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Stochastic dynamics and the Polchinski equation: an introduction

Roland Bauerschmidt* Thierry Bodineau' Benoit Dagallier?

July 13, 2023

Abstract

This introduction surveys a renormalisation group perspective on log-Sobolev inequalities
and related properties of stochastic dynamics. We also explain the relationship of this ap-
proach to related recent and less recent developments such as Eldan’s stochastic localisation
and the Follmer process, the Boué-Dupuis variational formula and the Barashkov—Gubinelli
approach, the transportation of measure perspective, and the classical analogues of these ideas
for Hamilton—Jacobi equations which arise in mean-field limits.
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1 Imntroduction

Functional inequalities have been thoroughly studied in different contexts and one important
motivation is to quantify the relaxation of stochastic dynamics by using Poincaré and (possibly
modified) log-Sobolev inequalities ,. Statistical mechanics offers an interesting
setting to apply these inequalities and to analyse the information they provide in various physical
regimes. Indeed, one would like to describe the relaxation to equilibrium of lattice gas and spin
dynamics, which are modelled by stochastic evolutions on high-dimensional state spaces. Their
continuum limits, often described by (singular) SPDEs, are also of a lot of interest.

The structure of the equilibrium Gibbs measures is sensitive to the occurrence of phase tran-
sitions and the dynamical behaviour will also be strongly influenced by phase transitions. In the
uniqueness regime, namely in absence of a phase transition (typically at high temperatures), one
expects that the dynamics relax exponentially fast uniformly in the dimension of the state space
with a speed of relaxation diverging when the temperature approaches the critical point. We refer
to Sections and for more details. In a phase transition regime (typically corresponding to
low temperatures), one expects different types of behaviours depending strongly on the type of
boundary conditions and we will not discuss the corresponding phenomena in these notes.

The fast relaxation towards equilibrium in the uniqueness regime (or at least deep in it) is well
understood and we refer to for very complete accounts of the corresponding theory.
Roughly speaking, it has been shown for a wide range of models that good mixing properties of
the equilibrium measure are equivalent to fast relaxation of the dynamics, namely uniform bounds
(with respect to the domains and the boundary conditions) on the Poincaré or the log-Sobolev
constants. For the Ising model , the validity of the mixing properties have been proved
in the whole uniqueness regime leading to strong relaxation statements on the dynamics, and
more detailed dynamical features are also understood in that regime . For more general
systems and in particular continuous spin systems, the picture is much less complete.

The main goal of this survey is to present a different perspective on the derivation of functional
inequalities based on the renormalisation group theory, introduced in physics by Wilson [89], and
with its continuous formulation emphasised in particular by Polchinski . The renormalisation
group was introduced to study the critical behaviour and the existence of continuum limits of
equilibrium models of statistical physics and quantum field theory from a unified perspective.
The renormalisation group formalism associates with a Gibbs measure a flow of measures defined
in terms of a renormalised potential (see Section . We show how this structure can be
used to prove log-Sobolev inequalities under a condition on the renormalised potential which
is a multiscale generalisation of the Bakry—Emery criterion (see Section . The renormalised
potential obeys a second-order Hamilton—Jacobi type equation (the Polchinski equation) with
characteristics given by a stochastic evolution (see Section which coincide with the stochastic



process of Eldan’s stochastic localisation method introduced for very different purposes [40].
Section provides a dictionary to relate both points of view.

An alternative to the multiscale Bakryf]:jmery method to derive log-Sobolev inequalities (with
much similarity and both advantages and disadvantages) is the entropic stability estimate recently
established in [28] and reviewed in Section This estimate applies to the same Polchinki
flow, or its equivalent interpretation as stochastic localisation. It originated in the spectral
and entropic independence estimates [3,/4] which are similar estimates for a different flow that
takes the role of the Polchinski flow in another kind of model. This analogy has already been
highlighted in [28] to which we refer for a discussion of this relation. Compared to the established
approaches to functional inequalities for statistical mechanical models, which typically rely on
spatial decompositions, all of the approaches discussed here are more spectral in nature. Spectral
quantities are more global and therefore allow to capture for example the near-critical behaviour
better. This is illustrated in a series of applications reviewed in Section [6]

The Polchinski renormalisation and the stochastic localisation can be seen as two sides of the
same coin, sharing thus very similar structures. In fact, this type of stochastic equations have
been considered much earlier by Follmer [36] as an optimal way to generate a target measure. In
Section [5 the Polchinski renormalisation flow is shown to coincide with the optimal stochastic
process associated with a suitable varying metric. In applications to statistical mechanics models,
this metric captures the notion of scale so that the Polchinski flow (a continuous renormalisation
group flow) provides a canonical way of decomposing the entropy according to scale. Finally, in
Section the renormalised potential is rewritten as a variational principle using the Polchinski
flow, known as the Boué-Dupuis or Borell formula in the generic context, see [63], whose origin
is in stochastic optimal control theory. This correspondance is at the heart of the Barashkov—
Gubinelli variational method [g].

In Appendix[A] these results are compared with the corresponding control theory for classical
Hamilton—Jacobi equations, and a simple comparison with the line of research initiated in [74] is
also given.

2 Background on stochastic dynamics

2.1. Motivation: Spin models and their stochastic dynamics. Our goal is to study dynamical (and
also some equilibrium) aspects of continuous and discrete spin models of statistical mechanics such
as Euclidean field theories or Ising-type spin models. Throughout this article, A will be a general
finite set (of vertices), but we have A C Z¢ large in mind, or A C ¢Z? approximating R¢ (or a
subset of it) when € — 0 in the case of models defined in the continuum. Sometimes we identify
A with [N] = {1,...,N}. Spin fields are then random functions ¢ : A — T where, for example,
T = R in the case of continuous scalar spins or 7" = {£1} in the case of (discrete) Ising spins.
For discrete spins, we often write o instead of ¢ for a spin configuration.

Continuous spins. In the setting of continuous spins, the equilibrium Gibbs measures have ex-
pectation of the form

(2.) BAF(o)] o [ ) Fg) dy

where the symbol « denotes the equality of the measures up to a normalisation factor. We will
refer to H as the action or as the Hamiltonian (depending on the context). The main class of
H that we will focus on are of the following form: for spins ¢ = (¢)zea taking values in R (or
vector spins with values in R™), an interaction matrix A, and a local potential V',

22 H(p) = (0, 40) + V(o) Volp) = 3 Viga).
xEA



Defining the discrete Laplace operator on A C Z¢ by

(2.3) Veed,  (AMa= D (fy—fa)
yEAy~x
a classical choice of interaction is obtained by setting A = —BA for some (inverse temperature)
parameter 5 > 0. In this case, the Hamiltonian reads
B
(2.4) Yo eRY  H(p)=7 D (ve— @)+ Vo(0),
T,y €N,

T~y

where the nearest neighbour interaction is denoted by = ~ y and the sum counts each pair {z,y}
twice. As an example, a typical choice for the single-spin potential V is the Ginzburg-Landau—
Wilson ¢* potential, in which case one usually sets 3 = 1 (and v has the role of a temperature),

(2.5) V(p) = ig|cp\4 + %1/|<p[2 with ¢ > 0 and v < 0.

The following Glauber—Langevin dynamics is reversible for the measure v introduced in :
(2.6) dpy = —V H(py) dt + V/2dB;.

For the choices and , this stochastic differential equation (SDE) reads

(2.7) dpy = —Apydt — V'V (o) dt + V2dB, = Aoy dt — glog|>@p dt — vy dt + V/2dB,.

In this survey, we are interested in the long time behaviour of these dynamics when the
number of spins is large. We will consider two cases: either A — Z? for the Glauber dynamics of
an Ising-type model with continuous spins; or A C Z? with A — R% or A — [0, 1]¢ in which case
a suitably normalised version of ¢ describes the solution of a singular SPDE in the limit € — 0.

Discrete spins. In the setting of discrete spins, we focus on the Ising model where o € {:I:l}A

and

8
(2.8) E[F(o)] o Y e 24 F(q)
oe{x1}r
for some symmetric coupling matrix A. Its Glauber dynamics is a continuous- or discrete-time
Markov process with local transition rates c¢(o, ¢®) from a configuration o to o® where 0% € {£1}4

denotes the configuration obtained from o € {£1}* by flipping the sign of the spin at z. The
transition rates are assumed to satisfy the detailed-balance condition

(2.9) v(o)c(o,0%) =v(c®)c(o”, o),

which implies that the measure ([2.8)) is invariant. Typical choices are described below in the next
section. We will be interested in the large time behaviour of the dynamics when A — Z9.

2.2. Generalities on Glauber—Langevin dynamics. We now discuss some standard general prop-
erties of the stochastic dynamics such as its (finite-dimensional state space) ergodicity.

Continuous spins. The Glauber—Langevin dynamics (2.6|) is a Markov process with generator

(2.10) AT = A —(VH,V) =™ (V,e V)
where
92 OH 0
2.11 A=Y VH,V) = :
(211) % p?2 ( ) % Pz 0oy



The state space R will often be denoted by X. The distribution of the spin configuration evolves
in time along the stochastic dynamics and we denote by m; the distribution at time ¢ starting
from an initial measure mg: given Fy: X — R,

(2.12) B, [Fo] = Em,[Ft]  with  Fi(p) = TiF(p) == Ego=¢ [F'(01)] 5

where T} is the semigroup associated with the generator A”. In particular, F; = T;F solves the
Kolmogorov backward equation
(2.13) O — AV
. 8t t — t-
Starting from the SDE, this can be verified using It6’s formula. The measure v, introduced in
(2.1)), is reversible with respect to this dynamics, and the following integration by parts formula
holds for sufficient smooth F:

(2.14) E,[F(-A"G)) =E,[(VF,VG)).
The right-hand side is the Dirichlet form:
(2.15) D,(F,G):=E,[(VF,VG)] and D,(F):=D,(F,F).

In particular, the measure v is invariant, i.e., if ¢q is distributed according to v then ¢; also is:

(2.16) ;EV[Ft] =E, [APF] =E,[(VF;, V1)] = 0.

Moreover, we will always impose the following ergodicity assumption:

(2.17) VFy € L*(v), F,—E,[F] inL*Q).

In particular, for any bounded smooth functions Fy: X — Rand g: R — R,
(2.18) Tim B, [g(Fy)] = 9(B, [Fy)).

As the next exercise shows, the ergodicity assumption is qualitative if A is finite and holds in all
examples of interest.

Exercise 2.1. Show that 3|VH|>—AH — 00 as |¢| — oo implies that —A# has discrete spectrum
on L?(v) with unique minimal eigenvalue 0, and deduce (2.17) and (2.18)).

) For the discreteness of the spectrum, one may observe that the multiplication operator U =
e2H is an isometry from L?(v) onto L?(R™) that maps —A* to the Schrodinger operator —A+W
on RY with W = 1|VH|? — JAH. The result therefore follows from the spectral theorem and
the result that a Schrodinger operator with a potential W € Li. (R™) that is bounded below and
satisfies W — oo has compact resolvent [79, Theorem XIII.67] (a version of Rellich’s theorem).

For further general facts on stochastic dynamics in the continuous setting, we refer to |7,51,86].
Even though we will not need it, let us also mention that if the distribution of m; is written as
dmy = Gydv where v = my, is the invariant measure and G; = dmy/dv is the density of my
relative to it, then

0
(2.19) 50 = (AY*q, = (AT G,
where (A")* = A is the adjoint of A with respect to v. This can also be expressed as an
equation for m; (interpreted in a weak sense), which is the Fokker—Planck equation:
8mt

(2.20) e Amy+ (V,m;VH) = (V,m;V(logm; + H)).



Discrete spins. A similar structure can also be associated with discrete dynamics. In particular,
the Glauber dynamics of an Ising model is determined by its local jump rates c(o, o) satisfying
the detailed balance condition as in (2.9). For all F': Q — R, where Q = {£1}" is the finite state
space, the generator and Dirichlet form associated with the Glauber dynamics are

(2.21) AF(o) = Z c(o,0%)(F(o") — F(0))

TEA

and

(2.22) D,(F) ==Y > F(0)AF(o)v(0) = % > elo,0")(F(0”) = F(0))*v(0),

zEN 0 zEN 0

where we used the detailed balance condition for the second equality. We will again write D, (F, F')
for the quadratic form associated with D, (F') by polarisation. As in the continuous setting, we
will always impose an irreducibility assumption which is equivalent to the analogue of (2.17)):

(2.23) VR : Q= R,  F—EJ[R),

where Fy(0) = e2<'Fy(0) = Egy—o[F(0y)]. Indeed, assuming irreducibility, the convergence (2.23)
is a consequence of the Perron-Frobenius theorem, see, e.g., [81].

Many choices of jump rates can be considered, but as long as the jump rates are uniformly
bounded from above and below the different Dirichlet forms are equivalent and the large time
behaviour of the microscopic dynamics will be similar. Often a natural choice of jump rates is that
corresponding to the standard Dirichlet form. This choice formally corresponds to ¢(o,0%) = 1
in which however are not the jump rates of the associated Markov process because the
constant function 1 does not satisfy the detailed balance condition. However, rewriting as

(2.24) D,/(F) = %Z Z % I:C(U, 0.9:) + c(o'f’f, 0—) V(o'z):| (F(ax) — F(a))ZV(O’),

zEN 0ES) V(U)

we see that the standard Dirichlet form corresponds to the jump rates (satisfying detailed balance)

(2.25) oo, 07) = % <1 + ”V((";D |

Another popular choice are the heat-bath jump rates which are given by

(2.26) B0, 0%) = G = (1 + v(o) >_1

v(o®)

with the corresponding Dirichlet form

ab
a+b

(2.27) DIB(F) = £ 30 S W(wlo), vlo")(Flo) - F(o")?,  W(a,b) =

zEN oEQ

The Metropolis jump rates correspond to ¥(a,b) = min{a,b}. For further general discussion of
Glauber dynamics in the discrete case, see [68] and [22,81].
As in (2.12)), the distribution at time ¢ will be denoted by m.

2.3. Log-Sobolev inequality. In the above examples (with A finite), one always has the qualitative
ergodicity my — v = My which amounts to an irreducibility condition. One of the main questions
we are interested in is how fast this convergence is. A very good measure for the distance between
my and v = M with many further applications is the relative entropy:

dmt

(228) H(mt|u) = E,,[Ft logFt] = Entl,(Ft), Ft = dil/



More generally, when F' is nonnegative but not necessarily satisfies E, [F] = 1, define
(2.29) Ent,(F) =E,[®(F)] — ®(E,[F]), ®(x) = xlogz.

The relative entropy is not symmetric and thus not a metric, but it has many very useful properties
making it a good quantity, and it controls the total variation distance by Pinsker’s inequality:

(2.30) ||y — V”%V < 2H(my|v).

One of the most important properties is that the relative entropy decreases under the dynamics.
We begin with the continuous case.

Proposition 2.2 (de Bruin identity). Consider the (continuous spin) stochastic dynamics (2.6|) with
invariant measure v and Dirichlet form D, defined in (2.15)). Then for Fy(yp) = Eg—, [F(¢r)] as

in (€12)

0

(2.31) gy Eutu(£r) = —Dy(log I, ) = —1,(£) <0,
where the Fisher information is defined in terms of the Dirichlet form (2.15)):

F 2
(2.32) I(F) :=E, {(th) ] = 4D, (VF,).

t
Proof. Since ®(E,[F}]) = ®(E,[Fpy]) is independent of ¢ and recalling that A is defined in (2.10]),

%Ent,,(Ft) = %Ey[@(ﬂ)] = E, [0 (F)F] = E,[® (F) A" F]

(233) = —Dy(@/(Ft), Ft) = —Dl,(log Ft + 1, Ft) = —Dy(log Ft, Ft)

To complete the identity (2.31]), it is enough to notice that

230 DulloghiR) =B, [(Vios £ VF) = &, [ —am (v vy 0

Using the identity (2.31]), the decay of the entropy can be quantified in terms of the log-Sobolev
constant which will be a key quantity we study.

Definition 2.3. A probability measure v on X = RY, satisfies the log-Sobolev inequality (LSI) with
respect to D, if there is a constant v > 0 such that the following holds for any smooth, compactly
supported function F : X — Ry

(2.35) Ent, (F) < iDy(\/F).

The largest choice of 7 in this inequality is the log-Sobolev constant (with respect to D, ). The
normalisation with the above factor 2 is convenient (see Proposition .

The upshot is that the exponential decay of the relative entropy H(m;|v) of the distribution
my (defined in (2.12)) along the flow of the Glauber-Langevin dynamics,

(2.36) H(my|v) < e*ZVtH(moh/),
follows, by Gronwall’s lemma, from

0
(2.37) aH(mﬂu) < =2y H(my|v),

which, by the de Bruin identity, is a consequence of the log-Sobolev inequality . Thus the
log-Sobolev constant provides a quantitative estimate on the speed of relaxation of the dynamics
towards its stationary measure. This is one of the main motivation for deriving the log-Sobolev
inequality.

The log-Sobolev inequality has also other consequences. Especially, it is equivalent to
the hypercontractivity of the associated Markov semigroup. The hypercontractivity was, in fact,
its original motivation [49], see also [45},76].



Theorem 2.4 (Hypercontractivity [49]). The measure v satisfies the log-Sobolev inequality (12.35))
with constant v if and only if the associated semigroup Ty is hypercontractive:

. t)—1
(2.39) Ty < [Pl witn D=0 =

We note that the hypercontractivity does not follow in this form from the modified log-Sobolev
inequality which will be introduced in (2.41)) below for dynamics with discrete state spaces.

More generally, the log-Sobolev inequality is part of a larger class of functional inequalities.
In particular, it implies the spectral gap inequality (also called Poincaré inequality).

Proposition 2.5 (Spectral gap inequality). The log-Sobolev inequality with constant «y implies the
spectral gap inequality (also called Poincaré inequality) with the same constant:

(2.39) Var, [F] < iEy [(VF)?].

The same conclusion holds assuming the modified log-Sobolev inequality ([2.41)) below instead
of the log-Sobolev inequality. The proof follows by applying the log-Sobolev inequality to the test
function 1 + eF and then letting € tend to 0, see, e.g., [81, Lemma 2.2.2].

We refer to [7] for an in-depth account on related functional inequalities and to [62] for the

applications of the log-Sobolev inequality to the concentration of measure phenomenon.

For discrete spin models, the counterpart of Proposition is the following proposition.

Proposition 2.6 (de Bruin identity). Consider the discrete dynamics with invariant measure v
(2.8)) and Dirichlet form D, defined in (2.22). Then for Fi(0) = Esy=s [F(01)],

(240) ;Enty(Ft) = —Dy(lOg Ft, Ft> < 0.

The proof is identical to replacing the continuous generator by A, defined in . As
the chain rule no longer applies in the discrete setting, the Fisher information cannot be recovered.
Nevertheless the exponential decay of the entropy can be established under the modified
log-Sobolev inequality (mLSI), i.e., if there is v > 0 such that for any function F : {£1}* — R™:

1
(2.41) Ent, (F) < 2—Dy(log F,F).

Y
In view of Exercise this inequality is weaker than the standard log-Sobolev inequality (2.35]),
a point discussed in detail in [22].

Exercise 2.7. In the discrete case, the different quantities in (2.34]) are not equal. Verify the
inequality 4(v/a — vb)? < (a — b)log(a/b) for a,b > 0 and hence show D, (log F, F) > 4D, (V/F).

2.4. Bakryf]i)mery theorem. In verifying the log-Sobolev inequality for spins taking values in a

continuous space, a very useful criterion is the Bakry—Emery theorem which applies to log-concave
probability measures.

Theorem 2.8 (Bakry Emery [6]). Consider a probability measure on X = RN (or a linear sub-
space) of the form (2.1) and assume that there is A > 0 such that as quadratic forms:

(2.42) Vo e X : Hess H(p) > Aid.

Then the log-Sobolev constant of v satisfies v = A.



For quadratic H, one can verify (by a simple choice of test function) that in fact the equality
v = X holds. An equivalent way to state the assumption Hess H(p) > Aid is to say that H can
be written as H(p) = 3(p, Ap) + Vo(p) with a symmetric matrix A4 > Aid and Vj convex.

Proof of Theorem[2.8 The entropy (2.29) can be estimated by interpolation along the semigroup
(2.12) of the Langevin dynamics associated with v. Setting F; = P;(F'), we note that

(2'43) Entl/(F) = Eu[q)(F)] - @(E,}[F]) = Eu[(I)(FO) - q)(Foo)]
where we used that the dynamics converges to the invariant measure (2.18) which implies

(2.44) ®(E,[F]) = lim E,[®(F)].

t—o00

Indeed, we may assume that F' takes values in a compact interval I C (0, 00), and by the positivity
of the semigroup F; then takes values in I for all £ > 0, and we can replace ® by a bounded smooth
function g that coincides with ® on I. By the de Bruin identity (and using that E, [F}] is
independent of t), therefore

(2.45) Ent,(F) = —/ dt QEV[@)(Ft)] = —/ dt I,(Fy).
0 ot 0
Provided that the Fisher information I, (F}) introduced in (2.32)) satisfies
(2.46) L(Fy) < e M, (Fy),

the log-Sobolev inequality follows from ([2.43) and (2.45)) by integrating in time:

(2.47) Ent, (F) = /OOO dt I(F,) < %I,,(Fo) = %Dy(\/ﬁ).

To prove ([2.46)), differentiate again:

(2.49) o1t = om, [CIE] g, [( 5 amTEE)

where we used that E,[A”G] = 0 for every sufficiently nice function G : X — R. It is an
elementary but somewhat tedious exercise to verify that

F 2
(2.49) (g — A (VE)S _ —2F; [[ Hess log Fy|3 4(V log F;, Hess H () V log Ft)} :
ot F; —_—— —_——
>0 >Xid
Hence
F 2
(2.50) ;Iy(Ft) < —2)E,[Fy(Vlog F}, Viog F})] = —2)E, [(V ) } — 9\,(F)
t
which implies the claim ([2.46]). O

2.5. Decomposition and properties of the entropy. The Bakrny’)mery criterion (Theorem

implies the validity of the log-Sobolev inequality for all the Gibbs measures with strictly convex

potentials. For more general measures, the log-Sobolev inequality is often derived by decomposing

the entropy thanks to successive conditionings. We are going to sketch this procedure below.
Assume that the expectation under v is of the form

(2.51) E, [F] := By [F(¢1,2)] = Ea [Ex [F(p1,¢2)[02]] = Ea [E1 [F]],

9



where E;[-] := Eq[-|¢2] is the conditional measure wrt the variable 2. Then the entropy can be
split into two parts:

Ent(F) = E, [(F)] — ®(E, [F])
(2.52) — By [y [0(F)] — ©(E4[F)) ] + Ea [®(Ey [F])] — B(E, [Ey[F])).

Ent; (F) Entg (E1[F])

Given (g, the first term involves the relative entropy of a simpler measure E;(-|p2) as the inte-
gration refers only to the coordinate ¢1:

(2.53) Ent (F)(p2) = E1[®(F)|p2] — P(E1 [Flp2]).

The strategy is to estimate this term (uniformly in ¢2) by the desired Dirichlet form acting only on
1. The second term Eg [®(E;[F])] is more complicated because the expectation Eqi[F(-, p2)|p2]
is inside the relative entropy. For a product measure v = v; ® v, this term can be estimated
easily (as recalled in Example below). In this way, the log-Sobolev inequality for v = 1] ® vy
is reduced to establishing log-Sobolev inequalities for the simpler measures v, and vs.

In general, the conditional expectations are intertwined and the second term Ento(E,[F]) is
much more difficult to estimate. There are two general strategies: either one also bounds this
term by the desired Dirichlet form (and thus one somehow has to move the expectation out of
the entropy) or one bounds it by x Ent(F') with x < 1. In the latter case, the estimate reduces
to the first term, at the expense of an overall factor (1 — x)~L.

For a given measure v, the decomposition entropy can be achieved with different choices
of the measures Eq,Es. The optimal choice depends on the structure of the measure v. In this
survey, we focus on Gibbs measures of the form which arise naturally in statistical mechanics.
The renormalisation group method constitutes a framework to study such Gibbs measures (see |17]
for an introduction and references) and provides strong insight on a good entropy decomposition.
This is the core of the method presented in Section [3], which is based on the Polchinski equation,
a continuous version of the renormalisation group.

Example 2.9 (Tensorisation). Assume that probability measures v; and vy satisfy log-Sobolev
inequalities with the constants v; and 2. Then the product measure v = v| ® 1o also satisfies
a log-Sobolev inequality with constant v = min{~;, 72} (with the natural Dirichlet form on the
product space).

Proof. For simplicity, assume that vy, are probability measures on R and denote by Eq,Es
their expectations so that E, [F] = Eg [E; [F]] for functions F'(¢1,¢2). As discussed in (2.52)), the
entropy can be decomposed as

(2.54) Ent(F) = Eq[Ent; (F)] + Ente(G) with  G(p2) = Ei[F(-, ¢2)].
The log-Sobolev inequalities for E; and Eg imply that for v = min{~y,y2}:
(2.55) 2y Ent(F) < Eo[D1(VF)] + D2(VG).

It remains to recover the Dirichlet form associated with the product measure v:
(2.56) D,(VF) =E, [(ang VF)? + (0, \/F)ﬂ .

The first derivative is easily identified:

(2.57) Eo[Dy(VF)] = Bz [Ey [0, VF)?|| =By |0, VF)? .

For the second derivative:

(258)  Ou/Gli2) = mlal[am, 2)] = @El[\/ﬂ-,m Os/F (),
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so that by Cauchy-Schwarz inequality, we deduce that

(2.59)  Do(VG) = E, [(am\/a(m))ﬂ < E, [El [(am F(-,m))Q” —E, [(awﬁ)?} .

This reconstructs the Dirichlet form and completes the proof.

A similar argument applies in the discrete case, see for example [81, Lemma 2.2.11]. More
abstractly, the tensorisation of the log-Sobolev constant also follows from the equivalence between
the log-Sobolev inequality and hypercontractivity (which tensorises more obviously). O

We conclude this section by stating useful variational characterisations of the entropy.

Proposition 2.10 (Entropy inequality). The entropy of a function F > 0 can be rewritten as

(2.60) Ent,(F) = sup{[El,[FG] . Borel functions G such that E,[e%] < 1}

with equality if G = log(]EfEF} ), or as

(2.61) Ent, (F) = sup{E,,[FlogF — Flogt—F +t]:t> O}
with equality if t = E,[F]. Finally, one has (also called the entropy inequality):
(2.62) Ent,(F) = sup{IEl, [FG] — E,[F]logE,[e“] :  Borel functions G}

with equality if G = log F'.

Proof. Since Ent,(F) =E, [F log %[F}] , to show ([2.60)), it is enough to consider the case E,[F] =

1, by homogeneity of both sides. Applying Young’s inequality

(2.63) Va > 0,b € R, ab<aloga —a+ e,
with E,[e%] < 1, we get

(2.64) E,[FG] < Ent,(F) — 1+ E,[e“] < Ent, (F).

This implies (2.60) as the converse inequality holds with G = log F'.
The variational formula (2.61)) follows directly from Young’s inequality by choosing a = E, [F]
and b = logt:

(2.65) Ent,(F) = E,[Flog F]—aloga < E,[Flog F]—ab—a+e® = E,[Flog F— Flogt— F +1],

where again ([2.61]) follows since equality holds with t = E,[F].
To show ([2.62]), we may again assume E, [F] = 1. Then apply Jensen’s inequality with respect
to the probability measure dv’ = F dv:

(2.66) logE, [e€] = log B, r[F'e%] > E, r[log(F~'e%)] = —E,[Flog F] + E,[FG],
with equality if G = log F'. O

The Holley—Stroock criterion for the log-Sobolev inequality is a simple consequence of (2.61)),
see e.g., the presentation in [86].

Exercise 2.11 (Holley—Stroock criterion). Assume a measure v satisfies the log-Sobolev inequality
with constant v. Then the measure v¥" with dv!'/dv = F satisfies a log-Sobolev inequality with
constant v > (inf F/sup F)y.
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2.6. Difficulties arising from statistical physics perspective. To explain the difficulties arising in
the derivation of log-Sobolev inequalities and to motivate our set-up of renormalisation, we are
going to consider lattice spin systems with continuous spins and Hamiltonian of the form .
The strength of the interaction is tuned by the parameter 5 > 0 and the Gibbs measure has
a density on R of the form

(2.67) v(dy) o exp —g Z (0x — py)* — Z V(ez) H dpy.

z,y€A, TEA TzEA

T~y

Further examples will be detailed in Section [6.1

We are interested in the behaviour of the measure in the limit where the the number
of sites |A| (and thus the dimension of the configuration space) is large. In this limit, when the
potential V' is not convex, the measure can have one or more phase transitions at critical values
of the parameter 8. These phase transitions separate regions of values of 3 between which the
measure v has a different correlation structure, different concentration properties, and so on. The
speed of convergence of the associated Glauber dynamics is also affected. See the book [47]
or [17, Chapter 1] for background on phase transitions in statistical mechanics.

To analyse the log-Sobolev inequality for the measure (2.67)), note that the lack of convexity
precludes the use of the Bakryf]i/)mery criterion (Theorem , and the Holley-Stroock criterion
(Exercise is not effective due to the large dimension of the configuration space when g > 0.

On the other hand, when 8 = 0, the Gibbs measure is a product measure and the log-Sobolev
inequality holds uniformly in A, with the same constant as for the single spin |A| = 1 measure
(Example . This tensorisation property has been generalised for # small enough in terms of
mixing conditions and for some spin systems up to the critical value f., see |68] for a review.
Indeed, for 8 small, the interaction between the spins is small, in the sense that one can show
that correlations between spins decay exponentially in their distance. At distances larger than
a correlation length {g < oo approximate independence between the spins is then recovered. By
splitting the domain A into boxes (of size larger than £g), and using appropriate conditionings
the system can be analysed as a renormalised model of weakly interacting spins [90]. In so-called
second order phase transitions, when [ approaches the critical g, the correlation length diverges
as a function of 5.— 3, and so does the inverse log-Sobolev constant, i.e., the dynamics slows down
(as can usually be verified by simple test functions in the spectral gap or log-Sobolev inequality).
Spins are thus more and more correlated for § close to 8.. Nevertheless in some cases [66-68] the
strong dynamical mixing properties were derived up to the critical value 5. by using a strategy
which however can be seen as a (large) perturbation of the product case with respect to § > 0.
For this reason, it seems difficult to extract the precise divergence of the log-Sobolev constant
near . with this type of approach.

To study the detailed static features of measures of the form close to f., different types
of renormalisation schemes have been devised with an emphasis on the Gaussian structure of
the interaction. In many cases one expects that the long range structure at the critical point is
well described in terms of a Gaussian free field [89]. Compared with the previously mentioned
approaches, the perturbation theory no longer uses the product measure as a reference, but the
Gaussian free field. In the following, this structure will serve as a guide to decompose the entropy
as alluded to in . Before describing this procedure in Section |3 the elementary example
of the Gaussian free field, which illustrates the difficulty of many length scales equilibrating at
different rates, is presented in Example below.

2.7. Difficulties arising from continuum perspective. The long-distance problem discussed in
the previous subsection is closely related to the short-distance problem occurring in the study of
continuum limits as they appear in quantum field theory and weak interaction limits, which also
arise as invariant measure of (singular) SPDEs. In field theory, one is interested in the physical
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behaviour of a measure that is defined not on a lattice, but in the continuum (say on LT¢ with
T? = [0,1) the d-dimensional torus), formally reading:

(2.68) vi(dp) oc e HL(¥) H dp,.
zeLTd

Now ¢ should be a (generalised) function from LT? to R, and a typical example for H; would
be the continuum ¢* model, defined for A > 0 and x € R by:

1 A
(2.69) Hyp(p) = / V| dz +/ [—go(m)4 + Bgo(:c)Z] dx.

2 Td LT 4 2
Of course, the formal definition (2.68)) does not make sense as it stands, and a standard approach
to understand such measures is as a limit of measures defined on lattices A, , = LT N eZ% with
a vanishing e:

(2.70) Ve 1,(dp) oc e Her(?) H dpy,

xEAE,L

for a discrete approximation H, 1 of Hy, of the form

d—2
(2.71) H.p(p) = eT S oy —wa)’+et Y VE(pa),

y~x :L'EAE,L

where the potential V¢ is of the form . In the example of the ¢! model, it turns out
that such a limit can be constructed if d < 4, but in d > 2 the coefficient u of the potential
must be tuned correctly as a function of ¢ — 0, see Section for details. This tuning is
known as addition of “counterterms” in quantum field theory. These are the infamous infinities
arising there. The relation to the statistical physics (long-distance) problem is that these limits
correspond to statistical physics models near a phase transition, with scaled (weak) interaction
strength (¢?A — 0 as € — 0). In particular, due to the counterterms, the resulting measures are
usually again very non-convex microscopically, precluding the use of the Bakrny’lmery theory and
the Holley—Stroock criteria. Nonetheless the regularisation parameter € is not expected to have
any influence on the physics of the model, in the sense that the existence of a phase transition,
the speed of the Glauber dynamics, concentration properties, and so on, should all be uniform
in the small scale parameter £ and depend only on the large scale parameter L. Techniques to
control the regularisation parameter ¢ are often simpler than for the large scale problem near the
critical point, but they are also based on renormalisation arguments relying on comparisons with
the Gaussian free field (corresponding to a quadratic He r).

Finally, the problem of relaxation at different scales is illustrated next in this simple model.

Example 2.12 (Free field dynamics). Consider now the Gaussian free field dynamics corresponding

to Ve =0in (2.71):
(2.72) dipy = — Ay dt + V2dWr,

where A is the Laplace operator on A, j, as in (2.71) and the white noise is defined with respect
to the inner produce £? erAs | UgVz, i.e., each Wi(z) is a Brownian motion of variance =% On

the torus A. 1 = LT9NeZ? of mesh size e and side length L, the eigenvalues of the Laplacian are

d
2
(2.73) Ap) =2 2cos(epr) —1) ~ —lpl’,  peAip=(--")n"T

Zd
: lplS1 ’ €€ L
=1
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All Fourier modes of ¢ evolve independently according to Ornstein—Uhlenbeck processes:
(2.74) peAL,  dd(p) = —Ap)p(p)di + V2dW,(p),

where the W (p) = (W;(p)); are independent standard Brownian motions for p € A*. In particular,
small scales corresponding to |p| > 1 converge very quickly to equilibrium, while the large scales
|p| < 1 are slowest. Thus the main contribution to the log-Sobolev constant comes from the large
scales and we expect that a similar structure remains relevant in many interacting systems close
to a critical point.

In both the statistical and continuum perspectives, for measures with an interaction V() =
> zer V(pz) # 0on top of the free field interaction, the main difficulties result from the simple fact
that the local (in real space) interaction do not interact well with the above Fourier decomposition.
The Polchinski flow that we will introduce in the next section can be seen as a replacement for
the Fourier decomposition, in which the Fourier variable p takes the role of scale, by a smoother
scale decomposition.

3 Gaussian integration and the Polchinski equation

In this section, we first review abstractly a continuous renormalisation procedure, which goes back
to Wilson [89] and Polchinski [24}/78] in physics in the context of equilibrium phase transitions
and quantum field theory (viewed as an problem of statistical mechanics in the continuum). We
then explain how the entropy of a measure can be decomposed by this method in order to derive
a log-Sobolev inequality via a multiscale Bakry—Emery criterion.

3.1. Gaussian integration. For C a positive semi-definite matrix on RY, we denote by Pc the
corresponding Gaussian measure with covariance C and by E¢ its expectation. The measure P
is supported on the image of C. In particular, if C' is strictly positive definite on R,

(3.1) Ec[F] / e 2CCTOF () de.
RN

A fundamental property of the Gaussian measure is its semigroup property: if C = C + Cy with
C1, Cy also positive semi-definite then

(3.2) Ec[F(¢)] = Eq,[Ec, [F(G1 + ¢2)]],

corresponding to its probabilistic interpretation that if (; and (o are independent Gaussian ran-
dom variables then (; + (o is also Gaussian and the covariance of (; + (2 is the sum of the
covariances of (; and (.

As discussed in Section [2.5] recall that our goal is to decompose the entropy of a measure by
splitting this measure into simpler parts as in . The above Gaussian decomposition will be
a basic step for this. As we have seen in Example the dynamics of a spin or particle system
close to a phase transition will depend on a very large number of modes and it will be necessary
to iterate the decomposition many times in order to decouple all the relevant modes. In
fact, it is even convenient to introduce a continuous version of the decomposition , as follows.

For a covariance matrix C' as above, define an associated Laplace operator Ac on RV:

32
3.3 Ao = E Cz ,
(33) “ — "V 00y,

and write (-, )¢ for the inner product associated with the covariance C:

(3.4) (w,0)c =Y Cyuw; and  |uff = (W)@ = (u,u)c.

i3
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The standard scalar product is denoted by (u,v) = )", uv;.

Let t € [0,+00] — C; be a function of positive semidefinite matrices on R increasing con-
tinuously as quadratic forms to a matrix C,,. More precisely, we assume that C; = fot C,ds for
all t, where t — C, is a bounded cadlag (right-continuous with left limits) function with values in
the space of positive semidefinite matrices that is the derivative of C; except at isolated points.
We say that Cx = fooo Cyds is a covariance decomposition and write X C RY for the image of
Coo. We emphasise that the (closed) interval [0, +00] parametrising the covariances has no special
significance and that all constructions will be invariant under appropriate reparametrisation. For
example, one can equivalently use [0, 1].

Proposition 3.1. For a C? function F : X — R, let Fy =Pg, x I, e, Fi(p) = Ec, [F(p+ ()]
Then for all t which are not discontinuity points of Cy,

0

(3.5) o

1
Fo= 0o . R =F.

Thus the Gaussian measures Pc, satisfy the heat equation

0 1
(36) apc’t — iACtPC“

interpreted in a weak sense if Cy is not strictly positive definite.

Proof. In the case that Cy_. is strictly positive definite for some ¢ > 0 (and by monotonicity then
also for all larger times), this is a direct computation from (3.1f). For ¢ that are not discontinuity
points of Cy, the image X of Cj is independent of s € [t —¢,t+¢] and one has the representation

(3.1) on X;. O

Alternatively, one can prove the proposition using It6’s formula. For any ¢ € RY, define the
process

t
(3.7) Vi >0, Ctztp—l—/ \/Cs dBs € RV,
0

where (B;)s is a Brownian motion taking values in RYN. By construction ¢; is a Gaussian variable
with mean ¢ and variance Cy = fot Csds. In particular Fy(p) = E[F({)] and by Ito’s formula,

0 1

B8 VR0 LR =E|3A6FG)] = 3A0EalFle + Ol = 35 File)

with the derivative interpreted as the right-derivative at the discontinuity points of Cy.
Note that the decomposition (3.7) is the natural extension of the discrete decomposition
¢ = (1 + (2. Given a covariance matrix C, many decompositions are possible, such as:

(3.9) C= / Cods with Cy=C lyp,).
0

For a given model from statistical mechanics, it will be important to adjust the decomposition
according to the specific spatial structure (of A) of this model. In Example the Gaussian
free field has covariance matrix A~! with A the discrete Laplace operator as in (2.3). There
are many decompositions of A~ of the form fooo Csds and the best choice will dependent on
the application. Nevertheless a suitable decomposition should capture the mode structure of the
decomposition in order to separate the different scales in the dynamics. Indeed, the key
idea of a renormalisation group approach is to integrate the different scales one after the other in
order. This is especially important in strongly correlated systems, in which the different scales
do not decouple, and integrating some scales has an important effect on the remaining scales: the
interaction potential will get renormalised. We refer to Section [6] for several applications.
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3.2. Renormalised potential and Polchinski equation. In this section, we define the Polchinski
flow and analyse its structure. A simple explicit example is worked out in Example [3.5]below. We
will focus on probability measures vy supported on a linear subspace X C RY. By considering the
measure vy(A—a) for a € RY this also includes measures supported on an affine subspace which
is of interest for conservative dynamics. For generalisations to non-linear spaces, see Section [3.6

Let C = fooo C, dt be a covariance decomposition, and consider a probability measure vy on
X with expectation given by

(3.10) E,[F] o Ec. [e’VO(OF(C)] ,

with a potential Vg : X — R, where the Gaussian expectation acts on the variable (. To avoid
technical problems, we always assume in the following that Vj is bounded below. We are going
to use the Gaussian representation introduced in the previous subsection in order to decompose
the measure 1. For this, let us first introduce some notation.

Definition 3.2. Fort > s> 0, F : X — R bounded, and ¢ € X, define:

e the renormalised potential V;:
(3.11) Vi(¢) = —log Ec, [e*VO(soJrC)} :
e the Polchinski semigroup Pk ;:
(3.12) P, iF(p) = " 9B, ¢, [ O (p + ()] ;

e the renormalised measure v;:

(3.13) Ey,[F] = PiooF(0) = "~ OEq__¢, [e—Vt(C)F(g)] :

where all the Gaussian expectations apply to (.

We stress that the renormalised measure 4 evolving according to the Polchinski semigroup is
different from the measure m; in evolving along the flow of the Langevin dynamics (which
we will not discuss directly in this section).

Note that in , eTV(0) is the normalisation factor of the probability measure v;. More
generally, the function V,, is equivalent to the moment generating function of the measure vy:
changing variables from ¢ to ( + Ch,

Vio(Cooh) = —log E¢, [e”V0(Cocht0)] = %(h, Cooh) —log Eq [e7V0(©)e(h0)]
(3.14) _ %(h, Cooh) — log Buy [e9] + Vi (0).
The renormalised measure v; is related to vy by the following identity.
Proposition 3.3. Fort > 0 and any F : X — R such that the following quantities make sense,
(3.15) By, [F] = E,, [Po,F].

Proof. Starting from , from the Gaussian decomposition we get
Ec.. {67V°(OF(C)} =Ec.—c, [Ect {67%(%0}7(@ + C)H
—Ec o, |:8_V;€(‘P) eTVi@EL, [e—Vo(sOJrC)F((p + O”
(3.16) o< By, [P F7],

where ( is integrated with respect to E¢, and ¢ with respect to Ec, _c,. We used the definitions
(3.12) and (3.13)) in the last line, and recall that o is an equality up to a normalising factor so
that 14 is a probability measure. This completes the proof of the identity (3.15]). ]
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Using the definition (3.11]) of V4, the action of the Polchinski semigroup (3.12)) can be inter-
preted as a conditional expectation with respect to ¢:

_ Eg, [T (0 + Q)]

(3.17) PoF(e) = — - ) = E,2[F(Q)]-

This defines a probability measure uf called the fluctuation measure. Assuming Cy is invertible
and changing variables from ¢ + ¢ to ¢, the fluctuation measure can be written equivalently as

(3.18) P (d¢) = Vel e=3(p=CO (e=0)=V0(0) g o ¢ =3O OO )0 (0) g

Besides the addition of an external field C; ¢, the structure of this new measure is similar to the
one of the original measure vy introduced in , but the covariance of the Gaussian integration
is now C;. By construction C; < Cy, so that the Hamiltonian of the conditional measure
is more convex and will hopefully be easier to handle. The fluctuation measure is central in the
stochastic localisation framework which will be presented in Section [4.5

For all bounded function F': X — R and all £ > 0, the identity reads

(3.19) Evo[F] = By, [Po i F(0)] = B, [E, 2 [F (O],

where ¢ denotes the variable of 14 and ¢ the variable of . This is therefore an instance of the
measure decomposition by successive conditionings. The splitting of the covariance Cy, =
Cs — C; + C; will be chosen so that the field { encodes the local interactions, which correspond
to the fast scales of the dynamics, and ¢ the long range part of the interaction, associated with
the slow dynamical modes. Integrating out the short scales boils down to considering a new test
function Py+F(p) and a measure vy which is expected to have better properties than the
original measure 1. This is illustrated in a one-dimensional case in Example

Models from statistical mechanics often involve a multiscale structure when approaching the
phase transition. For this reason, it is not enough to split the measure into two parts as in (3.15|).
The renormalisation procedure is based on a recursive procedure with successive integrations of
the fast scales in order to simplify the measure step by step. As an example, let us describe a
two step procedure: for s < t, splitting the covariance into Cs, Cy — Cs, Coo — Ct, can be achieved

by applying twice ((3.15|)
(3.20) E, [F] =E,, [Py F] =E, [Psvt (PO,SFH —E,, [Po.F).

Thus P;; inherits a semigroup property from the nested integrations. For infinitesimal renormal-
isation steps, we are going to show in Proposition that the Polchinski semigroup is in fact
a Markov semigroup with a structure reminiscent of the Langevin semigroup . To imple-
ment this renormalisation procedure, one has also to control the renormalised measure v;. For
infinitesimal renormalisation steps, its potential V; evolves according to the following Hamilton—
Jacobi-Bellman equation, known as Polchinski equation.

Proposition 3.4. Let (C}) be as above, and let Vo € C2. Then for every t such that Cy is differen-
tiable the renormalised potential Vi defined in (3.11)) satisfies the Polchinski equation

. 1 1
(3.21) 50V = 38¢ Vi — 5 (VW

where Ag, was defined in (3.3)) and the scalar product in (3.4).

Proof. Let Zi(p) = E¢,[e~"0(#*9]. By Proposition it follows that the Gaussian convolution
acts as the heat semigroup with time-dependent generator %AC‘t’ i.e., if Zyis C? in ¢ so is Z; for
any t > 0, that Z;(¢) > 0 for any ¢ and ¢, and that for any ¢ > 0 such that C; is differentiable,

0

(3.22) o

1 _
Z, = §Ac~tzt, Zo=e V0.

17



Since Zi(p) > 0 for all ¢, its logarithm V; = —log Z; is well-defined and satisfies the Polchinski
equation
B 2z, AnZe 1 1 1
3.23 V= =t = —eViAL eV = CAL V- (VIS O
(3.23) A 27, 2" ~Gf pBe V=5V,
The semigroup structure is analysed in the following proposition. As mentioned above, we
assume Vj to be bounded below to avoid technical problems.

Proposition 3.5. The operators (Ps¢)s<t form a time-dependent Markov semigroup with generators
(L¢), in the sense that

(3.24) P;=id and P.;P;, = P,; foralls<r<t,

and Py F >0 if FF > 0 with Ps;1 = 1.
Furthermore for all t at which Cy is differentiable (respectively s at which Cs is differentiable),

0 0
(325) aPs’tF = LtPsﬂgF, —%Ps,tF = Ps’thF, (S < t),

for all smooth functions F', where Ly acts on a smooth function F by
1
(3.26) L,F = iAC-tF —(VV, VE)e, .

The measures v; evolve dual to (Ps;) in the sense that

.
ot

Proof. By assumption, V; is bounded below. The weak convergence of the Gaussian measure
Pc,—c, to the Dirac measure at 0 when ¢ | s thus implies P;; = id. The semi-group property,
ie. PP, = Py; for any s < r < t, then follows from . The definition also
implies continuity since ||Ps¢F|loc < ||F|o for each bounded F. Equation also implies
that P, ,F >0 if F > 0.

To verify that the generator L; of the Polchinski semigroup is given by , set for s < t:

(3.27) E,, [P.F] =B, [F] (s<t), E,, [F] = E,, [L.F].

(328) Fs,t((p) = Ps,tF((p) = th(Y’) ECt_Cs [67V5((’0+<)F((p + C)]
Computing the time derivatives using Propositions [3.1] and this leads to
0 0 1 V(-
gitee = (W Fue + e/ 500 Eao, [T TOF( ()]
0 1 _
= (EW)Fs,t + e‘/tiACt (6 ‘/th’t)
9 1 1 1
= (EW)FS,t - (iActV;f)Fs,t + i(vW)C‘«th,t + §AC«th,t — (VV;, VFs1) e,
1
= 586, Fot = (Vi VEo1)e,
(3.29) =LiFg4,

which is the first equality in (3.25)). The second equality in (3.25|) follows analogously.
The first equality in (3.27)) holds as in Proposition The second identity follows by taking
derivatives in s in the first identity and then using (3.25)) so that

0 0 0
(3.30) %Eys [F] = %EW [P+ F] =E,, [(%Ps’tF] =—E,, [Ps+LsF)].
For t = s then P, L,F = L F and the second identity in (3.27) is recovered. O

The operator L; in (3.26|) is obtained by linearising the Polchinski equation (3.21) and has a
structure similar to the generator A defined in (2.10)).
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3.3. Log-Sobolev inequality via a multiscale Bakry—Emery method. In this section, the Polchin-
ski renormalisation is used to derive a log-Sobolev inequality under a criterion on the renormalised
potentials, which can be interpreted as a multiscale condition generalising the strict convexity of
the Hamiltonian in the Bakrnymery criterion (Theorem .

We impose the following technical continuity assumption analogous to : for all bounded
smooth functions F': X - R and g: R —- R,

(3:31) Jim By, [g(Po, )] = g(Ey [F]).
This can be easily checked in all examples of practical interest.

Theorem 3.6. Consider a measure vy of the form (3.10) associated with a covariance decomposition
C differentiable for all t (see Section , and assume also ([3.31)).

Suppose there are real numbers Ny (allowed to be negative) such that

i ) 1. ..
(332) VQO eX,t>0: C; Hess ‘/%(QD)Ct — iCt = )\tCt7
and define
t 1 [e%¢}
(3.33) N = / A ds, - = / e 2 dt.
0 g 0

Then vy satisfies the log-Sobolev inequality
2
(3.34) Entu, [F] < B, (TVFR |-

Contrary to the Bakrnymery criterion (T heorem, the initial potential Vj is not required
to be convex. The relevant parameter is an integrated estimate on the Hessian of the
renormalised potentials V;. Thus if one can prove that the renormalisation flow improves the
non-convexity of the original potential so that the integral in is finite, then the log-Sobolev
inequality holds. In the case of convex potential Vj, the convexity is preserved by the Polchinski
equation (see Proposition and the Bakry—Emery criterion can be recovered. In general, the
analysis of the renormalised potential V; is model dependent.

The covariances C; play the role of an inverse metric on X. In our examples of interest, this
metric becomes increasingly coarse approximately implementing the “block spin renormalisation
picture”. See Section for further discussion of this.

Remark 3.7. With the same proof, the log-Sobolev inequality (3.34) can be generalised to one for

each of the renormalised measures vg:

P 1 o
(3.35) Ent, (F) < —E,, [(v\/ﬁ)é} L / o—2002s) g,
Vs ° Vs s

Remark 3.8. The condition (3.32)—(3.34) is invariant under reparametrisation in ¢. For example,
if a : [0,400] — [0, +00] is a smooth reparametrisation, set

(3.36) Ci =Copy, V=V

Then C¢ = a(t)C'a(t) and C¢ = &(t)C’a(t) + a(t)2éa(t) and therefore (3.32) is equivalent to

“a o va 1"a . . . 1. 1. . Cava
(3.37) Ct Hesth Ct - iCt = a(t)Q Ca(t) Hess Va(t)Ca(t) - iCa(t)] - §a(t)C(t) = )‘t Ct
with
4 lat) .o 19, .
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Thus (3.33)) becomes

(3.39) ATy _/txads_/ta(s)x ds — Liog 4
: t a(t) 0 s 0 a(s) 9 g CL(O)’
and hence

- > a Ca 0 t .

C(l)l/ e—2>\t dt — 0/ 6_2 fO )\a(s)a(s) ds a(t) dt

0 a(0) Jo
(3.40) = C"0/ e 2o Audu gy — C’o/ e~ P du,
0 0

Analogously, one can parametrise by [0, 7] instead of [0, +o¢], i.e., use a covariance decompo-
sition C = fOT Cy dt, and then obtain the same conclusion with 7" instead of co in the estimates.

Remark 3.9. For a covariance decomposition such that C, is not differentiable for all ¢, an alter-
native criterion that does not involve C; can be formulated, see |13, Theorem 2.6].

Proof of Theorem[3.6. The proof follows the strategy of the Bakryf]*jmery theorem (Theorem,
replacing the Langevin dynamics by the Polchinski flow. We consider a curve of probability mea-
sures (1¢)i=0 and a corresponding dual time-dependent Markov semigroup (P; ) with generators
(L) as in Proposition

For F': X — R a function with values in a compact subset I of (0, c0), we write [y = Py+F € I.
Since the function ® is smooth on I, it can be extended to a bounded smooth function on R and

we deduce from (3.31)) that

(341) tllglo Em [q)<PO,tF)] = (I)(EVO [F] )
Thus
*© 9
(3.42) Bnt (F) = Baf@(F)] = ®(Bu[F) = = [ dt 55, [8(F)]

It remains to prove the counterpart of the de Bruin Formula (2.31)). Denoting F, = %Ft, using
first (3.27)) and then (3.26)), it follows that

0 I -
~ B [2(F)] = B, | Lu(@() - ()
=E,, [(I)’(Ft)LtFt + @”(Ft)%(VFt)QC-t - (I),(Ft)Ft]
. - 3B ¥ EN R, | = 28 (VVER |

Integrating this relation using (3.42|) gives

oo
(3.44) Ent,, (F) = 2 /0 E,, [(V\/ngtF)QCJ dt.
The above entropy production formula (3.43)) is analogous to the de Bruin identity (2.31]) and
the entropy decomposition to (2.45]), but an important difference is that the reference measure 14
here changes as well. In Section [2, we used that E,[Af F] = 0 for any F in the derivation of the
de Bruin identity, but more conceptually what we used is that the measure v satisfies

0

(3.45) —

EVH = EV[AH(')]a
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since both sides are 0 (because the stationary measure v does not depend on t¢). In the compu-
tation above, both 1 and F} vary with ¢, but in a dual way, and the analogue of (3.45]) is (3.15]).
It remains to derive the counterpart of (2.46)) and show that

(3.46) V20, (VR <e PPy [(TVE) |

Plugging this relation in (3.44) and recalling that E,, [Po,t {(V\/F)?JOH =E, {(V\/F)%J, the
log-Sobolev inequality (3.34)) is recovered.

We turn now to the proof of (3.46)). The following lemma is essentially the Bakrnymery
argument adapted to the Polchinski flow.

Lemma 3.10. Let L, Py, Cy, Vi be as in Section . Then the following identity holds for any
t-independent positive definite matriz Q):

(3.47)
) 1 .
(Li—0,)(V/PoyF)}y = 2(V /Py F, Hess VtCtV\/Poth)Q+Z(P07tF)|C’t1/ *(Hess log Py, F)Q?|3,

where |M|3 = > pa |M,y|? denotes the squared Frobenius norm of a matriz M = (M,).

The derivation of the lemma is postponed. Applying it with Q = C} implies

(3.48) (Ls— 35)(V\/W)%S =2(Vy/PysF, Hess V;C"SV\/PQT)C-S - (Vm)a

1 . ’
+ Z(PO,SF”C;/Q(HGSS log Py o F)CY/2)3.
By the assumption ([3.32]) and since the last term is positive, it follows that
(3.49) (Ls — &)(V\/W)és > st(vm)és'

Equivalently, ¥(s) := e 22X p,, [(V«/PO,SF)%,} satisfies 9/(s) < 0 for s < ¢t. This implies
¥ (t) < 1(0) so that (3.46) holds. O

At first sight, the proof may seem mysterious, but the idea is simply to iterate the entropy
decomposition by using the Polchinski flow to decompose the measure into its scales. To
illustrate this, let us consider a discrete decomposition of the entropy using the Polchinski flow.
Given 0 > 0 and the sequence (t; = i0);>0, one has

Enty, (F) = By, [2(F)] — @ (Ew, [F])
= Z Eyti [(I)(Po,ti (F))] - El/tiﬂ [¢(P07ti+1 (F))]

= ZEV”-H [Plfi,ti.,_lq)(PO,ti (F)) - ®(P07ti+1 (F))]

(3.50) =Y E,, [Entp,, (P (F).

The measure Py, ,,, associated with a small increment satisfies a log-Sobolev inequality as the
associated Gaussian covariance Cy,, , —Cy, is tiny for § small (so that the Hamiltonian correspond-
ing to the measure P, ;,,, is extremely convex). This suggests that for each interval [t;,%;11], one
can reduce to estimating Ey,  [(V/Pos, (F)) 6C‘zi] and the delicate issue is then to interchange

V and Py, (note that a similar step already occurred even in the product case ) Such a
discrete decomposition was implemented in [12] to derive a spectral gap for certain models. The
proof of Theorem relies on the limit § tends to 0 which greatly simplifies the argument as the
analytic structure of the Polchinski flow kicks in.
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Proof of Lemma([3.10. For a more detailed proof, see [13, Lemma 2.8]. One can first verify the
so-called ‘Bochner formula’:

(3.51) (L — ) (VP F)% = 2(V Py, F, Hess VG,V Py F)g + C/? Hess Py ,FQ'/2)2.

The claim (3.47) then follows: writing F' instead of Py,F' for short, dropping other t-subscripts,
(3.52)

L,—0,)(VF)% (VF)(L,—0,)F (V(VF)%,VF):, (VF)%(VF)>2
4F 4F? 4F?2 4F3
Using (Ly — 0¢)F = 0 and (3.51)) the right-hand side equals that in (3.47)) since

|C/2 Hess FQ/?|3 _ (V(VF)%,VF)C I (VF)EQ(VF)?J
F F? B3

(3.53)  F|CY?Hesslog FQ'/?3 =

To see this, observe that the left-hand side is (with summation convention)

LAY e 2

(3.54) FC;jQpi(Hesslog F) i (Hesslog F) ;i = FCiiQui(

and the right-hand side is

: FieFy  (FpF)iFy | FFj PR
(3.55) Cii Qi 1FJ - le L+ 11173

So both are indeed equal. O

3.4. Derivatives of the renormalised potential. Checking the multiscale assumption in Theo-
rem boils down to controlling the Hessian of the renormalised potential V;. For a well chosen
covariance decomposition, the structure of the potential V; is often expected to improve along
the flow of the Polchinski equation . In particular, one may hope that V; becomes more
convex. This is illustrated in the Example [3.5] below which considers the case of a single variable.
However, for a given microscopic model the convexification can be extremely difficult to check.
Some examples where it is possible are discussed in Section [6]

Even though the analysis of the derivatives of V; is model dependent, we state a few general
identities for these derivatives which will be used later.

Lemma 3.11. Let Uy = VV; and Hy = Hess V;. Then
(3.56) oU; = L,U;,  0:Hy = LyH; — H;C, Hy.
Moreover, for all f € X andt > s >0,

(357) (fv vv;‘/) = Ps,t(f7 VV;),
(3.58) (f Hess Vif) = Pys(f, Hess Vaf) = | Poa((f, VV2)?) = (Poa(f, VV2))?)

Proof. (3.56) follows by differentiating (3.21)).

To recover ([3.57)), we recall from (3.11)) that V;(¢) = —log Ec,—c, [e‘VS(‘pH)]. Identity (3.57))
follows by differentiating and then identifying P by (3.12)

_ Eg—c, [eETOVV(e+0)]
(3.59) VVi(p) = Eero, [ V@) = Py (VVi) ().

Identity (3.58]) can then be obtained by taking an additional derivative in the previous expression.
O
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Alternatively, one can rewrite the derivatives of the renormalised potential in terms of the
fluctuation measure p introduced in ([3.18)).

Lemma 3.12. The first derivative of the renormalised potential is related to an expectation
(3.60) VVi(p) = B2 [VVo(Q)] = Ep[Cr (0 — Q)]
The second derivative is encoded by a variance under the fluctuation measure

(3.61) VfeX:  (f,HessVi(p)f) =E,p[(f, Hess Vo(C)f)] — Var,e ((f. VVo(C)))
— (£,C7 ) = Varg ((C1£,0),
where the second equalities hold if Cy is invertible.

Proof. The first part of follows from the identity VV; = Py (V1)) obtained in and
the identification of the fluctuation measure pf with the semigroup Py in . The second
equality is obtained by an integration by parts using the form of the fluctuation measure.

In the same way the first equality in is deduced from by identifying Py; and py .
The second equality follows by differentiating ¢ — E ¢ [C7 (¢ — ¢)] and using (B-18). O

We consider the case of convex potentials and show that they remain convex along the Polchin-
ski flow.
Proposition 3.13. Assume that Vy is convex. Then Vi is convex for all t > 0.

Thus the standard Bakryf]é)mery criterion can be recovered from Theorem (3.6 if Hess H > Aid
one can choose A = Aid and Hess Vy > 0 and Theorem guarantees the log-Sobolev inequality
with constant

1 o0 1
(3.62) - < / e Mdt = =
Y 0 A

This follows from criterion (3.32)) applied with Cy = e~ **id so that C; = —Ae™*id and A\; = \/2.
Note that the decomposition Cy = id on [0, 7] with 7' = } (see Remark could have been used
instead.

Proof 1. If Vj is convex, then e~ V(#) is the marginal of the measure x e~ "0(¥+0) Pe, (dC¢), with
density log-concave in ((, ). A theorem of Prékopa then implies that V; is convex. It is also
possible to directly compute the Hessian: the Brascamp-Lieb inequality [23, Theorem 4.1] states
that if a probability measure o< e has strictly convex potential H then

(3.63) Var(F) < E[(VF, (Hess H)"'VF)].

Thus by the first identity in (3.61]) and then applying the Brascamp-Lieb inequality to estimate
the variance, we get

Hess Vi(g) = B¢ [Hoss V()] — Var, s (VV5())
2K, [Hess Vo(¢) — Hess Vo (€)(C; 1 4 Hess Vp(¢)) ™" Hess VO(C))}
=K, [Hess Vo(O)(C;t + Hess VO(C))*lCt_l}

(364) — ]E;Lf [0;1/202/2 HeSS‘/[)(C)Ctl/Q(Id + Crtl/2 HGSS‘/O(C)CtI/z)_IC;I/2:| )
Therefore, with H, = Cltl/2 Hess VOC'IEL/2 >0,

(3.65) Ctl/2 Hess V}(go)C’tl/2 > E,»

H<<>] ~0 N
id + H¢(()
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Proof 2 from [55, Theorem 9.1], (30, Theorem 3.3]. This alternative approach puts the emphasis
on the PDE structure associated with the renormalised potential by application of the maximum
princple. We give the gist of the proof and refer to [30, Theorem 3.3, page 129] for a complete
argument. Let H; = Hess V; with Hy > 0, and recall (3.56]):
OH, .

(3.66) aTt = L,H, — H,CyH,.

Now assume there is a first time tp > 0 and o € X such that Hy, (o) has a 0 eigenvalue with
eigenvector vy, i.e., Hy, (¢o)vo = 0. Define fi(¢) = (vo, Hi(p)vg). Therefore

(3.67) OC20) _ 1y, fy(i0) — (w0 Hiol(o0) o Hiy (0)00) > 0.

where we used that fi,(¢) is minimum at g so that Ly, fi, (p) = %ACEO fio(¢) = 0 (by the maxi-
mum principle) and that by construction (vo, Hy, (¢0)Cto Hiy (20)v0) = 0. This shows that f; (o)
cannot cross 0 after ¢p. A more careful argument involves regularisation, see [30, Theorem 3.3]. [

We end this section with a rescaling property of the Polchinski equation.

Example 3.14. Similarly to (3.14)), write the renormalised potential as

1 _ _
(3.68) Vilp) = 5(#.Ci o) + Fi(C ),
where Fy(h) = V;(0) — log E¢, [e~"0(O+(%0)] is the normalised log partition function of the fluctu-
ation measure at external field h. Then the Polchinski equation for V' is equivalent to a different
Polchinski equation for F:
0 1

th = *AEtFt - §(VFt>§:t + Tr(Ct_lCt), where Et = Ct_lCtCt_l.

(3.69) =

Note that Tr(C; 'C}) is only a constant. Indeed, Fy(h) = Vi(Cth) — 2(h, C;h) and thus

(3.70) VF, =CVV, = Cih, Ay Fy =AMy Vi —Tr(C7'Cy),
and
0 1 1 . 1 .
51 =586V = 5 (VVi)g, + (VVi, Cih) = 5 (h, Cih)
1 1
= 58 Vi— 5(h = VVi)g,
1 1 L
(3.71) = 50s, Fr — 5(VFt);t + Tr(C71Cy).

3.5. Example: Convexification along the Polchinski flow for one variable. The aim of this section
is to illustrate the claims that the renormalised measure becomes progressively simpler and convex
along the Polchinski flow using a simple one variable example. Let H : R — R be a C? potential
that is strictly convex outside of a segment: infj, >y, H"(z) > ¢ > 1 for some ¢, M > 0, but
assume that infg H” < 0, and consider the measure:

2 2

(372)  wldp) xe TP dpocexp| = T~ Vole) | dp,  Valy) = Hlp) - 2.

In (3.72)), the Gaussian part %@2 is singled out to define the Polchinski flow, but this is just a
convention up to redefining Vj.

By assumption, v is not log-concave, and the Bakry—Emery criterion (Theorem D does not

apply. Let us stress that there are many ways to obtain a log-Sobolev inequality for the above
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measure. Our goal, however, is to exemplify that, using the Polchinski flow, how one can still use
a convexity-based argument, the multiscale Bakrny/)mery criterion of Theorem by relying on
the convexity of the renormalised measures v that will be more log-concave than vy.

The Polchinski flow is defined in terms of a covariance decomposition, which is supposed
to decompose the Gaussian part of 1 into contributions from different scales. In the statistical
mechanics examples discussed in Sections the notion of scale was linked with the geometry
of the underlying lattice (e.g., small scales corresponding to information pertaining to spins at
small lattice distance). In the single variable case, there is no geometry, thus the Gaussian part
does not have any structure. The only meaningful decomposition, written here on [0, 1] instead
of [0,00) for convenience, is therefore:

(3.73) Cy:=tid,  Cy=id, (t €10,1]).

The corresponding renormalised potential reads:

2
(3.74) e Vi) = \/2% /ReXp [— g—t —Vo(¢+ sﬂ)} dg,

and the renormalised measure v; defined in (3.13]) and fluctuation measure uf defined in (3.18)
are respectively given by:
g ¢, Gy

(375)  wlde) xexp | = 57— Vile) [ do () cexp [ = S+ 2F — V()] de.

Note that in terms of the original Hamiltonian H(¢) = V,(¢) + %, the fluctuation measure pf is
more convex than the initial one:
¢ 1 Cyp
(3.76) 8 (dC) o exp [— S+ - H(()] dc.
In other words, e~" is the convolution of e~"0 with the heat kernel on R at time ¢, and the
Polchinski equation becomes the following well-known Hamilton—Jacobi—Bellman equation:

1 1
(3.77) oV, = 563,% — 5(agt,vt)% (t € (0,1)).

The motivation for the Polchinski decomposition was that one progressively integrates “small
scales” to recover a measure v; acting on “large scales” that one hopes to be better behaved. In
the present case, the only notion of scale refers to the size of fluctuations of the field:

e Even though Vj may vary a lot on small values of the field, the convolution with the heat
kernel at time ¢ means V; is roughly constant on values much smaller than v/¢. Thus small details
of Vp are blurred, and V; varies more slowly than Vj. This is the translation to the present case
of the general idea that “small scales” (i.e., values below v/t) have been removed from V; and the
renormalised potential only sees the “large scales” (values above v/%).

e Convolution also improves convexity, in the sense that the renormalised measure vy is more

log-concave that vy. Since x — ﬁ@ becomes increasingly convex as ¢t approaches 1, proving

this statement boils down to proving a lower bound on 2 V; uniformly on ¢ € [0, 1]. Semi-convexity
estimates for solutions of the Polchinski equation are an active subject of research, con-
nected with optimal transport with entropic regularisation, see, e.g., [29,3233|43] and references
therein and Section below. Informally, the convexity of V; is given by that of Vj, plus an “en-
tropic” contribution due to the %C 2 term. In the present simple case, one can directly compute:

(3.78) RVilp) =3 — 7 Vars(Q), (o ER).
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This is an instance of the formula of Lemma [3.12] valid for a general covariance decomposition.
It is an example of a general feature of the multiscale Bakry—Emery criterion: the log-Sobolev
constant, which is not a priori related to spectral properties of the model, can be estimated by
lower bounds on 83% which are related to variance bounds, i.e., spectral information.

Exercise 3.15. Using the Brascamp-Lieb inequality (3.63) for t < to with ¢ V.= —infy Vi, and
the fact that uf satisfies a spectral gap inequality with constant C' uniformly in ¢ € R and ¢ > 0,
deduce:

-1

(379) VA= 1m0 () + a0

p— ! C), (t € 0,1]).

t 12

The uniform lower bound confirms that 14 gets more log-concave as t approaches 1.
Injecting the bound into the multiscale Bakryf]:ilmery criterion of Theorem ﬁpmvides a
bound on the log-Sobolev constant « of 1y in terms on parameter .

Let us reiterate that one could have obtained a bound on the log-Sobolev constant by standard
combination of the usual Bakryf]émery and Holley—Stroock criteria, and here just illustrated that
the semi-convexity condition of Theorem remains effective in non-convex cases. Theorem
becomes especially useful in situations with a large state space, where the combination of the
Bakry—Emery and Holley-Stroock criteria do not yield dimension-independent bounds on the

log-Sobolev constant while effective methods to control the semi-convexity may still exist, see
Section [6l

3.6. Aside: Geometric perspective on the Polchinski flow. There is a structural resemblance of

the renormalisation group flow with geometric flows like the Ricci flow. The matrices Cy take the
role of the inverse of a metric g; (depending on the flow parameter ¢). We sketch the interpretation
of the C} as a scale-dependent metric on the space of fields, and the natural extension of the above
construction in the presence of a non-flat metric.

Suppose (X, g) is a Riemannian manifold. The metric and its components in coordinates are
denoted

(3.80) g = (9i5) 97 = (g7 )i lg| = | det g,

the volume form is

(3.81) mg(de) = /lg| de,

and the covariant derivative and Laplace-Beltrami operator are (with summation convention)

(3.82) Vg =g"0;, divyU = —=0;(\/]9|U"), AgF = —=0;(\/Ig9]9" 0; F).

Vldl Vlal

In particular,

(3.83) Hessy f = VoVyf = g™ k("' O1f),
and
(3.84) (VgF); = g(VyF,VyF) = " (8;F)(9;F).

For a t-dependent metric g, the volume form changes according to

0

o 1, .
(3.85) 5ma = (5108 V]gel) dmg, = 5 Tr(g, Lge) dmy,.

The Ricci curvature tensor associated with the metric g is denoted Ric,.
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Remark 3.16. The notation Ay, for the Laplace-Beltrami operator is different from our previous
notation for the covariance-dependent Laplacian Act from (3.3]). Indeed, the notation differs by
an inverse in the index: The Gaussian Laplacian Aa corresponds to a Laplace-Beltrami operator

if g, ! = ¢,. Thus the infinitesimal covariance C; plays the role of the inverse of a metric.

Example 3.17. In the above notation, we can reformulate the previous construction as follows:
The covariance decomposition is written as

[e.e]

(3.86) Al = / g; b dt.
0
Then the Polchinski equation reads
0 1 1

(387) a% = iAgtht - i(vgt‘/t)?]tv
and the condition (3.32)) for the log-Sobolev inequality becomes:

1 .
(3.88) Hessg, Vi + §g't > Mgy
Example 3.18. Suppose that A is a Laplace operator on A C Z% and that C; = e~*4 is its heat
kernel. Thus the metric g; = e is the inverse heat kernel. This means that
(3.89) fla <1 & eSl<,
ie., f = e *g for some |g| < 1 where |- | denotes the standard Euclidean norm. Therefore

the unit ball in the metric g; corresponds to elements f that are obtained by smoothing out
elements of the standard unit ball by the heat kernel up to time ¢. In this sense, the geometry
associated with g; implements an approximate block spin picture (in which block averaging has
been replaced by convolution with a heat kernel).

We now consider the natural extension to a non-flat metrics. The Laplacian in the presence
of a potential H and metric g is

(3.90) All = efdivg(e "V, F).

The analogue of Lemma (with Q = C}) is as follows.

Lemma 3.19.

(3.91) (Ly — at)(vgﬁ)?] = (§ + 2Hess, Vi + Ric,)(VyVF, VyVF) + i| Hess, log F|§
Proof. The Bochner formula with a background metric |7, Theorem C.3.3] implies:

(3.92) (Lt — 0)(VgF)2 = (§ + 2Hessy V; + Ricy) (Vg F, Vo F) + | Hessy F2.

The Bakry-Emery version (with v/F instead of F') then follows as in the proof of Lemma O

For ¢t € [0,T) with T € (0, +00], assume that g; is a given t-dependent metric and that Z; dmy,
evolves according to the associated backward heat equation:

0 1
(393) aZt dmgt = (_iAgt Zt) dmgt.
The measure Z; dmg, takes the role of the Gaussian measure with covariance Cy, — C;. Assume:
0 1 1
(3'94) avt = §A9tm - i(vgzw)gt
0 1
(395) aFt = §AgtFt - (Vgt‘/t,vgtFt) = LtFt.
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The last equation defines the semigroup P ;F' with generators L;. The renormalised measure v;
is defined by

(3.96) R, [F] « / Fe V1Zydmy,.
One can check that
0
(3.97) aEW [PosF] =0,
and that the renormalised measure v; again evolves in a dual way to Ps;: for t < T,

9
ot
The analogue of the continuity assumption (3.31)) is

(3.98) E,,[F] = —E,,[L.F).

(3.99) B lg(PoiF)] = 9By [F), (= T).

Since the evolution of Z; is in general not explicit in the nonflat case, differently from before, this
is now an assumption that seems difficult to verify. The same proof as that of Theorem [3.6] using
Lemma [3.19] instead of Lemma [3.10] gives the following condition for the log-Sobolev inequality.

Theorem 3.20. Assume that the continuity assumption (3.99) holds. Suppose there are M (allowed
to be negative) such that

1. 1. :
(3.100) Voe X, t>0: Hessy, () Vi(p) + 5 Ricy,(p) +§gt(90) > Age(0),
and define

t i 1 T
3.101 A= [ Asds, Z= | e gt
( )

0 v 0

Then vy satisfies the log-Sobolev inequality
2
(3.102) Entuy (F) < By [(vﬁ)_ﬁm} .

We currently do not know of any interesting applications of the generalised set-up of Theo-
rem |3.20] over that of Theorem but it would be very interesting to find some.

Some references with related constructions (though different motivation) in the context of the
Ricci flow appeared in [77] and then [65,70] and more recently [56,59,/60487].

3.7. Aside: Entropic stability estimate. An approach different from the Bakrnymery method to
prove (modified) log-Sobolev inequalities, using the same Polchinski flow, is the entropic stability
estimate which underlies [28] and has its origins in the spectral and entropic independence con-
ditions introduced in [4] and [3]. In particular, in |28], this method is applied from the stochastic
localisation perspective whose equivalence with the Polchinski flow is discussed in Section In
this section, we rephrase the entropic stability strategy of [28] with the notations of the Polchinski
flow to explain the connection with the Bakry—Emery method.

Let us first introduce some notation. For a probability measure g on X (with all exponential
moments) and h € X write Tpu for the tilted probability measure:

dTh e(h0)
d (C) = (h C) 9
H E,[e<)]

(3.103)

and Cov(u) for the covariance matrix of u. The key estimate is a proof of the entropic stability
from a covariance assumption.
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Lemma 3.21 (Entropic stability estimate [28, Lemmas 31 and 40]). Let p be a probability measure
on X, let ¥ be a positive semi-definite matrixz, and assume there is o > 0 such that

(3.104) Vhe X : ¥ Cov(Thu)Y < a¥.
Then for all nonnegative F' with B, [F| =1,

(3.105) %(EM[FC] —E,[¢]))3, < aEnt,(F).

In [28, Definition 29], this inequality is called a-entropic stability of the measure p with respect

to the function (z,y) = %(ZE - y)2E

The proof of Lemma [3:21] is postponed to the end of this section and we first show how the
entropic stability estimate implies a modified log-Sobolev inequality, see [28, Proposition 39].

Corollary 3.22. Assume there are oy > 0 such that

(3.106) Voe X : C, Hess Vt(go)C"t — C"tC't_lC't > —oCy,
or equivalently, with ¥y = C;* C; Ot

(3.107) Voe X : ¥ Cov(pf)X < apdy.

Then the measure Py satisfies the following oy-entropic stability: for all ¢ € X,

(3.108) 2(V/Po,F)? (¢) < awEnte (F) = oy [Po,tq)(F)(SD) - <I>(Po,tF(so))} :

This implies the following entropy contraction: for any s > 0,

(3.109) Ent,, (F) < e/ v |, [Entuf (F)} .

The condition (3.106) on oy is very similar to the multiscale Bakry-Emery condition (13.32))
on A, but different. We recall that (3.32]) reads

(3110) Ct Hess V,;(go)C’t — %Ct 2 )'\tC't.

The log-Sobolev constant and the very closely related entropy contraction are estimated by the
time integrals of oy and M, respectively. Note that the condition is slightly better behaved
for t close 0 as (' vanishes as t — 0 and C’t does not. To see this, consider the simple one-variable
case with the function ¢; = fg ¢y du € R (with ¢, > 0) and assume that Hess Vi(¢) > 0. Then
the optimal choices are )'\t = —C &y Land ap = —¢, c, 1 5o that

¢ ¢
(3.111) / Auwdu =logés —logé;  and / ay du = log ¢ — log ¢;.

For this reason, one cannot take the limit s — 0 in , and the Ent, ¢ term in must
be treated differently for s small to recover a log-Sobolev inequality. This last step is called
annealing via a localization scheme in |28]. For example, one can use that the measure puf is
simpler for s small as the covariance Cy vanishes. This implies that the Hamiltonian of uf is
strictly convex uniformly in ¢ so that by the standard Bakryf]é]mery criterion (Theorem , the
measure satisfies a log-Sobolev inequality which can then be plugged into to complete the
log-Sobolev inequality for vyg.
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Proof. From (3.17)), recall that the Polchinski semigroup Py, coincides with the fluctuation mea-
sure p7 . Thus for smooth F > 0 and ¢ € X, one has

Vlog Py, F(p) = ViogE [F]—W (crL)
g 0,t Y)= g ‘u,f - }Eﬂf [F]
(3.112) = 7 (B, or (- By l€),
where the measure modified by F' is defined by
dpf” F(¢)
3.113 ()= .

Thus, the estimate (3.108)) we are looking fqr boils down to proving an entropic stability result
(3.105) for the measure p; . Indeed, setting ¥y = C} Le, C’ , then

(3114) 2V /PO, (0) = 5(Viog Py F)%, (PouF)(9) = 5 (B[]~ By [, (O)E, ¢ [F],
and the relative entropy is given by
(3.115) Ent,e (F) = H(uf" |1uf) B, [F).
Assumption implies the assumption on the covariance of uf,
(3.116) S/ Cov(Thuf)Sy? = 92 Cov(ufTOMD? < ayid  for all b € X,
so that Lemma gives the claim , i.e.,
(3.117) 2(V\/PoF ()% < arEnte(F).

Thus it is enough to show that assumption (3.106]) is equivalent to the covariance assumption
(3.107). From (3.61)), we know that for any ¢ € X,

(3.118) Hess Vi(p) = C;7 ' — C7 1 Cov(pf)CF !,
so that
—C’t<Hess Vi(p) — C’t_1>C't = CC; ! Cov(ud)C 1y
(3.119) = Cy3y Cov(uf) 8 Cr < O3 Cy = oy C,
where the inequality holds if and only if ¥ Cov(uf)%; < oy Y.

We turn now to the second part of the claim and show how the entropic stability estimate
(3.108]) implies the entropy contraction estimate (3.109f). The starting point is the time derivative

of the entropy ((3.43]):

0
(3.120) =y, [Po,t@(F) - @(PO,tF)] = 9E,, [(v,/PO,tF)ét
which is the counterpart of eq. (27) in [2§]. This is bounded thanks to (3.108]):

9
ot

and thus for any s < t, Gronwall’s lemma implies

(3.121) ]El,t[Pwd)() (POtF)} OétEyt[Pth)() <I>(Po,tF)},

(3.122) E,, [P07t<I>(F) - <I>(P07tF)} Leliomdu, [P07S<I>(F) - @(PO,SF)} .

Taking t — oo, the entropy is recovered from the left-hand side, as in (3.41)), and therefore (3.109))
holds for any s > 0. O
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We finally prove Lemma following [28].
Proof of Lemma|3.21. It suffices to show that, for any h € X,

1 ) e(h:0)

(3.123) 5 (E7l¢] = Bu[C])s, < abl(Thplp) = aEntu<W :

Indeed, for any density ' with E,[F] = 1 and E,[F(] = Er,,[(], the entropy inequality (2.62)
applied with the test function G : { — (h, () implies

(3124)  Enty(F) = sup{E,[FG) ~ log Eye®]} > B, u[(h. )] g By [e)) = H(Tipln).

i.e., the relative entropy over probability measures with given mean is minimised by exponential
tilts Tj, . Moreover, if there is no h such that E,[F(] = Er, ,[(] the relative entropy is infinite.

From now on, we may assume that Cov(Tpu) is strictly positive definite on X for all h € X.
Indeed, otherwise consider the largest linear subspace X’ such that Cov(Tju) acts and is strictly
positive definite on X’, and note that this subspace is independent of h. Indeed, let f € RY be
such that Var,((f,¢)) = 0, and assume without loss of generality that E,[(f,{)] = 0. Then under
the assumption of exponential moments also E,[(f,¢)*] = 0 and:

Varr, u((f,€)) %EH(@H[(fa ¢ — ¢)2elhet<)

1 /
(3.125) < QEu@)u[(f,C — VYRR, [2MCHO2 —

This implies that p (and thus Ty ) is supported in an affine subspace of X which is a translation
of X', and by recentering one can replace X by X’ in the following.
The relative entropy of Ty u can be written as:

(3.126)  H(Thpln) = Exyp [(h, Q)] — log(Bu[e™]) = (h,0) —log(B[e™]), 6 =Eq,,[¢].

The positive definiteness of Cov(T,u) on X implies that X > h +— logE, [e(Q)] is strictly convex,
and hence h — 0(h) = Eg, ,[(] is strictly increasing in any direction of X. Let K be the image of
6(h), and for 6 € K, let h(f) be the inverse function, and then let

(3.127) L(0) = H(Tyg)plr) = (0, h(0)) — log E,,[e )],
Thus I' be the Legendre transform of the cumulant generating function of u, and
(3.128) H(Thplp) = T(E, u[C])-

In particular, h(E,[(]) = 0 and properties of Legendre transform imply that, in directions of X,

(3.129) VI(0) = (h + B, u[¢]) " nzn(o)
~1
(3.130) HessT'() = |Hess logE“[e(h’O] ] = Cov(Th(g)u)_l
h=h(6)
so that
(3.131) VI(E,[¢]) =0,  HessT'(Er,,[¢]) = Cov(Thu) '

The assumption 3 Cov(Thu)Y < aX implies, for 6 € K,
(3.132) aHessT'(6) > 3.
Since f(0) = (0 — IEM[C]))QZ satisfies Vf(E,[¢]) = 0 and Hess f = %, therefore:

(3.133) aH(Thplp) = ol (B, u[(]) = 5 (Emul¢] — EuC])% for all h e RY. O

3

N |

31



4 Pathwise Polchinski flow and stochastic localisation perspective

4.1. Pathwise realisation of the Polchinski semigroup. From Proposition we recall that the
Polchinski semigroup operates from the right:

(41) Ps,t = PntPs,rv (5 Sr< t)'

Thus it acts on probability densities relative to the measure vy: if dug = F diy is a probability
measure then du; = Py dv; is again a probability measure.

This should be compared with the more standard situation of a time-independent semigroup
T, = T;—, that is reversible with respect to a measure v such as the original Glauber-Langevin
semigroup introduced in . In this case, one has the dual point of view that T describes the
evolution of an observable: if dug = F dv is some initial distribution and du; = (T} F') dv denotes
the distribution at time ¢ then, by reversibility,

(42) B, (G = [ GTF) dv = [(TG)F dv =B, [1.6).

The dual semigroup can be realised in terms of a Markov process (¢;) as TyG(p) = Epy—[G(¢1)].

Since the Polchinski semigroup is not reversible and time-dependent, this interpretation does
not apply to the Polchinski semigroup. Instead, the Polchinski semigroup Ps; can be realised in
terms of an SDE that starts at time ¢ and runs time in the negative direction from ¢ to s < t:
Given t > 0, a standard Brownian motion (By),>0 and ¢, consider the solution to

t t
(4.3) Vs = Q¢ —/ CuVViyu(py) du +/ \/ Cy dBy, (s <t).

This is the equation for the (stochastic) characteristics of the Polchinski equation, see Appendix
for the classical analogue of a Hamilton—Jacobi equation without visocity term. By reversing time
direction, this backward in time SDE becomes a standard SDE. Indeed, to be concrete, we will
interpret (4.3)) as ¢y = @1, where @ is the solution to the following standard SDE with @o = ¢y
given and B, = B,

(4.4) dp, = —Ci_ VVi_o(@p)dr +1/Cy_dB,,  (0<7r<t).

Denoting by E,,—,[-] the expectation with respect to the solution (¢s)s<: to (4.3) with ¢ = ¢
given, the Polchinski semigroup can be represented as follows.

Proposition 4.1. For s <t and any bounded F : X — R,
(4'5> PS,tF((p) = E@t:@[F(@s)]'

Thus if ¢ is distributed according to the renormalised measure vy the backward in time evolution
(4.3)) ensures that @4 is distributed according to vs for s < t.

Our interpretation of this proposition is that, while the renormalised measures 1, are supported
on increasing smooth configurations as ¢ grows, the backward evolution restores the small scale
fluctuations of vyg.

To verify Proposition we change time direction so that 1-} becomes a standard (forward)
SDE as follows. Indeed, as discussed above, set ¢, = ¢, and B, = B;_,. Then ) becomes

t
B = Po— va(sotudw/ JCudB,
(4'6) _(PO_/ Ct wWVVieu (Pu du+/ \V Ct udBm
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i.e., ¢ solves the standard SDE (4.4)). Itd’s formula stated for the forward SDE for ¢ is

_of

(47) df(T', 957’) or (Ta 957“) + Lt—’/‘f~(T7 957‘) + (Vf(?“, @T)? Ot—r dBr)

In terms of ¢ rather than ¢ we will state this as

(1.9 B (5,05) = 92 (5,600) = Lof (5 05) + (Vi (5, 03). /By,

where the left-hand side is interpreted as follows: with s =¢ — r,

_dsf(sv 903) = d?“f(t -, 957“)

- _%(t - 957") + Lthf(t - 557“) + (Vf(t - 857')7 Ot*T dBT)
(4'9) - _g::(& 908) + Lsf(sv 905) - (Vf(S, (Ps)a \/gsst)

In particular, if f is smooth and bounded and satisfies (05 — Ls)f = 0 then

(4.10) Epi=plf(s:05)] = (L, ).

Proof of Proposition[{.1 It is enough to prove the claim for bounded smooth F and then extend
it by density. The claim follows from (4.10) with f(¢, ) = PsF(¢) which gives

(4.11) Eopi=p[F(¢s)] = B = [Pss F(@s)] = Ep=o[f (s, 05)] = f(t, ) = Ps F ().
This proves (4.5). For the last statement, recall from (3.27) that E, [F] = E,, [Ps+F] =
E,, [F(¢s)]. This characterises the distribution at time s of the process (4.3]). O

Finally, we will consider below an analogue of the backward in time SDE (4.3|) started at time
t = +o00, see . Equation (4.20]) can analogously be interpreted by reversing time as follows.
Fix any smooth time-reversing reparametrisation a : [0, +oo] — [0, +oc]. For simplicity, one can
choose a(t) = 1/t with a(0) = 400 and a(+oc) = 0. As in Remark [3.8] set

(412) C’t = Ca(t)7 ‘Zﬁ = Va(t)7
and also
(413) ot = Pa(t)s Bt = Ba(t)-

Analogously to (4.4), the solution (4.20) can then be interpreted as ¢ = @) where ¢ is the
solution to the standard SDE:

(4.14) d@r = Cona(t)VVaip (@) dt +\/CopydBi, G0 = 0.

More generally, as in Remark the SDEs (4.3)—(4.20) are invariant under reparametrisation,
thus [0, +-00] has no special significance and we could have used [0, 1] from the beginning instead.

We prefer to consider the backward in time evolution corresponding to ¢ (rather than the
forward SDE for ¢) to comply with the convention that the renormalised potential V; evolves
forward in time according to the Polchinski equation. From the stochastic analysis point of view,
on the other hand, this convention of a stochastic process running backwards in time is less
standard and related literature which focuses on the SDE rather than the renormalised potential,
as we do, thus uses the opposite convention (see Sections and .
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4.2. Example: Log-Sobolev inequality by coupling. Using the representation (4.3] of the
semigroup P ; in terms of the above stochastic process, one can alternatlvely prove Theorem -
using synchronous coupling by adapting the proof from [27] for the Bakry—Emery theorem.

Proof of Theorem[3.6. Given t > 0, define (¢5)s<t and (¢})s<t as in (4.3)) coupled using the same
Brownian motions. Then for s < ¢,

(4.15) €_2>\t (C,Ot — @2)20;1 — 6_2>\s ((Ps - ¢;)é;1
t .
= /S [e‘”“(— 2 u(pu — %)é;l — (#u ‘Pu) YeNem
ACUTVh = TV, O — 1) du >0,

where the inequality follows from the assumption (3.32) and the mean value theorem. Thus

_2>\t(

(4.16) (po = 20)g 1 = (g0 — 90)g 1 < e (01 — P13

with ¢y = ¢ and ¢; = ¢’ (the dynamics runs backwards) and the mean value theorem gives

| P F(0) = PouF () = [E[(VF(v0), ¢o — ¢0)]|
= 2[E[(VVF o), VEWo) (w0 — ¢0))]|

0)(
< 2E[(V\/ F(y0))g, } { (%0) (o — 1) }1/2
(4.17) ‘AtE[ VVF (1)) } v E[F(v0)] " /(o - P

for some 1y between ¢ and ¢’. Taking ¢ — ¢’ = /C,f with |f|o — 0 gives

(4.18) (VV/PouF)Z, < e Py (VW) .

This is (3.46]). O
4.3. Example: Coupling with the Gaussian reference measure. Since, by (3.13)),

(4.19) E,[F] = Pt,ooF(O)v

one can obtain the following coupling of the field distributed under the measure v; with that of
the associated driving Gaussian field from the stochastic realisation of P; .

Corollary 4.2. The distribution of vy is realised by the solution to the SDE (which we recall can
be interpreted as discussed around (4.14))):

/va(wudu+/ \/>dB

(4.20) =— / CuVViu(pu) du + Ty
t

In particular, at t = 0, this provides a coupling of the full interacting field po with the Gaussian
reference field T'y.

As an application of the above coupling, one can relate properties of the Gaussian measure
to the interacting one, see for example [104[20].
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4.4. Effective potential and martingales. The stochastic process (4.3)) can also be used to obtain
a representation of the renormalised potential as follows. These are stochastic interpretations of
the formulas in Lemma [3.111

Proposition 4.3.
1/t 9
Vi) = By [Talin) + 3 [ (Vi) ]

(4.21) =Ep—y [Vg <(p — /Ot CsVV,(ps)ds + /Ot \/gsst) + ;/Ot(vvs(cps))gs ds]

and My = Vi(ps) + %f;(VVu(apu))Qc du is a martingale (with respect to the backward filtration).

Proof. 1t suffices to show that M; is a martingale. By It6’s formula interpreted as in (4.8)),

Vs 1 9 .
dM; = ( s )(ps) — LsVi(ps) — §(VVS)C'S + martingale
s 1 1 :
(4.22) = (88‘: )(ps) — §AC'SVS(905) + Q(VVS)QCS -+ martingale.
By Polchinski’s equation for Vj, the right-hand side is a martingale. O

The gradient and Hessian of the renormalised potential have similar representations.

Proposition 4.4.
(4.23) VVi() = Poi[VVo] () = Eg=o[VVo(go)]

and Ui(pr) = VVi(er) is a martingale (with respect to the backwards filtration).
Proof. Again, by It6’s formula (4.8]) and since 0,U; = LUy by (3.56]),

oU. . .
(424) dUt(QOt) = 6—;(%) — LtUt(th) + (VUt, o dBt) = (VUt, C dBt)
Thus Uy is a martingale, and the expression for its expectation also follows. ]
¢ 4
0 G t :i-oo

Figure 4.1. In the renormalisation group approach, the small scales ¢ are averaged out and one considers the projection of
the measure to the variables ¢ encoding the large scales; in the figure above, the Polchinski flow goes from 0 to +oco. In
fact, ¢ and ¢ play symmetric roles: in particular for ¢ = 0 the original measure is coded by ¢, while instead for t = 400 the
original measure is coded by ¢. Stochastic localisation puts the emphasis on the variable { and therefore flows in the opposite
direction (depicted by the thick arrow).

4.5. Stochastic localisation perspective. The stochastic evolution has so far been inter-
preted as the characteristics associated with the Polchinski equation . In this section, we
are going to see that this stochastic process is also, after a suitable change of parametrisation,
the flow of the stochastic localisation, introduced by Eldan. We refer to [40] for a survey on this
method and its numerous applications in general, and to [28] for more specific developments on
modified log-Sobolev inequalities. The relation between stochastic localisation and a semigroup
approach was already pointed out in [58].

From Lemma [3.12] we recall that the gradient and Hessian of the renormalised potential V;
can be interpreted as a mean and covariance of the fluctuation measure p; defined in by

(4.25) Py(F(p) = E e [F).
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The measure jf is related to p by the exponential tilt e(cfl‘P’C), i.e., by the external field C’;lgp.
In particular, by Lemma the gradient of V; can be written as

(4.26) VVilp) = E,e[Ci (0 — Ol = C; (0 — B e [¢])

where E [¢] € X is the mean of uf. The stochastic representation (4.3)) can therefore be written
in terms of the fluctuation measure instead of the renormalised potential. Indeed, let

_ . o 1
(4.27) hi=Clen, = pft =g, S= — 5.t t=corlaort
Since
(4.28) CiVVi(pr) = GO — B, [€]) = CiSi(e — E e [€)),

the external field hy = C, Lo, satisfies the following SDE equivalent to (4.20): By the It6 formula
" Wlth f(tv Sot) = Ct_lgob

he = _/ df(u790u>
t
:/ zu@udu—/ C;lc'uvvu(%)dw/ cricl2aB,
t t t
- / SuE,, [¢) du + / cic B,
t t

Oo . OO .
(4.29) = / B, (€] du + / s$24B,,
t t

where the last equality holds in distribution in the case that C), and C! do not commute.

What is known as stochastic localisation is the process (h;) with the direction of time re-
versed. Thus in the stochastic localisation perspective, the renormalised potential and measure
only play implicit roles, and the main object of study is the stochastic process and the
fluctuation measure . For this perspective, it is more convenient to assume that time is pa-
rameterised by [0, 7] (rather than our previous standard choice [0, +00] — but again everything
is reparametrisation invariant, so this is only for notational purposes). The fluctuation measure
e = pf' then “starts” at the final time ¢ = T as the full measure of interest, and as ¢ decreases
(time runs backwards) its fluctuations get absorbed into the renormalised measure v; until the
fluctuation measure p; “localises” to a random Dirac measure py = d,, at time ¢t = 0, with ¢q
distributed according to the full measure vy = pr. See also Figure [4.1

Although time runs backwards from T to 0 in the stochastic localisation perspective written
with our time convention, let us change time direction to obtain a forward SDE and connect with
the literature on stochastic localisation. Recalling , the initial measure 1y = pr coincides
with the fluctuation measure at time 1" as hp = 0. As done previously, we will always use tildes
to denote change of time:

(430)  Pr=wr, Ci=Cr, Vi=Vr, ju=pr, hi = hr_y, Y=Y 4.

Using the notation b(y) = E,[¢] for the mean of p, the SDE ([#.29) for i can then be written as:

(4.31) dhy = () dt + 21/2dB,.

This equation is the same as the stochastic localisation as it appears for example in [28, Fact 14]
(after dropping tildes from the notation and with y; there corresponding to hy).

The stochastic localisation perspective is different from our renormalisation group perspective
in that the object of interest is (again) the fluctuation measure. For example, in the one-variable
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case |A| = 1, starting from a measure jig(dr) = vo(dz) x e ) (possibly log-concave), the
strategy is to make it more convex by considering

(4.32) fie(dC) oc e HO= 3674 C g¢
with the choice of the process hy such that for any test function
(4.33) Vt >0, E,[F]= E[Eﬂt (F)].

In this one variable example, the fluctuation measure above is the counterpart of (3.76) for the
choice Cy = 1/(1 +t) with t decreasing from +oo to 0 instead of Cy =t with ¢ € [0, 1]. With this
reparametrisation, one gets from (4.27) that ¥; = 1 so that

(4.34) t>0, dhy=b(y)dt+dB;,  with ho=0.

Starting from a general measure [ig, the primary concern in the stochastic localisation per-
spective is the measure fiy which is now uniformly convex with Hessian at least ¢ (if say H is
log-concave), thus general concentration inequalities hold for the twisted measure and can be
transferred to fig thanks to (4.33]). For example, this is a key tool in current progress on the
KLS conjecture, see [40] for a review. The larger ¢ is, the better in this respect. However, as t
grows the twisted measure fi;(d¢) loses the features of the original fig so there is a trade-off in
the choice of t. Contrary to our renormalisation point of view, in the stochastic localisation point
of view, the distribution of h; = C_lgot (which is given in terms of fi; in but can also be
written in terms of our renormalised measure) does not play an important role (see Figure
The process hy is there to twist the measure and sometimes if one adds the correct C; there are
preferred directions to add the convexity.

5 Variational and transport perspectives on the Polchinski flow

In this section, we discuss transport-related perspectives on the Polchinski flow. We refer to [34]
for additional perspectives such as an interpretation in terms of the Otto calculus that we do not
discuss here.

5.1. Follmer’s problem. By (4.20)), the distribution vy can be realised as the final time distribu-
tion o of the SDE:

(5.1) / CuVVal(gw) du+/ \/¢.an,

where we recall that the backwards SDE can be interpreted as in (4.14]). One can ask whether the
distribution 1y can be obtained more efficiently if VV,(p,) is replaced by another drift U, (),
i.e., as the distribution of gog when U is a strong solution of the SDE (again written backward
in time):

(5.2) oy = —/ CuUu(cpff)dqu/ \ CudBy,
t t

where the parameter ¢ takes values in [0, +o0o] and ¢ = 0. As pointed out in Remark one
could have also considered a parametrisation on a bounded time interval.
Denote by 7o = P, the distribution of the Gaussian reference measure, i.e., of f0°° vV Cy dB,,.

Theorem 5.1. The gradient of the renormalised potential Vi of the Polchinski flow (3.11) can be
interpreted as the optimal drift in (5.2)) in the following sense:

1 % 1 >
(5.3) H(volyo) = 5E UO [VViler)l3, dt| < SE UO Ui )12, dt |,

for any drift U such that (5.2) has a strong solution with pg ~ vy. Recall that (p;) follows (5.1)).
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Proof. Let U be a such that there is a strong solution (') of (5.2) with E[ [~ [Uy(¢}) |ét dt] < oco.

By construction apg has law 1 so that the relative entropy is given by

< 0
(5.4 H(oho) = Vie(0) ~ EVa(ef)] = [~ dt ZBIVi(e )
with U evolving according to (5.2), and where we used that vy(dy) = etV e=Vo(?)y(dyp) with
normalisation factor given by eV~ = E¢_[e="(9] as in (3.13). The renormalised potential
follows the Polchinski equation (3.21)):
3}

1 1

ot
Therefore, by 1t6’s formula,

0

S = & | Se0) + (VW) Uil o, — 380,

_® H(vmo? DE, + (VVilel). Unlg! ))a]

)

(5:6) - B[~ (VW) - U | + 3B e,

where we used the Polchinski equation (/5.5 on the second line. Thus

(5.7) %E [/OOO(VUt)%t dt] = H(vg|v0) + %IE [/Ooo (VV; — Ut)ét dt] :

and the gradient of the renormalised potential V; provides the optimal drift. This completes the
proof of Theorem O

It turns out that the right-hand of (5.3) is, in fact, the relative entropy H(Q|P) of the path
measure Q associated with (5.2) with respect to that of the Gaussian reference process P.

Proposition 5.2. The relative entropy of the path measure Q associated with a strong solution of
(5.9) with respect to the path measure P of the Gaussian reference measure is given by

(55) HQIP) = & | [ i P ar]

Proof. This is essentially a consequence of Girsanov’s theorem, see [63] for details. O]

Since H(Q|P) > H(vp|vo) always holds, by the entropy decomposition (2.52)) and the fact that
the laws of 1y and ~y are marginals of the path measures Q and P respectively, the above shows
that the optimal drift U; = VV, in fact achieves equality: H(Q|P) = H(vp|vo).

The above question was already studied by Follmer [36], and we refer to [63] for an exposition
of this and connections with Gaussian functional inequalities. Follmer’s objective was to find the
optimal drift b; such that the process (Xt)te[o,l] defined by the following SDE and distributed at
time ¢ = 1 according to a given target measure v:

(5.9) Xo=0, dX,=b(X,)dt+dB, and X~ v,

that minimises the dynamical cost

(5.10) %E [/01 |bt(Xt)]2dt]
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over all possible drifts b. Up to time reversal, parametrisation by [0, 4o0c] instead of [0, 1], and
introduction of the covariances C;, this is exactly the set-up of (b . For us the introduction of the
covariances C} is a (conceptually and technically) important point, though, with the interpretation
that the integral is now an integral over scales measured by the infinitesimal covariances Cy which
can also be interpreted as metrics as in Section

More generally, one can look for the optimal drift to built a target probability measure of the

form F(p)vp(dy) using now the optimal stochastic flow as a reference process, i.e., we want to
determine the drift U such that for

(5.11) € [0, +od), / CoUs (1) ds—/ CVVi(1s) ds—l—/ \FdBS,

the cost %E[ fol \Ut(wt)lzc-tdt] is minimised and g is distributed according to F'diy. Proceeding
as in the proof of Theorem the optimal drift is given in terms of the Polchinski semigroup

(3.12)) as the gradient of
(5.12) Wi(p) = —log Py F(p) = =Vi(p) —log Ect[ (p+ Qe ol @+<)}

Thus one can check that
(513) H(FI/()‘I/O) = Ent,,o(F) = §E [/ |VWt(g0t)’Ct dt:| .
0

In this way, we recover from (5.13)) the entropy decomposition ((3.44]):

o0 1 o0
2/ By, ||V /P FI2, | dt = 2/ Ey, ||V log Py, FI2, Po,F| di
0 0
1 oo
(5.14) — 3| [ 1wl ai]

where we used that the process (5.11)) is distributed at time ¢ with density proportional to

(5.15) e MOTVIPG o, (dip) o Pyt F () vi(dep).

The above is an instance of the more general version of the Schrodinger problem which is to
find the optimal drift so that the stochastic evolution interpolates between two probability
measures u and v. Here, we discussed only the special case where the process starts from a Dirac
measure p = dp, and refer the reader to the survey [64] for a general overview and to [31] for a
discussion on the role of the convexity of the potential.

In Section we address a related issue, namely that in some cases, the previous flow can be
modified in order to achieve an interpolation between the measure of interest and some Gaussian
measure.

5.2. Variational representation of the renormalised potential. Let U; = VV;(p;) and recall that
Proposition [£.3] states:

t t 1 [t
(5.16) Vi(p) = Eg,—o {Vb(cp—/o CsUst+/0 \/Cdes> +2/0 \Us%s ds].

In particular,

e S
(5.17) Vi(p) = 1anE [Vo /CUds—l—/ dW +2/0 |US|CSd8],
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where the above infimum is over all adapted processes U : [0,tf] — X (where adapted means
backwards in time in our convention) called drifts. For our current purposes, it suffices to consider
Us = Us(ps) associated with a strong solution to the (backward in time) SDE

(5.18) Ps =@ — / CuUu (00 du+/ \/ Cu dW,y, (s <t).

The following proposition is a special case of the Boué-Dupuis or Borell formula, see |63], which
gives equality in the infimum and is the starting point for the Barashkov—Gubinelli method [§].
An in-depth treatment of stochastic control problems of which this is a special case is given in [46].

Proposition 5.3.

' t t 1 [t
(5.19) Vi() :HUlfIE [Vo(gp—/o CsUsd3+/0 \/CSdWS> +2/0 |Us|és ds]

Sketch. The entropy inequality (2.62) with G({) = —Vy(¢ + ¢) applied to the Gaussian measure
Pc, implies that for any density F' with E¢,[F] = 1:

(5.20) Vi(p) = —logEc, [e "0 #*9] < Ente, (F) + Ec, [F(OVole + )]

Given any drift Us, let F' dP¢, denote the law of ¢ — ¢ solving (5.18)):

¢ ¢
(5.21) o — = —/ CsUsds +/ \/ Cs dWs.
0 0

Then

(5.22) Vilp) < [ /|U (ps)[2 ds+Vo /CUds+/ \/>dW ]

where we used that the entropy is bounded by the first term, exactly as in Theorem [5.1} As
already discussed, the converse direction follows from Proposition ]

The point of view is now that by estimating the expectation on the right-hand side above, for
a general drift U, one can obtain estimates on V;(¢), and in particular on Vi (¢) which we recall
from is equivalent to the logarithmic moment generating function of the measure . For
further details and application to construction of the gofl measures, we refer to [89].

5.3. Lipschitz transport. Instead of a stochastic process, one could also define a map Si: X X
transporting vy to some measure ¢ in order to recover functional inequalities for vg from ;. For
example, assume that 7, satisfies a log-Sobolev inequality with constant v and that

(5.23) By [F(9)] = By, [F(Su(9))]

If the Jacobian V.5, is bounded by some constant C' in the following sense
(5.24) Vwe X, (VSw)?<C?(w)?,

then 1 satisfies also a log-Sobolev inequality

Enty, [F()] = Eg, [®(F 0 $)] — ®(Es, [F 0 S])

<2k, |(v/ro802| = 2B, [(VS.(TVRIS)]
202

(525) <2k, [(wVI30)] = 2R [(WVFY].
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where we used that V.S, and its transpose tv S, have the same operator norm. An analogous
argument can be applied to more general functional inequalities.

This line of research was first investigated in [25] where it was understood that a convex
perturbation of a Gaussian measure leads to a 1-Lipschitz transport map S,. We refer to |44,
57,58,(71},72,75,82] for more recent developments as well as other applications of the Lipschitz
properties of transport maps to functional inequalities. In this section, we follow the work [83]
which derived a Lipschitz estimate of the form from the multiscale criterion for some
covariance decomposition, and generalise the result to other decompositions.

Recall that the measure 1y gets renormalised to 14 by the Polchinski flow. By construction
E,,[] = Ec._c,le”"*] and v; converges to a Dirac mass. As the measure v; degenerates, it is
more convenient to consider the measure 7, obtained by rescaling v; by some matrix D; so that
the measures vy and 7, are comparable:

(5.26) Ep, [F(¢)] = Ey, [F(Dep)] .
If V) = 0, a natural choice for Dy is to preserve the Gaussian measure, i.e.,
(5.27) DY Cw —C)'D7'=A = DiAD; = (Coo — Cy) 7,

where all inverse are understood to be taken on the range of A. This is implicitly assumed in the
rest of the section, with id also denoting the identity matrix on the range of A. Assuming that
all the matrices depend smoothly on ¢t and commute, then the choice (5.27) implies the following
useful relation:

(5.28) 2D Dy = Cy(Cop — C) ™1 = CyDAD;,.
Using again we get (recall Cp = 0 and notice Dy = id):

9
ot
By construction lim_,o D, lgp = 0 and the renormalised potential satisfies lim;_,oo V:(D; 1@) =

Voo (0) (because HessV; < C;' < C7*! for t > 1, recall Lemma [3.12). Thus the following
convergence in distribution to a Gaussian measure holds:

(5.30) Jim By, [F(9)] = Eo, [F(9)] = Eact [F()].

(5.29) (D;Y) =—-AC, = D;=(id— AC,)~Y/2

Consider S; a transport map between 1y and I, so that
(5.31) Ev, [F(Si(#))] = B, [F(¢)] = Eu, [F(Dep)] -

Note that ultimately we are interested in S, which is the inverse of Sy, see (15.23]).
We are going to determine an evolution for S; : X — X. On the one hand,

O Bun [F(S9)] = By [(VE(Si(9)), 251(9)].

and on the other hand from (3.27):
9
ot
with L;F = %AOtF — (VV;, VF)e,. Integrating by parts, this gives

(5.32)

(5.33) Ey, [F(Dig)] = By, [~LiF(Dig) + (Dip, VF (D))

1. 1. .
By, [F(Dyp)] = Ey, §(CNVQ(¢) - gct (Cos — C)ho + Dy ' Dy, DtVF(DtSO))]

=E, _;(Vvt((p), DtVF(DtSO))Ct]

(5.34) — B |5 (VWD) DV P (5166
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where we used ([5.28). Thus the evolution of S; is given by

0

(5.35) o

1.
Si(p) = §Dt CyVVi(D; ' Se(¢)).

It was realised in [83] that for the choice Cp=etA (often used in applications, see Section @
the Lipschitz structure associated with S; is directly related to (a variant of) the multiscale

Bakry-Emery criterion (3.32).
Theorem 5.4 ([83]). Under the assumption

t
(5.36) Voe X : C’tl/2 Hess Vt(go)C’tl/2 > pid,  with :—/ ds fis,
0

the inverse map S, = St_l X — X is exp(—%ut)—Lipschitz.

From the convergence (5.30) to the Gaussian measure and if pioo := fooo ds f1s < 0o, then from
the previous theorem, one can extract a exp(—% oo )-Lipschitz map from the Gaussian measure
Pc., to vy (see [75, Lemma 2.1]).

Proof. For C; = e 4, the definition (5.29) implies D; = e3tA — C’; /2 and the evolution (15.35))
becomes particularly simple:

0 1. .
=5i(0) = 5CIPVV(C2Si().

(5.37) =

The Jacobian evolves according to

o 1. ) .
(5.38) 5V Si(e) = 503/2 Hess V; (C}/2S:()) C 2V Si ().

As a consequence of (5.36)), the Gronwall inequality implies

(5.39) Yw e X, %(Vst(sﬂ)w)2 > u(VSi(p)w)? = (VSi(p)w)? = exp(ue)(w).

By the inverse function theorem, we deduce that the operator norm of V3, is less than exp(—% ft)-
O
Another useful covariance decomposition (see Theorem [6.2)) is of the form C; = (tA + id) 2.

The result of Theorem [5.4] can be extended to that case, but with a worse Lipschitz constant.

Theorem 5.5. Let Cy = (tA+1)~2 fort > 0. Under the assumption
. . 1. oo L
(540) VQO € X: Ct Hess ‘/t(@)ct - §Ct > )\tCt, with )\t = / ds )\8,
0

the inverse map Sy = S;t: X — X s (VtIA] + 1)e=/2_Lipschitz, with || M|| = sup{||Mwl|s :
w € X, ||w|l2 = 1} the operator norm of a matriz M.

Remark 5.6. In concrete examples, the \; diverge with ¢, contrary to the p; in Theorem
that remained bounded. This divergence precisely compensates the factor v/, giving a uniform
Lipschitz bound on S;. An application of Theorem is given in Proposition

Proof of Theorem|5.5. For each t > 0, we look for a matrix B; depending only on Cy and
its derivatives, commuting with them, and such that we can set up a Gronwall estimate for
(B;V S;(p)w)? for each ¢,w € X. Note that the definition of Dy implies Dy = 0;1/4. In
particular D; commutes with B, Cs, Cs, Cs for any s.
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Equation ([5.35)) gives:

0 1. _ _
(5.41) avst(@ = §CtDt Hess Vi (D;1S:(¢)) D'V Si(9).
Therefore:
(5.42)
|

E(BtVSt(cp)w)Q = <BtVSt(g0)w, [BtC’tDt Hess V;j(Dt_ISt((p))Dt_lBt_l + QBtBt_l} BtVSt(cp)w)

In order to use the Hessian bound ((5.40)), we need to choose By in such a way that, for each ¢ > 0:
B;CyD; Hess Vy(D; 1Sy (9))D; ' Byt + 2B, B; !

) i 1. 170w -
(5.43) > O Hess V(D 1S, (9) O — et V26,0712,

The Hessian term gives By = D, N Y2 Cy A D, as a sufficient condition, and for this
choice B;B; ! = —1CyC;! so that (5.43) holds. As a result,

(5.44) %(Dtvst(gp)w)z > M(DiVS(p)w)?, (¢ =0).

The Gronwall inequality then yields:
(5.45) (DtVSt(ap)w)2 > eM(w)?, (t=0).

It follows that S; is HC‘;MHe*)‘i/z—LipSChitz, i.e., (v/t][A] +1)e /2 Lipschitz as claimed. O

6 Applications

In this section, we present concrete examples to which the multiscale Bakry—Emery criterion of
Theorem [3.6 can be applied. The criterion gives a bound on the log-Sobolev constant in terms of
real numbers )\; (¢ > 0) obtained through convexity lower bounds on the renormalised potential:

) 1.
(6.1) Voe X,t>0: CyHess Vi(¢)Cy — §Ct > NG

These lower bounds are determined by the choice of the covariance decomposition (Cy). While
Theorem holds for any decomposition, checking for concrete models often requires a
specific choice of decomposition. This will be illustrated in examples in the following sections.

For now, we discuss the sharpness of the criterion in Theorem [3.6] To fix ideas, suppose we
have a model defined on A, = LT% N eZ® for d > 2, where either ¢ = 1 is fixed and L — oo
(statistical mechanics model) or ¢ — 0 is a small regularisation parameter and L is fixed or
L — oo (continuum field theory model in finite or infinite volume). From the discussion in
Sections 2.6 recall that the speed of convergence of an associated dynamics is often related to
the presence of phase transitions in equilibrium. These phase transitions are phenomena arising
in the limit of large volumes, i.e., large L. In this limit, one typically expects that the log-Sobolev
constant should be bounded from below independently of A.; as long as no phase transition
occurs. On the other hand, the additional regularisation parameter ¢ > 0 is not expected to
affect the dynamics, i.e., the log-Sobolev constant should also be bounded from below as € — 0.

Sharpness of the criterion of Theorem [3.6] is therefore evaluated through the following ques-
tions:

(i) In absence of a phase transition, does the criterion provide a lower bound on the log-Sobolev
constant uniform in the volume (i.e., in L)?

43



(ii) Does it give a bound on the log-Sobolev constant independent of the regularisation param-
eter ¢ for continuum models?

(iii) If the first point holds, can one correctly estimate how the log-Sobolev constant vanishes as
a function of the distance to the critical point, or at the critical point as a function of L?

The third point is considerably more involved than the first two. To provide a guideline to read
the next sections, we collect here the answers to the above three questions obtained by studying
the examples presented below.

e For statistical mechanics models (¢ = 1) at high temperature, i.e., far away from the critical
point, the multiscale Bakry—Emery criterion implies point (i), see, e.g., Theorem which
extends to a much broader class of models. This regime is also covered by many other
criteria (see e.g. the monographs [51,80] and [90]), with the notable exception of mean-field
spin-glass models, see the discussion of [11].

e The criterion (6.1) can be sharp enough to reach the critical point, see, e.g., Theorem
and Propositi below for the Ising and ¢? models. In other words, there are models
for which the criterion implies (i) up to the phase transition. We expect that the criterion
should imply (i) up to the critical point for a large class of models.

e The criterion can provide a bound on the log-Sobolev constant that is uniform as ¢ — 0
(see Theorems and for the ¢* and sine-Gordon models), thus satisfying point (ii).

Point (iii) is in general open and in this generality hopelessly difficult, but some positive results
exist. For models with quadratic mean-field interaction such as the Curie-Weiss model, one can
answer (iii) in the affirmative. A detailed analysis above and below the critical temperature
was also carried out for mean-field O(n) models in [21]. For certain continuum particle systems
with mean-field interaction, the behaviour close to the critical point is the subject of ongoing
work [14]. For more complicated models in which computations can be carried out, such as the
hierarchical gpﬁ model [12], the criterion provides almost matching upper and lower bounds on
how fast the log-Sobolev constant vanishes at the critical point. For the nearest-neighbour Ising
model in d > 5, the criterion implies polynomial bounds on the log-Sobolev constant at and near
the critical temperature [18§].

6.1. Applications to Euclidean field theory. In this section, let A = A, ;, be a discrete torus of
mesh size ¢ and side length L (assumed to be a multiple of €): A, = LT? NeZ? The discrete
Laplacian on A, f, is given by

(6.2) Vo e RML, (A%p), =2 (o — pa).

y~x
The (lattice regularised) Euclidean field theory models we consider are of the form
d
L £ d
(6.3) v (d) ox exp [— T O w0 et Y vwz)} de,
:BGAS,L $€AE,L

where dy denotes the Lebesgue measure on R3Z and V¢ is a real-valued function chosen in such
a way that the ¢ — 0 limit of the measure (on a suitable space of generalised functions) exists
and is non-Gaussian. Writing VV¢() = (V) (z))s for ¢ € RAL_ the dynamics is the singular
SPDE

(6.4) do; = A pr dt — VVE(ipr) dt +V2dWE"

where thE’L is space-time white noise on Ry x A, 1, i.e., the Wi’L are independent Brownian
motions with variance e ¢ for z € A¢ 1, or equivalently a standard Brownian motion with respect
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to the continuum inner product (u,v). =Y, . A, ;, UzVz. The pathwise (short time) limit theory
for such SPDEs is the subject of Hairer’s regularify structure theory [52-54], the paracontrolled
method of Gubinelli et al. |26/,50,/92], and the pathwise renormalisation group approach [39,61].
The log-Sobolev inequality for the associated dynamics takes the form:

2

(6.5) Ent,. . (F) < ;Dye,L(ﬁ),

with the standard Dirichlet form with respect to the gradient V. corresponding to (-, -).:
2

6.6 Dyer(F) = B, |(VEF, V°F).| =

(6:6) e (F) = B dxgj ozl |

e., (VEF), = (V5 F)x =¢¢ aj (Thus this gradient acts on functionals of fields F : RA. — R
while the Laplacian (6.2) acts on fields ¢ € RA<..)

We now discuss two prototypical models.
Continuum sine-Gordon model. Let d = 2. For 0 < 8 < 87 and z € R, the sine-Gordon model is
defined by the potential

(6.7) VE(p) = 22647 cos(\/By), (p €R).

One can also add a convex quadratic part to the measure: the massive sine-Gordon model with
mass m > 0 corresponds to the potential V() + 2m2p?.

Continuum o* model. Let d =2 or d = 3. For A > 0 and u € R, the goé measure is defined by
Ay ptat(N)
1¥ + 5 ©,

where a®()) is a divergent counterterm. Explicitly, for an arbitrary fixed m? > 0, one can take
a®(\) = a®(\, m?) with

(6.8) VE(p) = (¢ € R),

(6:9)  a"(Am?) = =3A( = A"+ m?) 71 (0,0) + 6X[| (= A%+ %) (0,1, -

and the notation HfH’ip(A = e > zen, , | f(@)[P for p > 0. The counterterms defined in terms of

different m? differ by additive constants and thus the choice of m? corresponds to a normalisation.
In the following we take m? = 1 for the definition of the counterterm.

The sine-Gordon and 4,03 models are defined on the discretised torus A j = LT NeZe. As
explained in Section these models should be thought of as discretised versions of limiting
models defined on the continuum torus LT¢. Recall that the criterion of Theorem (3.6 asks for a
lower bound on the Hessian of the renormalised potential uniformly in the field: for some M € R,

(6.10) Yo eRAML ¢ >0: Cy Hess V;(p)Cy — fct MGy

To obtain information on the dynamics in the € — 0 limit, one is therefore interested in estimates
of the renormalised potential that are uniform in €, .

For the sine-Gordon model, this was carried out in [13] by providing an explicit description
of the renormalised potential at each scale.

Theorem 6.1. For the massive continuum sine-Gordon model with mass m > 0, let A = —A® +

m?id and Cy = e~ 14 (t > 0). Then, if 8 < 67, there is a constant u* = p*(8,z,m,L) > 0 that
does not depend on e,t, such that with Vo(p) = &2 > wen. , 22 cos(VBpz):

¢
(6.11) Vo e RYL ¢ >0: CyHess Vi(p)Cy = uCy  with  sup ‘ / /lsds’ <
=0 | Jo
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Given 3, z, m, L, this yields a lower bound on the log-Sobolev constant inf, 'yggm > 0.

Moreover, the log-Sobolev constant is uniform in the large-scale parameter L under the follow-
ing condition. If L satisfies m > 1/L and the coupling constant z is such that |z| < 55m2+6/4”
for a small enough 6g > 0, then inf, ’y;’im >m? — Og (m5/4”|z\), uniformly in L.

For the sine-Gordon model, the multiscale Bakry—Emery criterion of Theorem is thus seen
to provide the optimal independence of ¢ of the log-Sobolev constant in finite volume, as well as
of L under an additional small coupling assumption depending on the external mass.

In the case of the goé model, a description of the renormalised potential at all scales is more
difficult to work out directly. The log-Sobolev inequality was obtained in |19] using a correlation
inequality due to Ding, Song, and Sun [38], valid for ferromagnetic interactions (see Proposi-
tion below). This correlation inequality reduces the proof of the log-Sobolev constant to an
estimate of certain correlation functions at field ¢ = 0, for which many tools are available.

Theorem 6.2. For the continuum ¢* model in d = 2,3, let A = —A° + id and C; = (tA +

1d) 2> 0) and take m = 1 in the definition of the counterterm. Then with Vy(p) =
B 1+a A\, 2

€ ZxGA L + )

) L. 1 )
(6.12) Yo € RA’S’L,t >0: Cy Hess Vi(¢)Cy — §Ct > (E - %)C’t,
with x¢ = X§’7ﬁ+1/t the 0-field susceptibility of the gpfl model at scale t > 0: if < . >i’i denotes the
average under the goé measure,
. d
(6.13) Z 900%>,\ a1/t
IEAE L

This implies that the log-Sobolev constant 'yf\’i satisfies inf, p, ’yi’i > 0 for any X\, u for which the

measure does not have a phase transition, and inf, vii > 0 for any A\, i and L fized.

In the gpé case, the multiscale criterion gives a log-Sobolev constant bounded uniformly in the
volume and ¢ in the entire single-phase region. However, the bound obtained on the log-Sobolev
constant has accurate dependence on A, u only far away from the transition, corresponding to
values of A, it such that p > 0 and when A < p.

We conclude the section with a last example, the lattice p* model, corresponding to the case
€ = 1 above. Thus its single-site potential is given by:

(6.14) V(e) = Vel (e) = Lot + 24,

and the coupling matrix is A = —A®=! + id setting m? = 1 without loss of generality. The state
space is LT¢NZ? for any d > 1. As a special case, Theorem yields the log-Sobolev inequality
whenever the infinite volume susceptibility is finite (though the proof of this statement can be
simplified considerably in this case, see [19, Example 3.1]). We nonetheless make an independent
statement because the Lipschitz constant of the map of Theorem can be bounded uniformly
in the volume. Theorem [5.5 does not seem to be effective for the discrete model.

Example 6.3 ([19, Example 3.1]). For the lattice ¢* model in any dimension with associated
expectation < . >5V, let C} = (tA + id)~2 and define the lattice susceptibility:

(6.15) XE =3 {000a)y i1

TEA

Then the Hessian bound (| holds with x¥ in the right-hand side instead of x¢- This implies
that the log-Sobolev constant 79 ., satisfies infy, ’yg , > 0 if and only if sup; x% < oc.

Moreover, if sup; x% < oo, then the transport map of Theorem [5.5 . 5[ has Lipschitz constant is
bounded uniformly in L and t.

46



Proof. Let us prove the bound on the Lipschitz constant. Theorem gives the following bound
on the Lipschitz constant of the transport map:

I
(6.16) V|| A| + Lexp [— 2/ (7 — X—;) ds]
0 S S
The Brascamp-Lieb inequality (3.63|) ensures:
1 L
(6.17) inf inf <7 - XT) > 0.
L s<1\s S

For t > 1, the second Griffiths inequality [48] implies that ¢ — xF is increasing, thus is bounded
by x% so that

Xt

L
L
27t

(6.18) (2.

| =

Combining the previous inequalities, we deduce that there is a constant C' = C(x%) > 0 such
that for all t > 0:

(6.19) exp[—l/t (1—X‘9Ldsﬂ gC’min{t_lﬂ,l},
0

2 s s2

and the observation ||A| < || — A*=! + id|| < 4d + 1 implies that the Lipschitz constant (6.16]) is
uniformly bounded. This concludes the proof. O

6.2. Applications to Ising models. In this section, we explain how to apply the ideas developed in

Section 3| to Ising models with discrete spins. Using the Bakryf]é)mery criterion and its multiscale
version, these ideas were developed in [11,/18], while closely related results were obtained using
spectral and entropic independence and stability estimates in [3}28]41].

6.2.1. Renormalised potential. The Ising model with coupling matrix A at inverse temperature
B > 0 and (site-dependent) external field h on a finite set A is defined by:

-1 g g g
(6.20) Eu[F] =By, [Floc Y e 2@t o p(g),
oe{x1}A

Since 02 = 1 for each x, the measure is invariant under the change A — A+ «id, o € R. Without
loss of generality, we can thus assume that the coupling matrix A is positive definite. We also
assume that it has spectral radius bounded by 1; this just amounts to a choice of normalisation
for 8. A natural covariance decomposition is

(6.21) Cy = (tA+ (a—t)id) ™",

for a parameter o > 0 which will be unimportant. For ¢t < « the matrix C; is positive definite
and for 8 < «, as explained above, the Ising model at inverse temperature 5 can be written as

(6.22) EfFloc Y e 200 Dt p(g),
oe{+1}A

Strictly speaking, C; is not a covariance decomposition since Cy = a~tid # 0, different from the
assumption in Section |3 However, all results from that section can be applied to the covariance
decomposition C; — Cy, and we will do this without further emphasis. The renormalised potential
can be defined analogously to the continuous setting as:

(6.23) Vi(p) =—log > e~ 30,0 (=) +(ho)
oe{x1}A
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This leads to a decomposition of the Ising measure (6.20)) as:

(6.24) Eu[F] =E,, ; [Ee[F]] 0<t<p).

By analogy with (3.18)), the fluctuation measure uf used above is the Ising measure with coupling
matrix C; ' and external field C; 'y + h:

(6.25) BE(0) = fiy o1y e~ 3(0:C ) H(C o thio)
it

and the renormalised measure 14 = 14 g is supported on the image of Cg — C} in RA:

1
(6.26) vi,5(dy) oc eV Po, ¢, (dg) o< exp —5(, (Cs - C) L) — Vi(p) | de.

Even though o : A — {£1} is discrete, the renormalised field ¢ : A — R is continuous as soon as
t > 0. Convexity-based criterions, such as the Bakry-Emery or multiscale Bakry-Emery criterions
of Theorems and can therefore be used to derive log-Sobolev inequalities for v g.

Before discussing these, we summarise results about the infinite temperature (product) Ising
model, which serve as input to these arguments.

6.2.2. Preliminaries: single-spin inequalities. At infinite temperature 8 = 0 the spin models we
consider become product measures. By tensorisation, it thus suffices to know the log-Sobolev
constant of a single spin (see Example 2.9). The following summarises known results for these.

Ising model, standard Dirichlet form. Let p be the probability measure on {£1} with pu(+1) =
p =1 —¢q. The standard Dirichlet form is
1 1

SEu(F(07) = F(0))? = S(F(+1) = F(=1))%

(6.27) Dy(F) = 5 5

Proposition 6.4. Let y1 be the probability measure on {+1} with p(+1) =p=1—¢q. Then

(6.28) Ent,(F) < pqaoip__qlog 9D (/FET) — VECD)

Thus the log-Sobolev constant with respect to the standard Dirichlet form on {£1} is at least 2:

(6.29) Ent,(F) < D(VF) = ;D(\/F), Y0 = 2.

Proof. The proof can be found in [81] or [5]. O

Ising model, heat bath Dirichlet form. With u as above, the heat-bath Dirichlet form is
1 (o) p(o”) 2 2

6.30 DHB(F) = = —— " (F(0%) — F(0))* = pq(F(+1) — F(—1

(6.:30) (F) = 5 X L4 oy T = F@)F = pa(P(1) = P(-1)

Proposition 6.5. Let pu be the probability measure on {£1} with u(+1) =p=1—q. Then
(6.31) Ent,(F) < pg(log F(+1) —log F(—1))(F(+1) — F(-1)).

Thus the modified log-Sobolev constant with respect to the heat-bath Dirichlet form is at least 1/2:

1 1
(6.32) Ent, F < D"B(log F, F) = Q—DHB(log EF), =g
Yo

Proof. See |22, Example 3.8]. O

Similar single-spin inequalities are available for O(n) models [84,91] and allow to extend for
example Theorem below for the Ising model to these models with little change [11].
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6.2.3. Entropy decomposition. To prove a log-Sobolev inequality (or modified log-Sobolev inequal-
ity) for the Ising measure, we start from the decomposition (6.24)) with ¢ = 0, decomposing p = ,u%

into two parts: an infinite temperature Ising measure pf with external field Cy Yo + h and the
renormalised measure vy 3. The corresponding entropy decomposition (2.52]) is:

(6.33) Ent,(F) = Ey, ,[Ent e (F)] + Enty, , (E,»[F]).

To prove the log-Sobolev inequality (or modified log-Sobolev inequality) with respect to a Dirichlet
form D,, we want to bound both terms by a multiple of D,(vF) (or D,(F,log F)). In this
discussion, we focus on the log-Sobolev inequality with respect to the standard Dirichlet form:

(634 Du(F) = 3 S B [(F(o) — F(o)?).
TEA

However, the same strategy applies with different jump rates and a modified log-Sobolev inequality
or a spectral inequality as input (and output), see Sections and

Under the assumption that uf satisfies a log-Sobolev inequality with constant ¢ uniformly
in ¢, the first term on the right-hand side of is bounded by

2
6.35 —E
( ) o

1D,e(VF)] = —D,(VF).

Y0

Yo,

Since ,ug is a product measure, this assumption is well understood and one can take 9 = 2 for
the standard Dirichlet form, as discussed in Section [6.2.2] The last equality relies on the specific
jump rates in the standard Dirichlet form . For other Dirichlet forms, one can also get an
inequality, see Section [6.2.5

Bounding the second term on the right-hand side of essentially amounts to estimating
the log-Sobolev constant of the renormalised measure 1y g. Indeed, if 1 g satisfies a log-Sobolev
inequality with constant vy g (and standard Dirichlet form) then this term is bounded by

2 1/2 2 40(2
(6.36) s [| (VB [F1) ] < 2 DUV,

where the second inequality is elementary and follows from the next exercise (which is similar to
the argument in the tensorisation proof of Example [2.9) and the Cauchy—Schwarz inequality.

Exercise 6.6. For each x € A, let u{"™* denote the law of o, under the product measure pf. Then:

« (6%
(6.37) Vo, (B0 [F]Y?) = ———=Cov,¢(F,0,) = ———=E ¢ | Cov e=(F,0,)
Fri 2, [EolF] ' 2, B o[F] " [ "
0 0
(recall Cy = a~1id) and:
8
(6.38) Cov e (F,04)* < 8E o [F] Var,ee (VF) < %Eug,z [F]D,p=(VF).

Sketch. The first equation is a simple computation. The first inequality in (6.38]) follows from
Cauchy-Schwarz inequality using the following general expression for the covariance of functions
G1,Go under a measure m:

1

(6.39) Covp,(G1,Ga) = 2/ (G1(z) — G1(y)) (G2(z) — Ga(y)) dm(z) dm(y).

The second inequality is the general fact that the spectral gap is always larger than the log-Sobolev
constant, see Proposition Details can be found in [11]. O
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In summary, if 4§ satisfies a log-Sobolev inequality with constant o and vy g satisfies a log-
Sobolev inequality with constant - g then the inverse log-Sobolev constant v~ of p satisfies

1 1 202
(6.40) S< = {1 + a] .
v Y0 70,8

At this point the objective is to bound the log-Sobolev constant vy g of the renormalised mea-
sure vg g. Results are stated next under different conditions, with the corresponding verifications
postponed to Section

Recall that the renormalised measure is v g(dp) oc e~ "0(%) Pcs—c,(de) with the renormalised
potential Vj defined in . If the temperature is sufficiently high, namely if 5 < « < 1, then it
turns out that Vj is strictly convex so that the standard Bakryf]:lmery criterion is applicable [11]

and gives (see Exercise [6.10)):
(6.41) Yo = a—a’

Taking « | 3, this leads to the following theorem. We recall the convention fixed below ([6.20))
that the coupling matrix A has spectrum in [0, 1]. This spectral condition appeared in [11] (and
unlike previously existing conditions applies to the SK spin glass).

Theorem 6.7 (Spectral high temperature condition [11]). For § < 1 (under the conventions stated
below (6.20)) ), the Ising model pu satisfies the log-Sobolev inequality: for each F: {—1,1}* = R,

2
(6.42) Ent,(F) < (1 + 1_%)1)“(\/?).

For 8 > 1, the renormalised potential Vj is in general not convex and the log-Sobolev con-
stant v g of the renormalised measure 1y g cannot be bounded using the Bakry-Emery criterion.
However, the argument above can be generalised by using the multiscale Bakrny/)mer criterion
instead. Assuming \; are as in the multiscale Bakry—Emery condition (6.1)), Theorem |3.6| gives:

1 ) B 1 [P ¢,
(6.43) — < |Coy/ e 2 dt — / e~ M d, /\t:/ \s ds,
2
Yo, 0 a” Jo 0

and substituting this into (6.40) gives the following log-Sobolev inequality:

2 11 A b
(6.44) Ent,(F) < =D, (VF), =< — [1 + 2/ e—%dt] . A= / As ds.
Y DA (0 0 0

In the same situation, instead of using the multiscale Bakrny,)mery criterion to bound g g
in , one can prove a log-Sobolev inequality for p by using the entropic stability estimate
discussed in Section This was done in [28] (to prove a modified log-Sobolev inequality, but
the argument generalises to a log-Sobolev inequality for the standard Dirichlet form, see below).
It turns out that, for the decomposition , the conditions and of the multiscale
Bakry—Emery criterion and of the entropic stability estimate are identical provided A\ = —qy, see
Exercise This is not the case for other covariance decompositions, and in particular not for
those used for continuous models, see the discussion in Section Using the entropic stability
estimate , the entropy is therefore bounded by:

t
(6.45) Ent, (F) < e By, ,[Ent,e(F)], A = /0 As ds,

and with the uniform log-Sobolev inequality for p this gives

11 b
(6.46) Ent,(F) < =D, (VF), 5 < 76_/\6’ At :/ As ds.
0 0

2
~y
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This estimate is very similar to the estimate obtained using the multiscale Bakry-
Emery criterion, but not exactly identical. Both estimates can be applied up to the critical point
in a very general setting for ferromagnetic Ising models and yield a polynomial bound on the log-
Sobolev constant under the mean-field bound which holds on A € Z% in d > 5, see Theorem
below. The strategies of the two proofs have different advantages. We summarise the results as
follows.

Theorem 6.8 (Covariance conditions for Ising models [18,28]). The log-Sobolev constant of the
Ising model at inverse temperature B is bounded by (6.44) or (6.46)).

As discussed previously, we formulated the results for the log-Sobolev inequality with respect
to the standard Dirichlet form. This is a canonical choice (as already explained in Section ,
but the argument can be adapted easily to other choices of jump rates with the conclusion of a
possibly modified log-Sobolev inequality, see Section As pointed out in [41], other choices
are of interest when the jump rates are unbounded.
6.2.4. Hessian of the renormalised potential and covariance. In both strategies, using the multi-

scale Bakryf]*jmery criterion or the entropic stability estimate, the estimate of the log-Sobolev
constant reduces to estimating the constants M= —y bounding the Hessian of the renormalised
potential from below. From Lemma [3.12] recall that these estimates are equivalent to bounds on
the covariance of the fluctuation measure, a point of view that is particularly useful for the Ising
model. Indeed, the Hessian of the renormalised potential can be represented as follows.

Exercise 6.9. Show that
(6.47) Hess V;(p) = C;7' — O (C7 o + h)CY,

where ¥¢(g) = (Cov, ,(0z,0y))zyen is the covariance matrix of the Ising model yi 4 at inverse

temperature ¢ and site-dependent magnetic field g (so that (6.25)) reads p = p, e )

For 8 < 1, one can obtain the following convexity directly from this representation, which
allows to apply the standard Bakry—Emery criterion to derive (6.41]) and conclude the proof of
Theorem [6.7]

Exercise 6.10. Let 1 > o > 3, and set C; = (tA+ (a—t)id)~!. Then V} is convex for all ¢t € [0, o].

Proof. Since fi9 4 is a product measure and |o,| < 1,

(6.48) Yo(g) = diag(Vary, ,(02))zen < id.

Using that Cy = o 'id, we deduce from that

(6.49) Hess Vo(p) = (o — o®So(ap + h))id > (a — o?)id.

Thus if o < 1, it follows that Vj is convex. By Proposition V4 is convex for all ¢ > 0. O

For general 8 > 0, the semi-convexity criterion of the Hessian can be equivalently formulated
as covariance estimate uniformly in an external field.

Exercise 6.11. From C; = (tA + (o —t)id)~!, one has C; = (id — A)C?, C; = 2(id — A)C,Cy and
thus the multiscale Bakrny,)mery criterion (3.32)) and the entropic stability criterion hold
with —)\t = ay = X where X; is a uniform upper bound on the spectral radius of the covariance
matrix of an Ising model uniformly in an external field:

(6.50) Xt = sup xe(9),  xelg) = [Z(9)l-
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Now a significant simplification occurs for Ising models with ferromagnetic interaction, mean-
ing Az < 0 for x # y. This includes the case of the lattice Laplacian Aoy, = 3°, [0y — 03] For
ferromagnetic interactions, it turns out that the spectral radius is maximal at 0 field:

(6.51) Xt = xt(0).

This is a consequence of the FKG inequality (which implies that the covariance matrix has point-
wise nonnegative coefficients), the Perron—Frobenious theorem (which therefore implies that the
largest eigenvector has nonnegative entries), and the following remarkable correlation inequality
due to Ding—Song—Sun [18] which implies that the covariance between any two spins is maximised
at 0 field.

Proposition 6.12 (Ding-Song-Sun inequality |38, Corollary 1.3]). Let jn = pgp be the Ising mea-
sure (6.20) with ferromagnetic interaction A, and external field h € [—oo,oo]A, with values 400
corresponding to boundary conditions. Then:

(6.52) Covyg (00, 0y) < Covyy (04, 0y) = Eyy [020y], (x,y € A).

In particular, if the interaction A is ferromagnetic and (for simplicity) in addition translation
invariant, i.e., A, , = A;—y, then

(6.53) Xt = xt = xt(0) = ZEHt,O [020y]
e

is the susceptibility of the Ising model. It characterises the phase transition of the ferromagnetic
Ising model, in the sense that, e.g., for A C Z? (d > 2), the critical value 3. of 3 satisfies:

(6.54) B := sup {ﬁ > 0: sup ZEﬂﬁ,o[OUUx] < oo} .

MZ g

By combining the Ding—Song—Sun correlation bound with the multiscale Bakrnymery criterion,
and in view of the above characterisation of 5., the following log-Sobolev inequality up to the
critical point for ferromagnetic Ising models on general geometries was proven in [18§].

Theorem 6.13 ([18, Theorem 1.1]). The log-Sobolev constant va 1, of the Ising measure (6.20) with
ferromagnetic interaction satisfies:

1 1 B
(6.55) — <= +/ e2Joxs ds gy
Yaho 2 0

with xg = sup, >, By lowoy| or more generally the largest eigenvalue of (Eyy [020y])z,y-

The above result implies that g, is bounded below uniformly in the size of the lattice as
long as 8 < .. For special geometries, this could already be argued from [38] (which establishes
the strong spatial mixing property).

More interesting is the fact that also gives an explicit bound on the log-Sobolev constant.
For Ising models with mean-field interactions, the bound implies that 74 5, is of order 5.— 3, which
is the correct scaling. More significantly, the bound implies a polynomial bound on 1/v5,
on A C Z% in dimension five and higher (and more generally under the so-called mean-field bound
on the susceptibility, i.e., when the susceptibility diverges linearly), where polynomial means as a
function of 8. — 8 when 8 < (., and of the lattice size when § = .. The degree of this polynomial
is not expected to be sharp unless D = 1.

Example 6.14. If xg < D/(B. — /) then vg ) is bounded polynomially in 5. — 8, and if xg <
D/(B. — B+ L™) then v, is polynomial in L. These assumptions hold for the ferromagnetic
nearest-neighbour Ising model on A C Z¢ when d > 5 [1].
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Similarly, one can recover the main result of [73] from , which improves the high temper-
ature condition of in the case of ferromagnetic Ising models on graphs with maximal degree
d (for the mixing time and spectral gap). For the ferromagnetic Ising model, A is the negative
adjacency matrix of the graph which we now (for comparison) do not normalise to have spectrum
contained in [0,1]. The condition of cannot be improved for general non-ferromagnetic
interactions with bounded spectral radius, but for ferromagnetic models the condition estab-
lished in [73] is 8 < artanh(1/(d — 1)), whereas the condition of translates in this case to
B < 1/(2d). The value §, = artanh(1/(d — 1)) is the uniqueness threshold for the ferromagnetic
Ising model on the infinite d-regular tree and also the critical point for ferromagnetic Ising models
on random d-regular graphs [73]. This application is summarised in the next example.

Example 6.15. Let A be the negative adjacency matrix of a finite graph of maximal degree d (not
normalised to have spectrum in [0,1]). If (d —1) tanh 8 < 1 then 73, is uniformly bounded below
(and diverges polynomially in 5 1 3, = artanh(1/(d — 1)) and in the size of the graph if 5 = j,,).

Sketch. From [73, Section 5.4, Eq. (39)], we deduce that for any sites x,y in the graph:

dist(z,w
(6.56) Eu[g,g[azay] < E : (tanh/B) " )7
weS(y)

where the bound is obtained by comparing the graph with a d-regular tree as in [88] and S(y)
stands for the set of sites associated with y in this tree. Summing over the sites y in the graph
boils down to sum over all the sites in UyS(y), i.e., in the d-regular tree. Thus we get

¢ Ca
. =sup Y By, [0a0y] < - S ’
(6.57) X = Sup d Euso0l0z0y] <14 Cy ; ((d — 1) tanh B) 1— (d—1)tanh g

i.e., one finds a divergence of the susceptibility as in Example as 81 B, = artanh(1/(d—1)).
Moreover, when 3 approaches 3,, one can use that for a graph with IV sites then trivially xg < N,
so that

< Ca
XMSTT(d—1)tanh g+ N1

(6.58)

By Theorem [6.13] we deduce a polynomial lower bound for the log-Sobolev constant in the size
of the graph at § = §, = artanh(1/(d — 1)). O

6.2.5. Choice of Dirichlet form. As in the original references |11,|18], the above discussion is for-
mulated in terms of the standard Dirichlet form ((6.34)). There exist general comparison arguments
between Dirichlet forms that ensure that one can transfer the log-Sobolev inequality obtained for
a certain dynamics to another one, see, e.g., Chapter 4 in [81]. Namely, if ¢, cy are families
of jump rates reversible with respect to the same measure v on {—1,1}* and 71,72 denote the
associated log-Sobolev constants, then, for K > 0:

(6.59) Vo,0' € {-1,1}, K ley(0,0') < c1(0,0') < Kea(o,0') = Ky <y < 12/K.

One can for instance check that the heat-bath- and canonical jump rates associated with an Ising
measure with interaction SA and external field A € R? satisfy such a bound, with a constant K
that depends only on |[h|oc and S max; Y, |A; j|. The heat-bath Dirichlet form is [68) (3.4)-(3.6)]:

ab
a+b

(6.60) D,"(F) = % Y > (o), u(0")(F(o) = F(0%))?,  ¥(a,b) =
oc{£1}A zeA

There are however situations in which the comparison argument (6.59)) is not applicable. This
observation was made in [41] in the situation of the SK model treated in [11], which is an Ising
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model with random couplings which can take arbitrarily large values. This makes the constant K
in arbitrarily small. In such cases, if one is interested in a dynamics different from the one
induced by the canonical jump rates, it is desirable to directly obtain the log-Sobolev inequality
(or modified log-Sobolev inequality) for this dynamics. This was done for the heat-bath dynamics,
for the modified log-Sobolev inequality, in 3,28} 41].

One can however check that the arguments of [11}/18] sketched above are not specific to the
standard Dirichlet form. It is in fact straightforward to apply them to other dynamics as sketched
below in the heat-bath case, provided:

e the associated single-spin LSI constant (or modified LSI constant) is uniform in the field;

e the associated Dirichlet form is a concave function of the measure (this can be generalised).

Let us show how this works in the heat-bath case , for which both points are satisfied in
view of Proposition [6.5| and the concavity of ¥(a,b) = ab/(a+b). Instead of using the single-spin
log-Sobolev inequality for the standard Dirichlet form of Proposition [6.4] one can instead apply
the single-spin modified LSI with the heat-bath Dirichlet form of Proposition [6.5] since it also

holds uniformly in the external field. For instance, for E,, ,[Ent “g(F)] the bound becomes:

Eyo 5 [Enty, (F(0))]

V0,3 [

< 5 S B, [W (ol o0 )] (Flo) — F(0™)) (log Flor) — log F(6™))

(6.61) < % DD (o), n(0"))(F(0) = F(o"))(log F(o) —log F(o™)) = DB (F, log F),

where the first inequality is the single-spin modified log-Sobolev inequality from Proposition
and the second inequality is Jensen’s inequality, using u(o) = Ey; ;[po(0)] and that ¥ is concave.

The bound for the other term in (6.33]) works analogously and gives 4DEB(\/f ) < DEB (F,log F)

instead of D, (v'F) with the standard Dirichlet form.
The conclusion is that the modified log-Sobolev constant for the heat-bath Dirichlet form
satisfies exactly the same bound (up to an overall factor 4 from different normalisations):

1 1 B
(6:62) Ent,(F) < s DEP(F)log F),  — <2+ 4/ e~ gt
27 70 0
This strategy can be further generalised to Dirichlet forms which are not concave in the measure,
see [16].

6.3. Applications to conservative dynamics. The criterion of Theoremin principle also applies
to dynamics with a conservation law. This is for instance the case for spin models with constrained
magnetisation:

(6.63) NN,m(dSO) (&8 e—Vo(sD) d(p|XN,m7

with X, the hyperplane of spins with magnetisation m € R:
(6.64) XN o= {(p ERV:Y o= Nm} .
i

For instance, an infinite temperature example is given by Vy = Zf\; 1 Vipi)and V: R = R a
C? potential, assumed to be strictly convex outside of a segment for definiteness. The associated
conservative dynamics reads:

(6.65) dpy = —VVo(py) dt + V2 dBy,

where (B;) is a standard Brownian motion on Xy .
See the forthcoming works [15] and [16] for results in continuous and discrete spin settings,
and [13] for such results for the continuum sine-Gordon model.
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A Classical renormalised potential and Hamilton—Jacobi equation

A.1. Hamilton-Jacobi equation. In classical field theory, fields are typically minimisers of an
action functional S:

. 1
(A.1) o € argming, S(¢),  S(¢) = Slel* + V(p).

These can be related to the Hamilton—Jacobi equation

(A.2) % = (VW% Vole) = V(g)

Indeed, its unique viscosity solution is given by the Hopf-Lax formula [42, Section 3.3.2]:

(A3 Vite) =min (Ta(0) + 51574 P).

In particular, the minimum of the action S is given by V;(0). Note the analogy with the renor-
malised potential from . The constructions of Sections 4| and |5 have classical analogues in
which the role of the Polchinski equation is replaced by that of the Hamilton—Jacobi equation, as
we will see in this appendix.

Unlike solutions of the Polchinski equation, which are smooth at least for Cy nondegenerate
and a finite number of variables (as in our discussion), the Hamilton—Jacobi equation can develop
shocks and the appropriate weak solutions are not necessarily smooth. However, we can assume
that V' is locally Lipschitz continuous and that holds almost everywhere. We refer to [42,
Chapters 3 and 10] for an introduction. In statistical physics, Hamilton—Jacobi equations are well-
known to arise in mean-field limits of statistical mechanical models, see [2] and in particular [74]
and references for recent work in the context of disordered models, as well as Section below.
Shocks of the Hamilton—Jacobi equations are related to phase transitions. Note that the Polchinski
equation in a finite number of variables describes finite systems (rather than limits) and thus has
smooth solutions. It therefore provides a complete description of the models (no information is
lost) while the Hamilton—Jacobi equations describing mean-field systems are effective equations
describing macroscopic information. In the thermodynamic limit, where the number of variables
tends to infinity, shocks can also form in the Polchinski equation and then likewise correspond
to phase transitions in the statistical mechanical models. We illustrate the above in the simple
example of the mean-field Ising model in Section below.

We now discuss the ‘classical’ analogues of the constructions of Sections for the Hamilton—
Jacobi equation. Our goal is to emphasise the analogy and to provide a different intuition also
for the stochastic constructions, and we will therefore impose convenient regularity assumptions
in all statements.

We begin with a classical analogue of Corollary Define the classical renormalised action
by

el
(A.4) 5(9) = gy + Vi)

Minimisers of S; will take the role of the renormalised measure introduced in (3.13)).

Proposition A.1. Assume that (¢1)iecpo,1) s differentiable in t € (0,1), that ¢ — 0 ast — 1, that
V' is smooth along (¢t)ic(0,1), and that ¢y is an isolated local minimum of Sy for each t € [0,1).
Then fort € [0,1),

1
(A.5) Yr = _/t VVu(pu) du.

95



Different from the situation in Corollary the choice of ¢ is not necessarily unique because
S may have multiple minimisers and V need not be globally smooth. Indeed, the equation
for ¢ is nothing but the equation for the characteristics of Hamilton—Jacobi equation ,
see [42, Section 3.3]. These are the curves (ip;) such that £U;(¢;)? is constant in ¢, where Uy = VV;.
Since by the Hamilton—Jacobi equation ,

oU,

A. bl A
( 6) ot (VUtv Ut)7
provided U is smooth at (¢, ), then

0 ) .
(A7) aUt(‘Pt) = —(VU(¢1), U(er)) + (VUL(pr), o) = —(Uipr) — ¢, VUi(1)) = 0.
Sketch of Proposition[A.d]. Since ¢; — 0 as t — 1, the claim is equivalent to proving that
(A.8) ¢t = VVipr).

Since ¢; minimises Sy, it satisfies the Euler-Lagrange equation

(A.9) L+ VVilr) = VSilr) = 0.

Differentiating this equation in t,

(A.10) 1%,5 +a ftt)z + (BVVh) (1) + Hess Vi (o) = 0.
Using the Euler-Lagrange equation ¢;/(1 —t) = —VVi(p;) again and 9;VV; = —Hess V;VV,
(which follows from (A.2])), we obtain

oy — V'V, )
(A.11) %1_;(%) — Hess Vi(¢1) VVi(er) + Hess Vi(¢r) @ = 0.
Therefore

) 1 )

(A.12) Hess Sy (1) [=VVilpr) + 1] = (-— + Hess Vi(or)) [V Vi(or) + &) = 0.

1-1¢

Since ¢y is an isolated local minimum of S;, the Hessian on the left-hand side is strictly positive
definite so that necessarily VV;(¢:) — ¢ = 0. O

The classical version of Follmer’s problem is the following control problem. We continue to
use the convention that the ODE is backwards in time so that the Hamilton—Jacobi equation has
initial rather than terminal condition. Suppose that U = (Uy(+))ye[o,1] are given smooth functions
and that ¢V solves the classical analogue of : oV —~0ast—1and

1
(A.13) U= / U, (oY) du,
t

with cpg an absolute minimum of S (which we recall is the classical analogue of demanding that
¢y is a random sample from a desired target measure vy o e™?%). The classical analogues of
Theorem and Proposition [5.3] are as follows.

Proposition A.2. The optimal drift is given by U = VV in the following sense. For any smooth
U and associated trajectory U that satisfies (A.13)),

1 1/t

(A14) AP <5 [ WP du
2 2 Jo

with equality if U = VV.
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Comparing with Theorem 5.1} . the classical analogue of H(Voho) is simply 2|<p0|2 and the
classical analogue of the path space entropy H(Q|P) is the cost 1 fo |Uu(0Y)]? du = % fo |oY|? du.

Sketch. The proof is analogous to that of Theorem Indeed, by the Hopf-Lax formula,

1
(A.15) Vi(0) = Vo) < Vo) + 51t 2 = Volel) = *|800|

with equality if and only if ¢ is an absolute minimum of S. On the other hand, assuming V is
locally Lipschitz continuous (so that the fundamental theorem of calculus hold), one has

1
(A.16) V(0) = Vale) = [ dt Zied).

with ¢V evolving according to (A.13)), and therefore (whenever the derivative exists classically)

gv(%) (gtvt)( Uy + (VW(QOtU)7Ut(‘P1{,J))

_ _§(vvt(go?))2 + (VVilet), Us(e))

(A.17) 5 (Vi) ~Ulel)? + 5 (Ou(e))?

where we used the Hamilton—Jacobi equation on the second line. In particular, if gog is an absolute
minimum of S,

e 1 1! 2 1
(A.18) 2/0 (VU(p))* dt = 5 leg|* + 2/0 (VVile!) = Unlel))" dt > 5 |G,
and the gradient of the renormalised potential V; provides the optimal drift. ]

As in (4.3)), instead of (A.13]), one can also consider the equations for the characteristics in a
reduced time interval [0,¢] with ¢ < 1 and ¢V = ¢,

¢
(A.19) == [ U (<),
S
Proposition A.3. Under certain reqularity conditions on Vjy, and for t <1 then

(220 vito) = ipt [Vo(ip— [ 0t as) + 3 [ 0neas].

This is discussed in [46, Section 1.9 and 1.10]. Namely, with L(t, z,v) = $v* and ¢ = Vj (and
opposite time direction), the statement follows from |46, Theorem 10.1]. This minimiser does not
have to be unique if the Hamilton-Jacobi equation has a shock, see [46, Theorem 9.1 and 10.2].

Sketch. The Hopf-Lax formula implies that

(A.21) ww>nm(\ P+V@) o~ H 2+ Vol

where given any drift Us, we let ¢ be the final condition of (A.19). The first term on the
right-hand side of (A.21]) is bounded as in (A.14):

1 1/t
(A.22) 2—t|<p—906]|2 < 2/ |Us (5[ ds.
0
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This shows

(A23 Vi) < 5 [0 ds (o [ Ut as).

On the other hand, equality if U = VV follows from the Hamilton—Jacobi equation as in
Proposition if ¢ is a solution to (A.5)),

0 1 [t oV, 1
(a20) o |Vl + g [ (T ds] = o) + (VW) - TV =0,
S 2 /g 0s 2
ie.,
I 9
(A.25) Vile) = Volen) = 5 [ (VValion) P
This solution need not be unique. O

A.2. Example: Mean-field Ising model. We conclude this section with the example of the mean-
field Ising model, which can be described both in terms of a Polchinski equation and, in the limit,
by a Hamilton—Jacobi equation. The mean-field Ising model is given by the measure

1 B 2
A2 E, - E —4n 2i,i(0i—0;)?+(oh)
oe{£1}V

where the vector h € RY is a possibly site-dependent external field. It is convenient to rewrite it
as

1 B
_ - —5(0,Po)+(o,h)
(A.27) E,[G] = 5 o S et G(o),
oce{x1}N

where P = id — @ and @ is the orthogonal projection onto constants: Qf = (% > fl)l with
1=(1,...,1) € RN, For h = hl with h € R, the free energy F(8,h) is the limit N — oo of
Fn(B,h) where

(A.28) Fi(5,h) =~ log Zy (8, h1).

(Physically more correctly, the right-hand side should have been divided by f, but it is here more
convenient to omit this.) It is well-known and easy to check that

2
(A.29) OFy 1 &*Fy 1,0Fy.,

5 = SN an2 Q(W) , Fn(0,h) = —log cosh(h),

and thus that the limiting free energy F’ is the viscosity solution of the Hamilton—-Jacobi equation

OF 1 .0F

(A.30) i _i(ah)Z’

F(0,h) = —logcosh(h),

see in particular [74]. Equivalently, F' is given by the Hopf-Lax formula which coincides with the
well-known variational formula for the free energy alternatively obtained from Laplace’s Principle
(see for example [17, Chapter 1] or [85]):

(A.31) F(B,h) = Igneiﬂg 215(9 — h)2 — log cosh(g)] = glei]% [§<p2 —logcosh(By + h)| .

o8



This Hamilton—Jacobi equation for the free energy can be related, as follows, to the Polchinski
equation studied earlier in Section [6.2.1] Recall that id = P+ @ with ) the orthogonal projection
onto constant vectors in RY and PQ = 0. For a > §3, let

(A.32) Cy=({tP+ (a— t))_l, Cy = (o — t)_ZQ,
where we used PQ = 0 to simplify Cy. For ¢ € RN, the renormalised potential (6.23)) then is

(A.33) Vi(p) = —log Z e 2o (tPHa=D)(o—9)) | (constant)
oe{x1}

and satisfies the Polchinski equation (for appropriate otherwise irrelevant choice of the constants):

(A34) O SBeVim SV, = (= 1) % | S8gVi — L (VW

Note that the right-hand side only depends on derivatives of V; in constant directions (i.e., in the
image of ). By , the covariance Cg — C; of the renormalised measure v; = 14 g defined in
is also proportional to ) and therefore supported on constant fields. Thus one can restrict
the renormalised potential V; to constant fields and the restriction satisfies a closed equation.
Explicitly, for ¢ € R, define V(@) = +V(31). In other words, V;(¢) = NVi(Qp) = NV}/(% > pi)
holds for constant fields ¢ = Q¢ and

) = D = (@07 [ 38V - 5(Vovi| (61

— (-2 350~ 3o (1)

28@1 2 8(,01
(A.35) =(a—t)? [;Vfé" - ;(‘7{)2} (2)-

Thus the reduced (one-variable) Polchinski equation that V; satisfies has a prefactor 1 /N in front
of the Laplacian term, and its limit V; as N — oo is the unique viscosity solution of the following
(one-variable) Hamilton—Jacobi equation (now dropping tilde from the variable ¢):

Moy = Lo t2W @)% Tolw) = % —logeosh(ap), (¢ €R).

(436) @) = -

To conclude this section, we relate the Hamilton—Jacobi equation (A.36|) for the effective
potential to the one satisfied by the free energy (A.30). We follow the argument in Example

and first note that for a constant field 1 with ¢ € R, the renormalised potential can be written

as (see (3.68))
(A.37) Vilol) = N | S50+ Flt (o~ 1))

Thus F(t, h) = —1(«a —i)_lhz + Vi((a — t)~1h) and the Hamilton—Jacobi equation (A.30]) for F
follows from the one of V' exactly as in Example Indeed, in the setting of that example with
the relation (3.68) between V; and F; one has in general that

(A.38) a‘/;& — _E(VW)CE 4 aFt — _Q(VFt)gta

and in the present example the choice of C; corresponds to ¥y = Q.
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