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Construction of minimizing travelling waves for the
Gross-Pitaevskii equation on R x T

André de Laire! Philippe Gravejat? and Didier Smets?

Abstract

As a sequel to our previous analysis in [9] on the Gross-Pitaevskii equation on the product
space R x T, we construct a branch of finite energy travelling waves as minimizers of the
Ginzburg-Landau energy at fixed momentum. We deduce that minimizers are precisely
the planar dark solitons when the length of the transverse direction is less than a critical
value, and that they are genuinely two-dimensional solutions otherwise. The proof of the
existence of minimizers is based on the compactness of minimizing sequences, relying on a
new symmetrization argument that is well-suited to the periodic setting.

Keywords: Defocusing Schrodinger equation, Gross-Pitaevskii equation, travelling waves, planar
dark solitons, nonzero conditions at infinity, concentration-compactness.
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1 Introduction

In this paper, we continue the study started in [9], concerning the travelling wave solutions to
the Gross-Pitaevskii equation

iU + AU + V(1 — |T]?) =0 (1)

on the product space R x Ty, where T, := R/{Z is the torus with fixed positive length ¢. In
physics, this defocusing Schrodinger equation is a classical model for Bose-Einstein condensates,
superfluidity, and nonlinear optical fibers [12, 13].

Let us recall that, in one space dimension, the Gross-Pitaevskii equation possesses a family of
finite energy travelling waves, called dark solitons. They are given by the explicit formula

2 — 2 2—c

uc(z) = 5 tanh (22 x) + i\%, (2)

for any speed |c| < v/2. These solitons extend trivially to the product space R x Ty, where
they are referred to as planar (or line) dark solitons. However, it is well-known in the physics
literature that these planar solitons can be unstable due to the tendency to develop distortions
in their transverse profile. We refer to [12, 15, 10] for details, and to [17] for some rigorous
results. In addition, experimental observations have shown that the dynamics of planar dark
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solitons are stable when they are sufficiently confined in the transverse direction, but unstable
otherwise. In the latter case, the creation of vortices can occur (see [14, 11] and the references
therein).

In the sequel, we present a rigorous framework for studying this kind of phenomenon. Precisely,
our goal is to prove the existence of non constant finite energy travelling wave solutions to (1),
obtained as minimizers of the energy at fixed momentum. Taking into account the results in [9],
we will deduce that these minimizers are exactly the planar dark solitons when £ is less than a
critical value, and that they are genuinely two-dimensional solutions otherwise. In particular,
planar solitons do not minimize the energy in the presence of a large transverse direction.

To introduce our framework, we recall that it was proved in [3, 5] that the dark solitons (2) are
solutions to the constrained minimization problem

Tha(p) := inf {E(y), v € Hy (R) s.t. [P](¢) = p}, (3)

for fixed p € R/7Z. Here the Ginzburg-Landau energy F is defined as

. o 1 2 } B 2\2
Bw)i= [ ew)i= [ (Gv6f+50-16P)°).
and [P] is the (untwisted) momentum given by

R
[P(¢) := ! lim (/_R<iam1/%¢><c + arg(¢¥(R)) — arg(zﬁ(—R))) modulo 7.

a 2 R—+o0

The speed ¢ = ¢, of the dark soliton u, is the Lagrange multiplier of this problem. It is uniquely
determined by the identity [P](u,) = p. The momentum [P] is well-defined on the energy space

X(R) := {6 € HL(R) : Vo € L2(R) and 1 — [y[2 € LA(R)}. (4)

This claim was proved in [5], together with the fact that the definition of [P] only makes sense
modulo 7.

We now turn our attention to the corresponding minimization problem on the product space
R x Ty. We normalize the Ginzburg-Landau energy as

B) =7 [ [ etw) o)

so that functions, which only depend on the horizontal variable, have the same energy values in
one space and in two space dimensions. Given a number p € R/7Z, we set

Toa(p) = inf { E(Y) : ¥ € X(R x T¢) with [P](¢)) = p}. (6)
Here the natural energy space is defined as above by
X(R xTy) = {p € HL (R x Ty) : Vip € L*(R x Ty) and 1 — |o|> € L*(R x Ty)}.

The (untwisted) momentum [P] requires some proper definition. For that purpose, we decompose
a function ¢ € X(R x Ty) as

Y(x,y) = (@) + wx,y), (7)
where

Bw)i= [ wloy)dy

T,



We recall from [9] that 1 € X(R), and w € H (R x Ty), so that we may define

[P](v) == 26/ /11‘; (10, w,w)c  modulo 7. (8)

Note that here also, if ¢ only depends on the horizontal variable, the versions of [P] in one and
two space dimensions coincide, which justifies our slight abuse of notation.

In [9], we established that the problem Zoq(p) is achieved by one-dimensional minimizers, the
planar dark solitons, when ¢ is sufficiently small, but that no minimizer can be one dimensional
if ¢ is sufficiently large. In the present paper, we prove that minimizers do exist for all possible
values of £ and p.

Theorem 1. Let ¢ > 0 and p € R/7Z. The minimization problem Zoq(p) is achieved by some
function Uy p € X(R x Ty). Moreover, Uy, is smooth on R x Ty, and there exists a number
cpe € R such that

iCp7gaxUp7g + AUp7g + Up7g (1 — ’Up7g|2) =0. (9)

Combining with [9, Theorem 1], we conclude that, for a given p € R/7Z, there is a critical
length ¢, > 0, such that, if £ € (0,4,), then Uy, is a planar soliton, up to a translation and a
phase shift. On the other hand, if ¢ € ({;,00), then U, cannot solely depend only on the x
variable, and therefore cannot be a planar soliton.

Existence of travelling waves for the Gross-Pitaevskii equation has attracted a lot of efforts in
the case of the whole plane R2. In [6], the existence of non-constant finite energy travelling waves
with arbitrary small speeds ¢ was proved using some mountain pass argument. The associated
momentum behaves like p ~ log(1/c) in the limit ¢ — 0. In [4], the previous result was extended
to the case of travelling waves with an arbitrary value for the momentum p. These solutions
are also minimizers of the energy at fixed momentum, but they were obtained as local limits of
minimizers on expanding tori. Existence and compactness for minimizing sequences directly on
R? was proved in [7], together with the stability of the minimizing set. In these last two works,
little information is given regarding the speed of the travelling waves, beyond the fact that they
are subsonic, i.e. |¢| < v/2. The same limitation holds in Theorem 1 above. In [2], existence of
travelling waves in R? for almost every value of |c| < V2 was proved, using a mountain pass
approach combined with a monotonicity argument. The question of existence for the full range
of speeds |c| < v/2 remains open, both in the case of R? and of R x T,. In contrast, for the
torus Ty x Ty it is known from [18] that travelling waves exist with arbitrary speeds. Only these
with speed |c| < /2 could possibly converge to finite energy travelling waves in R? by a limiting
procedure.

In the papers quoted so far, as well as in Theorem 1, the uniqueness of minimizers (up to the
geometric invariances) is not tackled. In the case of R?, this was recently proved in [8] when the
speed c is small enough, using a delicate perturbative argument.

We finally mention that stationary solutions of the Gross-Pitaevskii equation in the strip R x
[—¢, £] have recently been constructed in [1]. Tt is tempting to relate them to the ones obtained
in Theorem 1 for the special case p = 5 modulo 7. For small values of ¢, these are the one-
dimensional black soliton, which is stationary, while for large values of ¢, they are truly two-

dimensional.

In Section 2, we present the main ideas for the proof of Theorem 1 as well as the statements of
the intermediate results. The proofs for the latter are then given in the remaining sections.

Notations: In many places, we shall write p € R/nZ as p = [p] for some representative value
p € R. Whenever a function f is defined on R/7Z, we often identify it with a m-periodic function
on R, and write f(p) in place of f([p]). We also use the notation |p| to refer to the distance
between p and [0] in R/7Z.



2 Sketch of the proof of Theorem 1

Our goal is to establish some form of compactness for minimizing sequences of the problem
Zoq(p). For that purpose, we rely on a concentration-compactness type argument in the locally
compact case. In Subsection 2.1, we analyze the function p — Zoq(p) and in particular prove its
strict sub-additivity. For that purpose, we introduce a slicing and mirroring argument, which we
believe is original and well-adapted to the periodic setting. In Subsection 2.2, we finally obtain
compactness by excluding first vanishing and then dichotomy for minimizing sequences.

2.1 Properties of the minimizing energy

The first step is to analyze precisely the properties of the minimizing energy Zoq(p), in partic-
ular its possible strict sub-additivity with respect to p. In [9, Lemma 2], we already derived
some preliminary properties of this minimizing energy, which we now recall for the sake of
completeness.

Lemma 1. Let £ > 0. The function Ioq is an even and Lipschitz continuous function on R/7Z,
with Lipschitz constant at most \/2, and it is bounded by

Toa(p) < Tua(p) < v2p, (10)
for any p € R/7Z (with p # [0] in the last inequality).

The main properties of the minimizing energy Zogq can be summarized as follows.

Proposition 2. Let £ > 0. The map p — Zaq(p) is concave on [0,7]. Moreover, the function
Toq is strictly sub-additive on R/7Z, in the sense that

Toa(p1 + p2) < Zoa(p1) + Zoa(p2), (11)
for any (p1,p2) € (R/7Z)? such that p1 # [0] and pa # [0].

The proof of Proposition 2 is reminiscent from the description of a similar minimizing energy
in [4, Section 3]. This description is heavily based on symmetrization arguments. Due to our
periodic setting in the transverse direction y, we cannot invoke directly the arguments in [4],
and we have to refine them properly in order to establish Proposition 2.

Concerning the concavity of the map Zyq on the interval [0, 7], we rely on the following charac-

terization of concave functions.

Lemma 3. Let f : [a,b] — R be a continuous function. Given any number x € (a,b), assume
the existence of a number §, > 0 such that

%(f(:c+6) + flz—0)) < (@), (12)

for any number 0 < § < §,. Then, the function f is concave on [a,b].

It is well-known that a continuous function f satisfying the inequalities
1 Tl + X2
Z < L e
S (Fa) + fla) < F(F57).
for any numbers a < x1 < x9 < b is concave. Lemma 3 extends this classical characterization of

concavity. For the sake of completeness, we detail the proof of Lemma 3 in Appendix B below.

We are able to check that the function Zyq satisfies the condition in (12) on the interval [0, 7].



Lemma 4. Let 0 < p < m. There exists a number 6, > 0 such that

1
5 (Zoa(p +6) + Toa(p — 9)) < Toalp), (13)
for any number 0 < § < 0p.

For the proof of Lemma 4, we distinguish two situations.

Case 1. Tyq(p) = Z1a(p).

In this situation, the condition in (13) is a direct consequence of the concavity of the function
T1q on [0, 7] (see Lemma 16). We can indeed use this property to exhibit a number 6, > 0 such
that

3 (Tap +0) + Ta(p — 9)) < Tualp).

for any 0 < 0 < d,. Invoking (10), we obtain

%(ng(p + ) + Zog(p — 5)) < Zua(p) = Z2a(p)-

This is exactly (13).
Case 2. Tyq(p) < Z14(p).

Given a minimizing sequence for Zo4(p) and a number § > 0, we shall construct and evaluate
modified minimizing sequences for Zoq(p£4) using a slicing and mirroring argument with respect
to a dyadic decomposition in the variable y. For that purpose, we first invoke the Fubini theorem
to write

=5 | e = ¢ [ TP )

for any function ¢ € X(R x Ty). Since Z1q is v/2-Lipschitz on R/7Z (see Lemma 16), it follows
that

EY)

E) = Lia([PI(¥)) = —\f . |[PI(¥ (- ) — [PI(¥)] dy.
We have hence proved

Lemma 5. Let ) € X(R x Ty) such that [P](¢)) = [p] € R/7Z. We have

;5 (Talp) - E(). (14)

Consider now a minimizing sequence (¢, )n>0 for Zoq(p). Provided that n is sufficiently large, it
satisfies

% [PY( (- y)) — [p] dy >
T,

L PYn) = ] dy = § (Eao) - Zea) >0 (15)

so that the numbers [P](1y,(-,y)) cannot be uniformly close to [p] in the limit n — co. For j > 0,
we then define the quantities

§U) .= lim sup sup
n—oo Ij

71 [ Pt ) dy — ) (16)

where I; refers to an arbitrary interval of size 277 ¢ in Ty. Although [P](¢,(-,y)) only makes
sense as a number in R/7Z, note that it is equal to

(PYal-1)) = [PY) + 5 [ (0o ), wap))c do a7)

5



and therefore of the form of a fixed value in R/7Z added to an integrable real-valued function
of y. This provides the correct meaning to the integral term in (16).

Using oscillation estimates in the variable y, we next derive from (14) that

Lemma 6. There exist numbers ng € N, dg > 0 and jo € N such that, for any n > ng, any
0 < 18| < o, and any j > jo, there exists an interval I,, of size 2774 in Ty such that the sequence

(n)n>0 satisfies
1

L] J1,

[P](¥n(,y)) dy = [p + d].

We are now in position to finish the proof of Lemma 4 in Case 2, using a symmetrization
argument.

First, it follows from Lemma 6 that §¢) > 0 for any j > jo. We next define

j := min {j >0, s.t. 00 > 0} .

Set hy 1= 277+ ¢ and §, = §U*) /2. By definition of j,, there exists a subsequence (still denoted
¥y, for which, for each n, there exists an interval I,, of size h, such that

71 P dy = o+ il

with € = £1. Since the function ¢ — hi ftt+h* [P](¢n(-,y)) dy is continuous and of mean value

[p], for any ¢ in between 0 and €d,, and for any n, there exist numbers y,, such that

[ Pl ) dy = [+ 0]

he
Without loss of generality, we can use translation invariance in order to assume that y, = 0. We
next consider the 2/« subintervals J; = [k hs, (k + 1) hy] of [0,¢]. By construction, we already

have
1

UT|J0

By definition of the integer j,, and in particular by the fact that §0=~1) = 0, we deduce that

[P](¥n(-,y)) dy = [p + 4.

. 1 _
"ggo m Ty (a1 [P] (@Z}n(a y)) W= [p]’
and therefore 1
lim — [ [P](¥n(-y))dy = [p+ (—1)%3].

n—oo | Jg| )i,
For each 0 < k < 27* — 1, we define the symmetrized function Y by the properties :
1. 9¥pk is equal to ¢, on the strip R x J,
2. 4y is mirror symmetric between the two consecutive strips R x Ji and R X Jp41,

3. Yy, is invariant by translation of 2h, in the variable y.

Note that by construction the resulting functions v, j still belong to X (R x T;). Their energy
is given by

B () = hl / k [ ety dady,

6



and we also have
Pl = 5 [, PGt ) dody = p+ (<)1), (18)

as n — 00. As a consequence of the definition of the minimization problem in (6), these energies

satisfy
27% —1 27% —1

2E(Wn) = Y. E(ng) > Z Toa([P)(¢n.k))- (19)
k=0

Combining (19) with (18), and the continuity of the minimizing energy Zoq given by Lemma 1,
we are led to the inequality

Toa(p) > 5 (Zaalp + ) + Toalp — 9)),

in the limit n — oo. This is exactly the inequality in (13), and this inequality thus holds for
|6] < 6, := 0. This completes the proof of Lemma 4 in Case 2.

In order to complete the proof of Proposition 2, it remains to derive the strict sub-additivity of
the minimizing energy Zoq. This property results from the concavity of this function by invoking
the following lemma.

Lemma 7. Given a number R > 0, consider a non-negative and concave function f on [0, R]
such that f(0) = 0. Either the function f is strictly sub-additive on [0, R], or there exist two
numbers 0 < x4, < R and u > 0 such that

f(z) = p, (20)
for 0 <ax < x,.

When the function f is concave on [0, R], with f(0) = 0, we indeed know that

f@) = 2f@) + (1= 2)£0) = 2f(a),

T

forany 0 < y < z < R. Summing these inequalities for 0 < y1,y2 < R such that 0 < y1+y2 < R,
gives

fly) + f(y2) > flyr +y2) + flyr +y2) = flyr + y2),

Y1 Y2
Y1+ 2 y1+y2
that is the sub-additivity of the function f. The alternative in Lemma 7 follows from analyzing
the possible case of equality in this inequality. We refer to Appendix B below for more details.

The function Zog cannot be linear in a right neighborhood of zero, since on the one hand by
inequality (10), we have Zoq(p) < v/2p, and on the other hand, we have

Lemma 8. The function Toq satisfies Toq(p) ~ V/2p as p — 07.

Therefore the minimizing energy Zoq is strictly sub-additive on [0, 7]. The strict sub-additivity
on R/7Z follows from parity and periodicity arguments. We refer to Section 3 for the details,
and mention that the proof of Lemma 8 relies on arguments similar to the ones that we are
now going to describe in the next subsection and which are related to the possible vanishing of
minimizing sequences for (6).



2.2 The concentration-compactness argument

We fix a number p = [p] € R/7Z, with [p] # [0]. In case [p] = [0], the minimization problem
Z54(0) is indeed achieved by the constant functions ¢ of modulus one for which [P](¢) = [0],
and Zoq(0) = E(¢) = 0. We consider a minimizing sequence of functions (¢, )n>0 for (6),
which we write as ¢, = @Zn + wy, according to (7). We wish to show some compactness for the
sequence (¥ )n>0, up to possible translations and constant phase shifts. The main obstacle is
the unboundedness of the domain in the z-direction. We deal with it using the classical scheme
of concentration-compactness, by establishing a non-vanishing and a non-splitting property.

Definition. We say that a sequence (¢¥n)n>0 in X (R x Ty) is vanishing if for some r > 0,

1
lim inf sup E/B( )/11‘ e(n) = 0. (21)
a,r 4

n—oo ac€R

We first prove

Lemma 9. Let (¢n)n>0 in X(R x Ty) be a vanishing sequence. Then writing ¢y, = @n + w, as
in (7), we have R
liminf sup |1 — [¢n(z)|| = 0.

n—oo zeR

In the sequel, we make use of the following decomposition based on the splitting in (7)

~ 1 ~ ~ ~ 1
B(6n) = B@n)+ g [ [ (I900f + 2w 9% 10 (1= [50f?) 4 20, e nf+ 5l ).
4
(22)
For a vanishing sequence, it is expected that the super-quadratic terms in the right-hand side
of (22) tend to 0 in the limit n — oo. Invoking Lemma 9 we can similarly simplify the expression
for the momenta [P](1y,) in (8). More precisely, we prove

Lemma 10. Let (¢)n>0 in X(R x Ty) be a vanishing sequence such that sup,,>q E () < +oo.
Up to a subsequence, we have

E($n) = E(dy) + 2—15 /R/m (IVwnl? + 2wn, )2 + o(1), (23)
and in (8),

1 : 1 1 ~ -
%/n@/m (i0zwn, wn)c = ﬁ/ne/m e (Wns Yn)c (103w, Yn)c + o(1), (24)
as n — oQ.

Inspection of the last integral term in (24) shows that it can be controlled by the last one in (23)
provided that the modulus |1an is controlled from below. A similar property holds for the term
[P] (@n) in (8), which can be bounded by the energy E (@n), under a similar control on the
modulus |zzn] Combined, these lead to

Lemma 11. Let (15 )n>0 in X(R x Ty) be a vanishing sequence such that sup,,>o E(¢,) < +00.
Up to a subsequence we have R
Op, := inf [, (x)] > 0,
T€R

and

as n — o0.

oo



We are now in position to state and prove

Proposition 12. A minimizing sequence (¢n)n>0 for Zoa(p) cannot be vanishing.

Indeed, assume by contradiction that it is vanishing, and set & = liminf,,_, o E(1),) (which is
finite since v, is assumed to be minimizing). From Lemma 9 we derive that

Op, = ;Iel]%’d}n(l’)’ — 1,

as n — 00. Moreover, we can assume, up to a subsequence, that the energies E(1,) tend to &,
so that they are uniformly bounded. Therefore, we deduce from the fact that [P](vyy) = [p], (10)
and (25) that

Toa(p) < V2|[p]| < €.

This is in contradiction with the fact that (¢y,),>0 is minimizing, and therefore completes the
proof of Proposition 12.

The non-vanishing property allows us to extract a limiting profile ¢, after a suitable translation
(we will eventually prove it is non-constant). By Proposition 12, and the invariance of the energy
and the momentum under translation, we may assume that there exists do, > 0 such that up to
a subsequence

1
- / e(thp) > 60 > 0, (26)
¢ JBo,1) Jt,

for any n > 0. By boundedness of the energies F(v,,), we can extract a further subsequence and
a limiting profile 1o, € X (R x Ty) such that

Vi, = Viboo, and 1 — |92 = 1= |heo]® in L*(R x Ty), (27)
and

for any 1 < p < +00. We decompose once more the functions ¢, and ¥ as
Yn = Yy + wp, and Yoo = Yoo + Woo-

By the Sobolev embedding theorem, we know that QZn — QZOO locally uniformly on R. In
a_concentration-compactness framework, it would then be classical to consider the difference
Uy, = ¥ — Yo and to try to prove that

E(tn) > E(thos) + E(n) + 0(1),

and

[P(¥n) = [Pl(¥00) + [P(¢hn) + o(1),
as n — oo. We cannot argue exactly this way because our functional space is not a vector
space and the quantities E(t,) and [P](¢,) simply do not make any sense. For m > 1, we
shall instead construct functions 1/1” in the energy space, which will correspond to v, without
its localized bump.

In the sequel, given a number R > 0 and a function ¢ = 12 +w € X(R x Ty), we shall use the

notations
/ / (z,y) dz dy, (29)
i T,

and, provided that ¢(£R) # 0,
Pal(W) = (PRI + 57 [ [ (0o, o) dody (30)

9



where
-~ 1

R 1 ~ 1 ~
[Pr] w) = 3 /7R <zf’3xw, ¢>(c + §arg(w(R)) — §arg(¢(—R)) modulo 7.

We also define the complementary quantities

Ege(¢) := E(Y) — Er(¢), and  [Pre](¢) = [P](¢) — [Pr](¥).

Since 1o is in X (R), we can find some number Ry > 0 such that |¢so(2)| > 1/2 whenever
|z] > Ry. In particular, the quantity [Pg](1)so) is well-defined for R > Ry. Given any integer
m > 1, we choose a number R,,, > max{Ry, m + 2} such that

1 1
Ean(l/JOO) < m’ and RSUP HPRC]W’OO)‘ < m (31)

Z{m

For fixed m > 1, using the convergences in (27), (28) and the local uniform convergence of the
functions 1,,, we obtain that

hnH_lﬁgf ERm (wn) Z ERm (77/}00)7

and

lim  sup |[Pal(w) — [Pr)(tec)] = 0.
Ry <R<2Rp,

Using a diagonal argument, we may thus extract a subsequence (¢, )m>1 such that

1

Ery (o) > By (o) ~ = and sup  |[Pel(n,) ~ [Pl(t) | < -
R <R<2Rm m

, (32)
for any p > m. Using a pigeonhole type argument, we next prove

Lemma 13. Given any integer m > 1, there exists a number R, € [Rin,2Ry,] and a function

Un,, € HY([=Rum, Rm] x Ty, C) such that

{/;nm(j:-éma) :¢nm(iﬁmf)7

~ Cg ~ CZ
By ($n.) < 5o and [Py (W,)| < T,

for some number Cy > 0, depending only on £.

We then extend the function @nm to R x Ty by being equal to 1y, outside [—Em, Em] x Tp. We
claim

Proposition 14. In the limit n — oo, we have

E(Yn,,) > max {E(ts), 00} + E(Wy,) + 0(1), (33)

and
[P (n,) = [P)(tho0) + [P)(tn,) + o(1), (34)

where doo > 0 is the number appearing in (26).

We are now in position to provide the

10



Completion of the proof of Theorem 1. Let [poo] := [P](¥o0). A first consequence of Proposi-
tion 14 is that [peo] # [0]. Indeed, it would otherwise follow from (34) and (33) that

[P](¢n,,) = [p], and lim sup EWn,) < ZToa(p) — doo < Taa(p)-

This would contradict the definition of Zq(p) and the fact that it depends continuously on p.
Assume next by contradiction that [ps] # [p]. Taking limits in (34) and (33), we first obtain

[P] (Jnm) — [p _p00]7

and then
Z5a(p) = T2a(Poc) + Z2a(p — Poo)-
This is not possible in view of the strict sub-additivity proved in Proposition 2.

As a consequence, we have [P](s) = [p], and we infer from (33) that 1) is a minimizer for
Trd(p). In other words, we can take Uy, y = 1) in the statement of Theorem 1. Going back to (8),
and using [5, Lemma 4], we next observe that the untwisted momentum [P] is differentiable with
respect to perturbations in H'(R x Ty). So is the energy E, and the equation for U, in (9)
is then a direct consequence of the Euler-Lagrange multiplier theorem. The smoothness of Uy,
finally follows from standard elliptic regularity (see e.g. [4, Lemma 2.1]). O

3 The analysis of the minimizing energy

3.1 Proof of Lemma 1

Lemma 1 is exactly [9, Lemma 2] up to a suitable scaling. Observe that the minimization
problem under consideration in [9] is indeed defined as

Ix([a]) = inf {Ex(¥) : ¢ € X(R x Ty) s.t. [PA](¥) = [q]}, (35)

for any number ¢ € R. The energy E) in this definition is given by

1
=5 [ Q0P X0R) 3 [ (=)’

for a number A > 0. The untwisted momentum [P;] is exactly the untwisted momentum in (8)
for the specific choice £ = 1. In [9, Lemma 2], we established that the function ¢ — Jx([q])
is well-defined as a mw-periodic, even and Lipschitz continuous function on R, with Lipschitz
constant at most /2. Moreover, it is bounded by

In(9) = Ta(ld]) < Tuale) < V24, (36)
for any 0 < ¢ < 7/2.

In order to rephrase this statement in our current setting, we introduce the scaling ¢(z,y) =
¥(x,ly). When the function 1 lies in X (R x Ty), the function v, belongs to X (R x Ty). For
A =1/¢, we check that

Ex(e) = E(¥), and  [Pi](e) = [P](¢).

Combining the two previous formulae, we are led to the identity

Zoa(p) = Ji(p),

for any p € R. The statements in Lemma 1 then result from the previous properties of the
function 7). OJ

11



3.2 Proof of Lemma 6

The proof combines two ingredients. The first one is an oscillation estimate. For the ease of
reference, we recall here the identity (17)

[P)(¢n(-,3)) = [P](¥n) +;/R<z‘8an(w7y),wn(x,y)>cdrc,

and we denote by ¢, the real-valued function defined by

i) = 5 [ (s (a,y) wn ) do

for any y € Ty. Since w, € H'(R x T;), the function g, belongs to W!(T,), with

6nw) = [ (0w (2,). 0,0, 1) do (37
Moreover, we compute
1
[ la@ldy <5 [ (100w +10,0?) < eB(w,) < C. (38)
’]Tg Rx Tz

where C' is a positive number depending only on ¢ and p.

The second ingredient is Lemma 15 below, which we applied to the functions g, — sz qn /¥ for
n large enough, and next combined with equality (17). Indeed, consider the integer Ny > 1 and
the number dy > 0 given by Lemma 15 for o = €(Z14(p) — Z2d(p))/2, and for the number C
in (38). Inview of (15) and (38), the functions g, — [1, gn/¢ satisfy the assumptions of Lemma 15
for any integer n large enough. Whenever N = 2/ > Ny and |§| < &, we can therefore find an
interval I,, of size £/2/ for which

1 1
T n — n =4.
|h|h<q ( mq>

In view of (17), this can be rewritten as

|Iln|/In[P](¢n(’ay)) dy = [P]({p\n) +2/Te an(y) dy + 0 = [P}(w") +o= [p—{—(SL

and the proof of Lemma 6 is therefore completed once we have proved

Lemma 15. Let C,0 > 0 and let ¢ € WH(Ty, R) be such that

/qu7 / | <C, and / lq| > o.
Ty T, T,

There exist an integer Nog and a number dy > 0, depending only on C', o and ¢, such that, given
any integer N > Ny and any number 0 < |0| < d¢, there exists at least one subinterval I of Ty

such that
/{

1
Il=—, and 7/ =4.
1= 1),

Proof. Decompose the function ¢ as ¢ = ¢4+ — q—, where ¢4 is the non-negative part of ¢, and
q— the opposite of its non-positive part. Since |q| = ¢4 + g—, we deduce from the integral

assumptions in Lemma 15 that
o
/ q+ = / q- = 5.
T, T, 2

12



Consider next the intervals I = [k¢/N, (k 4+ 1)¢/N] for 0 < k < N — 1, with length h = ¢/N.
Fix a number 6 > 0, and set

1
ji:{0<k<N—1st 7/ qi>0 and /ciz{ogng—m.t.E/

. . %Z(S}-

When an integer k lies in J_NK ., we deduce from the continuity of the function ¢ the existence
of a number £ € I such that ¢(§) = 0. As a consequence, we have

<3 @ -a@de< g [ [ < [ i< [

and J_ N KT is a subset of
L={0<k<N-1st / q'| > o}
I,

Similarly, we show that J. N K_ is a subset of £. Note here that the cardinal of £ is less than
C'/§ due to the Tchebychev inequality, so that the same bound holds for both the sets J_— N4
and J; NK_.

Since the integral fm q vanishes, there also exists a number y € T, such that ¢(y) = 0. As a
consequence, we have

:(e) = 0:(@) —ax) < [ Ikl < [ i<

for any = € Ty, so that

/ q+ < Ch7
Iy,
for any 0 <k < N —1. Since [y, ¢4+ > 0/2, we deduce that

= /q++ 3 /q+ < ChCard(K, ) + 6h Card (K5.).

Ieky I¢K,
Observing that Card(K$) = N — Card(K ), we are led to
N(o —240)
> - 7
Card(Ky) > 3C—o)0

when § < C, and the same estimate holds for the cardinal of K_.

In conclusion, we obtain
N(oc —26¢) C
= 20C -6 b
as well as the same estimate for the cardinal of X_ N J{. We finally fix 6 = §y = min{o/(44),
C'/2}, so that we can find a number Ny > 0, depending only on C, o and ¢, such that

Card(KLNJ%) > 1,
for any N > Np. Choosing integers k+ € KL N J<, we are led to
1 1 1

1
= == >0g, and — =—— — < —do.
hlk+q h/lk+q+_0 o i A 0

Card(K; N J°) >

We complete the proof by recalling that ¢ is in L!(T,), so that the map ¢ I t+h q is continuous

on Ty. Given any number |§| < o, it is then sufficient to apply the intermediate value theorem
to find an interval I5, with length h = ¢/N, such that
1
h

This completes the proof of Lemma 15. O

q—(5
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3.3 Proof of Lemma 8

For the proof of Lemma 8, we shall make use of the notion of vanishing sequence introduced in
Subsection 2.2 and the proofs of the related Lemmas 9, 10 and 11 (which could better be read
first). Set
T
7 = lim inf 224 (p) .
p—0t p

In view of (10), we already know that

T
lim sup L(m <V2,
p—0Tt p

so that 7 < v/2, and the convergence in Lemma 8 will follow from the inequality

T> V2. (39)

In order to prove this inequality, we consider a sequence of positive numbers (pp)n>0, such that
pn — 0 as n — oo, and
IZd (pn)
Pn

By definition of the minimizing energy Zoq(py), given any number 0 < § < 2 — /2, there exist
functions 1, € X (R x Ty), with [P](¢) = pn modulo 7, such that

- T (40)

ZQd(pn) < E(wn) < I2d(pn) + 6pn < (T + 5)pn < 2pna (41)

for any n > 0. Since p, — 0 as n — oo, it follows in particular that (¢, )n>0 is vanishing, and
therefore also from Lemma 9 that

Op = ;rellf& ]¢n(x)| — 1, (42)

as n — o0o. By (41), the energies E(1,) are also uniformly bounded and Lemma 11 provides a
subsequence, still denoted (), ),>0 here, for which

E(¢n)
Pn < ﬁén

as n — oco. In view of (40), (41) and (42), proving (39) would follow from the fact that the o(1)
in this inequality is actually a o(p,). In order to derive this stronger estimate, we adapt slightly
the argument in the proof of Lemma 11.

+o(1),

Going first to the proof of Lemma 10, we decompose the energies E(¢y,) as E(¢y,) = £, + R,
according to (50). Arguing as in the proof of (53) (for instance with r = 1), we obtain

L/ ! < CoB ), (43)

for any n > 0. Here as in the sequel, the number Cy > 0, possibly different from line to line,
only depends on /. Inserting the previous inequality into (51), and applying (41), we obtain

Rl < CeB(Won)(En% + B(thn)) < 2Cepn(En + 2pn). (44)
Since &, = E(¢n) — Ry, we deduce from (41) and (44) that

En < Cypn, (45)

14



and then from (44) that

3 1
|E(wn) - 5n| < Cep% (1 +pﬁ,).
In view of (41), we conclude that
3 1
gn < (T + 5)pn + Cfp% (1 +p721) (46)

Going back to (42), we can assume, up to a subsequence, that ¢, > 1/2 for any n > 0. In this
case, the quantity 2R, in (54) is well-defined, and we can bound it by

’%n’ <Cy Hw””i‘*(Rng H&viZnHLQ(RX'H‘g) <y E(%) &n < Cfp?w (47)

by combining (41), (43) and (45).

Arguing as in the proof of Lemma 11, we can also lift the function &n as @n = pp €7, and find
an integer k, € Z such that

1 1 1 o _
Do + ke = 7/ (1= p2)nion + f/ /  (wpy D) (105w, D) + R
2 Jr IR JT, 22
Since p, — 0 as n — oo, we infer from the inequality hﬁn\ = pn > 0p, and from (47) that
1 2 1 - 2
po < ot bl < 5 [ 1= B2lladhon] + 55 [ [ Vwns dde 10wl + Cop
2571 R E(Sn R JT,
On the other hand, we also check that

1 2, 2 s (1—p2)? 1// 2 ~ 9
n—3 n n n a7 n 2 ny ¥n .
£ =5 [ (0P +2I9enP + S25) 4 g [ [ (19wl 424, 50)2)

As in the proof of Lemma 11, we derive from the Young inequality, and then from (46), that

—l-Cgpn_ pn-l-Cepn(l +pn)

b= f 26, f 20,
Using the fact that p, — 0 and 6, — 1 as n — oo, we obtain in this limit that 7 +§ > /2.
Since § can be chosen as any arbitrary small positive number, the inequality in (39) is proved,
and as a consequence, so is Lemma 8. ]

3.4 Proof of Proposition 2

The concavity of the function Zsq on the interval [0, 7] is a direct consequence of Lemmas 1, 3
and 4. Combining Lemmas 7 and 8 with the strict inequality in (10) guarantees that the function
Toq is also strictly sub-additive on [0, 7]. We now use its m-periodicity and its parity to extend
this property to R/7Z.

Fix two numbers (p1,p2) € (R/7Z)?, with p1 # 0 and ps # 0, and consider two numbers
0 < p1,p2 < m such that p; = [p1] and pa = [p2]. Two situations can occur. When p; + py < 7,
the strict sub-additivity of the function Zogq on [0, 7] directly provides

Toa(p1 + p2) = Zoa(p1 + p2) < Zaa(p1) + Zoa(p2) = Zaa(p1) + Zaa(p2).

Otherwise, we know that m < p1+ps < 2m,sothat 0 < m—p1+7—po < m. Since 0 < T—p; <7
and 0 < m — pg < 7, we can again invoke the strict sub-additivity of the function Zsq on [0, 7]
to obtain

Tog(m —p1 + 7 — p2) < Zog(m — p1) + Zoa(m — p2).

15



Since the function Zoq is even and w-periodic, this can be rewritten as

Toa(p1 + p2) < Zaa(p1) + Zaa(p2),

which again leads to
Zoa(p1 + p2) < Zaa(p1) + Zaa(p2)-

This concludes the proofs of (11) and of Proposition 2. O

4 The compactness of the minimizing sequences

4.1 Proof of Lemma 9

Assume for the sake of a contradiction that

hnrglor.}f itelg 11— [t (z)]| =v > 0.

In this case, we can find a sequence of points (an)n,>0 in R such that

v

[in(an)] <13, (48)

for n large enough. Given a compact subset K of R, which contains 0, we deduce from condi-
tion (21) that

[ L (9000 + 0 )P+ (1= e+ )P)2) 0,
K JT,
as n — oco. As a consequence, we obtain
V(- +an,-) =0 in L*(K xTy), and 1—|[¢p(-+an,)> =0 in L*(K xTy). (49)

Moreover, we also have

S Lt anE <am i @m0 ( [ 0=t an >r>) ,

for any n > 0. Up to a subsequence, we can therefore assume that there exists a function
VYoo € HY(K x Ty) such that

Yn(- + Any o) = hoo  in HY (K x Ty).

Combining (49) with the Rellich-Kondrachov theorem, we check that the function 9 is a
constant function of modulus 1, and that the previous convergence is actually strong in H'(K x
Ty).

Observe finally that

Jo ot ad = v < g [ [ 1+ = vul =0,

while

[0ttt af < [ [ 1o+ a0

Hence we have R
¢n(+an)—>¢oo in HI(K)a
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as n — oo. Invoking the Rellich compactness theorem, we can assume, up to a further subse-
quence, that
V(-4 an) = Yoo in L(K).

Since 0 € K, this is enough to guarantee that
[vn(an)| = || = 1,

which provides a contradiction with (48). This concludes the proof of Lemma 9. O

4.2 Proof of Lemma 10

Concerning the proof of (23), we set ¥, = ¥, +w, as in (7). Going back to (22), we decompose
the energy E(1,) as

with
En 25/ / @%\2 (1 — ‘wn’ ) + ‘an|2 + 2<u)m1/;n>(2c)7

and

~ N 1
_ 2 2 4 4

We have to check that the term R, tends to 0 as n — oco. Using the Cauchy-Schwarz inequality,
we observe that

~ ~ 2
Rnl _2€||wn||L4 (RxT,) (Hl - |¢n‘2HL2(R><’JI‘Z) + 2||<wnawn><c||L2(Rx'Jre) + §Hwn||L4(R><TZ))

(51)
1,1 2
S?e”w””L‘*(Rxm) (46 &% + Junll g, )
As a consequence, we are reduced to prove that, under condition (21),
[wnll 1 gr,y = O (52)

as n — oo. The proof of this claim is classical in the context of concentration-compactness
arguments (see [16, Lemma I.1]). For the sake of completeness, we give the following detail.

Fix the positive number r such that (21) holds, and set

1
st [ [
a€R L B(a,r) JTy

Invoking the Poincaré-Wirtinger inequality, we check that

||w”||L2(B(a,r)><T£) < HaywnHLz(B(a,r)xm) < vanHLZ(B(a,r)xm)v

for any n > 0 and any a € R. Combining this inequality with the Gagliardo-Nirenberg inequality,
we can find a number C;., only depending on 7, such that

Lo Ltze( [ L) ([ [ v +e))
B(a,r) JTy B(a,r) JTy B(a,r) J Ty
2
SZCT(/ |an]2) )
B(Q,T‘) ’]T,g
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Recall next that
[ [ verse [ [ e <2ee,
B(a,r) TZ B(a,r) TZ

/ wa[f < 80Cy e, [ etwn.
B(a,r) JTy B(a,r) JTy

By summation we are then led to

so that

L@A@Wﬂ4§8€anEwm. (53)

Since €, — 0 as n — oo by (21), and since the energies E(v) are bounded, we conclude
that (52) does hold. Inserting this limit into (50) and (51), and using again the boundedness
of the energies E (1), we deduce that the sequence (&,),>0 is also bounded, and then that R,
converges to 0 as n — 0o. In view of (50), this completes the proof of (23).

We now turn to (24). In view of Lemma 9, we can assume, up to a subsequence, that all the
functions 1, satisfy

for a fixed number d, > 0. In this case, we can write

~ o~

¢n L Zdjn
—~ + nsy wn -~ b
TERRRRA ST

Wn, = <wna@Zn>C
so that
1 , 1 1 o - N ~
%/R/Te (102 Wn, wp)c = %/R/Té W<<wn,¢n>c (103Wn, Yn)c + (W, ithy)C (8an,¢n>(c)_

Integrating by parts the last term in this identity, we obtain

1 . 1 1 ~ .
25/11@/11"K<28$w”’w”>c = E/R/ﬂrl m(wn,zpn>c (i0pWn, ) + Rn, (54)
with
1 1 2~ ~ ~ ~
%n - ﬁ /R /EZW (W<wn7 8$¢n>(c <wn7 ¢n>(c (wn, M/}n>(c
— (wn, 8#2)\71)((3 (wn, “Zn)@ — (wp, 12;71>C (wp, lax$n>(c)
Since

2 ~ 2 ) ~
|mn| S Mk/]R/JTg ‘wn|2 |a:vwn S E Hw”“L‘*(RXT@) HaacwnHLz(RXsz

we infer from (23) and (52) that R, — 0 as n — oo. In view of (54), this concludes the proof
of (24), and of Lemma 10. O

4.3 Proof of Lemma 11

Recall first that

dp > 1 —sup |1 — [¢n(2)|],
z€eR
so that by Lemma 9, we can assume, up to a subsequence, that

5, >0,
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for any n > 0. In particular, we can lift the function 12,1 as @/ZJ\n = ppe’?n, where p, and ¢, are
continuous real-valued functions defined on the whole line R. In this situation, it follows from [5,
Lemma 3] that the untwisted momentum [P](¢,) is equal to

n 2/ Orpn, ~ modulo 7.

Going back to (8) and (24), we obtain

PI) = 5 [ (= uon g [ [ e 0w e +o(1) - modlo 7, (59

as n — o0.

Similarly, we can expand the energy of the function @n as

~ 1 1 p2)?
B =5 [ (1Val + 2l + 120,

so that we derive from (23) that
_1 2, 2 2, (L=pp)? l// 2 2
B(on) = 5 | (Va4 o2V + 520 g [ (190 420, 3002+ 0(0). (56)

We next estimate the first integral term in the right-hand side of (55) as

2

11— p2| / 2 o, (1—p2)?
<2 7naxn§ nvﬂ 771’
< /R 75 PrlOsen] R<P| enl” + )

V26, 5

(1= p2)0upn
R

while we bound the second one by

n,¢n> (10, wn,wn ‘ // f! wn,wn )| |0zwn|

S7// |azwn‘2+2<wn7¢n>%)'
2 JrJT,

T, |wn’2

In view of (55) and (56), we are led to

E(yn) +0(1)
Pl(h,)| < =2 TR L o),
)| < =2 o)
as n — oo. Using the fact that d,, — 1 in this limit by Lemma 9, we obtain (25), which concludes
the proof of Lemma 11. ]

4.4 Proof of Lemma 13

We split the proof into four steps.

Step 1. There exists a number M, > 0, depending only on p, such that, given any integer
m > 1, there exists a number R, < R,, < 2R, such that

; ( (V) (Rins ) + €(¥n,) (— vay)) dy <

=l

(57)
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This follows from the fact that (¢, )m>1 is @ minimizing sequence for the minimization problem
T4(p). As a consequence, we can find a positive number M), depending only on p, such that

2Rm

/11‘ w"m)( z,y) + e(tn,, ) (@, y)) dx dy < M,.

Rm

This is sufficient to find a number R,, < R,, < 2R, satisfying (57).

As a consequence of (57), the restrictions ¢y, (R, ) lie in H'(T;). We now check that a
function ¢ € H'(T,) with sufficiently small Ginzburg-Landau energy does not vanish.

Step 2. Let i € HY(Ty). There exists a number 0 < ky < 1, depending only on £, such that, if

_ L o 1 _14h12)2
i) = g [ 0wl + g [ 01 < e (58)

then the function 1 does not vanish on Ty, and can be lifted as ¢ = ||e?, where ¢ is a
continuous, {-periodic, real-valued function. Moreover, there exists a number Cy > 0, depending
only on £, such that the mean value

b=g v
satisfies
9] 21— Cmw)t > ¢, (59)
and
wa(®) - [ o] < Contr? (60)

when the function 1 satisfies the condition in (58).

Assume that a function ¢ € H'(T,) vanishes. Up to a translation, we can assume that 1(0) = 0,
so that we can write

W) < VY lloydl L2 (ry),

for any 0 < y < /£. In this case, either

1 , 1
il >
2£ /Te |8y/¢)| - 462

or we can compute

1 2
L=z g [ a0l ) by >

By contraposition, we conclude that a function 1 such that

il il _ < -
QE/WTl‘ayQM +4e/1rg (1= o)’ < min { g 5}

1

(1 -1 Hayd)HLQ T@)) 2 16

AM»—*

does not vanish on T,.

Consider next its mean value LZ, and recall from the Poincaré-Wirtinger inequality that

~ 02
/m -9 < 4WQ/TZ 0,8, (61)
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so that by the triangle and Cauchy-Schwarz inequalities,

N 1 1 N
1215 [ =) -5 [ w3

2123 0-07) - (o)

The first inequality in estimate (59) follows, when Cy is supposed to be larger than 2+ ¢/(1/27),
and it is sufficient to choose ky less than 1/(4¢?), 1/16 and 1/(4C;)?, to obtain the second one.

We finally turn to (60). We first introduce a continuous, ¢-periodic, real-valued function ¢ such
that ¢ = [¢|e"? on T,. We then compute, using the Poincaré-Wirtinger inequality,

e @‘:’(W—!¢!)w+w|i|$’§2lw—1ﬂ

19 4] 9] 9]

and deduce from the Cauchy-Schwarz inequality that

<p-dl< [ |l

<

e — 2 \ < V20k()e. (62)
||
At this stage, we invoke the inequality
2
larg(z2) — arg(z1)] < ;}21 — 2/, (63)

which holds for complex numbers z; and z2 of modulus 1, such that |22 — 21| < 1. Note that the
numbers arg(z2) and arg(z1) in this inequality are defined in R/27Z, so that the notation |- | in
the left-hand side of (63) corresponds to the natural distance on this set.

Going back to (62), we finally fix Cy := max {2+ £/(v/2x), (2V/2() /7}, so that |e® — /||| < 1,
when k(1)) < kg := min{1/(4¢?),1/16,1/(4C,)?}. In this case, we infer from (62) and (63) that

A’ 2v2¢

NG
(NI

@ —arg(y)| < k(1)

™

< Crr(y)? <

N |

-~

Invoking the continuity of the phase function ¢, we can find a number 7 € R such that arg(y)) = 7
modulo 27, and

lo(x) — 7| < Crr(v)?,

for any = € Ty. Integrating this inequality on Ty, we conclude that

i)
- -7
0, %

Since 7 = arg()) modulo 27, this completes the proof of (60), as well as of Step 2.

<Cy H(Q/))%-

Given a number R > 2, we now connect two functions ¢ € H!(T,) satisfying (58) by a
function ¥ € H'([-R, R] x Ty, C) of Ginzburg-Landau energy of order x(¢)_) + x(¢y) + 1/R.
More precisely, we show

Step 3. Let v+ € HY(T,) satisfying (58). Given a number R > 2, there exists a function
U € HY([-R, R] x Ty, C) such that V(£R,-) = 1+, and moreover,

N

Ep(¥) < Ce(w() +n(s) + ), and  [[PR(®)] < Co(wwo) +(61))°, (64)

for a number Cy > 0, depending only on £.
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Under condition (58), it follows from Step 2 that the functions ¢+ do not vanish. In particular,
we can find continuous, ¢-periodic, real-valued functions p4+ and ¢4 such that ¥+ = py e+ on
Ty. Using this notation, we observe that

K(e) = %/ Ayp+)” + pL(Oyp+)? 46/ (1-p2)°

Setting .
D = — d
b= /T é w+(y) dy,

we first derive from the Sobolev embedding theorem and the Poincaré-Wirtinger inequality the
existence of a number Cy, depending only on ¢, such that

2 ~ l
||1 - P:N:HLoo(Te) <y H(¢:|:)7 and ||Q0:t - SO:EHLQ(TZ) < % Haysp:l:H[g(Tz)' (65)

Going back to (58), we note that the modulus pi are uniformly bounded by a number Cy,
depending only on /.

We next define the map ¥ by introducing affine interpolations of the modulus p4+ and the phases
w+. More precisely, we set

1, for|z|]<R-1andye Ty,
plw,y) = (66)
1+ (R—1—z])(1—ps(y)), for R—1<zxz<RandycT,.
Introducing the integer k € Z such that 2km < ¢, — ¢ < 2(k + 1)m, we also set
(z.1) a*;(%_;)%w x+ $++$2’+2k7r, for [t < R—1and y € Ty, (67)
P\T,Y) = —
px(y) + (R—|2))(¢x —¢x(y)), for R—1<E*z<RandyeT,.

The map ¥ := pe'? then lies in H([—R, R] x Ty), with U(£R,-) = 1+. From (65) and explicit
computations, we first derive the estimate for Er(¥) in (64).

Concerning the estimate for the momentum [Pg|(V), we write ¥ = U + W according to (7), and
recall from (59) that the mean values W(+R) = 1 are larger than 1/2. In view of (30), the
momentum [Pg](¥) is then well-defined by

R ~ ~ ~ ~
PRI(W) = [ ) (<iax\p, ).+ % /T oW W>(C> + Sarg(B(R)) ~ sarg(B(~R))  modulo 7.

Recall that ¥ only depends on z and that Jr, W(z,y)dy = 0 for all z € R. By definition of the
function ¥, we can therefore rewrite the previous formula as

[Pr](¥) 26/ /11‘ (10,0, W) + 1arg(z/1+) — }arg(zz ) modulo 7.

Since (10, ¥, ¥)c = —p? O, we are led to

1B [ 0P Yoo L i)
_2£7R'[[‘£ 1Y P 2a‘rg E SD‘F Y

- 1(arg($_) 1 o (y) dy> modulo 7.
2 14 T,
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In view of (65), (66) and (67), we can find further numbers Cy > 0, depending only on ¢, such
that the first term in the right-hand side of this inequality satisfies

M ACAL

Concerning the second and third terms, we directly invoke (60) to obtain

<Cy /Te (|1—P%r| | — @i |+]1—p2| |907—957|) < Ce(ﬁ(@ﬁ)‘i"f(wf))-

~ 1 .
arg(v+) — Z/T o+ (y) dy‘ < Cor(ys)2.

Gathering the two previous estimates, we conclude that

2

[PR)()] < Co(n(4) + r()),
due to the bounds k(1+) < kg and k(1)) < k. This is exactly the second inequality in (64).
We now collect the three previous steps in order to complete the proof of Lemma 13.

Step 4. Conclusion.

Fix an integer m > 1. In view of Step 1, we can find a number R,,, < R, < 2R,,, such that (57)
holds for some number M,,. Up to a subsequence, we can assume that M,/R,, < k;. By (57),
the maps ¥+ := 1y, (£ R, -) then satisfy the condition in (58). Observing that Ry, > R, > 2,
we can invoke Step 3 with R = R,, to find a function ¢, := ¥ € H'([~Ryn, Ry] x Ty, C) such
that

i”m( + Em’ ) = wnm(i E’rru -)7
B, () < o (0 (o 2) + (i (o) + - ),

and 1

P, 1G] < Col(n (Bons ) + (0 (s 1))

The two estimates in Lemma 13 then follow from (57) and the fact that R, > R,,. This
concludes the proof of this lemma. O

4.5 Proof of Proposition 14
For a fixed integer m, we decompose the energy E (i, ) as

In view of (26), (31) and (32), we have on the one hand,

Eg () > Bry (¥n,,) > max {0, Br,, (o) - %} > max {0, B(1oo) %}

On the other hand, we infer from Lemma 13 that

’ - C
Bz (Ynn) = Bz, (4nn) > E(fn,) — ﬁ |

where Cy is the number in Lemma 13. Since R,,, — 400 as m — oo, inequality (33) follows by
summation.
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We argue similarly for the momentum, which we decompose as
Using (31) and (32), we obtain

[P, 1(Wnn) = [Pl (thoo) | < [[Pg 1) — [Py, 1(¥oo) | + [ [P 1(thoo) | <
while, by Lemma 13,

9

3w

1P (W) — (PG| < |15, ) (0| < }f |

Inequality (34) follows as well by summation. This completes the proof of Proposition 14. [J

A Properties of the minimizing energy in one space dimension

In this first appendix, we recall properties of the minimizing energy Z;4, which are useful for
the proofs of Lemmas 4 and 5.

Lemma 16. The minimizing energy I1q s a w-periodic and even function on R given by

Tia(q) = é@ - )2,

Njw

for any number ¢ € R. The speed ¢, in this formula is the unique number in (—\@, \/i] such

that
T ¢

4] = =) i= 5 — arctan (F) 2

In particular, I,q is \/2-Lipschitz on R, and concave on the interval [0, 7].

Proof. Note first that the minimizing energy 714 is by definition a w-periodic function on R.

It is also even due to the property that [P](y)) = —[P](¢) for any function ¢ € X(R). When
0 < g < 7/2, the formula for Z;4(¢q) was derived in [9, Proposition A.6] from [3]. It extends
to ¢ = 7/2 by [5, Lemma 6]. Since Z(—c) = m — Z(¢) = —E(c) modulo 7, it also extends to

[—7/2,0] by parity, and then to R by periodicity.

Observe next that

() = ~(2- )7,
for —v/2 < ¢ < /2. As a consequence, the function Z is a smooth diffeomorphism from
(—v2,v/2) to (0,7), that extends into a continuous function from [—+/2,v/2] to [0,7]. In par-
ticular, the map ¢ — ¢, is well-defined and continuous on [0, 7], and smooth from (0,7) to
(_\/Z \/5)7 with

To 2 (68)

q (2—c2)2
Therefore, the function Z14 is also continuous on [0, 7] and smooth on (0, 7). Moreover, we check
that
T14(q) = - (69)

Since |¢y| < /2 for any 0 < ¢ < 7, the function Z14q is v/2-Lipschitz on the interval (0, 7). By
continuity, this property extends to [0, 7], and again by periodicity, to R.

Going back to (68), we next notice that the map ¢ — ¢, is decreasing on (0, 7). In view of (69),
so is the derivative Z{,. This guarantees the concavity of the function Z1q on the interval [0, 7],
and completes the proof of Lemma 16. O
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B Useful characterizations of concavity and strict sub-additivity

In this second appendix, we first give the

Proof of Lemma 3. We assume for the sake of a contradiction that the function f is not concave
on [a,b]. We are then able to find three numbers a < a < < b and 0 < u < 1 such that

flzy) < pfla) + (1 —p)f(B),

with z, = po + (1 — ). We consider the straight line A going through the points (a, f(a))
and (S, f(B)), whose equation is explicitly given by y = 7z + o, with 7 = (f(5) — f(«))/(8 — «)
and 0 = (Bf(a) — af(B))/(B — ). We can rewrite the previous inequality as the fact that the
straight line A, which is parallel to A and goes through the point (x,, f(x,)), is strictly below
the line A. Indeed, we check that

f(B) = f(a) f(B) = fle) _

S lfB) ~ f@) < () - = (T0)
As a consequence, we can introduce the straight line A,, which contains at least one point
(z, f(x)) for a number o < z < (3, and which is, among all the parallel lines to A, the most

below this line. The line A, is given by the equation y = 7x + o, in which

flzp) — T, = f(z,) — B

o =min {f(z) — 72,z € [, B]}.

This number is well-defined by continuity of the function f and it is strictly less than o by (70).
We finally introduce the number

z, =min{x € [a, ] s.t. f(z) =T+ 04}

Again by continuity of the function f, as well as by definition of the number o, the number x,
is well-defined. Moreover, it lies in the interval («, ) due to the fact that o, < . Therefore,
we can deduce from (12) the existence of a number J, such that

S (FGa 60+ Fa. —8)) < f(e),

where we can assume that o < x4, — 0, < z, + 04 < 8. In this case, it follows from the definition
of the number z, that

f(zs) =7z + 04y, and  f(xx — 0i) > T(Tx — 0s) + 0O,

so that
f(l'* + 6*) < T(fL‘ + 5*) + 0.

Since o < x4 + 0, < 3, this is a contradiction with the definition of the number .. Hence the
concavity of the function f on [a,b] is proved. O

We next provide the

Proof of Lemma 7. Using the concavity of the function f on [0, R], and the fact that f(0) =0,
we already know that this function is sub-additive on [0, R]. Recall indeed that

z f(y) =y flx) + (x—y) f0) =y f(a), (71)
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for any numbers 0 < y <z < R, so that

f(z1) + fz2) > f(o1 + 2), (72)

for any numbers 0 < z1,20 < R, with 0 < 1 + 22 < R.

We now assume that the function f is not strictly sub-additive on [0, R]. In this situation, there
exist numbers 0 < z1,z2 < R, with x, := 21 + z2 € (0, R], such that the previous inequality is
an equality. We claim that

ﬂwziﬂm% (73)

for any 0 < y < z,. This identity already holds for y = 0 and y = z.. Moreover, it follows
from (71) that the case of equality into (72) can only hold if and only if

x x
fle) = ) (and - f(e) = 2 ).
When z1 < y < x4, we again deduce from the concavity of the function f that

@)= T fe) 2 fy)+

£(0) = f(y),

and (73) follows from the already proved reverse inequality (71). Similarly, when 0 < y < 1,

we have
1 Tyx — T1 rr -y
= f(y) +
Ty Te— Y Te— Y

f(z*)v

which amounts to the inequality

%f@gzﬂw

We are again led to (73) by the reverse inequality (71). This completes the proof of (73).

It is then enough to set u = f(x4)/x« to obtain (20). Since the function f is non-negative, the
number p is also non-negative. This concludes the proof of the alternative in Lemma 7. O
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