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INVERSE STABLE RECONSTRUCTION OF 3 COEFFICIENTS FOR THE
HETEROGENEOUS MAXWELL EQUATIONS BY FINITE NUMBER OF PARTIAL
INTERIOR OBSERVATIONS

MICHEL CRISTOFOL AND MASAHIRO YAMAMOTO

ABSTRACT. We consider an inverse problem of determining the isotropic inhomogeneous elec-
tromagnetic coefficients of the non-stationary Maxwell’s equations in a bounded domain of R3
by means of a finite number of interior data of as less as possible components of the solutions.
Our main result is a Lipschitz stability estimate for the inverse problem and our proof relies on a
Carleman estimate for the heterogeneous Maxwell’s equations.

Key words: Inverse problems, Maxwell system, Carleman estimates.

1. INTRODUCTION

In this paper, we discuss the uniqueness and stability in determining the isotropic electro-
magnetic coefficients of the dynamical Maxwell’s equations by local measurement of as less as
possible components of their solutions. Let 2 C R? be a non-empty simply-connected bounded
domain with C? boundary I = 92, T' > 0, and let w be a non-empty subdomain of €2 such that

(1.1 Ow D 012,

that is, w is a neighborhood of 0f2. We introduce the following notations : Q7 := Q x (=1, 7)),
Y=Ix(-T,T)and wr :=w x (=1, 7).

We understand that € is occupied by an inhomogeneous medium with dielectric permittivity
¢, magnetic permeability p and conductivity o which depend on z but are time-independent.
Throughout this paper, we assume that p is given.

We consider the problem for the linear system of Maxwell’s equations

( 1 o .
0D —curl (-B) + =D =0, in Qp,
1 €
1
0B + curl (=D) =0, in Qr,
(1.2) : ° :
divD = p, divB =0, in Qp,
D x v =q(x,t), on X,
B(0,z) = Bo(z), D(0,z) = Dg(z), in Q.

\

Here the electric flux density D(#, ) and the magnetic flux density B(¢, =) are three-dimensional
vector-valued functions of the time ¢ and the space variable z = (x1, 2, x3). By v = v(x,t) we
denotes the unit outward normal vector to I'. Moreover By, D, and ¢ are given vector-valued
functions and p denotes the electric charge density. We assume that By, Dy, p and q are suf-
ficiently smooth and satisfy compatibility conditions so that the solution (D, B) to (1.2) is in
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2 MICHEL CRISTOFOL AND MASAHIRO YAMAMOTO
(W2(Qr))3)? (see e.g., [5], [11]).

Henceforth the subscript j € {1,2,3} denotes the j th component of a vector under consider-
ation. _
We assume that y, € and o are scalar functions in C?(Q) verifying

(1.3) w(z) > ap, e(x) > ap, o(x)> oo, x €

for some fixed constant a;g > 0.

In the following, we consider the inverse problem of determining simultaneously the dielec-
tric permittivity ¢ = £(x), the magnetic permeability i = p(x) and the conductivity o = o(x)
from a finite number of observations in wy of the solution (B, D) to (1.2). Furthermore, our
goal is to reduce the number of components to be observed and we prove a reconstruction result
of three coefficients (i, A, o) by the knowledge of only selected components.

1.1. Notations and main result. Let us choose two suitable sets By, D&, k = 1,2 of initial
data. By B¥ = (BY, B}, BY) and D = (D}, D%, D¥) we denote the magnetic flux density and
the electric flux density respectively with initial values B, D¥. In this paper, we consider the
following inverse problem:Determine £(x), p(x) and o(z) for x € ) from the observations
for two sets of initial conditions of the 2 components: D¥(t,x), (t,z) € w x (=T,T), k =
1,2, and j = 2, 3.

We now introduce some notations used throughout this paper and state our results.
We consider 2, € R*\Q and a non-empty subdomain & of €2 such that & = Q N O for some
neighbourhood @ of I' in R® and w C @. Then, for a fixed function £ € C%*(©) and given
constants My, M; > 0,0 < Cy < 1, we define an admissible set of unknown coefficients u, £
and o

(1.4) A={(p,e,0) € (C*(Q))* (1.3) holds,
||M||c2(§) ) ||5||(32(§) ; ||0||cz@ <My, e=¢ink

(x — o) - V(e(x)pu(x))
2e(x)u(z)

Condition (1.4) is one sufficient condition for a key Carleman estimate (Lemma 2.2), and does
not necessarily exclude other choices of conditions (e.g., Amirov and Yamamoto [1]).

Our main result, Theorem 1.1, establishes Lipschitz stability for the three coefficients pu, €
and o in suitable norms by partial measurement data of two components of D(, ).
Henceforth - " denotes the transpose of a matrix under consideration and we set e; = (1,0,0) ",
es = (0,1,0)" and e3 = (0,0,1)". From now, C' > 0 denotes generic constants which may
change from line to line.

For the identification of (&, j1, o
sets of initial data (D§, BY), k =

V(e()pe))] < My and > Gy, Yo €T e B\ T.

), we need to take observations twice, that is, we consider two
1,2:

(15 Di(x):= (D}(x), Di(x), D(x)) ", B(z) = (Bi(x), B}(x), Bi(x)) .
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For the statement of the main results, we define the 12 x 7 matrix
e1 X By e x By ez x B} 0 0 0 D§
0 0 0 e1 x Db e x D} e x Dy 0
e1 X BE ey x BZ e3 x B2 0 0 0 D2
0 0 0 e1 x DZ ea xDZ e3xDZ 0
for x € 2, where a x b denotes the exterior product: a X b = (asbs — asbs, agby — ajbs, a1by —
asby) " fora = (a1, as,a3)" and b = (by, b, b3) ",

Moreover by (B¥(¢,z), D¥(t,x)) and (B¥(¢, ), D¥(t,x)) we denote the solutions to (1.2)
with initial data (BE, D§), k = 1, 2, associated to (i1, €, o) and (11, €, 7), respectively.

(1.6) G(x) =

Theorem 1.1. Ler (B*(t,x),D*(t,z)), k = 1,2, be the solutions to (1.2) with initial data
(BE,DE) € (H%(Q)%)2, k = 1,2 such that there exists a 7 x 7 minor m(z) of the matrix G(z)
defined by (1.6) such that

(1.7) m(z) #0 forx e Q\b.
We choose ((j1,¢,0), (11,,5)) € A? such that
(1.8) =i, € =€ on Jf2
and
k Tk =k Tk _
(1.9) H (B ’D )HC3([*T,T};W2’°°(Q)) ’ (B 7D ) C3([-T,T); W22 () < Ml’ k=1, 2,

for some My > 0. Then there exists an open set w and a constant C > 0 depending on
Qw,T,Cy,a, My and My, such that we have

|
2 3
ey 3 |ps- bt

k=1 j=2

1= il gy +lle =€l + llo = ol

HY(~T\TiL2(w))

Theorems 1.1 asserts Lipschitz stability in determining coefficients of Maxwell’s equations
within the class defined by (1.4). The proof is based on a Carleman estimate stated in Lemma
2.2.

Concerning inverse problems for Maxwell’s equations, we can refer to Romanov [15], [16],
Romanov and Kabainikhin [17], Sun and Uhlmann [19], Yamamoto [20], [21]. However, there
are few results on inverse problems of determining the coefficients of Maxwell’s equations with
a reduced number of measurements. Li and Yamamoto [12], [13] establish Lipschitz stability
for the determination of the dielectric permittivity ¢ and the magnetic permeability p with a
finite number of measurements provided that unknown coefficients satisfy some a priori condi-
tions. They extend their results in [14] to non-stationary media. In [3], Bellassoued, Cristofol
and Soccorsi give a Holder stability estimate for the determination of the dielectric permittivity
and the magnetic permeability in heterogeneous Maxwell’s equations by some partial boundary
measurements, and in [2], the authors established a similar stability inequality using less obser-
vations and provide numerical simulations. Recently in [18] the case of uniaxially anisotropic
medium was addressed.
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The remainder of the paper is organized as follows: a Carleman estimate for Maxwell’s equa-
tions (1.2) is given in Section 2. In Section 3, we prove our main Theorem 1.1.

2. CARLEMAN ESTIMATE FOR MAXWEL’S EQUATIONS

We now consider the solutions (B¥, D¥, i, e, ¢) and (B*, D, [1,2,5), k = 1,2 to (1.2) asso-
ciated with initial data (B, D%) € (H?(2)3)?, and we set

- ~ 1 1 1 1 o

DF(t, ) = DX — D, BE(t,2) = B* — B, dypp = — — =, dgp = — — =, dp = — — 2.

uwoon e £ e £

In the following, for simplicity, we will omit the superscript k£ and we deal with the system :

1
(oD —curl (-B) + D = Ry, in Qr,
] €
1
8tB + curl (—ID)) = RQ, in QT,
2.1) . °. :
divD =0, divB =0, in Qp,
Dxv=0, on X,
(| B(z,0) =0, D(z,0)=0, in €,

where R, = curl (d,,,B) — d.D and Ry = —curl (dg,D).

To this form of Maxwel’s equations, we apply a Carleman estimate in the H ! norm for a
second-order hyperbolic equation. Indeed, we can reduce Maxwell’s equations to a weakly
coupled system of hyperbolic equations. More precisely, taking the time derivative in (2.1) this
leads to the following system:

(2 2) 6:uat2]D)_AD:f<B7D7R17R2767:U’70->)
. €M81?B_AB:g(Ba]DaRlaR%gauva))

where )
f(B,D, Ry, Ra, e, u,0) = eu0p Ry + epcurl (;Rg)
1 o 1 1 1 1
+op (—curl (;IB%) — ED — R1> — el <V(;) X (V(g) x D) 4+ V(;) X (gcurl]D))>
—€ (curl (V(%) x D+ V(%) X curl]D)>
and

g

g(B,D, Ry, Ry, e, i1,0) = €O Ry + ep (curl( ;D) — curl (&))
€ €

€

We detail the calculation for f(B, D, Ry, Ry, €, i1, o) as follows. In 92D — curl (i@tIB%) +20;D =
0, R, we substitute

9D = curl (+B) — 2D + R, and 0,B = —curl (D) + Ry,

1
I

1 1 1 1 1_.1
—ep | V(=) xcurl (=B) + —curl (V(—) x B) + -V(— xcurlIB%).
(V) x ol (B) + Teunl (V3) X B) + 19 ()

to obtain
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07D — curl (—scurl ({D) + 1 Ry) + Z(curl (;B) — 2D + Ry) = O, R.
Thus
0D + curl (icurl (iD)) — curl (%RQ)gcurl (;%B) — Z—;]D + 2Ry = OR.
Therefore,
curl ( ! (curl ( 11[)))))
I £
= curl (l(V(l) x D+ 1curl]D))
B poooE €
= v ) x o+ e + tewn (v x D+ Lewri )
B v € £ v £ 5
= V(l) X (V(l) x D) +V(1) X (1cur1]D) + 1curl(V(l) x D)+ 1curl(lcurl]DD)
B 1 5 1 5 L 5 1 5 ’
where
1 1 1 1 1
—curl (—curlD) =  —(V(=) x curlD + —curl curl D)
v £ poooe £
1_1 1 .
= —V(-) xcurlD+ —(—AD + VdivD).
pooe ep

As divD = 0, we reach

curl (l(curl (lID)))) = V(

1 1 1.1 1 1
2Y % (V(2) x D) + V(=) x (Zcurl D) + —curd (V(2) x D
et (4 1) % (V(Z) ¥ D) + () x (ZeurlD) + eurl (V(2) x D)
11 1
+ —=V(-) xcurlD — —AD.
pooe el
Finally,
wm—iAD
o
+ v x v x )+ v < Ceunp) + Lot (v x D)
1 5 o 5 i 5
1_1 1 2
+  =V(=) x curlD + Zcurl (-B) - ZD
TR € il €

1
= atRl — le + curl (—Rg)
€ 1

We obtain g(B, D, R, Rs, €, i1, o) similarly, after taking the time derivative of
OB + curl (1D) = Ry,
Therefore

&B:—wﬂehm(M—§D+&D+&&.

1
i
‘We obtain
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0;B = —curl (curl (;B)) + curl (D) — curl ({R1) + 9 Ry

and

0B = —V (1) x curl (;B) — Zcurl [curl (;;B)] + curl (5D) — curl ({ 1) + ;Rs.
Multiplying by 4, we obtain

1 1 1 1
eudiB = —5u[V(g) x curl (;IB%)] — pcurl {V(;) x B+ ;curlIB%

|
tep |curl (%D) —curl (ZRy) + atRz] .

Then, using curl (curl B) = V(divB) — AB = —AB, we reach the desired result.

For 7y € R*\Q and a constant 3, > 0, we define the weight function v(t, 2) by
(2.3) Y(w,t) = |z — 20|* — B2+ By, x €Q, t € [-T,T).
Then min, g ¢ (z,0) > B.

Furthermore we set ¢ : Q x [T, T] — R defined as
(2.4) o(x,t) =MDt e [T, T)], 2 €Q

with some fixed A > 0.
Recall the Carleman estimate in the H ~! norm for a second-order hyperbolic equation:

Lemma 2.1. Let o € R3\ Q and ¢ be given by (2.4). We assume that a € C*(Qr) satisfies the
following conditions

e 0 < fa(t,x) <1,

° ﬁQ (aQ(t, ZL‘) + a(t, x)tata(t, x) +2 |t| |V6L(t,x)|) <1+ (l’ — LE()) . Va(t,as)

a(t, )

Letv € H3(Qr) such that
(2.5)  Pu(t,r) = ad*(t,2)0%v(t,x) — Av(t,x) = g(t,x) + Z@kgk, reQ, telkR
k

Then there exists Ao > 0 such that for all X > X, there exist two constants Cy > 0 and sq > 0
such that the following Carleman estimate holds

1
(2.6) s / ¢ v dzdt < Cy / ¢* (—2 gl O+ lng) dxdt
Qr Qr § %

forall s > s.

For the proof, we can refer to [6] or [9].

We deduce now a Carleman estimate for Maxwell system (2.2) which is one of the main ingre-
dients in our proof.
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Lemma 2.2. Let D,B € H}(27)? be solutions of system (2.1). We assume that (¢, u,0) € A.
Then there exist s; > 0 and Cy > 0 such that

s/ (D] + |B|*)e*?dzdt < C’l/ (|R1|” + | Ro|})e*?dxdt
Qr Q

T

forall s > s;.

We will apply the Carleman estimate Lemma 2.2 to the system (2.2) for a sufficiently large
S.

We also recall a Carleman estimate for a first order differential equation (see [6]) :

Lemma 2.3. Let ¢ be given by (2.4). Then there exist sy > 0 and Ky > 0 such that

3
S/Q|w’2 £250(:0) g0 < KlZ/QWklU’z 0259(-0) 1.
k=1

forall s > s; and w € C}(Q).

We need now two technical lemma involving initial conditions and pointwise observations
(see [10] and [14]).

Lemma 2.4. We assume that (¢, p,0) € A. Let D, B € H}(Qr)? satisfy (2.1). Then there exist
$9 > 0 and Cy > 0 such that

/ (1D, 0)* + [B(-, 0)[})e** Oz < Cy / (IR + |Rof*)e* P ddt
Q

Qr
forall s > s.

Lemma 2.5. We assume that (¢, i, 0) € A. Let D, B satisfy (2.1). Then there exists a constant
C5 > 0 such that

0t PBC )P < G ( Lo+ B+ |

Qr

(IR * + |R2|2)dxdt>
for =T <ty,ty <T. Here Q% = Q x (min(ty, t3), max(tq,t2)) C Q.

3. MAIN STABILITY RESULT

In the following, we consider a new system obtained by differentiating the system (2.1) with
respect to t. Setting D; = 9D and B; = 0;,B, we deduce

(oD, — curl (%]B%l) n ZDI = Ry, in Qp,

0B + curl (§D1) = Ry 1, in Qr,

G.1) divD, =0, divB, =0, in Qp,
Dy xv =0, on X,

By (z,0) = Ra(x,0) = —curl (dgpBo(x)), in Q,

| Di(2,0) = Ri(z,0) = curl (dynyBo(w)) — d.Do(x), in Q,
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with Rl,l = atRl and R271 = ﬁtRQ.
We are now dealing with systems (2.1) and (3.1) and we consider a cut-off function y;(x) such
that
X1 € C5°(£2),0 < x1(z) < lonw, and x;(z) = 1 forz € Q\w.
We set

Di1 = xiD1, Bii=xaBi € (WH*(Q))?,
and we have

1
0Dy —curl (=B 1) + E]Du,
15 € _
= churl (dmpﬁtB) — decﬁtD — (Vxl) X (lll]Bl)7 in QT,
1 ~ 1 )
@]BM + curl (E]Dlvl) = —churl (ddpatD) + (VX1> X (g]D)l), n QT,
2
(3 ) diVDLl = Vxl : ]D)b diVBLl = Vxl : ]Bl, in QT,
Dy =0, By =0, on 2,
By 1(x,0) = Ry(x,0) = —curl (dgpBo(x)), in Q,
\ DLl(fL’, 0) = R1(1'7 0) = curl (dmpBo(ZE)) - ch()(JZ), in €.

Then, we use a cut-off function in time x(t) satisfying
X2 € CP(R),0 < xo(t) < 1fort € R,

and

0, te[-T,-T+0U[T—0,T],
Xa(t) =
1, te[-T+2,T — 20].

Remark 3.1. We have
o(x,t) — (x,0) = eHle—aol? (e’)‘ﬁt2 — 1) <e™M _1<0 forze

Then,
| daf? (9 dgf? + [V 5 ) o
Qp
oz SO (al IVl 4 [Vl 1)
. Qr
x e25¢ (-0 [fTT (=20 dt| dx
< Ciok1(s) | (|dapl? + [Vdap|? + [dinpl? + [Vdimp|* + |de|?) 2¢O d
Q
r —Agt2
where /@1(3):/ e Ny,
-T

On the other hand, using the hypothesis and the definition of ¢, we can write :
(3.4) ©(2,0) > aand 0 < p(z,—T) = p(x,T) < a = exp(A(inf |z — 20> + Bo)).
Q
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Thus, forn € (0, — supg ¢(x,T)) we can choose § = 0(«) such that :
(3.5) o, t)<a—n, (z,t)€Qx ([-T,~T+20]U[T —25,T))

and if we set & = Supg ¥, then ® > «.

Now we set

Dio = x2D11, Bio=x2Bi1 € (W2®(Qr))>.
The system (3.2) becomes

( 1 o
8,51[)1,2 — curl (;BLQ) + gID)l’z

= xzx:curl (dmpatij;) — Xax1dD — x2(Vx1) X (iBz) + Oix2Dy 1, in Qp,
1
815]81,2 + curl (EDLQ)

(3.6) = —x2xicurl (dgyd,D) + x2(Vx1) x (2D1) + FyxoBu 1, in Qr,
divD;p = x2Vx1 - Dy, divBio = x2Vx1 - By, in Qp,

DLQ = 0, IBI’Q = O, on E,

By 2(x,0) = Re(x,0) = —curl (dg,Bo(z)), in Q,

L DLQ(J], 0) = Rl(l', O) = curl (dmpB()(ZE)) — dCDo(I), in €.

Now, we can apply Lemma 2.4 to the solutions of the previous system to obtain

/(|D1,2(1‘,O)’2+ ‘E172(x70)|2) e25¢(02) 7.
Q

< 014/ Vi (IDi]? + By |?) e*?dadt
wr

3.7) 2 2 2 2 2\ 20
+Cu [ (Jdapl* + |Vdap” + |dunp|* + [Vdp|* + |do|?) €2 ¢ ddt

£ Thas T4 i 2 2
Cu (/ +/ ) / |00xa|” (D1 |” + [Boa[7) P dadt.
—T+6 T-25/ JQ

Then we deal with the last integral and

—T+26 T+
(/ +/ )/@XQ\? (ID1af” + |Bia]?) e**dadt
- Q

T+ T—-26

—T+20 T+
< Cyye® e ( / + / ) / (IDuaf? + [Bua[?) deds
—T+6 T—26 Q

(3.8)

9
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It turns out by using Lemma 2.5 and (3.5) that

—T+26 T+6 ) )
Cl5e2s(a—ﬁ) (/ —I—/ ) / (|D171| + |B171| )dl‘dt
—T+6 T—-26 Q

S 0165628(04777) (/ (‘DLl(LE, 0)|2 + |B1,1 (I‘, 0)|2) dx + / (|D1‘2 + |B1|2) dxdt

Q wT
+/ (Idap)? + [V + |dp* + [Vep|* + |de]?) d:c)
(3.9) Q
< Cr0e= 21 ( / (D112, 0)° + |Bya(z,0)) >0 dx
Q
2 2 2 2\ 2s¢p(x,0)

+ (‘ddp‘ 2+ |Vdap|” + |dmp|” + [Vmp|” + |dc] ) € dx

Q

+Cl75€23q> / (|D1‘2 + |B1’2) dxzdt.

wT

Since Dy 1(x,0) = Dy 5(x,0) and By 1(x,0) = By 5(x, 0), gathering (3.3), (3.7), (3.9) and the
definition of ®, we have

/ (D11 (e, 0)[* + [By(x, 0)’2) e252(@0) gy
0
= / (D1, 0)2 + By oz, 0)[2) 220 g
Q
(3.10) < ClS (562377/ (’D1,1(x,0)‘2 4 |B171(3§',0)‘2) ercp(z,O)dx
Q

+H2(5)/ (|ddp|2 + IVddpP + |dmp‘2 + |Vdmp]2 + ‘dc|2) e25¢(@0) g
Q

+628¢’/ (|]D)1|2 + |B1|2) dl’dt) .
wr

Here rio(s) = k1(s) + de™2*". Finally, for sufficiently large s, we obtain

/ (hD)Ll(ZE7 O)|2 + |B1,1(l‘7 0)|2) 625<p($’0)dx
Q

@1 =G (%z(@/<|ddpl2+|Vddp|2+|dmp|2+|Vdmp|2+|dcl2) 2500 gy
Q

+628q>/ (|D1‘2 + |B1|2) dl’dt) .
wr

Now using the definition of the cut-off function in space x;(z), we have

Dy (x,0) = Dy 4(x,0) + (1 — x1(x))Dy(2,0) and By (x,0) = By 1(2,0) + (1 — x1(z))B1(z, 0).
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Since 1 — Xl(,%) =Q0forx € \ w, we deduce
/ (IDy (, 0)” + By (2, 0)]%) ¢ dz
Q

(3.12) <C (/ (IDri(2,0)] + By (x,0)]) 20 dx
Q

w

# [0 @) (i OF + Bl 0)F) ),
and by the Sobolev imbedding we obtain

/ (1= x1(@))* (IDi(w, 0) + By (x,0)[*) >0 da

(3.13) 2 2
S 020628(13/ (|D1‘ + |B1| ) dxdt.
wr

Finally, from (3.11), (3.12) and (3.13), we deduce
[ (5.0 + B, 0)P) 40 e
Q
G149 =0 </€2(s) / (Idap|* + [Vap|” + [dom|* + [V |* + |de[*) €27V
Q

+em/ (ID1)? + B:)?) dxdt).

wr
Now, in light of the two sets of initial conditions, we are going to get rid of the integrals of
|d.|?, |Vdgy|* and |Vd,,,|* in terms of integrals depending on |D; (,0)|?, |B1(x,0)[%, |dmp|”
and |ddp|2. From system (3.1) we have
D¥(z,0) = R¥(z,0) = curl (d,,,BY) — d.Df = dppeurl (BY) + Vd,,, x BY — d.D}
= dmpeurl (Bf) + Zj’:l (0jdmp)(ej x B) — d.Dg,
BY(x,0) = R(x,0) = —curl(dg,Df) = —dgpeurl (DE) — Vdg, x DE
= —dgyeurl (D) — Zj’:1(ajddp>(ej x D),
where the subscript £ = 1,2 corresponds to the choice of two sets of different initial data. We
deduce the following linear systems
> i=1(0jdumy) (e % BE) — d.Df = Df(x,0) — dyycurl (Bp),
Z?Zl(ﬁjddp)(ej x DE) = =B (z,0) — dgycurl (DY), k=1,2.
It can be rewritten in the form
Di(z,0) — dyyycurl (Bg)
—Bi(z,0) — dgpeurl (D})
Di(z,0) — dyyycurl (BE)
—B¥(x,0) — dgpeurl (D?)

G(x)U =

Wlth U = (81dmp, 82dmp, 83dmp> 81ddp, agddp, 83ddp> —dc)T.
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Thanks to the hypothesis (1.7), it follows that there exists a positive constant C5, such that:
(315) |Vddp’2 + |Vdmp|2 + ’dc|2
2 2 .
<Cm ), (|D’f(w, 0)|* + [BY(x,0)|” + |dgy|* + |dmp12> in Q.

k=1,2
Now, from (3.15) we obtain

(3.16) /(|ddpy + [ Vdap|* + |dp|* + [V |” + |de[?) €290 dz

< O / [Z (IDb .0 + B, 0)f) + ldayl + |de|2] ) o
Q

k=1,2
in Q for sufficiently large s > 0. By Lemma 2.3 and (3.14) applied to dg4, and d,,,, since
limg_, 1 soka2(s) = 0, we obtain

a4 190 4 b+ T+ 1)

< Coue™® ) / (D + |BE|?) dowdt

k=1,2

(3.17)

for sufficiently large s > 0. Here Cy4 > 0 depends on Q,w, T, Cy, &, o, My and M.
On the other hand, from the definition of d., we can write
o—0=c¢(d. —adgp).
Then, it is easy to verify
lo = llme) < Clldellm ) + [|dapll @),

where C' > 0 is a constant depending on M.
Now, we are going to improve the observation term in (3.17) and get rid of the observation by
the component B.

In a neighborhood w of the boundary 0f2 such that w C w, we can write

O,B* = —curl (¢'D¥), inw x (=T, T)

and B
8,B* = —curl (67'D¥), inw x (=T, T)
for k = 1,2. Since ¢ = £ = £ in w, we can have

8,(B* — B*) = —curl é(Dk —DMinw x (=T, T) fork = 1,2.
Moreover we readily obtain
d,(B" — B*) = —%curl (D* — DF) — v% x (D¥ = D" inw x (=T,T) for k = 1,2
and we deduce the estimate

3 / BYPdadt < Cos Y HD’f . ]5’“’
wr k=1,2

k=1,2

2

HY(-T,T;L2(w))
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where Cy; > 0 depends on M.
Finally, we get rid of the observation by the first component D, of D.
Actually the geometry of OS2 allows us to choose the component D; that we are going to recover
from the two others D; for j # ¢. For simplicity, we will give the proof of this result in
the simplest case where the direction (xy, z5) is normal to the x3-direction and this direction
corresponds to the boundary dw of w which intersects 0€2. Since p is done, and D5, D3 are
known on wy, from the relation div D = p, we obtain 0, D, on wy. Then, the boundary condition
on D, gives Dy on Y, and then we see D; on wy.
This ends the proof of Theorem 1.1.
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