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Abstract

In the field of granular materials, a link between the microscopic variables (contact force and dis-
placement) and macroscopic variables (stress and strain) requires an intermediate scale called the
mesoscopic scale. An important class of mesostructure is the so-called loops, which are closed chains
of grains in contact. In two dimensions (2D), these structures tessellate a material domain into
elementary partitions that account for the physics of granular materials. However, this property
no longer applies in three dimensions (3D). In this paper, we propose to identify 3D mesostruc-
tures that generalize the 2D properties of loops and their ability to account for the deformability
of granular materials. To do so, a weighted Delaunay Tessellation is used to partition a 3D spec-
imen into tetrahedra. These tetrahedra are then merged through a criterion defined consistently
with the one used to identify loops in 2D. As the 3D structures do not match the mathemat-
ical definition of loops, they are named clusters. A series of 3D DEM dry triaxial tests were
performed to analyze the statistics of clusters during the loading path. It is shown that clusters
behave analogously to loops, promoting an increase in the number of denser mesostructures dur-
ing the strain contraction phase and looser ones during dilation. Furthermore, increasing amounts
of looser clusters appear around force chains, promoting a decrease in the stability of the chained
structures. Clusters are more diverse in shape and topology compared with loops. Thus, additional
metrics besides the number of grains forming them are needed to characterize these structures. In
this respect, we propose the concepts of order (number of external frontiers) and deformability.

Keywords: DEM, Granular materials, Mesostructures, Clusters, Loops, Delaunay tessellation, Force chains

1 Introduction

Granular materials are present in our everyday life
and many industrial activities, taking many forms,

from coffee grains to sand or snow. At first glance,
these materials seem easy to understand since they
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can be modeled as simple solids subjected to New-
ton’s laws. However, due to the large number of
particles, the variety of interactions and geomet-
rical arrangements results in complex behaviors
that have yet to be fully understood.

The emerging properties of granular mate-
rials can be analyzed at three different scales:
microscopic, mesoscopic, and macroscopic. At
the smallest one, the micro-scale, each grain
behaves as a singular solid (often approximated
as non-deformable) interacting with its neigh-
bors through contact forces. At the macro scale,
the whole specimen responds to loading stimulus
as a continuum material for which the constitu-
tive behavior results from a combination of the
intergranular contact forces and geometrical prop-
erties. In between, the mesoscale provides a bridge
between these two extremes and has attracted
the interest of researchers over the last decades.
At this scale, several mesostructures have been
identified and studied as aggregates of attached
grains or voids, such as loops [1–8], force chains
[2, 3, 9–12] and pore structures [13–17]. These
mesostructures account for both contact proper-
ties and local arrangements of grains and thus
provide relevant clues to understanding the ele-
mentary mechanisms responsible for the macro-
scale properties of granular materials. In addition,
loops statistics have been used to justify a con-
stitutive model which uses elementary hexagonal
patterns of adjoining particles to simulate the
behavior of the granular media [18]. Consider-
ing mesostructures formed by a few grains allows
the emergence of complex features at macroscopic
scales, such as diffuse failure.

This paper focuses on a specific type of
mesostructure, the so-called loops. They are
formed by the branch vectors bridging convex
grains in contact with each other [1]. In 2D, loops
partition the material domain into elementary
areas. Thus the sum of the volume of the loops is
equal to the total volume of the specimen, the so-
called pavement property. As a result, macro-scale
properties can be upscaled as the surface-weighted
average of loop properties. Based on the classi-
cal Love-Weber formula, several authors, [19–25],
have shown that, under static or quasi-static con-
ditions, a consistent definition of the stress tensor
at that mesoscale can be derived through the
weighted average of the tensorial product between

the contact forces and the branch vectors of con-
tacts into a given loop. Several approaches to
derive the average strain tensors from geometri-
cal quantities pertaining to loops and the relative
displacements of each grain have been proposed
[22, 26–31]. Kruyt et Rothenburg [4] used a loop
tensor to identify their shape and orientation in
relation to the principal load direction. Addition-
ally, it has also been shown that the geometrical
characteristics of loops influence force transmis-
sion in their neighborhood. For instance, loops
composed of 3 grains are a vital source of stabil-
ity and reinforcement of force chains (i.e. chains
of highly stressed grains responsible for most of
the force transmission within granular materials)
[2, 3, 5]. As loops around force chains merge into
larger structures, the probability of force chain
bending events increases, possibly leading to the
formation of shear bands (i.e. accumulation of
strain in a narrow part of the specimen forming
a band) [6, 11, 12, 32]. In fact, direct analysis of
the local loop’s distribution has shown that larger
structures are more prevalent inside the shear
bands in contrast with the rest of the specimen
[33]. However, the use of loops to understand the
behavior of granular materials has been limited to
2D conditions.

Over the past years, this dimension change
has been regarded as a significant challenge [34].
Applying the definition of loops (as a mini-
mal cycle in network science) to 3D conditions
results in 2D structures incapable of partitioning
a volume into sub-domains. Thus, identifying 3D
mesostructures with comparable properties to 2D
loops is not straightforward.

A different way of partitioning granular mate-
rials starts from characterizing the granular void
space, the so-called pore structure [14, 17, 35–40].
For instance, the assembly can be described as a
set of large voids (pores) interconnected by smaller
voids (constrictions) in 2D and 3D conditions
[34]. After the work by Mellor [41], the Delau-
nay tessellation has been widely used in many
pore-space definitions. Using the grain’s centers as
seeds, the tessellation divides the entire specimen
into tetrahedra (or triangles in 2D), partitioning
the media. These elementary structures are then
joined through a merging criterion to create the
pore space [14, 17, 35–40].



Springer Nature 2021 LATEX template

Article Title 3

However, the pore structure’s criterion is not
fully adapted to study contact-based mesostruc-
tures, as illustrated in Figure 1, where two pores
are created for a single loop. Indeed, the two
classes of mesostructures aim to characterize dif-
ferent physical phenomena: the transport proper-
ties in the void space for pores and the volumetric
behavior of the material for loops.

Fig. 1 Example of a loop containing two distinct pores,
each represented by a blue sphere.

In this paper, we propose using the Delaunay
tessellation to transpose the 2D definition of loops
to 3D conditions, thus introducing 3D loop-like
structures. As we are interested in a contact net-
work between grains, an early definition based on
grain’s contacts, proposed by Nguyen et al. [34],
will be considered and extended. This will provide
a framework to quantify mesoscale deformability
properties.

The paper is organized as follows. First, the
definition of loops in 2D conditions through a
Delaunay tessellation is briefly reviewed. Then the
3D extension of this process is proposed. Next,
the numerical experiment used to validate the
approach is described in detail. Then we demon-
strate that the 3D loop-like concept presented
in this paper can be regarded as a relevant 3D
counterpart of loops that conveys much of the
volumetric properties of granular materials.

2 From 2D Loops to 3D
Clusters based on a
Delaunay tessellation.

In this paper, the elementary shapes created by
the Delaunay tessellation will be referred to as
cells, while the connections formed between the
grain’s centers will be known as edges. This is

illustrated in Figure 2, where a 2D example is
shown.

To identify loop structures, specific cells must
be merged. A relevant merging criterion must be
related to the contact network and its ability to
deform.

2.1 Review of the 2D definition of
loops

The Delaunay tessellation connects pairs of grains
through edges regardless of physical contact.
Hence two categories of edges arise: closed and
open. Closed edges are defined as those in which
the connected grains are in physical contact, while
open edges correspond to connections between
grains not in contact.

Fig. 2 Identification of loops through Delaunay tessella-
tion

The loop structure is formed by a group of
grains in contact enclosing a common void space.
In other words, it is equivalent to polygons com-
posed of only closed edges on their boundaries.
As each edge is the frontier between exactly two
cells, a convenient merging criterion involves join-
ing adjacent cells sharing a common open edge.
Thus, the merging criterion can be defined as the
presence of an open frontier between two distinct
cells. This procedure is illustrated in Figure 2.

2.2 Generalizing the 2D algorithm
to 3D conditions

In 3D, each cell of the Delaunay tessellation
is a triangular-based pyramid composed of four
surfaces and six edges, as illustrated in Figure 3.

In 3D, the frontier between two cells is a trian-
gular surface. However, the definition of an open
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Fig. 3 Example of a 3D cell.

or closed frontier in 3D is not as straightforward
as in the previous case. Indeed, four configurations
can be derived from the combination of open and
closed edges.

Nguyen et al. [34] considered that the presence
of an open edge defines a 3D open frontier. How-
ever, as each edge is shared by several 3D cells, this
criteria results in the incorporation of all the cells
around each open edge into a single structure. Fur-
thermore, even for dense specimens, most edges
generated by the tessellation are open, as illus-
trated by figure 4. Thus, this definition detects an
enormous structure containing most cells within
the considered specimen ( 70%) [34]. This propo-
sition is, therefore, not restrictive enough to avoid
merging a disproportionate number of tetrahedra.

Fig. 4 Open and closed edges distribution for a dry tri-
axial test with confining pressure of 100kPa (Test D100).

We propose in the present paper that an open
frontier exists in 3D only when all its edges are
open. As a result, a closed frontier corresponds to
all other cases where at least one edge is closed,
as illustrated in Figure 5.

Fig. 5 Example of closed (a) and open (b) frontier in 3D.

With the frontier’s categories thus defined, the
2D loop detection algorithm can be extended to
3D conditions. Figure 6 illustrates the creation of
a 3D mesostructure by joining two cells.

Fig. 6 Merging two cells to create a cluster of order 6.

The loop structure defined in section 2.1 can be
seen, in a mathematical framework, as a chain of
edges in which no vertex besides the first appears
more than once. Thus, in 2D, a bijection exists
between a polygon and the loop composed of its
vertices. However, in 3D, it is impossible to cycle
through a structure’s grains and edges without
repeating elements. Therefore, the word loop is
not adapted to the 3D framework, and subse-
quently, these structures will be called clusters. In
the following, “loop” refers to contact-based struc-
tures in 2D conditions, while “cluster” refers to
their 3D counterpart.
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Fig. 7 Possible configurations for a loop of size 4, in 2D.

2.3 Size and Order

The classical way to categorize a loop corresponds
to the number of grains or exterior frontiers form-
ing the structure [2, 7, 33], generally referred to
as size or order. For loops, these two quantities
are equal. However, this is no longer true in 3D
conditions, where both metrics are necessary to
describe clusters. Thus, an extension of the mean-
ing of these terms is proposed: size defines the
number of grains forming a structure, while order
refers to the number of external frontiers.

The order of a loop or cluster can be directly
obtained from the number of cells and open fron-
tiers of the structure. It is accounted as the
difference between the total number of frontiers
and the number of open ones, as shown in Eq.(1).

O = (d+ 1)NCells − 2NOpenFrontiers (1)

With d being the number of dimensions (2D
or 3D), NCells the number of cells, and
NOpenFrontiers the number of open frontiers.

Alternatively, a universal relation between
size, cells, and open frontiers cannot be achieved.
In the following, the order metric will be favored
for the overall analysis of cluster statistics.

2.4 Deformability of clusters

The local characteristics of the contact network
influence how deformable the granular assembly
is. For instance, a loop of order 4 or greater can
adopt several possible configurations to accommo-
date the displacement of grains, as illustrated by
Figure 7.

The analysis of the configurational entropy of
a structure has been shown to be capable of mea-
suring the degrees of freedom of loops [7, 42].

However, the definition of this property for loops
or clusters is not simple and would require a paper
of its own. In particular, the definition of the
set of admissible configurations and their related
probability of occurrence. Thus, deformability is
introduced here as a simple but efficient metric to
quantify the degree of interconnectivity between
a cluster’s grains according to their topological
characteristics.

The feature that allows a loop to adopt more
configurations and thus to be more deformable is
the presence of open edges. The deformability of
a loop is then proposed as the ratio between the
number of open edges and total edges, as shown
in Eq.2:

D =
NOpenEdges

NTotalEdges
(2)

As the number of edges is directly related to
the order of a loop, Eq.2 can be rewritten in 2D
conditions as follows:

DLoop =
OLoop − 3

2OLoop − 3
(3)

With Oloop being the loop order, a nonde-
formable loop of order 3 has a null deformability
value. The deformability increases with the loop
order, with a maximal possible value approaching
0.5 for impossibly large loops.

Eq.2 can be directly applied to 3D condi-
tions. Even though edges are no longer the frontier
between cells, they still account for the connec-
tions between grains. Thus, the presence of open
edges is still the necessary condition for a clus-
ter to be deformable. However, as shown in Figure
5, 3D frontiers are created from different con-
figurations of closed and open edges. Hence, an
equation equivalent to Eq.3 cannot be derived for
3D conditions, and no simple relation between the
deformability and the order of a cluster exists.
Consequently, two clusters created with the same
set of grains, order, and size may have different
values for the deformability, further highlighting
the jump in complexity when moving from 2D to
3D.

2.5 Clusters Search Algorithm

Using the merging criterion defined in sections 2.1
and 2.2, an algorithm was designed to find clus-
ters and loops inside a granular assembly. The
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Fig. 8 Cluster search algorithm flowchart.

algorithm, summarized in the flowchart given in
Figure 8, is mainly composed of the three following
steps :

• Use a Delaunay Tessellation with the grains
center’s position as seeds to obtain a cell sys-
tem to feed the algorithm. For polydisperse
distribution, a weighted Delaunay tessellation is
recommended.

• Using the grain’s physical contact network, cat-
egorize the frontiers between adjacent cells as
open or closed.

• A seed cell is randomly selected. Then the merg-
ing criterion is recursively checked, merging
valid adjacent cells. When the merging criterion
is no longer applicable, the final mesostructure
is returned, and a new seed cell that has not yet
been merged is selected.

It should be stressed here that the algorithm
is deterministic since the Delaunay tessellation is
unique (except in rare pathological cases where
centers of 4 grains lie on a common sphere). This
uniqueness property is essential for the temporal
evolution of clusters from one state to another.

3 DEM Triaxial Simulations

A numerical model was created to test the detec-
tion algorithm using the Discrete Element Method
(DEM) software LIGGGHTS [43]. Data from
the simulation is post-processed with MATLAB
to extract the data presented in the following
sections.

Fig. 9 Model illustration. The vertical piston is repre-
sented in red (z-axis), the fixed base is represented in gray,
and the four horizontal pistons are represented in a trans-
parent blue (x-y plane).

The simulation setup consists of a prismatic
box measuring 0.15× 0.35× 0.45 m3 with a fixed
base at the bottom and five pistons in all other
directions, as illustrated in Figure 9. The contact
model uses Hertz contact law with a Coulomb fric-
tion limit and a damping force calculated through
a restitution coefficient. The normal and tangen-
tial spring stiffnesses (kn and kt) are directly
calculated by LIGGGHTS as a function of the
interpenetration between two grains and the cho-
sen material parameters reported in Table 1. Addi-
tionally, a third spring is used to insert artificial
rotational friction into each particle, introducing
a new spring stiffness (kr) calculated as a function
of the normal and tangential stiffnesses.

The specimen is created through gravity depo-
sition. Next, all pistons are activated to apply a
targeted isotropic pressure. After the equilibrium
is reached, the vertical piston control is changed
to impose a constant compression speed of around
2 mm/s while the stress of the lateral pistons is
kept constant. This is known as a drained triax-
ial test in the field of geomechanics. The sample is
vertically compressed until the vertical axial strain
reaches around 38%. As no liquid is included in
the model, total and effective stresses are equal.

Three different numerical experiments were
conducted with varying isotropic pressures (50
kPa, 100 kPa, 200 kPa) departing from the same
cloud of grains. The tests are labeled D50, D100,
and D200, respectively. The interval between mea-
sure points was chosen at 2.5 s (12,500 calculation
steps), corresponding to a displacement of the
vertical piston of 5 mm.
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Fig. 10 Evolution of the deviatoric stress (left) and volumetric strain (right) with respect to the axial strain. Continuum
mechanics convention is used with positive dilation. The triangle and square symbols indicate the start and end of the test,
respectively, while the diamond is the characteristic point and the circle the peak deviatoric stress.

Table 1 Material information for DEM simulation.

Dimensions 0.15× 0.35× 0.45 m3

Elastic modulus 108 Pa
Stiffness ratio 0.25

Friction coefficient 0.57
Wall friction coefficient 0.00

Rolling friction coefficient 0.30
Restitution coefficient 0.50
Number of particles 19.136
Particle diameter 8 to 16 mm

Figure 10 shows the macroscopic mechanical
response of the three specimens, where the volu-
metric strain and the deviatoric stress are plotted
against the axial strain. The stress was calcu-
lated using the standard Love-Webber formula
[19, 20, 44–46], and the strain was calculated using
the pistons displacement data in a Lagrangian
framework.

The sample’s mechanical response is illustra-
tive of dense granular materials with a stress
hardening followed by softening and a contrac-
tive then dilative strain behavior. Between these
regime changes, three regions are highlighted and
identified by different marks in Figure 10:

• From the beginning (triangle mark) until the
characteristic point (diamond mark), the speci-
men is in contraction and hardening regime.

• After the characteristic point (diamond mark),
the total volume increases. Thus, until the peak
deviatoric stress (circle mark), the specimen is
in a dilation and hardening regime.

• After the peak deviatoric stress (circle mark),
the strength of the specimen decreases, char-
acterizing the change to dilation and softening
regime.

To ease the correspondence between the meso
and macro behaviors, the four marks used in
Figure 10 will be shown systematically in all
upcoming curves: a triangle at the beginning of
the test, a square at the end, a diamond at the
characteristic point (change from compression to
dilation) and a circle at the peak deviatoric stress
(change from hardening to softening).

4 Clusters Statistics

Figure 11 illustrates a few clusters of different
orders and sizes, their different geometrical config-
urations, and their location in the specimen. These
structures can be seen to adopt different forms,
from more elongated ones like cluster A (Order
70) or more clumped ones like cluster C (Order
72). It is also worth noting the difference between
the order and size of these two clusters, as cluster
A has a larger size than cluster C but a smaller
order. I

Clusters exhibit a wider variety of orders com-
pared to their 2D counterpart, as illustrated in
Figure 12 containing the evolution of the maximal
order of clusters during the numerical tests.

Two stages can be identified, coinciding with
the contraction and dilation regimes. In the early
stage, the maximal order remains stable. Later,
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Fig. 11 Examples of clusters of various forms and positions inside a prismatic specimen.

when dilation is installed, clusters of larger order
appear, peaking around the order of 250 in the
test D100.

Fig. 12 Evolution of the maximal cluster order for the
three confining pressures used in the dry triaxial tests.

Because of the wide range of cluster orders in
3D, the study of their distribution requires the

definition of categories. These were defined con-
sidering their behavior regarding being created or
destroyed in relation to the axial strain, as illus-
trated in Figure 13. The clusters can be described
in the following four categories:

1. Small - Order 4. This category is by far
the most numerous. This cluster population
increases during the contraction phase but
decreases when approaching the dilation regime
until a constant value is reached.

2. Submedium - Order 6. In the early stages,
this population evolves opposite to small clus-
ters, decreasing during the contraction and
increasing during the dilation. However, near
the deviatoric stress peak, submedium clusters
decrease until a steady state is reached.

3. Medium - Order 8 to 20. The population
of medium clusters evolves similarly to sub-
medium ones until the peak deviatoric stress,
from where it keeps growing until a steady state
is reached. In fact, medium and small cluster
populations evolve in opposite ways.
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Fig. 13 Evolution of clusters categories over the loading path. Each plot represents a constant confining stress of 50 kPa
(D5O), 100 kPa (D100), and 200 kPa (D200), respectively. The second row is a zoom of the first.

4. Large - Order 22+. This category of clus-
ters encompasses all clusters larger than the
medium category 1. They appear in significant
amounts after the characteristic point, growing
in number until a constant value is reached at
large vertical strains.

The overall behavior of each cluster category
remains qualitatively similar between the three
simulations. In the early stages, the samples are in
a contraction regime. Therefore, the particles are
being reorganized within the specimen, destroying
structures of high void ratio and forming denser
ones. In other words, medium and submedium
clusters are broken to create small ones.

However, this trend reverses when the volu-
metric strain rate starts to decrease. Clusters start
merging, thus reducing the number of small clus-
ters and creating structures of all other categories.
As increasingly larger structures start to appear,
the specimen dilates.

1The limit between medium and large categories is defined
by the largest cluster existing from the beginning of the test in
significant amounts. Other initial conditions (like a looser soil)
might be useful to precise which order is the most relevant to
distinguish medium and large cluster groups.

Next, near the deviatoric stress peak (cir-
cle mark), submedium clusters start decreasing
in number, thus diverging from the behavior of
the medium category. Not long after, small and
medium clusters stabilize in number, while clus-
ters of submedium and large categories reach an
asymptotic value at large strains when approach-
ing the steady state.

The deformability data of all clusters observed
in the three tests are scattered in Figure 14. The
black curve represents the average deformability
for each cluster order, while both blue curves are
fittings of the maximal and minimal values per
order.

It can be noted that the average deformabil-
ity value increases with the order of the cluster,
stabilizing for high orders. The average deforma-
bility value observed for the minimal cluster is
around 0.49, indicating that most of these clusters
are indeed deformable, in contrast with the non-
deformable 2D counterpart (deformability equal
to 0).

In addition, the blue curve in figure 14 marking
the upper boundary of the observed deformability
values is almost a straight line. This indicates that
clusters may have a maximum deformability value
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Fig. 14 Deformability distribution of all clusters identi-
fied in the three tests with respect to the cluster order. The
black curve represents the mean deformability per order,
while the blue curves are fittings of the minimal and max-
imal values.

of around 0.7 for large orders. Thus, it could be
inferred that a minimum of approximately 30% of
closed edges are required to form a cluster.

The dispersion of values is much more preva-
lent for clusters of a smaller order. In fact, it can
be shown that the minimal deformability value
increases with the order of a cluster, as an increas-
ingly higher proportion of open edges is necessary
to form them. Consequently, the deformability is
bounded by an increasingly smaller interval with
increased order.

Small clusters (of lower deformability) are
more prevalent in the early stages, resulting in a
sturdier structure. However, as larger and more
deformable clusters appear, the specimen loses
strength and becomes more deformable.

The behavior of cluster categories can be com-
pared to the results of dense soil under drained
biaxial conditions in 2D found by Zhu et al. [12].
Figure 4 in [12] shows that loops of order 3 are cre-
ated during the contraction phase, while loops of
order 6+ are destroyed. Later, when the dilation
regime is installed, the behavior reverses, and the
formation loops of order 6+ are now promoted.
The creation and destruction of loops primarily
affect these two categories, while the others remain
nearly constant. Small clusters behave analogously
to loops of order 4, while large clusters are related
to loops of order 6.

Fig. 15 Evolution of the fraction of grains belonging to
force chains.

5 Clusters and Force Chains

It has been previously shown, in a 2D framework,
that force chains and loops have a close relation
[2, 3, 12]. Force chains start to bend and buckle
when contacts in their neighborhood are lost, cor-
responding to an increase in local deformability.
From the point of view of loops, their order around
force chains increases.

To highlight this property in 3D conditions,
force chains were identified through the procedure
proposed by Peters et al. [10]. Figure 15 illustrates
the evolution of the fraction of grains involved in
force chains, known as chained grains.

In the early stages, the ratio of chained grains
grows rapidly, consistent with the macroscopic
hardening of the specimen. Later, a peak value is
reached, followed by a decline in chained grains.
As force chains are no longer being created, the
existing force chains become overloaded and start
bending/buckling to accommodate external stim-
ulus, thus resulting in a softening phase.

The cluster populations can be subdivided into
force chain clusters (FCC) and non-force chain
clusters (NFCC). An FCC is a cluster that actively
participates in force transmission. As the contact
between grains defines force chains, a cluster will
be considered FCC if at least one of its closed
edges is part of a force chain. In opposition, an
NFCC is a cluster without a common edge with a
force chain and thus does not participate actively
in the force transmission.

The distribution of cluster categories for FCC
and NFCC populations is illustrated in Figure 16
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Fig. 16 Cluster categories distribution on two domains for the test D100. Left force chain clusters (FCC) and right non-
force chain clusters (NFCC). The second line of figures is a zoom of the first in the higher categories of clusters.

for the test D100. Similar results were obtained
for the tests D50 and D200 (not shown here).

A clear disparity between FCC and NFCC can
be observed during the loading path. At any stage
of the test, the amount of submedium, medium
and large FCC is superior to NFCC, indicating a
preference for larger clusters to be around force
chains.

At the very early stages, a rapid transition
between categories is observed as the specimen
adapts to the vertical load. Then, a region with
few transitions between cluster categories was
observed before the characteristic point. During
this stage, many grains are recruited inside force
chains. It can be concluded that the newly formed
force chains are well distributed in the specimen,
maintaining the FCC and NFCC proportions.

However, around the characteristic point, clus-
ters start merging, increasing the proportion of
all categories besides the small one. It can be
noted that the transitions between categories are
more representative for FCC. This indicates that a
substantial amount of grain rearrangement occurs
around force chains, thus increasing the average
order of FCC. In addition, as increasingly larger

FCC are formed, the stability of the force chains
decreases, thus preparing the subsequent force
chain bending (and buckling) phase leading to the
softening regime.

This section’s results can be compared to the
analysis of the relation between loops and force
chains done by Zhu et al. [12]. Figure 7 of the men-
tioned article compares force chain loops (FCL)
and non-force chain loops (NFCL). An apparent
disparity between the number of loops of both
groups can be observed. The amount of FCL
of higher orders is superior to NFCL. In addi-
tion, the transitions between FCL categories were
more prevalent, with increasing amounts of FCL
of order 6+ being created.

Finally, these results confirm the importance of
loops and clusters for the macroscopic behavior of
granular materials in both 2D and 3D conditions.
The transition rate between loops or cluster cat-
egories is reflected macroscopically as volumetric
strain rate fluctuations. Furthermore, the presence
of structures of higher deformability around force
chains decreases their stability, thus impacting the
stress state of the specimen.
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6 Concluding Remarks

This paper proposed a definition of clusters as
3D structures equivalent to 2D loops for granular
assemblies. A Delaunay tessellation was used to
subdivide the sample into small tetrahedra called
herein cells. Each cell comprises edges and tri-
angular surfaces classified into open and closed
groups. A surface is considered open if all three
edges forming it are open. A cluster is formed
by joining cells sharing a common open surface,
thus defining a merging criterion. This definition
was then validated by a series of DEM simula-
tions of dry triaxial loading tests with a dense
specimen, which proved that the newfound struc-
tures behave analogously to their 2D counterparts
regarding overall evolution and behavior around
force chains.

It was shown that the cluster’s evolution
directly correlates with the macroscopic behavior
of the specimen. At the early stages, small clus-
ters, which are more stable, increase in number,
resulting in the contraction of the sample. Later,
grain reorganization forces small clusters to merge,
creating increasingly larger structures. Thus, the
macroscopic strain rate decreases, ultimately lead-
ing to dilation. These large clusters have, on
average, higher deformability which decreases the
stability of force chains, promoting the loss of
strength of the material.

The proposed 3D approach respects another
essential feature of loops: they form a partition of
the sample domain (i.e. the sum of the volume of
the clusters is equal to the total volume). Conse-
quently, the given definition of clusters enables the
derivation of macroscopic quantities as the volume
average of mesoscale ones.

As for future investigations, pursuing the 3D
extensions of all known loop characteristics will
be interesting. In particular, the co-evolution of
force chains, clusters, and shear band localization
[2, 3, 6, 12, 33]. Furthermore, tracking clusters’
lifespan and life expectancy, their anisotropy prop-
erties, and the void ratio will reveal the elementary
mechanisms responsible for the complex behavior
of granular materials in a 3D framework [4, 47, 48].

In developing micro-mechanical models for
the constitutive behavior of materials, clusters of
medium and lower categories could be used to
encapsulate the granular physics at the mesoscale.
This is probably the case for the 3D H-model

proposed by Xiong et al. [49], in which the pro-
posed mesostructure is a bi-hexagon, equivalent to
a cluster of order 18 and size 10. It is probably
worth exploring in detail the statistics of medium
clusters from the perspective of proposing new
micro-mechanical models and improving existing
ones.

Finally, the space cell system [26] is the equiv-
alent of a Delaunay tessellation for any convex-
shaped particles. Thus an algorithm capable of
identifying space cell systems, and consequently
edges and surfaces, would allow the identification
of loops and clusters structures for more com-
plex granular shapes. Therefore, loop-like theories
may be applied to materials that better represent
reality.
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[46] de Saxcé, G., Fortin, J., Millet, O.: About
the numerical simulation of the dynamics of
granular media and the definition of the mean
stress tensor. Mechanics of Materials 36(12),
1175–1184 (2004). https://doi.org/10.1016/j.
mechmat.2003.01.002

[47] Sufian, A., Russell, A.R., Whittle, A.J.:
Anisotropy of contact networks in granular
media and its influence on mobilised internal
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