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On the exact boundary controllability of semilinear wave

equations

Sue Claret * Jérome Lemoine T Arnaud Miinch *

July 13, 2023

Abstract

We address the exact boundary controllability of the semilinear wave equation y« — Ay + f(y) =0
posed over a bounded domain Q of R%. Assuming that f is continuous and satisfies the condition
limsup,,. o0 [ £(r)|/(Ir[In” |r[) < B for some B small enough and some p € [0,3/2), we apply the
Schauder fixed point theorem to prove the uniform controllability for initial data in L?(Q2) x H~*(Q).
Then, assuming that f is in C'(R) and satisfies the condition lim SUD| | o0 [f/(1)|/ 0" |7] < B, we
apply the Banach fixed point theorem and exhibit a strongly convergent sequence to a state-control
pair for the semilinear equation.

AMS Classifications: 35L71, 93B05.
Keywords: Semilinear wave equation, Exact boundary controllability, Carleman estimates, Fixed
point.

1 Introduction and main results

Let Q2 be a bounded domain in R? of class C? and let T > 0. We set Q := Qx (0,7T) and ¥ := 9Q x (0, 7).
We consider the semilinear problem in y = y(z,t)

Ly+ f(y) =01in Q, y =wvlp, on 3, (y(-,0),4:(+,0)) = (up,u1) in Q, (1)

where L := 02 — A denotes the wave operator, (ug,u;) € H = L?(2) x H1(Q) is a given initial state,
v € L%(X) is a control function and f a continuous function over R. T'y denotes a non empty subset of
0.

The exact boundary controllability problem associated to states as follows: given T' > 0, I’y C 90
and (ug, u1), (20, 21) € H, find a control function v € L*(X) and y € C°([0, T]; L*(Q))NC ([0, T]; H~ ()
solution of and such that (y(-,T7),y:(-,T)) = (20,21) in Q.

The linear problem with f = 0 is exactly controllable provided that 7' > 0 and I'y are sufficiently
large (see [16, Theorem 6.1, p. 60] and [I, Theorem 4.9, p. 1058]). In the nonlinear case, a first exact
boundary controllability result has been given in [2I, Theorem 2.1] assuming f globally Lipschitz and
initial data in Hy (Q) x H?~1(Q) for v € (0,1),7 # % leading to Dirichlet control in Hy (0,T;L*(Ty)). A
Schauder fixed point argument is used coupled with the HUM method developed in [16]. Still assuming
f € L*(R), [14, Theorem 1.1] covers the case v = 0 and generalizes the result to semilinear abstract
systems by using a global inversion theorem. We also mention [7] where a boundary controllability result
is proved in the one-dimensional case for a specific class of initial and final data and T large enough by
a quasi-static deformation approach.

*Université Clermont Auvergne, CNRS, LMBP, F-63000 Clermont-Ferrand, France; sue.claret@uca.fr.

TUniversité Clermont Auvergne, CNRS, LMBP, F-63000, Clermont-Ferrand, France; jerome.lemoine@uca. fr.
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Assuming (ug,u1) € V := Hg(2)x L?(2), the boundary controllability may also be obtained indirectly
with the domain extension from interior controllability results. In this respect, we mention [22, Theorem
1] assuming Q = (0,1), T > 2 and that f € C'(R) does not grow faster at infinity than S|r|In®(|r|)
for some 8 > 0 small enough, for a global controllability result in V. This result has been extended to
any spatial dimension, first in [I5, Theorem 3.1] and then in [I1, Theorem 4.5, page 116] assuming that
f € CY(R) does not grow faster at infinity than B|r|In?(|r|) for some 3 > 0 small enough for p = 1/2 and
any 0 < p < 3/2 respectively. The above results are based on the Schauder theorem together with an
estimate of the cost of control for linear wave equations with potential derived using Carleman estimates
(we refer to [0, Theorem 2.2, page 8]). Eventually, we mention [§] dealing with subcritical nonlinearities
satisfying the sign condition rf(r) > 0 for all r € R (weakened later in [12] to an asymptotic sign condition
leading to a semi-global controllability result, in the sense that the final data (zg, z1) must be prescribed
in a precise subset of V).

In this work, we directly address the exact boundary controllability for under the usual conditions
on (ug,u1),T and T’y encountered in the linear case but with respect to [14], by replacing the condition
f" € L*(R) by the slightly super-linear condition used in [II]. Our result is as follows.

Theorem 1. For any xo € RN\Q, let I'y == {2 € 0Q : (z — 20) - v(z) > 0} and [y C N such that
dist(T'1,0Q2\ T'g) > 0 and let T' > 2max_ g |v — 2ol

o Assume that f € C°(R) and that there exists 0 < p < 3/2 such that f satisfies
(Hp) 3a, 0,8 >0, [f(r)] <ay+|r|(az+ I (r)), VreR.

If 5* is small enough, then for any initial state (ug,u1) and final state (zo,21) in H, system 18
exactly controllable with controls in L*(3).

o Assume that f € C1(R) and that there exists 0 < p < 3/2 such that f satisfies
(Hp) 3o, 8 >0, [f'(r)] <a+p*Inf(r), VreR.

If B* is small enough, then for any initial state (up,u1) and final state (zo,21) in H, one can
construct a non trivial sequence (yg, Uk )ken+ that converges strongly to a controlled pair (y,v) in
(Co([0, T]; L2(Q2))NCH([0, T); H~1(K2))) x L2(0, T'; L(0K2)) for system (T]). Moreover, the convergence
of (Yr, vk )ren+ holds at least with a linear rate for the norm ||p-||12(0)+p-||L2(z) where p = p(z,t, s)
is defined in (7)) and s is chosen sufficiently large depending on ||(ug,w1)|| s and ||(z0, 21)||a-

o Assume that f € CO(R) and satisfies (Hg)s), i.e. with p = 3/2. If B* is small enough, then
for any initial state (ug,u1) and final state (zp,z1) in V', system is exactly controllable with
controls in H'(0,T; L?(02)) N C°([0, T); H/?(0%)).

Theorem [1] extends and generalizes to any dimension [3] devoted to d = 1. It relies on fixed point
approaches in a functional class C(s) dependent of a Carleman parameter s large enough. For any
7 € C(s) € L>=(0,T; L?(Q)), the fixed point operator A, is such that y := A4(y) € C(s) is a controlled
solution of

Ly =B in Q, y=vlp, on X, (y(-,0),44(+,0)) = (wo,uy) in £, (2)

with B = — f(¥) satisfying (y(-,T),4:(-,T)) = (20, 21) through the boundary function v; the pair (y,v) is
chosen as the minimizer of a quadratic functional (see ) involving Carleman weights and cut-off time
and space functions. While C(s) is a subset of L>°(Q) in [3], the class here is a subset of L>(0,T; L%(9))
allowing to consider any spatial dimension with a simpler proof.

We emphasize that we get the exact controllability for under the conditions encountered in the
linear situation: the controllability time T' > T'(x¢) := 2max, |z — 2| and support Ty satisfy the
usual geometric conditions introduced in [I6] while the initial data is assumed in H. This is in contrast
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with [II, Theorem 4.5] devoted to distributed controllability where the initial data is taken in V' with
a controllability time greater than max(27(zg), cd/?) for some ¢ > 0 (we refer to [II, Remark 4.7 page
118]). Moreover, we consider nonlinearities f in C°(R) while [I1, Theorem 4.5] assumes f in C!(R); this
is due to the fact that the linearization , where the nonlinear term is seen as a right hand side, does
not involve any derivative of f. As a matter of fact, the first item in Theorem [I| can not be obtained
from the extension domain method and controllability results for the distributed case.

Remark also that the third item includes the value p = 3/2 in the exponent of the logarithm term (see
contrary to [I1, Theorem 4.5]. Last, the second item, with a growth condition on the derivative
of f, provides a constructive way to approximate control-state pair for , which is fundamental for
applications. The regularity is used to estimate some L?(L?) norm of f(y1) — f(y2) for any elements
1,92 in C(s) (see Proposition [6). It relaxes the Holder assumption on f’ used in [I7, Theorem 2.3]
based on a Newton type linearization. To our knowledge, this is the first result leading to a convergent
approximation of boundary controls for superlinear nonlinearities without smallness assumption notably
on the initial condition and target (in contrast to the recent works [4l, [18]).

As in [3], the crucial technical point in the analysis is a regularity property of the state-control
trajectories (y,v) for . We show and use that if the initial condition belongs to V' and if the right hand
side B belongs to L?(Q), then the controlled trajectory y solution of so that (y,v) is the minimizer
of the quadratic functional J; (see Remark [2)) belongs to C°([0, T], H()).

Outline - Section |2 discusses the exact null controllability of and provides precise estimates of the
control-state pair (y,v) in term of the Carleman parameter s according to the regularity of the data
(up,u1) and of the right hand side B: Proposition for (ug,u1,B) € H x L?(0,T; H-"(Q)), r € [0,1],
r £ %, and Proposition 3| for (ug,u1, B) € V x L?(Q). Section [3|is devoted to the proof of Theorem
in Section we employ the Schauder fixed point theorem to the operator A (see ) defined on the
class C(s) € L>=(0,T; L?(2)) and prove the first item. In Section we prove that, if the nonlinearity
f satisfies then the operator A(s) is contracting leading to the second item. Eventually, in Section
assuming the initial data in V', we define the operator A(s) on a class C(s) subset of H'(Q) and reach
the limit case p = 3/2 in the logarithmic exponent, as announced in the third item.

In the sequel, C' denotes a generic constant which may changes from line to line, but depends only on
Qand T.

2 Controllability results for the linear wave equation

Existence of L?(X) controls for with initial data in H and right hand side in L2(0,7; H~1(Q)) is
well-known (we refer to [16] chapter 2]); corresponding controlled solution belongs to C°([0,T]; L?(£2)) N
CY([0,T); H~1()). For any initial data (ug,u;) € V/, right hand side B in L?(Q) and T > 0 large enough,
we analyze the existence of a control function v € H*(0,T; L?(9Q)) N C°([0, T); H/?(982)) such that the
solution y of satisfies (y(-,T),y:(-,T)) = (20, 21) and is bounded in L>(0,T; L?(£2)). Moreover, we
aim to get precise weighted estimates of a particular state-control pair in term of the data, which will be
crucial to handle the nonlinear system . As in [3], we employ a global Carleman estimates from [2] as
a fundamental tool.

We introduce the usual geometric condition (see [2, Condition (1.2)]): for any zo ¢ Q, we introduce
'y, Ty C 09 such that

I :={ze€ed: (x—x) v(z) >0}, dist(T'y,0Q\ Ty) > 0. (3)
Let ¥ € C?(99) be a cut-off function such that

0<T<1 ond, V=1 only, T=0 ondN\ly. (4)
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We assume that
T > 2max |z — x| (5)
Q

and define, for any § > 0 such that 7' — 2§ > 2maxg |2 — 2¢l, a cut-off function n € C}(R) satisfying
0<n(t)<1lin (6,T —9), n(t) =0 in (—o0, | U [T — §, +00). (6)

Then, for any 8 € (0,1) and A > 0, we define the functions ¥ (z,t) = |z — xo|? — ,B(t — %)2 + Moy,
oz, t) = M@ in Q, with My > 0 large enough so that ¥ > 0 in Q. Then, for all s > s, we define the

weight function
p(z,t) = e 3@ Y(z 1) Q. (7)

Remark that e™* < p < e in Q with ¢ := [|¢||~(g) and p,p~! € C=(Q).
Let then P := {w € C°([0,T]; H}(2)) N C([0,T]; L?(2)), Lw € L?(Q)} and recall that d,w € L*(X) for
every w € P (see [16, Theorem 4.1]). The global Carleman estimate mentioned earlier reads as follows.

Proposition 1. For any xo ¢ Q, we assume and . There exists so > 0, A > 0 and C' > 0, such
that for any s > so and every w € P

s / =2 (fwel? + [Vwl?) dadt + 5° / o2 uf? dadt
Q Q

+S/Qp_2(0)(|wt(-70)|2+ |VUJ('a0)|2)d$+83/Qp_2(0)|w(w0)|2d96

gC(/ p*2|Lw|2dxdt+s/ n2(t)\11(z)p2|6yw|2dmdt>. (8)
Q =

Proof. We refer to [2, Theorem 2.5 and Remark 2.9]. O

2.1 Estimates for the state-control pair in C°([0,77]; L*(Q2)) x L*(X)
In all the sequel, we suppose that sy > 1. Proposition [1| allows to deduce the controllability for with
estimates of the state-control pair in L?(Q) x L?(X). For any s > s, we define the bilinear form

(w,2)ps ::/ p72Lszdxdt—|—8/ () (x)p 20,wd,zdxdt, Yw,z € P. (9)
Q p)

According to , @ defines a scalar product in P and if Ps; denotes P endowed with this scalar product,
then P, is an Hilbert space. We now state the controllability result for the system (without loss of
generality in the null controllability case, for which (zq, 21) = (0,0) in Q).

Proposition 2. For any zo ¢ €, we assume and (). Let n € CL(R) and ¥ € C?(99Q) be cut-off]
functions satisfying and @ respectively. For s > so, B € L*(0,T,H™"(Q)), r € [0,1], r # 1/2 and
(up,u1) € H, there exists a unique w € Py such that, for all z € P,

(w,2)ps =< u1, 2(,0) >p-1(0),H1() —/ uo 2¢(+, 0)da+ < B, 2 >120,m:5-1()), L2 (0,71 ()) - (10)
Q

Then v := sn?Up—20,w is a control function for and y := p~2Lw is the associated controlled trajec-
tory, that is y(-,T) = y(-,T) = 0 in .
Moreover, there exists a constant C, > 0 independent of s such that

p

—1/2
nq;l/zv

‘ + 572l pyll Lo 0,7 L2(0)) + 572 (pY)¢ll Lo (0,71 ()
L2(s) (11)

< Cr (5 211pBll a0 1m-r (@) + 5~ 21000l 2y + 57 21p(0)us | -3¢0 )

loyllz2(q) + s




Remark 1. With no vanishing target (z0,z1) € H, the right hand side of contains the term
sY2||p(0)20| p2() + s_l/2||p(0)21||H—1(Q). We choose in the sequel (zo,21) = (0,0) which will make the
computations shorter.

Proof. Some parts of the proof are only sketched as they are very similar to [3, Theorem 6] devoted to
the case r =0 (and d = 1). For any 0 <7 < 1, r # 1/2 and z € P,, we have from :

<B,z >L2<o,T;H71m)),Lz(o’T;Hé(m)‘ =[< B,z >r20.mm-r (). 120 1052 |

|pBll 20,750~ 1™ 2l 20,7317 (2)

ClipBlir2omm-r@pllo™ 2l (g IV (07 2) 172 )

NN

N

CllpBl 20, 1:8- ) (STHP_IZHL?(Q) + ||P_1Z||1LE(TQ)HP_1VZ||22(Q)>
C r—3/2

N

s Bl 120,15 (22))
P _ _ 1—7r _ Is
(S‘WHP Y2 + (8720 2le ) (872107 VRl L2 (0)) )

< Cs" 32| pBl| p207;m - () || 2]

P,
and conclude that the right hand side of is a linear continuous form on Ps. The Riesz representation
theorem implies the existence of a unique w € P; satisfying the formulation and

[wllp, <C (5T_3/2||ﬂB||L2(o,T;H~-(Q)) + 5721 p(0)uo |l L2 () + 8_1/2||P(0)U1||L2(Q)) . (12)
Then, set y = p~2Lw and v = sn?¥p~29,w. From (10)), the pair (y,v) satisfies

/ ydea:dt+/ 00, 2d% = < uy, 2(+,0) >g-1(0),11(0) —/ ug z¢(+,0) dx
Q = Q (13)

+ < B,z >pr20,1;5-1(9),02(0,7;HL(2) V% € Ps,

meaning that y € L*(Q) is a solution to associated with the function v € L%*(X) in the sense of
transposition. Eventually, using , we get that py = p~'Lw € L?(Q) and s~ /2 pv = s'/2n?Wp~19,w €
L?(%) and deduce for the first and second left hand side terms.

To get for the third and fourth left hand side terms, we remark that py € L>(0,T;L*(Q)):
indeed, y € C°([0, T); L%(Q)) N CL([0, T); H=1(Q2)) (see [16, Theorem 4.2 p.46]).

Moreover, since p~! € C®(Q), for any z € P;, we get

Lip~t2)=p 'Lz + B., B, := 20, Y2+ pte —2Vp V2 — Aplz,
(p™'2)jon =0
so that rewrites

/pyL(pflz)dxdt—f—/pval,(pflz)dz
Q p)

= (O, (0™ 2)C Ot s ey = [ o0 (p 200+ [ p(O)ua i (0)2(-0)da
+(pB,p~'2) 20,111 (@) x L2 (0,111 (@) + /Q pyB. dxdt.
Remark that z € P, if and only if Z := p~'z € P,; therefore, for all Z € P, and z = pz,

/ pyLz dxdt + / pv0,ZdY
Q 5
= (p(0)u1, Z(-, 0)) -1 () x 12 () — /QP(O)UO Z(+,0) dz + (pB, Z) 20,151 (2)) x L2 (0,75 HE ()

+/ p(0)ug p; *(0)z(-,0) der/ pyB. dzdt.
Q Q




Moreover, using that |[Vp=t < Csp™, [(p71):] < Csp™, |(p7 )| < Cs?p~! and [VZp~ 1| < Cs?p~ !, we
get the estimates

[ 0100501201 ds| < ClpO)ual iy [ O) 0

1Bl 2(q) < C(s*l1ZllL2q) + sllZtll L2 @) + slIVEl L20))

and thus, since s > 1 :

‘/prgz dxdt’ < Cs?|lpyllrz) (12l r2@) + 12 22(0) + IVZ] 22(0))-

Then, for all Z € P;

00,305+ (0 0D s sy +| [ 0o 0) 0

‘/ pyL'zvdxdt‘ <
Q

+

/Q p(O)uo g7 (0)2(-,0)

<llpvlle 1002l L2y + [p(O)utl| m-1 (o) 1205 0) || 22 (02)
+ 1[p(0)uol| L2y lI1Z: (-, 0)|| 2 () + Csllp(0)uo|l 2 (o) [I2(+, 0) | L2 (o)
+ 0Bl o1 @) 12l L 0.7503 20y + C5* pwllzz @) (12 22 @) + 12l 2@) + IVZ 22(@))-

+ ’<PB7Z>L2(0,T;H—1(Q))xLQ(O,T;H[}(Q))‘ + '/Qﬂyéz dxdt‘

For any g € D(Q), let Z € P be solution of LZ = g and (2(0), 2:(0)) = (0,0) so that

[Ztl Lo 0,7522(0)) + 2]l Los (0,751 (@)) + 1002 ]| L2(2) < Cllgll L0722

and thus, using , foral 0 <r<1,r#1/2 since s > 1:

] /Q pygdmdt\ < lovlles 10l s

+ 0Bl Lt 0,731 -2 (@) |2l L 0,75012 2y + C5* Nowllz2 @) (12l 22@) + 122l 2@) + IV Z L2(q))
<C (STH/Q||PBHL2(0,T;H4(Q)) + 572 p(0)uo| L2 () + ** 1 p(0)ua ”H*l(sz)) 9]l 22 0,722 (2)) -

Therefore, py € (L1(0,T; L*(Q)) = L*°(0,T; L*(2)) and
oyl o< 0,7:L2(0)) < C (ST-H/QHPBHL?(O,T;H*T(Q)) +5°/2(|p(0)uo|| p2 (o) + 53/2”p(0)u1||H*1(Q)) :

Similarly, for any g € D(Q), let Z € P, satisfying LZ = g, and (Z(0), Z,(0)) = (0,0). Then using [16]
(4.19) p.51] we obtain :

’/prgt dﬂ?dt‘ < lpvllLe )10 Z | L2(sy + [pBll 0,51 @) 12| Lo (0,751 (02))

+C5%[lpyllz@) (1212 (@) + 12t p2@) + 1V 2112 (@)

<C (Sl/%r||P(8)B||L2(0,T;H*T(Q)) + 532 p(0)uoll 2 () + 53/2||p(0)u1||H*1(Q)) gl 10,7 m2 )
and thus (py); € L>(0,T; H=1(2)) and

l(py) el Loe (0, 135-1(0)) < C (5r+1/2HPBHLZ(O,T;H*T(Q)) + 532 p(0)uo]| 12 () + 53/2||p(0)u1||H*1(Q)) .

O
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Remark 2. The state-control pair (y,v) introduced in Proposition @ is the unique minimizer of the
functional

T-5
Js(z,u) ::s/ p2|z|2dxdt+/ / 20 p?|ul? dadt (14)
Q s o0

over {(z,u) : z € L*(Q),n ' U~Y2pu € L?(5,T — 6; L*(09Q)) solution of [2) with z(-,T) = z(-,T) =
0 in Q}. We refer to [3, Section 2J.

Remark 3. The controlled state y = p~2Lw satisfies
LZ/ =B n Qa Y= SUQ\IIP_Zan on Zv (y(vo)a yt('a O)) = (u07u1) in Q7
so that y € C°([0,T); L2(2)) N CL([0, T]; H~1(Q)). On the other hand, the function w satisfies

Lw = p*y in Q, w=0onX

implying according to that (w(-,0),0;w(-,0)) € V and w € C°([0,T]; H}(Q)) N C*([0,T]; L*(2)).

2.2 Estimates for the state-control pair with (ug,u;, B) € V x L*(Q)

The state-control pair (y,v) given by Proposition [2[ enjoys additional regularity properties, under addi-
tional regularity assumption on the data and introduction of appropriate cut-off function in space and
time. Such gain of regularity is known for the wave equation since [8, [I0] and more recently [3]. The
following first regularity result extends [3, Theorem 7] to the multi-dimensional case and is proven in
Appendix [A] It will be crucial for the analysis of the semilinear case discussed in Section

Proposition 3. For any zo ¢ €, we assume and (B). Let n € C(R) and ¥ € C*(8) be cut-off
functions satisfying [) and (6) respectively. Let any (uo,u1) € V and B € L*(Q) be given. For any
s = 8o, the solution (y,v) of defined in Pmposition@ satisfies

vec’([o,T]; H/2(99), yec’([0,T]; H (@) nc([0,T]; L*() (15)
and the following estimate :

—1/2H s 3/2

1 _
[(py)ell2(q) + 5 W(pv)tHLz(z) +s 1||V(Py)||L2(Q) + ool oo 0,75 172 (002))

+ 5~ 2(llpylleo oz @) + I (ow)elleo qo 12 () (1€)

< Cs™'2 (lpBllL2(q) + p(0)usll 2y +sllp(0)uollz2 () + 1p(0) Vuollz2(q)) -

2.3 Estimates for the state-control pair with (ug,u;, B) € Hy "(Q) x H™"(£2) x
L*(0,T; H™(Q))

Proposition 4. For any zo ¢ Q, we assume and (B). Let n € CX(R) and ¥ € C?*(8) be cut-off
functions satisfying and @ respectively. For any s > so and r € (0,1), r # 1/2, there exists a
constant C > 0 (depending on s and r) such that

p
o yller o,y + lpylleqo,mm-() + H\Iﬂ/z”
U] H1-7(0,T;L2(09)) (17)

<C (HpB”Lz(O,T;H*T(Q)) + [[p(0)uol| g1 —r () + ||p(0)u1||H*”(Q)) o

Proof. Let AY : (B,ug,u1) — (y,v) be the linear operator with (y,v) the control-state pair given by
Proposition 2] Then, from Proposition [2] and Proposition

A L0, T; HH(Q)) x L2(Q) x H™H(Q) — (C°([0,T]; L2(Q)) N C* ([0, T); H1(R))) x L*(0,T; L*(0%))
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and

A L2(0,T; LA(Q)) x H () x LA(Q) — (C°([0, T); HYX(Q)) N C ([0, T]; L*(R))) x H*(0,T; L*(0%))

are linear continuous. By interpolation, for all 0 < § < 1, A? is linear continuous from L?(0, T'; (H~1(Q), L?(Q2))g) x

(L*(2), Hg () x (H~1(2), L*(2))s to (CO([0,T]: (L2()), H' ())e) N CH([0, TT; (H~1(Q), L*(Q))g)) x
(L2(0,T; L?(082)), H*(0,T; L2(09)))s.

Thus, for =1 —7, 0 <r <1, r # 1/2, A% is linear, continuous from L?(0,T; H"()) x HéfT(Q) X
H="(Q) to (C°([0,T); H*="(Q)) N CL([0,T); H~"(Q))) x H="(0,T; L*(99Q)). O

3 Proof of Theorem (1

In this section, we prove the controllability of the semilinear equation . In this respect, for all s > sq
and for all § in an appropriate subset C(s) of L>°(0, T’; L?(12)), we consider the linearized boundary control
problem

Ly = _f(:l/j) in Qa Yy=v 1F0 on X, (y('70)ayt('a 0)) = (uO,ul) in O (18)
such that (y(-,T),y:(-,T)) = (0,0) in Q. The existence of a controlled trajectory y € L?(Q) is guaranteed

by Proposition [2| with a source term B = —f(7) € L?(0,T; H=(Q)).
3.1 First part of Theorem
Without restriction, we assume that f € C°(R) satisfies for some 1 < p < 3/2. For any s > 59 > 1,
we introduce the class C(s) defined as the closed convex subset of L>(0,T; L*())
C(s) = {y € L0, T; L2(Q) : llpyllze@) < s lloyll= o2y < 83}- (19)
We prove the existence of s and of a fixed point of the operator
A :C(s) = C(s) Y=y (20)

where y is a solution of the null controllability problem associated with the control v given by
Proposition [2| for B = — f(y). We employ the Schauder theorem and we prove that : i) for §* > 0 small
enough, there exists s > s large enough such that C(s) is stable under the map A, (Section [3.1.2); i3)
A(C(s)) is a relatively compact subset of C(s) for the norm ||.|| Lo (0, 7;22()) (Section ; 1i1) A is
a continuous map in C(s) with respect to the L>(0,7;L?(Q)) norm (Section [3.1.4). This ensures the
existence of a fixed point for Ay, which is a controlled trajectory for .

3.1.1 Estimates of A.(y)

Lemma 1. Assume that f € C°(R) satisfies|(Hy). For any s > so and y € C(s), there exists C' > 0 such
that

lof @l L2(0,7;mr-3/2(0)) < C(C’éle_sTlm‘ml/2 + ags + BrcPstTP)

wz’th CcC = ||¢)||Loo(Q)

Proof. We infer, for 1/2 >r=3/2—p>0and 1 < p* = < 2 that (using that p < e™%)

2d
d+3—2p
Cllpaa + |pyl (a2 + 8 lnﬁ@)) I £2(0,7:7* (2))

C(ale““\/T\Ql”z + a2||P?7||L2(Q) + B*HP/y\lni(@\)”Lz(O,T;LP* (Q)-

lof@)lL20,1m:m-r0) <
<

Now, using that p~! < e and 0 < Inf (§) < C(In” p~* + In% (py)) < C((cs)? + In% (pYy)), we get that

107 W ()| 220,71 () < C((e5)P o7l 22y + 1075 (09) | 2 0.7:10% (02))) -
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But, forall 0 < e < 2;7?* = %T = 3712’7, there exists C. > 0 such that
10910 (09| L2 0,710 (2 < CellloB™ [l 20,7500 () < CelloFll 2@ 107120 0.7 12 (02))- (21)

Combining the above inequalities with ¢ < min(%, %) and using that y € C(s) we get the result. [

Proposition 5. For any z¢ ¢ Q, we assume and (5). Assume (uo,u1) € H and that f € C°(R)
satisfies For s > so and any y € C(s), the solution y = As(Y) to the linearized controlled system
with control v satisfies the following estimates:

p
\111/277

/2

v

+ 572yl oo 0,722 (2)) + 572 (0)ell Lo 0,1 -1(92))
L2(%)

< Cs(s7Pag + 87" + 7 (sPLaa T2IQP2 4 572wl 2y + sllur 1)) ) (22)

leyll2cQ) + st

Proof. The map L : CY(Q) x H71(Q2) — H-Y(Q), (p(0),u1) — p(0)uy is bilinear continuous (see [20,
Lemma 3, p. 1097]) so that [|p(0)u1llz-1(0) < Cllp(0)]ler@)llutllr-10) < Cse™*|lut|r-1(a). The esti-
mates follow from Proposition With r = 3/2 — p and Proposition With B = —f(y) and Lemma O

3.1.2 Stability of the class C(s)

Lemma 2. Assume that f € C°(R) satisfies |(HE>| with 5* small enough. Then, there exists s > sq large
enough such that As(C(s)) C C(s).

Proof. Forany s > sgand y € C(s), let y := A(¥). From (22)), we obtain that limsup,_, . 57| py|l 12(q) <
B*CcP and limsup,_, , S_3||py||Loo(07T;L2(Q)) < B*CcP. Therefore, if f* > 0 is small enough so that
B*CcP < 1, then for any s > sq large enough, y € C(s). O

Remark 4. The lower bound for s > sg is related to the norm of the initial data (ug,u1) € H: in view of
Pmpositz'on@ the stability of A requires that (C|luo| 20y +Cs™ (e TY2|QY 2+ ||ur || g-1(q)))e* < s%/2.
Therefore, the lower bound for s much be chosen as depending logarithmically on ||ug, uy || -

3.1.3 Relative compactness of the set A;(C(s))

Lemma 3. Under the assumptions of Lemma[9 As(C(s)) is a relatively compact subset of C(s) for the
L>(0,T; L3(2)) norm.

Proof. Let (yn)en be a sequence of Ag(C(s)). Then, there exists (¥n)en, sequence of C(s) such that,
for all n € N, y, = As(¥n). Remark that the sequence (y,)en does not enjoy enough regularity to use
classical compactness results. However, for all n € N, y,, — yo is solution of for B = f(yn) — f(W0o),
uo = u1 = 0 and thus, we deduce from Proposition 4] for r = 3/2—p that p(y, —yo) € C*(0,T; H™"(2))N
Co[0, T); H="(Q))), p(vn, —vo) € H=7(0,T; L?(09Q)) and

p
lp(yn — yo)ller 0,127 (2)) + [10(¥n — yo)llco(o, 7)1 - () + anﬂ/? (vn — o)
H1-7(0,T;L2(09))

< C)p(f(n) — fF@Dl 20,107 (2)) -

This gives with Lemmathat (p(¥n—Y0))nen is a bounded sequence of C1 (0, T; H="(Q))NC°([0, T]; H="(Q)).
Thus, since C1 (0,75 H="(Q)) N CO([0,T]; H="(2)) < L>=(0,T; L*(€)) is compact (see [19], Corollary 5
p.86), there exist a subsequence (p(yn, — Y0))n,en and z € L=(0,T; L%()) such that p(y,, — yo) — 2
in L>°(0,T; L*(Q)). Therefore, py,, — y = z + pyo in L>=(0,T; L?(Q)). Since py,, € C(s) for all ny,
y = 2+pyo € C(s). Thus A4(C(s)) is a relatively compact subset of C(s) for the L>°(0,T; L?(2)) norm. [
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3.1.4 Continuity of the map A, in C(s)

Lemma 4. Assume that f € C°(R) satisfies |(Hp)l Then, the map As : C(s) — C(s) is continuous for
the L°°(0,T; L?(2)) norm.

Proof. Let (gn)nen be a sequence in C(s) such that (g,)nen converges to g € C(s) with respect to the
L>(0,T; L*(2)) norm. Let y, := Ay(y,) for all n € N. Since 3, — ¥ in L>(0,T; L*(Q)), ¥ — ¥ in
L?(Q) and there exist a subsequence (Yn, )n,en and z € L3(Q) such that g,, — 7 a.e and [Jy,, | < 7 a.e
for all ny.

Thus, since f € CO(R), f(Un,) — f(7) a.e. Let us choose ¢ < 1 small enough so Ll%a(Q) — H71(Q).
For all ni € N, a.e:

|f(377lk)| o + |§J\nk| (aQ + ﬁ* lnﬁ ‘@\nkD Sap+ a2|§nk| + /6* lnﬁ- |/y\nk||@\nk‘

<
< g + aslz| + 8* lni/2 |2]|2] < a1 + aglz| + C.B*|z|* e,

and a1 + aslz| + CB*|z|1Fe € Ll%s(Q), since z € L?(Q) and thus, we deduce from the dominated
convergence theorem that f(y,,) — f(7) in Lﬁ(Q)

In fact, f(¥,) — f(¥) in L12?(Q) (and thus f(7,) — f(¥) in Lq(O,T;Ll%s(Q)) forall 1 < ¢ < 400
since (f(Yn))nen is bounded in L“(O,T;Llie (Q))). If not, there exists e;1 > 0 and a subsequence

(Uny )nwen Of (Un)nen such that || f(Yn,) — f@)HLH%(Q) > e1. But, arguing as previouly, there exist a

subsequence (¥n,, )n,, en Of (Yn, )nyen such that f(g,,,) — f(¥) in LT (Q) which leads to a contradiction.

We denote by v, and v the associated control to y, and y respectively and we have, by definition
of the operator Ay, that (yn,v,) = p~2(Lwy,,sn*¥,w,) and (y,v) = p~2 (Lw, sn*Vd,w) with w,
and w solution of associated with (ug,u1, —f(¥,)) and (uo,u1,—f(y)) respectively. In particular,
Zn = Yn — Y = N (Un) — As(7) satisfies 2, = p~2L(w,, — w) with w,, —w solution of associated with
data (0,0, f(y) — f(yn)). Thus, using that L2(0,T;L¢26(Q)) — L*(0,T; H-(9)), estimate with
B = f(Yn) — f(§), up = u1 = 0 implies

1p(yn = W)l L0, 1:222) < C*21p(f (@) = F@)| 207311 (<)) (29)
3/2 AN (e
S T 17)| I
and thus y, — y as n — +oo in L>(0,T; L?(f2)). O

3.2 Second part of Theorem

We now assume that f € C!(R) satisfies [([H)| with 0 < p < 3/2; f then satisfies for oy = f(0)
and o = « so that results of Section E remain true. We are going to show that A, : C(s) — C(s) is
a contracting mapping of the complete space (C(s),d) with d : C(s) x C(s) — R defined by d(y, z) :=
llp(y — 2)|lL2(q)- The Banach fixed point theorem will ensure the existence of a unique fixed point of A
which is a controlled trajectory for the semilinear problem .

Proposition 6. Assume that there exists 0 < p < 3/2 such that f € C*(R) satisfies |(H'E)| with B* and s
as in Lemma[d Then, A, is a contraction mapping from (C(s),d) into itself.

Proof. Without restriction, we assume that p > 1. Let 41,72 € C(s). From , we get that, for all
0<7<1/2, d(As(H2), As(Bh)) < Crs" 32 ||p(f (G2) — f(51))l 20, 7:01-(2))- Let 7 = 3/2 —p > 0. There
exists 1 < ¢ < 2 such that LI(Q2) — H~"(£2). We then have

(A (§2), As(@1) < Cos™*2lp(£(52) = FG) 20,7 20(0))-

But, for all (my, ms) € R? there exists ¢ such that

[£(ma) = f(ma)| < Ima = mall ' (@)] < fma —maf (e + 87 Il [e]) < my — maf(a+ % Inf (jma| + [ma))

10
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and therefore, using that 0 < Inf p < ¢?s” and that p = 3/2 —r, we get

d(As(F2), As(1)) <Cs7P|(a+ "I (|71 | + [92])) p(W2 — 1)l 220,139 (02))
<Cs7P|(a+ g " (|g1] + [92])l Lo 0,122 (2)) A(F2, 1) (24)
<Os7P(a+ B*cPs? + B Ik (p([7a] + [520))) | L 07520 (2))) A(F2, §1)

with a such that 1/¢ = 1/2+ 1/a. Now, using that, for ¢ = inf{%, £

I (p(|72] + 172112 0,752 (2)) < C(1(0F0)% L= 0,520 (2)) + 1(072)% ]| L 0,720 (2)))
< O(lpgi 1o 0,7 02(0)) + 1092117 0.7 12(0))) < C8”
we infer that
d(As(Y2), As(B1)) < C(s™Pa+ B7P)d(y2, h1)- (25)
The contraction property follows for s > sy large enough and 8* > 0 small enough. O

Remark 5. This also proves that s—1/2 H n‘lfq/? (vg — vl)‘

< C(s~Pa+B*c?)d(Ga, 1), UG, 7
- (s7Pa+B*cP)d(¥2, 41), for all §r, 2 €

C(s) where vy, vy are the associated controls.

As a corollary of the Banach fixed point theorem, the contraction property of the operator A, for 5*
small enough and s large enough allows to define a convergent sequence (yx, vr)ren to a controlled pair
for and prove the following more precise version of the second item of Theorem

Theorem 2. Let (ug,u;) € H. Assume that f is C}(R) and satisﬁesl(Ealfor some 0 < p < 3/2 with
B* small enough and s as in Lemma[3 Then, for any yo € C(s), the sequence (yi)wen+ C C(s) given
by Yre+1 = As(yr), k >0, (where A is defined by (20)) together with the associated sequence of controls
(vk)kene C L2(X)) strongly converges in C°([0,T]; L?(Q)) x L2(X) to a controlled solution for (1). The
convergence s at least linear with respect to the distance d.

Proof. The convergence of the sequence (yi)ren toward y = Ag(y) € C(s) with linear rate follows from
the contraction property of Ay d(y,yr) = d(As(y), As(yp—1)) < (C(s7Pa + B*cP))*d(y, yo) for all k > 0
deduced from .
Let now v € H'(0,T; L?(09Q)) N C°([0,T]; H'/?(0Q)) be associated with y so that y — y; satisfies, for
every k € N*
Ly —yr) = —(f() — f(yr-1)) in Q,
Y— Yk =0V — Vg, on Y,
((y7yk)('70)v(y7yk)t('7o)) = (Oﬂo) in €,
((y_yk)(vT)7(y_yk)t(7T)) = (070) in Q.

From Remark we deduce that H n\p—”lﬂ(v—vk) ||L2(E) < 520 (s7Pa+B*cP)d(y, yr—1) and the convergence
at a linear rate of the sequence (vg)ren+ toward a control v for .

Now, since f € C!(R) satisfies using for r=3/2—p >0 and (25), we get

1(o(y — yi))elleo o7, -1 ) + 11y = yi)lleo oy p2)) < O 2T Ip(f(y) = fyn—1)) |2 0,1 (2))
s°C(sPa+ B*c)p(y — ye-1)l2(q)

<
<C
< Cs?(C(s7Pa+ B*eP))*d(y, yo).

It follows that y; — y in C°([0,T]; L?(2)) NC([0,T]; H~1(£2)). O

Remark 6. Assume that exists 0 < p < 3/2 such that lim m =0, i.e. that 5* is arbitrarily small

|7| =400 T+ Il

in|(Hy,)l Then, shows that the constant of contraction of A, behaves like s~P.
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Remark 7. Assume d < 3 and (ug,u1) € H*(Q) N HF(Q) x HY(Q). Then, one may prove (repeating
one step more the arguments of the Appendiz) that the optimal state y given in Proposition@ belongs to
L>(Q). This allows (following [3]) to reach the value p = 3/2 in . We refer to [6] together with
numerical illustrations.

3.3 Third part of Theorem

Assuming the initial data in V', we follow the arguments of Section and get that the uniform contzol—
lability holds true under the condition with p = 3/2. For any s > so, we introduce the class C(s)
defined as the closed convex subset of L?(Q)

C(s) = {ZU e H'(Q): llpyllzzo) < 85 (pw)ellrzo) < 8% IV (oy) |l 2@) < 53}- (26)

3.3.1 Estimates of A, (y)

Lemma 5. Assume that f € CO(R) satisfies |(HR)| with p = 3/2. For any s > so and § € C(s), there
exists C > 0 such that

lof @)z < C<a16_5T1/2|Q|1/2 + s + ﬁ*(cs)3/25>

with ¢ = [|¢]| L (q)-

Proof. Using that p < e™*, we infer that

lpf@llzz@) < Cllpen + 167l (az + 5 (@) llz2(q)
< Clone™* TY2QY2 + aol il 2 + B lPT > (D) 22(@)-
Now, since, 0 < 1n3/2( y) < C(InY 3/2 p 1+ ln3/2( 7)) < C((cs)®/? + lni/z(py)), we get that
“(

~ ~1 3/2)
Dz < C((es)* 1163l 2@ + 10T (09) | 12(@)-
But, for all 0 < ¢ < 4/d, there exists C. > 0 such that

1y 1n+

14 1 £ld=2) el
log 2 (p9)l 12y < Celllpl ™ 5 |12y = Cellpbll 22 ) < Celloillim o rre @y IV D gy (27)

and since § € 5<s>, we have g L= o.riz20) < V2051 i 1(00)ell 15} ) < v25%/2. Thus

3_3s(d—2) 3¢

1pg 2 (09) |12y < Ces?~ 5 5T = Cesit

3e(d+2)
8

In particular for & = 3775 +2) < = thls gives ||py gln®/ o (py)|| r2(@) < Cs?. Combining the above inequalities,
we get the result. O

Proposition 7. For any x¢ ¢ Q, we assume and (5)). Assume (ug,u1) € V.. Assume that f € C(R)
satzsﬁes- with p = 3/2. For s > sy and for ally € C( ), the solution y = As(y) to the linearized
controlled system with control v satisfies y € C°([0, T); HY(2)) N CL([0,T]; L*()) and the following
estimates:

p

1/2 .
\111/27]

+52IV (oY)l L2 (@)
L2 (%)

+ 5 (0y)ellp2@) + 57/
12()

< (COZ2873/2 +ﬂ*003/2) S+ (C”’U,()”LQ(Q) +0871 (OL1T1/2‘9|1/2 T ||V’U,0||L2(Q) aF ||U1 ||L2(Q)>)871/2675.
(28)

loyllLz(q) + 5~

1
(pv)
w1/2y ¢

Proof. This follows from Proposition [2| with » = 0, Proposition [3| and Lemma [5| with B = — f(¥). O
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3.3.2 Stability of the class C(s)

Lemma 6. Assume that f € C°(R) satisfies |(Hp )| with p = 3/2 and 8* small enough. Then, there exists
s = so large enough such that A(C(s)) C C(s).

Proof. For any s > so and § € C(s), let y := As(y). From the inequalities , we obtain that

timsup, 4o 5~ pylzzg) < BC2, Tmsup, 5 (puhiliegy < B*Ce¥ and
limsup,_, o s 2|V(py) | z2(q) < B*Cc®?. Therefore, if B* > 0 is small enough so that 3*Cc? < 1,

then for any s > sg large enough, y € C(s). O

3.3.3 Relative compactness of the set A (C(s))

Lemma 7. Under the assumptions of Lemma@ As(C(s)) is a relatively compact subset of C(s) for the
L3*(Q) norm.

Proof. Since A4(C(s)) C C(s), this follows from the fact that C(s) is bounded in H(Q). O

Remark 8. In fact C(s) is a compact subset of LP(Q) norm, 1 < p < 2+ 4 and thus Ay(C(s)) is a

relatively compact subset of C(s) for the LP(Q) norm.

3.3.4 Continuity of the map A, in C(s)

Lemma 8. Assume that f € C°(R) satisfies |(HE)| with p = 3/2. Then, the map A, : C(s) — C(s) is
continuous with respect to the L*(Q) norm.

Proof. Let (n)nen be a sequence in C(s) such that (g,)nen converges to g € C(s) with respect to the
L2(Q) norm. Let y, := A (7y,) for all n € N. Since 3, — 7 in L2(Q) then j, — 7 in L**(Q) (since,
see Remark [8 C(s) is a compact subset of L27(Q)). Thus there exist a subsequence (Uny )npen and
z € L2T3(Q) such that J,, — 7 a.e. and [Jn,| < z ae. for all ng. It follows since f € CO(R) that
f(@n,,) — f(U) a.e. But, for all ng, € N, a.e:

@) < 01+ (G (02 + 8" 102G, ) < @ + gl | + B[ | 10 )

< a1+ anlz] + B2 P2 (2) < an + asl2| + CB* |2 F

and ay + aolz| + CB*|z|*a € L2(Q), since z € L*T7(Q) and thus, from the dominated convergence
theorem, f(yn,) — f(¥) in L?(Q). Indeed f(3,,) — f(¥) in L*(Q). Otherwise, there exists ¢ > 0 and a
subsequence (¥n, )n;.en Of (Yn)nen such that || f(yn,) —f(H)|12(@) = €. But, arguing as before, there exists
a subsequence (U, , )n,, en Of (Un, )n,en such that f(7,,,) — f(7) in L?(Q) which leads to a contradiction.

In particular, 2z, := y, —y = As(¥n) — As(y) satisfies z, = p~2L(w, — w) with w,, — w solution of
associated with data (0,0, f(§) — f(yn)). Thus, using that LQ(O,T;LIL (Q)) = L2(0,T; H-1(Q)),
estimate with B = f(yn) — f(¥), uo = u1 = 0 implies

We denote by v, and v the associated control to y, and y respectively and we have, by definition
of the operator A, that (yn,vsn) = p~2(Lwy,sn*Vd,w,) and (y,v) = p~2 (Lw,sn*Vd,w) with w,
and w solution of associated with (ug,u1, —f(¥,)) and (uo,u1,—f(y)) respectively. In particular,
2= yp —y = As(Un) — As(y) satisfies z = p~2L(w, — w) with w,, — w solution of associated with
data (0,0, f(y) — f(Yn)). Then estimate with B = f(yn) — f(¥), uo = w3 = 0 and r = 0 implies
190 — 9)llz2@) < 521 @) — FFa)) 2@ 50 that g — y as n— +00 in LA(Q). o
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A Appendix: Proof of Proposition

We check that the optimal pair (y,v) defined in Propositionbelongs to CO([0, T]; H'(Q))xC°(0, T; H'/?(0Q))

as soon as B € L*(Q) and (ug,u1) € V. This property has been proved in [3] in the one dimensional case
(by generalizing [10]). The occurence of the weights and the coupling between the primal variable y and
the dual one w (see Remark [3)) make the arguments and the computations more involved with respect
[10]. The proof is divided into four steps: the first and second steps are similar to [3, Appendix]; the
third one is new with respect to [3, Appendix] as it provides an estimate of ||V(py)| r2(q)

For all f € C°(R; E) (where E is a Banach space) and any 7 # 0, we define 6, f := f (t + 3)—f (t — %),
Tof = %57_ (T) and(g f(t) = f(t+7') I

Let now w € Py and y € L*(Q) be given by Proposition Then 7,w belongs to P, where w as

well as y can be extended uniquely on (—o0,0) and (T, 4+00). Indeed, in the time interval (—oco,0) the
solution y satisfies

Ly =01in Q2 x (_0050)7 Yy= 0 on 99 x (—O0,0), (y(ao)vaty(ao)) = (UOaul) in Q7

where the source term B € L?(Q) is assumed to be extendable by 0 outside (0,77). Recall that the
boundary condition y(-,t) = 0 on I'y holds outside (0,7") since n = 0 (appearing in the formula of v)
vanishes outside (6,7 — §), see (6).

Similarly, in (T, 400) we can define the solution y uniquely, and y(¢) = 0 for all ¢ > T. Tt follows that
the solution y satisfies y € CO(R; L?(Q))NC(R; H~1(Q)) and y € C°((—o0, §]; HL(Q))NC ((—o0, §]; L2(2))
and y € CY([T — §,+00); H3 (2)) NCH[T — 8, +00); L2(Q2)) (see [13, Theorem 2.1, page 151]). We extend
as well the weight p in € x R. This ensures the extension of the solution w which satisfies the following
set of equations in R

Lw = p?y in Q x R, w =0 on 902 x R. (29)
Moreover, it can be seen that Lw = 0 in [T, +00).
Step 1. We assume that ug € H2(Q) N HY(Q), vy € HY(Q) and B € D(0,T; L*(Q)) and prove that
v e HY0,T; L*(00)) and y, € L*(Q).

Since w € CO(R; H}(Q)) N C(R; L(£2)) solves , T,w € CO([0,T]); HE () N CL([0,T]; L3()) and
9, Trw € L2(X). With z = T;w as test function in (I0), we have

/p*QLwL’Tdexdt—Fs/172(t)\11(x)p728Vw7;8uwd2
Q

P

:/ulTTw(-,O)d;v—/uoﬂwt(~70)dx+/ BT, wdzdt. (30)
Q Q Q

Proceeding as [3, Appendix] and using that the smooth function 7 given by @ satisfies 7 = 0 in (—oo0, §]U
[T — 6, +00) (with 6 > 0 given in (€])), we get the following estimate (we refer to [3, sub-steps 1 and 2
pages 108-110])

/Q A(t)

:/ P2(8) 5o (p=2Lw) (1) 8. (p~2)(t) Luw(t + 7 dxdt—f/ / 2(t 4 1) Lw(t + 7) 8, Luw(t) dedt
Q .

5+ (B,w)(t)| dx

/q,HQ( )p”()+n2( +7)p 2 (t+7)

’ 2

6+(p 2 Lw)(t )’ dzdt + s

)
Ow(t) + dw(t+71) ~

’ / p 2(t + 1) Lw(t + ) 5, Lw(t) dzdt
8. (n 5, (0, w)(t)dx

/T
=5 [0

7/ BTTw(t)dxdtf/ulTTw(qO) dx+/u07;wt(o,0)dx (31)
Q Q Q

2
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11

12

13

Then, following [3, step 1, sub-step 3 page 111-114], we get that each term of the right hand side of
are uniformly bounded with respect to 7 € [0,8]. Then we can conclude, from (31)), that the terms

Jo P?(®) ~T(p’2Lw)(t)’2 dzdt and

d¥

/Z \11772 Op2(t) +n2(t+7)p 2 (t+ 1) 3, (8,w) (1)

~ 2
2 |

are bounded. Thus p(p~2Lw); € L*(Q), ¥/ %np~'0,w; € L*(X), and y € HY(0,T;L*(Q)), v €
H(0,T; L*(09Q)).

Eventually, following [3, step 1, sub-step 4 page 115], we prove that v € C°([0,T]; H'/?(0Q)) and
y € CO(0,T); A (©)) N CH((0,T); L2(9)).

Since gTw € P, Carleman estimates (8| gives

s/ p2<gq.wt2+|gTVw2) dxdt+s3/ p 2|0, w|? dzdt
Q Q
+s [ p2<o>(|51<wt><o>|2+ |62<Vw><o>2) a5 [ o HOF )P dr
Q Q

<C / p 2|L(6,w)|? dzdt + C's / 2 Up~26,(0,w)|?dS.  (32)
Q =

Remark that [, Un?p~2

5.(0, w)‘ d¥ and [, p~2|L(8,w)|? dzdt are bounded since

d¥

/xIm2(t)p‘2(t) 3, (0 w)(t)rdz < 2/ g P2+t 4+ T)p (4 )
and

/ o2 (DL (5, w) (1) dadt < 2 / (1)
Q Q

~ ‘ 2

3 (O,w)(t)

5o (p=2) () Luo(t + 7)‘2 dadt

gT(p_QLw)(t)r dedt +2 / (1)

Q

thus the right hand side in is bounded. Therefore 7 +— gth and 7 — gTVw are bounded in LQ(Q)
and thus wy € L%(Q) and w; € L2(0,T; H}(R)). Moreover, 7 5 &,w(0) is bounded in HZ () thus
wy(0) € HE(Q). Eventually, since 7 — L(d,w) is bounded in L%(Q), we conclude that Lw; € L(Q) and
then that w; € P; it follows that d,w; € L3(X).

Remark 9. We then have w € C([0,T]; HL(Q)) NC2([0, T); L3(2)) and since Lw € C°([0, T); L3(2)) we
deduce that Aw (= wy — Lw) € C°([0,T); L*(Q)) and thus w € C°([0,T]; H*(Q)).

Since w € CO([O,T] 2(Q)) v € CO([0; T); HY2(0Q)) N H' (0, T; L2(09)) and v satisfies the compatibility
conditions U(O) 0, [13, Theorem 2.1, page 151] leads to y € C°([0;T]; H'(2)) N C*([0; T]; L*(Q)) N
C2([0; T HH()).

Remark 10. As previously mentioned, y and w can be extended uniquely on (—oo;0) and (T,+00) so
that w € CO(R; H2(R2)) N CY(R; HA(Q)) N C%(R; L3(N)), d,w € CO(R; HY/2(8Q)), d,w; € LE (R; L2(99))
and y € CO(R; H*(Q)) NCH(R; L2(R)).

loc

Step 2. We prove estimate on v; and y; in . Carleman estimate for wy; € P reads
s [ 0wl + [Vurf?) o+ 5° [ 72 dade
Q Q

iy /Q p2(0)(wie (O + Ve (0)?) d + 5° /Q p2(0)un (0) 2 de

< C/ p’2|Lwt|2dxdt+C’s/ P Up 2|0, w|?dS.  (33)
Q p>
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1 Proceeding as in [3], step 2 sub-step 1, page 116], we pass to the limit when 7 — 0 in the equality
> and obtain

T
/p2 el dxdt+8/ U p 2 9wl dS = —48Aﬂ/ (t— §)¢p2ytydxdt—/y(O)(pr)t(O) dz
Q = Q Q

fs/ \I!(n2p*2)tﬁuw8ywtd27/ Buwy, dxdtf/wtt(O)ul dx (34)
b Q Q

- QSABT/Q $(0)p?(0)ud dx + /Q,()Q(O)uluo dz — /QVuOth(O) dz

and then estimate each term of the right side. In particular, for the third term, we write, using (p~1!); =
—2sAB(t — L)pp~! that

1/2

1/2
s / W2 p=2),0, wdywedS)] < 2 <3 / \I/|(77p1)t|2|8yw|2d2> (s / \I/nz(t)p2(t)|8l,wt|2d2>
> > >
1/2 1/2
<C <s‘3/ \Ifnzpfz\a,,deEJrs/ \I/pzaywzdﬁ) <5/ \Iln2p2|8l,wt|2d2>
> > >

2

<C <s/ g—vszqu/ \I!p2|61,w|2d2) + f/ Un?p~2|0,w2dY.
s n*Y p) 8 Js

We now estimate the term fz Up~2|0,w|?dY appearing in the previous inequality: proceeding as in [16],

Lemma 3.7] with q(x,t) = hp~2(z,t) where h € (Cl(ﬁ))d satisfies h(z) = v(z) on 0L, we get (with the
d

notation frgr = Z Jrgr)

k=1

1

0
*/ p 2|0, w|*d% =/ p 2V - Vhy o +2/ p~t (Vw Vo=t = (p7wy) b Vw
2 Js Q Oxy, Q

2

+/ [p_thh . Vw]g — / yh - Vw.
Q Q

1
tg ol 1V bt [ 7 (ol (Tl 9

Writing that |[Vp~1| < Csp™t and |(p~!),| < Csp~!, and using that h € (Cl(ﬁ))d and s > 1 we obtain

/ P20, w|*ds <CS/ (0‘2(0)(|th2 +[Vwl?)(0) + p7(T) (lwe|* + IVwIQ)(T)> dz
P Q

+C’s/ p’2(|wt\2+\Vw\z)dxdtJrCs*l/ P ly|? da dt
Q Q

s leading, using (8)) and that ¥ € (Cl(ﬁ))d to

2
- S| e
5/ Tp—2|0,w|?dE < Cs ||py||2L2(Q)+s IHWU . (35)
b)) nv L2(x%)
Thus,

U(n2p2),8,wdwedS| < C SR [V + 2 [ wn2p 2|0, 2dS
s [ wePo ) w05 < Os (pyl3a) + | o > [ faz.

pX n L2(%) b

+ Proceeding as in [3 step 2 sub-step 2, page 117-120] for the other terms in the right hand side of ,
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we then get from
[l ot s [ witp o, i
Q by

2 2 P 2 —1 2
<0 (Rl + stz + 5~ 1Bl
FslloO)uoll 220 + 5~ 1000 Vo) + 5~ o0 Faey)

We have, since n € C*([0,7]) and v = sn*¥p~29,w
51 iw 2dx < C U2 p~ 2|8, w,|2dE 2 zas+ [ wp2o,wds
5 t S Us n°p~ " |Oyw| + o0 + p~|Oyw| (37)
SR/ by = n*v M
thus, using that ¥ € (CI(Q))d and 7 , implies for s > sg > 1 that

2
2 2 -1 P 2
dzdt L w2 ds
/Qp lye|” dzdt + s /MQ\I, |ve
<C (8‘1HpBII2L2(Q) +5]p(0)uol|Z2(0) + 57 1|p(0) V|72 () + 57 H/)(O)ulllia(m) ,

which is the announced estimates for the first two terms in the case of regular data.
Step 3. We obtain the estimate on [[V(py)| r2(q) and [|pv|| e 0,7, m1/2(00)) In (16). With respect to [3],
this part is new. From the definition of v, since Lw(T) = (p*y)(T) = 0 and s > 1 we have
||PU||L2(0,T;H1/2(BQ)) = 5||‘I’0716uw||L?(O,T;H1/2(an)) = 3||‘I’Pilh : vw”L?(O,T;Hl/"’(aQ))
< Cs||Wph - V|| 20,000 () (38)
< OGIV™ w2 o.mm @) + 107 wll 20,71 (0))

and
VIl oo (07221172 (062)) = SI1€P ™ Opwll oo 0.7 11172 (060)) = SIP ™ - Vol poo (0.7 1172 (562))

< Csl|®p~ h - Vul| oo 0,150 () (39)
< C(s|Vp™ W)= o1:m () + 2o~ 0|l Lo 0,111 (02)))-
Since V(p~tw) = V(p~™)w + p~1Vw and A(p~ w) = A(p~Hw + 2V (p~!) - Vw + p~ ! Aw we have
I~ wllz20,0:m1.0)) < CIV (™ )l 20,7522 (02))

< C(3||p_1wHL2(O,T;L2(Q)) + Hp_lvw||L2(0,T;L2(Q))>7

|A(p~ w) 20, 1522(0))

IV (p™ " w) || p20,7:51 (00)) <O
gO(52”’flw||L2(07T;L2<Q)) +sllp™ Vel 20,5220 + Hp’lAwllL%o,T;Lz(m))

<C(52||P_1w||L2(0,T;L2(Q)) + sllp7 ' Vwll 20,0200 + 107 weell 20,02 ()
+ prHLQ(O,T;L2(Q)))
and thus
lpvll 20,1112 (092)) <C($3||P71w||L2(o,T;L2(Q)) + 5°1p7 ' Vwll L2012 (0)) + Slp ™ weell L2 0,75 020))

+ 5||py||L2(0,T;L2(Q))>'

17



1 Estimate then rewrites :

s /207 (0)wi (0)l| 2 (@) + 5Tl (0)Vw(0)l| 2 (@) + 5**llp ™ (0)w(0)]l 12(e)

V2| p7 V| 20y + Y207 0]l 12 (0)

p (40)
77\:[/1/2v )

+512) p we| 2y +

<C(llpylluzq) +s2

L2(3)
<C<3_3/2HPB||L2(Q) + 3_1/2\\P(O)U0||L2(Q) + 8_3/2||P(0)U1HL2(Q)>
> while estimate rewrites (using estimates (36)-(37))

s 071 (0)wee (0)[| L2y + 52107 (0) Ve (0) | 2(e) + 5*/ 2o~ (0)we (0)]| L2
1/2 3/2Hp_1

p
nq;l/Qv

+51 20 wie | 2y + 21T Vil 2qg) + 5 wllz2(q)

P

1/2
nw1/2 Ut

~1/2

+ s
L3 (%)

)

<C(SllpyllL2<Q) + lloyellLz2(q) + s
L2(D)
<CS_1/2A(UO7 u, B)

with
A(ug, u1, B) := ||pBl|12(q) + sllp(0)uo|l 2 () + |p(0)u1llz2(q) + [[2(0)Vuo| 22 () -

Since s = 1, [(p7")e| = Cslp™'|, [(p )l = Cs?[p™'], [V(p™")| = Cslp™], [A(p™")| = Cs*|p~!| and
p~H0)Aw(0) = p~twy (0) — p(0)ug, we deduce

1A~ w)(0) | L20) + IV (™ w)e) (0) ]| L2
< C(||P_1(0)wtt(0)\|L2(sz) + [lp(0)uoll L2y + sllp™ (0)Vw(0) || L2(0) + s*[lp~ (0)w(0)]| £2(q)
+ s)lp~ (0w (0)]| L2 () + ||P71(0)th(0)HL2(Q)>
< CsflA(uo,ul,B)

and thus
”pv”LQ(O,T;Hlﬂ(aQ)) < CA(ug,u1, B).

Since wy — Aw = Lw, wjpn = 0, we infer, using p~! € C*(Q) and y = p~2Lw, that

{(p_lw)tt —Alp~'w) = By = py + 2p; wy + prtw — 2Vp -V — Ap~lw,

for which the standard estimates
(o~ w)e (D)l L2) + IV (0~ w) (1) 2y < C(HEwHB(Q) + o~ (0)w(0)[| 20 + ”(pilw)t(O)HLQ(QO
and
(o™ w)ee(8) ]| 20y + V(0™ w)e (D)l 22 () + 1A (™ w0) (8) ]| 20
< C(IBullm oz + 1867 0)O0)l2@) + IV (5™ 0)e(O)l| 120 )

3 hold true, for all ¢ > 0.
Using again that s > 1, [(p7")¢| = Cs|p™'], [(p7")ul = Cs?[p~ ', [V(p~")| = Cslp™"| and [A(p™")| =
Cs?|p~!| we have the following estimates :

1Bullzzi@) < C(lowllzae) + slo™ will 2@ + s2lp™ wilza(q) + sllp™ Vel z2())

<C (57 lpBllz2(@) + lo(O)uollzzo) + s~ lo(O)uillz2(o ),
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1o~ (0)w(0) [l L2() + 1™ w)(0)[| L2 (e < O(S||P_1(O)w(0)||L2(Q) + ||p_1wt(0)||L2(Q))
<C(52MlpBllz2(@ + 5~ lo(O)uollz) + s~ llp(O)uillzz(o )
and therefore
(o™ w)e () L2(0) + IV (0 w) (1)]| L2 () < 0(5_1||pB||L2(Q) + [p(0)uollL2() + 3_1HP(0)U1||L2(Q))-
We also have

(Buw)t = ey + pye + 3ps wi + 2p; 'wie + ppw — 2Vp, - Vw —2Vp - Vo, — Ap;tw — Ap~

and thus
I(Bu)elizz@ <C(slpyllzq) + oz + sl wallzz@) + slo™ willr2(a)
+ %0 wll 2@ + sl V) + 5%l Vel z2(o))
<CA(ug, u1, B)
and then

1o w)ee(8) Lz + 1V (0~ 0)e (D)l g0y + 1 AG ™ w) (D) 20 < CAGuo, ur, B).

then reads [|pv|| e (o r;m1/2(00)) < CsA(uo, ur, B) which is a part of (16).
Eventually, from , we get that

(py)et — Alpy) = By := pB + 2piys + pry — 2Vp - Vy — Apy  in Q,
Py = pU
((py) (-, 0), (py)e(+,0)) = (p(0)uo, p(O)ur + p:(0)uo) in €,

for which we have the standard estimate
[(py)¢ll Lo 0.7:22(0)) + IV (p¥) || L= (0,7:22(22)) <C(||By||L2<Q> + [(pv)ellz2cs) + vl Loe (0,73 51/2(00)

+ [|p(0)uoll 1 (@) + [|p(0)ur + Pt(O)UoHL2(Q))-

But
1B,ll2@ <C(lIpBlliz@ + s*loyll 2@y + sllevill ) + sIV (w12
<CsY2(Aluo, ur, B) + 82V (py) | 12(@) )
IV(py)llz2(q) < O<||p(0)u0”L2(Q) +[lp(0)ur + pe(0)uoll L2y + [(py)ellL2(@) + [(PV)ellL2(s)
+ llpvll L2 0,7 m1/2(00)) + HéyHLz(o,T;H—l(Q)))
and

HéyHLZ(O,T;H*l(Q)) <0(||PB||L2(Q) + 82||PZJ||L2(Q) + 3||pyt||L2(Q))
<Cs'2 A(ug, u1, B)

leading to ||V (py) || 12(q) < Cs*/2A(ug, u1, B) that is the estimate of the third term in and Héy”LQ(Q) <
Cs3/2 A(ug,u1, B). We then deduce that

(o)l L= 0,miz2(2)) + IV (p9) || Lo (0,7522(02)) <C5*/2 A(ug, ur, B)
that is, the estimate of the last two terms in .
Step 4. Case where B € L?(Q) and (ug,u;) € V. We proceed by density as in [3, Step 3, page 171].
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