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Definitional Functoriality for Dependent (Sub)Types

THEO LAURENT, Inria, France
MEVEN LENNON-BERTRAND, University of Cambridge, United Kingdom
KENJI MAILLARD, Gallinette Project Team, Inria, France

Dependently-typed proof assistant rely crucially on definitional equality, which relates types and terms
that are automatically identified in the underlying type theory. This paper extends type theory with defi-
nitional functor laws, equations satisfied propositionally by a large class of container-like type constructors
F:Type — Type, equipped with a map : (A — B) - F A — F B, such as lists or trees. Promoting these
equations to definitional ones strengthen the theory, enabling slicker proofs and more automation for func-
torial type constructors. This extension is used to modularly justify a structural form of coercive subtyping,
propagating subtyping through type formers in a map-like fashion. We show that the resulting notion of
coercive subtyping, thanks to the extra definitional equations, is equivalent to a natural and implicit form
of subsumptive subtyping. The key result of decidability of type-checking in a dependent type system with
functor laws for lists has been entirely mechanized in Coq.

CCS Concepts: « Theory of computation — Type theory.

Additional Key Words and Phrases: Subtyping, Dependent type system, Bidirectional typing, Logical relation.

1 INTRODUCTION

Dependent type theory is the foundation of many proof assistants: CoQ [The Coq Development
Team 2022], LEAN [Moura and Ullrich 2021], Aepa [Agda Development Team 2023], IDris [Brady
2021], F* [Swamy et al. 2016]. At its heart lies definitional equality, an equational theory that is
automatically decided by the implementation of these proof systems. The more expressive defini-
tional equality is, the less work is requested from users to identify objects. However, there is a
fundamental tension at play: making the equational theory too rich leads to both practical and
theoretical issues, the most prominent one being the undecidability of definitional equality. This
default plagues the otherwise appealing Extensional Type Theory (ETT) [Martin-Lo6f and Sambin
1984], a type theory which makes every provable equality definitional, thus making ETT rather
impractical as a basis for a proof assistant [Castellan et al. 2017]. As a result, to design usable proof
assistants we need to carve out a well-behaved equational theory, that strikes the right balance
between expressivity and decidability. In this paper, we show that we can maintain this subtle
balance while extending intensional type theory with map operations expliciting the functorial
character of type former, and satisfying definitional functor laws. We prove in particular that defi-
nitional equality and type-checking remain decidable in this extension, that we dub MLTT, .
The map primitives introduced in MLTT, = have a computational behaviour reminiscent of
structural subtyping, which propagates existing subtyping structurally through type-formers, and
should satisfy reflexivity and transitivity laws similar to the functor laws. Guided by the design of
MLTT,,, ,, we devise a second system, MLTT, ., with explicit coercions witnessing structural sub-
typing. To gauge the expressivity of MLTT__, we relate it to a third system, MLTT_ ;, where sub-
typing is implicit, as users of a type system should expect. A simple translation |-| from MLTT,, to
MLTT_,, erases coercions. We show that this erasure can be inverted, elaborating coercions back.
For this to be type preserving, it is crucial that MLTT,, satisfies our new definitional equalities,
which allows us to reflect the equations implicitly satisfied in MLTT_ ; due to coercions being
transparent. Fig. 1 synthesizes the three theories that we introduce and their relationships. They
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sub || coe map

MLTT

Fig. 1. Relation between MLTT, MLTT, ,,,, MLTT, . and MLTT

sub

all extend Martin-Léf Type Theory (MLTT) [Martin-Lof and Sambin 1984].! Let us now explore in
more details these three systems.

Functors and their laws. The notion of functor is pervasive both in mathematics [MacLane 1971]
and functional programming [Lipovac¢a 2010], capturing the concept of a parametrized construc-
tion applying to objects and their transformations. In the setting of type theory, a type former
F:dom(F) — Type is a functor when it is equipped with an operation map,, f: ¥ A — F B
for any morphism f:homy(A, B) between two object A,B in the domain of F'. A functor should
also respect the specified categorical structure on dom(F’), preserving identities and compositions:

map , id" = id (id-eq)

(map,, f) o (map, g) = map (f " g) (comp-eq)

These two equations are known as the functor laws. For many container-like functors, such as
List A, lists of elements taken in a type A, a map function can be defined in vanilla type theory
such that these equations can be shown propositionally, e.g. by induction. Such propositional equa-
tions need however to be used explicitly while being careful that all identifications relying on them

are made coherently. This is not acceptable from a user perspective: such structural and naturally
occurring identifications should hold definitionally!

Example 1.1 (Representation change). Consider a dataset of pairs of a number and a boolean,
represented as a list of numbers. For compatibility purpose, we may need to embed these pairs
into a larger dataset using

glue (7: {a:N;b0: B}): {2: B;y: N; 2: N} £ {z := r.b;y := r.a; 2 := if r.bthenr.a else 42}.

Going from one dataset to the other amounts to map either glue or its left inverse glue_retr,
which forgets the extra field:

map; . . glue :List {a:N;b: B} — List {2: B;y:N; 2: N},
map, . glue_retr :List {z:B;y:N;2: N} — List {a:N;b:B}.

If the functor laws only hold propositionally, each consecutive simplification of back and forth
changes of representation needs to be explicitly lifted to lists, and applied. The uncontrolled ac-
cumulation of repetitive proof steps, even as simple as these, can quickly burden proof develop-
ment. In presence of definitional functor laws, instead, any sequence of representation changes
will reduce to a single map, . : the boilerplate of explicitly manipulating the functor laws is
handled automatically by the type theory. Moreover, observe that in this example the retraction
glue_retr o glue =2 id is definitional thanks to surjective pairing. Combined with definitional
functor laws, the following simplification step is discharged automatically by the type-checker:

map, . . glue_retr (map,. . gluel)= map .. id [ =1

!'We provide a translation from MLTT,, to MLTT,,,, [-] in Appendix C.3 and conjecture it is type-preserving, but do
not establish any formal result on the translation. None of the results we present rely on this translation.
2We formalize this example, showing that this conversion indeed holds in our system, in file Example_1_1.
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Note that these equations are valid in any context, in particular under binders, whereas for
propositional identifications, rewriting under binders is only possible in presence of the additional
axiom of function extensionality.

Example 1.2 (Coherence of coercions). Proof assistants may provide the ability for users to declare
automatically-inserted functions acting as glue code (coercions in CoQ, instance arguments in
AGDA, has_coe typeclass in LEAN). Working with natural (N), integer (Z) and rational (Q) numbers,
we want every IN to be automatically coerced to an integer, and so declare a natToZ coercion.
Similarly, we can also declare a ZToQ coercion. If we write 0 (a IN) where a Q is expected, this is
accepted, and 0 is silently transformed to ZToQ (natToZ 0).

Now, if we want the same mechanism to apply when we pass the list [0: 1:2] to a function
expecting a List Q, we need to provide a way to propagate the coercions on lists. We can ex-
pect to solve this problem by declaring map, , . as a coercion, too: whenever there is a coercion
f+A — B, then map,, . f should be a coercion from List A to List B. However, by doing so,
we would cause more trouble than we solve, as there would be two coercions from List N to
List Q, map, . . (ZToQonatToZ) and (map; . ZToQ) o (map ;. natToZ). In the absence of def-
initional functor laws for map, . ., these two are not definitionally equal. To add insult to in-
jury, coercions are by default not printed to the user, yielding puzzling error messages like “/
and | are not convertible” (!), because one is secretly map; . . (ZToQonatToZ) [ while the other is
mapy, . ZToQ (map; . . natToZ [). This makes map virtually unusable with coercions.

Structural subtyping. This last example suggests a connection with subtyping. Subtyping equips
the collection of type with a subtyping order < that allows to seamlessly transport terms from
a subtype to a supertype, i.e. from A to A" when A < A’. An important aspect of subtyping is
structural subtyping, i.e. how an existing subtyping notion extends structurally through other type
formers of the type theory. Typically, we want to have List A < List A" whenever A < A’. In
the context of the F* program verification platform that heavily uses refinement subtyping, the
inability to propagate subtyping on inductive datatypes such as lists has been a long-standing
issue that never got solved properly [Hritcu 2014]. The absence of structural subtyping also has a
history of causing difficulties to AGpa [Cockx 2020a; Escot, Poiret, et al. 2023].

Definitional equalities for subtyping. From interactive theorem prover users’ perspective, sub-
typing should be implicit, transparently providing the expected glue to smoothen the writing of
complex statements. From a meta-theoretical perspective, on the other hand, it is useful to explic-
itly represents all the necessary information of a typing derivation, including where subtyping
is used. The first approach is known as subsumptive subtyping, on the left, whereas the latter is
embodied by coercive subtyping, on the right:

i, t:A Dk, A=A Nk . t:A Pho AA

coe coe
Sus CoE

', t:A 'k

coe

coey 4ot A

ub

We want to present subsumptive subtyping to users, but ground the system on the better-behaved
coercive subtyping. Informally, an application of Sus in the subsumptive type theory MLTT,
should correspond to an application of Cok in the coercive type theory MLTT, .. However, given
a derivation D of I' I ; t: A we can apply SuB together with a reflexivity proof I" I, A < A
to yield a new derivation 2’ with the same conclusion I' -, t: A. D and D’ respectively give
terms ' ¢ Aand ', coey 4t : Ain MLTT,,,. Since ¢’ and coe 4 4 ¢’ both correspond to
the same MLTT, ; term t, they need to be equated if we want both type theories to be equivalent.
Similarly, transitivity of subtyping implies that coercions should compose definitionally, that is

[ coep o(coey pt’) == coey " : C should always hold in MLTT,,...
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Functor laws meet structural subtyping. Z. Luo and Adams [2008] showed that the functorial
composition law comp-eq is enough to make structural coercive subtyping compose definition-
ally, because a structural coercion between lists coer,;qt 4 1ist 5 behaves exactly as the function
obtained by mapping coe 4 ; on every element of the list. We further investigate this bridge be-
tween coercive subtyping and functoriality of type formers, in particular the identity functor law
id-eq needed to handle reflexivity of subtyping, and extend Z. Luo and Adams’s limited type system
to full-blown Martin-Lof Type Theory, with universes and large elimination. This understanding
leads to a modular design of subtyping: structural subtyping for a type former relies on a functorial
structure, and can be considered orthogonally to other type formers of the theory or to the base
subtyping. Moreover, definitional functor laws are sufficient to make structural coercive subtyping
for any type former flexible enough to interpret subsumptive subtyping.

Contributions. We make the following contributions:

e we design MLTT, ., an extension of Martin-Lof Type Theory (MLTT) exhibiting the func-
torial nature of standard type formers (II, 3, List, W, Id, +) and satisfying definitional
functor laws (Section 3);

e we mechanize the metatheory of a substantial fragment of MLTT,,, in CoQ, extending
a formalization of MLTT [Adjedj et al. 2023], proving it is normalizing and has decidable
type-checking (Section 4);

e we develop bidirectional presentations for MLTT,_ ; and MLTT
respectively with subsumptive and coercive subtyping;

o we leverage these presentations and the extra functorial equations satisfied by coein MLTT,_
to give back and forth, type-preserving translations between the two systems (Section 5).

which extend MLTT

coe?’

The necessary technical background, notations and definitions for MLTT are introduced in Sec-
tion 2, while Section 6 details the related and future work. Detailed proofs and complete typing
rules are given in appendix.

2 TYPE THEORY AND ITS METATHEORY

We work in the setting of dependent type theories d la Martin-L6f (MLTT) [Martin-Lof and Sambin
1984], an ideal abstraction of the type theories underlying existing proof assistants such as AGDpa,
CoQ, F* or LEAN. The (declarative) typing rules describing MLTT use five categories of judgements,
characterizing the well-formed context, types and terms (Figure 2), and providing the equational
theory on types and terms (Figure 3). Two terms related by this equational theory are said to be
definitionally equal or convertible, to stress on the fact that these terms will be identified by proof
assistants implementing this theory, without any need for manual equational reasoning.

Variables and substitution. Throughout the paper, we use named variables (z, y ...) for readability
purposes, but we think of them as de Bruijn indices, which is what we use in the Cog formalization.
In particular, we do not consider freshness conditions. A substitution ¢ consists of a list of terms,
and we write ¢[o] for its parallel substitution in the term ¢. The substitution (id, u) replaces the
Oth de Bruijn index by the term u, leaving all other variables intact. We will write ¢[(id, u)] simply
as t[u], which would be written ¢[x := u] in more verbose notation, if = correspond to the Oth
de Bruijn index in ¢. Typing in all systems is extended pointwise to substitutions.

Negative types: dependent products and sums. Dependent function types ITx: A.B are introduced
using a A-abstraction A x: A.t and eliminated with application ¢ u. We use braces to indicate ar-
guments that will be left implicit, e.g. AM{x: A}.t of type II{z: A}.B. We also include dependent
(strong) sum types T a: A.B, introduced with pairs (¢, ), 5 and eliminated through projections
7, p and 74 p. Both of these come with an 7-law beside their standard S-laws.
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Type T is well-formed under context I'
I'-¢:T| Termt has type T' under context I'

T (x:A) el FT '+ A:Type.
VAR SORT Fph ——*
F'z:A I' - Type, : Type, r-A4A
I'+ A:Type, 'rA P+¢:Mz: A.B
I x: A+ B:Type, Tz:A+t:B FFu:A
Fun ABs App ——————
['FTlz: A.B: Type, F'Az:At:Tla: A.B I'Ftwu: Blu
r-A
'+ A:Type, 'k A N'Fa:A I'+1:List A
LisT - ! NoL ——mM——— Cons -
I' - List A: Type, I'key:List A I'a:z,l:List A

'HA I'+s:List A
I l:ListA- P T'F b, : Pley] Tya: A l:List A,h: P[] b, : Plax, ]
I'Findpigq 4(s; 1P b, al.hb,): Pls]

s Ve

ListIND

I'kFt:A 'rA=B
'Ht:B

Conv

Fig. 2. Declarative typing for MLTT (Complete rules: Appendix B.1)

Universes of types. Rule SORT introduce a countable hierarchy of universes Type,, which are
types for types. Any inhabitant of a universe is a well-formed type by EL and, in order to make
the presentation compact, we do not repeat rules applying both for universes and types, implicitly
assuming that a rule given for terms of some universe Type_ has a counterpart as a type judgement
whenever it makes sense. Appendix B provides the full set of rules for reference. For instance, in
addition to Fun, we have a type-level equivalent

' A Nz:AFB
-« A.B

FunTy

Positive types: inductive types and families. As we wish to study the functorial status of type
formers, parametrized inductive types are our main focus. Our running example is the type of
lists List A, parametrized by a single type A, and inhabited by the empty list € 4 and the consing
hd =, tl of ahead hd : A onto a tail ¢/ : List A. List are eliminated using the dependent eliminator
indp ;e 4(8;1.P; b,y a.l.h.b.), which performs recursion on the scrutinee s, returning a value in
P[s], using the two branches b, and b, corresponding to the two constructors :: and €. b, binds three
variables corresponding to the head a, tail [ and induction hypothesis i on the tail. More generally
recursive datatypes are often encoded in MLTT via W z: A. B, the type of well-founded trees with
nodes labelled by a : A of arity B a. Finally, Martin-Lof identity types Id A x y represents equali-
ties between two elements z, y: A and is introduced with the reflexivity proofrefl, ,:Id Aaa. A
general inductive type scheme is outside the scope of this paper, and we choose to present these
type formers because, in combination with dependent sums, and the empty 0, unit 1 and boolean
B types, they are enough to emulate all indexed inductive types [Abbott et al. 2005; Altenkirch,
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I'Ft=~wu:A| Termsu and v are convertible at type A under context I

I' A=~ B| Types A and B are convertible under context I'

'rA Me:AFt:B 'Fu:A . Te:Ar fe=2gx:B
TF (A2 At) u=t{u): B TN T =g AB

BFun

A I :List A+ P
T'E b, : Pley) Tya: A l:List A,h: P[] F b, : Pla:,]]
I'Findpiep 4 (€450 P; b al.hb,) 2 b, : Pley]

y Ve

BNIL

r-A4 'Fa:A I'H1:List A
II:List AP T'F b, : Pley] Tya: A l:List A,h: Ply| F b, : Plaz, ]

C
PN s a(@n L P b alhb.) ~ b.[id, a1 indy s 1 (5 1P b, ad-hb )] Plazs ]
FHtxt:A T'FAxA '+ A= A" :Type,
CoNvVCONV ELCoNv ¢
Tttt A A~ A
I'Ht:A THFtxu: A 'HFt~u:A TFu~v:A
REFL —M8M8M8M8M8¥ SYyM —mM8M8M8M8M™M — TRANS
I'HFtx~t: A 'Fux~t:A THt~v: A

Fig. 3. Declarative conversion for MLTT (complete rules: Appendix B.1)

Ghani, et al. 2015; Hugunin 2020]. We will see however in Section 3.1 that this standard encoding
does not necessarily yield definitionally functorial maps on the encoded datatype. As a result, we
consider positive sum types A + B instead of plain booleans, introduced by the alternative inj' @
for a: A or inj" b for b: B and eliminated by pattern matching. As 0 and 1 are not parametrized,
their presentation in our setting is entirely standard. The specific types we present cover all the
difficulties of general inductive types: recursion, branching, parameters, and indices.

Rules in the paper and in the appendix. To avoid cluttering the paper with too many rules, we
focus in the text on the most interesting ones, and on two types: dependent functions and lists. To-
gether, they cover the technically interesting points of our development: dependent product types
have a binder and come with an n-law; lists are a parametrized datatype, for which definitional
functor laws are challenging. Complete rules for reference are given in Appendix B.

2.1 Metatheoretical properties

In order to show that the extension of MLTT from Figure 1 are well-behaved and suitable for
implementations, we seek to establish the following meta-theoretical properties.

Consistency and canonicity. In order to be employed as a logic, a type theory should not allow
to derive every statement. This is equivalent to showing that there is no closed term of the empty
type, i.e. that = ¢:0 is not derivable for any ¢. This consistency property is satisfied by all our
type theories and an easy consequence of the stronger canonicity results, which characterizes the
inhabitants of inductive types in the empty context up to conversion, as those obtained by repeated
applications of constructors. Consistency follows from canonicity, because 0 has no constructors.
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t ~! ¢ | Term t weak-head reduces in one step to term t’

PRED BREDNIL -

(Az: At) u~>1 tu] indy ;o 4(Ea; 2. Pib.,wy.2.b,) ~>1 b,

BREDCONS - 1771 -
indp e a(asp ;2. Pyb,,xy.2.b,) ~1 b.[id, a, 1, indy;q 4 (1 2. P b, 2.y.2.,)]
Lot v t ot t
REDAPP ——7—— REDIND - T ,
tu~*t'u indy g 4 (t;2.P; b, x.y.2.b,) ~" indpieq 4 (U5 2.P5 b, x.y.2.0.)

t ~*t'| Term t weak-head reduces in multiple steps to term ¢’

t,\»l t/ t/ ~* t//
REDBASE ——— REDSTEP
t ’\»* t t "\-/)* t”
nf f| 2 n|Ia:t).ty| Type, | Listt | Aa: At | ey |ty zpty weak-head normal forms
nen| £ xz|nt|indyga(n;t;t,t) weak-head neutrals

Fig. 4. Weak-head reduction and normal forms (¢ stands for an arbitrary term) (complete rules: Appendix B.2)

Decidability of type-checking and conversion. A consistent proof assistant must also be able to
check whether a proof is valid or not, i.e. whether a typing judgement is derivable in the type
theory. In a dependent type system where terms encode the essential structure of derivations, the
main obstacle to decidability lies in the conversion of types and terms.

Normal forms for terms and derivations. In order to establish both consistency and decidability
of type-checking, we exhibit a function computing normal forms of term. Inspecting the possible
normal forms in the empty context entails canonicity and thus consistency. Moreover, on these
normal forms conversion is easily decidable, and so we can build on normalization to decide con-
version. Finally, we can go further, and use normalization to build canonical representatives of
typing and conversion derivations, which we rely on to relate our different systems.

Injectivity of type constructors. A more technical, but very important property is injectivity of
type constructors, for instance the fact that whenever ITx: A.B = Ix: A’.B’, then A = A and
B =~ B’.This property fails in ETT, where the equational theory is too rich. For dependent type
theories like ours, injectivity of type constructors is the main obstruction to subject reduction, i.e.
that reduction is type-preserving, and included in conversion on typed instances.

2.2 Neutrals, normals, and reduction

Before getting to the techniques we use to establish these properties, we must introduce a last
element missing in Figure 3: computation. Indeed, most of the rules in that figure can be oriented,
and thus seen not just as equalities but as computations to be performed. This leads to the definition
of weak-head reduction ~>* in Figure 4, an evaluation strategy for open terms which reduces just
as much as needed in order to uncover the head constructor of a term. This means reducing not
just at top level, as rule REDAPP shows: if our term is an application, we might need to reduce
the function in order to expose a A-abstraction and subsequently 3-reduce the term with the (call-
by-name) rule PRED. However, we do not allow reduction in the argument of an application, so
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that reduction remains deterministic: there is at most one possible reduct for any term. Weak-head
reduction is the only reduction that will be used throughout this article.

The normal forms (nf) for weak-head reduction, i.e. the terms that cannot reduce, are inductively
characterized at the bottom of Figure 4, together with the companion notion of neutral forms (ne).
Normal forms can be either a canonical term, starting with a head constructor (for instance, a A-
abstraction or €), or a neutral term. Neutral terms are stuck computations, blocked by some head
variable, e.g. x u cannot reduce further, and will be unstuck once z is substituted by a A-abstraction.

2.3 Proof methods

We can now go through the techniques we use to establish the properties of Section 2.1.

Logical relations. Logical relations are our main tool to obtain normalization and canonicity
results. We follow the approach of Abel et al. [2017], who formalize a logical relation for MLTT in
AGDA. At a high-level, the logical relation is based on reducibility, a complex predicate on types
and terms, which in particular implies having a weak-head normal form. Combining this property
with the fundamental lemma stating that every well-typed term is reducible, i.e. that the logical
relation is a model of MLTT, we obtain weak-head normalization.

PROPERTY 2.1 (WEAK-HEAD NORMALIZATION). IfI' b ¢: T, then there exists a normal formt’ (i.e.
a termt’ such that nft’), such thatt ~>* t’.

Strong normal forms can be obtained through inspection of reducibility derivations for a term,
that contain iterated reduction steps to a normal form. These derivations are obtained for any
well-typed term by using the fundamental lemma of the logical relation.

We use the logical relation not only to characterize the normal forms of terms but also the
conversion between them, showing that a proof of convertibility between two terms can be trans-
formed to a canonical shape interleaving weak-head reduction sequences and congruence steps
between weak-head normal forms. We detail in Section 4 the novel challenges we encountered
when adapting the approach of Abel et al. [2017] to parameterized inductive types.

Bidirectional typing and algorithmic conversion. Our second tool is a presentation of conversion
and typing that, while still inductively defined, is as close as possible to an actual implementation.
Typing is bidirectional [Pierce and Turner 2000; Lennon-Bertrand 2021], i.e. the declarative typing
predicate of Figure 2 is decomposed into type inference and type checking shown in Figure 5.> We
use bidirectional typing for its rigid, canonical derivation structure, rather than for its ability to
cut down type annotations on terms. As a result, although we use bidirectional judgements, all of
our terms infer a type, in contrast to what is common in the bidirectional literature [Dunfield and
Krishnaswami 2021; McBride 2022], where some terms can only be checked.

The presentation of algorithmic conversion in Figure 6 combines ideas from both bidirectional
typing and the presentation of Abel et al. [2017]. Crucially, it gets rid entirely of the generic tran-
sitivity rule TRANS, and instead uses term-directed reduction, intertwined with comparison of the
heads of weak-head normal forms. Algorithmic conversion is mutually defined with a second rela-
tion, dedicated to comparing weak-head neutral forms, which is called when encountering neutrals
at positive types. We think of general conversion as “checking”, i.e. as taking a type as input, while
neutral comparison is “inferring”, i.e. the type is an output.

Using the consequences of the logical relation, we can show that this algorithmic presentation
has many desirable properties. For instance, transitivity is admissible, even though there is no

3Following Lennon-Bertrand [2021], to avoid clashing with CoQ’s => in the formalization, we pick > as the symbol for
inference, and < as the one for checking, instead of the slightly more standard = and <.
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T'Fit>T| Termt infers type T in context I

(x:T) el
SORT AR ——————
I' - Type, > Type, I'FzeT
I' = Ay, Type, I',x: A+ B<Type, I' = Ay, Type,
Prop L L LisT - L
['+Tlz: A.B > Type, I' - List A > Type,
A I'= Ay, Type, I'Nz:AFt>B A P+t>,a: A.B TFu<A
o F'FAx: Atz AB o 'k tur> Blu]
'+ Ay, Type, ' Ay, Type, F'Fa<A I'+l<List A
Nip —mM8M8M —+ Cons C -
I'-ey > ListA I'-a:,l>List A

I' = Ay, Type, I'+s<List A I z:List AF P>y, Type;
I'F b, < Pley] T,z: Ayy:List A, z: Ply] F b. < P[z 4]
I'Findp;q 4(8;2.P5 b, 2.y.2.0,) > P[s]

ListIND

e

I'+t<T | Termt checks against type T’ I'Fte, T | Termt infers the reduced type T'

F'HtsT7 I'FT 2T« 't T7 T ~*T
CHECK INFRED

THtaT THto, T

Fig. 5. Typing rules for algorithmic/bidirectional typing (complete rules: Appendix B.2)

dedicated rule. Collecting the properties derived from the logical relation, we can obtain our second
main property: equivalence between the algorithmic and declarative presentations.

PROPERTY 2.2 (EQUIVALENCE OF THE PRESENTATIONS). IfT"F ¢:T, thenT" -t <«T. Conversely, if
FI,I'FTandT -t<T,thenT -¢:T.

Note that the implication from the bidirectional judgement to the declarative one is not absolute,
it only holds if the context and type are well-formed. In general, our algorithmic presentations are
“garbage-in, garbage-out”: they maintain well-formation of types and contexts, but do not enforce
them. Thus, most properties of the algorithmic derivations only hold if their inputs are well-formed,
in the sense of Figure 7. Note that in checking and inference modes, while the term is certainly an
input of the judgement, it is of course not assumed to be well-formed in advance, since this is what
the judgement itself asserts. This algorithmic presentation, being syntax directed, is well suited to
design implementations and establish relationships between MLTT MLTT,,, and MLTT

map? sub*

3 A FUNCTORIAL TYPE THEORY

We develop an extension MLTT, , , of MLTT with primitive map ;. operations for each parametrized
type former F' of MLTT, that is I, ,4, List, W, and Id. These map operations internalize the
functorial character of the type formers,* and by design definitionally satisfy the generic functor

“These equations are all propositionally true in MLTT, proven by induction for datatypes.
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Pt~ t' >T| Neutralstandt’ are comparable, inferring the type 7'

(x:T)eT F'kEnayn/ >l AB TFux~u <A
NVAR —MM—— NArpP
e~z T I'Fnur~n'u > Blu
A=A« NFs~s' >89 II:List A- P~ P«
I'Eb. =2b.<Pley] Tya: A, l:List A,h: Ply| F b, =2 b, < Plaz, ]
NLisTIND = =

'k indygq 4(550.P; b, allhb,) & indy ;g4 4/ (875 1. P50, a.l.h.b]) > P[s]

s Ve s Ve

I+T =, T"<«| ReducedtypesT and T are convertible
PHt24 ¢t <A| Reduced terms ¢ and t’ are convertible at type A

- A= A <Type,
CUnN1 CLisT - - —
' Type, =, Type, < Type, I' - List A =, List A" <Type,

'~ A= A" <aType, [ 2: A"+ B = B <Type, DA faxf z<B

CP CF
HoP ['FTz: A.B =, Tlaz: A”.B’ < Type, T f=, f<llz: A.B

F'ta=a <A” I'+1l=0l"<List A”
CNIL - ~ CCons n , - ~
ey =, ep <List A F'Fazpylay a =, " <List A

ne M

Ftna=nT F'knsyn'>S F'tn~n'> N
NEeuUNI 7 NEuLisT n - NEUNEU ————————
Fn 2y n’ <Type, I'Fn=4 n <List A T'kneyn <M

PHT =T <«| TypesT and T” are convertible
I'tt=t'<«T| Termstandt are convertible at type T'

IPhtay t'>T| Neutralstand ¢’ are comparable, inferring the reduced type T

t'\’)*u t/’\")*u/
T~*U Ftuzyuw <U Fknan>T T~*S

TMRED NRED
'Htx=t'aT F'kEnxyn'>S

Fig. 6. Algorithmic conversion and comparison of neutral terms (complete rules: Appendix B.2)

Judgement Input(s) Inputs are well-formed

F'tteT It FT

'kt<T Tt FTlandT'HT
TFT =T« I, Tand T’ FI,O-TandD - T
THtxet' «T I t,t'and T FILITFT,T'+t:Tand ¢ :T
THtrt'>T T, tandt’ FT,net,net’,and JA, A" st. T +¢: A T ¢ : A

Fig. 7. Well-formed inputs (for 2%, ~), >y, similar to their non-reduced variants)
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laws for each type former F:
map . id = id (id-eq)
map, fomap g= map (feg) (comp-eq)
Section 3.1 describes the structure needed on type formers to state their functoriality in MLTT, .
In Section 3.2 we show how definitionally functorial map . are definable in vanilla MLTT for type
formers with an n-law. Section 3.3 introduces the main content of this paper, the extension of the
equational theory on neutral terms required to enforce the functor laws on inductive type for-
mers. We explain the technical design choices needed to define and use the logical relations for
MLTT,,,, and obtain as a consequence that the theory enjoys consistency, canonicity, and decid-
able conversion and type-checking. We implement these design choices in CoQ for a simplified
but representative version of MLTT, ., with one universe and the II, %, List and N type formers,
with their respective map operators. This formalization is detailed in the following Section 4.

3.1 Functorial structure on type formers

In order to state the functor laws for a type former F), such as I, X, List, W, Id, we must specify
the categorical structures involved. A type former F' is parametrized by a telescope of parameters
that we collectively refer to as dom(F’), and produces a type. We will always equip the codomain
Type of a type former F' with the category structure of functions between types, with the standard
identity and composition. Note that composition is associative and unital up to conversion, thanks
to n laws on function types.

The domain dom(F') of a type former must also be equipped with the structure of a category.
We introduce the judgementA I, .=~ X :dom(F) to stand for a substitution in context A of the
telescope of parameters of F, and given two such instances X; and X, the judgement A
@ :homp (X, X,) classifies morphisms between X; and X,. We require F' to be also equipped
with identities and a definitionally associative and unital composition:

Ak, X:dom(F) AH ., ¢ homp(X,Y) A, Yihomp(Y, Z)

map map

A ldf(hOmF(X,X) A}_]napwoFQO:homF(X) Z)

map

For instance, in the case of dependent products, we take dom(IT) and hom(II) to be
Ak, (A B):dom(ll) < Ak, AANAaAlL,, B

map map map

A}_map (f)g):homH<(A17B1)7(A27B2)) — At f:AQ _>A1 A

map

A7a:"42 hnap g:Bl[fa} - BZ

with identity idl(]A}B) * (id 4, id ) and composition (f, g) o™ (f/,g’) Z (f o f,gog').

The domain and morphism for each type former are described in Figure 8. Identities and compo-
sitions are given by the categorical structure on Type for List and Id, and are defined componen-
twise, for 3 and W, similarly to II. Figure 9 presents the conversion rules of MLTT, , , extending
those of MLTT with general functoriality rules and specific rules for each type former. For each
type former F', map , is introduced using MAp and witnesses the functorial nature of F', that is F’
maps morphisms ¢ in its domain between two instances of its parameters X, Y (left implicit) to
functions between types

A}_mapgo:homF(X7Y) - Ak mapF@FX%FY

map
These mapping operations obey the two functor laws, as stated by MarIp and MarCowmp.
The computational behaviour of maps, as defined by weak-head reduction, depends on the type
former. On ITand ¥, map is defined by its observation, namely application for IT and first and second
projections for X. On inductive types such as List, W, Id and +, map traverses constructors,

11
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Type former /' Domain A I - X :dom(F’) Morphisms A, phomp(-y,-5)
List A I_m ap A m ap f A - A
I A hnip A A mip f A2 - A A
A a: Ak m)p AGA2 mlpg Bl[fa/]_>B2
A — A,
5 idem 111 ap f - A
A a: Al mipg BI%BQ[]‘-G’]
A — A,
W idem 111 ap f - A
A a: Al hlll])g BZ[fa]ﬁBl
AR m ap A A llllI) f A - A A
Id Ahnlpx'A A Ahnlpfxlz‘rQ A2 A
A anp yA A nnp fyl =Yz A
+ A}_IIIII)A/\A}_IIIII) mlpf A _>A ANA mlpg'Bl_>BQ

Fig. 8. Domain and categorical structure on type formers

applying the provided morphism on elements of the parameter type(s), and itself to recursive
arguments. This corresponds to the usual notion of map on lists. On W-types, the map operation
relabels the nodes of the trees using its first component, and reorganizes the subtrees according
to its second component. On identity types, the reflexivity proof refl 4 , at a point a: A is mapped
to the reflexivity proof at fa: A’ for f: A — A’. On sum types A + B, either the first or second
component of the morphism (f, g) is employed depending on the constructor injl or inj" . Fach
reduction rule has a corresponding conversion rule that can be found in Appendix B.3.

Functorial maps and type former encodings. Positive sum types A + B can be simulated in
MLTT by the type X b: B .d(b, A, B), where §(b, A, B): = indg(b; 2. Type ; A, B), which admits
the adequate introduction and elimination rules. The encoding induces a mapping from dom(+)
to dom(X), that maps a morphism A & (f, g) :hom ((A, By), (Ay, By)) to A, (idg, f®
g) :homy,((B, (b, A, B)), (B, d(b, A’, B"))) where f @ g is defined as

Ab:BE o indg(b;2.6(z,A,B) = 6(z, A", B’); f,g9):6(b, A, B) = §(b, A", B').

map

We can show by case analysis on B that this mapping satisfies the propositional functor laws.
However, it falls short from satisfying the definitional ones.’ It is thus not enough to compose
map,, with this mapping to obtain a functorial action on sum types A + B, and explains why we
add + primitively.

This obstruction to inductive encodings would motivate a general definition of functorial map
for a scheme of indexed inductive types. However, it seems already non-trivial to specify the cat-
egorical structure on the domain of an arbitrary inductive type, let alone generate the type and
equations for the corresponding map operation. Thus, we rather concentrate on understanding the
theory on quintessential examples, leaving out the question of a general treatment to future work.

3.2 Extensional types and map

A type A is extensional when its elements are characterized by their observation, i.e. any element
is convertible to its 7-expansion, an elimination followed by an introduction - an equation usually
called n-law. For extensional type former, it is possible to define a map operation satisfying the

>This would amount to an instance of the n-law for B.
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For each type former F' (IL, %, List, W, Id, +) ‘

r hnap X7 Y: dOl’Il(F) r hnap X: dOl’Il(F)
' . :homp(X,Y ., t:FX
Map map f F( ) MapIb ap .
tha]) maprFX%FY thap mapFldxtEtFX
F hll'rlp X7 Y7 Z : dOm(F)
M r hnap g: homF(Xv Y) r hnap f : hOl’l’lF(Y, Z) r hnap tFX
ArComp — Va
[k, mapy, f(map,gt) =map,(fo" g)t:FZ
Specific rules
map . . f (hd:tl) ~" fhd:map;;  ftl map,. . fe~le
™ (mapz fp) ~! m f (7 p) T (mapg fp) ~! 7y f (7 D)
mapy; fht~s" (my f) (h((7; f)1)) map, frefly , ~"'reflg ;,

mapy, {THT'}f (supa k) ~tsup, o (m) fa) Mz (my T (my fa)). mapy, f(k(myg2)))

map_ (f,9) (inj' a) ~" inj' (f a) map, (f,g) (inj" b) ~" inj" (gb)

ne n F € {List,Id, +, W}

map, f (map, gn) ~>' map,(fog)n

RepMarComp

Fig. 9. MLTT,,,, (extends Figures 2 to 4, complete rules: Appendix B.3)

functor laws. In MLTT and MLTT, , , both (strong) dependent sums ¥ and dependent products I
have such extensionality laws, and so their map operations are definable.

mapy; (g, f):homy((A, B), (A, B'))) (h:Tl(2: A)B) = Aaz A”.f (h (g ))

mapy. ((g, f):homy((A4, B), (A", B))) (p: 3(w: A)B) = (g (71 p), f (72p))

LEmMMA 3.1. mapy; and mapy, satisfy the definitional functor laws MapID and MapComp.

Appendix C.1 gives a direct proof and the accompanying artifact also shows that the functor
laws hold for CoQ’s IT and ¥ types.® The specific rule of Figure 9 hold by 3-reduction.

3.3 New equations for neutral terms in dependent type theory

Inductive types in MLTT do not satisfy a definitional 7-law. For identity types, the n-law is equiv-
alent to the equality reflection principle of extensional MLTT [Jacobs 2001], whose equational
theory is undecidable [Castellan et al. 2017]. Extensionality principles for inductive types with re-
cursive occurrences as List or W are also likely to break the decidability of the equational theory,
by adapting an argument for streams [McBride 2009]. The result of the previous section hence does
not apply, and it is instructive to look at the actual obstruction. Consider the case of List, and the

®In file mapPiSigmaFunctorLaws.
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nf f 2 e weak-head normal forms
ne n| = - |indpg a(ctit) weak-head neutrals
cne c| £ n| map; .. fn compacted neutrals

Fig. 10. Weak-head normal and neutrals for MLTT,,,,, (extends Figure 4)

equation for preservation of identities:
'k, mapy.  id, 1= 1:List A. (%)

map

If we were to define map, ;. by induction on lists as is standard, we would get
map, . . (f: A — B) (I: List A) ¥ indp; (List B;l;ep, hd.tlihy.(f hd) =g ihy)
We can observe that Eq. (x) is validated on closed canonical terms of type List:
mapp, idy ey =€, mapp,  id, (hd:ytl) = (idy hd):ymapy,  idy t mdéhyp hd =, tl
However, on neutral terms, typically variables, we are stuck as long as we stay within the equa-
tional theory of MLTT:

A:Type, z: List A ¥ map;,  id, x = x:List A

In order to validate Eq. (x), MLTT,,  must thus at the very least extend the equational theory
on neutral terms. Allais et al. [2013] show in the simply-typed case that these equations between
neutral terms are actually the only obstruction to functor laws, and in the remainder of this section
we discuss how to adapt MLTT to this idea.

Map composition and compacted neutrals. The first step in order to validate the functor laws is to
get as close as possible to a canonical representation during reduction. In order to deal with compo-
sition of maps, we extend reduction with REbMapCowmp, fusing consecutive stuck maps. In order
to preserve the deterministic nature of weak-head reduction, map compaction should only apply
when no other rule does. To achieve this, the type former F' should not be extensional, because
mapy, is already handled through the n-expansion of CFuN, and similarly for map,,. Moreover,
the mapped term should be neither a canonical form where map already has a computational be-
haviour, nor a map itself that could fire the same rule. To control this, we split between neutrals —
which cannot contain a map as their head —, and compacted neutrals, which can start with at most
one map, as shown in Figure 10 alongside normal forms. Allais et al. [2013] also features a decom-
position of normal forms into three different classes akin to this, although their normal forms for
lists are more complex than ours as they validate more definitional equations than functor laws.

Maps on identities. For identities, using a similar reduction-based approach is difficult: turning
the equation I' i = map, . id, [ = [:List A into a reduction raises issues similar to those
encountered with 7)-laws. Orienting it as an expansion [ ~* map; ., id4 [ requires knowledge
of the type to ensure the expansion only applies to lists, and is potentially non-terminating. Acco-
modating type-directed reduction would require a deep reworking of our setting.

As aresult, just like for 77 on functions in rule CFun, we implement this rule as part of conversion,
rather than as a reduction. We also incorporate it carefully in the notion of reducible conversion
in the logical relation, where we do have access to enough properties of the type theories. Since
the equation is always validated by canonical forms, we only need to enforce it on compacted
neutrals. The logical relation for an inductive type I (List, W, Id, +) thus specifies that a neutral
n is reducibly convertible to a compacted neutral map, fm, whenever the neutrals n and m are
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convertible and f agree with the identity of dom(I) on any neutral term. See MAPNECONVREDL
in the next section for the exact rule.

Eliminators: fusion or no fusion? When considering the interaction between map and the elimina-
tor indy ;4 arises a design choice: should we also fuse them, i.e. implement the following reduction
rule, which pushes the map from the scrutinee into the branches?

ind;(mapy , , fn;l.P;b_,a.l.h.b,) ~" ind;(n; Z.P[mapList f1];b.,a.l.h.b,id, fa,mapp, . fl, h])

From the point of view of functorial equations, this is not necessary. In Figure 10, and the rest of
this paper, we thus take the most conservative approach, and do not add this reduction rule.

However, from the point of view of a subsumptive bidirectional subtyping, this fusion is neces-
sary if we wish to infer the parameters of the inductive types from the scrutinee (as in Fus below),
rather than store them in the induction node (as in NoFus).

Fhuh Sy List A Fhul» A< Fhulv s< List A
I i:List A - ;, P>, Type I i:List A+, P>, Type
Fus - - NoFus - -
F hllh lndLiSt<S; ZP, ) > P[S] F huh 1ndLiStA<S; ZP, ) > P[S]

Rule Fus is more appealing, as it removes an unnecessary conversion test between the type of s
and that stored in the node. Yet, elaborating it to a coercive system requires this target to have
the extra fusion law above. Intuitively, this is because rule Fus does not fix the parameter type
at which the eliminator is typed, and so this parameter can change, which in a coercive system
corresponds to pushing coercions into the branches, as in the fusion equation above.

Experimenting MLTT,,, , within proof assistants through rewrite rules. Even though we have not
attempted a justification of the metatheory of MLTT,,, = with a presentation purely based on
rewriting, it is still possible to use oriented version of the functor laws to experiment with this
theory: AGpa experimentally supports rewrite rules [Cockx 2020b] while ongoing implementation
work exists for Coq [Gilbert, Leray, et al. 2023]. As an illustration, we implemented Example 1.1
in Agda.” Concretely, we postulate a new constant map - and add the following rules:

map,, B’ C f(map, ABgx)~>'map, AC(A\z:A.f(gz))x (comp-rew)
map, AA" Az A" z)x~tx (id-rew)

together with the usual definition of map ., on the constructors of the type former F'. We rely on
typing information to enforce that redundant data coincide, for instance that A, A" and A” are
convertible in id-rew.

4 FORMALIZING NEW EQUATIONS FOR NEUTRAL LISTS

In this section we expose the main components of the accompanying CoQ formalization, which cov-
ers normalization, equivalence of declarative and algorithmic typing, decidability of type-checking,
and canonicity for a subset of MLTT,,, , with 0, N, I1, 3, List and a single universe. The formaliza-
tion extends a port to CoQ [Adjedj et al. 2023] of a previous AGpA formalization [Abel et al. 2017],
which has already been extended multiple times [Gilbert, Cockx, et al. 2019; Pujet and Tabareau
2022, 2023]. We focus on the challenges to establish the functor laws on lists, and direct the reader
either to the Coq code, or to Abel et al. and Adjedj et al. for other details. The formalization spans
~26k lines of code, approximately 9k of which are specific to our extension with lists and defini-
tionally functorial maps and are new compared to Adjed;j et al. Text in blue refer to files in the
companion artifact.

’See file map. agda in the companion artifact.
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4.1 A logical relation with functor laws on list

The CoQ development defines both declarative and algorithmic presentations of MLTT,, = and
proves their equivalence through a logical relation parametrized by a generic typing interface® in-
stantiated by both presentations. Beyond generic variants of the typing and conversion judgement,
the interface uses two extra judgements: I' I ¢ ~»* ¢’ : A stating that ¢ reduces to ¢" and that
they are both well typed at type A in context I'; and ' I, | n ~ n’: A stating that n and n’ are

convertible neutral terms.

nap

Definition of the logical relation. Because we are dealing with dependent types, the usual strategy
of reducibility proofs to define reducibility of terms by induction on their types fails. Rather, we
need to define reducibility of types and of terms mutually, the latter defined out of a witness of the
former, and the former reusing the latter for the universe. Following Abel et al. [2017], we thus
first define for each type former F' what it means to be a type reducible as F', and then what it
means to be a reducible term and reducibly convertible terms at such a type reducible as F'. A type
is then reducible if it is reducible as F' for some type former F'. As we extend the logical relation
to handle List and map;, ., we focus on a high level description of the reducibility of types as
lists and the reducible convertibility of terms of type List, the most challenging elements in the
definition.” Two points required specific attention with respect to prior work. First, to handle the
fact that constructors contain their parameters, we need to impose reducible conversions between
these and the parameters coming from the type. Second, in order to validate composition of map
on neutrals that may contain a map, we need to equip neutrals with additional reducibility data,
rather than pure typing information.

A type X isreducible as a list in context I', written I' Iy ;o X, if it weak-head reduces to List A
for some parameter type A reducible in any context A extending I" via a weakening p : Wk(A, T").
IfR:T Iy X is a witness that X is reducible as a list, then P(fR) is for the parameter type A
of this witness, and P,_(R) : II{p: Wk(A,T') }.A I+ P(R)[p] is its witness of reducibility.

Reducible convertibility of terms as lists I" IF ¢ =2 ¢ : A | R is defined in Figure 11. Two terms ¢
and t" are reducibly convertible as lists according to R : T IF ;. X if they reduce to normal forms
v, v’ that are reducibly convertible as normal forms of type list I" Iy v = v': A | R (LisTRED).
Straightforwardly, two canonical forms are convertible if they are both € (NILRED) or both — = —
(ConsRED) with reducibly convertible heads and tails.

For compacted neutral forms, we need to consider four cases according to whether each of the
left or the right hand-side term is a map; ;.. NERED provides the easy case where both terms
are actually neutral, with a single premise requiring that these are convertible as neutrals for the
generic typing interface. MAPMAPCONVRED gives the congruence rule for stuck map, ; ., relating
map, . . fn and map; . . f'n’ when the mapped lists n and n” are convertible as neutrals and
the bodies f x and f” x of the functions are reducibly convertible. Note that at this point of the
logical relation, we do not know that the domain of the functions f and f’ is reducible, only that
their codomain is, as provided by P, (9%). This constraint motivates both the 7-expansion of the
functions on the fly before comparing them, and the necessity of a Kripke-style quantification
on larger contexts for the reducibility of the parameter type P, (93), together ensuring that the
recursive reducible conversion happens at a reducible type, namely an adequate instance of P(fR).
Finally, the symmetric rules NEMAPCONVREDR and MAPNECONVREDL deal with the comparison
of a map;, . against a neutral n, that can be morally thought as map, ., id n, and indeed the

8Defined in GenericTyping
% Available in file LogicalRelation.
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Ik, t~*v:List P(R) Ik, t ~*v :List P(R) Fhrypo=v: X |R

map map

Tttt :X|%

LisTRED

' P(R) =P | P, (R)

}—map n ~ n’ :List [P(‘ﬁ) I'IF DD(ER) >~ P’ | [P‘F(‘ﬁ)
NERED 5 NILRED
Fken=n:X|R Phyep=ep: X |R
Ik [P(Eﬁ) ~ P | [P‘F(SR) I'IF [P(ER) >~ p’ | [PW(ER)
I'IFhd =2 hd’: [P(ER) | [P‘F(ER) Dt =t X | IPW(ER)
ConsRED

Dby hduptl = hd p tl’ - X | R

[ K,.p n~n':List P(R)
To:P(R) Ik fa=za:P(R) | PL(R)
MaPNECONVREDL n NEMAPCONVREDR ...
[y mapy, . fn=n:X[R

n~n':List A DAk fa= fz:P(R) | P.(R)
[l mapy, . fn=~map, . f'n:X|R

hnap

MarMAPCONVRED

Fig. 11. Reducible convertibility of lists (where R is a proof of I IFg,35¢ X)

premises correspond to what one would obtain with MAPMAPCONVRED in that case, up to an
inlined S-reduction step.

Validity of the functor laws. All the expected properties extend to this new logical relation: reflex-
ivity, symmetry, transitivity, irrelevance with respect to reducible conversion, stability by weak-
ening and anti-reduction.!’ These properties are essential in order to show that the logical relation
validates the functor laws on any reducible term. The proof proceeds through an usual argument
for logical relations: on canonical forms, the functor laws hold as observed already in Section 3.3;
on compacted neutrals and neutral forms, we need to show that any compositions of map;,_,
reduce to a single map of a function with a reducible body, which amounts to show that com-
posing reducible functions produces reducible outputs on reducible inputs. This last step in the
proof reflect our assumption that the categorical structure equipping domains of type formers,
here dom(List), should be definitionally associative and unital.

4.2 Deciding conversion and typechecking for MLTT,,.,

Equivalence between declarative and algorithmic typing. Instantiating the generic typing inter-
face of the logical relation with declarative typing provides metatheoretic consequences of the
existence of normal forms, among which normalization, injectivity of type constructors and sub-
ject reduction. Using those, we can show that algorithmic typing is sound directly by induction,
and also that it fits the generic typing interface of the logical relation, which lets us derive that it
is complete with respect to declarative typing.

This part of the proof is close to Abel et al. [2017] and Adjedj et al. [2023]. The main change is
that we adapt algorithmic conversion to reflect the addition of compacted neutrals in our defini-
tion of normal forms, by introducing a third mutually defined relation to compare these compacted

10 Available in the directory LogicalRelation.

17


 https://github.com/CoqHott/logrel-coq/tree/esop24-submission/theories/LogicalRelation/ 

T. Laurent, M. Lennon-Bertrand, K. Maillard

neutrals. The main idea is summed up in rules LisTNEConv and NEMAPLISTL below: when com-
paring compacted neutrals, we use the new relation ~,, , which simulates the behaviour of the
logical relation from Figure 11 on compacted neutrals.

map 4

Ik, n~~,n >List A

map
¢’ <List A Loa: AR, fr=z<B
5 - NEMAPLISTL - -
Foan € =), ¢ <List A 'k, mapp. . fn~, n <List B

map I

C

o]
map map

LisTNECoONV

Implementation of the decidability algorithms. Our final result is decidability of conversion and
type checking.!! The main difficulty compared to Adjed; et al. [2023] is the addition of a compaction
phase to weak-head evaluation. Concretely, evaluation is implemented using a stack machine, on
which elimination forms are pushed as they are encountered. When the machine hits a variable, in
the original formalisation it means the whole term — the variable against the stack of eliminations,
which is now stuck - is a neutral. However, this is not the case for us: we want to compute a
compacted neutral. Thus, while in the original formalization the stack is simply traversed and
accumulated on the variable, we implement compaction on the fly, by merging successive map
operations from the stack as we unpile them. In turn, to reason about this operation we have to
explicit the formerly implicit invariant that the stack is always “well-typed” - in a suitable sense
we had to define.

5 SUBTYPING, COERCIVE AND SUBSUMPTIVE

The main application we develop for our definitional functor laws is structural subtyping. More
precisely, we describe two extensions of MLTT. The first, MLTT_ ,, has subsumptive subtyping:
whenever b, t: A < A’, then also I, t: A’, leaving subtyping implicit. The second, MLTT_,,
features coercive subtyping, witnessed by an operator coe 4 4/ ¢ explicitly marking where subtyp-
ing is used and well-typed whenever -, t: A < A’. The computational behaviour of coe on type
formers coincides with that of map in MLTT, .

In Section 5.1, we give both an algorithmic and declarative presentation of MLTT .,
algorithmic presentation of MLTT_ ;. The idea is that the declarative version of MLTT, . serves
as a specification for MLTT_ ;, with the algorithmic MLTT__, as an intermediate step to relate the
two. In the context of a proof assistant or dependently typed programming language, MLTT
would be the flexible, user-facing system, and MLTT,__, its well-behaved foundation.

We explain in Section 5.2 how to adapt the metatheoretic work on MLTT,,  to MLTT, ., and in
particular the logical relation. Section 5.3 relates MLTT,_ , and MLTT_ , : there is a simple erasure
|-| from the former to the latter which removes coercions, and we show it is type-preserving; con-
versely, we show that any well-typed MLTT_,, term can be elaborated to a well-typed MLTT,_,
term. The extra definitional functor laws are essential at this stage, to ensure that all equalities
valid in MLTT_ ; still hold in MLTT_, .. Since we are in a dependently-typed system, if equations
valid in MLTT_ , failed to hold in MLTT, ., elaboration could not be type-preserving. Finally,
Section 5.4 discuss the implications of this equivalence for coherence.

but only an

coe

sub

sub

sub

sub

5.1 The type systems MLTT_,, and MLTT

5.1.1  Algorithmic MLTT_, . MLTT_ , replaces CHECK in MLTT from Figure 5 with the following
rule, which uses subtyping =< instead of conversion:

L teT  Th, T <T<

Th tal

su

coe

su

CHECKSUB

1See file Decidability for the high-level function/theorem.
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'K T <, T"<| Reduced type T is a subtype of reduced type 7"
Pk, A <A< oAb, B=< B «
UniSus PrRODSUB 2
'k, Type, <, Type, < I, Oa:AB =<, laz: A'.B <
ListS r huh A= A« NEUS M =T
ISTSUB EUSUB
'k, ListA <, List A" < Th, n=<,n<

Fig. 12. Algorithmic subtyping between reduced types (extends Figure 6, complete rules: Appendix B.7)

£ € P:(Lbl) X CL
RecT Vie L. I', A4« RS VkeX. Tk, A, < B,<
EClY ECOUB
D {l: A e < D A e s =0 {k A pea <

Fig. 13. Records, typing and subtyping (extends Figures 5, 6 and 12, complete rules: Appendices B.5 and B.6)

Subtyping, defined in Figure 12, orients type-level conversion from Figure 6, taking into account
co- and contravariance. It relies on neutral comparison and term-level conversion, both of which
are not altered with respect to Figure 6: subtyping is a type-level concept only.

5.1.2 A type of records for a non-trivial instance of subtyping. While the rule of Figure 12 let us
propagate subtyping structurally through type formers, for the resulting system to be any different
from MLTT, we need some base non-trivial subtyping. Its exact choice is largely orthogonal to the
focus of this paper on the structural aspect of subtyping, and indeed the development of this section
is relatively independent of it. Still, for our subtyping not to be degenerate, we must fix something.

We thus choose a simple example, presented in Figure 13. We fix a countable set of labels Lbl, and
for each finite set £ C Lbl of it and £-indexed family of types A; we introduce a (non-dependent)
record type {l: A;},c."* To each record type corresponds a record constructor {l := a;},. ., as
well as projections ¢.l. Subtyping between record types is defined as inclusion of the set of labels,
and pairwise subtyping of types at the same label, i.e. both depth and width subtyping.

5.1.3 Algorithmic MLTT__.. In contrast with MLTT_,, the rule CuEck in MLTT__, is crucially
not altered. Instead, subtyping is only allowed when explicitly marked by coe, as follows:

'k, A< 'k, .A < ' . t<A ' A< A <«

coe coe coe coe

[ e coey gt A

sub»

CoE

coe

Inference rules for all other type and term formers are similar to those of Figures 5 and 13. Reduc-
tion must of course be extended to give an operational behaviour to coe, and is given in Figure 14,
together with normal forms. Operationally, coe 4 4. t reduces the types A and A” to head normal
forms, then behaves like the relevant map, propagating coe recursively. Since coe 4 4/ t is well-
typed only when A is a subtype of A, the type formers of their head normal forms have to agree,
ensuring that we can always rely on this behaviour to enact structural subtyping. Just like map on
>-types (see Fig. 9), coercions between records are stuck, even on constructors, and only reduce
once they are projected. Finally, again as for map, rule CoeCoE lets us compact a succession of

12We choose to avoid dependency mainly for simplicity purposes, but see no difficulty to have dependent records instead.
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(Coenx:A’.B’,Hm:A.B fla ~t coep [coe s 4 a],B[a](f (CoeAyA/ a))

) ,
N e . = |. = .
(COCLL A, Yoo (s By by T L~ COCN p fl L =1 =k,
coe t~lt coey . e~le
Type, , Type, List A,List A’

A~ oA

coey gt~ coey pt

. 1 .
CO®List A List a(hut) ~ coey 4 hicoeris 4 Listar t CotL

nf® orne A B~ B nf® orne 4, B t~t
CoeR i CorTm i ,
coey gt~ coey gt coey gt~ coey gt

nf®orne U, U, T, T’ nen

CoeCoE I
CO€yy gy COE 1 L ~>~ COEp ;7 T

nf f E n|P|N|rx:tt|{l:=t;},cp| weak-head normal forms

g | tut]coeny nf ]

nf® N| 2 TOatt]| {l:t} e negative whnf types
nf® p| = Type, | Listt | ... positive whnf types
ne n E x|nt|nl|indp(n;t;t) | ... weak-head neutrals
cne ¢c] £ n|coeppn|coe,, n compacted neutrals

Fig. 14. Weak-head reduction rules for coercion (extends Figure 4, complete rules: Appendix B.8)

D ket R t' 9T | Compacted neutrals ¢ and ¢" are comparable at type T

coe

F }7(50(‘ n =~ n/ D S” F b‘()(‘, n= n/ D S”
NCok 7 ) NCotL ’ 4
I' e Coeg 7 M Ao COEgr v M < T I'Hoe coeg N A pe N <T
F '7(10(3 n=~ n/ D S” liCOC n=~ n/ D S”

NCoEeR / i NNoCoE ; i

coe T8 ~coe CoeS’,T’ n' <T r l_coe N Nege M 1 T
~ ’

r }_(:()e —h t'<T
~ 4 3 ~ /
Fooe M Rge M’ <t List A Fooe M Rpe ' <M ne M
NEULIST 7 - NEUNEU 7
coe T gh n’ < List A r }_(:()e n gh n' <M

Fig. 15. Algorithmic comparison of neutrals in MLTT, . (extends Figure 6, complete rules: Appendix B.9)

stuck coe. This only applies to positive types (characterized by nf ®): for ne gative/extensional types
we do not compact coercions, waiting for the term to be observed to trigger further reduction.
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Neutral conversion is described at the top of Figure 15 and features an additional comparison
between compacted neutrals similar to MLTT,,  (ListTNECoNV). Rule NCoOE is a congruence for
coercions, where the source and target types necessarily agree by typing invariants, and are thus
not compared. Rules NCotL and NCokR handle identity coercions. Accordingly, ~ .. is carefully
used whenever normal forms can be compacted neutrals, e.g. at neutral and positive types, as
shown at the bottom of Figure 15. Apart from this change, conversion at the term and type level

and subtyping are similar to those of MLTT

sub-

5.14 Declarative MLTT,_,. The declarative presentation of MLTT ., straightforwardly
extends MLTT (Figures 2 and 3) with typing and conversion rules for records and coe similar to
the ones of the algorithmic presentation. Most importantly, it contains the following two rules for
definitional identity and composition of coercions.
F h"m" t: A F }7C0(‘ t: A F '7('00 A < A/ F }70')(‘ A/ < A”
- CoETRANS — i
[l . coey gt =t:A [ F . coeyr grcoey 4ot =coey gnt:A

coe coe

noted -,

coe?

CoEelp

5.2 Equivalence of algorithmic and declarative typing

All the metatheoretic properties of MLTT, ,  mentioned in Section 4 carry over to MLTT,,.. We
highlight the following two. Note that the second in particular implies that inferred types in the
algorithmic system are principal.

coe”*

THEOREM 5.1 (WEAK-HEAD NORMALIZATION). IfI' I _ t:T, then there exists a weak-head normal

formt’ such thatt ~*t’.

oe

THEOREM 5.2 (SOUNDNESS AND COMPLETENESS OF ALGORITHMIC TYPING). Ift-_ . I'and T k.
t>T then T+ . t:T, and similarly for the other judgements. Conversely, if I' - . t:T, then
I' k.. t < T, and similarly for the other judgements.

Proof ideas from MLTT,, , carry over to MLTT,,., and we did not mechanize this part of the

paper, focusing our formalization effort on the most challenging aspect of the theory. We sketch
how to extend the logical relation for MLTT, ,  to MLTT_,. — the proofs of equivalence between

the declarative and algorithmic systems from the logical relation then remain mostly unchanged.

coe?

PROOF SKETCH (EXTENDING THE LOGICAL RELATION To MLTT,_ ). MLTT,__ has three main dif-

ferences compared to MLTT, , ,: record types, subtyping and coercions.

First, we need to define the logical relation at record types and show the validity of introduction
and elimination forms. Since, records behave as iterated Cartesian products, the reducibility proof
carries over. Thus, reducibility at record types is defined as reducibility of each projection.

Second, we need to extend reducible type-level conversion to handle subtyping. As the structure
of the two judgements is exactly the same, apart from the base subtyping case, we can parame-
trize reducible conversion by a conversion problem,' a three-valued variant indicating conversion,
subtyping, or supertyping, the latter being needed to handle contravariance and the left bias of
reducible conversion, which is defined on a proof of reducibility of its left type.

Finally, we need to show that coe 4, 4/ t is reducible whenever A is a reducible subtype of A’,
and ¢ is reducible at A. Because of the former, both must have normal forms which are either
constructed with the same type former F', both record types, or both neutrals. In the first case,

coe

coey 4 t behaves like map ., and so the reducibility proofs from Section 4 carry over. In case A
and A’ are both neutral, coe 4 4, t might compact if  is a coercion itself, but this is also similar to

the case of a neutral map for lists in MLTT,,, , and so the proof from Section 4 carries over again.

3This technique is borrowed from the way cumulativity is handled in METACOQ [Sozeau et al. 2023].
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We are left with the case of record types. We need to show that if ¢ is reducible at {l: A;},c .
which is areducible subtype of {k: By, } 5 thencoey;. 4,3, . 1x. B,},_, ¢ isreducible. By definition
of reducibility at record types as reducibility of all projections, and closure of reducibility by anti-
reduction, it is enough to show that each coe 4, p, .k is reducible at B, for k € K. Combining the
reducibility of ¢.k obtained from that of ¢, together with the induction hypothesis on the reducible
subtyping A, < B, completes this step. O

5.3 Elaboration and erasure
and MLTT,. .. The translation in the

sub coe

We can now turn to the correspondence between MLTT
forward direction, erasure |-|, simply removes coercions |c0e AN t| = t and is otherwise a congru-
ence. It is lifted pointwise to contexts. We first show that erasure is sound, meaning that it preserves
typing and conversion, and then that it is also invertible, i.e. that any well-typed MLTT_ , term ¢’
elaborates to a well-typed MLTT,_, term t whose erasure is t’ = |¢|.

su

5.3.1 Soundness of erasure. Erasure translates from a constrained system to a more liberal one.
Establishing its soundness is relatively easy as long as the reduction rules of Figure 14 is designed
so that the lemmas below hold. The key point is that reduction rules for coe do not change the struc-
ture of the erased term, and erase to exactly zero steps of reduction. For instance, the rule below
is inadequate, as it would 7-expand terms at function types more in MLTT___ than in MLTT_ . It
remains nonetheless true, but only as a conversion.

coey . a B a:AB S ~t har Al COCB [coe 4 4/ 2] »B<f Coeq x)
LEMMA 5.3 (ERASURE OF REDUCTION). Ift ~»* w, then also [t| ~* |ul.

Proor. By induction on the number of steps, and then on the derivation of one-step reduction.
Coercion reduction in MLTT,__, map to zero steps on the erased terms, while other reduction steps
map to their counterpart after erasure, using that erasure commutes with substitution. O

THEOREM 5.4 (ERASURE PRESERVES SUBTYPING). The following implications hold whenever the
inputs of the first hypothesis are well-formed:

(1) ifT koo t ~ee u<T then there exists T’ such thatT b, 7' < T<and [T| b, |t| ~
ul = |T7];
(2) lf‘F '_c()e T 411 U<]’ then |F| } ‘T| '\\/\Il |U| <%

(3) and similarly for the other subtyping and conversion judgements.

sub

Proor. By mutual induction, each rule being mapped to their counterpart. Rules for I'
n ~. n’ <T are simply dropped, as that judgement is replaced by T" |, n ~ n'>Sin MLTT_ .
Lemma 5.3 is employed whenever terms and types are reduced to normal forms. O

oe

ub

THEOREM 5.5 (SOUNDNESS OF ERASURE — INDUCTION). The following implications hold, whenever
the inputs of the premise are well-formed:

o if 'k . t>T, then there exists T such thatT' b, . T' < T <and || b, [t| > |T"];
o ifT't  t> T, then there exists T such that T+, T <, T < and |T| k., |t] =, |T7);
o ifT't_ , t<T, then there exists T such thatT' b, T’ X T <and |T| b, [t| > |T7].

Proor. By mutual induction. Checking needs transitivity of <. Reduced inference relies on
Lemma 5.3 to handle reduction. Finally, each rule for inference can be mapped to its counter-
part, noting that ' . 7" < T < and |T'| | [t| > |T"| together imply, by Theorem 5.4,
IT| F.., |t| <|T, so that induction hypothesis on checking premises in MLTT, . can be turned
into checking premises in ML'TT_ . Finally, for the introduction of coe 4 g t, subtyping between
A and B is combined with the subtyping derivation obtained by induction hypothesis on t. O

sub
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In the end, combining with completeness of algorithmic MLTT,__, we obtain the following high-

level corollary that erasure preserves typing.

coe?

COROLLARY 5.6 (SOUNDNESS OF ERASURE). IfI' b ¢:T, then || b, [t| <|T).

oe ub

5.3.2  Elaboration. This direction is more challenging: as we add annotations, we must show that
these do not hinder conversion checking. We follow the proof strategy of a similar proof of elabora-
tion soundness in Lennon-Bertrand et al. [2022]. The core of the argument are so-called “catch-up
lemmas”, which ensure that annotations never block redexes.

LEMMA 5.7 (CATCH UP, FUNCTION TYPE). IfT' b . fa:Band|f| = Ax: A’. 1/, then there exists

t such that |t| = t" and f a ~* t]a].

soe

LeEmMMA 5.8 (CATCH UP, RECORD TYPE). IfI't . 7.0: A and|r| = {l := u;},c ., then there exists t

such that |t| = u; and r.l ~* t. -

LEmMMA 5.9 (CATCH UP, POSITIVE TYPES). If T is a positive type (i.e. it is Type,, N, List, W,+)
andT' . t:T is such that |t| is a canonical form, then t reduces to a term with the same head

coe

constructor, and arguments which erase to those of |t|.

Proor. The idea is always the same: because ¢ erases to a canonical form, it must be that same
canonical form, surrounded by coercions. Because all types in these coercions are related by sub-
typing to the type of ¢, which is canonical as ¢ is, all these coercions must reduce away. A detailed
proof for the most challenging case, that of functions, is given in Appendix C.2. O

From these catch-up lemmas it follows that erasure is a backward simulation, therefore that it
preserves subtyping, and finally that it is type-preserving. Proofs are all by induction, and given
in Appendix C.2.

LEMMA 5.10 (ERASURE IS A BACKWARD SIMULATION). Assume thatT' - t:T.If|t| ~* v/, with
u’ a weak-head normal form, then t ~>* wu, with u a weak-head normal form such that |u| = u’.

LEMMA 5.11 (ELABORATION PRESERVES SUBTYPING). The following implications hold whenever the
inputs of the conclusions are well-formed:

@) ||, [t = |ul < [T, then I Koo t = u < T;

(3) lf‘|r| hu]) |t| ~ |U’| > T’ then I }7(’

(

we tmurT;
4) and similarly for the other judgements.

Finally, the main theorem states that we can elaborate terms using implicit subtyping to explicit
coercions, in a type-preserving way.

THEOREM 5.12 (ELABORATION — INDUCTION). The following implications hold, whenever inputs to
the conclusion are well-formed:

(1) if |T| k., t' > T, then there exists t and T such thatt’ = |t
(2) if |U| k., t' >, T7, then there exists t and T such thatt’ =
(3) if|T| by, t” <|T), then there exists t such thatt’ = |t| and T I,

coe

, T/ =|T|, and T H,

t|, T =|T),andT K
t<aT.

teT;
t>, T

coe

Proor. Once again, by mutual induction. Each rule is mapped to its counterpart, but for CHECK-
Sus, where we need to insert a coercion in the elaborated term. This coercion is well-typed by
Lemma 5.11. o

We can unfold the assumption of input well-formation, to get the following high-level corollary.
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COROLLARY 5.13 (ELABORATION). IfT' K
Pk .t:T,and|t| =1

coe

T and |T| b, t' <|T|, then there exists t such that

oe ub

Note that, to establish this equivalence we did not need to develop any meta-theory for MLTT_ , :
having the meta-theory of MLTT_ ., was enough! Nonetheless, now that the equivalence between
the two systems has been established, we can use it to transport meta-theoretic properties, such
as normalization, from MLTT___ to MLTT

coe

sub-

5.4 Coherence

An important property of elaboration is coherence, stating that the elaboration of a well-typed
term does not depend on its typing derivation. In our algorithmic setting, a term has at most one
typing derivation and so at most one elaboration. However, multiple well-typed terms in MLTT___
can still erase to the same MLTT_ ; term. While only one of them is the result of elaboration as
defined in Corollary 5.13, all these distinct terms should still behave similarly. The following is
a direct consequence of Lemma 5.11, and shows that the equations imposed on coe are enough
to give us a very strong form of coherence: it holds up to definitional equality, rather than in
a weaker, semantic way. Another way to look at this is that the scenario of Example 1.2 cannot
happen, thanks to our new equations: if two terms erase to the same coercion-free one in MLTT_ ,,
then they must be convertible in MLTT .. Hidden coercions cannot be responsible for failures of
conversion.

t<T andI' . uw<T, and moreover

term), thenl' bt =2 u<T.

coe

THEOREM 5.14 (COHERENCE). Ift, u are such that I" -,

>oe

[t| = |u| (i.e. t and u are both “elaborations” of the same MLTT,

ub

ProorF. By reflexivity (obtained through the equivalence with the declarative system), I' .
t = ¢t < T. Using Theorem 5.5 (soundness of erasure), we get |T'| I, [¢| = |t| <|T|, and so also
IT| F, [t =2 |u| <|T'|. But then by Lemma 5.11 (elaboration preserving conversion), we can come
back,and obtain 't = u<T. O

coe

6 RELATED AND FUTURE WORK

Adding definitional equations to dependent type theory. Strub [2010] endows a dependent type
theory with additional equations from first order decidable theories, with further extensions to a
universe hierarchy and large eliminations in Jouannaud and Strub [2017] and Barras et al. [2011].
Equational theories can sometimes be presented by a confluent set of rewrite rules, a case advo-
cated by Cockx et al. [2021]. They show through counter-examples that ensuring type preservation
in dependent type theory is a subtle matter and do not ensure normalization of the resulting the-
ory. On the theoretical side, categorical tools are being developed to prove general conservativity
and strictification results for type theories [Bocquet 2021, 2023] extending the seminal work of
Hofmann [1997] on conservativity of extensional type theory with respect to intensional type
theory [Winterhalter et al. 2019].

Formalized metatheory with logical relations. Allais et al. [2013] propose to add a variety of fusion
laws for lists, including our functor laws, to a simply typed A-calculus, only sketching an extension
to dependent types. While we depart from their normalization by evaluation approach, we retain
some traces of it, typically in the presence of three classes of normal forms (see Figures 10 and 14)
instead of the usual normal/neutral. Formalizing logical relations for MLTT is a difficult exercise,
pioneered by Abel et al. [2017] in AGDA using inductive-recursive definitions, and Wieczorek and
Biernacki [2018] in CoQ using impredicativity. We build upon and extend a CoQ reimplementation
of the former [Adjedj et al. 2023].
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Cast and coercion operators. Pujet and Tabareau [2022, 2023] extend Abel et al. [2017] to establish
the metatheory of observational type theory [Altenkirch, McBride, et al. 2007]. Their work features
a cast operator behaving similarly to coe, but guarded by an internal proof of equality instead of
an external subtyping derivation. Their cast does not satisfy definitional transitivity, and we give
evidence in Appendix A that such an extension would break metatheoretical properties. Another
cast primitive with a similar operational behaviour appears in cast calculi for gradual typing [Siek
et al. 2015], and indeed our proof that elaboration is type preserving in Section 5.3 is inspired by a
similar one for GCIC, which combines gradual and dependent types [Lennon-Bertrand et al. 2022].
In this case, casting is allowed between any two types, but the absence of guard is compensated
by the possibility of runtime errors, making the type theory inconsistent.

Functorial maps for inductive type schemes. Z. Luo and Adams [2008] describe the construction
of map for a class of strictly positive operators on paper, but do not implement it. Deriving map-
like construction is a typical example of metaprogramming frameworks for proof assistants, e.g.
Coq-Evp1 [Tassi 2018; Dunchev et al. 2015] in CoQ, and the generics AGpa library [Escot and Cockx
2022] derives a fold operation, from which map can be easily obtained. In a simply typed setting,
Barral and Soloviev [2006] employ rewriting techniques, in particular rewriting postponement, to
show that an oriented variant of the functor laws are confluent and normalizing. These techniques
rely on normalization, and could not be easily adapted to the dependent setting, however the idea of
postponing the reduction step for identity appear in our logical relation as well. In a short abstract,
McBride and Nordvall Forsberg [2021] investigate a notion of functorial adapters that generalizes
and unifies both the CHECK rule from bidirectional typing and the CoE rule from MLTT__..

Subtyping, dependent types and algorithmic derivations. Coherence of coercions in presence of
structural subtyping is a challenging problem. To address the issue, Z. Luo and Y. Luo [2005] intro-
duce a notion of weak transitivity, weakening the coherence of the transitivity up to propositional
equality. This solution does not interact well with dependency, forcing them to restrict structural
subtyping to a class of non-dependent inductives, e.g. excluding (positive) X. Z. Luo and Adams
[2008] show that the transitivity of coercions is admissible in presence of definitional compositions
— called x-rules there — for inductive schemata. They rely on a conjecture that strong normalization
and subject reduction hold in presence of these -rules, explicitly mentioning that the metatheory
with those additional equality rules is “largely unknown”. We provide such results, and have for-
malized them for List. We use a completely different proof technique, that scales to a theory with
universes and large elimination. Both aforementioned papers employ a strict order for subtyping
and do not consider the functor law for the identity, nor tackle decidability of type-checking.

Aspinall and Compagnoni [2001] investigate the relationship between subtyping and dependent
types using algorithmic derivations to control the subtyping derivations for a variant of AP, a type
theory logically much weaker than MLTT. Lungu and Z. Luo [2018] study an elaboration of a sub-
sumptive presentation into coercive one in presence of a coherent signature of subtyping relations
between base types. Assuming normalization, they show that subtyping extends to II types, set-
ting aside other parametrized types. While they work over an abstract signature of coercions, the
functor laws we study are needed to instantiate this signature with meaningful datatypes while re-
specting their assumptions. We explain the relation of these algorithmic system with bidirectional
systems, notably the one of Abel et al. [2017], contributing to a sharper picture.

Integration with other forms of subtyping. As we mentioned in Section 5, our design of base
subtyping was guided by simplicity. Our work on structural subtyping should integrate mostly
seamlessly with other, more ambitious forms of subtyping. Coercions between dependent records
form the foundation of hierarchical organizations of mathematical structures [Cohen et al. 2020;
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Affeldt et al. 2020; Wieser 2023], and should be a simple extension of our framework. This could lead
to vast simplification of the complex apparatus currently needed to deal with these hierarchies.
Refinement subtyping is heavily used in F* but also in CoQ’s PRoGRAM [Sozeau 2007] to specify
the behaviour of programs. Relativizing any result of decidability of type-checking to that of the
chosen fragment of refinements, an implementation of refinement subtyping using definitionally
irrelevant propositions [Gilbert, Cockx, et al. 2019] to preserve coherence'* should be within reach.
Our techniques for structural subtyping should also apply well in the context of algebraic ap-
proaches to cumulativity between universes [Sterling 2019; Kovacs 2022]. Cumulativity goes be-
yond mere subtyping, as it also involves definitional isomorphisms between two copies of the same
type at different universe levels. Our definitional functor laws already allow these to interact well
with map operations, but it would be interesting to investigate which extra definitional equations
are needed — and can be realized - to make structural cumulativity work seamlessly, hopefully
obtaining a translation from Russel-style to Tarski-style universes similar to our elaboration from
MLTT,, to MLTT_

sub coe*
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Definitional Functoriality for Dependent (Sub)Types

A INTERNAL SUBTYPING AND UNDECIDABILITY OF CONVERSION

The goal of the coercive approach is to reflect all the potential ambiguities present in a subtyping
derivation. As such, wouldn’t it be easier to just internalize the notion of subtype and let type
theory deal with it? The following observation shows that there exists a big obstruction to any
decidability result for conversion as long as we want to stay equivalent to the subsumptive pre-
sentation of subtyping.

OBSERVATION A.1 (NO-GO OF INTERNAL SUBTYPING). Suppose that T is a type theory with a
family sub A B for any two types A and B, equipped with reflexivity witnesses refl 4 :sub A A and
transitivity witnesses trans ww’ :sub A C for w:sub A B and w’ : sub B C, as well as a coercion
functioncoe p:subAB — A — B, suchthatcoe, 4 refl, = id, andcoep o wocoey pw' =
coey o(transwy pwg o). Then T embeds definitional models of the untyped A-calculus, and in
particular divergent terms.

Indeed, whenever a context provides inhabitants of both sub A B and sub B A, coe AB and
coep 4 provide a definitional isomorphism A = B.In particular any context inhabiting sub A A —
Aandsub A — A A, for instance an inconsistent one, provides a definitional retraction of A — A
onto A, hence a non-trivial model of the untyped A-calculus with a divergent element {2 ,: A. This
observation motivates our external approach to subtyping with a specific judgement of subtyping
that cannot be abstracted upon.

B COMPLETE TYPING RULES
B.1 Declarative MLTT

Context I' is well-formed

FT [ A:Type,
[N FT,2: A

o is a well-typed substitution between contexts I" and A

'ko:A I'kHt:Alo]
Lk 'k (o,t): Az A

Type T is well-formed in context I

'+ A:Type, r-A Mx:AF B r-A4
FL ——M* FunTy ListTY

r-A4 'z A.B '+ List A

'A I''z:AFB I'HA I'z:AFB
S1GTY TreeTY
I'>x:A.B I'-Wux:A.B

T'+A I'kta:A I'Fa:A 'A I'HB
IDTy SumMTy —————

TFId, ad T'HA+B
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I'Ht:T| Termt has type T under context I'

IFt:A TFA~B FT (wA)erl FT
Conv VAR SORT
'-t¢:B N-z:A I' - Type, : Type,
' A:Type, A Ie:A-B F't¢:Mx: A.B
I'yz: A+ B:Type,. Ie:A+t:B 'Fu:A
FunUnt ! Ass App — —
I't-Tx: A.B: Type, 'tAz:At:Tla: A.B I'Ftwu: Blu
r-A 'Fa:A
'+ A:Type, r-A I'-1:List A
LisTUNI L N ——M——— Cons R
I' - List A: Type, '+ey:List A I'taz,l:List A

kA I'Fs:List A
I'z:List AF P T'F b, : Pley] I,z: A,y:List A, z: Ply| b b, : P[x 5 y]
I'Findpiq 4(s;2.P3 b, 2.y.2.b.) : Ps]

) Ve

LisTtIND

EMPTYUN] ——M UNITUNT —M8M8M8m8 UNITTM ———
['F0:Type, '+ 1:Type, 'F():1

I'ks:0 TP I'ks:1 Iz1+P T'Fb:Pl()]
EmpTYIND UniTIND 0

't indg(s; P): P ['indy (s;2.P;5 b)) : Pls]

' A:Type, T,z: A+ B:Type, ¢ A 'k w:BJt]
S16UNI : t PAIR
['+Xx: A.B:Type, 'k (t,u), g:Xx: A.B

I'ktp:Xx:AB 'kp:Xx:A.B
Projy —/—m—— [
Fkmp:A Tt myp: Blul
I'z:AFB
['F A:Type, [,2: A+ B:Type, ta:A 't k:Bla)] > Wa: A.B

TrReeUNI Sur

' Wa: A.B:Type, I'ksup, pak:Wax:AB

A Iz:AFB 'kFs:Wa: A.B Iz2Wax: ABFP
U a: A, y: Blz] - Wa: A.B, h: 11 z: Blz].Ply z] - b: P[sup, ;]

TREEIND
I'Findyy 4. 4 p5(s; 2.P;2.y.2.b) : P[s]

BooLUN] ———— TrU FALSE

T'F B:Type, "TFu:B T+ff:B

I'Hs:B I'zzBFP 'k b, : Ptt] T+ by PIff]
'k indg(s; 2.P; by, by) : P[s]

BooLIND

' A:Type, '+ B:Type, I'B 'a:A
! L SUMINJLEFT ;
'~ A+ B:Type, I'Finj, a: A+ B

SumUNI
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I'-A Trb:B
T+ inj, b:A+B

SuMINjRIGHT

I'Fs:A+B I''z2A+B+P
F,:z::A}—bl:P[injiB J}] I,z: Bt b,: Plinj, z|
I'Find, (s;2.P;z.b;,2.b,): P[s]

SuMIND

T'HA T'Fa:A I'a':A '-A T'ta:A
ReFLTM
P+1d, ad Ikrefly ,:Id, aa

IpTy

'HA I'Fa:A 'ka :A
F'ts:Idy aad Dx: Ay Ay z2Idy, zy+ P F,x:A}—b:P[id,m,x,reﬂAJ]
['Findyg , (s;7.y.2.P;2.0) : Plid, a,a’, 5]

P-T=T"| TypesT and T’ are convertible in context I"

IpIND

RepLT I'FA - - 'FA~=B I'Bx=C ECI‘I—A%A’:Typei
T T A=A RANSTY TFA=~C TR aAzaA
r-Ax~A Iz:A-B=D r-Ax~A
FunTyC ListTYC
I'Fz:AB>~Mxz:A'.B T' List A ~ List A’
'HFAxA I'z:AFB=B TFAxA INe:A-B=DB
S16TyC TreeTYC
I'-Sz:AB=Yxz:A".B I'-Wxz:AB=2Wgx: A'.B’
I'FAxA F'Ftxt:A
F''Fux~u:A '-Ax~A I'-Bx~pB
InTYC SumTyYC
''bIdy tu=Id, t'u T'FA+B~ A+ B

I'tt=t:T| Termstandt are convertible at type T in context I"

Pttt :A
I'Ht: A I'HFtxu: A I'Fux~v:A I'-A~B
REFL ——M8M8M8M8™—— TrANS Conv ——m8
PHtx~t: A I'HFtxov: A I't~t¢:B
I'-A I'z:A+B
Me:AFt:B 'Fu:A oAk fe=2gae:B
BFuN nFun
L' (Aa: At)u = tlu]: Bu] 'k f=g:Ox:AB
'rA Ie:AFB A Ie:A-B
I't:A 't wu: B[t 't A 't w: B[t
ﬁSIGl BSIGQ
km (tu), g=t:A T'F 7y (t,u), g = u: Blt]

r-A Iax:A+- B '-p:2x:AB

nSic
'kp=(mpmyp), g:2a:AB
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r-A I ax:List AF P
T b, : Pley) T,z: A y:List A, z: Ply| b b, : Pz, y]
I'Findpigp (€45 2-Pibo,xy.2.b.) 2 b, : Ple 4]

s Ve

BNIL

r-A ka:A Pt1:List A
T,z:List A- P Tk b,:Pley] T,z: A y:List A, z: Ply| b b, : Pz, y]

BCons - - -
I'Findpg a(asal; 2. P b, xy.2.0,) =2 b.id, a, ], indy ;6 4 (0 2.P; b, 2.y.2.D. )] : Plaz, ]
I'z2BFP I''zzBFP
s LT b Pl T by P ooy L bes Pl T by PIEA

I F indg(tt; 2. P; by, bg) = by, : PJtt] I' b indg (ff; 2. P; by, bg) = by : P|ff]

'A+B 'ta:A Izz:A+BFP
F,x:Al—bl:P[ianB x] F,l‘fB'_bﬁP[inj; w]
'+ ind+(inle a; z.P;x.by,x.b,) = ba] :P[injig a]

BINJLEFT

'-A+B I'tb:B IzzA+BFP
Iz Ak bl:P[injiB x] T,z: Bt b,.: Plinj’, z]
T+ ind+(inle b; z.P;x.by, x.b,) = b,[b] : P[inj’, b]

BINJRIHT

Iz:AFB 'Fa:A 'tk:Bla) > Wa: A.B IzWax: ABFP
Iya: Ay Blx] - Wa: AB, h:11z: B[z].Ply 2] F b: P[supx.Bx y]
['Findyy .4 p(sup, pak;z.P;2.y.2.b) =

blid, a, k, (A z: Blz]. indwy .4 p(k 2; 2.P; 2.y.2.b))] : P[sup_ ,a k|

BTREE

I'HA I'ta:A Dx:Ajy:Ayz2Idy zy+- P F,x:AI—b:P[id,x,z,reﬂAx]

BREFL - -
['Findgg , (refly ,;2.y.2.P;2.b) = bla] : Plid,a,a,refl, ,]

'~ A= A":Type, [ z: A B = B :Type,
['FTz: A.B =Tax: A".B : Type,

FunConeg other congruences omitted

B.2 Algorithmic MLTT

Term t weak-head reduces in one step to term ¢’

BFun

S _— S
(Az: At) u~>1 tu] Psicy m (tu), g ~ott pSicy Ty (t,u), g ~tu

BREDNIL - I
indp;p a(Ea; 2. Pib,xy.2.b,) ~1 b,

BREDCONS - T -
indp e a(asp 2. Pyb,,xy.2.b.) ~1 b.[id, a, 1, indy;qq 4 (15 2. P b, 2.y.2..)]

T
PTre indyy .4 g(sup, pak;z.Pix.y.z.b) ~' blid, a, k, (A z: Blz]. indw . 4 p(k z; 2.P; x.y.2.b))]
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T F
P indp (tt; 2.P; by, be) ~>' by Prasst indg (ff; 2.P; by, bg) ~" by
BINJLEFT 7
ind, (inj' a; 2.P;x.b;, 2.b,.) ~* b[a]
INJR R
PINjRiGHT ind, (inj" b; z.P;2.b;, z.b,) ~1 b,[b] PReF indyy  (refly ,;x.2.P;2.b) ~ bla]
trat t t~lt t~lt
REDAPP ————— REDSI1G REDSIGy

tu~>tt u Tttt Tyt~ ot/

t~L

ind(t; P; b) ~* indp(t'; P; D)

REDIND

t ~*t'| Term t weak-head reduces in multiple steps to term ¢’

t~>1 t o>t
REDSTEP

t'\-’)*t t,\/)*t//

REDBASE

a
S

I8

n| Type, | Hx:tt [Ax:tt | Listt | e, [tz t| weak-head normal forms
Sa:tt | (t,t) [ Waitt|[sup, tt[0]1]()]
B|tt|ff|Id, t¢' |refl,, | ¢+t |inj. ¢ | inf] ¢

nen| £ z|nt|indp(n;t;t)|mn|myn weak-head neutrals
Tisatypeinl
'A<« I'z:AF B« 'A<«
FunTy ListTTY ——————
'z A.B<« I' List A«
'A<« I'z:AF B< 'A<« I'z:AF B«
S16Ty TrReeTY EmpTYTY
I'FXz:A.B<« I'EWux:A.B<« I'0«
A« F'Fa<A 'ka' <A
UnitTy BoortTY ———— IpTy
-1« '-B« F'+1d, aa’ <
T'FA« 'k B« I' = Ay, Type. A is not a canonical form
SumTy EL L
'-A+ B« 'A<«

T'Fi>T| Termt infers type T in context I

' Ay, Type,

(x:T) el I'yz: A+ B<Type,
SORT VAR ———— Fun :
I' = Type, > Type, I'FzeT ['Tlz: A.B > Type,
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A A« DAt B A PFtpya: A.B F'~u<A
B T T F Az AtsTa: AB PP 'k tur> Blu]
'-A«<
'+ Ay Type, 'k A« 'a<A I'-l<List A
LisT C NL ——m Cons -
I' - List A > Type, I'Fey>ListA I'Fa:z,l> List A

A« 't s<List A
I'z:List AF- P> T'F b, < Pley] T,z: A,y:List A, z: Ply] F b. < P[z 4]
It indygq 4 (85 2.P; b, z.y.2.D,) > Pls]

LisTIND
e

I's<0 I'-P«
EmPTY —/— 7 —— EmpTYIND - UnNiTUNT ——————
[ 0> Type, 't indg(s; P)> P I+ 1> Type,

I'Fs«l I'Nzz1F P« FFb<><1P[()]
UNITTM ——— UnrTIND
'-(r1 ['Find; (s;2.P5 b)) > Pls]

't A I'x:AF B«

'+ Ay, Type, [ z: A+ B<Type, b 'k u< BJ[t]
'+ >2: A.B> Type, TR (t,u), p>2x: A.B

Sic

'pryZx:AB . 'tprXax:AB
TkFmprA ROJ2 '+ myp > Blu)

Projq

'~ Ay, Type, [ z: A+ B<Type,
' Wa: A.B<Type,

TREE

FkaxA [z:AF B< I'+k<Bla] > Wa: A.B
I'ksup, ,ak>Wax: AB

Sur

'A<« Iz:AF B< '-s<Wu: A.B I2Wax:ABF P«
[,z: A y: Blx] » Wa: A.B,h: 1 z: B[z].Ply z] b b<1P[supx‘Bx y]
Ik indyy .. 4 p5(s; 2.P;2.y.2.b) > PJ[s]

TrREEIND

BooLtUN] —M@ Tru FALSE

T'F B> Type, "Trus-B T+ ff> B

I'+s<B T,zBFP<a Trb,<Pt] Tk by<Plff
I+ indg(s; 2.P; by, by) > P|s]

BooLIND

'+ Ay Type, I' - B<Type,. ' B« I'Far A
L L SuMINJLEFT ;
'~ A+ B Type, I'Finj; a> A+ B

Sum

'A< I'b>B
I'Finj, b> A+ B

SumMmINJRIGHT
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I'kA« ' B« 's<A+B I'zzA+BF P«
Dx:AF bl<1P[inle a:] I, z: B+ b, < Plinj",

SuMIND
I'indy, g(s;2.P;2.b;,2.b,.) > P[s]
'+ Ay Type, '-a<A 'Fa <A +A« 'a<A
Ip : ReFLTM
['+1d, aa’ > Type, Ltrefly ,>Id, aa

'A<«
PkspyId,y aa Dz,y: A, z:Id 4 zy - P < F,x:Al—bqp[id,x,x,reﬂA@]

IpIND

['Findgg (s;z.y.z.P;x.b) > Plid, a,d’, s]

I't<T | Termt checks against type T’

'kt T’ T =T«
'taT

CHECK

I'kte, T | Termt infers the reduced type 7'

IHteT  THT~*T
THiv, T

INFRED

PHT =T «| TypesT and T” are convertible

T~U T ~U TrU2U<
TFT =T«

TYRED

Pttt <A| Termstandt are convertible at type T’

*u t~>* ) T~*U FFu=yuw<U

Ft=t'<T

PFT =2 T'<| Reduced types T and T’ are convertible

'FAx~ A« I'Nz:AFBx~B'«
CUNITY CProDTY

' - Type, =, Type, < FFOz:AB=~ llx: A.B' <
TFA= A« A=A« I'z:AFB=B'«
CLisTtTY - - CS16Ty
I' - List A =, List A’ < F-32:AB=, Sx:A'.B' <
FrFA= A« A=A« PHt=t' <A
I'z:A-B=~B'« FFu~u <A
CTreeTY CIpTy
P-Wax:AB=~= Wa: A .B' « FEId, tu=, Idy t'u' <
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A=A« I'B=~B'« Tis 0,1 or B
CSumTy CREFLTY ——MMMm
I'-rA+B~A"+B « I'ET = T«
I'tFnan>T
NeuTY

F'Fnx=n <

Pkt ¢t <A| Reduced terms ¢ and ¢’ are convertible at type A

' A= A" <aType,
[ z: A"+ B = B <Type,

CUNI CFun
'+ Type, 2, Type, < Type, ' A.B =, o A”.B’ < Type,
'~ A= A" <aType,
DA fa=f z<B D,x: A’ + B = B <Type,
CFuNETA CSic L
't f~, f/<lz: AB X2 AB =, Yo A.B' <Type,
Ft-mpz=mp <A
Tk myp=myp’ <Blr p) '+ A= A’ <Type,
CS1GETA ; CLisT - - —
'kpx~, p' <2x:AB I' - List A =, List A" <Type,
Pta=ad <A” I'+1=10"<List A”
CNIL - i CCons - , - —
I'-ey ey <list A IF'Faupaley a )" <ListA
Tis 0,1 or B tis tt or ff
CREFLUNI CUNITK —————— CREFLBOOL ——————
['FT =, T <Type, ()= ()<l Nt~ t<B

' A= A" <aType,
[ 2: A"+ B = B <Type,
I'F-Wa: A.B =, Wax: A".B' <Type,

CTREE

Tha~a' <A’ Trkxk <B'la) > Wa:A".B"

CSur
['Fsup pak=ysup pa k'aWax:A”.B”
'+ A=A <Type, I' - B = B’ <«Type,
CSum L !
' A+B= A"+ B <Type,
'-B=B'« ax~a <A A=A« '~b=b <B
CINjLEFT 7 7 CINJRIGHT — —
['Finj, a ~inj, o' <A+ B It inj', b=~inj’,, ¥’ <A+ B
I'Fnen'>8 ne M
REFLREFL NEUNEU
Frefly , =refly,  <Id s tu F'kneyn' <M
''kn~n'>S T is Type.,0,1,B,List A Waz: A.Bor Id, ad’
NeuPos L

Pknzyn/<T
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Phtay t'>T| Neutralstand ¢’ are comparable, inferring the reduced type T

F'Fnan'>T T ~* S
Fknayn'>S

PHta~t >T| Neutralstandt are comparable, inferring the type T'

NRED

(x:T) el F'tFnayn >la: A.B FFu=u <A
NVAR ————— NArp
e~z T 'Fnu~nu > Blu
TFAx= A<« 'Fs~s'>S I'z:List AP~ P«
I'Fb, = bl aPley] [,z: A y:List A, z: Ply| b, =2 b, < Pz 2, y]
NLisTIND - =

I'Findyg a(S; 2.Ps b, 2.y.2.0,) &~ indpgq 42 (875 2.P'5 0L, x.y.2.0%) > P[s]

I'Fsay s'>0 '-P~=P«
I'Findg(s; P) ~ indgy(s’; P') > P

NEmPTYIND

sy s'>1 Tz1FPx=P <« F-b=b <aP[()]

NUNr1tTI
NP I'Find, (s; 2.P;b) ~ indy(s’; 2.P’; b)) > P[s]

Pknayn' >Xa:AB Pknayn' >z AB
NS1G9

NS16¢

F''Emn~mn>A 'k myn ~ myn’ > Blm n)

A=A <
I'z:A-B=>~B'« 'Fs~s'>8 IzWaxz:ABFP=P«
Tyz: Ayy: Blx] - Wa: AB,h:11z: B[z].Plyz] - b= b’qp[supmley]

Findywy ,.4 5(8;2.P;2.y.2.0) ~ indwy 4. 4 g (8";2.P;2.9.2.0") > P[s]

NTREEIND

ks~ s'>8
IzBFPx~P« 'k b, = bj, < Ptt] I' b by = b < P[ff]

NBooLIND - 7 —
Ik indg(s; 2.P; by, by) ~ indg(s’; 2.P’; by, bg) > PJs]

I'FA~Aa T+FB~B<a TksayseS T,22A+BFP=~Pq
D,z: Ak b =b/<Plinj' 1] T,2:BFb,=b <Plinj" z]

NSumIND
I'tindy, g(s;2.P;x.b,x.b,) ~indy | g (s';2.P;x.b), 2.b).) > Pls]

A=A« F'ksay s’ >Idyy ad
Do Ay A z2Idy ey P~ P < Lo Abb=b <Plid,z, z,refl, |

I'Findyg, (s;2.y.2.P;2.b) ~ indyg , (s 2.y.2.P;2.0") > Plid, a,a’, 5]

NIpIND
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B.3 Declarative MLTT
Extend the rules of Appendix B.1. In rule MapComp, we rely on conversion at domain and mor-
phism types for a type former F. These are obtained from the judgements of Fig. 8 by replacing
every typing judgment by a conversion judgement, and forgetting conversions. For instance, for
I types, we have
map (A’ B) g (A/7 B/) : d0m<H) <:> A hll ap A A/ /\ A xZ: A hll ap B % B/
Ahuap (fvg) (f/ /) homH<<AlaBl)7(A23B2)) — Ahlllp f* f/A _>A A
A €T: A2 Fma‘p g= g/ Bl[fx] - B2

Ak

‘ For each type former F' (I, %, List, W, Id, +) ‘

F hn ap X Y: dom( ) r hu ap X: dom(F)
f: homF(X Y) Lhp,t X

111 ap
I MarIp

F}_nlp maprFX%FY thap mapFldXt%tFX

Map
= o X Y, Z:dom(F)
r Fmap g: homF(X’ Y) m ap f hOI‘l’lF<Y Z) r hn 1]) t: X

r hlll}) mapF f(mangt) - mapF(ng>t:FZ

MarCompr

Dk, X=X dom(F) [h.p Y =Y :dom(F)
m ap f hOl’l’lF(X Y)

f hOl’l’lF(X/ Y/) rr11p f f hOHlF(X Y)
'k mapr:mapr’lFX—>FY

map

map

m ap

MAPCONG

'k

map

t%u:A‘

(f,g):hOHlH((A,B),(A/,B/)> 111117 h:Mxz: A.B thnp a A
I, mapy (f,9) ha' = ((fa)): [a’]

map

map

MAPFUN

(f,9)-homg((A,B),(A",B")) Tk, p:Zx:AB
I'K,., 71 (mapy, (f,9)p) = f (7 p): A’

map

MAPSIGq

(f,9) :homy((A, B), (A", B")) Lk, p:Zo:AB
™y (mapy, (f,9)p) = g (w2 p) : B'[f (1 p)]

l_m ap

'k

map

MAPSIGo

nnp f holest(A A )
[H,., mapy. . feq =ey List A’

map

MAPLISTNIL

Fnap fhomy (A A") [Lh.p, hd: A [k, tl:List A
MAPLISTCONS - n
K., mapp. o f(hd:ytl) = (f hd)zp(mapy,  ftl): List A

map

mxp (fv ) homW((Aa B)a (A/vB,))
I‘F a:A I'k,.,k:Ba—> Wux: A.B

map map

[ K., mapy,(f,g) (sup, gak) =sup o (fa) (Ae:B'[fa]. mapy,(f,g) (k(gx))): Wa:A".B

ma

MAPW
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1111[7 f homId(A A ) F a: A

map

r hnap map[d f reﬂA,a - reﬂA’,fa Id A (f CL) (f Cl)

MAPID

map

.l ’ 4
I'Fp map, (f,9) (inj a) = inj (fa): A"+ B

F Fmap (f’ g) :hom+((A, B) (A/ B/>) F F G/IA
.l

MAPSUMLEFT

<f’g):h0m+((AaB)7(AlvB/)) FF bB

map

I'F.p map, (f,g) (inj" b) = inj" (gb): A"+ B’

m ap

MAPSUMRIGHT

B.4 Algorithmic MLTT
Extends Appendix B.2. Replaces the rules already named with the same name in Appendix B.2.

map

Tk, t=,t'<T

map

Fnap T Rap W 2T T'is Type,, List A, Wa: A.B,A+ Bor Id, ad’
NeuPosMAr
r hﬂdp —h TL/ T
T Fnap T~ n T
A=A« Ik s’ < List A I',z:List A, P>~ P«

111 ap m. 1}) ma map

I‘ Fnap be = 0L < Ple 4] I‘wAyLlstAzP[] b. = b, < Plx:,y]
[ Fp indpise a(s;2.P3 b, 2.y.2.0,) ~ indygp 40 (87 2P 0L, 2.y.2.00) > Pls]

map
NLisTIND !

A=A < Tz AL, B=B <«

111 ].p map

Dhap 8 My 8 AW o AB [,z2Wa: ABE , P=Pa

T,az: A y: Blx] - Wa: A.B, h:11 z: B[z].Ply b_b’<1P[sup Bxy]
['F.p indw .4 g(852.P;2.y.2.0) ~ indyy . 40 /(8”5 2. P 2.9.2.0") > Pls]

NTREEIND ] map

A=A«

m ap

rs,., B=B« Pk, ., §~.., s <A+ B Iz2A+B*f,, P=P <«

map map map map

Iz Ak bl%bZ<1P[injlx] L,2:Bh,,, b, =b.<Plinj" z]

map map “r —

NSuMIND ,
K., indgy g(s;2.Py2.b,2.b,) ~indy, | g (8" 2.P';2.b], 2.0)) > Pls]

A=A« Thon S Ay 8 <Idy > a,a

]ll ap map map

Lz, y: A, z'IdA vy, P=P< Loa: AR, b= <Plid,z, 2, refl, |

map

['Foap indpg , (s;2.2.P;b) ~indyg , (s";2.2.P";b') & Plid, a, d’, s]

map

NIpIND

unmap, unmapfun, unmapfun, , unmapfun, ‘

[
8

unmap(map . ft) = t unmap(t) = ¢  otherwise
unmapfun(map , ft,z) = fux unmapfun(t,z) = =z otherwise
unmapfun, (map,. ft,z) = 7 fx unmapfun, (t,z) = x otherwise
unmapfun,(map,, ft,y) = 7, fy unmapfun,(t,y) = y otherwise
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~ /
r hnap n ~map n' T
[k, unmap(n) ~, unmap(n’) > List A
[ z: AF,,, unmapfun(n,z) = unmapfun(n’,z) < B
UNMAPLIST n -
D' Fap 1 Ay, n' <List B
[' K., unmap(n) ~;, unmap(n’) > W x: A.B
[ z: AL, unmapfun,(n,r) = unmapfun, (n’,z) < A’
L, z: A, y: B [unmapfun, (n, )] F,.., unmapfun,(n,y) = unmapfun,(n’,y) < Bz
UNMAPTREE - , —
Iy M Ry 0 <Wa: AB
['F,.p, unmap(n) ~, unmap(n’) > A+ B
[,z AL, unmapfun,(n,r) = unmapfun, (n’,z) < A’
[ z: BF,,, unmapfun,(n,z) = unmapfun,(n’, x) < B’
UNMAPSUM
F hll'rll) n %Hlilp n/ 4 A/ + B/
[ K., unmap(n) ~, unmap(n’) >1Id 4 aa’
[,z AR, unmapfun(n,z) = unmapfun(n’,z) < A’
UNMAPID n -
tnap T ey 1 < Id 4, > unmapfun(n, a), unmapfun(n,a’)
t~b
my (mapy, fp) -~ f (7 p) my (mapy, fp) ~' m, f (75 p)
mapy; f ht ~>! (my f) (h () £)1)) mapy, f refly , ~"reflp 7,
map;. . fe ~le map, . . f (hd:tl) ~1 fhd: map, . . ftl

mapy, {THT'}f (supa k) ~'sup, o (my fa) Mz (my T (my fa)). mapy, f(k(myg2)))

map, (f,g) (inj' a) ~* inj' (fa) map, (f,g) (inj" b) ~* inj" (gb)

ne n F € {List,Id, +, W}

map , f (map, gn) ~o! map . (fog)n

RepMarComp

B.5 Declarative record types

Extends Appendix B.1.

£ € Pe(Lbl) Vie L. TF A4

RecTy
PHE{l:A e,

£eP(lbl)  Vie L. Tk A:Type,

RecUnN1 -
={l: A}, : Type,
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£ € P¢(Lbl) vie L. Tku: 4 PEr{l:A}es
RecTM RECPRO] ——————— %
FI_ {l = ul}leﬁ'{l'Al}lEL' Fl_'l".l:Al
£ € Pi(Lbl) Vie L. TlFu 4 PEr{l: A e
BREC — nRec —
PE{l:=u}cpl=u 4 FEr={l=ri}lc,{l: A4} ee

B.6 Algorithmic record types
Extends Appendix B.2. Record construction terms {/ := u; }; - are normal forms, and r.[ is neutral

whenever 7 is.
£ € P:(Lbl) vie £. T'F A >y, Type,

BREC RecUNI

{l=w}cpl >ty LAl Al}fez > Type,
LePlbl) Viel ThuybA, Vie £. Thril=rl<A4,
RecTMm ReECETA n
PE{l=w}ies>{l:A}es DErey v <{l:Ades

Fl_n%h n/D{Z:Al}lE£
F'Fnl~n'l> A

NREcProj

B.7 Algorithmic MLTT_
Extends Appendices B.2 and B.6, with rule CHECKSUB replacing CHECK.

', t<T

sul

te T N, T =T«

sul

', t<T

sul

sll

CHECKSUB

'k, T<XT"<| TypeT isa subtype of type T’

sub

T~*U T ~U Th,U=, U=«
T, T~T «

sul

TyYRED

Ik, T <, 7" <| Reduced type T is a subtype of reduced type 7"

sul

XCL VkeX. T, A, <B,<

REcSuB
Do U Ahes <0 R A pex <
\uh A/ ﬂ A<] F &€ A/ \u B ﬂ B/ \ll]) A A/ <
PRODSUB T ListSuB - n
£, Dz:AB=<, IIz: A .B r h“,) List A <, List A’ <
r hu A= \\ A’ < r Msub A < A’ <
Ma:Ab,, BB « Da:Ab,, B < B«
SI1GSUB — TREESUB —
I Sr:AB=, 2x:A'.B < b Wax: AB <, Wa: A'.B' <

sub
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Pl A<Aa Tht=taA
D ,u=u <A T is Type,, 0,1 or B
ul y 1
IpSus Id. ¢ Td, ¢ n SUBREFL I~ T7- 7T
\ult AlU x A’ (S sub ~h <
\nlyA A/ F‘xnl)B %qu F‘\nl)nxh ’I'L,DT
SumSuB - - NEuSUB - n
u]> A+B ~h A +B r huh n <\1 n <
Admissible rules
C S sul) A A/ SUBA. S \ul) A \\ A < aul) A/ 3 A<
ONVOUB —————————— UBANTIOYM
Msub A “\ A/ r Fsub A = A, <
thl) A<A/<] 11\) A/ <A//<]
SuBTRANS = A”

\uh

B.8 Reduction rules and normal forms for MLTT___

t~slt
c nf f
REDCOEFUN
coe f) a~!coe (f (coe a))
Nxz:A.Bxz:A’.B’ B[coeA/ Aa],B’[a] A’LA
nfp
ReEDCOESIG1 I
T (Cerx:A.B,Zw:A/.B/ p) ~ CoeA,A/ (771 p)
ReEDCOES Ilfp
EDCOESIG2
I
Ty (CO€5 4:A B il B P) ™ COC B, p|, B [coey 4 (1 p)] (3 p)
nfr T is Type,, 0, 1 or B
REDCOEREC i I i CoEeREDID i
COC A} ok Apdren 7).l ~ coey, p, - coep pt~>tt
..l 1l . .r 1 T
coey g a4 p(injp @)~ injy, (coey 4 a) coe, p a4 p(inj'y b) ~* inj’,, (coep g/ b)
1 . 1 .
COCList A List A’ € ™2 €A/ coepist 4 List (M) ~>' coey 4r hipcoeList A List a7 T

1
COCW 2:A.B,W z:A. B’ (supal) ~

sup,_ p (coey 4o a) (Az: B’ [CoeA,A’ a] . COew . 4. B WA p (K (coey, [coe 4 a,Blal z)))

coerd, ab1d, o v’ Tefla, ~t refl o/

(coey 47 a)
A~ A nf® orne A B~1 B
CokeL i CoEeR i
coey gt~ coey gt coey gt~ coey gt
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nf® orne A, B t~slt nf®orneU,U’, T, T’ nen
CoeTMm 1 n CoeCoE 1
coey pt~>"coey pt coeyy g7 COeq v M ">~ Coep 17 N
E n| PN x:tt|(tt) ]| {l="4}cc ] weak-head normal forms
e | tut [ sup, tt] ()| tt] ff|refl,, | inj. ¢ | inj] ¢
COeN’N f
nf® N| % Oa:tt|Satt| {1t} e, negative whnf types
nf® p| Type, |01 |B|Listt | Wa:t.t [t+t|1d, tt’ other whnf types
ne n E z|nt|mn|myn|nd]|indp(n;t;t) weak-head neutrals
cne ¢ = n| coep pn | coe,, , 1 compacted neutrals

B.9 Algorithmic MLTT___
Extends Appendix B.2 and Appendix B.6.

'k

coe

t>T

coe coe coe

o k.. A< k.. A < Pk t<A Nt .A<A <
OE
I'

coe

coey 4t A’

D ket R ' 9T | Compacted neutrals ¢ and ¢ are comparable at type T

coe

F }_('()(—‘ n ~ n, D Sl/ F }_('()9 n ~ n/ D S”
NCoE — NCoEL —
~ 4 T// F }_ ~ 4 T//
coe CoeS,T N ~oe CoeS’,T’ n < coe CoeS,T N Nege M 4
F'?r)en%n/b‘s’// Fl_coen%TL/DS”
NCoeR e — T NNoCoE o — T
coe TV Feoe COCgr v T coe TV Feoe T
~ 4/
r }_(:oe 3 —h i
~ 4 3 ~ / .
Feoe M ~ee 1 < List A Fooe M Rppe ¥ <Wx: A.B
NEuLisT n - NEUTREE -
e M= n'<List A 'f,n=,n<Wuz:AB
o ’ ’ - ’
NEUID r l_(:oe N ~epe I < IdA aa NEUSUM r }_(:oe N ~Nge M 4 A+ B
~ / /7 ~ /
Foeneyn’<ldy aa Non=,n"<A+B
" ’
NEUNED Fooe M Rgee M <M ne M
r }_(:oe n gh n/ <M
’
Th, T<T «

T~>U T ~U Tk, U=<,U <
re, . .T=<T <

coe
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I, T<,T <

coe

XCL VkeX. Th, A <B,<

REcSuB
Feoe Ut Arhies < {Rk: Agdpex <
t,.A <A< Dy A [coeA, A:z:] <X B«
ProbpSuB — J
', Da:A.B=<, Hx: A".B' <
r I7(:00 A < A/ <
Fl_(neA <A< FJ;A'_(OGB#B/[COCAA/Q;‘]Q
LisTSuB S1GSuB :
't Za:AB=, 2a: A.B' <

coe

'k, List A<, List A" <

LA A < I‘xAFCOCB[coeAA/m]%Bq

coe

TrREESUB

Fooo Wax: A.B =<, Wua: A".B' <

- L. A<A < I‘FCOC coey gt =t aA [he coey gu=u <A

DSUB
Fooo Idy tu <, Id 4 t' 4 <

WA A < '-,., BB« T is Type,, 0,1 0r B

coe

ListSuB " - SUBREFL

A+B<=,, A +B' <« ', TxXT<«

( oe

B.10 Declarative MLTT,__,
Extends Appendix B.1 and Appendix B.5.

F h()( t : T
F }_('L)(-‘ A (L)(—‘ A’ F }_(()P t:A F }_('()P A _j< A/
Cokr - ; —
[k, coey 4 t: A
F I7( oe t : A F h'()(‘ t : A F I7( oe A A/ (()( A/ A//
CoEzlp CoEeTRrANS - ~
[k, coey g4t =t:A k.. coeys gncoey oot =coey gnt:A
coe t g t, :A (()( A A/ F '7(()( B B/
CoeConG -
'k coeA,Bt =coey pt': B

R, A’ <A  Ta:A'b, Blcoey 4] < B
(()ef Mz: A.B F}_(L)l—‘a:A/
CoeFun —
I'h.. (coeqpapnea p f)a= COC R coe s a],B’[z](f (coeyr g a)) :Mz: A'.B

coe

A=A D,z: Ak, B= B'[coey o 't .p:Xxz:AB

coe

r l_u)e (Cera::A.B,Zw:A/‘B’ p) = CoeA,A’ (7T1 p) CA

coe

CoEeSiG1
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F}_('()(-‘A%A/ F Z: Ak (()e %B/[COCAA/J)] F}_(.()PpIZJZIA.B
CoES1G2 — : -

coc T2 (CO€5 4.4 Bswinr B D) = COCBm, p|, B’ [coe 4 u/ (71 )] (myp): B [CoeAA/ (my P)]

KCL VkeX. Th, A, <
CoEREC o .

coe

<Coe{l¢AL}zeLa{k3Ak}kex r)k=c CO€4,.,B, r.k: By

'L, A=A
CoENIL coe

~ . s 4
coe COCList A List 4’ €4 = €4/ - List A

-, A<A Tkt aA Tk, I ListA
CoeCons o

coe COCLjst A List A’ (azpl) = (CoeA,A' a) ip (coer,st A,List A’ l):List A’

F h()( A A
M AK coey 4| < B £,.a:A
CoETREE e [ 4,4 ]

I't,.k:Ba— Wa:AB

coe CoeWz:A.B,Wa::A.B’ (supz,B a l) =
/
sup_ (coeA’A/ a)(Ax: B coey 4/ a] . coeWm:A'B’wx:A‘B/(k (coep [coe 4 a],Blal )))
Wa: A'.B’

FF(‘OPA<A/ Fhuea:A
CoEelp —
I+

coe

COC1d, aa Id 4/ (coey 47 a)(coey 4/ a) reﬂA,a = reﬂA’,(coeA,A/ a) - IdA (CoeA,A’ a) (COCA Al a)

F hU( A A/ P h()( B B F
COESUMLEFT

CL)(,a A
~ .l A7 ’
Foe coeA+BA/+B/(1n] a) = inj (coey 4 a): A"+ B

F '7(0( A A/ P }7(0( B B/ F coe b B
CoESUMRIGHT o

oo €044 g ary p(Inj” D) = inj" (coep p b): A"+ B’

Pk, T<T'| Tisasubtypeof 7" in context I'
RBCS X CL Ve X. Tk, A, =
ECSUB
u)( {Z A }lE,C {k Ak}ke]{
F '7‘0‘ A/ A Fﬂ zT: A/ }7('()(' B[COCA/ A ZL’] % B/
PropSus ’
', Da:AB<Oz: A’".B’
F }7(()( A A,
F}_(()(-‘A#A/ Fl‘A}_(()eB_<B[COCAA/$]
ListSuB S16SuB -
'k, List A < List A’

', 2x:AB=<3z:A".B

oo [COQA,A/ x] < B

M AA oAk, B
TREESUB —
', We:AB<SWux: A" B’
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P A=A Ik coeAA/tlt"A/ [ coey yu=u A

IDSUB coe coe coe
(0( IdAtu IdA/t U
S S F h()( A A/ F }7('0( B B
UMOUB
r.A+B=<xA+DB
S R h()( A A/ S T F '7('00 A < A/ F }7(0( A/ A”
UBREFL T h()( A A/ UB 1RANS T F(m(‘/ A \ A”

C PROOFS OF LEMMAS

This section contains additional lemmas and proofs omitted from the body of the paper.

C.1 From Section 3.2

mapy; ((g, f):homy((A4, B), (A’,B"))) (h:(z: A)B) £ a: A’.f (h (g x))
mapy, ((g, f):homy((4, B), (A", B'))) (p: 2(x: A)B) = (g (m p), [ (3 p))
Lemma C.1. map; and mapy, satisfy the functor laws MarID and MapComp.

Proor. For the preservation of identities, we have:
mapy, (idy, Ma: A} idp, ) h = Az Alidg, (h(idy ) = At Agr =g
mapz (ldA’K{x A} lde)p = (ldA (Wlp) 1dB (71 p) (71'2]))) = (7'('1 p, 772p> =p
For (g, f):homy((Ay, By), (A3, Bs)), (¢, f'):homy((Ay, By), (Ag, By)) and h:Ilx: A;. By x we
compute
mapy, (g, f) (mapy; (¢, f') h) = Az A f (Ma": A" f" (h (g
Az A, f(f (h(g (92))))
Az A, (fof)(h((g og)x)) = map,((g,f)e° (g f))h

Similarly, for (g, f): homy((Ay, By), (A, Bs)), (¢, f/):homy((A44, By), (A, By)) and p: Zx: A;.
Bz

"7'))) (g))

IR

IR

IR

(g (my mapg, (¢, ') p), f (w5 mapg, (¢, ) p))
(g(g" (m1p)), f(f (m2p)))
((geg)(mp)),(feof)(myp)))

mapy;, ((g, f) e (9", /")) p

mapsy. (g, f) (mapy, (¢', f') p)

R

IR

C.2 From Section 5.3

LeEMMA C.2 (CATCH UP, FUNCTION TYPE (LEMMA 5.7)). IfT’
there exists t such that [t| =t and f a ~* t[a].

fa:Band|f| = x: A’ ', then

(U(

Proor. We must have that f = (coer 5 (Mx:A.L,))" for some A, ¢, such that [A] = A’
and |t,| = t’. Moreover, by well-typing we know that there exists some B such that I', x: A

coe

1>That is, a string of coercions coeq, .1, (-..coep 1, (Az: Atg)).
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ty> By, ' Dzt A.By =T, < T, = .. < T, <. By inversions, we must have T; ~>* ITz: A;.
B,, with the A; and B; again related. But now we can use the reduction rule of coe on product
types, and get
* .
fa~*coep g g ((Aa:tAdy) (coey | 4, a0))

where the B] are obtained by adequately substituting coercions in the B;. Now all the B; are well-
typed by subject reduction, so they must have weak-head normal forms B!, and once all of them
have been reduced to weak-head normal form by a combination of CoeL, CoER and CoeTm, we
can finally reduce the inner S-redex, obtaining

*
fa~>*coegy pr.. pr(to [CoeAm...,Al,A a])
Now we can conclude, as indeed
’COCBg,B;’,.”,B;; (to [CoeAn,..,Al,A :r] )‘ = ’to [CoeAn,...,Al,A 35] ‘

— Jto| [|coen. . a 2]
= ltol [lel] = Ito] = ¢

]

LEMMA C.3 (ERASURE IS A BACKWARD SIMULATION (LEMMA 5.10)). Assume that " -, t:T.If
[t| ~* ', with ' a weak-head normal form, then t ~>* u, with u a weak-head normal form such
that |u| = u’.

Proor. First, if |¢| ~»* u’, then there exists u such that ¢ ~* u and |u] = u’. Indeed, the
previous catch-up lemmas ensure that redexes never get blocked by coercions. On function types,
the lemma exactly says that a term erasing to a S-redex is able to simulate the S-reduction. On
positive types, by the catch-up lemma again, coercions on a constructor reduce away until the
constructor is exposed directly to the destructor, and so the reduction can kick in.

Second, if |u| is a weak-head normal form, then there exists a weak-head normal form v such
that w ~* v and |v| = |u|. Indeed, if |u| is a weak-head normal form but u is not, it must be
because either |u] is a constructor of a positive type, or a neutral. In the first case, the catch-up
lemmas let us conclude. In the second, we can iterate COECOE to fuse coercions until u reduces to
a compacted neutral, which is a weak-head normal form. O

LEMMA C.4 (ELABORATION PRESERVES SUBTYPING (LEMMA 5.11)). The following implications hold
whenever the inputs of the conclusions are well-formed:

() ST, [T <5 Ul then Tk T < U <

coe

@) if [P [T <" U] <, then D . TS U <

(3) lf|F| }:lll) |t| Nh |’U,| < |T" then I’ Fcoe t Eh UQT"
(4) if|T) b 18] = Ju| <|T|, thenT b, t = u<T;
(5) if 0| Fp, |t~ |u| > T, thenT ., t ~u>T;
6) if |IT| Fp, |t &, |u| > T, thenT bt ~u>T.

Proor. Lemma 5.10 ensures we can always match reductions to weak-head normal forms in
MLTT_,;, with reductions to weak-head normal forms in MLTT_ .. As for conversion itself, the
key cases are those where the term in MLTT,__, is a coercion, that gets erased in MLTT_ ;. Given
the structure of normal forms from Figure 14, this can happen in three situations. If the coercions
are between function types or record types, we do not inspect the terms, and instead eagerly 7-
expand in a type-directed fashion (which triggers further reduction of the now applied coercions).
The third case is compacted neutrals. They can appear exactly in the places where MLTT, . uses

sub-
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the comparison of the compacted neutrals, which strips away the possibly present coercions, as
expected. O

Finally, the main theorem states that we can elaborate terms using implicit subtyping to explicit
coercions, in a type-preserving way.

THEOREM C.5 (ELABORATION — INDUCTION). The following implications hold, whenever inputs to
the conclusion are well-formed:

(1) if |T| k., t' > T", then there exists t and T such thatt’ =
(2) if |T| k., t' >, T7, then there exists t and T such thatt’ =
(3) if|T| by, t' <0|T|, then there exists t such thatt’ = |t| and Tk,

coe

t|,T" =|T|,andT K,

¢, 7" =|T)|, andT I,
t<T.

tT;
te, T,

coe

Proor. Once again, by mutual induction. Each rule is mapped to its counterpart, but for CHECK-
Sus, where we need to insert a coercion in the elaborated term. This coercion is well-typed by
Lemma 5.11. O

C.3 Translation from MLTT

MLTT, . terms contain enough information to entirely capture the subtyping derivations. We
exploit this information to define a relation [t] ~ ¢’ between a MLTT,, term ¢ and a MLTT,,,, ,
term ¢/, that makes explicit the functorial nature of coercions. The definition of [[t] ~ ¢" employs
an auxiliary relation [A ~» B] =~ x to translate coercions from A to B, where z is either the
special value x or a MLTT,, , term f. The value x arises in the case of an identity coercion that
should be erased by the translation. In order to translate records, we assume that we have access
to an (effective, decidable) total order on the countable set Lbl of labels, so that we can order in a

canonical fashion every finite subsets £ C Lblas £ = {l; < ... <[,}.

to MLTT

coe map

[A] ~ A [A]~A"  [B]~B
TstTY —————— TsLLisT . " TsLP1
[Type,] ~ Type, [List A]] ~ List A’ [Mz: AB] ~Ta: A".B’
[[A]] ~ A’ [[B}]QB/ Vleﬁ.[[Al]] &AZ £:{l1 <...<ln}
TsLS16 — TsLREC n -
HZ:&A.BH ﬁzm.A .B [[{Z'AI}ZG;CH Ezwll:All....Al”
A ~ A t] =t o~y o
TsLVAR TsLLAM [[ ]] [H] T TsLAprP [[u]] 4 [[/Uﬂ , Y
[] ~ [Aa: At] ~Aax: At [uv] ~u v
~ ~ ~ ~
TsLPAIR [[uﬂ ~u [[qjﬂ 7 Y TsLFsT Lp/ TsLSND Mip,
[(w,v)] >~ (v, v) [myp] =7 p [mop] ~myp
Vie L. o~y L={l; <..<l
S o] > v £={h <..<l)
[{l:=u}] ~ (ullv Ul)
[[p]] = p/ F }7(‘,()() p{l Al}le£ ’5 = {ll <. < l’n}
TsLProj 1
[p.l;] = my 0wy (p")
A~ B] ~ t] ~t A~ B] ~ t] =t
TsLCoelD [[ ﬂ * [[,]] TsLCoE H H / [H}
[coes pt] ~ 1t [coey pt] ~ ft
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A~* A" nf  B~* B nf [A" v B ~x A+ A orB+ B
[A~w B] ~x

TsLCoENF

[A~ B] ~ [A~ B] =~ f
TsLCOELISTID — - TsLCoEL1ST - -
[List A «» List B] ~ [List A +» List B] ~ map, . f

ist

[Ay 2 Aj] =« [By v By] ~ «

TsLCoePilpBoTH
[Mx: A;.B; v Ha: Ay. By >~ *

[Ay w Aj] >~ % [By ~ By] ~ g [Aq] ~ A}

TsLCoePilpDomMm
[Ma: Ay.By ~» Ilz: Ay.By] >~ mapy; (id 4/, g)

[Ay v A] = f [B: [‘30‘3142,141 x] 2 By ~ [B,] ~ B,

TsLCoeP1iIpCop -
[Ma: Ay.By ~» Tz Ay.By] ~ map(f,idgy)

[Ay v A ]~ f [B: [CoeAQ,A1 x] By~ g

TsLCorP1
[Ma: Ay.By » Ia: Ay.By] ~ mapy(f,g)

and similarly for ¥

K=~L VkeX[A, v By ~x

TsLCoEeREcID
[{: Ahie s~ {k: By tpeac] = *

X CL Vk € X.[A, ~ Byl =~ fi K={k <..<k,}

OO T AT @ U Budpesc] = Ap-(fr, (mi ) o (751 0)

TstCorTy [Type, ~» Type.] =~ % TsLCOENE M
’ ’ [N~ M] ~*
The translation is extended to contexts pointwise.
[T] =T [A] = A’
1=~ [T, x: A] =TV, 2: A

We note [t]] when t is in the domain of the relation and [¢] for the image of ¢ when it is defined.

LemMma C.6 (DETERMINISM OF TRANSLATION). The translation relation [t] =~ t is a partial func-
tion, i.e. it is deterministic: for any t t| t5, if [t] =~ t] and [t] ~ ¢} thent| = t}.

Proor. We show by mutual induction on a derivation that [A 4+ B] =~ z is a partial function as
well from pairs of MLTT,, types to either x ora MLTT, , , term. In the key case TsLCOENF, note
that the reduction relation ~»* is deterministic as well, so we can conclude by induction hypothesis.
All other cases are immediate or simple applications of the inductive hypothesis, using the fact that
at each step, at most one rule apply. O

LeEMMA C.7 (STABILITY OF TRANSLATION BY WEAKENING). Ifp is a substitution that maps variables
to variables then [t][p] = [t[p]]-

Proor. Immediate by induction on ¢, the only case interesting case being the translation of
variables, with a similar lemma for [A ~» B] =~ x using that neutrals are preserved. ]
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LEmMA C.8 (WELL-TYPED TERMS TRANSLATE). IfT" K

t: A then [T, [A]d and [t]J.

~oe

ProoF. We prove by a straightforward mutual induction on an algorithmic typing derivation
that:

Ift.,. I then [T'];

IfT' k. A<and [T']{ then [A]{;
IfT' k. t<Aand [I']] then [t]{;
t > A and [I']} then

coe

IfT' =

[[t]]i;w
IfI't  A<XB<orl'k

coe coe

A <, B < then there exists « such that [A > B] ~ z.
o

LemMma C.9 (IDENTITY COERCIONS). IfT'F, A=~ B<orT't , A= B<then[A ~» B] ~ .

coe coe

Proor. Straightforward mutual induction on the bidirectional conversion derivation. O

t:Aand A

coe

LEMMA C.10 (STABILITY OF TRANSLATION BY SUBSTITUTION). IfI" I oI then

[tlle]] = [¢t[e]] and similarly for typing.
Ifr Fcoc A < B <, A h"oo o:T and

o [A ~» B] =~ * then [Alo] ~» Blo]] =~ x;
o [A ~» B] =~ f then [Alo] ~» Blo]] =~ f[o].

oe

Proor. Straightforward mutual induction on the bidirectional derivation. O

Forward simulation. Following the proof strategy employed for the equivalence between sub-
sumptive and coercive subtyping, the nest step would require to prove that the translation is a
forward simulate, ie. if I' I, t: A and t ~! ¢’ then [t] ~* [t']. As stated, this lemma does
not hold. Indeed, the rule CoECOE leads to reductions of coercions with type annotations which
may be convertible but not reduce correctly. We conjecture that a weaker version of the simula-
tion with respect to conversion in MLTT, , should hold, thatisif I . ¢: A and ¢ ~>1 ¢’ then
L] F..p [t] == [t'] :[A]. Such statement should be proved mutually with other properties stating

that the translation preserves typing, as follows.

CoNJECTURE C.11 (TRANSLATION PRESERVES TYPING).

(1) Ift.. [ thent- . [T

(2) T+, . Athen[I] Fnap [A]

() IfT . t: Athen[I] ., [t]:[A]

(4) I]CF }7(7()0 A % B then IIF]] h‘nap [[A]] % [[B]]

(5) IfT' k.t = u: A then[T] Fnap [t] = [u] :[A]
(6) IfT' . . A < B then either

(@) [A - B] ~ % and[T'] Fnap [4] = [B]
(b) [A~w B] =~ fand[I]F,., f:[A] — [B]

Preservation of typing, together with catch up lemmas, and a backward simulation lemma,
would then allow to lift bidirectional conversion derivations in MLTT, ,, between the transla-
tion of terms from MLTT__.. The use of bidirectional conversion is essential here to remain at

each step within the translation of MLTT_, terms.

ConyecTURE C.12 (EMBEDDING). [—] embeds MLTT. into MLTT,,  :well-typed MLTT,

coe TII}II)' ~oe
translate to well-typed MLTT, .  terms, preserving and reflecting conversion.

terms

nap
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