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A B S T R A C T 

Spherical flows are a classic problem in astrophysics which are typically studied from a global perspecti ve. Ho we ver, much like 
with accretion discs, there are likely many instabilities and small scale phenomena which would be easier to study from a local 
perspectiv e. F or this purpose, we develop a local model for a spherically contracting/expanding gas cloud, in the spirit of the 
shearing box, β-plane, and expanding box models which have had extensive use in studies of accretion discs, planets, and stellar 
winds, respectively. The local model consists of a, spatially homogeneous, periodic box with a time varying aspect ratio, along 

with a scale factor (analogous to that in FRW/Newtonian cosmology) relating the box coordinates to the physical coordinates of 
the global problem. We derive a number of symmetries and conservation la ws e xhibited by the local model. Some of these reflect 
symmetries of the periodic box, modified by the time dependant geometry, while others are local analogues for symmetries of 
the global problem. The energy , density , and vorticity in the box also generically increase(/decrease) as a consequence of the 
collapse(/e xpansion). We deriv e a number of non-linear solutions, including a local analogue of uniform density zonal flows, 
which grow as a consequence of angular momentum conservation. Our model is closely related to the accelerated expanding 

box model of Tenerani & Velli and is an extension of the isotropic model considered by Robertson & Goldreich. 

Key words: hydrodynamics – methods: analytical – stars: formation – stars: winds, outflows. 
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 I N T RO D U C T I O N  

pherically expanding/collapsing flows are a classic problem are
 classic problem in astrophysics. Such flows include the classic
ondi spherical accretion problem Bondi ( 1952 ); the von Neumann–
edov–Taylor solution for a spherical shock wave, used as a model
f supernova explosions Sedov ( 1946 ); Taylor ( 1946 , 1950 ); Bethe
t al. ( 1958 ); solar and stellar winds (Velli, Grappin & Mangeney
992 ; Grappin, Velli & Mangeney 1993 ; Grappin & Velli 1996 ;
enerani & Velli 2017 ; Shi et al. 2020 ; Huang et al. 2022 ) and

he spherical collapse problem (Larson 1969 ; Penston 1969 ; Hunter
977 ; Shu 1977 ; Foster & Che v alier 1993 ) important for star and
lanet formation. While in many of these problems the spherically
ymmetric flow provides a useful approximation to the leading order
ynamics, one expects there to be local departure from spherical
ymmetry that could be important in many applications. This is
articularly true of the collapse problem as rotational flows are
xpected to grow during the collapse due to conservation of angular
omentum (see also Velli et al. ( 1992 ); Grappin et al. ( 1993 );
rappin & Velli ( 1996 ); Tenerani & Velli ( 2017 ); Shi et al. ( 2020 );
uang et al. ( 2022 ) for an application where local flows are important

n an expanding flow). 
One can study local departures from the axisymmetric flows in

he global picture, such as by performing full 3D simulations of the
xpansion/collapse. Ho we ver it can be prohibitively computationally
 xpensiv e to resolv e both the scale of interest, while simulating the
ntire spherical expansion/collapse. Instead one can turn to local
 E-mail: elliot.lynch@ens-lyon.fr 
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Pub
odels, which are commonly used in astrophysics and planetary
ciences to tackle such problems. Commonly used local models
nclude the shearing box model (Goldreich & Lynden-Bell 1965 ;
a wle y, Gammie & Balbus 1995 ; Latter & Papaloizou 2017 ), used

n the study of accretion discs; the β-plane model Rossby ( 1939 ),
sed to study rotating planets; and, of particular rele v ance to our study
ere, the Expanding Box Model (EBM; Velli et al. 1992 ; Grappin
t al. 1993 ; Grappin & Velli 1996 ) and Accelerated Expanding
ox (AEB; Tenerani & Velli 2017 ), used to study stellar winds
nd the FRW like model of Robertson & Goldreich ( 2012 ) used to
tudy turbulence in cosmological (i.e. homogeneous and isotropic)
ollapses. Such local models have had a number of notable successes
n astrophysics, the most famous of which is the (re-)disco v ery of

RI by Ha wle y et al. ( 1995 ). 
Of the existing local model the most rele v ant to our work is the

BM model for stellar winds, developed by Velli et al. ( 1992 );
rappin et al. ( 1993 ); Grappin & Velli ( 1996 ). This model follows
 local box in a (supersonic), uniformly, expanding magnetohy-
rodynamic (MHD) flow to study local instabilities and waves in
he outer regions of solar and stellar winds. In this paper we are
nterested in deriving an expanding box like model valid for both
adially and temporally varying spherical flows. The generalization
f the EBM to radially varying flows was done in Tenerani & Velli
 2017 ). The generalization to background flows which are also time
ependant, moti v ated by the stellar formation problem, results in a
odel close to the AEB (although our treatment of pressure will

e closer to the distorted shearing box models of Ogilvie & Latter
 2013 ); Ogilvie & Barker ( 2014 )). We shall focus, in this paper, on
he hydrodynamic case as it posses a number of important features
hat are worth understanding before generalizing to MHD. 
© 2023 The Author(s) 
lished by Oxford University Press on behalf of Royal Astronomical Society 
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Figure 1. Geometry of the domain. Globally (left) the domain is bounded by 
radial shells which can approach or recede from each other depending on the 
gradients in the background velocity. Points within the domain mo v e in the 
radial direction due to the spherically symmetric background flow. The local 
model (right) is a rectangular domain where the horizontal coordinates are 
equi v alent to the latitude/longitude on the sphere and the vertical direction 
mo v es between spherical shells comoving with the background flow. The 
aspect ratio of this local box changes as the distance between the spherical 
shells varies. 
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In Section 2 , we present the deri v ation of our local model.
ections 2.4 and 2.5 derives symmetries and conservation laws of 

he local model. Section 3 presents some non-linear solutions to the 
ocal model – and discuss how these relate to the global problem. 
n Section 4 , we derive the linear theory of our local model. We
iscuss possible extension of our model in Section 5 . We present
ur conclusions in Section 6 and additional mathematical details 
including alternative formulations which maybe more convenient 
or implementation in hydrocodes) are presented in the appendices. 

 D E R I VAT I O N  

.1 Global geometry 

o derive a local model for spherical collapse/expansion consider a 
ocal neighbourhood of a point, o , located on the equator of a sphere
f radius R . The line element of the usual spherical polar coordinate
ystem is 

 s 2 = d R 

2 + R 

2 (d θ2 + sin 2 θ d φ2 ) . (1) 

We are interested in describing the local dynamics near to p 
ccurring on a horizontal length-scale L H � R (See Fig. 1 , which
how the relationship between the global and local geometries). 

ithout loss of generality, we can locate our local model on the
quator of the sphere ( θ = π /2) meaning we can approximate the
ine element by 

 s 2 = d R 

2 + R 

2 (d θ2 + d φ2 ) + O(( L H /R) 2 dφ2 ) , (2) 

hich results in metric tensor components, 

 RR = 1 , g θθ = g φφ = R 

2 , (3) 

nd inverse metric tensor components 

 

RR = 1 , g θθ = g φφ = R 

−2 , (4) 

ith all other components zero. The Christoffel symbols compo- 
ents, for this coordinate system, are 

� 

R 
θθ = � 

R 
φφ = −R, 

 

θ
θR = � 

θ
Rθ = � 

φ
φR = � 

φ
Rφ = R 

−1 , (5) 
ith all others vanishing. The fluid equations in this coordinate 
ystem are 

 u 

θ + 

2 

R 

u 

R u 

θ = −R 

−2 

(
∂ θ� + 

1 

ρ
∂ θp 

)
, (6) 

 u 

φ + 

2 

R 

u 

R u 

φ = −R 

−2 

(
∂ φ� + 

1 

ρ
∂ φp 

)
, (7) 

 u 

R − R u 

φu 

φ − R u 

θu 

θ = −
(
∂ R � + 

1 

ρ
∂ R p 

)
, (8) 

 ρ = −ρR 

−2 ∂ i ( R 

2 u 

i ) , (9) 

here the Lagrangian deri v ati ve is 

 = ∂ t + u 

i ∂ i . (10) 

ote, we have listed the R component of the momentum equation last
s it will become the z momentum equation in the local coordinate
ystem. To close this system of equations, we must supplement 
hem with an equation of state determining p , which we assume
s barotropic, 

 = p( ρ) . (11) 

.2 Spherical collapse/expansion 

or the background fluid flow we wish to consider a spherically sym-
etric expanding/contracting fluid in a (potentially time dependant) 

entral potential � = � ( t , R ). Consider a spherically symmetric fluid
n this potential with density ρ0 = ρ0 ( R , t ) and purely radial velocity
eld U 

i = U ( R, t) ̂ e i R . The density of the fluid then evolves according
o the continuity equation, 

 0 ρ0 = −ρ0 R 

−2 ∂ R ( R 

2 U ) , (12) 

here the Lagrangian deri v ati ve of the background flow D 0 is given
y, 

 0 = ∂ t + U ∂ R . (13) 

he radial momentum equation for the background flow determines 
ow U ( R , t ) evolves, 

 0 U = −∂ R � − 1 

ρ0 
∂ R p 0 , (14) 

here p 0 = p ( ρ0 ) is the fluid pressure. Spherical symmetry ensures
hat the θ and φ components of the momentum equation are satisfied. 

This background flow naturally sets a characteristic time-scale, 
 bg ∼ R / | U | , which is the time-scale o v er which the background flow
volves (in the AEB model of Tenerani & Velli ( 2017 ) their expansion
ime-scale τ e is equal to our t bg ). In the collapse case we also have
 collapse (typically ∼t bg ), which is the time-scale for the completion
f the collapse (e.g. the free-fall time or t collapse ∼ t bg ∼ R(0) 

c s 
in the

sothermal sphere model of Shu ( 1977 )). In general one expects
 bg to evolve with the background flow, typically getting longer in
xpanding flows and shorter for collapses. 

.3 Deriving the local model 

he local model we shall derive is similar to the AEB (Tenerani &
elli 2017 ), ho we ver, we allo w for a time dependant background
ow and our treatment of pressure is closer to the distorted shearing
ox models of Ogilvie & Latter ( 2013 ); Ogilvie & Barker ( 2014 ).
e are also interested in what happens when such a model is run in

everse as a model of a spherical collapse. 
Consider local, non-linear, perturbations to the background, spher- 

cally symmetric, flow. We now write the fluid motion as the sum of
MNRAS 524, 1710–1726 (2023) 
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he background spherical collapse/expansion and a relative velocity
 

i : 

 

i = U ̂  e i R + v i . (15) 

he fluid dynamical equations for the relative velocity are, without
pproximation, 

 v θ + 

2 

R 

( U + v R ) v θ = 

1 

ρ0 R 

2 
∂ θp 0 − 1 

ρR 

2 
∂ θp, (16) 

 v φ + 

2 

R 

( U + v R ) v φ = 

1 

ρ0 R 

2 
∂ φp 0 − 1 

ρR 

2 
∂ φp, (17) 

 v R + v R ∂ R U − R v φv φ − R u 

θu 

θ = 

1 

ρ0 
∂ R p 0 − 1 

ρ
∂ R p, (18) 

ρ = −ρ[ � + R 

−2 ∂ i ( R 

2 v i )] , (19) 

here the Lagrangian deri v ati ve is 

 = ∂ t + U ∂ R + v i ∂ i , (20) 

nd we have introduced the velocity divergence of the background
ow, 

 = R 

−2 ∂ R ( R 

2 U ) . (21) 

As the fluid is barotropic, we can introduce the pseudo-enthalpy
 ( ρ) = 

∫ 
p ( ρ) d ρ−1 , and the momentum equations can now be written

s 

 v θ + 

2 

R 

( U + v R ) v θ = − 1 

R 

2 
∂ θh, (22) 

 v φ + 

2 

R 

( U + v R ) v φ = − 1 

R 

2 
∂ φh, (23) 

 v R + v R ∂ R U − R v φu 

φ − R u 

θu 

θ = −∂ R h − ∂ R h 0 , (24) 

here h 0 = h ( ρ0 ). 
We are interested in describing local, non-linear, perturba-

ions occurring on a horizontal length-scale L H � R and verti-
al length-scale L V � R , where the non-linear curvature terms
 

2 
R v 

R v φ, 2 
R v 

R v θ , R ( v φv φ + v θ v θ )) can be neglected at leading order.
or a hypersonic collapse/expansion these terms are subdominant
elative to the global curvature terms 2 U 

R 
and the vertical advection

f the background flow, v R U 0 R (assuming U R 0 ∼ U / R ). This is
he regime considered in the EBM of Velli et al. ( 1992 ); Grappin
t al. ( 1993 ); Grappin & Velli ( 1996 ). 1 It also results in a similar
symptotic ordering scheme to that used to derive the shearing box
in particular the ‘distorted’ eccentric and warped variants, Ogilvie &
atter ( 2013 ); Ogilvie & Barker ( 2014 )). Ho we ver, typical collapse
rofile (such as Shu 1977 ) start out subsonic and transition to a
ypersonic flow at late times and one would ideally like our local
odel to be able to handle this situation. In the highly subsonic

egime, the local flows primarily consist of sound and vortical waves
nd the local model is (at leading order) a Cartesian, periodic,
ox with an anisotropic sound speed. The main influence of the
ackground flow on the model, in this regime, is the slow variation
NRAS 524, 1710–1726 (2023) 

 There is a subtlety in the EBM as the uniform expansion means that U R 0 = 

 so that, strictly, R ( v φv φ + v θ v θ ) cannot, in general, be neglected. In the 
xpanding box application one is saved by the fact that v φ , v θ tend to get small 
ith the expansion as a consequence of angular momentum conservation 
eaning if they are small enough initially the non-linear curvature terms 

hould remain small throughout the expansion. This is not the case if one 
ere to run the expanding box in reverse to model a uniform collapse and 

hus extra care must be taken in this instance. 

o  

s  

t  

w  

t  

2

m
t

f the horizontal and vertical sound speed with time. Thus the non-
inear curvature term is subdominant to the terms involving pressure
radients. 
In general then, in order that we can neglect the non-linear

urvature terms we require 

 v R v φ � max ( v φR U, ( L H /R ) −1 c 2 s ) , (25) 

 v R v θ � max ( v θR U, ( L H /R ) −1 c 2 s ) , (26) 

 ( v φv φ + v θ v θ ) � max ( v R R U R0 , ( L V /R ) −1 c 2 s ) . (27) 

o ensure that these terms are subdominant to either the terms
nvolving the pressure gradient or the terms involving the background
ow. 
This requirement that the non-linear curvature terms be negli-

ible tends to introduce a time-scale, t curv , o v er which the local
pproximation is valid and time-scales longer than t curv the neglected
erms cause a significant departure from the predictions of the
ocal model. This is particularly true for the collapse case ( U <

) as the non-linear curvature terms are expected to grow with
ime, eventually violating Conditions equations ( 25 )–( 27 ). This just
eflects the expectation that (hydrodynamic) collapses tend to be
alted when they achieve sufficient rotational support. Thing are
asier for spherical expansions as the neglected terms tend to get
maller with the expansion. If t curv � t collapse ∼ t bg then we can
uccessfully employ the local model o v er most of the collapse.
o we ver when t curv < t collapse ∼ t bg our model breaks down before

he collapse completes. While this is a limitation of the local model
t’s worth noting that physically if t curv < t collapse this means the
ackground spherical collapse is also not valid on time-scales longer
han t curv as local/non-spherical perturbations have grown sufficiently
on-linear to modify the background collapse. 
In addition to the non-linear curvature terms, we must also consider

ow to deal with the background pressure gradient, −∂ R h 0 . In
he small box limit that we are considering, this term is al w ays
ubdominant relative to the main pressure gradient term −∂ R h . In
he hypersonic limit, this term is also subdominant to the background
dvection terms and it is evident that one can neglect this term.
he hypersonic limit (neglecting the −∂ R h 0 term) is a consistent
symptotic limit of the background flow similar to the ‘small’
ompressible shearing box as described in Latter & Papaloizou
 2017 ). It is less obvious what should be done in the subsonic limit
s here the advection terms are also subdominant. Tenerani & Velli
 2017 ) have argued that both the background pressure gradient and
ackground advection terms should be maintained as they are of the
ame order. Ho we ver, it has been found that keeping the pressure
radient terms leads to spurious instabilities such as unstable sound
aves 2 (See Latter & Papaloizou 2017 , for a discussion in the

hearing box context). This may be a consequence of the fact the basic
tate of the local model including the background pressure gradient
s incompatible with the imposition of periodic boundaries that are
ypically required for numerical applications. The advection terms,
n the other hand, are a relatively benign subdominant term in the
ubsonic limit. In fact on can show that the effects of the advection in
he subsonic limit are equi v alent to their effects on short-wavelength
aves in the hypersonic limit. Therefore the correct approach appears

o be to neglect the background pressure gradient, but maintain
 It’s unclear whether the gradients in the background magnetic field in the 
odel of Tenerani & Velli ( 2017 ) will lead to similar spurious instabilities in 

he magnetosonic waves. 
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he background advection terms, provided that the box is small 
nough. 

Neglecting the non-linear curvature terms, and background pres- 
ure gradient, the equations simplify to 

 v θ + 

2 

R 

Uv θ = − 1 

R 

2 
∂ θh, (28) 

 v φ + 

2 

R 

Uv φ = − 1 

R 

2 
∂ φh, (29) 

 v R + v R ∂ R U = −∂ R h, (30) 

ρ = −ρ[ � + ∂ i v 
i ] . (31) 

Consider a reference point following the spherical flow, starting 
t an initial radius R 0 , and angular coordinates θ = π /2, φ = 0 at
 = 0. Let R ( t) be the solution of d R ( t) /d t = U ( R ( t) , t) subject
o the initial condition R (0) = R 0 . Then the coordinates of the
eference point are ( R ( t) , θ, φ) = ( R 0 , π/ 2 , 0). We now consider
 local neighbourhood of the reference point 

= π/ 2 + x , φ = y , R = R ( t) + z, t = τ, (32) 

here x , y are O( L H / R ), and z is O( L V / R ) in our units. Thus our
oordinate system consists of a (small) rectangular domain on the 
quator of a sphere of radius R , with x , y being Cartesian coordinate
escribing the location of the point on this sphere and z denoting the
eight abo v e the reference sphere along lines of radius. The radius
f the reference sphere is then free to change with time – accounting
or the spherical collapse/expansion in the global system. 

Because of it’s appearance in the Lagrangian deri v ati ve we must
xpand the background velocity vertically as follows 

 = U 0 ( τ ) + U R0 ( τ ) z. (33) 

ll other geometrical/background quantities are e v aluated at the 
eference point and are thus functions of time only. 

Because of the time dependence of the coordinate system the old 
nd new time derivatives are related by 

 t + U 0 ∂ R = ∂ τ , (34) 

hile the Lagrangian time deri v ati ve is 

 = ∂ t + U R0 z ∂ z + v i ∂ i . (35) 

he resulting fluid equations in this coordinate system are then 

 v x + 

2 U 0 

R 

v x = − 1 

ρR 

2 
∂ x p, (36) 

 v y + 

2 U 0 

R 

v y = − 1 

ρR 

2 
∂ y p, (37) 

 v z + v z U R0 = − 1 

ρ
∂ z p, (38) 

here p = p ( ρ) is given by the barotropic equation of state. One
rawback of the above coordinate system is that, excepting for the 
ase of a uniformly contracting/expanding fluid, there is an explicit 
ependence on the vertical coordinate through the Lagrangian time 
eri v ati ve. This makes it harder to setup boundary conditions in the
ertical direction. Similar to local models of distorted discs (e.g. 
gilvie & Barker 2014 ), we can rectify this deficiency by adopting
 Lagrangian or Stretched vertical coordinate ˜ z = z/L z ( τ ). ˜ z is a
agrangian coordinate with respect to the background flow, that is, 
 0 ̃  z = 0, where D 0 = ∂ τ + U R0 z ∂ z . L z is a characteristic vertical

ength-scale which encompasses the vertical stretching/compression 
f the fluid flow due to radial variations of the background velocity
 . L z evolves according to 

dL z 

dτ
= U R0 L z , (39) 

n principle, one can rescale the vertical coordinate such that L z (0) =
 0 . Ho we ver, taking L z (0) = L z0 , which need not equal R 0 , allows

or the exploration of flows with different horizontal and vertical 
ength-scales. 

The vertical partial derives are related by ∂ z = L 

−1 
z ∂ ˜ z and the verti-

al velocities are related by v ̃ z = L 

−1 
z v z . Upon adopting the stretched

ertical coordinates the Lagrangian time deri v ati ve transforms to a
patially homogeneous form, 

 = ∂ τ + v x ∂ x + v y ∂ y + v ˜ z ∂ ˜ z . (40) 

he Jacobian determinant of the new coordinate system is J = L z R 

2 

nd the coordinate system has the following line element 

 s 2 = R 

2 ( τ )[ d x 2 + dy 2 ] + L 

2 
z ( τ ) d ̃  z 2 . (41) 

his choice of vertical coordinate puts the vertical and horizontal 
oordinates on equal footing. Both are dimensionless variables 
ith an associated length-scale ( L z and R , respectively). Using the

elationship between R and U 0 , along with equation ( 39 ) we can
rite � in terms of the time deri v ati ve of the Jacobian, 

 = 

2 U 0 

R 

+ U R0 = 

2 

R 

dR 

dτ
+ 

1 

L z 

dL z 

dτ
= 

1 

J 

dJ 

dτ
. (42) 

In the stretched coordinate system the momentum and continuity 
quations of the local model are 

 v x + 

2 U 0 

R 

v x = − 1 

ρR 

2 
∂ x p, (43) 

 v y + 

2 U 0 

R 

v y = − 1 

ρR 

2 
∂ y p, (44) 

 v ˜ z + 2 v ˜ z U R0 = − 1 

ρL 

2 
z 

∂ ˜ z p, (45) 

ρ = −ρ
[
� + ∂ x v 

x + ∂ y v 
y + ∂ ˜ z v 

˜ z 
]
. (46) 

equations ( 43 )–( 46 ) form our local model. As explored in subsequent
ections, one unusual property of this model, that can be deduced
rom the form of these equations, is the differing effective sounds
peeds for sound waves propagating in the vertical and horizontal 
irections when L z �= R . 
Alternatively, the momentum equation can be written in terms of 

he covariant velocity, v i , which are in many ways simpler, 

v x = − 1 

ρ
∂ x p, (47) 

v y = − 1 

ρ
∂ y p, (48) 

v ˜ z = − 1 

ρ
∂ ˜ z p. (49) 

otably this implies conservation of the generalized momenta, ρv i . 
With this choice of coordinate systems we can now use reflec-

ive/closed boundaries (for no mass/momentum flux with neighbour- 
ng radial shells) or periodic boundaries in the vertical direction. 
n the horizontal direction, periodic boundaries are the physically 
eaningful boundary conditions as these allow use to consider the 

ehaviour of high-m perturbations to spherical flows in a local model.
he possibility to use periodic boundaries significantly simplify 
umerical implementation of the model. 
A more general choice of boundary condition which will allow 

or the study of a much wider class of flows is to adopt shear-
eriodic boundary conditions analogous to those seen in shearing 
MNRAS 524, 1710–1726 (2023) 
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ox models, provided the shear across the box is not too large such
hat the curvature terms become important. Using shear periodic
oundary conditions likely allows for the modelling of a weakly
otating collapse/expansion within the local framework. A proper
xploration of the shear-periodic local model and it’s correspondence
ith a weakly rotating spherical flows is beyond the scope of this
aper and will be left for future work. 

The local model can be derived from the following Lagrangian
ensity 

 = ρ0 

[
1 

2 
R 

2 ( v x v x + v y v y ) + 

1 

2 
L 

2 
z v 

˜ z v ˜ z − ε 

]
, (50) 

here ε is the specific internal energy. 
We can also reformulate the local model in terms of a FRW like
etric: 

 s 2 = a 2 ( τ )[ d x 2 + dy 2 + b 2 ( τ ′ ) d ̃  z 2 ] , (51) 

here a is the scale factor and b the box aspect ratio. One has the
hoice to absorb the dimensions into the scale factor or the coordinate
ystem. a and b are related to R and L z through 

 = R , b = L z / R . (52) 

his leads to the following fluid equations 

 v x + 2 H v x = −a −2 

ρ
∂ x p, (53) 

 v y + 2 H v y = −a −2 

ρ
∂ y p, (54) 

 v ˜ z + 2 H v ˜ z + 2 
ḃ 

b 
v ˜ z = −a −2 b −2 

ρ
∂ ˜ z p, (55) 

 ρ = −ρ

[
3 H + 

ḃ 

b 
+ ∂ x v 

x + ∂ y v 
y + ∂ ˜ z v 

˜ z 

]
, (56) 

here we have defined the Hubble parameter H = ȧ /a. For a
onstant aspect ratio box, ḃ = 0, these equations are equi v alent to
obertson & Goldreich ( 2012 ). Various alternative formulations of

he local model, of potential use for numerical implementations, are
iven in Appendix A . Of note is the time dependant background terms
n the continuity equation, and in front of the pressure gradients, can
e absorbed into a time dependant, anisotropic, and ef fecti ve sound
peed. 

.4 Symmetries of the local model 

deal gas dynamics has a number of important symmetries, such
s Galilean transforms, rotations, and length-scale, time-scale, and
ass rescaling. The global problem similarly has many symmetries
in particular global rotational symmetries along with the choice of

otating frame. One would also expect that many of these symmetries
hould be reflected in the local model. In this section we shall explore
hich of these symmetries are carried o v er/modified in the local
odel. 
Fluid dynamics in periodic, Cartesian boxes are invariant under

alilean transforms. In the local model, one expect such Galilean
ransforms will be modified by the time dependant geometry.
onsider a modified Galilean transform where the new position and

ime-scale are related to the old ones by 

 

′ = x −
∫ 

v g ( τ ) dτ, τ ′ = τ, (57) 

here v g ( t ) is the new frame velocity which is uniform across the
ox, but can undergo acceleration. The velocity transforms according
NRAS 524, 1710–1726 (2023) 
o 

 

′ = v − v g . (58) 

his results in partial deri v ati ves which transform according to 

 τ = ∂ ′ τ − v i g ∂ i , ∂ x = ∂ ′ x . (59) 

he Lagrangian time deri v ati ve is unchanged by this transform with
 = ∂ ′ t + v i′ ∂ ′ i , similarly the divergence of the relative velocity is

eft unchanged ( ∂ i v i = ∂ ′ i v 
i′ ). This means the continuity equation is

nchanged by the transform. In order for the momentum equations to
emain unchanged by this transform we require that the frame
elocity, v g , satisfy 

˙ x g + 

2 U 0 

R 

v x g = 0 , (60) 

˙ x g + 

2 U 0 

R 

v y g = 0 , (61) 

˙ ˜ z g + 2 U R0 v 
˜ z 
g = 0 . (62) 

e see that during a collapse ( U 0 < 0), horizontal frame translations
ccelerate with time in order to conserve angular momentum in
he global frame. These horizontal translations in the local frames
hus correspond to a (slow) global rotation of the reference sphere.
he vertical frame translation correspond to a acceleration of the

eference sphere relative to the background flow – that is, the
eference sphere falls/rises at a slightly faster/slower rate than the
ackground flow. 
Ideal gas dynamics in Cartesian geometry exhibit a similarity

ransform where the dynamics are invariant under rescaling of the
ength-/time-scale. The local model exhibits a similar similarity
ransform, ho we ver here we must be careful to also perform an
ppropriate rescaling of the background flow. Consider a rescaling
f space, time and fluid entropy by constant factors such that the
ength and time-scale transform like 

 �→ λx , τ �→ μτ, (63) 

hile (assuming a perfect gas) the pressure transforms like 

 �→ κp. (64) 

nder this rescaling, the partial deri v ati ves transform according to 

 t �→ μ−1 ∂ t , ∂ i �→ λ−1 ∂ i , (65) 

nd the velocity transforms according to 

 �→ λμ−1 v . (66) 

his results in the Lagrangian time deri v ati ve transforming like
 �→ μ−1 D . This transformation works provided that the background
ow is also transformed like 

 �→ ( κ/λ) −1 / 2 R , L z �→ ( κ/λ) −1 / 2 L z , (67) 

 0 �→ ( κ/λ) −1 / 2 μ−1 U 0 , U R0 �→ μ−1 U R0 . (68) 

his also results in � �→ μ−1 � . This allows us to relate the local flows
f two different, but homologous, spherical flows by a rescaling of
he length-scale, time-scale and entropy of the local flow. 

Independently of this similarity transform one can also rescale the
ertical length-scale of the local model – corresponding to changing
he aspect ratio of the box. Consider a rescaling of the vertical length-
cale, L z , by a constant factor r with L z �→ r −1 L z . If we simultaneously
escale the stretched vertical coordinate by 

˜  �→ r ̃  z , (69) 



A local model for spherical flows 1715 

t  

t
i  

l
b  

t
a

v

m
c  

t
c
p

 

p  

fl  

s
o  

e  

w

2

T  

i

∂

d
L
t
a
v

D

w  

d  

e
s
b

ω

w  

e  

l

U
t

I  

a

D

w
r

D

w  

m  

r  

i  

a
a  

w  

m  

c  

s  

b  

R  

h
o  

v
 

t
t
s  

k

H

T

H

w  

a
h  

t  

b

t
c  

c  

i

w

E

T  

t  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/524/2/1710/7218580 by guest on 04 April 2024
hen as, physical vertical coordinate z = ˜ z L z is left unchanged by
his transform, the dynamics are unchanged by this rescaling, that 
s, if we rescale L z by a constant factor then the local dynamics are
eft unchanged if we simultaneously rescale the vertical extent of the 
ox. Under this change of aspect ratio the vertical partial deri v ati ve
ransforms as ∂ ˜ z �→ r −1 ∂ ˜ z , while the vertical velocity transforms 
ccording to 

 

˜ z �→ rv ˜ z , (70) 

eaning D is unchanged by this change of aspect ratio. One 
onsequence of this rescaling, ho we ver, is the velocity field in
he new coordinate system may posses shear where the original 
ontained none. This will be particularly important to the diagonally 
ropagating sound waves discussed in subsequent section. 
Finally the local model is invariant under mass rescaling ( ρ �→ λρ,

 �→ λp ), assuming a perfect gas, and horizontal rotations. Unlike
uid dynamics in a periodic, Cartesian, box, the local model is not
ymmetric to rotations in the vertical direction unless the aspect ratio 
f the box is fixed ( L z ∝ R ). This is a consequence of the different
f fecti ve sound speed in the vertical and horizontal direction, along
ith the differing contributions from the background velocity. 

.5 Conser v ation laws 

he conserv ati ve form of the continuity equation in the local model
s 

 τ ( J ρ) + ∂ x ( J ρv x ) + ∂ y ( J ρv y ) + ∂ ˜ z ( J ρv ˜ z ) = 0 . (71) 

In an ideal barotropic fluid, vorticity is a conserved tensor 
ensity which is related to the relabelling symmetries of ideal fluid 
agrangian (Padhye & Morrison 1996 ). The local model preserves 

his relabelling symmetry so we should expect the model to have 
 form of vorticity conservation. In the global coordinates the fluid 
orticity obeys 

ω 

i = Dω 

i − ω 

j ∇ j u 

i + ω 

i ∇ j u 

j , 

= ( ∂ t + u 

i ∂ i ) ω 

i − ω 

j ∂ j u 

i + ω 

i ∇ j u 

j , 

= 0 , (72) 

here, in this paragraph only, D = ∂ t + u 

i ∇ i is the Lagrangian time
eri v ati ve with respect to the total (global + local) flow. The latter
xpression being a consequence of the symmetry of the Christoffel 
ymbols. The vorticity depends only on the relative velocity as the 
ackground flow is irrotational, 

 

i = ε ijk ∂ j v k , (73) 

here ε ijk is the volume element of the local model. Substituting
quation ( 15 ), into equation ( 72 ), for the fluid velocity we obtain, in
ocal (unstretched) coordinates, 

Dω 

i + ω 

i [ � + ∂ x v 
x + ∂ y v 

y + ∂ z v 
z ] − ω 

z U R0 δ
i 
z 

− ( ω 

x ∂ x + ω 

y ∂ y + ω 

z ∂ z ) v 
i = 0 . (74) 

pon introducing the stretched vertical coordinate, ˜ z , this simplifies 
o 

Dω 

i + ω 

i [ � + ∂ x v 
x + ∂ y v 

y + ∂ ˜ z v 
˜ z ] 

− ( ω 

x ∂ x + ω 

y ∂ y + ω 

˜ z ∂ ˜ z ) v 
i = 0 . (75) 

t is informative to write the above in terms of the tensor density
dvection operator with respect to the relative flow, D rel , 

 rel ω 

i = −ω 

i � , (76) 
here, when acting on the vorticity, the advection operator with 
espect to the background flow is 

 rel ω 

i = D ω 

i + ω 

i ∂ j v 
j − ω 

j ∂ j v 
i , (77) 

ith D = ∂ τ + v i ∂ i the usual Lagrangian time deri v ati ve in the local
odel. Thus we see that the change in box volume, through � ,

esults in a source/sink of vorticity. In the global picture the vorticity
s advected by the total flow, in the local picture the vorticity is
dvected by the relative flow with the background flow appearing 
s a source/sink. This is analogous to the situation in cosmology
here the peculiar velocities redshift to zero in an expanding FRW
etric resulting in ω i ∝ a −1 (Mo, Van den Bosch & White 2010 ). The

losely related quantity, J ω 

i , is conserved by the local model, with no
ource/sink from the box volume change. The effect of the changing
ox volume on the fluid vorticity can be seen in the simulations of
obertson & Goldreich ( 2012 ) (where it is referred to as adiabatic
eating), with a rapidly contracting box leading to a strengthening 
f large scale eddies and a corresponding increase in the turbulent
elocities. 

The kinetic helicity, H k , is a conserved quantity associated with
he vorticity which is conserved in barotropic ideal fluids. Despite 
he collapse/expansion acting as a source/sink of vorticity, one can 
how that the kinetic helicity of the relative flow is conserved. The
inetic helicity of the relative flow is 

 k = 

•
v i ε 

ijk ∂ j v k dV , 

= 

•
v i ε 

ijk ∂ j v k J dx dy d ̃  z . (78) 

aking the time deri v ati ve of H k , 

˙
 k = 

• (
v̇ i ε 

ijk ∂ j v k + v i ε 
ijk ∂ j ̇v k 

)
J dx dy d ̃  z , 

= −
• [(

v a ∂ a v i + ∂ i h 

)
ε ijk ∂ j v k 

+ v i ε 
ijk ∂ j 

(
v a ∂ a v k + ∂ k h 

)]
J dx dy d ̃  z , 

= −
•

∂ j 
(
ε ijk v k v 

a ∂ a v i + ε ijk v k ∂ i h 

)
J dx dy d ̃  z , 

= 0 . (79) 

here we have made use of the antisymmetry of ε ijk , ∂ t ( ε ijk J ) = 0,
long with the periodic boundary conditions. Conservation of kinetic 
elicity in the local model is not surprising as the stretching due to
he background flow is not able to change the flow topology in the
ox. 
Unlike hydrodynamics in both Cartesian and spherical geometries, 

he local model does not posses time translation symmetry. One 
an still obtain an energy equation for the relative motion. The
onserv ati ve form of the energy equation for the relative motion
n the, stretched, local coordinates is 

∂ τ ( J ρE rell ) + ∂ i 
[
J v i ( ρE rell + p ) 

]
= −J ρ

[
U R L 

2 
z v 

˜ z v ˜ z + 

U 0 

R 

R 

2 
(
v x v x + v y v y 

)]− Jp�, (80) 

here the energy of the relative motion is given by 

 rell = 

1 

2 
L 

2 
z v 

˜ z v ˜ z + 

1 

2 
R 

2 ( τ )[ v x v x + v y v y ] + ε. (81) 

hus we see that the background flow is a source/sink of energy for
he local model, through the pdV work done by the flow, and through
MNRAS 524, 1710–1726 (2023) 
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Figure 2. Horizontal shear flows in the local model are equi v alent to (uniform 

density) zonal flows on the collapsing(/expanding) reference sphere in the 
global model. 
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he gradients in the background flow which are accessed through the
eynolds stresses. This is similar to the energy equations obtained

n distorted shearing box models (e.g. Ogilvie & Barker 2014 ) 

 N O N - L I N E A R - S O L U T I O N S  

.1 Horizontal shear flows 

e can consider solutions to the local model with a spatially
omogeneous density ρ = ρ( τ ) and a purely horizontal velocity
eld ( v z = 0) of the form 

 

i = A ( t) v 0 ( ̃ z , λ) ̂  v i ( ̃ z ) , (82) 

here λ = ˆ v y ( ̃ z ) x − ˆ v x ( ̃ z ) y. This flow consists of a horizontal shear
ow that is uniform along the flow direction, ˆ v , but can vary
erpendicular to ˆ v . This result in shear across these perpendicular
irections. We set A = 1 at some initial time τ = τ 0 , so that
 0 ( ̃ z , λ) ̂  v i ( ̃ z ) represents the initial velocity field in the fluid. 

Note that we have 

 x v 
x + ∂ y v 

y = A 

(
ˆ v x ∂ x v 0 + ˆ v y ∂ y v 0 

)
= A 

(
ˆ v x ˆ v y ∂ λv 0 − ˆ v y ˆ v x ∂ λv 0 

)
= 0 , (83) 

eaning this velocity field doesn’t cause a change in density, or
ressure. Also, we have 

v 0 = Av 0 
(

ˆ v x ∂ x v 0 + ˆ v y ∂ y v 0 
)

= Av 0 
(

ˆ v x ˆ v y ∂ λv 0 − ˆ v y ˆ v x ∂ λv 0 
)

= 0 . (84) 

iven the above expression, equation ( 82 ) is a solution to the local
odel provided that the amplitude A evolves according to 

˙
 + 

2 U 0 

R 

A. (85) 

aking use of d R /d τ = U 0 we find that 

 = ( R /R 0 ) 
−2 , (86) 

ielding the following for the velocity field at time t 

 

i = v 0 ( ̃ z , ̂  v y ( ̃ z ) x − ˆ v x ( ̃ z ) y) ̂  v i ( ̃ z ) ( R /R 0 ) 
−2 . (87) 

his is the local manifestation of conservation of angular momentum
n the zonal flows of the global model. 

These represent stratified zonal flows, of constant density, in the
lobal geometry (as illustrated in Fig. 2 ) which grow/attenuate due
o conservation of angular momentum with a change in the size of
NRAS 524, 1710–1726 (2023) 
he reference sphere. The orientation of these zonal flows is free to
ary with height due to the absence of shear stress. 

In a collapse, these zonal flo ws gro w in strength with time. It is
nlikely that the shear flow can steepen indefinitely without going
nstable, likely by going Kelvin–Helmholtz unstable at the locations
f maximum shear. This may result in zonal flows of approximately
onstant velocity separated by horizontal vortices/rolls. As the
ollapse proceeds still further these zonal flows will continue to
trengthen. Whether the non-linear outcome of this collapse results
n a disruption of the ordered vortex layer, zonal flow geometry into
ully developed turbulence throughout the box, or in a reorientation
f the zonal flows until they self-organize into a stable shear flow
ill require numerical simulation to determine. 
Of course if the collapse is allowed to proceed indefinitely, the

onal flows will become so strong that they break the asymptotic
cheme used to derive the local model. In the global model these
onal flows will ultimately grow strong enough to provided rotational
upport to the gas, slowing or halting the collapse. 

.2 Elev ator flo ws 

 second class of non-linear flows which can be supported by the
ocal model are vertically homogeneous ‘ele v ator flo ws’ of constant
ensity. These can only occur for periodic vertical boundaries, an
ppear to be analogous to the ele v ator flo ws seen in some unstratified
isc simulations (e.g. Dewberry, Latter & Ogilvie 2019 ; Dewberry
t al. 2020 ). Here the density, and pressure, is a function of time
nly ρ = ρ( τ ). The horizontal velocities are zero, v x = v y = 0. The
 ertical v elocity is giv en by, 

 

˜ z = B( τ ) v ˜ z 0 ( x , y ) , (88) 

here v ˜ z 0 is the vertical velocity at τ = τ 0 . This works because
 ˜ z v ̃

 z = 0, meaning this velocity field results in no change in density,
nd D v ˜ z 0 = v ̃ z ∂ ′ ˜ z v 

˜ z 
0 = 0. Substituting equation ( 88 ) into the vertical

omentum equation we obtain the following equation for the
volution of B , 

˙
 + 2 BU R0 = 0 . (89) 

aking use of dL z / d τ = U R 0 L z we find that 

 = ( L z /L z0 ) 
−2 , (90) 

ielding the following for the velocity field at time t , 

 

˜ z = v ˜ z 0 ( x , y )( L z /L z0 ) 
−2 . (91) 

his grows provided that U R 0 < 0. 
These ele v ator flo ws can only occur with vertically periodic bound-

ries, and do not occur for closed/reflective boundary conditions.
nlike the horizontal flows considered in Section 3.1 , which are the

ocal realization of zonal flows present in the global geometry, these
ertical ele v ator flo ws may be an artefact of periodic boundaries.
imilar ele v ator flo ws are found in simulations of accretion discs
ith vertically periodic boundaries, despite not being present in the
lobal problem (Dewberry et al. 2019 ; Dewberry et al. 2020 ). 

.3 Diagonal flows 

here are a set of diagonal flows of the form 

 

x = ( R /R 0 ) 
−2 v x 0 ( y) , (92) 

 

˜ z = ( L z /L z0 ) 
−2 v ˜ z 0 ( y) , (93) 
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Figure 3. More generally these uniform density shear flows in the local 
model are local representations of a (weakly) differentially rotating flow with 
the streamlines in the global model spiralling tow ards/aw ay from the centre 
of the sphere. 
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here, without loss of generality we can align the diagonal flow with
he x -axis. Globally these flows represent a uniform density spiral
n the global flow (as illustrated in Fig. 3 ) where the pitch angle
f the spiral varies with ‘latitude’ on the reference sphere. As the
ertical and horizontal velocities evolve separately the pitch angle of 
he spiral changes with time. 

In general the horizontal shear, ele v ator and diagonal flows are
ocal representations of weak departures from spherical symmetry 
n the global model. This is similar to the local representation of
isc warps and eccentricity in (circular) shearing box (e.g. Balbus & 

icotti ( 1999 ); Latter & Ogilvie ( 2006 ); Ogilvie ( 2022 )). 

.4 Other non-linear solutions 

t is possible to find additional non-linear solutions; notably it appears 
o be possible to generalize homentropic/Kidda-like vortex solution 
or certain background flows. Additionally adopting shear periodic 
oundary allows for a more general class of shear flow than those
onsidered here. We leave exploration of both of these classes of
olution to future work as they are of interest in their own right. 

 LINEA R  P E RTU R BAT I O N S  

e now explore the behaviour of linear waves in the local model.
or our background state we take ρ = ρ( τ ) and v i = 0, where 

ρ = −ρ�, (94) 

ith � the velocity divergence of the background flow. The linearized 
quations of motion and continuity, on top of this background state 
re 

 δv x + 

2 U 0 

R 

δv x = −R 

−2 ∂ x δh (95) 

 δv y + 

2 U 0 

R 

δv y = −R 

−2 ∂ y δh (96) 

 δv ˜ z + 2 U R0 δv 
˜ z = −L 

−2 
z ∂ ˜ z δh (97) 

 δρ = −ρ∂ i δv 
i − δρ�. (98) 

he enthalpy perturbation, δh , can be written in terms of the relative
ensity perturbation δψ = 

δρ

ρ
through 

h = c 2 s δψ. (99) 

he relative density perturbation evolves according to 

 δψ = −∂ i δv 
i . (100) 
ntroducing a Lagrangian displacement (following Lynden-Bell & 

striker 1967 ; Papaloizou 2005 ) of the form ξ = 

ˆ ξ exp ( ik · x ) such
hat δv = D ξ and the relative density perturbation which is related
o the Lagrangian displacement by 

ˆ ψ = −ik · ˆ ξ . (101) 

ubstituting these into the linearized momentum equation we obtain 

 

2 ˆ ξx + 

2 U 0 

R 

D ̂

 ξx = −c 2 sH 

k x k i ̂  ξ
i , (102) 

 

2 ˆ ξy + 

2 U 0 

R 

D ̂

 ξy = −c 2 sH 

k y k i ̂  ξ
i , (103) 

 

2 ˆ ξ ˜ z + 2 U R0 D ̂

 ξ ˜ z = −c 2 sV k ˜ z k i ̂
 ξ i . (104) 

he can be derived from the following Lagrangian density (which 
an alternatively be obtained from equation ( 50 )) 

 = 

1 

2 
R 

2 ( δ ˆ v x δ ˆ v x + δ ˆ v y δ ˆ v y ) + 

1 

2 
L 

2 
z δ ˆ v ˜ z δ ˆ v ˜ z − 1 

2 
c 2 s ( k i ̂  ξ

i ) 2 , (105) 

here, without loss of generality we can rotate the box such that
 y = 0. Variation with respect to ˆ ξ leads to equations ( 102 )–( 104 ).
ssociated with this Lagrangian we have the Hamiltonian density 

 = 

1 

2 
R 

−2 ( ̂  π2 
x + ˆ π2 

y + b −2 ˆ π2 
˜ z ) + 

1 

2 
c 2 s ( k i ̂  ξ

i ) 2 , (106) 

here ˆ πx = R 

2 δ ˆ v x , ˆ πy = R 

2 δ ˆ v y , ˆ π˜ z = L 

2 
z δ ˆ v ̃ z and we have made

se of the aspect ratio b = L z / R . Performing a canonical transform
sing the following generating function 

 = P αk i ̂  ξ
i + P β ( ℵ ̂

 ξx + � ̂

 ξ ˜ z ) + P γ
ˆ ξy , (107) 

here ℵ and � 

3 are to be determined. This results in the following
elationship between old and new coordinates and momenta, 

ˆ x = P αk x + P βℵ (108) 

ˆ y = P γ , (109) 

ˆ ˜ z = P αk ˜ z + P β� (110) 

= k i ̂  ξ
i , (111) 

= ℵ ̂

 ξx + � ̂

 ξ ˜ z , (112) 

= 

ˆ ξy , (113) 

onsider the contribution to the Hamiltonian density from ˆ π2 
x + 

 

−2 ˆ π2 
˜ z . Writing this in terms of the new momenta we obtain 

ˆ 2 x + b −2 ˆ π2 
˜ z = ( P αk x + P βℵ ) 2 + b −2 ( P αk ˜ z + P β� ) 2 

= ( k 2 x + b −2 k 2 ˜ z ) P 

2 
α + ( ℵ 

2 + b −2 
� 

2 ) P 

2 
β

+ 2( ℵ k x + k ˜ z b 
−2 

� ) P αP β . (114) 

 or box es of constant aspect ratio we can diagonalize this by setting
 k x + k ˜ z b 

−2 � = 0, meaning the α, β, and γ linear perturbations are
ecoupled. In general choosing 

 = 

k ˜ z √ 

k 2 x b 
2 
0 + k 2 ˜ z 

, (115) 

 = − k x b 
2 
0 √ 

k 2 x b 
2 
0 + k 2 ˜ z 

, (116) 
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here we have introduced b 0 = b (0), means that the dynamics of the
, β, and γ waves are initially independent, but changes to the box
spect ratio introduces a ‘mixing’ of the α and β waves. With this
hoice this leads to the following, transformed, Hamiltonian density: 

 = 

1 

2 
R 

−2 

{
( k 2 x + b −2 k 2 ˜ z ) P 

2 
α + 

k 2 x b 
2 
0 ( b/b 0 ) −2 + k 2 ˜ z 

k 2 x b 
2 
0 + k 2 ˜ z 

P 

2 
β

+ 2 
k ˜ z k x √ 

k 2 x b 
2 
0 + k 2 ˜ z 

[1 − ( b /b 0 ) 
−2 ] P αP β+ P 

2 
γ

}
+ 

1 

2 
c 2 s α

2 . (117) 

This Hamiltonian is independent of both β and γ , meaning P β and
 γ are both constants of motion and β and γ satisfy 

˙ = R 

−2 k 
2 
x b 

2 
0 ( b/b 0 ) −2 + k 2 ˜ z 

k 2 x b 
2 
0 + k 2 ˜ z 

P β+ R 

−2 k ˜ z k x 
1 − ( b/b 0 ) −2 √ 

k 2 x b 
2 
0 + k 2 ˜ z 

P α, (118) 

˙ = R 

−2 P γ . (119) 

he latter just being a linear shear flow in the y −direction. P β and P γ

an be related to the Fourier components of the vorticity perturbation,
ω 

i , through 

ω 

x = − ik ˜ z 

J 
P γ , (120) 

ω 

x = − i 

J 

√ 

k 2 x b 
2 
0 + k 2 ˜ z P β, (121) 

ω 

˜ z = 

ik x 

J 
P γ . (122) 

he linearized form of equation ( 76 ) is ∂ t ( J δω 

i ) = 0, so we see that
 β and P γ being integrals of motion arises as a result of vorticity
onservation. We can thus identify the ( α, P α) with the sound wave,
hile ( β, P β ) and ( γ , P γ ) are vortical waves. Changes in the box

spect ratio leads to coupling between the sound wave and the ( β,
 β ) vortical waves. 
Treating P β and P γ as parameters, the Hamiltonian for the

ynamics of ( α, P α) reduces to 

 = 

1 

2 
R 

−2 ( k 2 x + b −2 k 2 ˜ z ) P 

2 
α

+ R 

−2 k ˜ z k x 
1 − ( b/b 0 ) −2 √ 

k 2 x b 
2 
0 + k 2 ˜ z 

P αP β + 

1 

2 
c 2 s α

2 . (123) 

ne can show that the dynamics of this system correspond to a
orced harmonic oscillator with a variable frequency by switching
he position and momenta, 

 = 

1 

2 
� 

2 + 

1 

2 
ω 

2 X 

2 − gP βX, (124) 

here � = c s α, X = −c −1 
s P α and we have introduced the sound

av e frequenc y, ω, and coupling coefficient, g, 

 = c s | k | = c s ( R 

−2 k 2 x + L 

−2 
z k 2 ˜ z ) 

1 / 2 , (125) 

 = c s R 

−2 k x k ˜ z 
1 − ( b/b 0 ) −2 √ 

k 2 x b 
2 
0 + k 2 ˜ z 

. (126) 

There are two regimes depending on whether the waveperiod is
hort relative to t bg . When ωt bg � 1 we have the WKB/modulated
av e re gime where the linear wave consists of a simple wave
ropagating on a slowly varying background. Taking ω as a large
arameter, with g = O ( ω 

2 ), and provided P β = O ( ω 

−2 ) then the
KB solution for X is 

 = X ±ω 

−1 / 2 exp 

(
±i 

∫ 
ωdτ

)
. (127) 
NRAS 524, 1710–1726 (2023) 
he WKB solution for α, P α are then 

≈ ±ic −1 
s X ±ω 

1 / 2 exp 

(
±i 

∫ 
ωdτ

)
, (128) 

 α ≈ −c s X ±ω 

−1 / 2 exp 

(
±i 

∫ 
ωdτ

)
, (129) 

hile P β is a (small) constant. The WKB solutions, specifically
quation ( 128 ) which is related to the density perturbation, show that
f ω → ∞ at late times, for some choice of k x /k ˜ z then there exists
erturbations to the basic state (sound waves) which can grow to large
mplitude. For horizontally propagating waves this corresponds to
 → 0 (at late times), while for vertically propagating waves this is
 z → 0. This condition is not suf ficient, ho we ver, to determine if the
on-linear saturation of such growing perturbations allows them to
ttain sufficient amplitude to affect the background flow. 

In the opposite regime ωt bg � 1 we have the freeze out regime
here the wave phase cannot undergo a full cycle on the time-

cale of the background flow and the wave becomes a roughly
tatic pattern which is deformed by the background flow. These
wo regimes (modulated wave versus freeze out), seen in linear
aves, has similarly been found for turbulence in contracting boxes

Robertson & Goldreich 2012 ), where a rapidly contracting box leads
o an increase in the turbulent velocities on a time-scale too short for
nergy to be passed down the turbulent cascade. 

A more detailed analysis of the linear waves in the local model is
resented in Appendix B . Appendix B1 derives exact solutions for
ound waves which are decoupled from the vortical wave (i.e. g = 0),
or various background flows. Figs 4 and 5 show example solutions
or horizontally propagating sound waves for free fall ( R = R 0 (1 −
/t c ) 2 / 3 ) and uniform collapse ( R = R 0 + U 0 t) profiles respectively.
n both cases the solution possesses no nodes on the time-scale of
he collapse in the freeze out regime. The uniform collapse profile
rovides a useful illustration of the transition to the freeze out regime
s P α takes the form P α ∝ R 

1 / 2 ±λ where λ = 

1 
2 

√ 

1 − 4( c S k x /U 0 ) 2 .
or k x > 

1 
2 

U 0 
c s 

, λ is imaginary and we have a left and right propagating

ound waves. While for k x < 

1 
2 

U 0 
c s 

, λ is real and the left and right
ound waves are frozen out, becoming two non-propagating waves
ith differing growth rates. 
Appendix B2 explores the diagonal linear waves (i.e. with k x , k ˜ z �=

) in more detail. Notably for diagonal waves the sound wave ( P α ,
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Figure 5. Amplitude of a horizontally propagating sound waves for a uniform 

collapse with R = R 0 + U 0 t , R 0 = 1, U 0 = 2, and wavenumbers k x = nc −1 
s0 , 

where n is an integer. The solution corresponding to (complex) power laws. 
In the freeze out regime the power-law exponent is strictly real and there are 
no oscillations of the wave. 
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a standing sound wave. 
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) and vortical waves ( P β , β) are coupled as a result of the changing
spect ratio of the box. This means a diagonally propagating sound 
ave will generate a shear flow perpendicular to the direction of
ave propagation (illustrated in Fig. 6 ). Likewise an initially uniform 

ensity diagonal shear flow will generate a standing sound wave 
erpendicular to the fluid motion resulting in bands of varying density
unning parallel to the shear flow which arise. One complicating 
actor is in constant aspect ratio models, with b �= 1, diagonally
ropagating sound waves, will produce shearing motions in the local 
odel which are purely a result of the choice of coordinate system

nd do not represent physical shearing motions in the fluid. For
umerical implementations, these sound wave generated shearing 
otions (either physical or as a result of the choice of coordinates)
ay present a challenge to some Riemann solvers. 
In the global picture, the coupling occurs as a result of the

dvection of the background flow by the velocity perturbations in 
he diagonal waves. In many collapse profiles diagonal flows tend 
o become more horizontal with time. Thus one expects a weakly
otating collapse (which can be represented with a diagonal shear 
ow in the local model) to spontaneously generate tightly wound 
ensity waves at late times. 

 DI SCUSSI ON  

.1 Implementing the local model in hydrocodes 

he utility of a local model will be dependant on a practical numerical
mplementation. This has hindered the adoption of some local models 
n the past, notably the distorted shearing boxes with their time depen-
ant geometries, and one is often left with the choice of attempting
o coerce an existing code into running with an unusual geometry,
r writing an entire specialized hydrocodes just for this specific 
pplication. These problems affects ev en relativ ely commonly used 
ocal models such as the regular shearing box, in particular with
ow to implement shear periodic boundaries. Examples of specific 
magneto-)hydrodynamic codes being developed to model specific 
ocal model such as Paardekooper & Ogilvie ( 2019 ) for the warped
hearing box, Wienkers & Ogilvie ( 2018 ) for the eccentric shearing
ox and Shi et al. ( 2020 ); Huang et al. ( 2022 ) for the expanding box.
n alternative approach was pursued by Latter & Ogilvie ( 2006 )

nd Ogilvie ( 2022 ) (for eccentric and warped disc, respectively)
ho instead made use of a regular shearing box but used a local

epresentation of the distorted flow in setting up their model – which
orresponds to the long wavelength part of the fluid flow on the box
ength-scale. This latter approach only works if the distorted and 
ndistorted flows are similar enough that the distorted flow fits into
he box (i.e. this works for linear warps/eccentricity). Appendix A 

resents se veral alternati ve formulations of the local model which
ay be useful for incorporating the model into existing hydrocodes. 

.2 On self-gravity in the local model 

n this paper we have chosen not to consider self-gravity in our local
odel. It is worth noting that we have not made use of an explicit

losure for the background gravitational potential � , which is only
onstrained to be spherically symmetric and varying on a length-scale 
uch longer than L H and L V . Thus our local model is compatible with
 self-gravitating background flow provided that the self-gravity of 
he density perturbations within the box can be ignored. 

Looking ahead it seems likely one can include the self-gravity 
f the local flow by solving the Poisson’s equation for the density
ifference ρ − ρ0 subject to periodic boundaries. ρ − ρ0 has zero 
ean, thus Poisson’s equation can be inverted in Fourier space 

nd the solutions likely correspond to the high degree spherical 
armonics of the gravitational potential of the global problem. We 
eave demonstrating this, and exploring the effects of self-gravity, to 
uture work. 

.3 Extensions 

hile interesting in it’s own right, there are a number of useful
eneralizations to the local model that could be carried out. The
b vious e xtension, giv en the close relationship between our model
nd the EBM/AEB, is to extend the model to include magnetic
elds; likely following a similar approach to the MHD eccentric 
hearing box (Ogilvie & Barker 2014 ) rather than the approach of
enerani & Velli ( 2017 ) for consistency with how we treat pressure.
egardless of the approach it is worth checking whether including 
MNRAS 524, 1710–1726 (2023) 
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radients in the background magnetic field (as done by Tenerani &
elli ( 2017 )) will lead to spurious instabilities similar to gradients in

he background pressure. We have chosen not to consider magnetic
elds here in order to focus on the properties of the hydrodynamic
odel, particularly during collapse which has not been looked at

efore. Additionally, while adding magnetic fields to the local model
n an expanding flow is straight forward, for a contracting flow one
ncounters additional complications. Magnetic fields in collapses are
nown to break spherical symmetry (Galli & Shu 1993 ; Hennebelle
001 ; Galli et al. 2006 ) meaning one would need to make significant
odifications to both the background flow and the resulting geometry

f the local model to include them. 
The second important generalization, particularly for realistic

ollapse profiles, is to include rotation in the background flow
such as Hennebelle 2001 , 2003 ; Galli et al. 2006 ). As discussed
n Section 3 , slowly rotating collapses can already be modelled in
ur existing local model and take the form of growing, horizontal,
hear flows in the local model. It should be obvious that faster rotating
ackground flows will break spherical symmetry and, like with the
nclusion of magnetic field, will necessitate a modification to the
eometry of the local flo w. If, ho we ver, such a generalization could
e made to allow for the modelling differentially rotating collapses
t would offer the possibility of following a collapse from it’s initial
early spherical cloud all the way to the formation of the disc, with
he local model smoothly transitioning from that presented here for
he initial collapse to the classic shearing box model at late times
hich provides a local mode for the newly formed disc. 
Finally in the specific application of the local model to proto-

lanetary disc formation an important additional factor that would
e useful to include is dust. If, as expected, the local model pro v es
s as rich as the shearing box model in terms of the number of
nstabilities and other local phenomena then there should be ample
pportunity for local flows with the collapse to concentrate dust –
otentially jump starting planet formation by allowing the earliest
tages of planet formation to occur prior to the disc being formed,
n agreement with the detection of signposts of planet formation in
ery young stellar systems (Miotello et al. 2022 ; Tsukamoto et al.
022 ). 

 C O N C L U S I O N  

n this paper, we hav e dev eloped a local model for a spherically
ontracting/expanding gas cloud in the same vein as other local
odels which have achieved widespread usage in astrophysics and

lanetary science. The model consists of a periodic box with a
artesian like, but time dependant geometry. 

(i) The model is close to the accelerated EBM of Tenerani &
elli ( 2017 ), although we have a different treatment of pressure
nd density consistent with a small box limit. It is an extension
f Robertson & Goldreich ( 2012 ) to allow for the non-isotropic
 xpansion/contraction e xpected in spherical flows. 

(ii) The model is spatially homogeneous allowing for the use of
eriodic (or shear-periodic) boundary conditions. 
(iii) The model inherits a number of symmetries from fluid

ynamics in periodic Cartesian domains and come from the global
roblem. Notably horizontal Galilean like transforms accelerate with
ime as consequence of conservation of angular momentum in the
lobal problem. 
(iv) The energy , density , and vorticity of the flow in the box all

ncrease(/decrease) during the collapse(/expansion). 
NRAS 524, 1710–1726 (2023) 
(v) We hav e deriv ed sev eral non-linear solutions to our local
odel. The most important of which are the horizontal shear flow,
hich correspond to zonal flows in the global problem. These

hear flo ws gro w in strength during a collapse as a consequence
f conservation of angular momentum. 

We have suggested several possible extensions to the local model.
ur model will hopefully be of some use in the study of the early

tages of disc/star formation. Ho we ver the general utility of the
ocal model will require the development of an ef fecti ve numerical
mplementation. 
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PPEN D IX  A :  REFORMULATED  E QUAT I O N S  F O

n issue faced by our local model, which it shares with the distor
014 ), is how to include the time dependant geometry in existing s
nd has led to workarounds such as Latter & Ogilvie ( 2006 ) and O
ormalism for the local model that may facilitate its implementation

1 Modified continuity equations 

he momentum equation can be written in Cartesian like geometry w
f an asymmetric stress tensor T ij , 
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ρ
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1 

ρ
∂ ˜ z T 
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2 
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ne way to interpret this tensor is as an anisotropic sound speed with
irections. Alternatively we can interpret this as a modified equation
ased on the following stress tensor for a self-gravitating, ideal MHD
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ASIER  N U M E R I C A L  I MPLEMENTATI ON  

earing box models (e.g. Ogilvie & Latter 2013 ; Ogilvie & Barker
. This has hindered the implementation of local models in the past
 ( 2022 ). In this appendix we derive various (equivalent) alternative
sting hydrocodes. 
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A2 Relati v e density 

F or man y numerical implementations (particularly Lagrangian/P article based methods) it is preferable that there is no modification to the 
continuity equation. One can achieve this, for certain equations of state, by rewriting the continuity equation in terms of the relative density 
ψ = ρ/ ρref such that 

D ψ = −ψ ∂ i v 
i . (A11) 

The reference density is that of the basic state with ρref = ρref ( τ ), which evolves according to 

Dρref = −ρref �. (A12) 

Assuming the equation of state is polytropic, and takes the form p = K ( x , y , z) ρ1 + 1/ n , which is appropriate for both adiabatic (1 + 1/ n = γ ) 
and locally isothermal ( n → ∞ ) equations of state, then we can rewrite the equation of state in terms of the relative density by introducing the 
reference pressure p ref ( x , y , z, t) = K( x , y , z) ρ1 + 1 /n 

ref . The equation of state is then p = p ref ψ 

1 + 1/ n . The fluid equations are then 

D v x + 

2 U 0 

R 

v x = − 1 

ψR 

2 
∂ x ( p/ρref ) , (A13) 

D v y + 

2 U 0 

R 

v y = − 1 

ψR 

2 
∂ y ( p/ρref ) , (A14) 

D v ˜ z + 2 v ˜ z U R0 = − 1 

ψL 

2 
z 

∂ ˜ z ( p/ρref ) , (A15) 

D ψ = −ψ 

[
∂ x v 

x + ∂ y v 
y + ∂ ˜ z v 

˜ z 
]
. (A16) 

These equations can be derived from the following Lagrangian 

L = 

∫ 
ψ 

[
1 

2 
R 

2 
(
v x v x + v y v y 

)+ 

1 

2 
L z v 

˜ z v ˜ z − n 
p ref 

ρref 
ψ 

1 /n 

]
dx dy d ̃  z , (A17) 

which is useful for deriving smooth particle hydrodynamics base methods. The main difference between this Lagrangian and the more 
commonly used Lagrangian for ideal fluid is the presence of the time dependant coefficients, R , L z , p ref , and ρref . 

APPENDIX  B:  ANALYSIS  O F  T H E  LINEAR  WAV ES  

B1 Exact solutions for sound waves when decoupled from the vortical waves 

F or man y simple spherical flows it is possible to obtain e xact solutions for sound wav es when the y are decoupled from the v ortical wa ve 
(i.e. with a coupling coefficient g = 0). This occurs for both purely horizontal and purely v ertical wav es, along with background flow with a 
constant aspect ratio (the situation considered in cosmological fluids). To describe the background flow we consider various functional forms 
for the reference length-scale L = L ( τ ) and obtain solutions for the sound waves in the local model. We adopt 

L = L 0 
| k 0 | 
| k | = L 0 

R 

R 0 

( 

k 2 x + b −2 
0 k 2 ˜ z 

k 2 x + b −2 k 2 ˜ z 

) 1 / 2 

, (B1) 

as our reference length-scale, where | k | denotes the magnitude of the wav ev ector and | k 0 | is the initial | k | . For a horizontally propagating wave 
choosing L 0 = R 0 results in L = R . Similarly for vertically propagating waves, L 0 = L z0 results in L = L z . Finally for a constant aspect ratio 
( b = b 0 ) the reference length can be identified with the scale factor a . 

We consider two forms of power-law profiles, given by 

L = L 0 ( τ/τc ) 
β, (B2) 

L = L 0 (1 − τ/τc ) 
β, (B3) 

the latter includes the linear/uniform collapse/expansion when β = 1. On can also consider an exponential collapse/expansion, 

L = L 0 exp ( H τ ) , (B4) 

where H is a constant Hubble parameter. The exponential profile can be obtained from equation ( B3 ) by taking τ c = −H 

−1 β and taking the 
limit β → ∞ . A logarithmic profile can be similarly obtained by setting L 0 = A β, for some constant A , and taking the limit β → 0. Finally, 
although we shall not explicitly obtain sound wave solutions for it, the early stages of the isothermal sphere model of Shu ( 1977 ) leads to the 
background radius evolving according to 

R 

2 = L 

2 = L 

2 
0 

[
1 − ( τ/τc ) 

2 
]
. (B5) 

The dynamics of the sound wave, when it is decoupled from the vortical wave, can be obtained from the following Hamiltonian: 

H = 

1 

2 
c −2 
s ω 

2 ( τ ) P 

2 
α + 

1 

2 
c 2 s α

2 , (B6) 

where ω( τ ) = c s | k 0 | L 0 / L is the sound wave frequency. This equation can be obtained from equation ( 123 ) by setting the coupling term, 
c −1 
s g( τ ) P αP β , to zero. Hamilton’s equations lead to 
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∂ τP α = −c 2 s α, (B7) 

∂ τ α = c −2 
s ω 

2 P α, (B8) 

from which we obtain the following, parametric oscillator, equation for the momentum: 

∂ 2 τP α + ω 

2 P α = 0 . (B9) 

For both the power-law profiles the evolutionary equation for the momentum is 

∂ 2 τP α + ω 

2 
0 s 

−2 β/αP α = 0 , (B10) 

where ω 0 = c s | k | ( τ 0 / τ c ) −β and we have introduced s which for the equation ( B2 ) is given by s = ( τ / τ 0 ) α and for equation ( B3 ) is given by 
s = ( τc −τ

τ0 
) α . In both cases this leads to the reference length-scale taking the form L = L 0 ( τ 0 / τ c ) βs β/ α . The characteristic time-scale rele v ant to 

this, t bg = L/ | ̇L | , is given by 

t bg = 

τ0 s 
1 /α

| β| , (B11) 

by setting ωt bg = 1, and writing in terms of L , we can calculate the reference length-scale at freeze out (provided β �= 1), 

L freezeout = L 0 

(
τ0 

τc 

)β ( | β| 
ω 0 τ0 

)β/ (1 −β) 

, (B12) 

which gives the value of L at which a mode of a given wavelength enters (or exits) the freeze out regime. Equation ( B10 ) can be transformed 
into Bessel’s equation by setting P α = As λf ( s ), resulting in the following equation for f , 

s 2 f ′′ ( s) + [ 1 − 1 /α + 2 λ] sf ′ ( τ ) + 

[
λ( λ − 1 /α) + ω 

2 
0 α

−2 τ 2 
0 s 

2(1 −β) /α
]
f ( τ ) = 0 , (B13) 

where we have made use of s̈ s ̇s −2 = 1 − 1 /α and ṡ 2 = α2 τ−2 
0 s 2 −2 /α . 

For β �= 1, equation ( B13 ) corresponds to Bessel’s equation provided that α = 1 − β, λ = 

1 
2(1 −β) and 

τ0 = 

[ | 1 − β| 
c s | k 0 | τβ

c 

]1 / (1 −β) 

, (B14) 

This results in the following general solution for P α , 

P α = s 1 / [2(1 −β)] [ AJ ν( s) + BY ν( s) ] , (B15) 

where J ν and Y ν are Bessel functions with order ν = 

1 
2 | 1 −β| . The solution for the exponential profile can be obtained from the abo v e by taking 

the limit β → ∞ . This can, alternatively, be written in terms of the reference length, 

P α = L 

1 / (2 β) 

{ 

˜ A J ν

[ ∣∣∣∣1 − β

β

∣∣∣∣
(

L 

L freezeout 

)(1 −β) /β
] 

+ 

˜ B Y ν

[ ∣∣∣∣1 − β

β

∣∣∣∣
(

L 

L freezeout 

)(1 −β) /β
] } 

, (B16) 

where the freeze out radius can be simplified to 

L freezeout = L 0 

(
τ0 

τc 

)β ∣∣∣∣ β

1 − β

∣∣∣∣
β/ (1 −β) 

, (B17) 

and we have absorbed constant terms into ˜ A and ˜ B . In terms of the s variable the velocity and density perturbations, due to the sound wave, are 

δv x = 

2 k x 
R 

2 
s 1 / [2(1 −β)] { Re [ A exp ( ik · x )] J ν ( s ) + Re [ B exp ( ik · x )] Y ν ( s ) } , (B18) 

δv ˜ z = 

2 k ˜ z 
L 

2 
z 

s 1 / [2(1 −β)] { Re [ A exp ( ik · x )] J ν ( s ) + Re [ B exp ( ik · x )] Y ν ( s ) } , (B19) 

δρ = −2 ρ

c 2 s 

1 − β

τ0 
s 

1 −2 β
2(1 −β) sgn ( ̇s ) { Im [ A exp ( ik · x )] J ν−1 ( s ) + Im [ B exp ( ik · x )] Y ν−1 ( s ) } . (B20) 

These solutions are very similar to linear perturbation to FRW-cosmology in the presence of a perfect fluid (e.g. see Baumann et al. ( 2012 )). 
This similarity is mostly a reflection of the similar mathematical structure (2nd-order linear differential equations with power-law coefficients). 
In both cases the background is a spatially homogeneous perfect fluid in an FRW-(like) metric. In our local model we consider perturbations 
to the fluid holding the metric fixed. In cosmological perturbation theory, ho we ver, one is instead considering perturbations to the metric in 
the presence of the fluid. 

The abo v e solutions work for β �= 1. F or β = 1 the abo v e solution is singular as ν → ∞ . Without loss of generality we can set α = 1 and 
one sets λ = 0 leading to 

s 2 f ′′ + ( c s | k 0 | τc ) 
2 f = 0 . (B21) 

This can be solved by setting f = s γ , provided 

γ ( γ − 1) = − ( c s | k 0 | τc ) 
2 , (B22) 
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resulting in the general solution 

P α = 

√ 

s 
[
A + 

s λ + A −s −λ
]
, (B23) 

where we have introduced λ = 

1 
2 

√ 

1 − 4 ( c s | k 0 | τc ) 
2 In terms of the reference length-scale the solution is 

P α = 

√ 

L 

[
˜ A + 

L 

λ + 

˜ A −L 

−λ
]
, (B24) 

where, again, we have absorbed constant terms into ˜ A + 

and ˜ A −. From this expression we can obtain the following density and velocity 
perturbations 

δv x = 

2 

R 

2 
k x 

√ 

L 

{
Re 

[
˜ A + 

L 

λ exp ( ik · x ) 
] + Re 

[
˜ A −L 

−λ exp ( ik · x ) 
]}

, (B25) 

δv ˜ z = 

2 

L 

2 
z 

k ˜ z 
√ 

L 

{
Re 

[
˜ A + 

L 

λ exp ( ik · x ) 
] + Re 

[
˜ A −L 

−λ exp ( ik · x ) 
]}

, (B26) 

δρ = 

2 ρL 0 

c 2 s τc 

L 

−1 / 2 
{

Im 

[
( λ + 1 / 2 ) ˜ A + 

L 

λ exp ( ik · x ) 
] − Im 

[
( λ − 1 / 2 ) ˜ A −L 

−λ exp ( ik · x ) 
]}

. (B27) 

This solution is useful to illustrate the effects of freeze-out on the wav e. F or large | k 0 | , λ is imaginary and the + and − solutions corresponds to 
left and right travelling waves which grow during a collapse. Reducing | k 0 | induces a phase shift between the density and velocity perturbation. 
When | k 0 | drops below k freezeout = 

1 
2 c s τc 

then the wave enters the freeze-out regime where the left and right tra velling wa ves become standing 
waves with differing growth(/decay)-rates. 

Solutions for horizontally propagating sound waves in the isothermal sphere collapse of Shu ( 1977 ) (equation ( B5 )) can similarly be found 
in terms of Hypergeomtric functions, ho we ver we shall not do this here. 

B2 Diagonally propagating waves and sound wav e-v ortical wav e coupling 

The density and velocity perturbations with wavenumber ±k can be obtained from the ( α, β, γ , P α , P β , P γ ) system of coordinates and 
momenta as follows 

δv x = 

2 

R 

2 

⎧ ⎨ 

⎩ 

k x Re 
[
P α exp ( ik · x ) 

]+ 

k ˜ z √ 

k 2 x b 
2 
0 + k 2 ˜ z 

Re 
[
P β exp ( ik · x ) 

]⎫ ⎬ 

⎭ 

, (B28) 

δv y = 

2 

R 

2 
Re 

[
P γ exp ( ik · x ) 

]
(B29) 

δv ˜ z = 

2 

L 

2 
z 

⎧ ⎨ 

⎩ 

k ˜ z Re 
[
P α exp ( ik · x ) 

]− k x b 
2 
0 √ 

k 2 x b 
2 
0 + k 2 ˜ z 

Re 
[
P β exp ( ik · x ) 

]⎫ ⎬ 

⎭ 

, (B30) 

δρ = 2 ρ Im 

[
α exp ( ik · x ) 

]
, (B31) 

where we have made use of the reality of the perturbations where we require δv ∗ = δv and δρ∗ = δρ. P β and P γ are integrals of motion related 
to the fluid vorticity. The dynamics of the ( α, P α)are obtained from the following Hamiltonian, 

H = 

1 

2 
c −2 
s ω 

2 ( τ ) P 

2 
α + c −1 

s g ( τ ) P αP β + 

1 

2 
c 2 s α

2 , (B32) 

where the sound wave frequency, ω, and coupling coefficient, g , are given by equations ( 125 ) and ( 126 ), respectively. 
Neglecting P γ we have the following WKB solutions for δρ and δv , 

δv x ≈ −2 c s 
R 

2 
ω 

−1 / 2 k x Re 

[
X + 

exp 

(
ik · x + i 

∫ 
ωdτ

)
+ X − exp 

(
ik · x − i 

∫ 
ωdτ

)]
+ 

2 

R 

2 

k ˜ z √ 

k 2 x b 
2 
0 + k 2 ˜ z 

Re 
[
P β exp ( ik · x ) 

]
(B33) 

δv ˜ z ≈ −2 c s 
L 

2 
z 

ω 

−1 / 2 k z Re 

[
X + 

exp 

(
ik · x + i 

∫ 
ωdτ

)
+ X − exp 

(
ik · x − i 

∫ 
ωdτ

)]
− 2 

L 

2 
z 

k x b 
2 
0 √ 

k 2 x b 
2 
0 + k 2 ˜ z 

Re 
[
P β exp ( ik · x ) 

]
(B34) 

δρ ≈ 2 ρ

c s 
ω 

1 / 2 Re 

[
X + 

exp 

(
ik · x + i 

∫ 
ωdτ

)
− X − exp 

(
ik · x − i 

∫ 
ωdτ

)]
, (B35) 

with δv y = 0 and X ± and P β are (comple x) constants. F or diagonally propagating wav es we require | P β | � c s ω 

−1/2 | X ±| in order for the abo v e 
approximation to be valid. 

It is useful to consider the shear and velocity divergence as a result of the linear waves. The divergence of the velocity is given by 

∂ i δv 
i = 

2 

R 

2 

(
k 2 x + b −2 k 2 ˜ z 

)
Re [ i P α exp ( i k · x ) ] + 

2 

R 

2 

k x k ˜ z √ 

k 2 x b 
2 
0 + k 2 ˜ z 

[
1 − ( b/b 0 ) 

−2 
]

Re [ i P β exp ( i k · x ) ] , (B36) 

while the velocity shear (neglecting δv y ) can be characterized by 

k ˜ z δv 
x − k x δv 

˜ z = 

2 

R 

2 

⎧ ⎨ 

⎩ 

k x k ˜ z (1 − b −2 ) Re [ P α exp ( ik · x )] + 

k 2 x b 
2 + k 2 ˜ z √ 

k 2 x b 
2 
0 + k 2 ˜ z 

Re [ P β exp ( ik · x )] 

⎫ ⎬ 

⎭ 

. (B37) 
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Diagonal vortical waves, with P α(0) = α(0) = 0, cause a divergence of the velocity (and thus a density perturbation) when the coupling 
coefficient g �= 0. This occurs as a result of a varying box aspect ratio. Similarly, from equation ( B37 ), we see that diagonal sound waves (with 
P β = 0) generate a shear flow perpendicular to the direction of propagation if the aspect ratio b �= 1. For a constant aspect ratio ( b = b 0 ) this is 
simply a consequence of the choice of coordinate system and does not reflect a physical shear in the fluid flo w. Ho we ver, when the aspect ratio 
is time dependant this shear cannot be remo v ed by a suitable rescaling of the coordinates, meaning the propagating sound waves can generate 
velocity shear in flows with a time varying b . 

APPEN D IX  C :  L O C A L  M O D E L S  O F  SOME  A NA LY T I C A L  B  AC K G R  O U N D  FLOW S  

In this section we shall consider some example spherical flows and show how to obtain the geometrical coefficients necessary to formulate the 
local model. A wide variety of spherical problems can be described by power-law flows of the form 

U = U 0 ( R/R 0 ) 
β, (C1) 

where U 0 , R 0 , and β are constants, o v er some range of radii. This includes the free-fall case β = −1/2, the Penston ( 1969 ) solution away from 

the transition point ( β = 1/7 at large R and β = 1/2 at small R ) and the solution of Hernandez, Nasser & Aguayo-Ortiz ( 2023 ) ( β = −1/2). 
Steady flows require ρ0 ∝ R 

−(2 + β) , however the local model is agnostic to whether the flow is a steady state. 
We shall also consider the isothermal spherical collapse problem due to Shu ( 1977 ). This has a radial velocity at large radii/early times of 

U = −a 2 ( A − 2) tR 

−1 . (C2) 

where a and A have the same meaning as in Shu ( 1977 ). 
Starting with the power-law flow. The reference radius can be obtained from 

Ṙ = U ( R ) = U 0 R 

−β

0 R 

β, (C3) 

which has solution 

R = R 0 

[
1 + (1 − β) U 0 R 

−1 
0 t 

]1 / (1 −β) 
. (C4) 

This allows us to determine U 0 and U R 0 , 

U 0 = U ( R ) = U 0 

[
1 + (1 − β) U 0 R 

−1 
0 t 

]β/ (1 −β) 
, (C5) 

U R0 = 

∂ U 

∂ R 

∣∣∣∣
R= R 

= βU 0 R 

−1 
0 

[
1 + (1 − β) U 0 R 

−1 
0 t 

]−1 
. (C6) 

Substituting the expression for U R 0 into the evolutionary equation for L z , L̇ z = U R0 L z , we obtain an expression for L z 

L z = L z0 

[
1 + (1 − β) U 0 R 

−1 
0 t 

]β/ (1 −β) 
, (C7) 

with L z0 the initial vertical length-scale. The divergence of the background flow, � , is then 

� = (2 + β) U 0 R 

−1 
0 

[
1 + (1 − β) U 0 R 

−1 
0 t 

]−1 
. (C8) 

The basic state for this model is v = 0 and a spatially homogeneous density given by 

ρ = ρinit 

[
1 + (1 − β) U 0 R 

−1 
0 t 

]−(2 + β) / (1 −β) 
, (C9) 

where ρ init is the initial density. 
For the model of Shu ( 1977 ) we can similarly obtain an expression for R , 

R = R 0 

[
1 − a 2 

R 

2 
0 

( A − 2) t 2 
]1 / 2 

. (C10) 

We thus obtain expressions for U 0 and U R 0 , 

U 0 = −a 2 ( A − 2) R 

−1 
0 t 

[
1 − a 2 

R 

2 
0 

( A − 2) t 2 
]−1 / 2 

, U R0 = 

a 2 

R 

2 
0 

( A − 2) t 

[
1 − a 2 

R 

2 
0 

( A − 2) t 2 
]−1 

. (C11) 

From these we obtain expressions for L z , 

L z = L z0 

[
1 − a 2 

R 

2 
0 

( A − 2) t 2 
]−1 / 2 

, (C12) 

while the divergence of the background flow is 

� = − a 2 

R 

2 
0 

( A − 2) t 

[
1 − a 2 

R 

2 
0 

( A − 2) t 2 
]−1 

. (C13) 

The basic state of the local model for the Shu ( 1977 ) isothermal collapse is v = 0 and a spatially homogeneous density given by 

ρ = ρinit 

[
1 − a 2 

R 

2 
0 

( A − 2) t 2 
]−1 / 2 

. (C14) 
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This appendix has shown how to go from fairly simple collapse profiles (power law and the isothermal sphere model) to the geometrical 
terms necessary to formulate the local model. More general global collapse solutions can only be obtained numerically meaning there will 
be no closed form solution for the geometric terms. Ho we ver, the principles of obtaining the geometric terms remain the same and can be 
expressed as numerical solutions to the ODEs Ṙ = U 0 ( R , t) and L̇ z = U R0 L z . 
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