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Degeneration at F, of Certain Spectral Sequences

Dan Popovici

Abstract. We propose a Hodge theory for the spaces EX*? featuring at the second step either in the Frolicher
spectral sequence of an arbitrary compact complex manifold X or in the spectral sequence associated with
a pair (N, F) of complementary regular holomorphic foliations on such a manifold. The main idea is to
introduce a Laplace-type operator associated with a given Hermitian metric on X whose kernel in every
bidegree (p, q) is isomorphic to E5? in either of the two situations discussed. The surprising aspect is that
this operator is not a differential operator since it involves a harmonic projection, although it depends on
certain differential operators. We then use this Hodge isomorphism for £ to give sufficient conditions for
the degeneration at F» of the spectral sequence considered in each of the two cases in terms of the existence
of certain metrics on X. For example, in the Frolicher case we prove degeneration at Fo if there exists an
SKT metric w (i.e. such that 90w = 0) whose torsion is small compared to the spectral gap of the elliptic
operator A’ + A” defined by w. In the foliated case, we obtain degeneration at F5 under a hypothesis
involving the Laplacians A’y and A’ associated with the splitting 0 = dy + Jp induced by the foliated
structure.

Key words: SKT metrics, Frolicher spectral sequence, pseudo-differential operators, Hodge theory,
commutation relations for Hermitian metrics.

Mathematics subject classification (2010): 53C55, 14C30, 14F40.

1 Introduction

This paper comprises two parts as it gives various sufficient conditions of a metric nature for the
degeneration at Es of the Frolicher spectral sequence of compact complex manifolds (Part I) and for
the degeneration at F, of the spectral sequence associated with a complementary pair of foliations
(N, F) on a compact complex manifold (Part II). The first part is meant to serve as a blueprint for
the second part. We briefly describe in this introduction the main results and ideas in each of the
two parts.

Part I. Let X be a compact complex manifold of dimension n. For every Hermitian metric w
on X and every bidegree (p, q), we denote by p” = pj : C° (X, C) — ker A” the orthogonal
projection of the space of smooth (p, ¢)-forms onto the kernel of the 0-Laplacian A" := 90* 4+ 0*0
associated with w and acting on (p, q)-forms. Clearly, p” depends on the metric w.

We observe (cf. part (i) of Theorem 5.6) that the commutation of 0 with p” in all bidegrees
(p, q) suffices to ensure the degeneration at Fs of the Frolicher spectral sequence of X (a property
that will be denoted throughout by E2(X) = Ex(X)).

We introduce and use as our main tool in Part I the Laplace-type operator

A= 0p"0" + P9 + 0 + 99 : C,(X, C) — CX (X, C), p,g=0,....n,

which is not a differential operator since p” isn’t. However, Ais a pseudo-differential operator since
the projector p” is even a smoothing such operator of finite rank. (Indeed, ker A” is finite-dimensional
thanks to A” being elliptic.) We put A}, := dp”9* + 9*p"d > 0.
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The introduction of A is justified by the following Hodge Isomorphism Theorem (cf. also
Theorem 3.4) that constitutes the main result in Part I of this work.

Theorem 1.1 Let (X, w) be a compact Hermitian manifold with dimcX = n. For every p,q €
{0,...,n}, the linear map

ker (z O (X, C) — O (X, C)) — EpY, ae {{a}a} , (1)
di

is an isomorphism, where EY'? stands for the space of type (p, q) featuring at the second page of the
Frélicher spectral sequence of X, while [ |5 and [ |4, stand for the Dolbeault cohomology classes and,
respectively, for the cohomology classes of the differentials d, : HY (X, C) — HE (X, C) induced
by O at the first page of the spectral sequence.

In particular, we introduce in this paper a Hodge theory for the second step of the Frolicher spec-
tral sequence by means of an operator belonging to a class of operators involving partial derivatives
that is larger than the class of differential operators.

On the other hand, with every Hermitian metric w on X we associate the following zero-order
operators of type (0, 0) depending only on the torsion of w: S, := [Ow A -, (Ow A +)*] >0,

Zy = [T, T5] + [Ow A -, (Ow A -)*] >0 and R, = [Twr T5] — [5W A (5“’ ARt (2)

where the notation is the standard one: [A, B] :== AB — (—1)**BA denotes the graded commutator
of any pair of endomorphisms A, B of respective degrees a,b of the graded algebra C<,(X, C) of
smooth differential forms on X, while 7 = 7, := [A, dw A -] is the torsion operator of order zero and
bidegree (1, 0) associated with w (cf. [Dem97, VII, §.1.]) and A = A, is the formal adjoint of the
Lefschetz operator L := w A - w.r.t. the L? inner product induced by w on differential forms.

One of the sufficient conditions of a metric nature for the degeneration at E5 of the Frolicher
spectral sequence of X that we give is the existence on X of an SKT metric w (i.e. a Hermitian
metric w such that 0w = 0) whose torsion is small in the sense that the upper bound of the torsion
operator Z, (which is bounded) is dominated by a certain fixed multiple of the smallest positive
eigenvalue of the non-negative self-adjoint elliptic operator A’ + A” in every bidegree (p, q).

Theorem 1.2 Let X be a compact complex n-dimensional manifold. If X carries an SKT metric
w whose torsion satisfies the condition

sup ({(Zu, u)) < % min (Spec (A" + A")P9n (0, —I—oo)) (3)

u€CH (X, C), [Jull=1

for all p,q € {0,...,n}, then the Frélicher spectral sequence of X degenerates at Es.

By (A" + A”)P% we mean the operator A’ + A” acting on (p, ¢)-forms, while Spec (A" + A”)P4
stands for its spectrum and || - ||, ({-, -)) denote the L?-norm, resp. the L?-inner product induced by
w on differential forms. Thus, the r.h.s. in (3) is a third of the size of the spectral gap of A"+ A",
an important quantity standardly associated with a given metric w.



We give yet another sufficient condition of a metric nature for the degeneration at E, of the
Frolicher spectral sequence of X in part (i) of Theorem 5.6: the existence of an SKT metric whose
torsion satisfies the condition ((R,, u, u)) = 0 for all (p, q)-forms u € ker AL, Nker A” and all p, q.

It is tempting to propose the following

Conjecture 1.3 If a compact complex manifold X carries an SKT metric, the Frélicher spectral
sequence of X degenerates at Fs.

This is true on all the examples of compact complex manifolds that we are aware of L
Meanwhile, we shall see that if X carries an SKT metric w for which R, = 0 as an operator in
all bidegrees, then the Frolicher spectral sequence of X degenerates even at E; (cf. Remark 5.7).

Part II. This is an extension of the ideas and techniques of Part I to a different context. Let X be
a compact complex manifold of dimension n. Suppose the holomorphic tangent bundle 71X splits
into the direct sum of two holomorphic subbundles N, F' both of which are Frobenius integrable.
This means that

(i) T"°X =N@F and (i) [N, NJC N, [F, F]CF, (4)

where [-, -] stands for the Lie bracket. We may call such a splitting an integrable holomorphic almost
product structure on X by analogy with the real counterpart (see e.g. [Rei58]). By definition, it
consists in a pair of complementary regular holomorphic foliations (N, F).

Let 7,n — r denote the ranks of N, resp. F. The splitting of T%°X induces, for each k €
{0,1,...,n}, a splitting of AR°T*X = AF(TH0X)* as

AT X = @D APN* @ ATF*. (5)
p+q=Fk

The sections of APN* @ AYF* will be called (k, 0)-forms (or simply k-forms) of (N, F)-type (p, q).
The space of smooth global such forms on X will be denoted by £P9(X) = EF%(X). This is a
subspace of the space £¥(X) of all smooth global (k, 0)-forms (w.r.t. the complex structure of X).
Thanks to the integrability assumption on both N and F, the operator 9 : E¥(X) — EF1(X)
splits as & = Oy + Or, where dy : EPY(X) — EPTL4(X) differentiates in the N-directions and
Op : EPI(X) — EP9T1(X) differentiates in the F-directions while both dy and df are integrable
(i.e. 9% = 0 and 9% = 0). We are interested here in finding sufficient conditions under which the
spectral sequence associated in the usual way with such an integrable holomorphic almost product
structure (N, F') on X degenerates at Fy. The degeneration at Es is the best we can hope for since
the spaces EV"? are not even finite-dimensional due to the lack of ellipticity of A%, one of the two

Laplace-type operators associated with Oy, resp. 0r and with a given Hermitian metric w on X:

= OOy + 050y EPI(X) — EPUX) and Al = 9pds + 050r : EPU(X) — EPI(X).

!The author is grateful to L. Ugarte for informing him that in the special class of nilmanifolds X of complex
dimension 3, F3(X) = Eo(X) whenever an SKT metric exists on X. Thanks are also due to A. Tomassini for
pointing out to the author that the Calabi-Eckmann manifold X = S x S3, known to admit SKT metrics, also has
the property Es(X) = Exo(X).



However, the sum of these two Laplacians Ay + A% : EP9(X) — EP9(X) is an elliptic operator
and this feature will be exploited in Part II.

By analogy with the discussion in Part I, for every p,q we consider the orthogonal projection
Pt EPY(X) — ker A%, and introduce the Laplace-type operator

N = Onppdly + 0Py + Opds + 050p 1 EPI(X) —s EPU(X)

that will be our main tool in Part II. Unlike its analogue A of Part I A’ is not a pseudo-differential
operator since p’, is a projector onto an infinite-dimensional space. Our hope, to be investigated in
future work, is that p} will be, at least under certain conditions, a Fourier integral operator (FIO)
with a complex phase in the sense of Melin-Sjostrand [MS74] and Boutet de Monvel-Sjostrand [BS76].
We put A;V’p,F = ONPRON + OXPRON > 0.

Compared to the situation discussed in Part I, the main difference and new difficulty involved in
Part II is that A’ is not elliptic (unlike A”), so the trivial inequality A’ > A’ does not reduce us to
an elliptic operator whose Garding inequality can induce a similar inequality for A’. Unless a notion
of ellipticity can be satisfactorily defined for A’ under certain conditions and subsequently used to
infer that under those conditions ker A’ is finite-dimensional and Im A’ is closed (our goal for future
work), the only option available to us in this work is to ensure that under a certain hypothesis (see
(88)) we have

N.p, = (1—¢)Aly, hence A > (1 =€) (Al + AL)
for some constant 0 < ¢ < 1. We then use the ellipticity of A’y + A’ to deduce a Garding-type
inequality for A’ from the Garding inequality satisfied by A\, + A%.
The main results obtained in Part II can be summed up as follows.

Theorem 1.4 Let X be a compact complex manifold endowed with a pair of complementary reqular
holomorphic foliations (N, F). Suppose X carries a Hermitian metric w such that [On, 0] = 0 and

ker(Aly : EPIU(X) — EPYX)) + ker(AL : EPUX) — EPI(X)) = EPI(X) (6)
for all p,q. Then
(a) the following Hodge isomorphism holds:

H%Q(N, F) :=ker (/Av’ (EPUX) — Sp’q(X)) ~ EPYN, F), ar— {[Oé]aF} ) (7)
dy
where the EYY(N, F) are the spaces of (N, F)-type (p, q) featuring at step 2 in the spectral se-
quence induced by (N, F). Thus, every class [[aop]a, € EY (N, F) contains a unique A'-harmonic
representative o. In particular, dimcES (N, F) < 400 for all p,q.
(b) the spectral sequence induced by (N, F') degenerates at FEs.

We end Part II with the study of a sufficient condition ensuring the anti-commutation identity
[On, O5] = 0 (i.e. On0p = —0rOn) that is one of the two hypotheses we make in Theorem 1.4.
Theorem 8.1 asserts that this anti-commutation holds if we work with a product metric w = wy +wp



that is bundle-like (cf. Definition 6.1 borrowed from Reinhart’s work [Rei59] and meant for our
complex setting) and if Oywy = 0 (i.e. w is Kéhler in the N-directions).

The sufficient degeneration conditions obtained in this paper can be looked at in the context of
Deligne’s classical work [Del68] giving degeneration criteria in terms of Lefschetz isomorphisms.

Acknowledgments. This work was carried out at the UMI CNRS-CRM in Montréal, specifically
at the CIRGET and the Department of Mathematics of the UQAM. The author is grateful to the
CNRS for making his six-month stay here possible. He is also grateful to V. Apostolov and S. Lu
for their hospitality and interest in many mathematical topics within and without the scope of this
work, as well as to E. Giroux and C. Mourougane for stimulating discussions. Many thanks are also
due to J. Sjostrand for his interest in some of the matters discussed in this work.

This work has grown from a problem about the cohomology of nilmanifolds that was brought
to the author’s attention by S. Rollenske and the interest in it was later entertained by discussions
with J. Ruppenthal. The author wishes to thank them both for stimulating discussions.

Part I: £, degeneration of the Frolicher spectral sequence

2 Review of standard material

Let X be a compact complex manifold of dimension n. Recall that the Frolicher spectral sequence of
X is associated with the double complex Cg°, (X, C) defined by the total differential d = 0+ 0. This
means that at step 0 we put Ef? := C2° (X, C) and consider the differentials do := 0 : Ef? — Ef a+l
for all p,q € {0,1,..., n}, so the groups E?"? at step 1 in the spectral sequence are defined as the
cohomology groups of the complex

d -1 d d d
o By B e g By ®)

ie. the EV'? = HY(Ey®, dy) = H (X, C) are the Dolbeault cohomology groups of X. The
differentials d; are induced by 0:

d — d d d
. 1 Ef 1,q 1 EIILQ 1 E{H_Lq _1> ce (9)

i.e. for any form o € E}? such that da = 0, the class [a]; € EV'? is mapped by d; to the class
[0a]5 € BP9 Thus d;([a]5) = [0a];. This is meaningful since d0+00 = 0, so d(da) = —0(da) = 0
and thus da defines indeed a cohomology class in H §+1’q(X , C) = EP*1% Moreover, the differential
dy is well defined since d;([c]5) is independent of the choice of representative a of the 0-class [a]s
as can be checked at once. Furthermore, d? = 0 (because §* = 0), so (9) is indeed a complex. The

groups E¥? at step 2 in the spectral sequence are defined as the cohomology groups of the complex
(9), i.e.

EY9 .= HP(EY? dp) = {{[a]a} /a € C (X, C)Nnkerd and da € Imé}, p,q €{0,1,..., n},
d1
(10)



so the elements of E5'? are dj-classes of O-classes. The process continues inductively by defining
the groups EP% at step r + 1 as the cohomology groups of the complex d, : EP¢ — EPTHa-T+l
already obtained at step r. At each step r in the spectral sequence, the differentials d, are of type
(r, —r +1). We end up with C-vector spaces E?:? and canonical isomorphisms

Hpp(X,C)~ P ERY, k=0,1,....2n, (11)
pt+a=Fk

relating the differential structure of X encoded in the De Rham cohomology to its complex structure.
The spectral sequence is said to degenerate at E, if E?? = EM% for all p, ¢ (hence then also
EPt = EXS = ER for all [ > 0). This is a purely numerical property equivalent to the identities
> Aim BP9 = by, := dim Hp p(X, C) for all k € {0,...,2n} and also to the inequalities

> dimEP? <b, forall k€ {0,...,2n} (12)

p+a=Fk

since the reverse inequalities always hold thanks to (11) and to the obvious inequalities dim E?*¢ >
<o > dim BP9 > dim B2 > ... All these dimensions are, of course, always finite by compactness
of X and, for example, ellipticity of A”. The degeneracy at FE, of the spectral sequence will be
denoted by E,.(X) = E,(X). For further details, see e.g. [Dem96].

3 Pseudo-differential Laplacian and Hodge isomorphism for
P, q
E2

Let w be an arbitrary Hermitian metric on X. Consider the formal adjoints 0*,0* of 0, resp.
0 w.r.t. the L? inner product defined by w and the usual Laplace-Beltrami operators AA"
Cr, (X, C) — O, (X, C) defined as A" = 90* + 9*0 and A" = 99" + 0*0. It is standard that
they are elliptic, self-adjoint and non-negative differential operators of order 2 that induce 3-space
orthogonal decompositions

Crr (X, C)=ker A’©Imd @ Imd* and C;° (X, C) =ker A" ©ImJ & Im 9" (13)
where the harmonic spaces ker A" := HX (X, C), ker A” := H%/(X, C) are finite dimensional while

kerd =ker A’ ®Imd and kerd = ker A” @ Imd. (14)
We denote by

P =0,,:Cr (X, C)— kerA" and p" =p) , :C; (X, C) — ker A" (15)

the orthogonal projections defined by the orthogonal splittings (13) onto the A’-harmonic, resp. the
A”"-harmonic spaces in bidegree (p, ¢). Similarly, let

pLC (X, C) — ImA' =Imd@®Imd* and p:CF (X, C) — ImA”"=Imd®Imd* (16)



denote the orthogonal projections onto (ker A’)t = Im A/, resp. onto (ker A”)* = Im A”. Note that
the operators p’, p”, p/,,p| are not differential operators and depend on the metric w. They clearly
satisfy the properties:

=) =0 =0 =" =00 =0 PL=00D" =0 a7

We start by giving a metric interpretation of the spaces EY? in the Frolicher spectral sequence
of X.

Proposition 3.1 For every p, ¢ =0,1,..., n, define the w-dependent C-vector space

f[p»Q(X’ C) = ker(p// [} a) N ker a/ ([ma +Im (8| keré)) (18)

in which all the kernels and images involved are understood as subspaces of C5<, (X, C). For every C*

(p, q)-form a € ker(p"0d)Nker 0, let [/(\)4/] € HP9(X, C) denote the class of @ modulo Im 0+ Im (D) kerd)-
Then, for every p, q, the following linear map

T =Tr4: gP9(X, C) — EDY, QH{M@L, (19)

is well defined and an isomorphism.

Proof. First note that the inclusion Im d 4 Im (O kera) C ker(p” 0 0) N ker & does hold, so the space

HP »9(X, C) is meaningful. Indeed, Im 0 C ker d trivially and Im d C ker(p” o 9) because for every
form u, p"(00u) = —p"d0u = 0 since Im d is orthogonal onto ker A” (see (13)), so p"d = 0. Thus
Im O C ker(p” 00)Nker 0. Moreover, Im (Ojkera) C ker(p”00) because 9” = 0 and Im (0 er5) C ker O
because for any form v € ker 9, we have 9(9v) = —0(dv) = 0. Thus Im (9., 5) C ker(p” 0 ) Nker .

Then note that for any [a] e HP9(X, C), we do have [a]; € kerdy, so the di-class [[a]3]q, is
a meaningful element of E}'?. Indeed, di([a]y) = [0a]s, Oa € kerd = ker A” @ Im 0 (because
a € ker @ and (14) holds) and p”(da) = 0 (because « € ker(p” o 9)). The last two relations amount
to Oa € Im d. This is equivalent to [Da]g = 0, i.e. to dy([a]g) = 0.

To complete the proof of the well-definedness of T', it remains to show that [[a]s ]d1 does not

depend on the choice of representative a of the class [04], i.e. that the zero element of H?%(X, C)
is mapped by T to the zero element of E5?. To prove this, let a € ker(p” o 9) Nkerd be a (p, q)-

form such that a = du + v with v € kera We want to show that [[a]ple, = 0 € EYY, ie. that
[a]s5 = d1([f]5) or equivalently that [a]y = [08]5 for some ﬂ 6 > 1.4(X, C) such that 93 = 0. This
is equ1valent to showing that a = 93 + 0 for some 3 € C (X C) such that 03 = 0 and some

€ C* (X, C). We can choose f:= v and 7 := u.

P, q—1 .
To prove that T is injective, let a € ker(p” o0 ) Nker d be a (p, q)-form s.t. T([a]) = [[a]g]s, = O.

Then [0 = [0f]5 for some g € C°, (X, C) such that 98 = 0. Hence v = 98 + O for some
€ C (X, C). Thus, @ € Im9 + Im (8|4, 5), s0 [a] = 0.
To prove that T is surjective, let [[a]5]le, € F5?. Then da = 0 (i.e. a € kerd) and d;([a]) =

dals =0 (i.e. o € Im 0, which is equivalent, since we already have da € ker 0 = ker A” @ Im 0, to
[0]5
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p'(8a) =0, ie. to o € ker(p” 00| er5))- Thus, a € ker(p”0d)Nker d. It is clear that [[o]g]a, = T([e])
by definition of T'. O

The isomorphism (19) naturally prompts the introduction of a Laplace-type operator which,
surprisingly, is not a differential operator. It will be the main tool of investigation in this paper.

Definition 3.2 Let (X, w) be a compact Hermitian manifold with dimcX = n. For every p,q €
{0,1,...,n}, we define the operator A : C¢ (X, C) — C (X, C) by
A = 0p" 0" + 0*p"0 + DI + 5. (20)
In other words, we have
A=A+ A", where A}, = 0p"0* 4+ 0*p"0: CF (X, C) — C, (X, C). (21)

Thus A is the sum of a pseudo-differential regularising operator (A]'D,,) and an elliptic differential
operator of order two (the classical 0-Laplacian A" ).

Clearly, Ais a non-negative self-adjoint operator whose kernel is ker A = ker Al Nker A" and

ker A7, = ker(p” 0 9) Nker(p” 0 9%) D ker & Nker 0 = ker A’ (22)

because ((AL,u, u)) = ||p"0ul]* + |[p"0*ul|*. Actually, if we put ALy = Op0" + 0P[O, then

(A, a) = [[9ull + |%ull? = llp"Dull* + [1p"0"u|l* + 10wl ? + |[p.0"ul
— (A, w) + (A, u) (23)

for any form w. Indeed, for example, du = p”"0u + p'| Ou and p”"Ou L p'| Ou, while ((0*p"0u, u)) =
((p"0u, Ou)) = ((p"Ou, p"Ou)) = ||p"Oul|*.

We now pause briefly to notice some of the properties of A.

Lemma 3.3 (i) If the metric w is Kdhler, then A}, =0, so A=A

(17) For every p,q = 0,1,...,n, let (¢§"q)1§j§hp,q be an arbitrary orthonormal basis of the A”-

harmonic space H3/(X,C) C C (X, C). Then A}, is given by the formula

hP—1,q hptl.q
A=Y ((u, 00N 0urH 4 Y ((u, TR 0T we CF (X, ). (24)
j=1 j=1

(z31) For all p,q, A Cre (X, C) — CF,(X, C) behaves like an elliptic self-adjoint differential
operator in the sense that ker A is finite-dimensional, ImA is closed and finite codimensional in
C (X, C), there is an orthogonal (for the L? inner product induced by w) 2-space decomposition

O (X, C) =ker AEH ImA (25)
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giving rise to an orthogonal 3-space decomposition

O (X, C) =ker ACH (fma + I (O] er 5)) & <1m (0" 0 p”") + Im a*) (26)

in which ker A ® (Imd + Im (0)xer5)) = ker(p” 0 ) Nker 9, ker A @ (Im (0% o p") + Imd*) = ker 0* N
ker(p” 0 0*) and (Im0 + Im (0 yer5)) ® (Im (9% 0 p") + Im0*) = ImA.

Moreover, A has a compact resolvent which is a pseudo-differential operator G' of order —2, the
Green’s operator of A, hence the spectrum of A is discrete and consists of non-negative eigenvalues

that tend to +oo.

Proof. (i) If w is Kéhler, A" = A" hence p’ = p”. Since ker A’ is orthogonal to both Im 9 and Im 0*,
p'od=0andp 09d*=0. Thus p"od=0and p”"0d* =0,s0 A, =0.
1) Since ker A” is finite-dimensional, p” : , — ker A” is a regularising operator o
ji) Since ker A” is finite-di ional, p” : Cp° (X, C ker A” i larisi f

hP

finite rank defined by the C'° kernel ) ¢7%(x)®(¢5"?)*(y). Consequently, for every u € C5° (X, C),
j=1

hP» 4 hP

(p"u)(x) = /Zlﬁ?’%@ (u(y), 7 '(y) dVily), ie. plu=Y ((u, )it (27)
v =1 =1
Taking successively u = 9*v with v € Cp¢, (X, C) and u = dw with w € C}°, (X, C), we get
P q P q
Prore =" ((v, 0Yr ) it and pow =Y ((w, TYP)) ¢,
=1 i=1

Formula (24) follows at once from these identities.

(3i) Since ker A C ker A” and the latter kernel is finite-dimensional thanks to A” being elliptic,
ker A is finite-dimensional.

The operator A is elliptic pseudo-differential as the sum of an elliptic differential operator and a
regularising one, so the elliptic theory applies to it. But we can also argue starting from the obvious
inequality A > A” > 0 (which follows from ((A},u, u)) > 0 for all u) and combining it with the
Garding inequality for the elliptic differential operator A”. We get constants d;,d, > 0 such that

0z |lull} < ((A"u, u)) + 6y [[ull* < ((Au, w)) + 6y [Jul’, w e Cr2(X, C), (28)

where || ||; denotes the Sobolev norm W and || || denotes the L2 = W° norm. Since ((Au, u)) <
1Bul® 4 3 Jul 2, we get

1, ~ 1 .
02 [[ully < 5 1Aull® + (31 + ) [[ull’, w e CFF(X, C). (29)

This suffices to prove that Im A is closed by the usual method using the Rellich Lemma (see e.g.
[Dem96, 3.10, p. 18-19]). From closedness of Im A and self-adjointness of A we get (25).
Now (26) is easily deduced from (25) as follows. It is clear that

ImA C Im (9o p") +Im (8 o p") + Im d + Im 0.



Since Im (9 0 p”) = Im (9 xer ar) and ker A” C ker 8, we get Im (9 0 p”) C Im (84, 5), hence

ImA C (Im@ +Im (9, keré)) ® (Im (0" op”) +Im 8*). (30)

Indeed, we can easily check that the middle sum on the r.h.s. of (30) is orthogonal. We have
Imd L Imo* since 9> = 0 and Imd L Im (9* o p") since ({Qu, 9*p"v)) = ((0u, p"v)) = 0 for all
u,v because 99u € Imd L ker A” 3 pv. Similarly, Im (8)y,,5) L Im (9% 0 p”) since 9 = 0 and
Im (O erg) L Im 0* since ((Ou, 0*v)) = ((00u, v)) = 0 for all u € ker  and all v.

Now, putting together (25) and (30), we get

C,(X, C) Cker AED (Im 8 + Im (9} ey 6)) ay) (Im (0" 0 p") + Im 5*)

in which the inclusion must be an equality because all the three mutually orthogonal spaces on the
r.h.s. are contained in Cp°, (X, C). This proves (26) and also that the inclusion in (30) is an equality.
The first of the three 2-space decompositions stated after (26) will be proved as (34) in the proof
of the next Theorem 3.4, while the second one can be proved analogously. The third one is (30) that
was seen above to be an equality.
The last two statements about the Green’s operator and the spectrum are proved in the usual
way using the elliptic theory. O

We now get the Hodge isomorphism for the second page of the Frolicher spectral sequence
announced in the introduction (cf. Theorem 1.1).

Theorem 3.4 Let (X, w) be a compact Hermitian manifold with dimeX = n. For every p,q €
{0,1,...,n}, let ’H%q(X, C) stand for the kernel of A acting on (p, q)-forms. Then the map

§ =51 HY(X, C) — HP(X,C), ar [d], (31)

1s an isomorphism. In particular, its composition with the isomorphism T : ﬁp7q(X, C) — ED1
defined in (19) yields the Hodge isomorphism

ToS=Tr"0S": H2IUX, C) — EYY, ar— [[a]a]d . (32)
Thus, every class [[gla, € B contains a unique A-harmonic representative .
Proof. Thanks to (22), we have

ﬁ%q(X, C) = ker(p” 0 9) Nker(p” 0 0*) Nker d Nker 0* C ker(p” o 9) Nker 0. (33)

In particular, every form a € ﬁ%q(X, C) defines a class [AOZ} S f[pvq(X, C), so the map SP9 is well
defined. We now prove the following orthogonal decomposition

ker(p” 0 ) Nker & = ker A EB (Ima + Im (9, kerg)) : (34)
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where ker A = ’}-N[%q(X , C) is given by (33). It is clear that (34) implies that S is an isomorphism.
Thanks to the 3-space orthogonal decomposition (26), proving (34) is equivalent to proving

L
ker(p” 0 9) Nker 0 = (Im (0" o p") +Im 5*) . (35)

Now, the r.h.s. term in (35) is the intersection of (Im (0% o p”))* = ker (8* o p”)* = ker (p” 0 9) with
(Im 9*)* = ker 0. This proves (35), hence also (34). O.

4 Harmonic metrics for the pseudo-differential Laplacian

It is well known that only Kéahler metrics are harmonic for the most commonly used Laplace-type
operators they induce. We shall now point out which Hermitian metrics lie in the kernel of A;”.

Proposition 4.1 Let (X, w) be a compact Hermitian manifold of dimension n. Consider the oper-
ator A7, induced by w.
(i) The following equivalences hold:

Ayw=0 <= OwelImd®Imd* and 0w € Imd & Imd*, (36)
A"l =0 = 0w eImd®Imd* and O*w"" € Imd & Im0*. (37)

(i3) In particular, if Ow € Imd and Ow™ ' € Im0, then Alyw =0 and A;Nw”_l =0.
(#31) If w is both SKT (i.e.00w = 0) and Gauduchon (i.e.00w™ ' = 0), the next equivalences hold:

Ayw=0 < AL,w" =0 < 0w e Imd and dw"' € ImO. (38)
We shall term the metrics w with the property dw € Im 0 super SKT, while those satisfying
Ow™™ ! € Tm O are the strongly Gauduchon (sG) metrics of [Pop13].

Proof. (i) The condition AJ,w = 0 is equivalent to p”(0w) = 0 and p"(0"w) = 0 (cf. (22))
which amount to dw L ker A” and 0*w L ker A”. These conditions are, in turn, equivalent to the
conditions stated on the r.h.s. of (36) thanks to the orthogonal 3-space decomposition C>°, (X, C) =
ker A” @ Im 0 & Im 0* (cf. (13)) for (p, ¢) = (2, 1), resp. (p, ¢) = (0, 1). This proves (36) and (37)
is proved similarly.

(43) Tt suffices to show that the sG condition dw™™! € Im  is equivalent to *w € Im §* and that
the super SKT condition 0w € Im 0 is equivalent to 9*w” ! € Im 9*. This follows immediately from
the Hodge star operator x = x,, : APIT*X — A" 2" PT*X being an isomorphism and from the
well-known formulae

wnfl

(n—1)I

O =—%0x, 0"=—%0x, *sx==%1 and »w=

For example, we have the equivalences:
Pwelmd* <= —xdxwe€lm(—*0%) <= Jw" ' cImd <= Jw" ' € Ima,

where the last equivalence follows by conjugation.
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(iii) The SKT condition 9w = 0 is equivalent to dw € ker d (and also to *w" ™! € ker 9*), while
the Gauduchon condition d0w"™! = 0 is equivalent to dw™ ! € kerd (and also to 0*w € ker 9*).

Thus, the equivalences (38) follow from (i), (i) and from the orthogonal splittings ker & = ker A” &
Im 0 and ker 0* = ker A” & Im 0* (cf. (14)). O

We do not know at this point whether non-Kahler Hermitian metrics that are both super SKT
and strongly Gauduchon exist. The author is grateful to L. Ugarte for informing him that

(1) no such metrics exist on nilmanifolds of complex dimension 3;
(2) on nilmanifolds of complex dimension 3, there exist non-Kahler Hermitian metrics that are
both SKT and strongly Gauduchon.

5 Sufficient metric conditions for the F; degeneration of the
Frolicher spectral sequence

Throughout this section, (X, w) will be a compact Hermitian manifold with dimcX = n. Recall that

for every k € {0,...,2n}, the d-Laplacian A : Cp°(X, C) — C°(X, C) is defined by A = dd*+d*d.

If we denote by HA (X, C) C C°(X, C) the kernel of A acting on smooth forms of degree k, we have

the Hodge isomorphism H5 (X, C) ~ H¥ (X, C) with the De Rham cohomology group of degree k.
We start with the following very simple observation.

Lemma 5.1 (a) If for every p,q € {0,1,...,n} the following map induced by the identity

TP HEY(X, C) — HAU(X, C), v, (39)

1s well defined, then the Frolicher spectral sequence of X degenerates at Fs.
(b) A sufficient condition for the map JP9 to be well defined is that the following inequality hold

A=A, <A+ (CA"+ (1 —¢)A")  on (p, q)-forms, (40)
for some constants C > 0 and 0 < ¢ < 1 depending only on X, w and (p, q). (Recall that A'— A7, =
A;/L >0.)

Thus, (40) implies the degeneracy at Esy of the Frélicher spectral sequence of X.

Proof. (a) Well-definedness for J”? means that for every smooth (p, g)-form v we have Ay = 0

whenever Ay = 0. It is clear that J™7 is automatically injective if it is well defined, hence in that
case dim H%q(X, C) < dimHX (X, C). Therefore, if all the maps J”? are well defined, then

> dimEP? < by = dim Hjp(X, C) for all k € {0,...,2n} (41)
ptq=k
since dim EY'? = dim ﬁ%q(X, C) by the Hodge isomorphism (32) and the images Jp’q(’}?[%q(X, C))
in HK (X, C) have pairwise intersections reduced to zero for p+¢q = k for bidegree reasons. Inequality
(41) is precisely the degeneracy condition (12) at Ej.
(b) Clearly, a sufficient condition for J?9 to be well defined is that the following inequality hold
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((Ay, 7)) < C{(Ay, 7)) forall y € CF,(X, C) (42)

since A, A > 0. Now, by definition of A (cf. (21)), ((Ay, 7)) = (AL, 7))+ (A", 7)). Meanwhile,
for every (p, g)-form v, we have ((Av, 7)) = [|0v+07|[*+[|0*y+0"7|* = [|07|[*+ [|0" || +|97|[* +
10*Y||? = ((A™y, 7)) + ((A”, 7)) since 9 is orthogonal to dy and §*v is orthogonal to 9*y for
bidegree reasons. (This argument breaks down if 7 is not of pure type.) Thus

((Ay, 7)) = (A", 7)) + ((A", 7)) for all v € G (X, C). (43)
It is now clear that (40) implies (42) with a possibly different constant C, so (40) implies the
well-definedness of J» 4. O

Concerning inequality (40), note that the stronger inequality ((A’y, 7)) < C ((A"y, 7)) for all
(p, q)-forms v and all bidegrees (p, q) implies the degeneracy at E; of the Frolicher spectral sequence,
but we shall not pursue this here.

5.1 Use of (b) of Lemma 5.1

We shall now concentrate on proving inequality (40) under the SKT assumption (i.e. 00w = 0)
coupled with a torsion assumption on the metric w.

Lemma 5.2 A sufficient condition for (40) to hold (hence for Ey(X) = Ex (X)) is that there exist
constants 0 < 9 <1 —e <1 and C' > 0 such that the following inequality holds

(1= = 0) (00l + 0%l ) + (1= ) (I0ulP + 0l + € (1A, ) >
(5-1) (Iwtrall+ el ) + 0w A=, @) ) = (A [A, 500l a)) (44

for every form v € C (X, C) and every bidegree (p, q). (Note that all the terms on the r.h.s. of
(44) are of order zero, hence bounded, while the last and only signless term vanishes if w is SKT.)

Proof. By Demailly’s non-Kéhler Bochner-Kodaira-Nakano identity A” = A’ + T, (cf. (109)),
inequality (40) is equivalent to each of the following inequalities:

A/ - A;/l

IA

AN+, 0+ [0, 7]+ [r, 7|+ CA" "+ (1 —e) A"+ T, <

0

IN

(A;// _I_ (Tp/la* + a*p//T) + (8})//7—* _I_ T*p//a) + (Tp//T* + T*p//T)) (45)
+ (1= A"+ CA" 4 (rp[ 0" + 0P [7) + (0P| 7" + 7°p'L0) + (rpL7* + 7' 7) + T..

Slnce A;” + (Tp”a* + a*pI/T) + (8p//7_* + T*p//8> + (Tp//T* + T*pIIT) — (a + T)p//<8* + 7_*) _|__ (8* +
)p" (0 + 1) > 0, inequality (45) holds if the following inequality holds
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(1—e) (A, w)) + C A", w) +[[prul* + ||p 7l
> —2Re ((p0", p'i7"u)) — 2Re ((pL0u, p'iTu)) — (T, u)).  (46)

Now, suppose that 0 < & < 1 and choose any 0 < 6 < 1 —e. The Cauchy-Schwarz inequality gives

* * * 1 *
2Re (1] u, pl ru))| < & [|p/Ou|*+ —Hp Tull*, |2Re ((p[0"u, p7 u>>’ < O[O+ P ul
Thus, for (46) to hold, it suffices that the following inequality hold:

1

(1 &) (A, )+ C (A, w)) > 5 ([ dull? + |17 0%ulP) + (5—1) (7l + 1 alP)

0w A (B A Y, w)) — (A, [A, % 00wl u, W), (47)

This is equivalent to (44) since
((A'u, u)) = [[p"Ou+pLOul|* + ||p"0*u+p 0" ul|* = ([Ip"Oul® +|[p"0%ul|?) + (|[p' Oul* + [|p" 0*u|[?)
thanks to the obvious orthogonality relations p”du L p'l Ou and p"0*u L p/| 0*u. O

To apply Lemma 5.2, we start with a very simple elementary observation.

Lemma 5.3 Let ‘H be a Hilbert space and let A, B : H — H be closed linear operators such that
A, B>0, A= A" and B = B*.
Ifker A C ker B and if B < A on (ker A)*, then B < A.

Proof. We have to prove that (Bu, u) < (Au, u) for all u. Since A is closed, ker A is closed in H, so
every u € H splits uniquely as u = ua + uy with us € ker A and u} € (ker A)*. Moreover,

A((ker A)*) C (ker A)*. (48)

Indeed, for every uj € (ker A)* and every v € ker A, we have: (A(u}), v) = (uj, Av) = 0 since
A*v = Av = 0. Therefore, for every u, we get:

(Au, u) = (Aug, ua +ug) = (Auz, uy) = (Buy, uz) = (Bug, u) = (Bu, u).

The second identity above followed from (48), the inequality followed from the hypothesis and the
last two identities followed from the next relations:

(i) B((ker A)Y) C (ker At and (ii) B(ker A) = 0.
To prove (i), let uy € (ker A)* and v € ker A C ker B. We have: (B(uj), v) = (uj, Bv) = 0 since
B*v = Bv = 0. Identity (i) follows from the hypothesis ker A C ker B. O

We shall now apply Lemma 5.3 to the non-negative self-adjoint operators
B:=A,=A-A,>0 and A:=(C+1)A"+(1-¢)A">0
1
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for which we obviously have ker B = ker A} "D ker A" D ker A’ Nker A” = ker A. The choice of

constants C' > 0 and 0 < ¢ < 1 will be spe(nﬁed later on.

We know from (b) of Lemma 5.1 that a sufficient condition for Fy(X) = E,(X) in the Frolicher
spectral sequence is the validity of inequality (40), i.e. of the inequality B < A. By Lemma 5.3,
this is equivalent to having B < A on (ker A)t = (ker A’ Nker A”)L. Now, the proof of Lemma 5.2
shows that for this to hold, it suffices for the inequality (47) to hold on (ker A’ Nker A”)*. If we
assume 00w = 0, after bounding above ||p{ v|| by ||v|| for v € {Ou, 0*u, Tu, 7*u} in the r.h.s. of (47),
we see that it suffices to have

(1—e—=0) ((A'u, u)) + C ((A"u, u)) > (% — 1) ([, 7w, w)) + ((JOw A -, (Ow A )T, u)). (49)

for all u € (ker A’ Nker A”)* and some fixed constants C >0,0<d<1—e < 1.

Now, we choose the constants such that d =1 —-2e >0 (so0<e<i)andC=1—-c—0 =e¢.
Thus, (1/0) — 1 = 2¢/(1 — 2¢). If, moreover, we choose € such that 2/(1 — 2¢) < 3 (i.e. such that
0 <e<1/6), (49) holds with these choices of constants whenever the following inequality holds:

(A + A, w)) >3 {([r, 7]+ [Ow A -, (0w A )] u, u)) for all u € (ker A" Nker A”)*. (50)

Forallp,q € {0,...,n}, the non-negative self-adjoint differential operator A’+A" : C7< (X, C) —
Cpe, (X, C) is elliptic. Therefore, since X is compact, it has a discrete spectrum contained in [0, +00)
with 400 as its only accumulation point. In particular, it has a smallest positive eigenvalue that we
denote by

P9 = min (Spec (A"+ AP 7N (0, +oo)) > 0. (51)
Thus, p%9 is the size of the spectral gap of A’ + A” acting on (p, ¢)-forms. We get

<<(A/ + AH) u, u>> > Pqu ||u||2 for all © € C;"q(X, C) N (ker A’ N ker A’/)L’ (52)

since ker(A’+ A”) = ker A’Nker A”. On the other hand, the non-negative torsion operator [, 7| +
[Ow A -, (Ow A -)*] is of order zero, hence bounded, hence

{([r, ]+ [Ow A -, (Ow A )] u, u)) < CP9|ul)* for all u € Cr, (X, C), (53)

where CP9 := sup ({([r, 7] + [Ow A -, (Ow A )*]) u, w)).
UECE, (X, C), |Jul|=1
We conclude from (52) and (53) that (50) holds if p? > 3CP9. We have thus proved the

following statement which is nothing but Theorem 1.2.

Theorem 5.4 Let X be a compact complex n-dimensional manifold. If X carries an SKT metric
w whose torsion satisfies the condition

Cro < - bt (54)

for all p,q € {0,...,n}, then the Frélicher spectral sequence of X degenerates at Es.

W
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5.2 Use of (a) of Lemma 5.1

We shall now give a different kind of metric condition ensuring that Es(X) = Ew(X) in the Frolicher
spectral sequence.

Lemma 5.5 Let X be a compact complex manifold with dimcX = n. If X admits a Hermitian
metric w whose induced operators A", A", AL, : Cx (X, C) — C3¢, (X, C) satisfy the condition

ker AL, Nker A" C ker A" in every bidegree (p, q), (55)

the Frolicher spectral sequence of X degenerates at Fs.

Proof. As noticed in (22), we always have ker A7, D ker A’. Recall that ker A}, Nker A" = ker A
and that this space is denoted by ﬁ%q(X, C) in bidegree (p, q). For every u € ﬁ%q(X, C), we have
A’'u = 0 thanks to (55), hence from (43) we get

((Au, u)) = ((A'u, u)) + ((A"u, u)) =040 =0.

This shows that the identity map induces a well-defined linear map ﬁ%q(X , C) — HX(X, C) for
all (p, q), hence Ey(X) = E,(X) by (a) of Lemma 5.1. O

We now use Lemma 5.5 to give two sufficient metric conditions ensuring that Fa(X) = Ex(X)
in the Frolicher spectral sequence. The following theorem subsumes two results mentioned in the
introduction.

Theorem 5.6 Let X be a compact complex manifold with dimcX = n.
(i) For any Hermitian metric w on X, the following three conditions are equivalent:

(a) p"0 = 0p" on all (p, q)-forms for all bidegrees (p, q); )

(b) [0, 0*](ker A") = 0 and [0, 0*](Im0 @® ImJ*) C Imd © ImI*;

(¢) [0, T*](ker A”) = 0 and [0, T*](ImO & ImO*) C Imd & ImI*.
Moreover, if X carries a Hermitian metric w satisfying one of the equivalent conditions (a), (b), (¢c),
the Frolicher spectral sequence of X degenerates at Fs.

(i3) If X carries an SKT metric w (i.e. such that 00w = 0) which moreover satisfies the identity

(7, 7w, u)) = (([Ow A -, (Ow A-)Tu, u))  for all u € ker A, Nker A", (56)
the Frolicher spectral sequence of X degenerates at Fs.
Proof. (i) Let w be any Hermitian metric on X and let u be any smooth (p, g)-form. Then
u = ug + Ov + 0*w with ug € ker A” and v, w smooth forms of bidegrees (p, ¢ — 1), resp. (p, ¢+ 1).

(Note that we can choose v € Imd* and w € Imd if these forms are chosen to have minimal L?
norms.) Thus p”u = ug, so the following equivalences hold:

p'ou=0p'u <= p"Ouy+p"00v + p' 00 w = Ouy <= p"00*w = p'| Ouy
< p"00*w =0 and p/[Oug =0 <= Ouy € ker A” and 90*w € Imd © Im O*
<= Oug € kerd* and 90*w € Imd @ Im J*. (57)
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We have successively used the following facts: p”’00v = —p”’00v = 0 because ker A” L Imo,
1—p" =9, Imp’ = ker A” L Im0d @ Imd* = Imp/, dup € kerd = ker A” @ Im 0 (because
ug € ker A” C ker 0), hence the equivalence Jug € ker A” <= Oug € ker 0*.

Now, 0*0w € Imd* and 90" uy = 0 because uy € ker A” = kerd Nker 9* C ker 0*, so (57) is
equivalent to

[0, 0" up =0 and [0, 0*]w € Im J & Im O*,

On the other hand, [0, 9*] = —[0, 7*] by (111). Since ug € ker A” and w € Im G Im 0* are arbitrary,
the equivalences stated under (i) are proved.

To prove the last statement of (i), let w be a metric satisfying condition (a). We are going to
show that the inclusion (55) holds, hence by Lemma 5.5 we shall have Fy(X) = E(X) in the
Frolicher spectral sequence of X. Let u € ker A7, Nker A" of an arbitrary bidegree (p, ¢). Then

0= (A u, u)) = (A (p"u), u)) = ((A"u, u)),
where the second identity followed from p”0d = 0p” (which also implies p”0* = 0*p”) and the last
identity followed from u € ker A” (which amounts to p”u = u). Thus A'u =0, i.e. u € ker A’. This
proves (55), so Lemma 5.5 applies.
(49) We prove that inclusion (55) holds under the assumptions made. Let u € ker A}, N ker A",
Note that the conjugate of Demailly’s non-Kéhler Bochner-Kodaira-Nakano identity A” = A’ +
T, (cf. (109)) is

AN=A'+T,, (58)
where A? := [0+ 7, 0" + 7] and T, = [A, [A, £ 90w A -] — [Ow A -, (Bw A -)*]. Thanks to formula
(58), we have

(A, w)) = (A" 410, 7]+ [7, 0w, w) + (7, 7w, w)) = ([0w A+, (Qw A )T, w))
= ({7 7w, w)) = (([0w A~ (9w A )T, ), (59)
where we have used the SKT assumption on w to have T,, reduced to —[0w A -, (dw A -)*] in formula

(58) and the argument below to infer that (([0, 7*] u, u)) = (([7, 0*] u, u)) = 0 from the assumption
u € ker A” = ker 0 N ker 0*:

(0, 7w, w) = (T, Ju)) + ((Ou, Tu)) =0+0=0,
{7, 0 u, u)) = (0" u, T*u)) + ((Tu, du)) =0+ 0=0. (60)

Now, A" = A}, + A;'i , so the assumption u € ker A}, reduces (59) to

Qi

9,
T,

(A u, w)) = ({7, 7T, ) — ([ A, (Ow A )T, u)). (61)
The r.h.s. of (61) vanishes thanks to the hypothesis (56), so A;?’L u = 0, hence also A’u = 0. O

Remark 5.7 The proof of (ii) of the above Theorem 5.6 shows that if X carries an SKT metric w
whose torsion satisfies the condition [T, 7] = [Ow A -, (Ow A -)*], then the Frélicher spectral sequence
of X degenerates at F.
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Proof. To get E; degeneration, it suffices for the inclusion HR (X, C) € HA™(X, C) of A”-, resp.
A-harmonic spaces to hold for all p,q. (The argument is analogous to the one for (a) of Lemma
5.1.) Now, (59) holds for all u € H/(X, C) if w is SKT, hence A'u = 0 whenever A”u = 0 under
the present assumptions. Then, by (43), we get Au = 0 for all (p, q)-forms u satisfying A”u = 0
and for all p, q. This proves the above inclusion, hence the contention. O

5.2.1 Alternative expression for the torsion operator R,

We shall now compute the operator R,, := [7, 7] — [0w A -, (Ow A -)*] featuring in (i) of Theorem

5.6 in terms of the non-negative operator S,, (cf. (2)).

Lemma 5.8 Let (X, w) be an arbitrary compact Hermitian manifold of dimension n. Put S,, =
[Ow A -, (Ow A )*] > 0. The following formula holds:

(7, 7] — S, = 25, + [[A, S.], L], (62)
where, as usual, L = L, := w A -. Moreover, for any bidegree (p, q), [[A, S.], L] is given by

([[A, Su, L, u)) = ((Su(w Au), wAw)) 4+ {((Su(Au), Au)) + (p+q —n) ((Sou, u))
— 2Re((A(Spu), Aw)), ueCZ,(X,C). (63)

Proof. Since 7 = [A, w A -], we get

77 = I8 B A [0 A1 2] = (@ A, 1) AL B | = B A @A, ] A 6

where the last identity followed from Jacobi’s identity applied to the operators [(Ow A -)*, L], A and
Ow A -.
To compute the first factor in the first term on the r.h.s. of (64), we apply again Jacobi’s identity:

[[(aw A ), L, A} = — [[L, A], (0w A -)*} - [[A, (Ow A )], L]. (65)

{[L, A, (Bw A -)*] u = [L, Al ((&u A -)*u) — (Bw A -)*([L, Al u)

= (p+q—3-—n)(OwA)u—(wA((p+q—n)u) =—-30w A )*u.

Thus [[L, A}, (Ow A )*] = —3(0w A -)*. On the other hand, [A, (Ow A -)*] = [0w A -, L]* = 0 since,
clearly, [Ow A -, L]u = 0w Aw Au—w A dw Au =0 for any u. Therefore, (65) reduces to
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{[(&u A ¥ L), A] =3(0w A )%, (66)

Similarly, to compute the first factor in the second term on the r.h.s. of (64), we start by applying
Jacobi’s identity:

Ow A -, [(Ow A ), L]} = {(8@) AL, Ow A -]} — [L, [Ow A -, (Ow A )]
= {[&u A (Ow A, L} = [S., L], (67)

where the last but one identity followed from [L, dw A -] = 0 seen above.
Putting together (64), (66) and (67), we get:

[7, 7] = 35, — [[Sw, L], A (68)

A new application of Jacobi’s identity spells

[[S., L], A] +[[L, A], S,] +[[A, S.], L] =0, which gives — [[S,, L], A] = [[A, S.], L].  (69)

Indeed, since [L, A] = (p+ ¢ —n)Id on (p, q)-forms and S, is an operator of type (0, 0), we get
[[L, A], S.] = 0 which accounts for the last statement in (69).

It is now clear that the combined (68) and (69) prove (62).

To prove (63), we start by computing

([[A, S, L], u)) = (A, Sul (@ Au), u)) — ((wA[A, S u )
=({(So(wAu),wAu)) — ({(w /\_u, wA Spu)) + ((Su(Aw), Au))
— ((A(S,u), Au)). (70)

Then we notice the general fact that for every (p, q)-forms u, v we have:

{wnu, wAv)) = ((Au, Av)) = (p+q—n) ((u, v)). (71)

Indeed, ((w A u, w Av)) = ((A(w Au), v)) and A(w Au) =wAAu— (p+ q—n)u. Now, applying
(71), we get

(wAu, wASou) = (Au, A(Suuw))) = (p+q—n) ((u, Sou)). (72)
It is now clear that the combined (70) and (72) prove (63) because ((Au, A(S,u))) is the conju-
gate of ((A(Syu), Au)) and ((u, Syu)) = ((Syu, u)). O
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5.2.2 Putting the hypothesis Jp” = p”0 in context

We now reinterpret the commutation of 9 with p” (the simplest sufficient condition for Ey(X) =
E+(X) found so far, cf. Theorem 5.6).

Lemma 5.9 Let (X, w) be a compact Hermitian manifold. The following implication and equiva-

lence hold:
ON" =AN"0 = 9p" =p"0 < Od(ker A”) Cker A" and 9" (ker A”) C ker A". (73)

Proof. Suppose that 0A” = A”0. Then, taking adjoints, we also have A”0* = 0*A”. These identities
immediately imply

d(ker A") C ker A" and 9*(ker A”) C ker A". (74)

Now suppose that (74) holds. We shall prove that dp” = p"”0. Let u be an arbitrary smooth
form. Then wu splits as u = ug + Ov + 0*w with uy € ker A”. Thus 9p”u = duy and

p"ou = p"dug + p"00v + p" 00" w = duy + P’ 0w

because duy € ker A” by (74) and p"00v = —p"900v = 0 since Im 9 L ker A" . We now prove that
p"00"w = 0 and this will show that dp”u = p”du, as desired. Proving that p"99*w = 0 is equivalent
to proving that 90*w € (ker A”)*. Let ¢ € ker A”, arbitrary. We have

(¢ 03 w)) = ((9°C, 0w)) = 0

because 9*¢ € ker A” thanks to (74), 0*w € Im 0* and ker A” 1 Im 0*.

It remains to prove that if 9p” = p”0, then (74) holds. Note the general fact that for any form
u, u € ker A” iff p”"u = u. Let us now suppose that dp” = p”0. Then, taking adjoints, we also have
o*p" = p"0*, so (74) holds. O

Part 1I: E; degeneration of the spectral sequence associated
with a pair of foliations

This part of the paper outlines a way of extending to the context of foliations the ideas and the
objects introduced in Part I. They will hopefully be continued in future work in the more general
context of a single foliation. We highlight here the rather substantial new technical difficulties
involved.

6 Review of standard material

Let X be a compact complex manifold of dimension n endowed with a complementary pair of regular
foliations (N, F) (cf. (4)). We keep the notation used in the Introduction.

There always exists (e.g. by the analogue of the argument for the real case in [Rei58, p.245-246])
a Hermitian metric w on X, called henceforth a product metric, which in every system of local
product coordinates zi, ... 2, 2441, ..., 2, has the shape

20



T n
w = Z wir(?, 2" )idz; N dz, + Z wip(?', 2")idz; N dz. (75)
4, k=1 Jik=r+1
In general, the coefficients w;; are functions on U depending on both groups of coordinates 2’ and
Z". We put

r n
Wy = Z wip(?, 2")idz; NdZ, and  wp = Z wip(?, 2")idz; N\ dz. (76)
4 k=1 J k=r+1
For some of our results that follow, we shall need to assume the existence of a special kind of
Hermitian metric on X adapted to the (N, F') structure. The name is borrowed from [Rei59] (where
the real case was studied) whose analogue to the complex Hermitian context we consider.

Definition 6.1 A bundle-like Hermitian metric on a compact complex manifold X endowed
with an integrable holomorphic almost product structure (N, F') is a Hermitian metric w which in

every system of local product coordinates z1, .. .2y, Zry1, - - ., 2 has the shape
W= Z wjr(2") idz; N dz + Z wir(2")idz; A dz. (77)
g k=1 j, k=r+1

The spectral sequence induced by (N, F). Put £¢(X) := C®(X, A*°T*X). For every p,q €
{0,...,k}, let EP9 denote the holomorphic vector subbundle APN* @ AYF* of AFOT*X | and let
EPUX) = EFR(X) := C®(X, EP 1) stand for the space of its global smooth sections. The integrable
operators

Ox : EPI(X) — EM1U(X) and O : EPFU(X) — EPIFL(X) (78)

define a double complex £*°*(X) with the total differential 9 = Ox + Or. We consider the spectral
sequence associated in the standard way with this double complex (see e.g. [Dem 96, §.9] or [Voi02,
§.8.3.2)).

As usual, the first two steps in the spectral sequence are defined by the second differential O, resp.
the first differential dy. Indeed, we put E? := P 9(X) and dy := OF, so the groups E; = E1(N, F)
are defined as the cohomology of the complex

RGN g (X)) N £r9(X) 9r, gr LX) LN (79)

ie. B9 =FEPY(N, F)=HYEP*(X), Or), while the differentials d; are induced by dy:

d — d d d
L b S g S priha S (80)

This means that for any form o € E79(X) such that dpa = 0, the class [a]s, € EV'? is mapped by
d; to the class [Oyals, € EVTH% Moreover, d? = 0 since 0% = 0, so (80) is indeed a complex. The
groups Ey = Fy(N, F) are defined as the cohomology of this complex, i.e. for all p, ¢ we have
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EP?=EPIUN, F):= HP(EY?, dy) = { {[a]aFl /a € EPYX)Nkerr and dya € Im&F}, (81)
di

so the elements of E5'? are d;-classes of dp-classes.
This spectral sequence converges to the d-cohomology in bidegrees (k, 0) of the manifold X, i.e.
it we let £29 := lim,_, o, £, we have canonical isomorphisms

Hy°(X,C)~ € EZ%, k=01,...,n (82)
p+g=k
Note that the vector spaces E?'? need not be finite-dimensional since the system (Oy, Op) is
not elliptic in general. Indeed, if we have fixed a Hermitian metric w on X and denote by Oy, O
the adjoints of dy,0r w.r.t. the L? inner product induced by w, the associated Laplace-Beltrami
operators

are not elliptic in general (since each “misses” the complementary directions). However, a fact that
will be important for us is that the sum of these Laplacians

v+ AF
is an elliptic operator. So is also the usual 0-Laplacian

A" =10, 0] = Ay + AL + [0y, Op] + [0, Ox].
Since X is compact, ker A’y = ker dy N ker dy and ker A% = ker O N ker 5.

7 The non-differential Laplacian and E; degeneration

Let X be an n-dimensional compact complex manifold equipped with an integrable holomorphic
almost product structure (N, F') and with a product Hermitian metric w. By analogy with the
Frolicher case described in Part I, we consider the following operators

N EPIX) — ker Ay and  pl: EPI(X) — ker A (83)

the orthogonal projections onto the A’y-harmonic, resp. the A’-harmonic spaces. Similarly, let

P EPYX) — (ker AL and pp i EPUX) — (ker AL)E (84)
denote the orthogonal projections onto the orthogonal complements of the respective harmonic
spaces. The operators py, Py, p']\%, p/FL depend on the metric w and are no longer pseudo-differential
operators, let alone regularising or of finite rank, since the kernels of A’ and A’ are no longer
finite-dimensional due to the lack of ellipticity of Ay and A’.. They clearly satisfy the properties:

Py = (Oh) = Wn)% Pr=r)* =@ by =@y =0x)% pi=0mF)" =@ (85)

Again by analogy with the Frolicher case, we define our main object of study in this second part.
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Definition 7.1 Let X be a compact complex manifold with dimcX = n equipped with an integrable
holomorphic almost product structure (N, F) and with a product Hermitian metric w. For every

p,q, we define the operator A’ : EP1(X) — EP9(X) by

A = Onplpdy + O PeOx + Opd + 050p. (86)
In other words, we have
N =Ny + Ny, where Ay = Onplp0i + 0Py  EP1(X) — EMI(X). (87)

Thus A is the sum of a Fourier integral operator (A’ p,F) and a non-elliptic differential operator of
order two (the Op-Laplacian A’ ).

The idea we shall now be pursuing is to find a hypothesis ensuring that A’ satisfies Garding’s
inequality by ensuring that A/ . dominates a constant multiple of Ay and then using the ellipticity
P

of Ay + A’ and Garding’s inequality it satisfies.
Theorem 7.2 Suppose that for every p,q the following identity holds:

ker(Aly : EPI(X) — EP X)) + ker(Al : EP X)) — EP (X)) = EPI(X). (88)

(1) There exists a constant 0 < € < 1 such that for all p,q we have
(A, pu, u)) > (=) ((Ayu, u)),  u€EPIX). (89)
(i7) There exist constants 01,09 > 0 such that for all p,q, Garding’s inequality holds for A

(A, w)) + 6 [[ul* = 6 [[ul}, € EP9(X), (90)

where || ||y stands for the Sobolev norm W' and || || stands for the L* norm.
(14i) The above Garding’s inequality implies in turn that ker A’ is finite-dimensional, that the image

Im A is closed in EP9(X) and that the following 3-space orthogonal decomposition holds:

EM1(X) = ker A P (JmaF + Im (O ker &), )) [y (Im (8% o ply) + Jma;>. (91)

Moreover, the decomposition (91) also holds when Im (On|er ) is replaced with Im (On|xeroy)-
(iv) If, moreover, [0y, 0% = 0, then ImOr is closed in EP9(X) and the following Hodge isomor-
phism holds:

HL(N, F) = ker (K (EPUX) — Ep’q(X)> ~ EPYN, F), ar— {[a]aF} . (92)
dy
Thus, every class [[&ap]a, € ES (N, F) contains a unique A'-harmonic representative a. In par-
ticular, dimcEY (N, F) < 400 for all p,q.
(v) Much more holds under the above assumption [On, 0% = 0: the spectral sequence induced by
(N, F) degenerates at Fy (i.e. Ex(N, F) = EL (N, F).)
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Proof. (i) The hypothesis ker A’y + ker A% = EP9(X) is equivalent (using the Open Mapping The-
orem in Fréchet spaces) to each of the following equivalent conditions:

(ker A)*t N (ker A%)+ = {0} <= the map p} : (ker Aly)* — ker A% s injective

<= 30 < e < 1 such that |[prv||*> > (1 —¢)|[v|]* for all v € (ker Aly)*.

The constant in the last inequality is necessarily in the interval (0, 1) since ||pv|| < [[v|| for all
forms v. The choices v := Oyu and v := Jyu are allowed for all the forms u since Imdy L ker Aly
and Im 0y, L ker A’y. Thus, we obtain

(Al s w)) = |lPROnull* + [[ppoxull* = (1 = &) ([[Onul]* + [|0§ull?) = (1 = &) ({Ayu, u))

for all uw € EP9(X). This proves (89).
(i¢) Thanks to (89) and to Garding’s inequality satisfied by the elliptic differential operator
Ay + Az, there exist constants d7, d5 > 0 such that

(A%, w)) + 8 [Jul P = (1= &) (A + A)u, ) + 8 full® = (1= ) [|ul[}

for all w € EM9(X). This proves (90) after putting d; := 0] and dy := (1 — €)d5.
(77i) Garding’s inequality (90) implies the finite dimensionality of ker A’ and the closedness of

Im A’ by standard arguments (see e.g. [Dem96, 3.10. p. 18-19]). Since A’ is self-adjoint, (90) also
implies the following 2-space orthogonal decomposition:

EM9(X) =ker NP Im A, (93)
Now, it is clear that Im A’ is contained in

(Im Op 4 Im (O kerA%)) @ (Im (Oy o pp) +Im 93) C (Im Op +Im (On|keroy)) © (Im (O 0 plp) +Im O,
(94)
where the direct sums are orthogonal because dy (resp. 0% ) anti-commutes with Op (resp. 0f)
and ker A’n = ker Op Nker 7. Since the direct sums in (94) are, in turn, contained in E79(X), the
conjunction of (93) and (94) implies (91) and also that the inclusion (94) is actually an equality.
(iv) If Oy and O anti-commute, then the following orthogonality relations hold:

Imdp L Im (Oy|kerar,) and Im (9y o pj) L Tm 0. (95)

Indeed, for u arbitrary and v € ker A% = ker O N ker 9%, we have

((Opu, Oyv)) = ((u, Op0Nv)) = —((u, On(03v))) = 0 because dpv = 0.
Similarly, for u, v arbitrary, we have

((Ox (ppu), Opv)) = ((Ppu, OnOpv)) = —((Ppu, Op0Nv)) =0
because pru € ker Ay L Im 05..

On the other hand, it is clear that in any pre-Hilbert space, whenever the sum of two mutually
orthogonal subspaces is closed, each of the two subspaces is closed. From (iii) we know that Im A’

is closed in £€77(X) and that it splits orthogonally as Im A’ = (Im O + Im (On/kerar,)) © (Im (9 0
pr) +1Im %), hence Im Op + Im (Onjkera7,) and Im (95 o plr) + Im 9% are closed in £779(X). Thanks
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to the orthogonality relations (95), we infer that Im dr, Im (On|kerar, ), Im (O © pf) and Im 0} are
closed in £79(X) under the assumption [0y, 03] = 0.

The proof of the Hodge isomorphism statement (92) uses crucially the closedness of Im dr and
runs along the lines of the proof of the analogous Theorem 3.4 of the Frolicher case. We shall
therefore limit ourselves to pointing out the main steps.

The sum of the first two main terms on the r.h.s. of (91), after replacing Im (Onjkera7,) With
Im (On/|keray); is given by

ker(p'F o dn) Nker Or = ker A/ @ <Im Or + Im (aN\ ker ap)) (96)

since ker(p o dy) Nker O is easily seen to be the orthogonal complement of Im (9%, o pl) + Im 0%
Therefore, we immediately obtain the isomorphism (cf. (31)):

S = Sﬁ;’qF : H%,q(N, F) — f[]’i;’qF(X, C) := ker(pr 0 On) N ker 8p/ (Im Or + Im <8N|kerap))a

—

a — [a], (97)

where [/(;] denotes the class in I:j]f;’qF(X, C) of « € ker(p} o dy) N ker Or.
On the other hand, the linear map

T = Tf,ﬁ; : IA:iﬂqF(X, C) — EYY(N, F), [Aoz/] — {[a]aF} , (98)
dy

is seen to be well defined and an isomorphism as in the proof of the analogous Proposition 3.1.
The closedness of Im Of is a key ingredient here. For example, for T to be well defined, we need
every a € ker(pf o dy) N ker dr to induce a unique class [[a]s,]q,- Now, the class [a]s, is well-
defined since o € ker dp, but we also need to have di([a]s,) = 0 in EPY(N, F), i.e. we need
Oya € ImOp. However, Oya € kerOp and pfr(dya) = 0 (i.e. Oyva L ker A%), which amounts
precisely to Oya € Im dp. If Im Or were not closed, this would only amount to the weaker property
aNOZ € Im @F-

It is now clear that the composition of the isomorphisms (97) and (98) provides the Hodge
isomorphism (92).

(v) If A = 00" + 00 : EF(X) — EF(X) is the standard d-Laplacian induced by the metric w
(where £¥(X) is the space of smooth (k, 0)-forms on X), the usual Hodge isomorphism theorem for
0 gives the isomorphism

HETO(X, C) — HIPY'(X, C), a [a]s.
Coupled with the Hodge isomorphism (92), this shows (as in the proof of Lemma 5.1) that if the
identity map induces a well-defined linear map
HEIN, F) — HG"(X, C), v, (99)
then Fy(N, F) = E(N, F). Indeed, if well defined, the map (99) is necessarily injective, so we

get an injection ELY(N, F) «— H5**°(X, C) for all p,q. Now, since w is a product metric, one
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easily checks that for any (p, q) # (r, s) such that p + ¢ = r + s = k, the images in Hg’O(X, C) of
EPY(N, F) and Ey°(N, F) intersect only at zero because £79(X) is orthogonal to £"*(X). Thus,
for every k, there is a linear injection

P XN, F) < Hy°(X, C).
p+q=k
This implies the degeneration at E5 of the spectral sequence.
On the other hand, ker A’ = ker Ay p, M ker Az (cf. (87)). Meanwhile, the following analogue
of (43) holds:

({(A'u, u)) = ((Alyu, u)) + ((A%u, u))  for all u € EPI(X),

so for u € EP9(X) we have the equivalence: u € ker A’ < u € ker A’y N ker A’.. Putting these facts
together, we see that the map (99) is well defined whenever the following inclusion holds

ker Ay, Nker Ay Cker Ay in E79(X). (100)

This is the analogue of Lemma 5.5.
Summing up, we have just argued that if (100) holds for all p,q, then Ey(N, F') = E(N, F).
Now, we claim that the following implications hold:

On, 0] =0 2% (O, ALl =0 and [d, ph] =0 -2

ker Ay Nker A Cker Ay in M(X) for all p,g. (101)

In view of the above arguments, the implications (101) prove (v).

To prove the first part of implication (a) of (101), recall that 0y and Or anti-commute, so if Oy
and 0} anti-commute as well, then dy commutes with A’.

To prove the second part of implication (a) of (101), recall that Im dr and Im 0} have been
proved to be closed in EP9(X) under the assumption [0y, 05] = 0 (cf. proof of (iv)). This implies
the orthogonal 3-space decompostion

EPI(X) = ker A @ Im Or & Im 5. (102)

Now, let u € EP9(X). By (102), u splits uniquely and orthogonally as u = ug + dpv + Jpw, with
up € ker A% Thus, plru = ug. We get (Onpl) u = Onug and, using [0y, Or] = 0 and [0y, Of] = 0,
we also get

(PrON) u = Pr(Onuo) — Pr(0rONv) — Pr(OR0Nw) = pr(Onuo), (103)

since plr 0 Op = 0 and p/r 0 9% = 0 thanks to the orthogonal splitting (102). Now, since Alzuy = 0
and A’x commutes with Oy, we get A%(Oyug) = 0, i.e. plp(Onug) = Oyup. From this and (103), we
get (prOn) u = Oyug. Therefore, (Onpy) u = (Pron) u.

Implication (b) of (101) is proved by running the analogue of the proof of the last statement in
(7) of Theorem 5.6. O
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Remark 7.3 The hypothesis (88) suffices to prove part (v) of Theorem 7.2, but the anti-commutation
hypothesis [On, O] = 0 is needed to get closedness of ImOp and the Hodge isomorphism (92) in part

(1v).

Proof. From (i), we get (1—¢) (Aly+A%) <A =AYy 4+ AL < Ajy+Af, hence ker(A), , +A%) =
ker(Ay + A’). This means that

ker Ay Nker A = ker Aly Nker Al C ker Ay
which proves (100) in every EP9(X). O

8 The anti-commutation of Jy and 07,
We now give a sufficient condition for the crucial hypothesis [0y, 0%] = 0 of Theorem 7.2 to hold.

Theorem 8.1 Let X be a compact complex manifold with dimcX = n equipped with an integrable
holomorphic almost product structure (N, F') and with a product Hermitian metric w.

If w is a bundle-like metric (cf. Definition 6.1) and if Oywy = 0 (i.e. wy is Kdhler in the
N-directions), then

O, 9%5] = 0. (104)

The proof proceeds in local coordinates along the lines of the proof of the standard Hermitian
commutation relations (107) (cf. [Dem97, VII, §.1]) adapted to the foliated situation. We confine
ourselves to pointing out the main steps in the form of the following succession of lemmas whose
straightforward proofs are left to the reader.

Lemma 8.2 Let Ay := (wy A-)* and Ap = (wp A -)*.
If w is a bundle-like metric in the sense of Definition 6.1, then [Ay, Or] = 0.

The next observation is that the standard Hermitian commutation relations (107) are still valid
for Oy and Op.

Lemma 8.3 Let 7y := [An, Onwy A -] denote the N-directional torsion operator of w. If w is a
bundle-like metric in the sense of Definition 6.1, the following identity holds:

[Ay, On] =i (0% + 7). (105)

Lemma 8.4 We always have [0, Oy] = 0.

End of proof of Theorem 8.1. We shall actually prove the identity

[0F, ON] =0 (106)
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under the hypotheses of Theorem 8.1 (which imply, in particular, that 7 = 0). Taking adjoints,
(106) is seen to be equivalent to (104). )
Since 7 = 0, the conjugate of (105) reads 0y = i [An, O], so we get
[OF, ON] = i [OF, [AN, 5N]] =i [Aw, [51\7, O] +1i [5N> [0F, AN]].
Since [dy, Or] = 0 by Lemma 8.4 and [0, Ay] = 0 by Lemma 8.2, we get [0, 0%] = 0. O

9 Appendix: Commutation relations

We briefly recall here some standard formulae that were used throughout the paper.
Let (X, w) be a compact complex Hermitian manifold. Recall the following standard Hermitian
commutation relations ([Dem84], see also [Dem97, VII, §.1]):

() (O+7)" =i[A 9 (i) (0+7)" = —i[A, )
(i3i) O +1 = —i[0*, L]; (iv) 0+ 7 =1[0%, L], (107)
where the upper symbol x stands for the formal adjoint w.r.t. the L? inner product induced by w,
L =L, :=wA-is the Lefschetz operator of multiplication by w, A = A, := L* and 7 := [A, Ow A -]
is the torsion operator (of order zero and type (1, 0)) associated with the metric w.
Again following [Dem97, VII, §.1], recall that the commutation relations (1) immediately induce
via the Jacobi identity the Bochner-Kodaira-Nakano-type identity
A=A +[0, 7] - [0, 7] (108)

relating the d-Laplacian A” = [0, 0*] = 00* + 9*0 and the O-Laplacian A’ = [0, 9] = 09* + 9*0.
This, in turn, induces the following Bochner-Kodaira-Nakano-type identity (cf. [Dem84]) in which
the first-order terms have been absorbed in the twisted Laplace-type operator A’ := [0+, (0+7)*]:

A=A +T,, (109)

where T, := {A, [A, £90w]| = [Ow A -, (Ow A -)*] is a zeroth order operator of type (0, 0) associated

with the torsion of w. Formula (109) is obtained from (108) via the following identities (cf. [Dem84]
or [Dem97, VII, §.1]) which have an interest of their own:

(1) [L, 7] = 30w A o (44) [/}, T] = =2 7", i
(1ii) [0, TF] = —[0, O] = [r, O*], (iv) — [0, T*] = [, (O + 7)*] + T.. (110)

Note that (iii) yields, in particular, that d and 9* + 7* anti-commute, hence by conjugation, d and
0* 4+ 7* anti-commute, i.e.

0,5 +7]=0 and [J, 9" + 7] =0. (111)
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