N

N

Maximal multiplicity of Laplacian eigenvalues in
negatively curved surfaces
Cyril Letrouit, Simon Machado

» To cite this version:

Cyril Letrouit, Simon Machado. Maximal multiplicity of Laplacian eigenvalues in negatively curved
surfaces. 2023. hal-04160247v1

HAL Id: hal-04160247
https://hal.science/hal-04160247v1

Preprint submitted on 12 Jul 2023 (v1), last revised 22 May 2024 (v3)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-04160247v1
https://hal.archives-ouvertes.fr

Maximal multiplicity of Laplacian eigenvalues in negatively
curved surfaces

Cyril Letrouit* and Simon Machado'

July 12, 2023

Abstract

We obtain a general sublinear upper bound on the multiplicity of Laplacian eigenvalues
for negatively curved surfaces. In particular, this yields progress on a longstanding conjecture
by Colin de Verdiere [Col86]. Our proof relies on a trace argument for the heat kernel, and
on the idea of leveraging an r-net in the surface to control this trace. This last idea was
introduced in [JTYZZ21l, Theorem 2.2] for similar spectral purposes in the context of graphs
of bounded degree. Our method is robust enough to also yield an upper bound on the
“approximate multiplicity” of eigenvalues, i.e., the number of eigenvalues in windows of size
1/1og"(g), k > 0.

1 Introduction

1.1 Main results

Let M be a closed, connected Riemannian manifold, and let A denote the Laplace-Beltrami
operator on M, which is self-adjoint and non-positive. The operator —A has a discrete spectrum

0:)\1(M)<)\2(M)§...—>+OO, (1)

where the \;(M) are repeated according to their multiplicity.
In the present paper we consider the case where M is a closed negatively curved surface. We
denote by T the set of triples

T ={(a,b,p) eR3 | b<a<0, p>0}.

For any (a,b,p) € T, let ./\/lg(,a’b’p ) be the set of closed connected surfaces of genus ¢, with
injectivity radius > p, and with Gaussian curvature bounded below by b and above by a. An
important example is obtained by taking (a, b, p) = (=1, —1, p), in which case Mg“’b”’) is the set
of hyperbolic surfaces (i.e., with constant curvature —1) of injectivity radius > p.

In this paper, we obtain general sublinear upper bounds on the maximal multiplicity of

A2 (M) for negatively curved surfaces. Our first main result is the following:

Theorem 1.1 (Maximal multiplicity of A2). For any (a,b, p) € T, there exists Co > 0 such that
for any g > 2 and any M € Mg“’b”’)
For any (a,b,p) € T and 6 > 0, there exist Cy, o > 0 such that for any g > 2 and any

b . T .
M e ./\/lga’ #) with spectral gap Ao(M) > &, the multiplicity of Ao(M) is at most CO@'
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, the multiplicity of Aa(M) is at most C’om.




Our strategy of proof partly relies on a geometric idea which takes its source in [JTYZZ21].
This last work proves the same sublinear bound as ours, for the adjacency matrix of combina-
torial graphs with a uniform bound on the degree.

Our next statement is stronger than Theorem in the sense that it accommodates for
“approximate multiplicity” in a window of size O(1/log"(g)), k > 0 (see Remark for com-
ments on the size of this window). This result parallels a similar statement [HSZZ22, Theorem
1.6] for graphs with a uniform bound on the degree of each vertex.

Theorem 1.2. For any j € N>o, any (a,b,p) € T, and any k,K > 0, there ewists Co >0
such that the number of eigenvalues in [A;(M), (1 + %)/\j(M)] is at most Cp log(log 5y for

any g > 2 and any M € Mga””p).

Following an analogous result on regular graphs [MRS21l, Proposition 5.3], we also provide
a construction of closed hyperbolic surfaces with high approximate multiplicity. This result
shows that only little improvement is possible over Theorem for bounds on approximate
multiplicity, at least if the injectivity radius is allowed to tend to 0 (indeed, we warn the reader
that the family of closed hyperbolic surfaces constructed in Proposition has injectivity radius
tending to 0 as g — +oo at a rate which we do not control).

Proposition 1.3. There exist Cy, K > 0 and a family of connected closed hyperbolic surfaces

M of genus g — 400, with at least Com eigenvalues in [A2(M), (1 + K%)AQ(M)].

1.2 Bibliographical comments

The maximal multiplicity of Laplacian eigenvalues has been studied at least since the 1970’s and
a seminal paper of Cheng [Che76]. We review the literature, focusing on the case of surfaces
since on any closed manifold M of dimension n > 3, it is possible to construct a sequence of
metrics whose first (non-trivial) eigenvalue multiplicity tends to +o0o (see [Col86]). For M a
closed surface of genus g, let m;(M) denote the maximal multiplicity of the i-th eigenvalue of a
Riemannian Laplacian on M (with the convention on indexing of eigenvalues).

Linear bounds. Cheng proved in [Che76] that m;(M) < 3(2g+14)(2g+4+1). This result has
been improved by Besson in [Bes80] who sharpened the bound down to 4g+2i — 1. Both papers
proceed by bounding the order of vanishing of eigenfunctions and obtaining a contradiction if
an eigenspace is too large (see also [SY94] Section II1.6]). Then, Sévennec [Sev02] proved that
in negative Euler characteristic, mo(M) < 5 — x(M); in particular, if M is orientable of genus
g > 2, then mgo(M) < 2g + 3. This bound has been improved to 2g — 1 for closed hyperbolic
surfaces of sufficiently high genus in [FP23, Theorem 9.5].

Colin de Verdiére’s conjecture. Colin de Verdiere conjectures in [Col86l, Section V] a much
stronger bound of order /g for the maximal multiplicity. More precisely, he conjectures that

ma(M) = chr(M) — 1 (2)

where chr(M) is the chromatic number of M, defined as the largest n such that the complete
graph on n vertices embeds in M. By a result of Ringel and Youngs [RY6S],

chr(M) = L(H—\/W)J

and since x(M) = 2 — 2g for closed orientable surfaces, ma(g) would be of order /12g. The
conjecture has been verified for the sphere [Che76], the torus [Bes80], the projective plane



[Bes80], the Klein bottle [Col87], [Nad87]. The work [FP21] shows that the Klein quartic
maximizes the multiplicity of As among all closed hyperbolic surfaces of genus 3, with multiplicity
equal to 8, which also matches the conjecture . It is also proved in [Col87, Théoréme 1.5
that mo(M) > chr(M) — 1 if (M) denotes the maximal multiplicity of Ay of a Schrédinger
operator on M for which A\; = 0.

Colbois and Colin de Verdiere constructed in [CC88] for any g > 3 a closed hyperbolic surface

1+\/Bg+1J
2

of genus ¢ such that the multiplicity of Ao is L , which has the same order of growth as

the conjectured upper bound .

Sublinear bounds. Despite the difficulty to prove Colin de Verdiére’s conjecture in full gen-
erality, sublinear bounds have been obtained on the multiplicity of eigenvalues on surfaces.
However these bounds work only for hyperbolic surfaces and assume some control over the num-
ber of closed geodesics of length < L for any large L independent of g, or for L = clog(g)
where ¢ > 0 is a small constant. This control is related to the notion of Benjamini-Schramm
convergence (see [ABBGNRS17]).

A quantitative control over the number of short closed geodesics, and thus over the asymp-
totics of multiplicities, holds with high probability for sequences of hyperbolic surfaces drawn
with respect to Weil-Petersson probability measures. Monk [Mon22] constructs a set A, of
closed hyperbolic surfaces M of high probability for which she obtains though Selberg’s trace
formula a Weyl-type estimate and a sublinear upper bound of size O(g/+/log g) on the multiplic-
ity of any eigenvalue. The set A, contains surfaces which converge in the sense of Benjamini-
Schramm to the hyperbolic plane H?. Another probabilistic sublinear upper bound has been
proved in [GLST2I Corollary 1.7], under assumptions which are different but related to the
ones of [Mon22]. We also mention [FP23], Proposition 9.3] which proves a sublinear bound when
Xo(M) — % is of order 1/ log(g)%.

The above works are based either on the Selberg transform or on the Selberg trace formula
which relates, in closed hyperbolic surfaces, the spectrum of the Laplacian to the set of lengths
of closed geodesics. Our method, which works for general negatively curved surfaces and does
not assume a control over the number of closed geodesics of length < L for large L, is totally
different. It relies mainly on heat kernel estimates, which correspond geometrically to random
walks and not to closed geodesics. Heat kernel estimates by themselves are not sufficient; we need
for our proof another ingredient inspired from the work [JTYZZ21] pertaining to multiplicities
in graphs (see Section [1.3)).

The work [ABBGNRS17] shows sublinear bounds for the related problem of limit multiplic-
ities under Benjamini—-Schramm convergence. Namely, under Benjamini-Schramm convergence
of a sequence of surfaces (Mp),>0 to H? with injectivity radius bounded below, and for a fixed
o)
assumptions, precise rates of convergence - with power saving - can be established, see [DWT8],
[SX91], [Gam02].

We mention the fact that our results yield a sublinear bound on multiplicity when restricting
to the set of Riemannian covers of a fixed negatively curved manifold. Also, when a = b = —1
and p is small, we see that the set of hyperbolic surfaces considered in Theorem covers
most of the moduli space of closed hyperbolic surfaces of genus g > 2 since the event of having
injectivity radius > p has probability roughly 1 — p? for the Weil-Petersson probability measure
(see [MP19l Theorem 4.1}).

— m(H?,\) = 0. Under more restrictive arithmetic

eigenvalue A < i, there holds

Literature on graphs. As already mentioned in Section our inspiration comes from the
following result proved in [JTYZZ21l, Theorem 2.2]:



Theorem 1.4 ([JTYZZ21]). For every j and every d, there is a constant C' = C(d,j) so that
the adjacency matriz of every connected n-vertex graph with mazimum degree at most d has j-th
eigenvalue multiplicity at most Cn/loglogn.

The main motivation of the authors of [JTYZZ21] is the equiangular problem, namely the
computation of the maximal number of lines in R? which are pairwise separated by the same
angle. This problem shows up for instance through tight frames in coding theory. In [JTYZZ21,
Theorem 1.2], the equiangular problem for a fixed angle o between the lines is solved by showing
that it may be reduced to Theorem

We also mention the work [MRS21], in which an improvement of [JTYZZ21, Theorem 2.2]
is proven for regular graphs. This improvement does not seem easy to transfer to (negatively
curved) surfaces. The work [MRS21] also gives an explicit construction of regular graphs with
low degree for which the first non-trivial eigenvalue has large approximate multiplicity. We use
this construction to prove Proposition[I.3] Examples with even higher approximate multiplicity
have been constructed in [HSZZ22|, but for the adjacency matrix of irregular graphs and not
for the Laplacian on graphs.

1.3 Strategy of proof
1.3.1 Warm-up: proof in the graph case

Our strategy to prove Theorems and is partly inspired by the proof of Theorem [1.4]
worked out in [JTYZZ21]. We provide here a summary of this proof.

Let d > 0 and let G be a graph with degree < d, whose adjacency matrix is denoted by Ag.
The authors of [JTYZZ21] introduce a subgraph H C G whose complement G \ H is an r1-net:
it means that any vertex of G is at distance at most 71 from G\ H. The parameter r; is chosen
as 1 = |cloglog(n)]|, where n is the number of vertices of G and ¢ > 0 is a small constant.

The first step is to find an upper bound for the trace of A%l, where Ay is the adjacency
matrix of H. For this, the authors of [JTYZZ21] leverage the usual technique of expressing a
trace as a number of closed paths. The trace Tr(A%}ql) is bounded above by the number of paths
of length 2r1 in G, which start from a given vertex x € H and do not belong to the ri-net G\ H
at time r1. It follows from the definition of an ri-net that this number is smaller by at least 1
than the total number of paths of length 2r; in G which start from = and end at x: we call this
the “gain of 17.

This gain of 1 is transformed into a larger gain by considering the trace of A?{” with ro =
|clog(n)| > r1, instead of the trace of A%'. The argument to get this larger gain relies on the
Perron-Frobenius theorem and the min-max principle applied locally in balls of radius ro. The
large gain which is obtained provides a strong bound on Tr(Ai’,ﬂQ), and thus on the number of
eigenvalues of Ay close to the largest non-trivial one Ao(Ag) < 1 (largest after \(Ap) =1).

Finally, the Cauchy interlacing theorem (Theorem |A.1)) converts this bound into a similar
bound on the eigenvalues of Ag. The bounds depend on d.

1.3.2 Main steps

The main steps of our proof of Theorem mimic the above proof, with many additional
difficulties and several new ideas. The proof of Theorem is an extension of the arguments
provided below.

1. We consider, instead of directly Ay = Ao(M), the maximal multiplicity of e=*2(M) as an

eigenvalue of e'®, thus reinterpreting the problem in terms of heat kernels (and random
walks).



2. In analogy with the graph case, we set r; = cloglog(g) where g is the genus of M and
¢ > 0 is a small constant. We choose an r1-net {xi,...,xy} C M: this means that any
point in M is at distance at most r1 from one of the z;’s. Then we fix around each xy
a small open set Vj, of measure ~ 1. We define the operator P : L?(M,v) — L*(M,v)
as the orthogonal projection to the space of functions which are L?-orthogonal to the
(normalized) characteristic functions of the Vj’s.

3. We use a Cauchy interlacing theorem in Hilbert spaces (see Theorem [A.1): we compare
the multiplicity m of e~"1*2 as an eigenvalue of €"'® with the multiplicity m’ of e="1*2 as
an eigenvalue of Pe"?P.

The Cauchy interlacing theorem implies that
m < m’ + rank(Id — P). (3)

Our choice of P guarantees that rank(Id — P) = O(g/log(log(g))), or even rank(Id — P) =
O(g/log“(g)) when we work under the assumption A2(M) > § in the second part of
Theorem The next steps prove an upper bound on m/.

4. We choose 75 = clog(g) and n ~ |ry/r1] and we compute the trace of (Pe™*P)?" to

bound above m/:
ml672nrl)\2 < Tr((PerlAP)%). (4)

The trace in the right-hand side may in turn be written as an integral of the form

Tr((Pe A P)?) = /M |(Pe™2 P65, ||dv(x). (5)

5. We leverage the averaging properties of the heat kernel to prove an inequality which
roughly looks likdﬂ

—r |_7"2/7”1J
H(Pe”AP) LT2/T1J535H < ((1 — 8(9))6 1>\2> (6)

for “most points” x € M. The assumption on the injectivity radius in Theorem comes
from the proof of @, but also from the construction of the ri-net in Step 2.
Combining , , @ with the Gauss-Bonnet formula we obtain for some Cy > 0

m' < Cog(1 - (g))*1*/™) < Cogexp (—2¢(g) r2/r1)) (7)

The quantity €(g) > 0, which depends on the genus g, is the “gain”, and we prove it to be
sufficiently large, so that Theorem follows from , @ and our choices of r{, r9, P.

The proof of Step 5 is the heart of our contribution, and a more detailed summary of this
step is provided at the beginning of Section before its actual proof. Whereas the “gain” is
straightforward to obtain for graphs (see Section , we have to face in the case of surfaces
several difficulties.

A first difficulty comes from the infinite speed of propagation of the heat kerne]ﬂ This
property a priori prevents us from using any local argument in the manifold; however, as men-
tioned in Section [I.3.1} we need to apply the min-max principle locally in balls of radius & ro

Here we warn the reader that the sequence of inequalities we prove is actually much more subtle than @

2 Although there exists a “random walk at speed 17 on manifolds (see for instance [LM10]), whose kernel is the
most obvious analogue of the adjacency matrix A of Section [1.3.1] we use in this paper the heat kernel because
it seems more natural to understand the Laplacian on manifolds, and because the bounds available on the kernel
of the “random walk at speed 1”7 are not as good as the ones available on the heat kernel.



to obtain the quantitative gain £(g). To overcome this difficulty we introduce some cut-offs
Xz (approximately the characteristic function of a ball of center x and radius C’'re for some
large C”) commuting with P, and consider the compact operators B, = Pxze"®x, P instead of
Pe" AP in @ The remainder terms which unavoidably appear when replacing Pe™'?P by B,
are handled through classical heat kernel estimates in the universal cover of M.

Another difficulty arises from the fact that the operator B,, which somehow plays locally
around x the role of A’ in Section has one main difference with A%}: its matrix elements
are not necessarily non-negative (the condition f,g > 0 does not imply that (B,f,g) > 0),
and the Perron-Frobenius theorem therefore does not apply to B,; however, as mentioned in
Section we do need to apply a Perron-Frobenius-type argument in local balls. We overcome
this difficulty by analyzing the interplay between the positive and the negative part of the top
eigenvector ¢, of B,. This allows us to recover a gain €(g) despite the lack of positivity (in the
sense of matrix elements) of B,.

Organization of the paper. The paper is organized as follows. We introduce useful notation
in Section and we prove elementary results regarding r-nets in Section [2.2) 2:2] In Section
we state estimates on the heat kernel in M and its universal cover M. Section I 3| gathers the
key lemmas used in the proof of Theorems [I.1] and [I.2} in Section [3.1] we compare the trace
Tr((Pe™ 2 P)") to an integral of local Rayleigh quotients and we estimate the error terms;
in Section we draw several consequences from the min-max principle used to bound the
previously mentioned Rayleigh quotients; in Section [3.3] we prove the gain described in Step 5
above. In Section we proceed with the proof of Theorem and in Section we explain
how to modify this proof to obtain Theorem [I.2] In Section [£.3] we prove Proposition[I.3] relying
on constructions in [CC88] and [MRS21]. In Appendix [A.1] we gather several elementary results
such as the Cauchy interlacing theorem in infinite dimensional Hilbert spaces and an upper
bound for the first eigenvalues of closed negatively curved surfaces. Finally in Section we
prove the heat kernel estimates stated in Section

Acknowledgment. The authors are thankful to Laura Monk and Yufei Zhao for answering
questions related to this work. Part of this work was done while C.L. was supported by the
Simons Foundation Grant 601948, DJ. S.M. was supported by the National Science Foundation
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2 Preliminaries

This section gathers notation and elementary results concerning Voronoi cells in closed negatively
curved surfaces, r-nets and the heat kernel.

2.1 Notation

We fix (a,b,p) € T and M € M(a P0) for some g > 3. The Riemannian distance in M is denoted
by d(-,-) and the open ball of center € M and radius r > 0 is By(z, ).

We denote by v the Riemannian volume on M, by (-,-) the scalar product with respect to
v, and by || - || the associated norm. We introduce

r1 = clog(log(g)), 12 = clog(g) (8)

where ¢ > 0 is a small constant which will be fixed in Section Both r; and ro are positive
since we assumed g > 3.



Let (]Téf ,dy7) be the universal cover of M endowed with the lifted Riemannian metric. By
definition, M is a Cartan-Hadamard manifold. Let Volz; be the Riemannian volume on M.

We recall that the volume of any ball of radius r in M satisfies

4 b
Vol (B(z,7)) < ﬁsinh2 (2”7“) (9)
according to the Bishop-Gromov inequality.

Heat kernels. We denote by k; : E x M — R the heat kernel in M, so that for any f €
L?(M, dVolzz), the solution w : R* x M — R of Oyu = Au with initial datum u(0, ) = f is given
by

ultia) = e 9) F) Vol o).
By a slight abuse, we use the same notation k; (with only one argument) for the function
ki : RY — R defined by ki(dy;(z,y)) = ki(z,y) for any x,y € M. This definition makes sense
since k¢(,y) only depends on dyz(w,y).
The linear operator e® is compact, self-adjoint in L?(M,v), with norm 1. We denote by
K(z,y) the heat kernel on M, i.e., it satisfies for any ¢t > 0

A f(x) = /M Ki(z,y)f(y)v(dy).

We have e'26, = Ki(x,-) € L>(M,v) for any t > 0 and = € M. Writing M = F\M, we have
the formula
Kt(xvy) = Zkt(i'afyg) (10)
vel’
where Z, ¢ are lifts of z,y in a fixed fundamental domain of M in M -
By rescaling the Riemannian metric on H?, we create a space My of constant Gaussian
curvature K < 0, which is a simply connected space form. The universal cover of a closed

surface with constant Gaussian curvature K is isometric to Mp.
The following result is proved in [DGMT76), Théoreme 1].

Lemma 2.1 (Comparison for the heat kernel). Let M be a complete and simply connected
Riemannian manifold with associated distance d3; and heat kernel ki(-,-). Assume that its

sectional curvature is bounded above by a and below by b. Then for any x,xoy € M and any
t>0,

K (do (0, 2)) < ko(0,2) < k() (dir(2o, 7))

where kt(K)(-) denotes the heat kernel (with radial variable) on Mg

Constants. Throughout the paper we use the following conventions to denote constants:

e we keep the same notation for constants which may change from line to line.
e Constants with an integer subscript, namely Cy, C, ..., depend on a, b and p only.

e C > 0 and C" > 0 denote two sufficiently large constants whose values are fixed in the
proof of Theorem in ([45)-(7). C and C’ are introduced respectively in Lemma
and at the beginning of Section [3.1]

e The constant ¢ > 0 introduced in is fixed in (48]) (chosen sufficiently small).

7



2.2 r-nets and Voronoi cells

As explained in Section [1.3] we need for our proof to consider a subset V of relatively small
measure such that any point of M is at distance < r of V. In the context of graphs, e.g., in
[JTYZZ21], such sets, called r-nets, are subsets of the sets of vertices. In the case of a closed
negatively curved surface M, we cut M into Voronoi cells and select a (not too large) subset of
cells well distributed over M. This section gathers the necessary definitions and results.

In the sequel, an r-separated set is a set of points x1,...,x, € M such that d(z;, z;) > r
for any distinct 4,5 € {1,...,m}. An r-net is a set of points x1,...,x,, € M such that for any
y € M there exists i € N such that d(y,z;) <r.

The following two lemmas prove the existence of r-nets whose size is not too large.

Lemma 2.2. For any (a,b,p) € T, there exists Co > 0 such that for any g > 2, any M €
Mga’b’p) and any v > 1, there exists an r-net in M of cardinal at most max(1, Cog/r).

Proof. Let (a,b,p) € T. If diam(M) < r, then there is an r-net of size 1. So suppose that
diam(M) > r. Let x1,...,2y € M be an r-separated set of maximal cardinality in M. Then
X :={x1,...,2¢} is an r-net of M and Bg(x;,7/2) N By(zj,7/2) = 0 for all i # j. So

14
¢ min vol(Bgy(z;,r/2)) < Zvol(Bd(azi,r/Q)) <vol(M) < Cpg (11)
1€{1;...;¢} P
where the last inequality comes from the Gauss-Bonnet formula. It thus suffices to show that
for any x € M, By(xz,r/2) has volume at least Cyr for some constant C; > 0 (depending on
(a,b,p) € T only). Fix v € M. Take any y € M such that d(z,y) > r/2 - there must be
at least one such y since diam(M) > r - and let v : [0;7/2] — M be a continuous path of
minimal length from = to y. Then the balls By(vy(n),1/2) for n € {0,...,[(r — 1)/2]} are
pairwise disjoint and contained in Bg(z,7/2). There is in addition a constant Cy > 0 such
that vol(Bg4(z,1/2)) > Cs for all z € M (due to |[Cro80), Proposition 14]), and we use this for

z=7(n),ne{0,...,[(r—1)/2]}. So

vol(Ba(z,7/2)) > (V 3 IJ n 1> Co. (12)

This concludes the proof of the lemma. ]

Lemma 2.3. For any (a,b,p) € T and 6 > 0 there exist Cy, 8 > 0 such that for any g > 2,
any M € Méa’b’p) with spectral gap No(M) > 8, and any r such that 1 < r < % log(g/4), there

Vol

exists an r-net in M of cardinal at most max(1,Cog/e?™).

Proof. By the Buser inequality [Bus82], the Cheeger constant h(M) verifies § < \(M) <
2h(M)+/|b] + 10h(M)?, hence h(M) > § where &' depends only on b and J. Besides, for any
x € M and any 7 as in the statement, we have

4 2
vol(By(, 7)) < Vol (By(r)) < ﬁsinh( \byg) < %g < vol(M)/2
where the second inequality comes from @D, the third one from our assumption on r, and the
last one from the Gauss-Bonnet formula. Hence by definition of the Cheeger constant,

dvol(By(x,r)) vol(Bg(x,r +¢€)) — vol(Bg(x, 1))

=i = >
= il_% . |0Bg(x,r)| > d'vol(Bgy(z,))
which implies that vol(Bg(z,7)) > C1e®" (where C; depends on p). Replacing in and
we find the result. O



We fix a 1-separated set V = {v1,..., v} of maximal cardinality m in M, and we consider
the Voronoi cells

Vi={qe M |Vie{l,...,m},d(q,vx) < d(q,v:)}, k=1,...,m.

By our choice of V, there holds Bg(vg,1/2) C Vi, C By(vg, 1) for any k € {1,...,m}. We notice
that if v; denotes a lift of v to a fundamental domain of M in M,

Cl 2 VOIM(BM(gk, 1))) Z VOl(Vk) Z C(] (13)

for some Cjy,C7 > 0 which depend only on (a,b,p) € T, where the leftmost inequality comes
from @, and the rightmost inequality from [Cro80), Proposition 14].
We fix a subset ' C {1,...,m} with the following properties:

o #N < Cog/r (or #N < Cog/e® ™ if A\y(M) > § is assumed).
e For any k € N there exists x; € Vi such that the points (x)ren form an ri-net.

The set N is constructed by first considering an r1-net {x1,...,2¢}, and then for each j € [{],
putting in N the index of (one of) the Voronoi cell(s) to which z; belongs.
For any k € N, we denote by ), the normalized characteristic function of the interior Vj, of

Vi, 1.e., g (z) = \/ﬁlxe%‘ It follows from that [|9g e (ar) < Co.
We denote by P the orthogonal projectiorﬁ on the orthogonal of the v, with respect to v:

VfeL*(M,v),  Pf=Ff=> (ftr)tr
keN

If 0, denotes the Dirac mass on a manifold (defined as d,(f) = f(x)) then Pd, is a distribution,
defined as
Poy =0, — Y ()i (14)
keN

2.3 Heat kernel estimates

The following lemmas on the heat kernels in M and M (see definitions in Section will be
instrumental in the proofs of Theorems [I.1] and [I.2} The proofs of these lemmas are postponed

to Appendix
Estimate reflects the fact that the mass of k; is concentrated in a ball of radius < ¢;

thus its mass is small outside a ball of radius C't for C' sufficiently large. Then, the estimate
shows that when restricting to the interior of a ball of radius C%, the heat kernel varies not too

wildly over scales < 4t (any other constant than 4 would also work, but 4 is the right constant

for Lemma, .
Lemma 2.4 (Estimates on the heat kernel in M) The following estimates hold:

e (L' norm outside a ball of radius Ct). There exists Cy > 0 such that for any C >
4lal\/|1b| +2,t>1 and z € M,

C?%t
||kt (z, ’)HLl(J\'/Y\BM(:v,Ct)) < Cpexp <|ab|t — 16|a|> ) (15)
3The idea of considering these projections is inspired by the paper [Bus77], which shows that in a closed
hyperbolic surface M of genus g, the number of eigenvalues below 1/4 is bounded above by 4g —2. The proof goes
by considering a triangulation of M into 4g — 2 geodesic triangles, and showing that in each of these triangles, the
smallest positive eigenvalue of the Neumann problem is at least 1/4. The functions which are considered in the
Rayleigh quotient minimization problem are orthogonal to the characteristic functions of the geodesic triangles.




e (Variations over larger scales inside a ball of radius Ct). There ezists Cy > 0 such that for
anyt>1,C >0, z,y,z € M withd(x,y) < Ct and |d(x,y) — d(z, z)| < 4t+4, there holds

ki(z, 2) ( < C-i—l) )
> C —( 14+ +C+——|4t]). 16
ey~ 0P e 1o

The following lemma on the L* norm of the heat kernel in M is not sharp, but it is sufficient
for our purpose.

Lemma 2.5 (L*™ norm of the heat kernel in M). There exists C; > 0 such that for any t > 1
there holds
I (5 )l oo (v ary < Crexp(4]ablt).

3 Key lemmas

This section is devoted to the proof of several lemmas which are key ingredients of the proof of
Theorem provided in Section [4.1

3.1 Error term estimates

As explained in Section [1.3] our proof relies on finding an upper bound on the trace of the
trace-class operator (Pe™“P)", and the first step is to write this trace as an integral

Tr((Pe" 2 P)™") = /M |(Per® PYs, | Pdv(a) (17)

(see Lemma [A.3)). We actually choose n = |ra/r1] + 1.

It turns out that to leverage the gain of €(g) obtained in Section (and described in Step
5 of Section , we compare the integrand in the right-hand side of to a local Rayleigh
quotient (or spectral radius) at each point = € M, see below. We work this out in the
present section, and we provide estimates for the error terms which unavoidably appear along
the way.

We denote by x, the indicator function of the subset

Bd(I,C/TQ) U U Vi, (18)
ViNBy (;U,C’TQ)#@

where C” will be fixed in Section We have [xz, P] = 0 for any x € M.
Throughout Section [3] we assume that g is sufficiently large, so that r; > 1. The main result
of this section is the following one.

Lemma 3.1. There exists Co > 0 such that if C' > max(10|ab\%,6), then for any v € M,

Cl2
[(PenS Pyl | < (ﬁpl I(Pxse P+ ex - 3;2>). (19)
(p:

The proof of Lemma [3.1] relies on the following intermediate result.

Lemma 3.2. There exists Cy > 0 such that if C' > max(10|ab|%,6), then for any x € M,

12
| (Peri2P) "M s, (Pyaen By, P) I S| < Chexp <_C32r2) '

10



Remark 3.3. The cut-offs x. are introduced to overcome the difficulty caused by the infinite
speed of propagation of the heat kernel. We expect that most of the mass of (Pe™2 P) lr2/m]+g,
is contained in a ball of radius C'ry. Lemma proves that the remainder term coming from
the complement of supp(xz) is small.

Proof of Lemma[3.3. Write n := |ra/r1]+1. We first notice that the difference (Pe"2P)" §, —
(sze”AXxP)n 0, is equal to the telescopic sum

|
—

(Pxoe™®)" ™ P (1= x,) (¢72P) 5, (20)

l

Il
=)

(to show this, write P(1—x,) = P — Pxa, recall that [P, x,] = 0, and after removing telescoping
terms, use Xz0z = 0z).
Next, we estimate the norm of each term of individually. For n—1 > [ > 0, the quantity

I+1

| (Pxae™™®)" P (1= xp) (€72 P) 5, |

is bounded above by
11— xa) (2P) T 6, (21)

because €2, x, and P have operator norm 1. We start by estimating this last quantity when
I = 0. We remark first of all that

11 = Xa)eM 2P| < [I(1 = xa)el ™D 2P, | (22)

according to the triangle inequality. In order to make sense of the right-hand side, notice that
e® P§, is equal to the element ¢ of L?(M,v) defined by

6y Ki(y,2) — i (@) /M K (y, 2), (2)dw(2)

where k, denotes the unique k € N such that 1;(z) # 0 if it exists, and k, = 0 otherwise. The
notation |e® Pd,| then corresponds to the absolute value of ¢.

We provide now an estimate of the right-hand side of . As a general fact, we have for
any t > 0,

11 = xo)e™ [e2 P3| || = || (1 = xa) €21 < [ (1 = xa) €2 K1 ()] + Coll (1 = xa) € (e, )|

where we have used that |1y, ()] < Cp for any x (see Section [2.2]). We have moreover according

o A
(1= xz) e T K1 2)|] < |[Ker1 (5 2)|| L2 v\ Ba(,07r2))- (23)

Now, since the ;’s are bounded above by Cy and supported on subsets of diameter bounded
above by 1, using and Lemmawe obtain that there is a constant C; such that K (y, x) >

Fa(d(z,y)) > k" (d(z,)) > Crijy, (). Hence,
(1= xa) e (e, )| < Chl| (1= xa) eTVRK (-, 2)[] < Cul|Kiga (-, @) 20\ By(e.0rra)

According to Lemma [2.5

1/2
1Kesa (@) 120\ Baecrray) < Coexp(2labl)| Keva ()l 0 poe.crr

1/2
< Cyexp(2|ablt) k2 2) | Al 2 (0. e

11



where in the last line we used . The same argument applied to the right-hand side of
yields the same bound, at time ¢+ 1. From now on, we assume ¢ € [0, 2r2]. Using the heat kernel
estimate applied with C' = C'ro/(t+2) > 2 (here we use C’ > 6) and C' = C'ry/(t+1) > 2
we thus have

(1 = xz)e™ [e2 P, ||| < Csexp §yabyt _ O3 : (24)
- 2 8(t+2)

Applying to t = r; — 1 and combining with we get an upper bound for for [ = 0.
We turn now to the case [ > 1. For any f € L?>(M,v),t >0 and y € M we have

P ()] < eI fl(y) + 3 i () / () Ky (w, 2) £ (2)|dv(w) o (2).
keN

The ’s are bounded by Cy and supported on pairwise disjoint subsets of diameter bounded
above by 2. Therefore, there is a constant C4 > 0 such that for any y,w € M,

S ve(y)en(w) < Caki? (d(y, w)) < Caka(d(y, w)) < CoK(y, w)
keN

(where we used Lemma [2.1] and . This yields

S nly /wk VI (w, 2)| f(2)ldv(w)dv(z) < Cae® DA £ (y).

keN

Hence,

[P f ()] < (¢ + CaeTVR) Fl(y)- (25)

A simple induction then shows that,
-1 _

[P (e"2P) f(y)] < (¢ + CaeTVR) 1P (y).

Applying the above with t = 7 and f = "2 P§,, yields
1= x2) (€72 P) 1 5,11 < (1 = xa)e S (112 + et DAY peni p .

Applying with t =7 — 1 and f = e®P§, we find

[Pt AP, |(y) < (e 7DR 4 Cue )] Poy|(y)
for all y € M. So the triangle inequality yields

11— xa) (€2P) ™ 6,| < Z < )CJH Xo)elHFDTHI DA AP ||| (26)
Jj=0 J

All in all, we have, using successively and (since (I+1)r1+j+1 < (I+1)(r1+1) < 2r9)

r n—[—1 r I+1

H(PXare 1A) P(l_Xz)( 1AP) Ozl

l
l : )
= (j)ciua — e )l DI A pg ||
=0

l
l » 5 C'2r2
< cic, 2 |ablrs — 2 >
= (5) cicses (G~ s

= (1+Cy)'Cyexp §|ab|7‘2 - O3 . (27)
2 S(U+1)(ri +1)

12



Finally, combining with the estimate and the estimate on the I = 0 term, we find
|| ((PemAP)n - (PXxerlAXxP)n) (L;H

5 7272 n-1 5 C"?r2
< Zlab 2 1 ! —lab — 2
< Czexp (2|a 7o 8(r1+1)>+§( + Cy)'Cz exp (2!a |72 8(l+1)(7“1+1))

12,.2 12,.2
< Csexp (;‘ab‘Tz — S(SI_:Ql)) + Csn(1+ Cy)" exp <;’ab|r2 — CTZ>

8n(r1+1)
12
< Csexp <— 032r2>

where we have estimated all terms of the sum by the maximal one in going from the second line
to the third one, and we used that n(r; +1) < 2ry and that n(1+C4)™ is negligible compared to

exp(|ablra/2) to go from the third to the last line (together with the fact that C" > 10|ab\%). O
The end of this section is devoted to the proof of Lemma (3.1

Proof of Lemma(3.1 Notice that the operator Px.e"®x, P is compact, as a composition of
bounded (linear) operators with a compact operator e®. Now we notice that

12
||(P€T1AP) Lrg/rljJrl(sx” < ||(PXx€T1AXxP) LT2/T1J+15xH + Cpexp (_ 0327“2)

for some Cy > 0 due to Lemma Then we set B, = mee”AXxP. We prove below that
|| Bzd.|| < Cy for some C; > 0 (as always, depending only on (a, b, p) € T). Therefore,
72

12
[(Per & P)lr2/mI 1, | < B2/ Byd | + Co exp <_032 )

0,27“2
< (i sup HB%TQ/TUQOH + Cp exp <— > )
lpll=1 32

which is exactly (19). There remains to justify that ||Byd,| < C;. We first have

1B20z ]| < | xa PO | (28)
since the operator norms of P, x, and e D2 are all equal to 1. If we denote by k, the only
k € N such that z € Vi, when it exists (and 1), = 0 otherwise), then by definition of P we
have

le®Xa Poz|| = [le® Pxadall < [le20:]] + Colle 4, || < le®6z ]l + Co (29)

where we used that ||| = 1 and that the operator norm of e® : L?(M,v) — L?(M, v) is equal
to 1. Using , we get

le®0:1* = [ K1 (2, )1? < [ Ki(z, )l | K1z, )l = 1Kz, )|z < Ca (30)

where the last inequality is a consequence of Lemma Combining , , , we get
|| Bz0z|| < C1, which concludes the proof. O
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3.2 Applications of the min-max

Our proofs of Theorems [I.1] and [I.2]rely fundamentally on the Courant-Fischer min-max lemma
(see e.g. [RST8, Theorem XIII.1]) through the two lemmas proved in this section. As in Section
the main quantity of interest in this section is, for any fixed z € M,

sup || Pxze"*xaPoll. (31)
lell=1
Lemma 3.4. There holds
ol [(Pxee™ 2 x. P)r2/m || = ol [(Pxoe™® xaP)p|| 72/ (32)
ol=1 |eol|=1

Proof. The operator Py,e"'®x,P : L>(M,v) — L?>(M,v) is selfadjoint and compact (because
e? is compact). Hence by the min-max theorem, the left-hand side of is equal to the top
eigenvalue of (Py ey, P)2l"2/"] which is also equal to the top eigenvalue of (Px e x.P)?,
raised to the power |rp/r1]. Using again the min-max theorem we obtain (32). O

In all the sequel,
pip = e~ 22 (M)
denotes the largest eigenvalue of 2 strictly smaller than 1.
We denote by ¢, € L?(M,v) a function which attains the supremum , ie.,

PPl = sup [PxaexaPel. ol =1 (33)
LP f—

By the min-max principle ¢, is an eigenfunction of the compact, self-adjoint and non-negative
operator Pye"?x,P. Since [xz, P] = 0, ||Pllop = 1 and |xz|lop = 1, the eigenfunction ¢,
verifies

Pp, =v, and xz0z = @q. (34)

The following result serves as a replacement for the bound on the set U in the proof of
[JTYZZ21, Theorem 2.2].

Lemma 3.5. There exists Cop > 0 and a subset S C M of area v(S) < Cyexp(2C'ra+/|b|) such
that for any x ¢ S,
lem 2l l| < o3 (35)

Proof. Assume by contradiction that it is possible to find z1, 29 € M at distance > 2C'ry + 4
such that does not hold. Then "2y, ||| > 1b' and [|€™ 2 |@u, ||| > ph'. Then |¢,, | and
|z, | have disjoint supports since X, 0z; = @z, for j = 1,2 (recall and the fact that the Vj,
have diameter at most 2). Thus they are orthogonal, and they contradict the min-max principle
for €212 in L?(M,v). This proves and shows that S has diameter < 2C’ry + 4. Finally,
take x € S (if not empty) and notice that

47

v(S) < V(Bd(x,QC’/TQ +4)) < 0]

exp((2C"ry + 4)+/|b])

by @, which concludes the proof. ]
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3.3 Estimate of the gain £(g)

The heart of our proof, the “gain of £(g)”, corresponding to Step 5 in the strategy of proof in
Section is carried out in this section.

At the beginning of the proof of Theorem [T.1]in Section we will prove using Section
that m/ is controlled by the integral in 2 of the quantity ||Pyze"*xzP@.|| where ¢, has been
introduced in .

In the present section we show that, in turn, the quantity || Pxze™*x2Pvz|| = || Pxee™ > ¢zl
(see (34)) is bounded above by (1 —&(g))/|e"®|¢s||| up to remainders, where £(g) is “not too
small”. This gain of a quantitative £(g), combined with an upper bound on [|e"? ||| obtained
through Lemma [3.5] is sufficient to conclude the proof of Theorem in Section

The gain of £(g) is proved by writing the identity (full details are provided in the proof of

Lemma

€™ 2 |zl [12 = [1PXze™ 2 Xe Poall® = (e Bop, e B ) + > (€M py, i) — (€720, ¥y))?
kEN.
=G z

r1A

=Go
+ (1= xa)e™ |

where ¢+ = max(+¢,,0) and N, is introduced in . The key observation is that G; and
Go play opposite roles. While G| quantifies the interaction (or lack thereof) between e
and e"'?y_, G5 measures the discrepancy between the mass left by e"?p, and ¢"'“¢_ on the
Voronoi cells Vj,. Since the variations of e"%¢, and e"®p_ are very well controlled at scale
O(1) (see Lemma which is a consequence of (I6)), "¢, and e™“p_ must interact on
the Voronoi cells Vi in order for G to be small. In turn, this prevents G from being small. In
other words, G1 + G2 (hence £(g)) cannot be small. This will be expressed in practice as a lower
bound for G1 + G5 in terms of the L?-norm of €2 |p,]|.

The following lemma illustrates the idea that the solutions of the heat equation at time 7
do not vary too much over scales of size < r1. We set

w(ry) = Co exp (-4 <1 + b+ C+ C|b+‘1> n) . (36)

where C is given in (|16]).

Lemma 3.6 (Small scale invariance). There exists Coy > 0 such that for any C > max(4|al+/|b|+
2,16), any r1 > 1, and any positive function f with ||f|| = 1 there exists R € L?(M,v) with

02?”1
< b|t —
IRl < Coexp (faie — G

and the inequality
A f(x) > w(t)(e"? f(a') — R(a'))

holds for any x,x’ € M at distance at most 4ry + 4.
Proof. Recall that e"2 f(z) = [,, Ky, (z,y)f(y)dy. For every z,y € M define

Kéc(x,y) = Z Ky, (2, 7Y)
el di7 (@) <Cr1

and

K26 (x,y) == > kry (Z,77)
€L, df\j (ilz’yg)>cr1
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for any choice of lifts Z,y of x,y to M. We have K, = K,?IC + K,,SIC according to (|10J).
For x € M we set

Roc(r) = /M K2 (2, 9) f (4)dv(y) (37)

Then it follows from the Cauchy-Schwarz inequality that

[R>cllr2 < SUAI}HKiC(J% Nzl fllz2- (38)
S

Take x € M and choose T € M a lift of . We have

C?r
17l = [ b @)y < Coesp (|ablrs — T2 (39)
M\Bg;(z,Cr1) |al

according to ([15)). Besides, K =C has controlled variations in terms of C': we prove that for all
z, 2,y € M with d(x,2') < 4r; + 4 we have

K= (z,y) > w(r) K971 (2, y). (40)

For this, we fix lifts z, 7’ of z, 2" at distance < 4ry + 4. Using that if dy;(z',7y) < (C — 8)r1,
then d(Z,7y) < Cry, together with applied with ¢ = r; we get

K5 (z,y) = > kry (d37(%,79)) = w(r1) > e, (dg7(Z', 7))
'YGF,dM(-'i7’Yg)§CT'1 ’YEF,dH(f,’Y@)SCTl
> w(ry) > ke (dgp (@, 7)) = w(r) K55 (@', y).

veldy7 (7 7)) <(C—8)r1
We deduce from
"8 f(a) = w(r)(e" 2 f(a') = Roc—s(a”)).
Combining , and the fact that C'—8 > C'/2 we obtain the lemma with R = R-¢c_g. O
For f € L*(M,v) we set f+ = max(£f,0). The next lemma leverages Lemmato establish

the fact that the interaction (e™2 f,,e™? f_) between positive and negative parts can already
be detected coarsely on the Voronoi cells Vj.

Lemma 3.7. There exist Cy,C1 > 0 such that for any C > max(4|a|/|b] + 2,16), any 1 > 1,
and any f € L*(M,v) with ||f|| = 1, there holds

2
eA ,e”Af_ > Cow(ry)? mim, —Ciexp [ |ablr — Oy
_|_
kR 64|a)
keN

where mki = (f, e BYy).

Proof. We denote by R* the remainder corresponding to f* in Lemma We recall that

Co < vol(supp(vx)) < Ch (see (13)).
Let k € N and = € supp(¢r). Averaging over 2’ in the support of ¢ and using that

4r1 +4 > 4 > diam(Vy) and [|g||ee < Ca (see Section [2.2)), we deduce from Lemma [3.6] that

C_l
(o) 2 GBI (2 ) — (R )
> Caw(r) (€™ fr, ¥i) — Cal RN 12 (supp(er)) (41)
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where we used the Cauchy-Schwarz inequality for the second term. The remainder

Ri(z) = | R+ | 22 (supp () L TE supp(¢y, ) for some k; € N
- 0 otherwise

verifies | Ry < ClHRiHLQ(UkeNsupp(W))‘

We notice that mkjE < ||A™ fo|||lvk]| < 1. Then using and the fact that w(r;) < 1 we
obtain

(€ B fr, e ) >y ”Af ()€ 2 f—(a)dv ()

keN supp(¥

> / (ng(rl)m;: — C4R () (Csw(ri)my — C4R_(z)) dv(x)
ken  supP(¥k)

> Caw(ry)? Z mim, — Cyexp ( |ablr; — o1

= U3 1 k! 4 1 16‘CL|

keN
which concludes the proof. O

We provide now what will serve as the lower bound for G; + G2 alluded to at the beginning
of this section.

Lemma 3.8. For any x € M set

Nz = {k € N'| supp(¢r) N By(x, C'ry) # 0} (42)

There ezist constants Co, Cy > 0 such that for any C > max(4|a|/|b| + 2,16), any r1 > 1, any
f e L3(M,v) with ||f|| =1, any x € M,

C?r
D (AL f] k) = Coexp(—2r14/[b ) Ixae™ 2 FII? = Crexp (!ab!ﬁ - 64|a1’> :
keN,

Proof. For any k € N, we denote by y, a point where e”A\ f| attains its minimum on Vj =
supp(¢). We first show that

supp(xz) C U Bi(yg, 2r1 + 2). (43)
keEN,

Let z € supp(xz). If z € supp(xz) \ Ba(z,C're), then 2z € Vj for some k € N, and d(z,y;) <
diam(Vy) < 2ry + 2. Otherwise, z € By(x, C'ry), and therefore there exists 2’ € By(z,C'ro —r1)
at distance at most r1 from 2. We have By(2',71) C B(x, C'rg), therefore there exists an element
of the r1-net xy, € B(x, C'ry) with d(zg,2’) < rq1. It follows that d(yx, 2) < d(yk, k) +d(zg, 2’) +
d(z',z) < 2r; +2.

Using Lemma and noticing that 4r; + 4 is the diameter of the ball By(yg,2r1 + 2), we
have

(€ 21f 1w = Cole™ 2 f1(yw))?
> Co exp(—2r1/[bl)w(r1)? (e 2[f1(z") = R(x"))*v(da')

Bg(yk,2r1+2)
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where we used that vol(Bg(y,2r1 + 2)) < Cyexp(2ri14/]b|) according to (9). Summing over
k € N, and using (43), we obtain

> (€M 21f1vk)? = Coexp(=2r1v/[b]Juw(r)? /M Xa (@) (€2 fI(2') — R('))*v(da’)

kENL
> Coexp(—2r1v/[b))w(r1)?||xz€" 2| f[|* — Cal | R]|

where in the last line we developed the square in the right-hand side, we used the Cauchy-Schwarz
inequality in L?(M,v) and the bound |e™2|f||| < 1. O

In the next lemma, as in Section . denotes a function which attains the supremum in
(B31).
Lemma 3.9. There exist Cy,Cy > 0 such that for any C > max(4|a|/|b| + 2,16), any r; > 1
and any x € M,

1

02
I(Pxoe™ Pl < (1 = Coesp(—2raBlyutr) e sl + Crexp (Jathr = £ ).

Proof. We fix x € M. We compute ¢ = ||e"®xz|@s|l|? — [[PXxze™?xePyps|?> which can be
simplified to
e =€ pallI” — [ Pxae™ 2 pal?

due to . First we compute without the absolute value on ¢,, and we use from line 1 to line
2 that x, € {0,1}:

” TIASDIHQ — [[Pxze™ SDxHQ = ((Id - XmPXz)erlA‘PocvemASDm>

= [1(1 = xa)e™ 20u 1% + [|(Id — P)xae™2 o2
= [1(1 = xa)e™ a2+ D (e B pn, v

keEN
where N, has been introduced in (42)).
Then we notice the following identity:
e 2 all® — e B pall* = 4le 2oy, e )

where 1 = max(+¢,,0). All in all,

e =4, e o) +[(1— xa)e Peu]P+ D (€M R pp, k) — (€70, ty))?
keN,

(we write the last term as a difference on purpose). Using Lemma its notation and the fact
that m;” +my = (e"®|pg|,1%) we have

C?r
e > Z —my) 249 (Cow r1) Z mk m,, — Cyexp <|abr1 64|a1\>>

keENS keN
+2(e" Py, €10 ) + [[(1— xa ) ||

C 2 C? 1— riA 2
> min (mﬂ“”) S (8], ) — 201 exp (Mbm ) = x)en B2
2w 64]a] 2
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Using Lemma and its notation we obtain that there exist C2,C3 > 0 such that

1 _ eT'lA 2 027’
e > Coexp(—2r1/[b])w(r1)* || xz€™* o ||I” + I XE)Q el Csexp (ab|r1 B 64|a1’>

C?%r
> Cy exp(—2r1 /o) w(r1) €2 a2 — Cs exp (’abm - 64m1|> ’

which concludes the proof. O

4 Proof of the main results

4.1 Proof of Theorem [1.1]

Building upon the results of Section [3| we proceed with the proof of Theorem

We recall that o = e *2(M). We denote by m the multiplicity of Ap(M) as an eigenvalue
of —A. Then, m is also the multiplicity of u}' as an eigenvalue of ™. We denote by m/
the multiplicity of p3' as an eigenvalue of Pe2P, which is also compact, self-adjoint and
non-negative.

In the sequel, we provide an upper bound on m’ since such a bound is sufficient to bound m

(by (53)).

Since e? is a trace-class operator, (Pe"lAP)Qm/ "1J+2 i also trace-class. We have
m/MgT1(LT2/T1J+1) < Tr((PerlAP)ﬂrg/mJJrQ)

:/ [(Pem & p)lr2/mIts |1 2dy (2)
M

C/2
<o (~G52) o [ e 1wy o)

llpzll=1

o, ira/r)
= Co | exp <_ 322> 9+/M ( sup H(an:e”AxxP)wa!?) dv(z)

lpsll=1
(44)

The justification of the above computation is as follows. From first to second line we use Lemma
From second to third line we use Lemma [3.1] and the Gauss-Bonnet theorem. From third
to fourth line we use Lemma [3.41

To continue, we need to fix the parameters C', C’ and the parameter ¢ introduced in . We
denote by C2 € (0,1) a constant such that us > Cy for any M of curvature > —b (thanks to
Lemma . We choose successively (in this order) C’, C' and ¢ > 0 such that

2
% > max(lO\ab]%, 6,—4logCy + 1) (45)
2 V[P C+1
s ab+16 (14 YL o €1 anog(on) (46)
64]al 8 |b|
and C > max(4|al\/]b] + 2, 16) (47)
1 \/|b 1
1> (20,\/ —4logCsy + 16 (1+8H+|b|+0+ C|;_| )) C. (48)
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We also assume g large enough so that r; > 1. We separate the integral in into an integral
over S and an integral over M \ S, where S is chosen as in Lemma Due to Lemma
the integral over S is bounded above by v(S) < C; exp(2C’ra+/]b|) since the operator norms of
e"?, xz and P are equal to 1. The integral over M \ S is bounded above by

) A C2ry lr2/71]
/M\S ((1 — Cyexp(—hry))”|le™ ]<px]||2 + C3 exp (!ab|r1 — 64|a|>) dv(z) (49)

by Lemma (which we can apply thanks to (47))), where

v/ |b 1
h:16<1+||+yby+c+c+>.

8 0]
For any x € M \ S, we have by definition of S
(1= Caexp(=hr1))? [[e"u||[* < (1 = Coexp(—hr1))* 3™ (50)

Thanks to , for sufficiently large g,
2

64|al

r1 > |ablry + hry — 21og(Cy)ry.

Therefore we get, again for g large enough,

04 C2T1 04 2r
- exp <|ab|7’1 " Gdla| < o> exp(—hry)ps"

. C S
< (1 Gowlb) —p 1 Cuespt-h)”

Combining with , we obtain that is bounded above by

2|r2/r1] 2[r2/r1]
Co,ugrl Lr2/r] s (1 — % exp(—hr1)> dv(z) < Cog (ugl (1 — % exp(—hr1)>>

due to Lemma [3.5] and the Gauss-Bonnet theorem. Summarizing, we have obtained

2[ra/r1]
mlﬂgrl(m/rﬂ“) < Coyg <u§1 <1 — % exp(‘hﬁ))) (51)
’ 0/27’2
+ Cpexp(2C'ra9/|b]) + Coexp | — 5 )9

We divide by ,ugn(m/ "D and use the inequality 1 — z < e™* to deduce that

2C"r9+/|b —C"ry/32
m' < C ( grl exp (—Cs exp(—hry)|ra/r1]) + exp(2C'ra4/|b]) ‘ZZXP( C"ry/3 )9)
o o

Thanks to our choice of parameters and we get that

xp(2C'ra /) + xp(-CPra/32)g _ 4
4rg — :

Ho
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Thanks to we have for g sufficiently large

gﬁ exp (—C5exp(—hr)|ra/r1]) < gexp (—Cﬁ log?/3 g) .

2

All in all, we find that for ¢ sufficiently large,
m’ < Cpgexp (—CG log2/3 g) . (52)
By the Cauchy interlacing theorem (Theorem there holds
m < m’ + rank(Id — P). (53)

Under the assumptions of the first part of Theorem we can choose the ri-net in a way that
rank(Id — P) < Cpg/r1 according to Lemma which together with and concludes
the proof in this first case.

Under the assumptions of the second part of Theorem we can choose the ri-net in a
way that rank(Id — P) < Cyg/e®™ according to Lemma, which together with and
concludes the proof in this second case.

4.2 Proof of Theorem [1.2]

Theorem follows from elementary modifications of Section We need the following
straightforward adaptation of Lemma (3.5

Lemma 4.1. For any j € N>1, there exists CJ’- > 0 and a subset S C M of area v(S) <
C’ exp(207r9\/|b]) such that for any x ¢ S,
le 2 | < pt
where @, has been introduced in Section[3.3
Fix j € N>p and k, K > 0. We denote by m’ the number of eigenvalues of Pe™A P contained

in [M;fl(l - 5),u§1] where § = FK108logla), Compared to —, the constants C’ and C are

log™ (g
fixed using C; (coming from Lemma [A.2) instead of C5, and is replaced by

\/|b 1
Z > (20'\/|b| —4logC;j + 16 <1+ JJF |b] +C+C+>> c.

8 0]

Instead of we obtain using Lemma

m,#?rl(LTQ/r1J+1)(1 . 5)2Lr2/r1j+2

04 2 LTQ/le CIQ o
< Coyg (ugl <1 Y exp(—hr1)>) + Co exp(2C'r21/|b]) + Co exp <— > g

32

Dividing by u?

rl(Lm/TlHl)(l — §)2lr2/ml+2 and proceeding as in Section we obtain instead
o

m’ < Cogexp <—log1*% g) (1-— 5)72LT2/T1J*2

and thanks to the definition of § and the inequality (1—4§)" < e~ we finally get for sufficiently
large g

'< O AK log ™" ¢) — (log' =5 ¢)) < Cp—9
m' < ogexp(( og' "g) — (log 2g)>_ "oz loa(d)
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By the Cauchy interlacing theorem (Theorem [A.1)) we obtain that the number m of eigenvalues
of e"? in [13' (1 — &), pi3'] is bounded above by Cbm. It implies the same bound for the

number of eigenvalues of e® in [u;(1 — ﬁm), pj], and Theorem |1.2| follows.

Remark 4.2. In the present paper, we rely on the trace method to bound eigenvalue multiplicity.
The natural time scale of the trace which we consider, namely (Pe™> P) lr2/m]+1 o5 elr2/mlmA
is O(r1|re/r1]) = O(clog(g)). With this time scale, it is impossible to distinguish eigenvalues
that differ by O(1/1og(g)). However, as covered in Pmposz'tz'on there exist closed hyperbolic
surfaces such that there are g/log%(g) eigenvalues in a range of (roughly) that size around the
second eigenvalue. Therefore, as in the graph case (see [MRS21, Section 6]), our approach does
not seem adequate to bound above the multiplicity of Ao(M) by a better bound than g/log%(g)
(which would be slightly better than our results).

Analogously, the spectral bounds obtained in [Mon22, Theorems 4 and 5] do not give precise
information in spectral windows of size < 1/+/log(g).

4.3 Proof of Proposition [1.3

We recall that for every d > 3, there exists an infinite sequence of d-regular bipartite Ramanujan
graphs, see [MSS15, Theorem 5.5]. The following result from [MRS21I] shows that for these

graphs the number of eigenvalues close to the second largest is at least n/ log% (n).

Proposition 4.3 (Proposition 5.3 in [MRS21]). There exist K,Cy > 0 such that for every fized
d, every bipartite d-reqular Ramanujan graph G on n vertices satisfies

e <[(1 - K%)M%Mﬂ) > Cologg(n)

where ma([a,b]) denotes the number of eigenvalues of the adjacency matric Ag of G between
a and b, and us is the second largest eigenvalue of Aq.

The above result is written in [MRS21] for the adjacency matrix Ag of G, but translates
immediately to Laplacian eigenvalues, i.e., eigenvalues of EG = dId— A (which is a non-negative
matrix corresponding to the positive Laplacian on G): if Aa = d — pu2 > 0 denotes the smallest
eigenvalue > 0 of g@, we have

i (D 00 KRN 2 o (54

where K’ may be computed in terms of K and d only.
The following lemma implies Proposition [1.3

Lemma 4.4 (Extracted from |[CC88|). Let G = (V, E) be a non-oriented finite graph, whose
vertices have degrees d; > 3 for any i € V, and whose edge lengths are denoted by (0; ;)i jyek-
Then for any sufficiently small e > O there exists a closed hyperbolic surface of genus |E|—|V|+1
whose first |V| eigenvalues of the positive Laplacian coincide (with corresponding multiplicities)
with the eigenvalues of eqy where qy is the Dirichlet form

1
QQ(SU) = ; Z 9i,j|35i — l‘j|2, S RY (55)
{ij}el

on L2(V,p) and p =2,y (di — 2)8; with §; the Dirac mass on i € V.
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Sketch of proof of Lemma extracted from [CC8§]. For any i € V', we denote by V; the set of
j € V such that {i,j} € E. The degree of i € V is d; = |V;| > 3.

The authors of [CC8§]| first construct a closed hyperbolic surface X as follows: to the vertex
i € V is associated X;, a compact hyperbolic surface with d; free geodesics (7;;);jev; on its
boundary, by gluing d; — 2 pants (see [CC88, Section VI| and its figures for the case of the
complete graph). We impose that ¢(v; ;) = £(vj:) = 6;;. To construct the surface X we glue
the pieces X; as indicated by the graph G: for {i,j} € E, we glue X; and X; by identifying
without twist 7; ; and v, ;.

In [CC88|, Section II], the authors construct from X a family of closed hyperbolic surfaces X
(0 < e <1) as follows. The geodesics in the pant decomposition of X which do not belong to the
boundary of one of the X;, i € V, remain of fixed length. For {3, j} € F, the geodesic v; j of X is
replaced in X< by a geodesic 7; ; of length £; ; = ¢0; j. Note that vol(X7) = vol(X;) = 27 (d; —2)
for any ¢ € V, by the Gauss-Bonnet formula.

Then, in [CC88, Section V], they consider the measure p = 27 . (d; —2)6; on G, and the
quadratic form gy on L?(V, 1) given by , which is the Dirichlet form on G endowed with edge
lengths 6 = (0; j){; jyer- The key step in [CC88| Sections I and V] is to exhibit a quadratic form
g5 on L*(V, u) (depending continuously on the geometric parameter §) whose spectrum is the
set of first |V| non-trivial eigenvalues of X¢ and such that lim._,q ||(g5/€) — go|| = 0, uniformly in
§ € W for every compact W € (Rxo)¥. In particular it implies that the eigenvalues (\;(¢))sev
of X¢ verify A\;i(e) ~ e); (¢ — 0) where the ()\;);ey are the eigenvalues of gg on L%(V, p).

Finally, using a topological lemma in [CC88|, Section VI] the authors conclude that for any
0y € (R>0)‘E| and any € > 0 sufficiently small, there exists a choice of 6 close to 6y such that
q5 = €qp,- The spectrum of g consists of the |V| first eigenvalues of Xj, and the genus of Xj
is equal to (p + 2)/2 where p = >,/ (d; — 2) = 2|E| — 2|V is the number of pants used in the
decomposition. This concludes the proof of Lemma 4.4 O

End of the proof of Proposition[1.3. We consider an infinite sequence (Gj)ren of 3-regular bi-
partite Ramanujan graphs (see [MSS15l Theorem 5.5]). We use Lemma for each Gy =
(Vi, Ey) and with 60; ; = 1 for every edge {i,j} € Ej. In this case, the measure y;, on Vj, gives
the same mass to each vertex, and gy given by on L?(Vj, uy) has the same spectrum as
Ag, by definition. Applying Proposition (in the form (54))) to each Gy = (Vi, Ej,) for each
k € N, we obtain a hyperbolic surface of genus gy = |Ey| — |Vi| + 1 = 3|Vi| + 1 satisfying the
lower bound with n = |V| (and thus also with gi replacing n, up to changing constants).
This concludes the proof of Proposition |1.3 O

A Appendix

We gather in this appendix several statements and proofs of elementary facts that are used
throughout the proofs of Theorems [1.1] and
A.1 Eigenvalues and trace

We start with the following infinite-dimensional version of the Cauchy interlacing theorem (see
also [DD87, Theorem 2]).

Theorem A.1 (Cauchy interlacing theorem). Let A be a compact self-adjoint operator on a
Hilbert space H. Let P = P be an orthogonal projection onto a subspace of H of codimension
k € N. We denote by ay > ... > am > ... the eigenvalues of A, and by 1 > ... > Bm > ...
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those of B= PAP. Then for any j € N,
aj > B > o

Proof of Theorem[A.1 Since B is compact and self-adjoint, the spectral theorem provides a
basis (bj);jen of normalized eigenvectors of B, with Bb; = f3;b; for any j € N. We set S; =
Span(by, ..., b;) and we notice that S; C Im(P). We compute

B; = min PAPzx,xr)=  min Az, ma min (Az,x) = «;.
7 ses;, ||x||:1( /) z€S;, ||a,-||:( v) < v, dim(V)=j weV; llol= 1( @) =

Also, noticing that PSj{1 has codimension at most k + j — 1 we obtain

Bj = max (PAPx,z) > max (PAPx,z) = max (Ax,z)
zeSt, |lo=1 2ePSE, [lo|=1 2ePSE, [lo|=1

> min max (Az, ) = gy,
V, codim V<k+j—1 €V, H:E||:1( /) +

which concludes the proof. O

We recall the following estimate:

Lemma A.2 (Upper bound on eigenvalues). For any b € R and any j € N>o, there exists
Cj > 0 such that any closed surface M with curvature bounded below by b verifies \;(M) < Cj.

Proof. The diameter d of a closed negatively curved surface M with curvature bounded below
by b is bounded below since for any x € M,

4 d

’—;’r < vol(M) < Vol (B7(z,d)) < Wsth (2 |b|>
where the right-hand side comes from @D Combining with [Che75l Corollary 2.3] we get the
result. O

Lemma A.3 (Computation of the trace). For any n € N>j and t > 1, there holds
Tr((Pe'*P)™") = / [(Pe"*P)" 8, || *dv ().
M

Proof. We set Q = Pe™AP. Let (uj)jen denote an orthonormal basis of eigenfunctions of the
compact and self-adjoint operator )", with associated eigenvalues A;. For any x € M we set
Uy = ey Ajtj(z)uj. We know that Q?™ is trace-class since e® is trace-class, and

Te(Q™) = 3 A2 = / S A2u;(2)? | w(da) = /M||ux|21/(d:c). (56)

JEN jeN

In particular, u, € L?(M,v) for v-almost every # € M. For any such x and any f € C(M),
written as f = > ;.\ aju;, we have

(Q"0x, f)pr D = (PO, 2 PQ" " fipp = 2 PQ " f() = > (" PQ" " f, )i ()
keN

= Q") = Y ahus () = [ sl )wdy)
jEN M
where the first equality comes from the fact that the transpose (in the sense of distributions) of
the continuous linear map from smooth functions to smooth functions e PQ"~1 is Q" Pet?;
and the second equality follows from . We deduce from this computation that @™, coincides
with the distribution (ug,-)r2(ps,), Which is identified to u, € L*(M,v). Plugging into (56)),
this concludes the proof. O
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A.2 Heat kernel: comparison and estimates

We provide here the proofs of Lemma and on the heat kernel in M and M.

Proof of Lemma[2-} We recall from [Dav89, Theorem 5.7.2] that there exist constants ¢1,c2 > 0
such that for any n,t > 0,

c191(t,m) < K (1) < ea01(t,m)

where k2 denotes the heat kernel in the hyperbolic plane (equal to k-1 with the notation of

Lemmaand
1 1409 t n 7
giltm) =3 ———exp (— 7 -2 - 7).
)2

For K < 0 we consider

91x|(t,m) = . L eXp(—mt—n— 772)
’ Kt (14 9+ |K]t)2 ’

which is the analogue of g; on the space form M, x introduced in Section Using Lemma
we obtain for the heat kernel k:(-,-) in M that

C'1.g\b| (t, d]’\‘/[“(fb, Y)) < ki(w,y) < C2g|a| (t, d]’\‘/[“(fb, Y)) (57)

for any z,y € M and any ¢ > 0, where C; and Cs depend on (a,b,p) € T only.
For , we set for n € N

Anz{?JGM\Ct+n§dﬁ($,y)<C’t+n+1} C]\A/.f.

Then Voli7(Ay) < Vol#(B(x,Ct +n + 1)) < Coexp((Ct + n)4/|b]) according to (9). We write
M\ Byi(x,Ct) = U2y An, and then using and the fact that ¢ > 1, we obtain

> n a n)?
<C3 Z <Ctt+) exp (—Ht - (Ct—i_)> Vol37(An)

[t (z, ')HLl(M'\BM(z,Ct)) 4 4|alt

n=0

Ct-1 4lalt

[e's) —9la 2
< Caexpllanl) | exp(—(” 2 |t\/m)>dn (59)

n
ct-1t 4falt

[ee] a t 2
< 03/ geXp <|4| - 77) exp(n+/|b])dn

We make the change of variables 7/ = n — 2|a|t\/]b] and we use that C — 1 — 2|a|/[b] > C/2
and 1 + 2|alt\/|b|] < 2n for n > Ct/2 to obtain that is bounded above by

* n 772
Cs exp(|ablt / — exp <—> dn.
’ (’ ) Ct/2 13 4lalt

Computing explicitly this last integral gives the result.
For ([L6]), we set n = dy;(z,y) and a = dgz(w, 2) — dy;(z,y). We have

ki (x, 2) >Cog|b|(t,n+a) _c lal < L+n+|alt >2h( » (59)

= = Lo
kt(xay) g|a|(t777) |b‘ 1+77+Oé+|b|t
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where

h(a )_wex Ca Pt et (4 P
U 14 2 4 4 APt " 4aft

> 00(1 + Ct)il exp <—2t — m _ M _ 4t>

C+1)

> Cpexp (—( + 0] +C + 0

4t> (60)

where we used in the second line n < Ct and |a| < 4t + 4. We also notice that ﬁ%m >

7|a|—‘l‘|1b‘|+8 when |a| < 4t 4+ 4. Combining and we get , ]

Proof of Lemma|2.5. We write M = F\M We prove t that there exists Cy > 0 (depending only
on (a,b,p) €T) such that for any n > 0 and any € M the number of elements vy € I such that
dﬁ(i, ~vZ) < n+ 1 is at most C’oe”\/m. By definition of the injectivity radius p, the open balls
B, of center vz and radius p/2, for v € I, are disjoint. If v € I is such that dﬁ(a_c, NT) <n+1,
then B, is included in the ball of center Z and radius n + 1+ p/2. According to @, the volume
of a ball of radius n + 1 + p/2 in M is at most ‘ﬁ sinh?((n + 1 + p/2)/]b]), and according to
[Cro80), Proposition 14|, the volume of a ball of radius p/2 is at least C; > 0. Therefore, the
number of v € T" such that dﬂ(a’?, ~vZ) < n+ 1 is smaller than

Cp sinh? ( (7] +1+ g) |b|>

which in turn is bounded above by Cf(lg”\/m.
As a consequence, for any Z,y € M and n > 0,

#{y eT | <d@vg) <n+1} < Coe2V I, (61)

Below, z, 4 are lifts of given x,y € M to a fundamental domain of M in M. For any y € M we
have, using in the first line, in the second line, and then a series-integral comparison
for the last inequality (cutting the sum at n = 4t|al+/|b|)

- 2
PILICRE) <COZ<#{76F|n§d(:E,vy)<n+1}>exp<_|“’t_ U >

ot = 4 4alt
< Cpexp <—) Zexp <27]\/ ~ 1l |t) < Cpexp (4|abdlt) .
Using we get the result. O
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