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ASYMPTOTIC STUDY OF AN ANISOTROPIC FOKKER-PLANCK
COLLISION OPERATOR IN A STRONG MAGNETIC FIELD

ETIENNE LEHMAN!, CLAUDIA NEGULESCU2, AND STEFAN POSSANNER?

ABSTRACT. The present paper is concerned with the derivation, via asymptotic studies, of a
reduced hybrid model describing the anisotropic fusion plasma dynamics in tokamaks. The
parallel dynamics is governed by a kinetic equation, whereas the perpendicular dynamics is
described by a Maxwellian distribution function, whose temperature 7', satisfies an evolution
equation, exchanging information with the parallel direction via some coupling terms. The
reduced model is obtained from the underlying fully kinetic model, under the assumption of a
strong magnetic field and strong collisionality in the perpendicular direction. From a numerical
point of view, reduced models are very advantageous, permitting significant savings in computa-
tional times and memory. To improve the precision of the reduced description, we propose in this
paper also first order correction terms with respect to the parameter describing the anisotropy,
and discuss these terms from a physical point of view. This first order truncated model is new
to our knowledge, meets the desired requirements of precision and efficiency, and its derivation
is clearly exposed in this work, based on formal asymptotic studies.

Keywords: Anisotropic fusion plasma, strong magnetic fields, strong perpendicular collisio-
nality, Hilbert expansion, asymptotic limits, truncation, hybrid kinetic/fluid model.

1. INTRODUCTION

Strong anisotropy is naturally present in a broad variety of plasma phenomena. For example,
space and laboratory plasma in strong magnetic fields exhibit different properties parallel and
perpendicular to the magnetic field lines. To accurately describe such situations, quantities
are usually decomposed into distinct parallel and perpendicular components, such as Tj and
T, for the temperature. These quantities can evolve according to rather different evolution
equations, which are coupled in order to permit exchanges (of energy, momentum, etc.) between
the parallel and perpendicular directions. For instance, in strongly-magnetized plasma, the
diffusion of thermal energy along magnetic field lines can be orders of magnitude faster than
across field lines [30], and it seems questionable to describe then such anisotropic dynamics with
a set of equations based on isotropic assumptions. One of the first studies about the (anisotropic)
form of the plasma distribution function in strong magnetic fields has been given in [18], leading
to the famous Chew-Goldberger-Low (CGL) expression of the pressure tensor. Since then, many
studies followed making use of specific anisotropic plasma distribution functions, of which we can
mention here only a small sample: non-linear development of electromagnetic instabilities [21],
Whistler instabilities [10], mirror and ion cyclotron instabilities [21], and transport equations
for multi-component space plasmas [5], among many others. In many of these models, the
anisotropy is manifest in the different temperatures of the velocity distribution function along
and perpendicular to the magnetic field. Describing these anisotropic phenomena is crucial for
the design of plasma fusion devices, as anisotropy strongly impacts heat diffusion and hence the
heat deposition on the device wall [16]. Anisotropy also affects turbulence [15], instabilities, the
propagation of energetic particles, etc. Briefly, anisotropy is one of the key aspects to be taken
into account in electromagnetic plasma simulations.

Date: July 7, 2023.
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A precise study of such anisotropic plasma dynamics starts with the fully kinetic description,
in which each plasma species of charge ¢s and mass mg is described by the Boltzmann-type
equation,

S

atfs—FV'vxfs—i‘%(E‘i‘VXB)'vas:Zer(f87fr)7 (1>

for the particle distribution function fs(¢,x,v) defined on position-velocity phase-space. The
long-range interactions between the species are mediated by the electromagnetic fields E and B,
satisfying Maxwell’s equations. The short-range interactions are modeled via collision operators
Qs, accounting for the thermodynamic processes such as entropy decay and thermal equili-
bration. In the presence of a strong magnetic field B, charged particles will execute helical
movements around the field lines, their dynamics being thus constrained in the perpendicular
direction with respect to the magnetic field, whereas in the parallel direction particles move
freely. This is the simplest explanation of the creation of anisotropy.

The distribution functions f; contain all the information about the plasma dynamics. However,
solving numerically the whole kinetic system (1) coupled with Maxwell’s equation is out of reach
for today’s computers. The multiscale nature of the problem requires indeed prohibitively high
spatial and velocity resolutions when standard schemes are used. However, taking advantage of
the high anisotropy of the problem could help to design multiscale schemes or to derive reduced
models, yielding computational savings. One scenario where reduced models have been fruitfully
employed is the study of the propagation of edge-localized modes (ELMs) in the scrape-off layer
(SOL) of Tokamak fusion devices [33,35]. In the latest version of these works [20], the distribution
functions of electrons and ions describing the ELMs were assumed of the following form:

ms mg [V |? @)
——— €X —_— ] .
2'/TkBTS7J_(t, .1') P 2k‘BT57J_ (t, iL‘)

Here, f; is the product of a reduced 1D,1D, kinetic distribution function g, in the parallel
velocity direction and a 1D,2D, Maxwellian distribution function in the perpendicular velocity
direction. The constant kg > 0 denotes the Boltzmann constant, and mg > 0 denotes the
mass of one element of the species s. In [20] the authors propose a coupled system of PDEs
for the evolution of g5 and 7} ;, permitting the exchange of thermal energy via a simplified
(BGK) collision operator. The above mentioned models were often introduced without a clear
mathematical derivation. In this paper, we aim to derive the form of the distribution function
fs given in (2) as an asymptotic limit solution of equation (1) in a suitable scaling reflecting the
strong anisotropy. Moreover, in this process we shall also derive first order corrections to the
limit solution; these will include the well-known plasma drifts across the magnetic field, and thus
enhance the physics content of the reduced model. The exact interplay between parallel kinetic
and perpendicular fluid aspects of the model shall furthermore be underlined in this work.

fs(ta z, 'U||7VJ_) = gs(ta T, UH)

What are the physical processes that could lead to a distribution function of the form (2)7
First of all, Maxwellian velocity distributions arise from collisions. Therefore, we shall assume
a high collisionality in the perpendicular velocity directions v,. By contrast, in the parallel
velocity direction the distribution function gs(v)) is not necessarily in thermal equilibrium, thus
subject to far less collisions. This points to an anisotropy in the collisional frequencies, which
we shall take into account in our modelling. Moreover, we will investigate strongly magnetized
plasma, where the Lorentz force is dominated by the magnetic field term.

A more precise description than (2) of a magnetized plasma is provided by gyrokinetic theory
[16,31,42]. There the distribution function is assumed to be of the form f(t,x, vy, i), with
p:=|vi|*/(2|B]|) the magnetic moment. However in gyrokinetic theory it is not assumed that
one has strong collisions in the perpendicular direction such that the whole distribution function
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remains kinetic. The effect of the strong magnetic field is merely the reduction to a 3D, 2D,
kinetic distribution function, where p is however an adiabatic invariant. In situation (2) which is
studied here, the distribution function in the direction perpendicular to B has a Maxwellian form,
reducing thus further the complexity of the problem. Indeed, solving the gyrokinetic equation is
more demanding (but also more precise) than solving the truncated hybrid kinetic/fluid model
we shall present in this paper. Thus, the aim of our paper is to obtain via asymptotic arguments
such a reduced hybrid model, which is often encountered in literature to further reduce the
numerical complexity of the resolution of a full kinetic or gyrokinetic equation.

This is thus the physical context we are interested in. From now on, we shall consider only a
single plasma species in a given electromagnetic field E, B : R, x T3 — R? with B = B(t,x)e,
pointing along the z-direction (periodic in x). We shall assume that this magnetic field is
non-vanishing, namely

B(t,x) >0 (t,x) € Ry x T3, (3)

The starting point of the present work is hence the following Vliasov-Fokker-Planck equation
(VEP),

@f—i—v'vxf—f—%(E—i-VXBez)‘vvf:VLQJ_(f)"”VrQr(f)? (4)

for the particle distribution function f : Ry x T3 x R® — R, with the collision frequencies
vy, > 0. As mentioned above, one key idea of this work is to single out the specific collisions in
the plane perpendicular to the magnetic field lines, modelled here by a nonlinear Fokker-Planck
operator,

kgT
QU =V, v £+ 20wy ] )
where v, = (v, v,)" € R2 while the mean perpendicular velocity u; and the perpendicular
temperature 7', depend on f in the following way:
n(t,x) := [ fdv,
R3
nu, (t,x) ::/ v, fdv, (6)
R3
nkBTL(t,x) I:E ‘VJ__UJ_|2de.
2 Jrs
The remaining collision operator (), will be chosen of the form
kgT
Q:(f) =V {(v —u)f vvf] = Q). (7)

where
nu(t,x) ::/ v fdv,
R3
(8)

3

—nkgT(t,x) := m v —ul? fdv.

2 2 Jrs

This operator is nothing else than a standard isotropic Fokker-Planck operator (leading in the
long time limit to a full isotropisation) minus the just introduced perpendicular collision operator,
such that if both @ (f) and Q,(f) scale equally, the right-hand side of (4) is a standard isotropic

collision operator; however we shall focus in this work on an anisotropic regime, as mentioned
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above. One can choose for @, (f) more general collision operators than (7), which should however
satisfy the following properties:

e Preservation of mass, momentum and energy:

1
[ n ) et =o ©
R \ IvI2
2
e Thermalisation between parallel and perpendicular directions:
vof? _ .
m 5 Qr(f)dv_nnkB(T_TJ_)_§nk5B(TH_TJ_)a (10)
R3
where T' = (2T +1T})/3, n > 0 is some given coefficient (equal to n = 2 for Q, defined
in (7)) and
1
nuy(t,x) = /3v||fdv, énkB |(t,x) = = / lo) — | fdv. (11)
R'U

Altogether, equation (4) models a magnetized plasma in a given electromagnetic field, under-
going anisotropic collisions, which lead on long time scales to complete thermalisation. However,
on a short time scale the two parallel and perpendicular temperatures need not necessarily be
equal, and this is reflected by the choice of our collision operator. On short times of order
O(v7"), the perpendicular energy is conserved thanks to

[ M anav-o. (12)

which is a natural property in a high magnetic field setting [11]. On long time scales, the
perpendicular energy is however not anymore conserved because of the operator (),, which
thermalizes and ensures isotropisation of the temperatures as t — oo, c.f.(10). However, we
recognize that our modeling is limited in the following ways:

e The electromagnetic fields are prescribed and not solved in a self-consistent manner;

e The magnetic field is pointing in a fixed direction, and has no curvature;

e (), and @, are modeled by differential type Fokker-Planck operators (5)-(7), which is an
approximation of the more physical Rosenbluth collision operators;

e The effects of multiple species are excluded;

e The space domain is periodic.

These simplifications are not so dramatic and can be easily removed. They have been made
to simplify the analysis in order to focus on the main point, namely the effects of anisotropic
collisions.

In this work, we set a physical scaling (given in Appendix A) reflecting the strongly magnetized
nature of the plasma and the dominance of collisions perpendicular to B. This scaling makes
apparent a small parameter € < 1, and the obtained adimensional model reads

1 v
Of* 3 - Vaf T B Vof 4~ (v x Be.) - Vof = — QL) + 1 Qu(f). (13)
Here, the rescaled operators @), (), are of the following form

Qu(f7) =Vv, - [(vi—u]) [T+ TL Vv, [,
Qu(f7) =Vy - [(v—u’) [T+ TV f] = Qu(f),

(14)
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where u, u®, 75 and 7° := (2775 + T”E)/B depend on f¢ in the following way:

n®(t,x) = [ f°dv,
R3
nfu (t,x) = / v, ffdv, nu(t,x) := / v f©dv, (15)
R3 R3
€ e . 1 €12 pe 1 € e . 1 €12 e
n® T (t,x) =5 RS|VL—uL| fedv, " i (t,%) =5 R3|v“—u”| fedv.
This equation is supplemented with a suitable, well-prepared initial condition fé(t = 0) = f&.

We do not treat in this work with the possible occurrence of initial layers.
Our goal is to find approximate solutions to equation (13) in the regime ¢ < 1. The analysis
performed in this work is mostly formal and based on a Hilbert expansion:

f=f4efl+2+...

This ansatz leads to a hierarchy of coupled equations for the coefficients f°, f*, .... The analysis
of this hierarchy requires a careful study of the dominant operator in equation (13), and its
linearized version. The study of the latter is performed in a rigorous manner, using well known
techniques coming from the isotropic functional analysis framework. A careful truncation permits
to get a reduced model corresponding to (13) in the e < 1 regime. The interested reader is
referred to [22,31] for a comprehensive introduction on those methods and on Hilbert expansions.

The field of asymptotic analysis in strongly magnetized plasma is very active. One can for
instance cite [27, 1] for the study of the Vlasov-Poisson system in the case of strong magnetic
field, [1, 4] for Vlasov-Poisson-Boltzmann, or even [13] for the coupling with Maxwell equations.
Multi-species plasma also feature a small electron-ion mass ratio and small Debye length; these
singular parameters also can be taken into account in scaling assumptions. See [23,32,36,37] for
the former, and [19,28,29] for instance for the latter. Various assumptions can be made about
these parameters, leading to various types of scaling. Some of them are very well studied, such
as the hydrodynamic scaling [7, 10,22,26,39], the drift-diffusion scaling [2,3,06,8,9,25,13], or the
high-field scaling [1, 12,

The document is organized as follows: in Section 2 we state the main results, discuss them
and give some notation. We then write in subsection 2.2 the Hilbert hierarchy. We give in
Section 3 the proof of Theorem 1, which concerns the limit model. Section 4 deals with the
proof of Theorem 2, concerning the first order correction. Finally in Section 5, we summarize
and give an outlook on future applications and improvements of the current work. To simplify
the presentation, the Appendix regroups the scaling procedure along with cumbersome proofs
and computations.

2. MAIN RESULTS

This section contains the two main results of the present work:

(1) The first result concerns the derivation of the limit model which approximates the kinetic
equation (13) in the asymptotics € — 0. The limit model is stated in Theorem 1, followed
by a discussion of its key aspects.

(2) The second result addresses the derivation of first order correction terms to the limit
model. The corresponding truncated system is stated in Theorem 2, followed by a
discussion of its key aspects and novelties.
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Finally, we decided to rewrite the first-order model (from Theorem 2), in physical units in section
2.3 (with e-scaling removed).

In all of the following, we will denote by

<w_=4£¢u, <®w=4ﬂmu WWZAf&u

the integration against the orthogonal, parallel and total velocity variable, respectively. One
also introduces the following notation for any vector field X taking values in R?:

XT:_Xer:_(Uy>. (16)

2.1. Main results.

Theorem 1 (Limit model). In the limit ¢ — 0, the solution f¢ of (13) converges (formally)
to a function f° of the following factorized form

0 X
fo(tu X, V) = go(t7X7 U||) Mf_l(t’ )(VL) ’ (17&)
where the perpendicular Maxwellian Miﬂ(t’x) s given by
1 vy ?
M L) = 27100 17b
L (Vi) 27TTJO_(t,X)€ B (17b)

0»

The "reduced kinetic distribution ¢°” and the perpendicular temperature TV satisfy the system

019" + ) 0.9" + B 09" = 1.0y, |(v0) =) " + 100, 9°) |

2 (17¢)
at( OTO) +a (n TO UH> 3 (7—’“ TO) ,
where T° = (T‘? +27%)/3 and
1 1
n’ = <go>“ ’ n u” <UH g >” , 5710 T|(|) = 5 <(U|| — uﬁ)Q g0>” ) (18)
This system (17) is supplemented with the following well-prepared initial condition
0% v) = gh ) ME (v, (19)
where = lim. 0 f5

Let us now discuss some key aspects of Theorem 1:

e In the ¢ — 0 limit, the particle distribution function f° decomposes exactly as a
product of a reduced kinetic distribution function ¢° modelling the parallel transport,
and a Maxwellian distribution in the perpendicular variable, depending only on the
perpendicular temperature 79 (17a).

e The two quantities ¢° and T satisfy the coupled system of PDEs (17c). The reduced
distribution function ¢° satisfies a 1D, 1D, kinetic equation along the magnetic field lines.
The perpendicular temperature is advected along the field lines by the bulk velocity uﬁ

associated with ¢°.

e Moreover, there is a coupling responsible for the energy exchanges between the parallel
and perpendicular directions, represented by the Fokker-Planck term and the relaxation
term n (T‘(IJ T?). On long time scales, these terms lead to isotropisation between T|(|]

and TY.
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e Setting Fj = 0 in order to not inject energy into the system, the system (17c) exactly
conserves the energy:

d 3 om0, L 0 0y
T Tg[inT—l—in (u)” | dx=0.

e The limit model (17¢) is exactly the one described in [20], without source terms. The
temperature equation can be rewritten in non-conservative form

2
OT) 4 uf 0.T) = 3% (T = 1Y), (20)
which is obtained from the kinetic equation in (17¢) by using the conservation law
om® + 0.(n° uﬁ) =0. (21)
This formulation corresponds to the one given in [20].

Theorem 2 (First order corrections). Let f¢ be the solution of equation (13). Then, one
can approximate the distribution function f€ by f¢, such that

fF=f+0(E), as e—0,
and f€ has the following form (for notational reasons we kept the index e in the factorisation)

Fotx,v) = §(t, x, v) M09 (v ) (1 + gAm) . (22a)

The "reduced kinetic distribution” g and the perpendicular temperature T 1 satisfy the coupled
system

O+ 0] 0.5 + B 0§ + £ Vi, - (50.9) = %Oy | (o) = 85+ Ty 3]

. . . (22b)
at(ﬁTJ_)—{'aZ(ﬁTJ_aH)—*—evxL : (2ﬁTL udrift) +5vx qQ=¢c drift EJ_
2 ~ A
+§ vrn (T” — TL)
Here, the drift velocities are given by
. E, xB V. (§7.)xB . E, xB V. (AT.)xB
K i CEN i L\nly
o _ rift = — - , 22
et = | I T AIBP 22)

~

the temperature T is computed via T= (fH + 271)/3, the macroscopic quantities (n, uy, 1)) are
defined through

A=@),  Ad= (g, = % (o = @)*g), (22d)

DN | —

and the heat flux is given by

q= (‘;“) L oqu=-2aT DV T, qe=-—=—nT0.TL. (22¢)
X
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The quantity Aﬁf 1s a polynomial quantity in v, entirely defined in terms of the quantities

g, T, through

L

~K ~ ) ~ ,
ift Vx T aZT .
Agp, (V) rzud“f%—vl - (m = i) vy ’QV%’ - s Li - IQV%! ~ 1]
1 s i | 3

_ (DQ%) v, (22f)

where the positive diffusion matrices are given by

1 vy B v 1 B —-v
Di=———F—= ; 2 = _Lﬁ (22g)
B24+9v{ |—-B 3v, BB*+vi|v, B
This system (22b) is supplemented with the following well-prepared initial condition
T
A% V) = g (e o) ML (V) (T e g re ) - (22h)
Let us comment on the key aspects of Theorem 2:

e Setting e = 0 in (22b) gives back the limit model from Theorem 1.

e The asymptotic form of f¢ (22a) resembles (2) (which was given in [20]). In our case,

however, there is the additional correction term A§ #, given in (22f), which destroys the
product structure with respect to (v, vy) in the distribution function.

e The system of PDEs (22b) satisfied by (g, 71) has a higher dimensionality 3D,1D, than
the limit model (1D,1D,). This is a) due to the perpendicular plasma drifts that occur
at first order in ¢ in the present scaling, and b) due to perpendicular diffusion arising
from collisions ()| at first order. Such diffusion terms are typical first-order corrections
in fluid models - the Navier-Stokes equations being the prime example for first-order
corrections to Euler equations.

e In the fluid equation for T'|, one observes the classical plasma drift Ugg, which is the
sum of the E x B drift and the diamagnetic drift. Moreover, in the kinetic equation for
g appears the new “kinetic diamagnetic drift” term Uf;; which depends on v through
g. The latter seems to be a quite unusual term when comparing for instance to standard
guiding-center models for magnetized plasma. There, the diamagnetic drift appears
only on the level of the moment equations, and not already on the kinetic level. In
the model presented here, the fact that the diamagnetic drift is present in the kinetic
equation suggest a sort of "hybrid character” of the model, due to the assumption of
high collisionality in the perpendicular direction only.

e The temperature equation features a heat flux q, given in (22e), of Braginskii type [15,37],
composed of gyroviscous (antidiagonal) and viscous (diagonal) terms.

e One observes that there is, in the kinetic equation on g, a diffusion-type term in the x|
variable, coming from the combined effects of the magnetic field with the collision term.
The diffusion frequency associated with this term scales as the matrix Dy, which involves
the two frequencies v, and ¢B/m. This term acts on a long time-scale, and is responsible
for the homogenisation in the perpendicular plane of the macroscopic quantities. This
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can be immediately seen by taking the moments of the kinetic equation:

(Oin + 0.(n1)) + € Vx, - (N Uaie) =0,

EJ_XBAA VXL(?ZQ’EHTL)XB N0
BE T BP -

= &?VXJ_ . ﬁj\]_]D)g VXJ_ a”) s

~ ~ E xB . Vx (@”TJ_)XB N
(9tw||—|—az <7g ”—l—&?VXL . < |B|2 W) — L |B|2 —nu EH
2

= gl/rﬁ(fl—f”)—l—sv,u : <ﬁ,j\1D2vxl %) s

Oy(ny) + 0.(2wW)) + e Vy, - (

(23a)
v)°

where we used the following notation for the second moment of g:

W)= <U'7'2 §>” : (24)

One notices that the diffusion term does not operate on n, but diffuses higher order
moments in the perpendicular plane.

e Setting E = 0 to not inject energy into the system, this first order correction model
satisfies the following energy conservation:

d 3.4 1
— | |5AT+57G] | dx=0,
at Jrs {2 +2nu”1 X

One could be surprised by the fact that only the parallel kinetic energy %ﬁ ﬁﬁ appears in

this energy conservation. The reason why the perpendicular kinetic energy %ﬁ | Qarige|
does not appear is because it is of order O(g?). It is therefore within the range of error
of the first order correction of the model.

Let us now turn to the strategy followed in this article to derive Theorems 1 and 2.

2.2. Strategy: Hilbert hierarchy. The proofs of Theorem 1 and 2 are based on a Hilbert
expansion, which we shall present in this subsection. Let us denote by A the dominant operator
in the full Vlasov equation (13), namely

A(f) = (vxBe:) Vyf—v1Q.(f), (25)
where @, is defined in (14). With this notation, equation (13) rewrites
1
atf€+V~fo€+E~vaE—|—EA(fg):VrQr(fE). (26)
Let us assume that the solution f¢ can be expanded in the following formal power series in e:
ff=f4efl+2 2+ 0.

Plugging this ansatz into (26) and comparing terms of the same order in ¢ leads to the following
Hilbert hierarchy:

A(f%) =0, :0(e7)  (27a)
Wf'+v-Vuf' +E- Vi fO+ AR(f) = Q:(f), :O(1) (27b)
Of' +v V' +E- Vo f' + AR(f*) — v °QL(f") = e 6Q:[f2)(f1), - O0(e)  (27¢)
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where we denoted by 62Q 1 (f') a remainder term, quadratic in the order one quantities (its
expression is given later in (46) for the sake of shortness of the presentation), and by dOQ[f°] the
linearization of any nonlinear operator @ around a function f°, namely

O(f°+6f) - O

0 L
s0l710) = Jim SE0L 29

The linear part of the dominant operator (25) is hence
AR(Of) = 0A[f)(of) = (v x Be.) - Vi f —vi 6Q.[f)(3f). (29)

The investigation of each one of the equation occurring in this hierarchy permits to get step
by step information about the coefficients f°, f. Section 3 deals thus with the detailed study
of equations (27a)-(27h), yielding the limit model for f° and leading to the proof of Theorem 1.
Section 4 focuses on equations (27b)-(27c), permitting to obtain f! and to conclude the proof
of Theorem 2.

2.3. Truncated system in physical units. For physical and implementation purposes, we
give here the first order correction model of Theorem 2 in physical units. The distribution
function f is given in the considered regime by

F(tx,v) = gt %, o) MEE (v (L4 Agr) (302)
where the Maxwellian distribution M~ 75X/ i defined as
m mlv, |2

MkB T, (tvx)/m —
+ (vi) 27 kg T (t,x)

The "reduced kinetic distribution ¢” and the perpendicular temperature 7', satisfy the coupled
system

e 2kpT (tx)

(
q kT
81:9 + ) 829 + E EH 81)"9 + VXL . (ugrift g) 1% &J” {(U — u||) g+ —; &,” g]
kT
+VXL . (n e DQVXLQ> s
. m n (30b)
O(nTL)+ 0. (nTLuy) + Vi, - (20T ugi) + Vx-q=n T Warit E,
B
2
L +§1/rn(TH—TL).
Here, the drift velocities are given by
E, xB kpVx (97T.)xB E, xB kpVx (nT,)xB
K L B Vx, (g11 i B Vx, i
Ugpify = - ) Ugrift '= — 55— — — , 30c
T P =TEE 0 e 0 )

the temperature 7" is computed through the directional temperatures via 7' = (27 +1})/3,
the macroscopic quantities (n, ), T}) are defined through

n=A{g),  nu =g, %” ke T = %«UH —u)’g), (30d)

and the heat flux is given by

2k k
q= (qj_) ) qL = __BnTJ_ ]D)l VXJ_TJ_7 dx = — b
qx m

nT)0.T,. (30e)

2mu,



ANISOTROPIC FOKKER-PLANCK COLLISION OPERATOR IN A STRONG MAGNETIC FIELD 11

The quantity Ay, is a correction term, polynomial in v, and entirely defined in terms of the
quantities g and T';, through

uf.. - v Vi, T m v, |? 0T, up—vy |m|v,|?
Ao, (v) == l_<D1 T L)’VL 2/! :lrl - T 2k;| ;| !
1 1 BllL 1 il Bl1

- (D%) v (306)

Finally, the positive diffusion matrices are given by

1 3v, 4B muv, 1 T -
D =— T, D= " 30
NG [—% zm] TaB (P42 |n o2 -

3. LiMIT MODEL

As expected from (27a), in order to fully characterize the limit distribution f°) it is necessary
to study in detail the kernel of A. Using then the two equations (27a)-(27b) permits to get the
limit model and prove Theorem 1. Let us underline that operators ), and A act only on the
velocity variable v. Therefore in subsections 3.1 and 3.2, we shall deal with functions of v only.
In subsection 3.3 however we shall consider the whole phase-space.

3.1. Properties of the collision operator (),. The perpendicular Fokker-Planck collision
operator (), defined in (14) satisfies the following properties, which are easily checked:

e (), can be expressed with the following alternative form

TLMT’TLVH< / )] (31)

MuLvTL
1

QJ_(f) = VVJ_ .

where we denoted

1 Cvy-ug ?
e T

M (vy) = 2Ty

and the macroscopic quantities u,, 7', associated with f, are defined thanks to (6).
e Mass, momentum and energy conservation:

1
/ vi | Qu(f)dv =0, and even QL(f)dvy =0. (32)
R3

v R2
2

)

e Entropy Decay (H-Theorem):

[ upmav= [ Qunm (L> dv

MIL»TL
(Mo
_ _/Rs T V| aven WEs 0 (3
v J_

e Thermal equilibrium:

g QuHI(fladv=0 & [f(v)=glop M (vi), Vf>0. (34)
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3.2. Study of the dominant operator A. The main properties of A defined in (25) are
regrouped in the following Proposition 1.

Proposition 1 (Kernel of A.). The kernel of the operator A, defined in (25), namely, the set
of positive functions such that A(f) =0, is given by

Ker A = {f = g(v) ) M*(vL), g >0}, (35)
where T\ > 0, and /\/l:f is defined in (17D).
Proof. First, let us notice that if f is a function of the form

Fv) = glop M+ (v1),
then f is both

(1) radial in v, cancelling the rotation term (v x B) -V f,
(2) and Maxwellian in v, , leading to Q, (f) =0,

thus leading to A(f) =0.

Conversely, let us assume that f € ker A, namely, assume that
(vxB)-Vyf—viQi(f) =0. (36)
Testing (36) against In(f) and integrating against dv yields :

vi | Qu(f)In(f)dv =0,
R

noticing that the term involving the magnetic field becomes zero. This implies that f is of the
form

F(v) = glog) M (va),
using (34). Plugging this expression of f in equality (36) cancels the collision term, and we are
left with
Uy Uy Vg Uy
T, T,
where u,, u, are the components of u;. The identification of the coefficients of this polynomial
expression in v, v, gives u, = u, = 0, leading to the required form of f.

Bg M- { } =0, Vo, v, € R,,

O

Now that we characterized the kernel of A, we are in capacity to deal with (27a). We still
however need to study some properties of the linearized operator Alji‘& defined in (29), for the

analysis of (27b). Let us state the following Lemma, which sums up the conservation properties
of Alp:
fO

Lemma 1. The linearized version AIJZE of the dominant operator satisfy the following conservation
properties:

(A7), =0, (IviPAR(&) =0, (37)
for any arbitrary function .

Proof of Lemma 1. The first step is to notice that these properties hold for the total operator
A as a direct consequence of the conservations of @ (32). But then Alﬁ} also satisfies these

conservation properties by linearity, integrating the definition (28) for @ = A. O
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3.3. Proof of Theorem 1 (Limit model). It this section, we shall keep in mind that the
previous analysis was carried out for functions of the v variable only, while the solution f¢ of
(26) depends on the parameters (¢,x). The proof is divided into several steps, based on the two
first equations of the Hilbert hierarchy (27):

A(f%) =0, :O(e™) (38a)
8tf0+v-foo—i—E-vao—i—Al}%(fl) =1, Q.(f°). - 0(1) (38b)
Step 1: the limit distribution f°. The first equation in the Hilbert hierarchy is
A(f°) = 0.

As a consequence, Proposition 1 yields the existence of two functions ¢°(¢,x,vy), T (¢,x) such
that

fo(t,X, V) = go(t7XaUH>Mfﬁ(vL) 9 (39)
which is exactly (17a).
Step 2: Equation for the reduced distribution function ¢°. We plug (39) into the

second equation (38b) and then integrate with respect to v . Using the conservation properties
given in Lemma 1, one finds

8th + 8290 + Vxl . <VJ_ fO>J_ + EH&,” go =1 &,H (U” - uﬁ) go + T° &)Hgﬁ’] . (40)

It remains to compute the flux term, thanks to ansatz (39). We find that
70
<VJ_f0>l:go/ VJ_MJ_l dVJ_:07
RS

by imparity. Plugging this last equality into (40) yields exactly the kinetic equation on ¢°.
Step 3: Equation for the perpendicular temperature 79. Firstly, integrating (39)

nOTE — <|V;|2 f0> 7

thanks to n” = (¢°) (defined in (18)), and standard Gaussian moment computations. Now, let

v

5 ® dv yields

against

lin

us integrate (38b) against % dv. Using the conservation properties of A £0 (given in Lemma 1)
along with property (10) on @, (%2 is now set to 1), one finds

2
Oi(n°T9) + Ve, - QY +0:Q% = n®u} By + Swen (T) - T9), (41)

with the following definitions for the energy fluxes QY and Q9

2 2
Q} = <VL%JCO>’ Q) = <U||%f0>-
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Let us now compute each of the terms in (41):

2 2
(J)_:<VJ_—|VL| f0>:/ gOdU” / A\ |Vl| Mle v, =0,
2 R, R2

vl |VL|2 i
Q= <U|| — )= [ wddy | =M dvy =nu Ty,
R, R2

0
nou(i:<vao>:/ godv”/ le?dezo,
R, R2

where the first and third equalities come from imparity. We also used the definition of parallel

moments (18) for the second equality. Plugging these equalities into (41) yields exactly the
required equation on 79, thus concluding the proof.

4. FIRST ORDER CORRECTION

This section contains the analysis for obtaining first-order corrections to the limit model of
Theorem 1. After stating the problem in the prelminaries of section 4.1, we proceed with
the analysis of the dominant operators in section 4.2; this will permit the computation of the
distribution function f!, carried out in sections 4.3 and 4.4. Eventually this will lead to the
proof of Theorem 2 in section 4.7.

4.1. Preliminaries. Let us now proceed to the computation of the first order correction model,
investigating the following two equations of the Hilbert hierarchy (27):

O1):  Of°+v-Vif'+E -V f'+ AR = Q:(f°), (42a)
O@): S +v - Vuf' +E-Vof' + AR(f) — v 8°QL(f") = e 6Q:[f°)(f1) . (42b)

Here, AI}S was given in (29) with the linearized operator 4@ [f°] derived from the definition
(28),

\%
QUINOS) = o, - [Va0f ~ Busf® —OTLTE 10+ 10900 (13)
L
where we used u} = 0 (as seen in the proof of Theorem 1), and the following definitions:
nO(SuL:/ vidfdv, (44)
R}
6T [v|?
0 1 1
— = ——1 : 4
g = [, (G 1) e )

This last line can also be rewritten as
1
nO5TL+5nTﬁ:§/ v |?dfdv, where 5n::/ 5gdv|:/ dfdv.
R3 v R3

The term §2Q, (f') is quadratic in f! and n', ul, T defined as the first order terms in the
expansions X° = X% + ¢ X! + O(£?):

1 0 1 0
PQu =y |- { =t et (- R S| o)
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This quantity inherits the following conservation properties from Q) :

1
/ vi | 20.(fYdv=0,  andeven SQ.(fYdvi=0.  (47)
R3 \ [vi|? R2
2

To prove Theorem 2, we need firstly to characterize completely f!. In order to explain more
clearly how we shall do that, let us fix the functional setting in which we are going to work. In
the following (x,t) are merely parameters, and thus shall be omitted, until subsection 4.3.

Let f° be the solution of the limit model (17). We define the Hilbert space

_ {f Rk [P v < oo} , (48)
R

which is associated with the following scalar product:

(f1, f2)n / f1f2 v, fi,fo €M, (49)

with norm denoted by || - [|3. We have f° € 7—[ and

170 = [ v ="

In this space we shall define for any unbounded linear operator O its associated definition domain
by:

DO):={feH, OfcH}. (50)

Let us denote by II : H — ker Ahn the orthogonal projection onto the kernel of Ahn With this
notation in mind, we shall decompose fte D(Alm) in its macroscopic and mlcroscopic parts,
respectively:

fr=r+f, [ =If ckerAlll, fl=(Id - 10)f" € ker" Al (51)

Our goal is to compute both the macroscopic part f! and the microscopic part fl. The
macroscopic part f! shall be characterized by taking the projection IT of equation (42b) (sub-

section 4.3). The microscopic part f* will be characterized by taking (Id — II) of equation (42a)
(subsection 4.4). The proof of Theorem 2 shall be concluded in subsection 4.7 from the complete
characterization of f° and f!.

4.2. Study of 6Q, [f°] and A?E. In order to carry out this program let us firstly state several
properties of 6Q, [f°] and Ah“ All of these properties are proven in Appendix B. The normed

space H defined in (48) is convenlent for the study of the operator A Indeed, A is naturally
decomposed as the sum of the skew-adjoint operator

(vxB)-Vyx,\)n=0, Vyx, (52)

and the self-adjoint operator Q) [f°] given in (43), the properties of which are stated in the
following proposition.

Proposition 2 (Properties of 6Q | [f°]). In the space H endowed with the scalar product (-, )3,
the operator 5Q [f°] given in (43) satisfies the following properties:
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e [t is self-adjoint, namely

(_6QL[f0]§7 X)H = <€7 _5QJ_[fO]X)H7 v€7 X (53>

and satisfies more specifically

<4@Wmmﬁégwwu@0v QQ@

n? n?

0 0 2=
S e T Ty

where we denoted by duy ¢, 0T ¢ (respectively du, ,, T ) the bulk velocity and tempe-
rature defined in (44) and (45) associated with the function & (respectively x ).
e [t inherits from Q) the conservation properties (32), namely

1
/ v ] sQuifl©dv =0 and even 5O F)€)dvi =0.  (55)
R3 R2

6TJ_,E 5TJ_,X7 v£7 X (54)

vy |?
2

o The kernel of 6Q, [f°] writes
ker(0Q.[f°]) = {6 € H, &=aly) f°(v)}
S {5 S 7‘[, 5 - 6(VL) fo(v)7 B<VL) S Span {Uwavyu |VL|2}} :

Proof of Proposition 2. The two first points follow from a straightforward computation, while
the third point is proven in Appendix B, subsection B.1. 0

(56)

As a consequence of this characterization of ker §Q.[f°], one shall define an orthogonal
projection onto that kernel.

Lemma 2. The projection on ker 6Q | [f°] reads
m:H — kerdQ[fY]

X = (@ x()) +Z<wkx> OL(v) + (97 x) (V)

(57)

where we introduce the following polynomial expressions (©°, @l cp;, ©?) in the velocity variable
vy, and an orthonormal family (®°, @}, &}, &) of H.:

o V0 O(y) o L o[y
Pv) =, BLv) = ph(vi) ().

) = (e -1). B(v) = @(v.) V).

One underlines that in the expression of 7 (
role as the others. Indeed, for instance (¢°y
scalar.

57) the first term does not play exactly the same
), is a function of the variable v, and is not a
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The family (P, @;,@2) also permit to express the quantities du, ¢ and 07 ¢, defined in
(44)-(45) and associated to an arbitrary function £ € H. Indeed, one has for £ € H:

no

(& Po)n = (@, &) = ™ (dure)e,

(& @y)u = (p, &) = \/g(&h )y

(6, @) = (7€) = VD s
TJ_

With these notations, ker §Q  [f°] rewrites
ker(6QL[f°]) = {¢ = B(v)) ®°(v), &€ H} ® Span{D,, ¢, P*}.

Now, thanks to the definition of that projection 7, one can write the following coercivity
property of the collision operator.

Proposition 3. (Coercivity property of 60Q.[f"]). The following coercivity estimate for the
linearized collision operator holds:

2
X—7X
(=0QL[f X, X)n =/3TE fo Ve, (T)’ dv > Ix —=xllz  Vx. (59)
R'U
Proof. The proof can be found in Appendix B.2 U

This property guarantees the positivity of —dQ[f°], and is useful in the proof of the next
property, where we characterize the kernel of Al}lg and state its closed range property.

Proposition 4 (Properties of the operator Alm) The operator Ahn defined on H by (29)
has the following properties:

e The kernel of Ah‘& s given by
ker At = {€€H, E=aly) M} {eeH, =Bl [(v). BER)  (60)

As a consequence, the orthogonal of ker AIJ}E in H is given by

ker Allz — {x eH, (x). =0, <(|;;|; - 1) x> - o} . (61)

e The projection on ker Ahn 15 given by

-+ — kerAl}E
§ = (P8, (v) (V) + (p?&) P*(v)

e The operator AI}{} satisfies the following Poincaré-type inequality: there exists an explicit
constant C'4 > 0, depending on B and v, only, such that

l€llz < CallAfEll, V€ € ker ATS N D(AR). (63)

(62)

As a consequence, the operator Ahn has closed range, which implies ’R(Al}{}) = kerLAIJH}.
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e The operator AI}B‘ can be restricted to the space ker™ A?{}, such that the restriction (which

we still denote as Al}%}

AT kert AR — kert AR,
1s well defined, and is a bijection.

Let us now state a few remarks on this Proposition.

e As one can see, ker AI}S is smaller than ker 6Q | [f°], as it contains only functions that are
invariant by rotation with respect to v, . This is due to the fact that AI}B contains the
term (v x B) - V. The projection II reflects this fact, and its expression resembles that
of m (equation (57)), but without the functions of type ®;, which are not invariant by
rotation in v .

e The closed range property comes from the Poincaré-type inequality (63) (see for reference

[17]). The inequality (63) holds with an explicit constant C'y = i + ‘\g‘.

e Let us recall that these properties are stated for a fixed set of parameters (¢, x) such that
vy >0, B(t,x) > 0. If one works in a time-space dependent setting, one can obtain for
instance such a Poincaré-type inequality in L*((0,7") x T3; H) by assuming a uniform
lower bound condition on B, for instance assuming the existence of a constant v such
that

IB(t,x)| >v>0  ¥Y(t,x)eR, x T?. (64)

With that previous property in mind, we are now able to completely characterize f L. Firstly,
let us focus on its macroscopic part f*.

lin

4.3. Macroscopic part of f!. Using the form of the orthogonal projection II onto ker A 105

given in equation (62)), we know that the macroscopic part of f!, namely f!, is given by the
following equation:

o 1 2
Fl=Tft = <S00f1>L 30 4 <(’02 f1> P2 = ¢! M? 4 :;_t (’;’;’E . 1) 70 (65)
where
g= (), = (). e () =0, (66)
71 2 2 ~ 2 B
R LR LI

The equation for g' can be derived integrating equation (42b) against dv, yielding thus

gt + v”f)zgl + Vg, - <VL fl>L + E”&,Hg1 =1 8”u ((v” - uﬁ) gt — uﬁ q° + Tlﬁvng0 + TO&JHQI)) )
(68)

where the macroscopic quantities uﬁ and T' are depending on g' and T} only, and are the first
order terms in the expansion of uj and T defined in (15). We also used that

<V¢f1>L=<V¢Jﬁ>L~
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As one can see, this equation (68) is not closed, as the flux term still depends on the microscopic
function f!.

Rather than computing the equation on r}, in order to simplify the computations, we shall
compute the equation on

2
wi = (nTL)1 = nOTi +nt TE = <‘V;‘ f1> ,

which is completely equivalent, with the knowledge of the equation on g'. Integrating (42b)
2
with respect to % dv yields

2
atwi + Vi, '@i + 8ZQ1X = noui E; + §yr (n (T} — TL))l, (69)

where we define

Q! = <VL% f1> ~ <VL|V;| fl> . Q= <U||% f1>-

This time again, this equation is not closed and we need more information of fl. N
Altogether, we need to close equations (68)-(69) which depend on f!, and in particular f!. In
fact, we shall fully compute f!, and this is the purpose of the next subsection.

4.4. Microscopic part of f!. In order to completely characterize the first order microscopic
correction distribution f!, let us rearrange the terms of (42a), as

AT = Q") = 0" =V - Ve f — BV f' = R, (70)

Using that R(A?B‘) = kerLAl}E}, we deduce the following implicit definition for fl, namely

7 in—1

=A% (R"). (71)
There only remains to compute explicitly RY, and then to find its preimage. The following
property sums up the result of this analysis.
Proposition 5. The remainder term R° defined in (70) belongs to R(Al}g), and simplifies as

EL'VL (VL'vx TE) |VL|2 8ZTE |VL|2
RO — - i -1 0 =t 0
{ 79 0 270 G I T /

—v, (Vi " )M, . (72)
As a consequence, the microscopic density fl defined through
f'=AR" (R,
reads

~ E, xB V. (i°T))xBY\ v Vi, TY
1 _ 0 1 X 1 1 X 1

2 0
‘;’;‘0 - 1] L {DQVM (%)} VM,
1

8.1 uj — v
TE 2 vV,
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where the definite positive matrices Dy, Dy are given by

D= ———F=% ; 2 = _J_ﬁ (74)
Proof. The proof of this property is technical and is postponed in Appendix C. OJ

Thanks to this property, we can compute the moments of fl, which shall permit to close the
macroscopic system (68)-(69).

4.5. Closure of the macroscopic system. Let us start by the closure of the equation on g*
(68), in particular by giving an explicit form to the flux term. Using formula (73), one gets

0 0 70 0
=\ _ ¢"EL xB -V, (¢°T)) x B 00 g
<va>L_ |B|; —n" 10D, - Vi, (25 ). (75)

As one can see, the right-hand side of (75) is decomposed into two terms playing different roles.
Let us focus on the first one, and introduce the electric field drift
EJ_ x B
up = ————

along with
uK — _VXL (90 TO) x B
P 9°|BI?

This quantity, which we call the ” kinetic diamagnetic drift”, is related to the classical diamagnetic
drift

Vi, (n°T% x B
Up ‘= — )

no |B|2
through to the formula
(9" up)y =n"up.
Defining further
Wgrift = Ug + Up, ug”-ft = uE—I—qu),

the flux computed in (75) rewrites
~ gU
<VLf1> :gougm-ft—nOTE]D)z-Vxl <_0> .
i n
The second term on the right-hand side of (75) is a diffusion-type correction, acting in the

perpendicular plane direction, and is a novelty.
With these computations in mind, one finds the following equation on g':

0

g
Oig" + 109" + B0y 9" + Vi, - (6" ugrize) — Vi, - <n0 TYDy - Vy, <m)>
— 1,0, ((v” —uf) g" — ul ¢* + T'9,, ¢° + 190, gl)> |

which now does not depend on f2.
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Let us now turn to the closure of equation (69). As we mentioned earlier, the first non-closed

term in (69) is
o= (v b - (W ). (76)

Now, using Proposition 5 which gives the expression of f!, one computes

QL =2n° TV ugpiss — 2n° TV DV, TV . (77)

In order to identify the role of each of these quantities, we shall use the following decomposition

of Q5 = <VJ_ %fﬁ:

1
L=al P ul +piul - ont el ul, (78)

where the perpendicular heat flux q° , the perpendicular stress tensor PS and the perpendicular
scalar pressure p are defined through

1
ai= [ vi-wiPviow) rdv, B [ e fav, e T
R3 R3
(79)
At order one in €, Q7 writes
Of):  Qi=q +P]-ul +piu) =q] +2n"T7u]. (80)

Comparing this last equation with (77) permits to find the following expression for the order
one perpendicular heat flux

ql = —2n"T) D Vy, T7 . (81)
This is a Fourier law of Bragiinski-type, with gyroviscous (antidiagonal) and viscous (diagonal)

terms [15,37].

Now, we compute the second non-closed term in (69). It can be decomposed as follows into
two parts, coming respectively from the microscopic and macroscopic part of f1:

Q. = <U||%fl> = <U|||V%|J71> + <U%f1> (82)

1

= =5 T T 4 0" T+ (nwy)' TY (83)
L
1
= =5’ T 010 + (nuwy T1)' (84)
2 V|

This time again, the different terms carry some physical meaning. Defining the ” heat flux in the
parallel direction” g5, as follows

1

= [ o= u) e - wiP v, 9
R3

v

permits to show, similarly as before, the following Fourier law

1
1 0 0 0
Ix = =5, N T, 0.1 . (86)
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4.6. Recap: Order one Hilbert expansion of (26). Let us summarize in this paragraph
what we have proven in subsections 4.3, 4.4 and 4.5. Assuming our distribution function f¢ has
the following Hilbert decomposition:

S e

the distribution f° is given by the limit model (17). The first order correction f' € D(A)
writes:

fl=r+ 1 (87)
where the microscopic part f! € kerlAl}S is written (see Proposition 5):
K 0 2
7 _ Warise " V1L Vi, TV V] 0
f 70 f 1 70 Vi 279 f
aZTE U,ﬁ —Y |Vi|2 1 0 0 D,V go M <88>
™ 2o |20 YIS { 2 "L(W)}'VL B
with D¢, Dy given by
_— 1 3v, B v 1 B —v (89)
" B24+902 [-B 3u, |’ ‘" BB+ |y, B

The macroscopic part f' € ker Allg writes (see (65)) as follows

_ T
fl=g M+ 5 (

with the order one quantities (¢g*,T}) given by (see subsection 4.3 for the equations and 4.5 for
the closure):

. o
Ohg' +v)0.9" + E|0y,9" + Vs, - (¢° ugir) — Vi, - (no TODy -V, (E

:mmmwwwwy_%f+p%¢+w%@w7

(91)
O(nT) + 0.(nuy T + Vi, - (2n° T ugripe) + Vx, - d' + 0.4,
\ = g Ba 4 2 wln(T) ~ T1)'
where
q, =-2n°TVD, V, T7, q = —ino Ty 0.17 . (92)

With this in mind, we are now ready to deal with the proof of Theorem 2.

4.7. Proof of Theorem 2. In this proof, we shall denote

F=1+es,
and all quantities with a check symbol ~on top shall be associated with f°+ ¢ f! . The proof is
based on the fact that, due to the Hilbert expansion, one has

fs—f:O(ésQ), ase — 0.
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As a consequence, it is enough to show that the function ]?, constructed in Theorem 2 and
solution of our truncated model, is such that

F-F=0(E»), ase—0. (93)
Firstly, we show that f satisfies the following development.
F=gMEAten, )+ 0@, (94)
where A is defined in (22f). We recognize a decomposition analogous to that of 7 (22a), namely
f=gME(14en, ;). (95)
As a consequence, we shall prove in a second time that
@ T0)— (G T)=0(%,  ase—0. (96)

This shall finish the proof, as injecting expansion (96) into (94) leads to (93).

Step 1: Form of f . Let us start with the decomposition
F=(+ef)+ef

Developing in powers of ¢ the term EM? permits to find, with the help of (90), the first term
of the previous decomposition:

Prefl=gM™ 10, ase—0. (97)

Then, one can focus on rewriting f* given in (88): thanks to definition of A in (22f), one finds

79 ~ A T
fr=g" M Ao = GMIE Ay i +O(e), ase — 0. (98)
Taking (97) + € (98) yields (94).

Step 2: First order PDE model. Summing the limit PDE model (17¢) for (¢°, TY) with
the system of equation (91) giving ¢ (g%, T') yields, after grouping terms of the same nature

(

0
N~ N N g
O + v)0:9 + 00, + €V, - (9°ughige) — € Vi, - (no T)Dy - Vi, (ﬁ))
= I/r avH ((UH - u[‘)‘) go + Toa’vugo + € ((U” - uﬁ) gl - /U/ﬁ go + Tlavngo + TOaU”.gl)>> Y

H{(nT ) +enT)'}+ 0. {(nyT)+e(nuT)'} +eVx, - 2n° T ugip) + V- @

=€ﬂprﬂ'El*_%”{ONTW—TlﬂO+€OKT'—Tlﬂl}-

\

Finally, adding several terms of order O(g?) permitxs to simplify the previous system:

9 +v) 0.9 + Ej 8’0”6 +eVx, - (ﬁ(Ii(rift J)=u avu [(UII - aH) g+ Tav” \g/}

‘|—c€vxL . <7LTLDQVXL%) + 0(82),

at(ﬁjfl) + (L(ﬁTL 17”) + <€vxL . (27\’17\1 ﬁdrift) + €Vx . (\1/1 :Eﬁﬁdrift . EL

9 . .
+§%HUM—TQ+O@5,

ase — 0.
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Therefore, in finite time, (96) holds. This concludes the proof.

5. DiscussioN AND CONCLUSION

The main purpose of this work was to derive a reduced description of a plasma undergoing
anisotropic collisions in a strong magnetic field. We started from a normalized kinetic equation
featuring a small parameter € € (0, 1) and performed a formal analysis, leading in the asymptotic
regime ¢ < 1 to the factorization of the distribution function into a kinetic part in the parallel
direction, and a macroscopic part in the plane perpendicular to the magnetic field. This
new plasma model is an enhancement of the one used in [20], as it includes plasma drifts
and perpendicular diffusion terms. Classical Bragiinski-type closure terms were found for the
perpendicular temperature, while new, fluid-like terms were discovered in the kinetic-parallel
description. In particular we found in this kinetic equation a diamagnetic drift term. Such a
term is usually not present in reduced kinetic models, for instance in gyrokinetic models, and
points to the hybrid character of the newly derived model. This hybrid character of course
arises because of the assumption of high collisionality perpendicular to B. Moreover, a diffusion
term occurs in the direction perpendicular to the magnetic field, which is responsible for the
homogenisation of parallel moments in the perpendicular direction.

One can build upon this work in several directions. Firstly, one can investigate on the
restrictions we made for this study: one can study the same regime in the context of a more
complex geometry, with a curved magnetic field. We conjecture that such a modification will
add several other terms to the drift velocity, such as a grad-B drift and a curved-B drift. It is
also possible to remove the assumption of periodic boundary conditions in x, to add the effects
of multiple species, or to solve the electromagnetic fields in a self-consistent manner. Secondly, it
would be interesting to consider numerical discretizations of the new model. Due to the fact that
the dimensionality (4D) is lower than for instance in gyrokinetic descriptions (5D), a significant
gain in performance can be expected. Thirdly, the range of validity of the new model should
be investigated. For instance, one could try to reproduce the numerical experiments conducted
in [20] and then study the effect of the additional drift-/diffusion terms of the new model.
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APPENDIX A. SCALING ASSUMPTIONS AND RENORMALIZATION

In this section, we detail the scaling assumptions leading to the renormalized equation (13).
We start from (4)-(6), and express dependent variables in terms of a characteristic unit (denoted
with a "bar”) and a rescaled function (denoted with a ”prime”), for instance

f=ff, E=EE, B=BB.
We normalize equations (4)-(6) by assuming characteristic scales for time and phase space,

) — ! /
t=1tt, X=IX, V = U4V,
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where the thermal speed vy, is defined as follows:

~

kp
Uth = ;
m

with T = T the characteristic temperature scale associated to f. We assume the relation
T = t v, as well as

= fug, U = Vth, ks T =muvd =qo, E:E'
We also introduce the observation frequency, and the cyclotron frequency:
1 B
(I) = =, QC = q_ .
t m

This leads to the normalized VFP model

QC E U / Uy !
@f+¢xuf+f< _E+WXB@)NQf—%%Qﬁﬂ+%ﬁ@UL (99)

w Uth

where @)’ and Q. are defined as in (5)-(7), but setting the constants kg and m to 1. The physical
regime is now determined by four quantities:

i) Q./w, the ratio between the cyclotron frequency and the chosen frequency scale,

ii) E/(vsB), the ratio between the E x B drift velocity and the thermal velocity,

iii) v, /w, the ratio between the perpendicular collision frequency and the chosen frequency
scale,
iv) /v, the anisotropic collision parameter, defined as the ratio between the two collision
frequencies.
One assumes firstly that the cyclotron frequency is much larger than the chosen frequency scale,
due to the strong magnetic field. This assumption can be formulated as follows:

Q 1
—“==>1, (100)
w €
where ¢ is the small asymptotic parameter. This choice constraints the next quantity ii):
E  qeE  qe¢  qed  ckgT
vpB  moug @  mougn©T  mui omud

(101)

Next, we assume strong collisions in the perpendicular direction. In particular, we assume that
the v x B - V, operator and the collision operator appear on the same order in the Vlasov
equation, meaning

% 1
e (102)
w €
The main novelty in this work is the assumption of anisotropic collisions, namely
/v =< 1. (103)

One can now rewrite our rescaled Vlasov equation as follows, (the primes were omitted, for
simplicity)

1
8tfE +v: vxfa +E- vaE + g(v X Bez) ' vaE = %Ql(fa) + Qr(fa) ) (104)
where 0, and @, are defined in (14).
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APPENDIX B. PROOF OF THE PROPERTIES STATED IN SUBSECTION 4.2
B.1. Proof of Proposition 2.

In this subsection, we give a proof of the last point of Proposition 2, namely of (56). The first
step is to state one of the inclusion of (56) in the following Lemma.

Lemma 3. Let 6Q [f°] be the operator defined in (43) and define the set
S = {f = of UH)fO ), £ € ’H} &) {f B(vy) fU'(v), B e Span{vy, vy, |VJ_’2}} )
Then one has

S1 C ker(0Q . [f°]). (105)

Proof of Lemma 3. By direct computation (apply 6Q, [f°] to an element of S).
OJ

Let us show now the reciprocal inclusion, using the coercivity inequality (59). For this, let us
investigate the mapping 7

T-H — H
X = (e x(v) ) + Z (Pr X) Pr(v) + (¥ x) P*(v), (106)

k=zy

defined in (57). Let us show that it is well defined. For this, it is enough to notice that if y € H,
then (x¢%), ®° € H. Indeed,
2 1
2
pu— —_— d
H /RU<X>L90 .

/U<R2 \/_\/_de> — dyj

X2 0 1
</R ( Md“) ( oy d“) Pl
v v

0

T0

H <X800>¢ ‘POHi = H (X)L M-

=9
= lIxll5 < oo,

using Cauchy-Schwarz inequality, leading to the well-definition.
Observe that §; = R(7), where R(7) is the range of 7. As a consequence, Lemma 3 shows

R(7) C ker 6Q . [f°]. (107)

Proving (56) is exactly proving that (107) is an equality. But the latter fact is a direct
consequence of the coercivity inequality’ (59). Indeed, taking x € ker 6Q [f°] we obtain

= (=0QLLf'x, In = lIx — 7l - (108)
We quickly sketch the proof of this inequality. It shall finish the proof of Proposition 2.
LAt this point we do not know that the mapping 7 is the orthogonal projection onto ker 6Q, [f°]. However,

the coercivity relation from Proposition 3 still holds, which can be verified by direct computation, or from the
proof of Proposition 3 in B.2, where only (107) is used.
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B.2. Proof of Proposition 3. Let us recall firstly that (®;, ®), ®*) permit to express the
quantities du, ¢ and 07 ¢, defined in (44)-(45) and associated to a function £ € H. Indeed, one
has

1 1 n®
(& (I)a:)'H = <90:v 5) ﬁ(5ui,§)m:
1
no
(& PY)w = (9, &) = —8(51&,&)@/,
(€ P = () = Vi Tt

With this in mind, we state that

2
V.. (Xf_X)' dv +0.

For the first equality, we used inclusion (107) and the self-adjointness of 6Q [f°]. For the second
one, we used (54), along with the fact that

TO (I)1 TO
5uJ—7X—7TX - n_é (X — X, (@f)) = 0, 5TJ.,x—7rx = ﬁ(){ — X, (I)Q)H = 0,
Y H

which can be seen using the orthonormality of the family (®°, ®}, ®,, ®*). Finally, the proof is
ended by the following inequality
2
X —TX
Vo (S| av e g,

(6@l w = [ T8
R’U

which is a consequence of the Gaussian Poincaré inequality. Such an inequality can be proven

using well scaled Hermite functions (see for instance [11]).

(=60 [P e = (—8Q [ (x = 7 X — 7)o = / 79 0

R}

B.3. Proof of Proposition 4. Let us turn to the proof of Proposition 4. Let us firstly give a
proof of the first point, giving the form of ker Ahn In other terms we prove the following lemma.

Lemma 4. Let Ahn be the operator defined in (29) and define the set
2:2{{67{, £ =afy)) ) (v }@{SG”H E=0vi*f°(v), BeER}. (109)

Then one has
Sy = ker A5 (110)

Proof of Lemma 4. Let us prove it by double inclusion. Firstly, every function of S; is rotation
invariant with respect to v, and Sy C S; = ker 6Q , [f°]. Therefore

Sy Cker6Q [f°] Nker(v x B-V,) C kerAh“.
Let us now focus on the reciprocal inclusion of (110). To prove it, we are going to prove that
ker A} NSy = {0}, (111)

where 83~ is the orthogonal of S, in H. This fact shall prove that Sy = ker Aljiﬁ, as Sy is closed
in H.

In order to prove (111) we follow three steps. Firstly we show that if x € ker A?‘&, then
(X)L = (pyx)1 =0,
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directly from the definition of A?B‘. Then, using the coercivity property (59), we shall show that
x = mx. Finally assuming further that y € ker Alfig N Sy, we shall prove that y = 0.

e Let y € ker Alji{}. Firstly, integrating against v, dv the equation
AB(x) =0, (112)
yields, after integrating by parts
—(vyx) x Be,=0.
As a consequence, (v, x) = 0, which reformulates as

(2 x) = (pyx) =0. (113)

e Then, testing (112) against y in H yields, using the skew-symmetry of the magnetic
transport term and the coercivity (59):

0= (ATx, )n = (—vL6QLIfIx, ) = v lIx — 7x|l3, -
Therefore y = 7y.
e Finally, assume further that y € ker Alfig N Si. Let us denote by II the orthogonal
projection on the space S,°. This projection writes

Oy = (e"x ), 4+ (&> x) D*(v).

Since y € S5, we have that [Ty = 0, yielding

Ty =T+ S (b0 @k =0+ 3 (phy) @ =0, (114)

k=x,y k=x,y

using further (113) for the last equality.
We therefore conclude that y = my = 0, thus concluding the proof.

0

The second point of Proposition 4 is an easy consequence of the first one, as II is the orthogonal
projector on Sy, and thus onto ker AI}E. Let us now prove the third point of Proposition 4, namely
the Poincaré-type inequality. From there, the closed range property (point 4) is an immediate
consequence (see [17] for instance).

lin

Lemma 5. The operator Afo defined in (29) on H satisfies a Poincaré-type inequality. In other
terms, there exists a constant C'y > 0, such that

€l < Call ABel, Ve € ker* Al 1 D(AL) (115)
Proof. Let us fix £ € ker" Al}ﬁ, and decompose the left-hand side of (115) as follows,
I€N7 = ll€ — m&l5 + Im€ll% (116)
2
=|l€ = =&l + (e O (117)

with

1
1 ¥ 1 1 £0
QO(VL):( i”), o= [
Py
2At this stage, we still do not know that the projection II defined in (62) is the projection onto ker Alﬁ}, but
it is clear that it is the projection onto Sa.
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Indeed, the projection (57), together with & € kerLAI}B‘, yields

m(§) =HE+ (o) - = (Ep') - D" (118)
Let us now estimate the two terms arising in (117). To simplify notation, let us denote
x = AR(). (119)

e For the first term in (117), we test (119) against . Using the coercivity inequality (59)
and the skew-adjointness of the (v x B) - V, operator yields

v ||€ = mElf3, < (v 6Q[f)E,€),, = (ARE€),, = () < Il €]l (120)

e Now, to control the second term of (117), we test (119) against —5 (p'€)" - (@), and
get on the one hand the following sequence of inequalities

‘ (A?B‘(f), ~ ()T (@”)J - ’ = (PO (@)
<3 ([t @) | + | (c (o) @2,

< ﬁnxnﬂ (k)] + (21|}

< L/ + (et}

V2
< o7l 1€l
|B|

V2
< ol €2
|B|

where we used Cauchy-Schwarz for the third line and Parceval’s theorem for the fifth
line. On the other hand, using that @}, ®, € ker6Q[f°] = R(6Q_[f°])"*, one computes

(450~ (0T @)) == (Brxe) Vg0 @) +0

H H

- / (Vo - (v)TO] (0 )T - (") dv

v

- / (vO)TE] - Vo, [T ("] dv

I
—
‘6>—A
I
Ky
oL
<
‘6>—A
o
4
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Assembling the two previous sequence of equalities/inequalities, we get

! V2
('O < < gy Ilsl€le (121)

e
O

The result follows, summing (120) with (121), and taking C'y = i +

APPENDIX C. PROOF OF THE PROPERTIES STATED DURING THE HILBERT EXPANSION

C.1. Proof of Proposition 5. The goal of this subsection is to prove Proposition 5 characterizing
the microscopic density f!. The first part of the proof will be dedicated to the rearrangement
and computation of the term R, using the limit model (17). The second step is dedicated to
the computation of the preimage of this term R°.

Step 1: Computation of R°. Let us firstly recall the equations on the quantities (¢°,77)
(17):

8,590 + azgo + E” aUHgO =1 avu [(U” — uﬁ)go +7° 81)”90

2
(9tTE + u” 0 TJ_ = 3 Vy (Th TO)

The computation of R° shall be a consequence of the previous system of equations. One
decomposes as follows each of the terms composing RY:

of° = g ML + P oM
VoV fl =i (Vi @O)ME + Vi (Vi M) g0+ g (D M) g° + (0)0.9%) ME,
E-V,.f'=E, -V, '+ (E||3UHQO)M:£3a
Q (fo) - ’U” [(UH - uﬁ)go + TO aUHgO] Mf} + VVL ’ |:VJ- fo + TO vvlfo} )

2 |VJ_|
_ 0y,.0 0 0 0 0
- a”l\ [(UH _u”)g +T a”Hg ] M v + 270 3TO <T|| _Ti) |:2TO 1:| I
Using those decompositions yields, after a rearrangement of the terms of R°,
0 0
RO = [—VL . (beqo)/\/lril —v, - (VXLM?)gO —-E, - VVLfO}

70 90 2 V.|
- go(?t/\/lL — v (0.M )90 + 370 370 (TH TE) |:2T0 1] f°

- [atgo + /UH azgo + EH avugo — U 8’0“ |:</U|| UH)g + TO ’UHg :|] MJ_ :
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The third line is zero, in view of the limit model equation on ¢° (17¢). Let us now simplify the
other terms.

o 0\ o __(VL'VXLTE) vi|? _ 0
[ ] ( Vi (VXLML>g)_ TE 2TJO_ 1 f?
. (~BL- Vo ") =BL- 5/
L
8tT0 —UHa TO |VL|2
. —g @Ml —UH(aM ) T l2T£ —1} f°
_ (uf —v) .17 {Ivil _1} 0
79 279
2
- — 1 0 TO |:|VJ—| _1:| ]L‘O7
379 (T - ) 279

the very last equality being given thanks to the equation on the temperature 77 (20). In view
of the last three equalities, R? rewrites in the following way

EL'VL (vl-Vx Tﬂ) |Vl‘2 (‘3sz |VL|2
RO — - L -1 0 =t g 0
{ 79 9 27" T Wi | o /

— V] ( XLg)MJ_ .

One notices that ITIR® = 0, thus yielding that R? € ker™ Al = R(AR). Tt therefore makes

sense to solve fl = Al}{}_l(Ro). This ends the first part of the proof. Let us now turn to the

computation of the microscopic density fl.

Step 2: Computation of ]71. One can separate this equality into several key terms:

vi Vi T) 0.1} v.|”
R = {(EL + Vi, T0) - g = mans - (VAVP) + = () =) | S — 1 f
L L

It is therefore enough to find a preimage by Ahn for each of those terms, by linearity. One
however needs to notice that V,, ¢° depends on v||, therefore the associated term needs a special
treatment.

The goal of the following Lemma is to compute those preimages. This Lemma is technical, so
we shall firstly admit it to finish the computation, its proof is postponed in the next subsection
of the Appendix.
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Lemma 6. One gathers in this lemma the preimages in ker™ AIJZ{} of some specific functions.

an(F ) a2

B
|VL|2 1 0 _ 0
9

. 0 0
Aljg (no [DQVXL (%>} .VJ_MJ_ B vaLgO ’ (VJ_)TM{L> - Vi [VXLQO]MJ_ ) (124)

uj =

M — 1] f° (123)

-
va)- fo) =vo |vif £ (125)
where the exponent t is the transposition of matrices, and Dy, Dy are given by

3VL B B -V
—B ?)I/J_ V) B

1
N B2 +912

V| 1

D -
! B B2+ 12

) Dy (126)

One checks easily that the preimages are in ker™ Al}}}. The proof of this Lemma is quite
technical, and is delayed in the next subsection, for the sake of clarity.

Using this Lemma permits thus to explicit the microscopic part of the first order correction:
using repeatedly that X - Y " = —X T .Y, we find

fr= (AR (127)
A% T0
= (¢"E] +¢°V, T9)- 570 ;0 Mt (128)
1
AV A |VL|2 v,

— (D, 2L ). I 1 B A A VAR A 0 129

9. 10 uj — vy [ |v. [’ 0
-1 130
™ 2o |20 MY (130)

0
1

- nO {DQVXL (%) } . VLMT_JO' — EVLQO V| M?O‘ . (131)

Arranging the last terms in the first, second, and last line in the right-hand side of the previous
equality gives,

71 0T T 0 0
f'=("E]l -V, (4°T))) .B—TEML
Vi, T° v, |
_ D1#> vy -9 fO
( 7 217
(9ZTEuﬁ—UH ’VJ_|2_1 £
TE 2VJ_ QTE

°
—n° {]D)QVM (E) } viMy,

which is exactly (73). Therefore, it remains only to prove Lemma 6.
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C.2. Proof of Lemma 6. The first equality (122) follows from a simple computation, and we
skip it for the sake of shortness.
Proof of (123). One firstly notices that

Alin Uﬁ B UH |Vl|2 -1 f _Ahn | l|2 fO (132>
£ 2 | 27° 4TY '

Then, the computation goes as follows:

Alin Uﬁ B UH |Vl|2 1 f(] _ Alin UH |Vi|2 f()
0 - — 0
J 2 279 ! 479
V.| 0
= vy 6Q[f") (U f
410
|VL|2 o 1 0 |VL|2 0
:Vlvv~[UVL—f—— v, fO4+17°V,, (v f
1 I 4TE 9 || 1 1 Il 4TE
(v )
e R AV

Proof of (124). In this proof, x(v) will denote a function of the parallel variable v only.
One computes the following equality:

in 79 v, B 70 )
AR (vex(o) M*t) = _E vy x (o) Mt —VL—OHVL 1°. (133)
Vi n
Thus, multiplying by the inverse matrix
-1
v, B B 1 v, —B
(s ) =ma (5 ) 38
using equation (122), and reordering the terms, one isolates v x(v)) M? and we find
1 in 79 79 <X> vi)' <X> T?
R Al (yLvaMﬁ —B(vy) Mt =02 W% I Vln_onvl o) =vixM -

Now, let us take y = 0,¢° and look at the first coordinate of the previous equality. Then take
= 0,¢", and look at the second coordinate. Summing these two observations yields

1 in 7! £
B24+v Al <Vi \ A [VXLQO]MJ_ - B (VL)T ) [VXLQO]MJ_
Ve (v)T Vi, o .
_VJQ_< ;Og >H ) ( E) fO—VL< nog >H 'VLfO> :VL'[vngo]Mi}'

Now, getting the result is just a matter of presentation. Using that (go>|| =n", and performing
a simple computation, the last equality rewrites

0 0 1 0 0
Ahn (no |:D2 Vi, (%)} 'VLM?‘ - EVXLQO . (VL)TM?) =v, - [Vxlgo]/\/lfL

thus finishing the proof.
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Proof of (125). One computes:
. Alin
AR (VIVLIPSO) = My vi|vi PO — 120 vy f°, (135)
lin

where we denoted by M’ the matrix
ALS 3v, B
o L
= (M g
which is invertible with inverse

Ally 1 3v, —B
M. ON—1 __ L _mt
(M) _B2+9y§(3 3“)—@1-

Therefore one gets, after multiplication by DY, and reordering the terms

3679 12 1279 By .
2 0 _ 1LY 0 L L T £0 lin t 2 £0
v fval™ f _B2+9uivlf T B2+912 (V) 2t g (B e 1)
. 367912 1279 v,
_ Alin 171 T »£0 1 0 t 2 £0
= A (_B3+9Bu3 Vo) S = grgr V) A Duve v f)
. TO ’VJ_lQ
lin 1 T r0 0 0
:Afg _4§<VL) f —|—2TJ_ID)§VJ_ QTE —2 f

For the second equality, we used equality (122). The last equality comes after simple computation
using the definition of DY.
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