.

Putting things together we get the following result:

Theorem 32. IfB-satisfiability is decidable for permission formulas, then there
exists an algorithm that, for every 3-restricted SID, decides whether a given for-
mula ¢ is (R,B)-satisfiadle. If, moreover, PB-satisfiability is in EXPTIME, then
(R,P)-satisfiability is also in EXPTIME (for 3-restricted SID). Finally, for ev-
ery permission model B, (R,P)-satisfiability is EXPTIME-hard (for 3-restricted
SID).

5 Using Separating Conjunctions Inside Rules

To end the paper, we wish to point out that the satisfiability problem is undecid-
able from J-restricted SID if the disjoint separation o is replaced by the standard

9 For technical convenience we do not impose any bound on the cardinality of V', hence
the set 2(¢) is infinite. This simplifies the theoretical definition of the abstraction
for disjoint conjunctions. In practice only variables occurring in the initial formula
or in the rules need to be considered.



separating connective * in the inductive definitions (see Definition 7). We think
that the result is of some theoretical interest, although, as explained above, rules
using o are actually more convenient for describing data structures. The notions
of *-h-regular and *-I-restricted SID are defined exactly as h-regular SID and
I-restricted SID (Definitions 7 and 10) except that the symbol o is replaced by
% everywhere (for conciseness the formal definitions are omitted).

Theorem 33. Let ‘P be any permission model and assume that for everyn € N,
there exists m € Py such that 7™ is defined. The (R,B)-satisfiability problem is
undecidable for x-3-restricted SID.

6 Conclusion and Future Work

An algorithm was devised to test the satisfiability of symbolic heaps in Sepa-
ration Logic with inductively defined predicates and permissions, under some
(syntactic) conditions on the inductive rules giving the semantics of the spatial
predicates. The algorithm runs in exponential time, provided the satisfiability
of permission formulas is in EXPTIME. In addition, we showed that some nat-
ural relaxings of these conditions make the problem undecidable (under some
minimal assumptions on the permission model). The next step is to investigate
the entailment problem for the considered fragment. The techniques devised in
the present paper for transforming symbolic heaps into disjoint conjunctions of
atoms should serve as a basis for this purpose, but the extension is not straight-
forward. Another (much easier) extension that could be of practical relevance is
to consider formulas with labels (in the sense of [5]) which allow one to express
additional equality conditions on some parts of the structures. In our context,
labels would simply yield additional conditions on the decomposition generated
during the normalization step: two formulas sharing the same label should be
decomposed into formulas with the same set of roots. It could also be interesting
to relax some of the conditions on the rules, for instance to allow for existential
variables not occurring as roots in the rules. This is required to encode data
structures with forward pointers, such as skip lists. It is also unclear whether
Condition 4 in Definition 10 is required for decidability. Finally, the decision al-
gorithm could probably be extended to handle arbitrary combinations of disjoint
and separating conjunctions.
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A Proof of Proposition 8

The proof is by induction on the satisfiability relation. ¢ cannot be purely-spatial
as roots(¢) would be empty, contradicting the hypothesis of the proposition. If
¢ is a points-to atom then by definition of roots(¢$) if must be of the form
¢ =2 (y1,...,yx), so that dom(h) = {s(z)} by definition of the semantics
of points-to atoms. If ¢ is a spatial predicate atom then by definition if must
be of the form P(z,y1,...,yx), and by definition of the semantics of predicate
atoms we have ¢ <x 9 with (s, b) |:£ 1. Since R is h-regular, 1) is of the form
Ju(z B (yl,...,y,)01), with z & u, so that x € roots(1)), and we get s(z) €
dom(b) by the induction hypothesis. If ¢ = Jy 1) then by definition x € roots ()
and x # y, moreover, there exists a location ¢ such that s{y < ¢} |:£ . By
the induction hypothesis we get s{y « ¢}(x) € dom(h), thus s(z) € dom(h)
as x £ y. If ¢ = ¢p10¢g or ¢ = @1 * ¢o then there exists i € {1,2} such that
x € roots(¢p;). Moreover, there exist heaps b, (for ¢ = 1,2) with h = b1 U bo
and (s, bh;) P% ¢;. By the induction hypothesis we get s(x) € dom(b;), thus
s(z) € dom(h), as dom(h) = dom(h1) U dom(h2).

B Proof of Theorem 9

The proof is by reduction from the Post Correspondence Problem (PCP), that is
well-known to be undecidable. Consider a natural number n and two sequences of
words fi1, ...,y and vy,...,V,. A potential witness is a word w such that for all
A € {p, v}, there exists a sequence I*(1), ..., I* (k) with w = Apa) - Ay
and k* > 0. It is a witness if, moreover, k* = k¥ = x and I*(i) = I"(i) for all
i € {1,...,k}. The PCP consists in determining whether a witness exists for two
given sequences of words. We assume, to ease the encoding, that the solution
sequence I*(1),...,I*(k*) ends with a dummy index 0, with po = vy = # (this
entails that we must have x* > 1). For every potential witness w, for every
A € {u,v} and for every i € {1,...,x*}, we denote by (*(i) the position of the

word Ajx(;) inside w, formally defined as follows: i) = IArrqayeeee- Arri—1)l+ 1

For every j € {1,...,|w|}, we also denote by n*(j) the element i € {1,... s}
such that w|; occurs in A, formally defined as follows: n*(j) = i if ¢*(i) <
j<i+1).

For simplicity, we assume that all the natural numbers in {1,...,n} are

taken as variables of sort 1. Under this assumption, a potential witness w may
be represented by a structure (s, h) defined as follows: h = h* U h” U b’, with
b () 0y, ey Gpaas ™) | 1< 5 < o]} and for all X € {u,v}: p* =
{(0*i11,5(I(4)), 0%, m) | 1 < i < k}. Intuitively, every heap h* encodes the
sequence I*(k*),...,I*(1) as a linked list in which the i-th element refers to
(the image of) I*(i) (note that the list is reversed, the reason will become clear
later). Then b’ encodes the word w as a list where the j-nth element of the list
refers to the cells 0%, ;) and £, ;) in the lists h* and h” that correspond to
the words in which w]|; occurs.



Let v be a sequence of variables containing all numbers of {1,...,n}, as
well as a special variable nil (marking the end of the lists), and variables u,
and u, denoting the first cell in the list h* and h”. It is straightforward to
check that the following rules generate structures of the above form (for all
iy vy 1,5, € {1,...,n} and for all j,,j, € {1,...,M + 1}, where M denotes
the maximal length of the word in the sequences p or v).

Intuitively, P allocates the first element of the potential witness, by guessing
the first element ¢ in the solution sequence!®, then call P55 ;. The predicate
Pj, j, i, i, allocates the next elements, starting from a character occurring si-
multaneously at position j, in the word 7, in the sequence y and at position j,
in the word i, in the sequence v (thus initially i, = i, = ¢ and j, = j, = 2,
as the first character of the first word has already been allocated by the pred-
icate P). Conditions are added on the rules to ensure that the two characters
are identical in both sequences. Each time one reaches the start of a new word
I*(i) in the witness, Q(y,v',4,2) is called to allocate the elements of the list
bh*, where y' is a pointer to the previous element in the list I*(1),..., (k)
(thus initially ¥’ = nil). If the two words end on the same character then this
means that we have reached the end of the potential witness'!, and we only have
to allocate the locations corresponding to the dummy index 0 and the dummy
character #. Note that the locations corresponding to 0 are associated with the
variables u,, and u,. The list must be constructed in reverse order to ensure that
the obtained rules are h-regular (if the lists were constructed in the usual order,
then the pointer to the next cell could not be allocated before one gets to the
next word, hence the corresponding rule would not be h-regular, as one would
need to introduce an existential variable without immediately allocating it).

P(z,v,2) < 3y, 00 5 Yu, ¥, 2)
© Q(y#a nil,q, Z) © Q(yua nil,q, Z) © P2727ivi(xlﬂ Yus Yo, U, Z)
if pili =vili (1)

Qy,y i,2) <y (i,y) (2)

ijjwiu,iu(xvy,uvywvaZ) <3 z— (y/uyuvxlvz)
0 P41y 1 (T Ypus Yo 0, 2)
if 5, <lwi, |, 3o <lvi, | and pi,|j, = vi,lj,  (3)

Py jusigerin (T3 Yy Yo, 0, 2) = 32,4, & = (Y, Y, 2, 2)
OQ(y:L,iit,y#, Z) OP21jV+1 R (l'/?y;uyllvvv Z)

s
if j, = |ﬂi,l,

+1, 50 < vy, | and pyg |1 = v, 05, (4)

10 For simplicity we only encode potential witnesses where the two sequences of indices
start with the same index, i.e., I*(1) = I¥(1). It is clear that this is not restrictive
as we eventually want to encode witnesses.

11 We assume, w.l.o.g., that only witnesses of minimal length are considered.



P i (T Yy Y, 0,2) = 32,y 2 = (Yus Yy @5 2)
OQ(yzln i:/7yu7 Z) on“+1,27iu,i’V (l'/7yu7y:/ava Z)
if j, <|pi,ls v = |vi,| + 1 and and p;,[;, = vir|1  (5)

Py, uinin (T Yu, Y0y 0, 2) <= I 0" 2 — (W, 0" nil, 2) 0 Qv y,, 0, 2)

OQ(u”,yu,O,Z) ou' ~ uuou“ ~u, if j, = |Hiu| +1and j, = |v;,[+1 (6)
To ensure that the considered potential witness is indeed a witness, it only
remains to check that the sequences Q" and Q¥ are identical. To this aim, we
introduce a predicate that generates structures of the form b” U h* LI h” with

. ) I de :
h// = {(glilﬁeﬂivgyi’glil—i-lﬂm) | (S {1’ R ’i}}7 h)\ = {(€Ai+155(1/\(@))a€)\i7ﬂ-2) |
1 <i <k} (b is identical to h*, except for the permissions) and s(I*) = s(I"),
forallie {1,...,k}.

R(%, Yy, v, 2) < 32y, y, x> (Y, 4, 2") o R( Y, 2)
0 QYps Yus 1, 2) 0 Q(Yy, Yy 3, 2) - (7)

R(Z,Yps yu,v, 2) <= I/, u'"x (v u nil) o Q(u/, Yur1,2) 0 Q" yu, 1, 2)
ou ~uyou’ ~u, (8)

It is clear that the formula P(z1,v, z1) o R(x2,nil,nil, v, 29) is (R, P)-satisfiable
iff the considered instance of the PCP admits a solution.

C Proof of Lemma 15

The proof is by induction on |b].

— Assume that (s,b) |:£ P(z,p)[v]”. By definition of the semantics of pred-
icate atoms, there exists a formula ¢ such that P(z,p)[v]” <z v and
(s,h) |:£ . By definition of the rules defining P(z, p)[v]~ and of the relation
<R, this entails that R contains a rule P(y, z) < Ju (O™, Q:(yi,p:) © ¢) and
we have:

Y =Fu (O, Qi(Yi,pi)[w]” opoylr £ w)o

with 0 = {y + z,w < v,z + p}. Again by definition of the semantics,
there exist a sequence of locations £ and disjoint heaps bho,...,bh,, such
that § = bo ... U by, (5',h0) Fx ¢0, §'(ylio) # &' (wo) and (s',b:) %
Qi(yi,p)|w] 0o = Qi(yio,po)[v]” (for all i € {1,...,m}), with s/ = s{u +
£}. Since R is h-regular, ¢ contains exactly one points-to atom with left-hand
side y|1, hence dom(ho) = {s'(yl1o)} = {s(x]1)}. Thus by # O and |bh;| <
[b| (for all i € {1,...,m}). By the induction hypothesis this entails that
(¢, b;) ):2 Qi(y;o,po) and s(v) = &' (v) & dom(b;). As §'(y|10) # s’ (wo), we
have s(z|1) # s(v) i.e. s(v) & dom(bo), hence s(v) & dom(h) = .-, dom(h;).
Furthermore, (s',0) Fk OliQi(yi0,po) 0 ¢o = (Ol Qi(yi, p) 0 ¢)o and
P(z,p) <r Fu(Or,Qi(y:,p) o $)o, consequently (s,h) |:£ P(z,p).



— Conversely, assume that (s, b) ):% P(z,p) and that s(v) € dom(h). By defi-
nition of the semantics, this entails that R contains a rule P(y, z) < ¢ with
(s,b) |:£ Yo and 0 = {y + x,z « p}. As R is h-regular, ¢ is necessarily
of the form Ju (O, Q;(y:,pi) o @), where ¢ contains no predicate atom and
exactly one points-to atom with left-hand side y|;. Moreover, there exist a
vector of locations £ and disjoint heaps by, . .., b, such that (s', ) ):2 oo,
(s',h:) ER Qi(yi,pi)o and ' = s{u + £}. Since s'(v) = s(v) & dom(h), we
get s'(v) & dom(h) thus s'(v) & dom(h;). Moreover, dom(ho) = {s'(y|10)},
hence s'(v) # ' (yl1o} and |b;| < |p| (for alli € {1,...,m}). By the induction
hypothesis, this entails that (s, b;) |:£ Qi(y;0,p0)[v]~. By definition of the
rules defining P(z,p)[v]~, P(z,p)[v]” <r Ju (O, Q:(y:,p)[w]” o poy|s #
w)o’, with o/ = o{w < v}. We get (5,h;) =& Qi(yi,p)[w]" o’ (for all
ie{l,...,m}), (s',h0) ER o = po’ and s'(y|10) # 5’ (wo') = &' (v). Thus
(s,h) Fx P@,p)[v]".

D Proof of Lemma 19

Assume that (s, h) |:£ P(z,p)o((P(z,p) o) — Q(y,q)). By definition, there
exist disjoint heaps b1, ho such that h = h1Ubs, (s, b1) |:;g P(z,p) and (s, h2) ):%
(P(z,p)o) —» Q(y,q). We show, by induction on |h|, that (s,h) Ex o —e
Q(y,q). By definition of the rules defining (P(z,p)oa) — Q(y,q), necessarily
(5,b2) =k Fw (1 0... 0%, 08), with P(z,p) <r O Q;(ui,pi) 0 b, a10...0a,
is a decomposition of P(z,p) o« (up to AC and neutrality of emp), and for every
i € {1,...,m}, either ¢, = a; — Q;(u;,q;) or ¢; = (y; ~ uw;0p; ~ ¢g;) with
a; = Pj(yj,p;) and P; = Q,. Thus there exist locations £ and disjoint heaps
69, ..., b5 such that (s',h3) =% &, (s',h3) =k ¢ (for all i € {1,...,m}) and
s’ = s{w < £}. By definition, there exists ¢ € {1,...,m} such that P(z,p) oc-
curs in a;, we assume by symmetry that ¢ = 1, with oy = P(z,p)oa}. As R is
h-regular, ¢ contains exactly one points-to atom, thus b # @ and |h;| < || (for
alli € {1,...,m}). We distinguish two cases.

— Assume that 1); is of the first form above. We have (s, b1 Lb3) )zg P(z,p)o
((P(z,p)oa)) — Q1(y1,q1)). By the induction hypothesis, we get (s',h; U
bi) EX ) — Q1(y1,q1). This entails that (s,h) =5 Jw (o} - Q1(y1,41)0
O 5thm 0 @), hence (s, bh) |:£ a —e Q(y,q1), by definition of the rules defin-
ing o — Q(y,4q1) (since a = af o O 5;).

— Assume that ¢ is of the second form above. Then §'(z) = §'(y1), s'(p) =
s'(q1), and @1 = P (with o/ = emp), so that (s, h1) ):% Q1(y1,q) = emp —e
Q1(y1,p). Therefore (s,b) |:£ Jw (emp — Q1(¥1,41) ©c O 9t 0 p), with

m

a = emp o (O ,a;. This entails the result, by definition of the rules defining
o —e Q(y7Q1)



E Proof of Lemma 20

The proof is by induction on |§|. Assume that (s, b) |:£ Q(y,p), s(z) #yl1 and
s(z) € dom(h). By definition of the semantics, there exists a formula 1 such
that Q(y,p) <x ¥ and (s,h) jz% 1, and, since R is h-regular, v is of the form
Jw (O, Qi(us,p;) o ¢), where ¢ contains exactly one points-to atom (which
left-hand side is necessarily y|;) and p; C p (for all @ = 1,...,n). Therefore
there exist a sequence of locations £ and disjoint heaps b, ...,h, such that
h=holU...Ubn, (s,ho) =R ¢ and (s, h;) =k Qi(us,p:), for all i € {1,...,n},
with s’ = s{w + £}. Furthermore, we have dom(ho) = {s'(y|1)} # 0, and thus
[bi| < |B|, for all ¢+ € {1,...,n}. Since s(z) # s(y|1) we have s(x) € dom(ho),
and, as s(x) € dom(h), this entails that s(z) € dom(h;), for some i € {1,...,n}.
Assume by symmetry that s(x) € dom(h;). We distinguish two cases:

— If §'(u1]1) # s'(z), then, by the induction hypothesis, we deduce that there
exist atoms P(z,z2,q) and P;(x,y;,q;) (for i € {1,...,m}) such that

(s.b1) =R 3z (Bo(B - Q1(u1,p1)))

withx = (z1,...,2,), 8 = P(z,2,9) o O Pi(%:,¥i,4:), 2 Cu1 Uz, qUg; C
P Cp oy C{url; | & ww(Q)} (foralli e {1,...,m}), P, € P*,xz C
('Taz)‘WR(P) andy €us Nz Ay ¢ {’U.1|j | Jé ’YR(QI)} = Y€ (x’z)|’YR(P)'
By a-renaming, we assume that £ Ny = (. Thus there exist a store s
coinciding with s’ on all variables not occurring in z, and disjoint heaps b/, b7
such that by = by UbBY, (s7,b)) ):% B and (s”,bY) ):2 (B - Q1(u1,p1)).
We show that y € yNz Ay € {yl; | J € "=(Q)} = v € (2,2)|1r(p)-
Assume that z € yNz, with 2 € {y|; | 7 € 7=(Q)}. As 2 C xUuy, necessarily
z = ul|y for some j' € {1,...,#1(Q1)}. Assume that j' & yr(Q1). By
Condition 2 in Definition 10 we deduce that there exists j € vz (Q) such
that z = y|;, which contradicts the above assumption. Otherwise (i.e., if
z=u1l; = j € yr(Q1), for all j') then y & {u1|; | j & y=r(Q1)} and the
proof follows from the induction hypothesis above.

We show that y; C {yl; | /' € 7=(Q)}, for all i € {1,...,m}. Let v € y,.
Since y; C {ual; | j € 7=(Q1)}, we get v = w1|;, for some j ¢ yr(Q1). By
definition of vz (Q1) (see Conditions 1 and 2 in Definition 10), this entails
that v = y|;/, for some j' & Y (Q).

We show that z Cy Uz U{u;|; |i=2,...,n}. Let V be the set of variables
occurring in 2, but not in y U z. Consider any variable v € V. Necessarily,
veu (asz CupUz), and v € w (as w3 C y Uw, by definition of the
unfolding). Note that, by Condition 1 in Definition 10, this entails that
v €uy with v =u1|; = j € yr(Q1), so that v € (z,2)]y,(p). As R is b-
regular and v € w, necessarily there exists k € {2,...,m} such that v = ug|;.
We assume, by symmetry, that the set of indices k such that ug|; € V is
of the form {2,...,n'} (with possibly n’ = 1, as V' may be empty), so that
zQyU:l:U{uih |i:2,...,n’}.

Since R is F-restricted (see Condition 5 in Definition 10) we get vz (Qr) = 0,
for all k € {2,...,n}, so that {ug|; | 7 # 1} C{yl; | j &€ w=(@Q)}



Let B = hoU by Ubpgr U...Ub, and §” = by U ... U b, Observe
that b’ and b” are disjoint and that h = b’ U b”, We get: (s”,b) )22
(B Qy,p)) o Oj-, 1 1Qi(Yi,q:) © ¢. By definition of the rules defining 3 —
Q(y, p), this entails that (s”,') EX 5~ Q(y,p) with 8 = 50 OF,Q4(us, ps).
Moreover, (5”’ h”) ):g P(xazaq) o ZilP'L(x7,7y7,7QZ) o O?:zQz(’Usz) Thus:

(s",b) =X P(x,2,9) 0 O Pi(z:,¥i,4:) © O Qi (us,:) o(8' — Q(y,p))
with B/ = P(xaz7Q) © Ozilpz(xzayzaql) © O;L;QQZ(’U‘MPZ) Consequently,

(57 b) ':£ EI'U(P(x,z,q) Ooglpz(x“ylaqn OO?;2Q1(uqu) O(ﬁ/ i Q(yvp)))

withv =2UV =2 U{u;|; | i =2,...,n'}, which completes the proof, as we
have proven that z C yUzU{u;|1 |i=2,...,n'}, y; U{ukl; |  # 1} € {y|; |
7 € 7r(Q)}, qUaUps Cp, P € P* and UV U (yly (@) N2) C (2,2) |4 (p)-

— If s'(u1]1) = §'(x), ie., §'(u1]1) = s(z), then we let P = Q1, p = p1, and
u1|1.2 = u1. As in the previous case, the variables v occurring in z but not in
y must occur in w, thus must be the root of some atom Q;(u;,p;), for some
ie{2,...,n'}withn € {1,...,n}, Q; € P*and {u;|; | j #1} C{yl; | j &
v=(Q)}. By definition of —e, we have (s”)b) |:£ P(z,2,q) 0o O, Qi(ui, q;)
o(8 —» Q(y,p)) with 8 = P(z,2,9) 0o OfLQi(ui,pi), 2 € y U{uily | i =
23"'777‘/}7 u; C {ylj’ | j/ g ’YR(Q)} and qQUp; - D, so that (Eah) ’:£
Fv(P(z,2,q)0 ;iQQi(ui,qi) o(8 —e Q(y,p))). By definition of vz, we have
v Culypyandy cynzAy €yl | j € m(Q)} = v € (2,2)lp)
Again, the proof is completed.

F Proof of Lemma 23

We need the following;:

Proposition 34. Let 6 be a predicate atom and let ¢ be a formula. If x €
roots(¢) then §o ¢ Eig d[z]” o ¢.

Proof. The result is an immediate consequence of Lemma 15 and Proposition
8 (using the fact that = cannot be allocated in both parts of the heaps that
correspond to roots(¢) and ¢, respectively).

We apply the following (non deterministic) transformation, for all variables
x € fu(¢). We replace every atom § occurring in ¢ such that = & roots(d) U
unalloc(8) by some (indeterministically chosen) formula in {§[z]=, d[z]~ }Ud[z] ™,
yielding a set of formulas @(z). In the case where d is replaced by §[z]=, since
by definition d[z]= = do(x ~ y) with {y} = roots(d), the variable y may be
replaced by x in the entire formula, so that we get an atom with root z. By
Lemma 22, for all structures (s, h), (s, h) =& ¢ iff (s,h) =% ¥, for some formula
¢ € P(x), thus satisfiability is preserved. Observe that, for all formulas ¢ € ¢
and for all atoms ¢’ in 1), either x occurs at the root of some predicate atom



occurring in the same o-formula as ¢’ in ¢, or x € unalloc(§”). The former case
occurs when ¢' occurs in §[z]= (after the replacement of y by z) or in some
formula in §[z]T, as, by definition, & occurs as a root in all formulas in §[z]™,
and all such formulas are o-formulas. The latter case occurs when ¢’ is of the
form 6[z]~, as « € unalloc(d[x] ™), by definition of §[x] . Since the same variable
x cannot be allocated in distinct parts of the heaps, this entails, by Lemma 15,
that any atom ¢’ in ¢ with x & roots(d) U unalloc(d) can be replaced by d[x]~
without affecting the semantics of the formula. We then get a formula ¢’ such
that x € roots(8")Uunalloc(d') holds for all atom ¢’ in ¢/, so that the implication

(s,h) ):?é ' As(z) € dom(h) = x € roots(d’) holds, by Propositions 8 and 34.

This process is applied on every variable z, which eventually yield a set of
normalized formulas ¥. Note that new variables may be introduced into the
formula, as §[x]T may contain variables (namely the variables z1, ..., x, in Defi-
nition 21) not occurring in 6. The above transformation must be applied also on
such variables, which, in principle, could lead to non termination. We prove that
the algorithm terminates, by showing that no new variables are added when x=
does not occur in the initial formula ¢ (more precisely, we prove that the ob-
tained formula is always (R,P)-unsatisfiable in this case, hence can be removed
from the set of formulas at hand). By Lemma 20, as z is necessarily added by
some replacement § — §[y]*, we observe the variable x necessarily occurs as the
root of some atom Q;(z,y), with Q; € P*. We denote by &; the o-formula con-
taining @Q;(z,y). Assume that the transformation above is in turn applied on the
variable z, yielding a formula +. By definition of §[z]*, this entails that x occurs
as the root of some atom P(x, z). Moreover, if new variables are added, then, by
Lemma 20, we must have yg (P) # 0, thus P € P\P* (by Condition 3 in Defini-
tion 10). We denote by &, the o-formula of 1) containing P(z, z). The case where
&1 = & can be dismissed, as x would occur twice as a root in the same o-formula,
which would then be unsatisfiable. Therefore, for every model (s, ) of ¢, there
exist heaps b1, h2 such that (s, h;) |:£ & and b1 LUho < h. Observe that each time
an atom of the form o —e P’(z,u) is introduced in the formula, the o-formula
« is simultaneously added in the same o-formula, and we have (by Lemma 19)
ao(a —e P'(z,u)) % P’(z,u). Moreover, for every atom P’(z,u) and variable
y, we have (by Lemma 15) P'(z,u)[y]” |:£ P'(z,u). By an easy induction on
the structure of derived predicates, we deduce that for every atom Q(x,u’) oc-
curring in some o-formula £ in ¢, and every model (s, ) of £, there exist an atom
Q' (z,u) and a heap b’ such that (s, ") )z% Q' (z,u) and h’ < b, Q is either equal
to Q' or derived from @', and @’ is not a derived predicate, i.e., occurs in the ini-
tial SID. Moreover, by Propositions 14 and 18, we have Q' € P* < Q € P*.
Consequently, for all heaps b1, ho such that (s, b;) )=£ &; there exist heaps b}, b}
such that (s,57) Ex Qi(zi,y'), (5,h5) EX P'(zi,y"), b <1 b; with Q) € P,
P’ € P\ P* and Q}, P’ are not derived predicates. However, by Condition 4
in Definition 10, Q}(z;,y’) * P'(x;,y") is (R,PB)-unsatisfiable. This entails that
&1 % & (hence ) is also (R, 3)-unsatisfiable.



G Proof of Lemma 25

We use the following result, that is an easy consequence of Definition 24:

Proposition 35. cut(Ly U Lo, L', h) = cut(Ly, L' U Ly, h) U cut(Le, L' U L}, h),
if LiNLy = 0 and L; C Ls_;.

The proof of Lemma 25 is by induction on the satisfiability relation:

— If ¢ is pure then roots(¢) = dom(h’) = @ and the proof is immediate.

— If ¢ is a points-to atom z *> (y1,---,yk) then by definition of the seman-
tics B’ = {(s(x),s(y1),.-.,5(yn),s(p))}, hence, by definition of <, h is nec-
essarily of the form {(s(x),s(y1),...,5(yn), )}, where either 7 = s(p) or
m = (s(p) ®yp 7’), for some 7’ € Pg. In both cases, we get dom(h’) =
{s(2)}, moreover, by Definition 24, {s(z)} = cut(s(roots(¢)),s(V),h) since
{z} = roots(¢) and for all ¢ € {1,...,n} such that s(y;) # s(x), we have
Yi € fo(¢) \ {z}, hence y; € V.

— If ¢ is of the form ¢4 o ¢y, then there exist heaps b}, b5 such that dom (b)) N
dom(bh) = 0, b} LUb, = b’ and (s,h}) =k ¢, for all i = 1,2. Let V; =
V U roots(¢s—;). Note that s(V;) N dom(h;) = 0 (indeed dom(b}) C dom(h’),
hence s(V)Ndom(h}) = (), and by Proposition 85(r00ts(¢3 i) C dom(b5_,),
thus s(roots(ps—;))Ndom(bh;) = 0, as dom(h}) N dom(bhy) = 0). Furthermore,
fo(¢i) C fu(¢) C V Uroots(¢p) =V Uroots(¢;) Uroots(¢ps—;) = Vi Uroots(¢;).
By definition of <, we have h; < b for all i = 1,2, thus, by the induction
hypothesis, dom(h}) = cut(s(roots(¢;)),s(V;),h). Consequently dom(h’) =
dom (1) U dom (1) = cut(s(roots(61)), s(V2), ) U cut(s(roots(2), 5(Va), b).
and by Proposition 35 (applied with L; = L5, = roots(h) and L' = V),
dom(b’) = cut(s(roots(¢1))Us(roots(p2)), (V) h). Since we have s(roots(¢1))U
5(roots(¢p2)) = s(roots(p1) U roots(pz)) = s(roots(¢)), we get the result.

— If ¢ is a predicate atom P(z,y,z), then roots(¢p) = {z} and ¢ <r ¢,

with (s, h) |=;§ ¢'. Since R is h-regular, ¢’ is of the form Juq,...,u, (x B

(v1,...,v5) 0 o)), where ¢ is pure, roots(¢p) = {uq,...,u,}and {uy,...,un} C

{v1,...,v;}. Consequently, there exists a store s’ coinciding with s on all vari-

ables not occurrence in {uy, . .., u, } such that (s',b’) =5 = &> (v1, ..., ;) 0 o1

Since v’ is pure, we also have (s',h’) P% B (v, vp) 0. As fu(z S

(v1,...,01)01) C fu(¢) U{uy,...,un} C V Uroots(xz > (v1,...,v5)01)),
we get by the induction hypothesis:

dom(Y') = cut(s' (roots(x TN (v1,...,vk)01)), s (V),h)
ie. dom(b') = cut({s(x)} Us' ({u1,...,un}),s(V),h)

We assume by a-renaming that {u1, ..., u, }NV = @ so that '(V) = s(V). By
definition of the semantics we must have §'(s(z)) = (s(v1),...,8(vg),s(p)).
Since b’ < b, we get h(s(z)) = (s'(v1),...,8 (vg), m) for some m € Py. By
Proposition 8, necessarily {s'(u1),...,8 (un)} € dom(h’), since roots(¢p) =
{ui,...,un}. As s(V)Ndom(b') =0, we get {s'(u1),-..,5 (up)} Ns(V) = 0.
Since h(s(z)) = (s'(v1),...,8 (vg), ) and {uy,...,un} C {v1,...,vx}, this



entails, by Definition 24, that {s'(u1),...,8"(un)} C cut(s({z}),s(V),b).
Thus cut({s(z)} Us' ({z,u1,...,un}),s(V),h) = cut(s({}),s(V),h), hence
dom(y') = cut(s(roots(6)), (V). b).

H Proof of Lemma 26

Let A be a bijective mapping from £ to £. For any tuple (¢1,...,¢,,m) with ¢; € L

and m € Py, A((l1,...,¥4,,m)) denotes the tuple (A(¢1),...,A(¢y), 7). For every
heap b we denote by A(h) the heap defined as follows: dom()\(h)) = A(dom(b))
and for all £ € dom(h), A(h)(£) = A(h(£)). The following proposition, showing
that the truth value of a formula in a structure does not depend on the name of

locations, can be established by an immediate induction on formulas:

Proposition 36. Let A\ be a bijective mapping from L to L. If (s, ) |:§£ @ then
(Aos,A(D) Fk ¢

Now, assume that (s, b) |:£ ¢. Then there exist heaps b;, b, and b’ (for
i€{1,...,n}) such that b = 'L, (h; Ub:) UB', (s,5') =R &', (s.b:) =R ¢,
(s,b:) =R i (5,0) R ¥, dom(b;) N dom(h;) = @ (for all i € {1,...,n})
and dom(h') N dom(|J7_,(h; Uh;) UH) = 0. Let V' = fu(¢) \ V. By the hy-
pothesis of the lemma roots(¢;) = V (for all i € {1,...,n}), thus fv(¢;) C
V' U roots(¢;). Since ¢ is normalized and (s, h;) ) ¢i, we have Yz € fo(¢;) :
s(z) € dom(h;) = = € roots(¢;), hence s(V')Ndom(h;) = 0. Moreover, h; < b,
and by Lemma 25 (applied on ¢;, s(V') and b;), we deduce that dom(h;) =
cut(s(roots(¢;)),s(V'),h) = cut(s(V),s(V’),h). Therefore, dom(h;) = dom(h;),
for all 7,5 € {1,...,n}, which entails that dom(h;) N dom(h;) = 0 (as dom(h;) N
dom(h;) = 0). Let L be any infinite subset of £ containing no locations occurring
in s(fv(¢)) or loc(h) (such a set always exists as fu(¢) and b are both finite and
L is infinite). Let A be any injective mapping from £ to L U s(fv(¢)) such that
A(s(z)) = s(z) for all = € fu(¢). By Proposition 36, we have (Aos, A(h;)) =& ¢,
so that (s, ], A(h;)) ):‘13 *7_ ¢ (as X os coincides with s on all variables in
fo(¢) and ||, A(h;) is deﬁned as | |1, b; is defined)).

We show that | |}, A(h;) and b’ are disjoint. Assume, for the sake of contra-
diction, that £ € dom(A(h;)) N dom(h’). This entails that ¢ € (L Us(fv(¢))) N
dom(h’) C (L Us(fu(g))) N loc(h). Since by definition of L, L N loc(h) = 0
we deduce that ¢ = s(z), for some = € fv(¢). By definition of A, this en-
tails that A\(¢) = ¢, i.e., A™1(f) = ¢, so that £ € dom(b;). This entails that
£ € dom(h;) N dom(h’), which contradicts the fact that b; and " are disjoint.

Therefore, b’ LI |_|:L L A(B;) is defined and we get (s, U L', AM(h:)) =R
¢ oK p;. As (s, h ) R i (for all i € {1,...,n}) and (s,h") =% ', we also
have (s, (LI, b )u b’ ) |:613 * ) thus it only remains to prove that b’ LI
LIP_, A(h:) and (L]}, b:)Uh’ are disjoint to prove that (¢/ o K7 ¢;) o((K7, ;)
') is (R,R)-satisfiable. We know that dom(h") N (U7, dom(h;) U dom(p')) = 0,



thus it suffices to show that dom(A(h;)) N dom(h;) = 0 (for all 4,5 € {1,...,n})

and that dom(A(b;)) N dom(h’) =0 (for all ¢ € {1,...,n}).

— Let £ € dom(\(b;)) N dom(b;). By definition ¢ € LUs(fv(¢)) and £ € loc(h),
thus £ € s(fv(¢)). By definition of A, this entails that A=1(¢) = ¢, so that ¢ €
dom(b;), which contradicts the fact that h; and b; are disjoint, as previously
shown.

— Let £ € dom(\(h;)) N dom(h'). By definition £ € L Us(fu(¢)) and £ € loc(b),
thus there exists « € fo(¢) such that £ = s(z). As ¢ is normalized, (s, b’) |:%

¢ and £ € dom(b') we get @ € roots(v'). Similarly, since (s, A(h;)) |:£ oy
and ¢ € dom(A(h;)) we get x € roots(¢;), thus roots(¢;) N roots(y') # 0,
which contradicts the hypothesis of the lemma.

Conversely, assume that (s, h) j:g (¢/ o K2 ;) o (K7, 4p;)*1)’). Then there
exist heaps bs,bi, b’ and B (for i € {1,...171}) such that b = b U, b U
I_l:lzl b’b u h/7 (57 h/) ':g ¢/u (57 b1> ':ﬁ ¢i7 (57 hl) ':£ szﬁ £57 h/) ':£ ¢/7 dom(h') N
dom( ]}, b;) = 0 and dom(y’'ULJ"_, hi)Ndom(| ]}, b;Lh") = 0. This entails that
dom(hi)ﬁdon}(f)i) = (foralli € {1,...,n}), so that (As, f)iAuhAi) ):% ¢; 01;. Thus
(s, LIy (h:1by)) R Kisy (95 0wi) and (s, LI, (hiUhi)UB') = KTy (¢ o)
Y. Moreoyer, we also haAve doAm(h/) N (UL, (dom(h;) U dom(b;)) U dom(h’)) = 0,
hence (s, b LI, (b L) L) R ¢ 0 Ky (diow) x 0/, e, (s,h) R o.

I Proof of Lemma 27

We prove the two implications separately by induction on |f|. For the first im-
plication, we show for technical convenience that the entailment is valid also in
the case where the hypothesis s(z) # s(y) = s(y) € dom(h) is not satisfied.

= Assume that (s,) =k P(z,9,p)VP'(y,p'). Then there exists a formula &
such that P(z,y,p)VP'(y',p) <x £ and (s,h) h% £. By definition of the
rules defining Vv, ¢ is of the form:

Fuz s (v) o Oy (Qi(uisyir q:)VQ,(uiy Yl g))) 0 po g ot

with ¢ = p®q, u = (u1,...,uy), v = (v1,...,0;), ¢ and ¢ are pure,
Y =v~v" and:

P(z,y,p) <r Ju x> (v) o O Q;(uiyigi) o
P,y p) <r Ju = (v) o O, Qi (uin Yl qi) o ¢’

By definition of the semantics, there exist locations £ and disjoints heaps
bOv ey hn such that (517 hO) ’:£ x '£> ('U) and (517 b’L) ':£ Ql(uhyuql)vQ;(ulvyévq;%
for all i € {1,...,n}. This entails that |ho| = 1, so that |h;| < [p| (for all
i € {1,...,n}) and by the induction hypothesis, we deduce that there ex-
ist heaps b} and b} such that: dom(h}) C dom(h;), dom(b)) C dom(h;),

2 K2



b{L U b;,/ = hiv (5/3h'/i ':g Qi(ui7yi7qi) and (slahfil) ':;g Ql(ulay{uq;)v with
) def

5" = s{u + £}. As §'(q) is defined, necessarily s'(p) and s'(p’) are both de-
fined and §'(q) = §'(p) g5’ (p'). Consider the heaps h) = {(s(z),s (v),s(p))}
and bl = {(s(x),s'(v),s(p'))}. By definition, we have dom(h}) = dom(h]) =
dom(bo) and hj) L by = b (since &' (v) = s'(v') as &' =k ¥). It is clear that
the heaps by, ..., b, are pairwise disjoint (as ho,...,h, are disjoint) thus
b < pyU...Ub, is defined. Moreover, as s =¥ ¢, we get (s',5) =k

€T ’g (”)OO?:1Qi(Ui»yi»¢1i)o¢a hence (57 b/) ':£ P(‘T7yap) By Symmetry,

we also have (s, ") |:£ P'(z,y/,p') with b = b U... U h". Furthermore,
b'Ub” = (ho U...Lby,) L (hgU...Ub7) = (bo Ubg) U ... U (b, Uby) =
(hoU...Uby) =b. Thus (s,h) Ex P(a.y,p) * P'(z,y,p).

Let b’, b be heaps such that h'LIh" = b, (s,5') jz% P(z,y,p) and (s,5") |:£
P'(z,y’,p’). By definition, we have P(z,y,p) < & and P(z,y’,p') <r &,
with (s, b’) |:§7§ ¢ and (s,h") ):?é &’. Since R is h-regular, £ and & are of the

form Ju ( v (v) © O, Qi(us,yi,qi) 0 ¢) and 3’ (& & (v) 0 O, Qu(uf, i, 4}) 0 &,
respectively, with u C v, v’ C v, v = (u1,...,u,), v = (u},...,u,),
v=(v1,...,0),v = (v],...,0 ), and @, ¢’ are pure. Then there exist stores
s’ 8" coinciding with s on all variables not occurring in u, u’, respectively, as

well as sequences of pariwise disjoint heaps by, ...,h], and bg,..., ", such
/

that (s',bp) Fx @+ (v), (s,b5) =g « & (0), (5',07) R Qilwi i, as) (for
alli € {1,...,n}), (5", 07) =% Qi(u},y},q;) (foralli € {1,...,n'}), s =% ¢
and s” EF ¢'. Thus (s(z),s' (v),s(p)) € b’ and (s(x),s"(v'),s(p')) € b”. As
h'Ubh” = b, we deduce that k = k', §'(v) = " (v') and s(p) ® s(p’) is defined,

def

so that ho = {(s(z),s'(v),s(p) ®s(p'))} = bo Wby < b.

Now assume (for the sake of contradiction) that there exists ¢ € {1,...,n}
such that v; € w and v] € u'. Then v} € roots(£’), we get s’ (v}) € dom(h").
As s'(v) = ¢ (v') and dom(h”) C dom(h) we deduce that s'(v;) € dom(h)
hence s(v;) € dom(b) (since v; € u), thus s(v;) = s(x), by the hypothesis
of the lemma. But then s(z) € dom(by) N dom(hY), which contradicts the
fact that by and b7 are disjoint. Similarly, there is no i € {1,...,n'} such
that v} ¢ u' and v; € u. This entails that {i € {1,...,k} | v; € u} =
{ie{l,...,k} | v, €u'} and, as u C v and w’' C v’, we deduce that n = n’
(since §'(v) = §"(v') and s’ and §” are injective on uq, . .., u, and uj, ..., ul,,
respectively). By a-renaming, we may then assume that u = u’ and s’ = s”,
thus s’ =% v ~ v'. We have b'Ub” = b, i.e., (hyU...UH,)U(byU...UB.) = b,
and b = (hy LIbY) U... U (b, Uh). Let b; = b, uh? for all i € {0,...,n},
so that h = ho U ... U b,. Note that s'(u;) € dom(h}) (by Proposition 8),
and s(x) € dom(bh;) which entails, as by, ..., h), are disjoint and dom(h}) C
dom(h), that the entailment s'(y) € dom(bh) = s'(y) = s'(u;) holds for
all i € {1,...,n}. By symmetry, s'(y) € dom(h!) = s'(y) = s'(u;) also
holds for all ¢ € {1,...,n}, hence s'(y) € dom(h;)) = s'(y) = ' (u;).
Since |ho| = 1, necessarily [h;| < |b], for all i € {1,...,n}. By the induction

hypothesis, we deduce that (s',h;) |:£ Qi (ui,yi,p)VQ:i(us, yl,p”"), so that



(«,0) EE 2 v (v) 0 O Qi(ui,yi,p)VQi (s, ¥, p") 0 po ¢ o(v = v). By
definition of the rules of P(z,y,p)VP (x,y’,p’), this entails that (s,b) |:£
P(z,y,p) VP (z,y'.p).

J Proof of Proposition 30

The direct implication is immediate to prove. We now establish the converse. If p,
is PB-satisfiable then there exists a store s such that s =% p, (i.e., (5,0) E¥ pa)-
Since ~g is an equivalence relation on V, NV, it is clear that there exists a
store § such that 5(z) = s(z) holds for all x € V,, and for all y,z € Vo N Vi:
5(y) = 5(z) < y ~q z (it suffices to associates all equivalence classes of ~
with pairwise distinct arbitrarily chosen locations). As V is finite, there exists
a heap b such that dom(h) = §(Va) (e.g., b = {(¢,7) | £ € dom(h)} where 7 is
some arbitrary permission in Py ). As the truth value of a only depends on the
interpretation of variables of sort p, we have § =% a, so that (3, 6) =P a.

K Proof of Lemma 31

We need to establish a slightly more general property: Let ¢ be a o-formula, let
(s,b) be astructure and let V' 2O fv(¢$). We show that the two following assertions
hold: (i) If (s, b) ):g ¢ then there exists a heap abstraction (V,~, A, p) € 2A(¢)
such that (s,h) E* (V,~, A4,p). (i) If (V,~,A4,p) € A(¢), ~= {(u,v) € (VN
V1)? | s(u) = s5(v)} and s =¥ p, then for every store § such that §(z) = s(x)
for all x € V, and 5(Ax) =5(y) <= s(z) =s(y) for all x,y € VNI, and for
every infinite subset L of £, there exists a heap b such that (8,h) |:£ ¢, with

dom(h) C LUS(A).

1. The proof is by induction on the satisfiability relation. Let ~= {(z,y) €
(VnW)? [ s(x) =s(y)}

~If ¢ =x & (y1,...,y) then necessarily dom(h) = {s(z)} and s(p) is
defined, so that s =¥ def (p). Moreover (V,~,{y € V | y ~ x}, def (p)) €
A(¢), by definition of 2(¢). By definition of ~, we have Vz,y € Vo N Vs:
z~y < s(x)=s(y)and {yeV]y~at={yeV|s(y =s()} =
[y eV |s(y) € dom(t)}, thus (s,) =% (V,~, {y € V | y ~ 2}, def (p)).

— If ¢ =x ~y (resp. 2 y) with z,y € V1, then h = (. Moreover s(z) =
s(y) (resp. s(x) # s(y)) so that x ~y (resp. z ¢ y) and (V, ~, 0, emp) €
2(¢), by definition of 2(¢). As ~= {(z,y) € (V NW)? | s(z) = s(y)},
dom(h) = (), and s |=F emp we have (s,h) =¥ (V,~, (), emp).

— If ¢ is a permission formula then h = 0, and (V,~,0,¢) € A(¢) (by
definition of A(¢)). As ~= {(z,y) € (VM)? | s(z) = s(y)}, dom(h) = 0
and (s,0) = &, we get (s,b) E¥ (V,~,0,0).

— Assume that ¢ = Jz 1. By a-renaming, we assume that x ¢ V. There
exists a store s’ coinciding with s on all the variables distinct from z
such that (s, h) ):% . Let V' = V U {x}, so that fu(yp) C V'. By



the induction hypothesis, 2A(¢)) contains a tuple (V',~', A’, p) such that
(6,0) P (V. ', p). Then ~'= {(y,2) € (VW) | 5(y) = (=),
A'={yeV'|s(y) € dom(h)} and s ¥ p. By definition of 2A(¢), we
deduce that the heap abstraction a = (V' \ {z},{(y,2) € V' |y ~ z A
y,z # a}, A\{z},p) isin A(¢). By deﬁnltlon of V', we have V'\{z} =V,
{(,2) e VW) |y~ zAy#Fanz#at={(yz) € (V)|
s'(y) = 6'(2)} and A’ \ {2z} = {y € V | §'(y) € dom(h)}, so that a =
(VA 2) € (VAW)? | €/(5) =5/ (=)}, {y € V | s/(y) € dom(b), p}. As &
and s coincides on all variables y # = (hence on all variables in V), and
since p does not contain z (since existential variables are of sort 1) we
get (s,b) =¥ a.

— Assume that ¢ = ¢10¢s. Then there exist disjoint heaps b1, ho with
(s,b:) =R ¢ and h = by Uby. Let A; = {z € V | s(z) € dom(b;)}.
We have fu(¢;) C fu(¢) C V, thus, by the induction hypothesis, there
exist (V,~y, As, pi) € A(¢p;) such that (s,b;) EF (V,~i, As, pi), so that
~=ro= {(z,y) € (VNW)? | s(z) = s(y)}, Ai = {z € V | s(z) €
dom(b;)} and s =¥ p;. As dom(h1) N dom(bh2) = 0 necessarily A; N Ay =
0 thus (V,~1, A1 U Ag, p1ops) € A(¢). Then s =F pjops, and since
dom(h) = dom(h1) U dom(h2), we get {z | s(x) € dom(h)} = {z | s(z) €
dom(h1)} U{x | s(x) € dom(ha)} = A; U Ao, thus (s5,h) E¥ (V,~
, A1 U Ag propa).

— Assume that ¢ is a predicate atom. Then there exists 1 such that ¢ <5
¢ and (s,h) =% ¥. We have fo(y) C fu(¢) C V. By the induction
hypothesis, there exists a heap abstraction (V,~, A4, p) € 2(¢) such that
(s,h) E® (V,~, A, p). By definition of A(¢), (V,~, A, p) is in A(¢).

2. The proof is by induction on 2(¢).

— Assume that ¢ = 2 & (y1,...,yx). Since (V,~, A, p) € A(¢), we must
have A = {y € (VNW) | y ~ z} (thus z € A) and p = def (p),
by definition of 2A(¢). Since s =¥ p necessarily 5 =¥ p, as § and s
coincide on all Variables of sort p. Consequently, §(p) must be defined.

Consider the heap h & {( (2),5(y1),--,5(yr),5(p))}- By definition of
the semantics, (5,h) =k ¢, moreover dom( ) = {5(x)} C 5(A), since
x € A

— Assume that ¢ = ~ y. As (V,~, A, p) €
by definition of 2A(¢). Since ~= {( v) € (
entails that s(z) = s(y), so that §(x) =
get (8,) =X ¢

— The proof is similar if ¢ = x % y.

— Assume that ¢ is a permission formula. In this case, we must have p = ¢,
hence 5 =% ¢. Since 5 coincides with s on all variables of sort p, this
entails that 5 =% ¢ , so that (5,0) =% .

— Assume that ¢ = Jz . As (V,~, A, p) € A(¢), we deduce, by definition
of A(¢), that (V/,~' A", p') € A(Y) with V = V' \ {z}, ~= {(u,v) |
u~vAu# Ao £z A=A\ {z} and p = p’. Moreover, since
(s,h) E¥ (V,~,A,p), we deduce that y ~ 2 = s(y) = s(2), for

(¢), we must have = ~ y,
NW1)? | s(u) = s(v)}, this
(y); and by lettlng [) = @7 we

e
v



all y,z € (V. NVy). By the hypothesis of the lemma, this entails that
the implication Yy,z € (VNV;) (y ~ 2 = 5(y) = 5(z)) also holds.
Consider any stores s’ and &' coinciding with s and & (respectively) on
all variables distinct from z and such that:

o If  ~' y for some variable y € V then §(z) = s(y) and &'(z) = §(y)
(note that s(y) and §(y) does not depend on the choice of y € V' in
the same equivalence class for ~).

e Otherwise, we let §'(x) = §'(x) = ¢, where ¢ is an arbitrarily chosen

location in L\&(V'). Note that such a location exists since L is infinite.
By construction, it is clear that the equivalence s'(y) = 5'(2) < y ~/
z <= §'(y) = §(2) holds for all y,z € V' NV;. Moreover, s’ coincides
with s on all permission variables (as x is of sort 1, since quantification
over permission variables is not allowed), thus s’ =¥ p/ = p. Let L' =
L\ {§'(x)}. By the induction hypothesis, applied on (V',~'  A’, p'), 1,
s/, and L', there exists a heap b such that (¢, 6) |:£ 1 and dom(ﬁ) C
L'U8'(A"). This entails that (3, h) |=£ Jz 4. Tt only remains to show that
dom(h) C L US(A). Assume, for the sake of contradiction, that dom(f)
contains a location £ not occurring in LUS(A). As £ € L' U§'(A’), with
L' = L\{§(z)} and A = A’\ {z}, this entails that ¢ = §'(z) with z € A’
and §'(x) ¢ L. By definition of &', the latter assertion entails that there
exists a variable y € V1 NV such that  ~ y and §'(z) = §(y). We must
have y € A’ (since z € A" and A’ is closed under ~) thus y € A (as x # y,
since ¢ V), hence 5(y) = £ € 5(A), which contradicts our assumption.
— Assume that ¢ = ¢1 0 ¢2. As (V,~, A, p) € A(¢), we deduce, by definition
of A(¢p), that for all i = 1,2, A(p;) contains a heap abstraction (V,~
JAi, pi) with A= A1 UAy, p=propyand A1 NAy=0. As s }:‘B p, we
get s =¥ p;. Moreover, s(A;) Ns(Ag) = (. Indeed, if s(x;) € s(A;) with
z; € A, then x1 ~ x5 (as ~= {(u,v) € (V NW)? | s5(u) = s(v)}) which
entails (by Definition 28) that xo € A; and 1 € A,, contradicting the
fact that A; N Ay = (. Let L1, Ly be disjoint infinite subsets of L also
disjoint from &(V') (such sets exist since L is infinite). By the induction
hypothesis, there exist heaps b, such that (s, h}) ):ig ¢; and dom(f)i) -
Li Uﬁ(Al) As L1 n L2 = @, E(Al) mﬁ(AQ) = (Z) and (L1 @] L2) ﬂﬁ(V) = (Z),
we have dom(f)l) N dom([ag) = 0, so that by and b, are disjoint and
(8,b1 U by) ):% $10 ¢y = ¢. Moreover, dom(hy L) C L US(A).
— Assume that ¢ is a predicate atom. Since (V, ~, A, p) € A(¢), necessarily
(V,~, A, p) € A(§) with ¢ <% £. By the induction hypothesis there ex-
ists a heap & such that (8, ) |:§7§ ¢ and dom(h) C LUS(A). By definition

of the semantics, we also have (5, ) =% ¢.

L Proof of Theorem 32

We assume for simplicity that ¢ contains no quantifier and no points-to atom?!?.

12 Tt is clear that this is not restrictive: any existential variable may be replaced by
a fresh free variable, and any points-to atom z ++ (y1,...,yx) may be replaced



Step 1 (Normalization). Using Lemma 23, one first compute a set of normalized
formulas @2 such that ¢ is (R, 3)-satisfiable iff there exists ¢o € P9 such that
¢2 is (R,P)-satisfiable, and all formulas in @, are separating conjunctions of
o-formulas (all the existential variables occurring in formulas in @, are replaced
by fresh free variables).

Step 2 (Elimination of x). By definition, every formula ¢2 € @2 may be writ-
ten on the form ¢ o(*("_ x;) (1), where ¢/, x1,...,xn are o-formulas (with
initially ¢/ = emp). We show that, if n > 1, then the above formula can be
reduced into a strictly smaller sat-equivalent formula that is still of the form
(t). Let & be any variable occurring in roots(x;), for some i € {1,...,n} (if
no such x exists then *?lei is pure and the symbol *x may be replaced by
o, yielding a formula of the form () with n = 1). Let I be the set of in-
dices in {1,...,n} such that = € roots(y;). By symmetry, we assume that
I = {1,...,m} for some m € {1,...,n}. Every formula y; must be of the
form 6; * X}, where §; is a predicate atom, roots(d;) = {z} and = & roots(x}) (if
X contains two distinct atoms with the same root z then by Proposition 8, x;
is (R,9)-unsatisfiable and the entire formula can be dismissed). By Lemma
26, applied with ¢; = &, ¢; = x} and ¢’ = X2 v;, we deduce that
¢ o(K_ x;) is sat-equivalent to (¢ o K7 8;) o(K™ v/ % *?:m+1xi)' Let ¢f, =
@' 0(01V ... Vi) O(*ng;* *;Lzm-&-lxi)' By Lemma 27, *;’;1& E% MV...Vin
(the hypothesis of the lemma is satisfied since all formulas are normalized), thus
@b and ¢/ o( K7, x;) are sat-equivalent. As the weight of the symbol x is strictly
greater than that of o, it is clear that |¢| < |¢'o(K7_,x;)|. Moreover, ¢} is
also of form (}). By repeating the above transformation, we eventually obtain
a formula ¢3 of the form () above, with n = 1, i.e., a o-formula. We thus get
a set of o-formulas @3 such that ¢ is (R, J3)-satisfiable iff there exists ¢3 € @3
such that ¢3 is (R,P)-satisfiable.

Step 3 (Abstractions). It only remains to check that one of o-formulas ¢35 € @3
is (R, P)-satisfiable. By Lemma 31, it is sufficient to compute the set A(¢p3) and
test whether it contains a heap abstraction (V,~, A, p) that is B-satisfiable. By
Proposition 30, we only have to check that p is PB-satisfiable, which is decidable
by the hypothesis of the lemma.

We now analyze the complexity of the algorithm and we show that it runs
in exponential time.

1. At Step 1, one replacement is performed for each atom ¢ and for each vari-
able. Moreover, each replacement may in turn introduce new atoms and
new variables in the formula (however, as shown above, the application
of the replacement operation on these new variables do not add further
variables). Note that the replacement does not increase the number of o-
formulas occurring as operands of *: only the number of atoms inside o-
formulas may increase. Thus the number of o-formulas is at most |$|, as

by a predicate atom P(z,y1,..., Yy, 2z), with the rule P(u,v1,...,vr,w) < u
(Ul,...,Uk).



initially ¢ contains at most |¢| spatial predicate atoms and no occurrence of
o. Moreover, the replacement cannot be applied twice with the same vari-
able and the same o-formula. We denote by N be the maximal number of
variables introduced by one single replacement. We get a total of at most
fo() + (N x fu(¢) x |#]) < (N +1) x |¢|? variables. As all the spatial atoms
occurring in the same o-formula must have distinct roots (otherwise the for-
mula is (R,)-unsatisfiable by Proposition 8 and can be dismissed), this
yields a total of at most (N + 1) x |¢|? atoms in each o-formula, hence of
at most (N + 1) x |¢|® atoms in every formula ¢, € ®5. Each replacement
may produce a new derived predicate, which may be of the form §[x]~ or
(P(x,z,p) o O, Pi(zi,yi,p)) — Qy,p) (with 6 = Q(y,p)). In the former
case, no new variable is introduced and the maximal arity increases by at
most 1, whereas in the latter case, new variables x1, ..., x, (withn < N) are
added into the formula and the maximal arity of the predicates occurring in
the formula is increased by at most n (see Definition 17). By Lemma 20, we
have {z1,...,2n} C (2,2)|yr (p), thus n < card(yr(P)). By Propositions 14
and 18, the computation of derived predicates cannot increase the maximal
value of card(yr(P)), so that N < |R| and card(yg(P)) < |R|, for every
derived predicate P. Thus, in every formula ¢o € @5, the number of variables
added in the formula, the number of atoms and the number of derived pred-
icates and their maximal arity are all polynomial w.r.t. |¢|+|R/|, so that |¢s]
is polynomial w.r.t. |¢|. Moreover, the total number of derived predicates
is at most exponential w.r.t. |¢| + |R|. Indeed, it is easy to see that these
derived predicates may be uniquely determined by choosing the initial atom
0 in ¢ from which the derived predicate is computed and the sets of atoms
that are removed from the call tree of § (inside the initial set of predicates).
At most N + 1 such atoms are introduced at each replacement, and there
are at most (N +1) x fu(¢) replacements, yielding at most 2/RI*(N+1)*xfv(9)
possible choices. Therefore, the total number of formulas in @5 is at most
exponential w.r.t. |¢|+|R|. It is clear that each formula ¢ can be computed
in polynomial time.

. It is straightforward to check that for each formula ¢o € @5, the correspond-
ing o-formula ¢3 € @3 can be computed in polynomial time w.r.t. |¢2| (each
step of the transformation strictly decreases the size of the formula). Hence
Step 2 can be performed in exponential time w.r.t. |¢|.

. At Step 3, for each formula ¢3 € @3, the test A(p3) may be computed by us-
ing a standard fixpoint computation algorithm, following the inductive rules
in Definition 28. Observe that we only need to compute 21(1)) for formulas
1 that occur in either ¢3 or in R (up to a renaming of variables), as other
formulas does not interfere with the computation of 2(¢3). Moreover, we
only need to counsider heap abstractions (V,~, A, p) such that V contains
only variables in fv(v) and existential variables in R, and p contains only
permission terms and permission predicates in 1. It is clear that the num-
ber of such heap abstractions is simply exponential w.r.t. |¢3|, hence the
computation can be performed in exponential time.



The EXPTIME-hardness proof goes by an easy reduction from the halting
problem for alternating Turing machines (ATM) running in polynomial space.
As APSPACE (the class of languages decidable in polynomial space by alter-
nating Turing machines) is identical to EXPTIME, we get the result. Let M =
(Q,I,6,q0,9) be an ATM, where @Q is a finite set of states, I" is a finite tape
alphabet, 6 C (Q x I' x Q x I' x {+—, —1}) is a transition relation, ¢y € @ is the
initial state and g : @ — {V, A} specifies the type of each state. We assume,
w.l.o.g., that I' C ), and we denote by 7 any sequence containing all the ele-
ments of I'. For every move u € {<—, —}, p(i) is defined as ¢ — 1 if u =« and
i+ 1 otherwise. Assume that the considered ATM runs in time at most n € N
on some word w (where n is polynomial w.r.t. |w|.) Let w; (1 < i < n) be the
i-th character in w, where w; is a blank symbol if ¢ > |w|. For every natural
number i with 1 < i <n and every q € @, we consider the predicate q* of arity
2 4+ n + |y| associated with the rules:

qi(xay17"'ayn7’yﬂz)<:3x/ l‘é(x/)
oqu(i)(x,vyla s 73/1'71,5» Yit1y--- ,yn,’Y,Z) oYi = a (9)

if g(q) =V, for all transitions (q,a,q’,b, ) € § such that 1 < u(i) < n.

qi(:r’yl""ﬂyTL?’y?Z) <:3x/17"‘7l‘;€ x}i) (Ia""’x;(ﬁ)

00?:1Q“j(i)($9>y1a oo 7yi717bj7yi+1a v 7yn,77z) oY =a <1O>

if g(q) = A, for all @ € I', where (g, a, qj, b;, ;) (for j € {1,...,k}) is the set
of transitions of the form (g, a,q’,b, ) € § with 1 < u(7) < n.

It is clear that p'(x,ws,...,wn,7,2) is (R,P)-satisfiable iff the considered
ATM terminates on the word w and accepts w (every model of p (z, wy, . . ., Wy, 7, 2)
encodes an accepting derivation from the initial state p and the tape w1, ..., wy,,
where the head is at position 1). Moreover, the rules are J-restricted, with
yr(q") = 0 and P* = ().

M Proof of Theorem 33

As for Theorem 9, the proof is by reduction from the PCP (the same notations
are used). Potential witnesses w are encoded in a similar way than in the proof
of Theorem 9, except that the use of the heaps h* and h” is avoided, instead
the indices IT#(n*(7)) and I”(n¥(j)) are stored directly in the list h’. Moreover,
an additional location 63-, called a mark, is added in each tuple, that is allocated
and always refers to (). Finally, each cell has a double link to the next one (this
will be useful so that the tail can be generated twice in the body of the rule).
We get a heap of the following form:

b = {(¢;,s(I* (" (1)), s(I* (0 (1))): s Ljrs Ljpr, ), (G, 7') [ 1 < < fwl}



Moreover, the list is cyclic, i.e., we assume that £|,,;1 = ¢1. The rules defining
the predicate generating the lists b’ corresponding to potential witnesses are very
similar to those given in the proof of Theorem 9, except that @ is not used (a
predicate D is used instead to allocate marks). We assume that v contains all
natural numbers in {1,...,n} and a variable u, denoting the first cell in the list.
The predicate P’(z",y,v, z) is called (taking advantage of the double link to the
next element and from the fact that * is used instead of o) to ensure that all
the marks are pairwise distinct (it allocates a list in which all marks are distinct
from y). This ensures that the mapping ¢; — 8; is bijective, so that the cells can
be unambiguously denoted by their marks.

P(z,v,2) < 32, 2"y = (i,4,y,2',2")
* P'(x”,y,'v,z) s~ alx P 1’(1’/7’072) * D(y,Z)

145,

if/.ti|1 ZI/Z'|1 (11)

D(z,z) < z v () (12)
Pj, v, (@,v,2) <32 2"y x S (i, i,y 'y 2’") * P2 y) x o ~ 2%

* D(y7 Z) * Pj“+1$j,,+1,iu,iy (1‘/7’07 Z)
if j,u < |:ui,L

s Jv < i, | and i[5, = vi, 15, (13)
Pj v, (@,v,2) < 322"y N (i;,iu,y, 2"« P'(2" y) x 2" ~ a'«
* D(y, 2) * Pa,j, 11,011, (2,0, 2)

if ju = i |+ 1, Jv < |vi, | and pyg |y = v, |5, (14)

/

Pj, iy i (T,0,2) <= 32"y xS (i, iy, y, 2’ 2" )« Pl(a" y) x 2" ~ 2’
* l)(y7 Z) * Pj“+1,2,iu,i; (.T/,'U, Z)
if 7, < |pi, | jv = |vi,| +1 and and p;, [, = v |1 (15)
Pj, juini, (@,0,2) <3y x5 (0,0,y,u,u) x D(y, 2)

if ju = |pi, | and g, = v, | (16)

Plz,y v,2) <=3y o (i, i,y 2,0 )%y £y «P' (2 y v, 2)xD(y, 2)
(17)

P(z,yv,2) < Jy 2= > (igi,yuu) xy % y * Dy,z) (18)



To check that the sequences I* and IV are identical, we proceed as follows,
exploiting the fact that b is cyclic and can be generated an unbounded number
of times (since by hypothesis, for all n € N, there is a permission 7 such that
7™ is defined). By construction, we already know that I*(1) = I”(1), we need
to check that I*#(i) = I” (i) holds for all i € {2,...,k}. We first guess an index
¢ (which is intended to denote the value of I* and I") and we keep track of the
mark of the first cell by storing it into parameters y,, and ¥,. These parameters
are intended to denote the mark of the start of the current word in the witness
(note that it would be much simpler to keep track of the cells themselves, instead
of their marks, but this would make the rules non %-3-restricted). At this point
we have y, =y, as the words py. (1) and vy (1) always start at the same cell u,
later y,, and y, will take different values. Then we check that I#(2) = IV(2) = «.
This is done by skipping the word py.(1) to find the start of the word fiju(g).
To this aim, we define a predicate R:\,i,j skipping the characters j,...,|\;| in
the word A; (rule 23). Once this is done, we check (rule 24) that I#(2) = ..
Simultaneously, we keep track of the mark of the cell that corresponds to the
start of iy (2) by storing it into y,. Then, we call a predicate R} which performs
the same operation for the sequence v. To this aim, we must go through the
entire list (rule 20) to go back to the cell marked with y, (rule 21). Note that
this is feasible as the list is cyclic. Afterwards, we may call the predicate R}, 5
to check that 1”(2) = ¢ (rule 25) and find the start of the word v+ () as done
for p. We also keep track of the mark of the cell that correspond to the start of
firv(2) by storing it into y,. We then guess a new index " and call the predicate
R! that performs exactly the same operations, but starting at cells marked y,,
and y,, respectively. This will check that the indices of the next words after the
ones marked with y, and y, are identical, i.e., that I*#(3) = I”(3). We repeat
this operation until y,, and y, are equal (rule 22). In the rules below, X\ ranges
over the set {u, v} and 4,4,¢ range over {1,...,n}:

R('r’v’ Z) <: 31:/7y &€ 'i (i7i/7 y7 x/’zl) * D(y7 Z) * RZ172("L‘/’ y7 y7v7 Z) (19)

Rf\(l'vy,uvyvavvz) ~ E'(E/,y z 'i> (ivi/a:%x/a xl)*y ;ﬁ y)\*D(yaZ)*Rf\(x/ay#ayuava Z)

(20)

Rf\(xv y,uv yl/avv Z) ~ El.T/, y x 'i> (Z7 i/a y7 zla ,I/)*y = yA*D(% Z)*Rf\,iﬁ(x/a yM7 yuvvv Z)

R,y yyv,2) <= F'y o 5 (0,0,y,u,u) *y, ~ vy x D(y,2z) (22)

R)\

22V

i< Nl (23)

(21)

(xay,uayl/vvvz) ~ El'/,y T 'i> (ivi/ayvx/az/)*D(yvZ)*Réi,j+1(x/ayu7yuavvz)



R (2, Yy, v, 2) < 3’y o (1,1, y, 2, 2") « D(y, 2) * R (', y, 40,0, 2)
if j= [ +1 (24)

RZi,j($7yM7yvvva) <~ Elx/ay xz 'i (i/7L7y7x/7£r/) *D(yaz) * Rff,(:r’7ywy,v,z)
ifj=|w|+1 (25)

It is easy to see that the formula P(x,v,z2) * R(z,v, z) is (R,*B)-satisfiable iff
the corresponding instance of the PCP admits a solution. Moreover, the rules
are *-J-restricted, with P* = {D}, yr(R) = 7=(P) = Yr(Pj, juin,in) = 0,
R(P) = {2} and v (R}) = 7= (R, ;) = {2,3}.



