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Abstract

We endogenize location/product speci�cation choices in a spatial Cournot duopoly

on the linear market, when �rms�output entails an accidental harm to the envi-

ronment. Under a strict liability regime, the equilibrium involves no di¤erentiation

when the expected harm is low enough. This outcome is suboptimal, and identical

to the spatial pattern obtained under a no-liability regime. With larger harm, the

equilibrium displays some dispersion/product di¤erentiation, the degree of which is

increasing with the level of harm towards the �rst best locations/product choices.

Our results are robusts when allowing for �rms�investment in environmental mea-

sures. Moreover, we show that vertical/care di¤erentiation occurs whenever hor-

izontal product di¤erentiation arises. Finally, we show that under a negligence

rule, �rms always comply with the due care level, but the equilibrium involves no

di¤erentiation, either horizontal/product or vertical/care.
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1 Introduction

It is widely acknowledged that environmental awareness has been steadily increasing

throughout the general public. On the one hand, customers make more environmen-

tally conscious purchase decisions, and are more and more willing to buy from �rms that

are committed to protecting the environment.1 In response, �rms react by investing in

socially responsible product innovations (Iyer and Soberman 2016). On the other hand,

ex ante instruments of environmental policy such as regulations, taxes2 or permits3, reg-

ularly face strong public rejections. Environmental liability laws usually have a better

social acceptability, because they allow an ex post intervention based on the polluter-

payer principle. As such, they have been recognized to have "numerous implications for

�rms competitiveness"4, including product innovation and R&D activities. More gen-

erally, pricing and output decisions, as well as product speci�cation choices will clearly

be impacted by both consumers� environmental concerns and environmental laws and

regulations.

Most often than not, the economic literature tackling these above-mentioned changes

in the outcome of market competition focused on �rms�vertical di¤erentiation strategy

(i.e. improving the quality/environmental friendliness of their products) but neglected

the product customization strategic choices (i.e. exogenously assuming the products�

horizontal di¤erentiation - see Clemenz, 2010). However, within a given quality category,

customizing a standard product to bring it closer to the preferences of some customers

will likely further improve pro�ts (see Conrad 2005). In this paper we intend to help

1See, for example, the 2015 GfK study on environmental values and ethical shopping at

https://www.gfk.com/insights/environmental-values-and-ethical-shopping.
2Green taxes raise substantial protest on a regular basis, either from corporations or

from citizens. See for example the reaction of road truck companies in France in

2014: https://www.europe1.fr/economie/Royal-enterre-encore-l-ecotaxe-les-routiers-arretent-leur-greve-

683018. See more recently the so-called revolt of "yellow vests" from October 2018 to January 2020:

https://en.wikipedia.org/wiki/Yellow_vests_movement.
3Ecological associations and the Green Party are usually strong opponents to markets for pollution per-

mits. See for example https://npa2009.org/content/droits-%C3%A0-polluer-un-syst%C3%A8me-injuste-

et-contre-productif-par-g%C3%A9rard-vaysse.
4Speech to the press (April 29, 2016) by French Minister of Justice, Jean-Jacques Urvoas.
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�ll this gap, and consequently endogenize both the horizontal and vertical di¤erentiation

choices when �rms are subject to environmental liability.

The issue of horizontal di¤erentiation in terms of environmental friendly characteris-

tics is a concern for many di¤erent kinds of products/markets. This is the case for the

provision of power energy ("green" versus "fossil" electricity), for detergents and washing

powder (products with "soft" versus "aggressive" cleaning power), for (products made

with) paper (bleached/wooded paper versus recycled paper), for vegetables and/or fruits

(use of natural versus chemical fertilizers and pesticides), and so on. Some consumers will

pay attention to the origin and surrounding conditions under which products have been

manufactured and/or marketed, and will accept to be charged higher prices for "greener"

products. Hence there exist pro�table/sustainable market shares for �rms willing to man-

ufacture and sell such products. However, in some cases it can be very di¢ cult if ever

impossible for environmentally oriented consumers to avoid the consumption of speci�c

products or substances, given the absence of substitutes and their extensive use in many

sectors. Typically, this may occur with main materials and substances used for product

conditioning (i.e. packaging, bags, bottles, cans and so on) such as aluminum and many

plastics.5 Given the weak incentives of �rms, and sometimes governments�unwillingness6

to foster the switch to di¤erent practices, it is important to assess the potential role of

the civil society, and mainly the impact of the private enforcement of environmental laws

5Each year between 19 and 23 millions tonnes of plastic are disseminated in oceans, and it may double

by 2040. The extensive use of plastic by the industry since 1950 (toys, paintings, cars and so on) as a

production input as well as for packaging is due to plastic�s inexpensive, durable, and very adaptable

use for di¤erent purposes, implying that manufacturers choose to use plastic over other materials. Since

its �rst industrial applications by Nylon c
 and Scotch c
 in the 30s, its general use has been supported

in the long run by a ongoing stream of innovations and a dynamic R&D activity, with very diversi�ed

applications today, such as the textile or aerospace industries. As of 2020, the estimated global mass

of produced plastic exceeds the biomass of all land and marine animals combined. For the WWF,

"plastic pollution must be a major challenge" for environment, and speci�cally for the preservation

of oceans - see https://www.europe1.fr/societe/one-ocean-summit-pour-wwf-la-pollution-plastique-doit-

etre-un-enjeu-majeur-4092694.
6See for example the appeal of �ve environmental associations against the French State:

https://www.lesechos.fr/politique-societe/politique/protection-de-la-biodiversite-les-ong-attaquent-

letat-en-justice-1378020
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under alternative environmental liability regimes.

In this respect, the impact of environmental liability laws on horizontal di¤erentiation

has not been addressed so far. The purpose of this paper is to provide a theoretical analy-

sis of product speci�cation/strategic location choices when �rms compete in quantities

and face environmental liability. For this we use a duopoly setting with Cournot spatial

competition on the linear market (Anderson and Neven 1991): assuming a uniform con-

sumer distribution along the line, we consider a two-stage game where �rms choose �rst

their locations or product speci�cations, and then compete in quantities at each location

or local market on the unit line. In this standard framework we examine the role of envi-

ronmental liability laws for the horizontal di¤erentiation decision. Assuming that �rms�

output entails an accidental harm to the environment, we �rst consider the case where

�rms are subject to the strict liability rule (no-fault rule), and Courts award damages that

correspond to the full compensation of harm. We assume that expected harm is linear

w.r.t. individual output, i.e. proportional to it, and compare the spatial/product choice

equilibrium that obtains under strict liability with the one under a "no liability regime",

as well as to the socially optimal outcome.

We show that the properties of the spatial equilibrium are strongly related to the

size of the external harm. For low levels of harm, �rms choose to not di¤erentiate their

products in equilibrium, i.e. central agglomeration obtains, as is the case without liability.

Therefore, the existence of environmental liability does not impact �rm location/product

speci�cation choices, although it is not neutral for their output decisions, since strict

liability reduces the equilibrium level of outputs as compared with no-liability regime.

Moreover, the liability based product choice equilibrium is suboptimal, since the �rst best

involves some spatial dispersion or product di¤erentiation, with �rms (products) being

symmetrically located around the market center (at 1/4, 3/4). In contrast, larger levels

of harm will trigger some dispersion in equilibrium: in this case, liability does matter

for �rms�product choices, although the equilibrium degree of horizontal di¤erentiation is

generally suboptimal. In particular, we show that the degree of di¤erentiation/dispersion

is increasing with the harm, and tends to the socially optimal one when the level of

expected harm approaches the upper limit.

We then extent this basic set up in two ways. To start with, we allow �rms to in-
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vest in precautionary measures. This extension is important for two main reasons. First,

although several seminal papers do not distinguish between output and care as e¤ective

decisions in controlling harms when addressing the functioning of tort law (Kornhauser

and Revesz 1989, Miceli and Segerson 1991), the major part of the Law & Economics lit-

erature actually agrees that the objective of liability rules is to provide �rms/individuals

with incentives to engage in care-taking activities.7 Secondly, introducing thus preser-

vation measures together with �rms� location/product decisions is relevant since it al-

lows to deal simultaneously with both vertical di¤erentiation (preservation measures)

and horizontal di¤erentiation (product di¤erentiation/spatial dispersion). When allowing

for precautionary measures, we obtain that the resulting spatial/product di¤erentiation

equilibrium pattern is qualitatively similar to that of the base model. The (quantitative)

di¤erence consists in the extent of product di¤erentiation in equilibrium, since the hor-

izontal di¤erentiation now occurs for di¤erent (threshold) values of the environmental

harm. Furthermore, we show that horizontal (product) di¤erentiation parallels vertical

(safety) di¤erentiation.

In a second extension we analyze the implications of a regime of environmental liability

based on the negligence (at-fault) rule associated with a �exible standard of due care,

de�ned as the socially optimal reply of care at any level of output. Our conclusion

is that negligence always induces �rms� compliance with this standard. Regarding the

equilibrium spatial/location pattern, we �nd that central agglomeration always obtains

under negligence, i.e. it occurs in equilibrium regardless of the size of environmental

harm. This implies in turn that �rms choose the same (location-dependant) level of

care, i.e. they do not vertically di¤erentiate under negligence. Hence, the liability regime

matters for location choices/products di¤erentiation, as well as for �rms�investments in

environmental preservation measures.

The rest of the paper is organized as follows. Section 2 provides a brief survey of

related contributions from both IO and Law and Economics (L&E henceforth) literature.

7We use interchangeably the terms of care, precautionary activities, and preservation measures

throughout the paper. Note however that the distinction between the notions of care and activity level

may be controversial. Hence, which of the parties�precautionary measures should be included in, or,

instead, left out from the determination of negligence may be complex and actually depends on Courts

attitude - see for example Dari-Mattiacci (2006).
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In section 3, we examine the output and location/product choice decisions when envi-

ronmental harm is linear w.r.t. the individual outputs and �rms face strict liability. We

compare the equilibrium outcome to the one occurring in two benchmarks : the "no lia-

bility regime", and the social optimum. Section 4 deals with environmental preservation

measures, together with output and location decisions. In section 5 we depart from the

strict liability rule and extend the analysis of liability regimes to the negligence (at-fault)

rule. Section 6 concludes.

2 Related literature

This paper displays a two-stage location-then-quantity game, and as such is a related to

the vast literature on spatial competition with location/product choice.8 Since the seminal

work of Hotelling (1929), a substantial part of this literature considers a location-then-

price game over a continuous space of product characteristics. The well-known outcome

is that of maximum di¤erentiation: �rms choose product speci�cations or locations as

far as possible from one another in order to soften the intense price competition, either

on the linear (see d�Aspremont et al. 1979) or the circular (see Kats 1995) markets.

Spatial agglomeration or, equivalently, identical product speci�cations can only occur in

equilibrium if some other di¤erentiation dimension is allowed and this non-spatial product

heterogeneity is su¢ ciently large (de Palma et al. 1985). The type of competition is

actually determinant for the possibility to obtain the maximum di¤erentiation outcome: a

more recent strand of the strategic location literature focused on Cournot-playing �rms9 to

show that the resulting spatial or product choice equilibrium of the location-then-quantity

game may involve complete agglomeration, partial clustering or even complete dispersion.

Central agglomeration obtains on the linear market with uniform consumer distribution

(Anderson and Neven 1991), and more generally, as long as the population density is high

8For a recent survey see Biscaia and Mota (2013).
9The alternative, Cournot competition assumption, is actually more appropriate quite often: when

quantity is less �exible than price at each market point (Anderson and Neven 1991; Pal and Sarkar 2002),

or when there is a substantial lag between the production and the price-setting decisions (Hamilton et

al. 1994), but also because it basically replicates the outcome of a two-stage capacity-then-pricing game

(Kreps and Scheinkman 1983).
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enough (Gupta et al. 1997) or the production cost convex enough (Mayer 2005).10 In

contrast, Pal (1998), Matsushima (2001) and Gupta et al. (2004) showed that Cournot

competitors cannot completely agglomerate on the circular market, but instead disperse,

although they may cluster at several distinct locations. Pal and Sarkar (2002) shows that

this partial clustering also obtains on the linear market for di¤erent �rms�outlets, by

assuming Cournot competition among multi-store �rms. Recall that the spatial Cournot

competition framework a¤ords some empirically relevant features, such as overlapping

�rm areas, i.e. consumers being served by several �rms simultaneously,11 or the spatial

price discrimination across the set of spatially di¤erentiated markets/consumers.12

To our best knowledge our paper is the �rst to examine the product speci�cation/strategic

location choices when �rms�outputs generate harm for the environment. The only contri-

bution, to our knowledge, which also endogenizes product choice in a spatial framework

allowing for environmental-related issues is Conrad (2005), but this paper considers price

competition in a spatial duopoly where consumers are uniformly distributed and have

environmental concerns. Conrad (2005) con�rms the robustness of the standard result

of the spatial price competition literature, i.e. the interior solution (intermediate level of

di¤erentiation, no �rm being located at an extreme point of the market) does not occur

in (the pure strategy) equilibrium. Instead, he �nds that depending on the magnitude

of the di¤erence between the intensity of consumers�environmental concerns and �rms�

marginal cost, the equilibrium spatial pattern may consist in a �rm being located at one

extreme point of the unit line while the other taking a di¤erent, but not extreme location,

or, alternatively, each �rm being located at one of the two opposite extreme points, i.e.

the standard maximal di¤erentiation result.

In the L&E literature, several recent contributions examined the impact of product

liability in a context of product di¤erentiation,13 but did not consider the �rms�product

10Shimizu (2002) relaxed the product homogeneity assumption and still con�rmed the central agglom-

eration result on the unit line.
11In contrast, Bertrand spatial competition yields exclusive sales territories for �rms, i.e. consumers

at each location/local market being served only by the most cost-e¢ cient �rm there.
12This actually replicates the �exible manufacturing production systems (see Eaton and Schmitt 1994),

where the �rm�s basic product (its location) is customized at a cost (transport cost) to make it appropriate

for a consumer.
13In the last decade, many contributions deal with product liability under imperfect competition more
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design choices. The �rst to do so is Daughety and Reinganum (2006), who consider a

oligopoly model allowing for both horizontal and vertical di¤erentiation. Firms compete

in quantities, and invest in a care-taking activity that impacts the marginal cost of pro-

duction and reduces consumers�harm. Daughety and Reinganum (2006) show that under

a strict liability regime, the relationship between, on the one hand, the equilibrium levels

of care and output, and on the other hand, the degree of product di¤erentiation, is U-

shaped. They also �nd that the equilibrium levels of care and output are lower (higher)

than their second best levels for a high (low) degree of product di¤erentiation.14 More

recently, Baumann and Friehe (2015) extend this set-up in several ways: price in addition

to quantity competition, symmetric versus heterogeneous �rms, strict liability versus neg-

ligence. They focus their analysis on the determination of optimal damage multipliers,

i.e. how Courts may restore �rst best e¢ cient decisions in care-taking thanks to com-

pensation schemes that provide victims with more than full-compensation for their harm.

Chen and Hua (2017) use the hub-and-spokes model of spatial competition (that gener-

alizes the Hotelling model) to show that when �rms compete in prices, incomplete strict

liability (partial compensation of harms) combined with �rms�reputation concerns will

provide incentives to invest in safety. Furthermore, they also show that the relationship

between the intensity of competition and the level of product safety is non monotonic,

and depends on how competition is measured (i.e. degree of product di¤erentiation versus

number of �rms). Baumann, Friehe, and Rasch (2018) and Baumann and Friehe (2021)

also study the role of incomplete strict liability in a spatial model of competition à la

Hotelling, when �rms have di¤erent costs for providing safety. In Baumann, Friehe, and

Rasch (2018), consumers are di¤erentiated in terms of the harm incurred, and it is shown

that some degree of loss sharing between �rms and consumers is always socially bene�cial.

In Baumann and Friehe (2021), consumers are heterogeneous in terms of misperception

of their harm. This paper �nds that less-than-full compensation for consumer harm im-

generally - see Daughety and Reinganum (2013) for a survey.
14Daughety and Reinganum (2006) show that a monopoly chooses ine¢ cient levels of care and output.

When the monopoly market is contestable, Spulber (1988) showed that any liability rule (strict liability,

negligence, no liability) is a second best solution. Endres and Lüdecke (1998) examined the role of

incomplete strict liability when a monopoly sellsdi¤erent quality goods to consumers with unobservable

characteristics.
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proves product allocation although it lowers safety provision by �rms; nevertheless, the

social bene�ts associated with the output e¤ect may dominate the social costs due to

ine¢ cient product safety.15

The case for environmental liability16 has been addressed in relation to technical

change and �rms�incentives to adopt abatement technology. Endres and Friehe (2013)

look into the e¤ects of strict liability vs negligence on the output, abatement, and invest-

ment decisions in case of a monopolistic polluter. They �nd that the relative performance

of liability rules depends on whether the technology is exogenous (then negligence is bet-

ter) or endogenous (then strict liability is better). Endres, Friehe and Rundshagen (2015)

consider a duopoly, and examine how the joint use of environmental liability laws (strict

liability versus negligence under di¤erent standards of care) and R&D subsidies allows

�rms to internalize both the double externality created by the environmental harm they

generate, as well as the R&D spillover e¤ects from their investments in environmentally

friendly technologies. A previous study by Van Egteren and Smith (2002) does focus

on the issue of �rms�location when two competing jurisdictions aim at attracting risky

activities, but without �rms�strategic market interactions.

3 Model and assumptions

Consider two Cournot rival �rms, denoted 1 and 2, operating on the unit linear market,

where in�nitely many consumers lie uniformly. The �rms produce the same basic homoge-

nous good with the same production technology characterized by constant marginal costs,

normalized to zero. Firm�s i 2 f1; 2g location is denoted xi. At each consumer location
15The question whether full, less-than-full, or over-compensation of victim�s harm is optimal has long

been topical in the L&E literature, but is beyond the scope of the paper. For a general treatment see

D�Antoni and Tabbach (2014). Friehe, Langlais and Schulte (2018) also discuss how consumer preferences

for partial product liability and litigation costs condition the emergence of ine¢ cient liability laws.
16In this brief review of the related literature we only discuss contributions with environmental liability

under imperfect competition and divisible environmental harms, i.e. �rms competing on the same market

and in�icting divisible/perfectly separable expected harms on the environment/a third party. For the

case of indivisible/joint environmental harms, see Baumann, Charreire, and Cosnita-Langlais (2020), and

Charreire and Langlais (2021).
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x on the unit line demand is given by p(x) = a � Q(x), with a > 0 and where p(x) and
Q(x) are the price and total output supplied at location x (hence Q(x) = q1(x) + q2(x)

where q1(x); q2(x) denote individual outputs at each location x). Firms incur the same

transport cost Ci = tjxi � xj, linear in distance and quantity, to deliver output to con-
sumers.17 Consumers are assumed to have a prohibitive costly transport cost, preventing

arbitrage, so �rms can and will price discriminate across the set of spatially di¤erentiated

markets. t is a positive constant, and given that the transport cost parameter enters as a

multiple in the pro�t expressions, we assume t = 1 w.l.o.g.18

At each location x the output produced by a �rm generates some harm to the environ-

ment, denoted d(qi(x)). Note that an alternative but formally equivalent interpretation

would be that the harm is borne by some third-party victims, i.e. having no contractual

relationship nor market interaction with industry �rms. We will assume that the expected

harm that a �rm generates is proportional to its output level, i.e. d(qi(x)) = h�qi, where
h > 0 is a scale parameter. With "linear harm", each unit of output delivered by a �rm

contributes equally to expected damage. A large body of the L&E literature introduces

this assumption as a basic ingredient of the analysis of tort law and liability rules.

We assume that Courts award expected damages corresponding to the harm caused

by a �rm; in the next (�nal) section, we assume they use the strict liability (negligence)

rule. Hence the liability cost borne by �rm i is de�ned as Li = d(qi(x)). To ensure that

both �rms serve all local markets along the unit line (i.e. total transportation costs are

smaller than the willingness to pay of consumers), we assume that :

Assumption 1 : a > 2.

Moreover, to guarantee that SOCs regarding location decisions are met, we will make

the following assumption :

17Recall that the Cournot spatial competition framework that we use is actually a shipping model in

which product di¤erentiation comes up as follows: the �rm�s basic product (its location) is customized

at a cost (transport cost) to make it appropriate for particular consumers (located at x).
18Equivalently, let a be the transport-cost adjusted reservation price, and recall that in the product-

di¤erentiation analogy of this model, a can be interpreted as an inverse measure of the extent to which

consumer tastes are strongly localized.
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Assumption 2 : h < a� 1.

Both assumptions could be merged in a single one : a > sup f1 + h; 2g; however,
referring separately to A1 and/or A2 is more convenient in the analysis below. h does

not take a given value a priori, and thus h 7 1 is possible without loss of generality.19

The timing of the game is as follows : at stage 0, Courts announce a liability regime

(strict liability) to which they commit, with both �rms observing the liability regime they

will face in case of an accidental environmental harm; at stage 1, �rms simultaneously

choose a location x 2 [0; 1]; at stage 2, they compete in quantities at every local market
x; at stage 3, the liability regime is enforced.

4 Equilibrium under Strict Liability

Numerous existing environmental laws have adopted a regime based on a no-fault/strict li-

ability rule, often with a view to targeting speci�c activities/industries that are recognized

as highly polluting or dangerous. The Comprehensive Environmental Response, Compen-

sation, and Liability Act adopted in 1980 in USA, as an example, has been conceived

as a tool allowing to clean up uncontrolled or abandoned hazardous-waste sites existing

throughout the United States, as well as accidents, spills, and other emergency releases of

pollutants and contaminants into the environment; all these activities are subject to strict

liability. Similarly, the Environmental Liability Directive of the European Union targets

several potentially dangerous and polluting activities that are subject to strict liability

all being listed in its Annex III.

Under strict liability, �rms anticipate that in case their product in�icts an environ-

mental harm, they will be legally liable for an amount corresponding to the damages

19Although here h is a scale parameter which captures the magnitude of the marginal impact of the

output on the environmental harm (i.e. a pure "technological" e¤ect in terms of response reaction), it

could also be interpretated more broadly as capturing the failures of the judicial institutions. For example,

standard issues discussed in the L&E literature are related to the disapearing defendant problem (reducing

the defendent�s probability of being seen as liable), or the issue of incomplete vs over-compensation of

damages (damages manipulations by Courts).
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awarded by the Court. Below we assume that this compensation (i.e. the liability cost) is

set at the full value of the environmental harm. In what follows we identify the Subgame

Perfect Nash equilibrium of the game when �rms are subject to the strict liability rule.

4.1 Stage 2: the quantity choice

At stage 2, each �rm chooses a level of output qi(x) that maximizes its pro�t given the

output of the other at each location x on the unit line (i.e. Cournot competition at each

local market x),20 where the individual pro�t is written for i 2 f1; 2g as

�i(x) = (a�Q(x)� Ci) qi(x)� h� qi(x):

At each location x, individual output qi(x) chosen by �rm i 2 f1; 2g solves the FOC:21

(a�Q(x)� Ci)� qi(x) = h: (1)

The LHS of this condition is the standard marginal market proceeds under Cournot

competition, while the RHS corresponds to the marginal liability cost borne by �rm i.

Solving (1) yields the stage-2 subgame equilibrium output level, given by:

qi(x) =
1

3
(a� h� 2Ci + Cj) : (2)

Condition (2) illustrates that the liability cost, h, reduces the output level at each local

market, but does not impact the way in which location choices drive the output decisions:

whether a liability rule exists (h > 0) or not (h = 0), a �rm�decision to locate away from

its opponent increases its cost of operating on any given local market, and thus reduces

its output there (dqi(x)
dCi

= �2 < 0); in contrast, its rival�s decision to locate farther away
provides a reciprocal strategic advantage, although of smaller size (dqi(x)

dCj
= 1 > 0).

20Given that marginal costs are constant and consumer arbitrage is nonbinding, quantities set at

di¤erent points by the same �rm are strategically independent, therefore the stage-2 Cournot equilibrium

can be characterized by a set of independent Cournot equilibria, one for each local market x 2 [0; 1].
Remember also that in the context of our spatial analysis, �rms decide on their aggregate output but

also on the quantity to allocate to several submarkets (several points in space) - see Anderson and Neven

(1991).
21The SOC is veri�ed since @2�i

@q2i (x)
= �2.
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4.2 Stage 1: the location choice

At stage 1, a �rm chooses its location xi 2 [0; 1] to maximize its total pro�t over the whole
unit line, anticipating it will deliver its Cournot-Nash output at stage 2. Using (1) and

substituting the LHS in the pro�t expression, the stage 2 equilibrium individual pro�t at

each location x may be written for i 2 f1; 2g as

�i(x) = (qi(x))
2 : (3)

As a result, the introduction of a environmental harm does not entail any additional strate-

gic interaction compared with basic Cournot competition in the sense that the individual

pro�t at each location is the Cournot pro�t.

Allowing for possibly distinct locations along the linear market, with 0 � x1 � x2 � 1,
total individual pro�t for �rm i over the whole unit line writes:22

�i =

Z x1

0

(qi(x))
2 dx+

Z x2

x1

(qi(x))
2 dx+

Z 1

x2

(qi(x))
2 dx: (�G)

Di¤erentiating w.r.t. xi yields for i 2 f1; 2g

@�i
@xi

=
4

3

�
�dCi
dxi

Z x1

0

qi(x)dx�
dCi
dxi

Z x2

x1

qi(x)dx�
dCi
dxi

Z 1

x2

qi(x)dx

�
since (2) gives us dqi(x)

dxi
= �2

3
dCi
dxi
. Setting @�i

@xi
= 0 provides the two best reply functions

w.r.t. locations.23 Solving the simultaneous system of FOCs gives the location outcome

in equilibrium, for which we show that the following holds :

Proposition 1 Under A1 and A2, there exists a unique stable location equilibrium which
is either : a) x1 = 1

2
= x2 if h < a� 3

2
; the associated equilibrium output at any location x

22Note that output at each location depends on transportation costs, and the latter write di¤erently

along the unit line, depending on the �rms�relative locations: C1 = (x1 � x) ; C2 = (x2 � x) for x 2 [0; x1],
but C1 = (x� x1) ; C2 = (x2 � x) for x 2 [x1; x2]; and �nally C1 = (x� x1) ; C2 = (x� x2) for x 2 [x2; 1].
23Given that at each local market x a �rm�s pro�t is equal to the square of its output deliverd at

that location, the expression of the FOC w.r.t. a �rm�s location basically states that the optimal choice

satis�es the quantity-median property (see Anderson and Neven, 1991, for instance): accordingly, the

quantity-median of a �rm�s market is the location such that the total quantity supplied by the �rm to

the left of that point is equal to the total quantity supplied by it to the right of that point.
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is qi(x) = 1
3
(a�h�

��1
2
� x
��) for i 2 f1; 2g; or b) x1 = 1

2
(a�h)� 1

4
< x2 =

5
4
� 1

2
(a�h) if

h 2 [a� 3
2
; a� 11

10
); the associated equilibrium output at any location x is de�ned for each

�rm as follows:

q1(x) q2(x)

[0; x1]
1
3
(7
4
� 1

2
(a� h) + x) 1

3
(5
2
(a� h)� 11

4
+ x)

[x1; x2]
1
3
(3
2
(a� h) + 3

4
� 3x) 1

3
(3
2
(a� h)� 9

4
+ 3x)

[x2; 1]
1
3
(5
2
(a� h)� 7

4
� x) 1

3
(11
4
� 1

2
(a� h)� x)

Proof. See the Appendix. Note that since we focus on the duopoly case (i.e. neither
�rm holds a monopoly position at any location), then for both �rms to deliver positive

quantities throughout the entire set of local markets (i.e. full coverage of the market), it

must be that

�for the agglomerated equilibrium pattern (x1 = 1
2
= x2): qi(x = 0) = 1

3

�
a� h� 1

2

�
=

qi(x = 1) > 0 which holds under A1;

� for the dispersed equilibrium (x1 = 1
2
(a� h) � 1

4
; x2 =

5
4
� 1

2
(a� h)) : q1(x =

1) = 1
3

�
5
2
(a� h)� 11

4

�
= q2(x = 0) > 0; which holds only if h < a � 11

10
, which is more

restrictive than A2.

Proposition 1 states that the spatial/product choice equilibrium outcome under strict

liability mainly depends on the size of the expected damage, or more precisely, it depends

on the (marginal) impact of the output on the environmental harm/liability cost captured

by h: small (large) expected harm fosters central agglomeration (respectively, dispersion).

The intuition is actually straightforward (see also Chamorro-Rivas, 2000, and Benassi

et al., 2007), since the optimal location choice is always the outcome of a trade-o¤between

agglomeration and dispersion incentives: on the one hand, choosing the same central

location as the rival provides better, cost-minimizing access to demand throughout the

set of local markets, but on the other hand, locating further apart form the rival �rm

dampens competition and thereby yields higher pro�ts. The former is a market-coverage

e¤ect, which in our linear market setting fosters central agglomeration, whereas the latter

is a strategic e¤ect which pushes �rms to di¤erentiate/locate apart, so as to serve at a lower

cost the local markets/demands where the rival �rm delivers low quantities. With strict

14



liability, as compared with the no-liability setting (see below), �rms bear an additional

cost re�ecting the liability burden which is increasing (at a constant rate) with the level

of the output. But the latter is itself decreasing with the distance between the �rm�s

location and the local market supplied. Hence, when h is low enough, the result of central

agglomeration is still valid because the impact of transportation cost on aggregate output

is still low enough, i.e. the demand-maximization e¤ect is dominant. In contrast, when

the impact of the output on the liability cost becomes large enough, or, equivalently, the

impact of transportation costs becomes higher compared with the size of the demand

that can be reached, �rms prefer to locate further apart so as to get closer to distant local

markets and thus serve a higher demand than the rival �rm at these distant locations.

Note also that, in line with the intuition provided for the spatial dispersion equilibrium,

x1 =
1
2
(a � h) � 1

4
is decreasing with h, whereas x2 = 5

4
� 1

2
(a � h) is increasing with h:

in other words, the extent/degree of di¤erentiation is increasing with the level of harm.

Finally, we exclude in our analysis values of h larger than a � 11
10
, which is more

restrictive than Assumption 2. As argued in the proof, the rationale is that we focus on

the duopoly case everywhere throughout the linear unit market, i.e. both �rms delivering

positive outputs at every location.24

4.3 Two benchmarks : "no liability" and social optimum

In order to gain further insight into the implications and scope of Proposition 1, let us

brie�y establish the spatial outcome obtaining in two benchmark settings.

4.3.1 The "no liability" regime

The spatial equilibrium pattern under a "no liability" regime is easily inferred from the

previous analysis, by using (2) and part a) of Proposition 1, and setting h = 0 : at each

24Again, see also Chamorro-Rivas, 2000, and Benassi et al., 2007. A further implication of our analysis

is that duopoly as a market structure is not sustainable under strict liability for the largest levels of harm

(s.t. h 2 [a� 11
10 ; a� 1]). Hence the liability regime matters for the endogeneous market structure. This

is beyond the scope of the paper. We develop the argument for product liability in Cosnita-Langlais and

Langlais (2022).
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local market, qi(x) = 1
3
(a� 2Ci + Cj), and given that 0 < a� 3

2
, then x1 = 1

2
= x2 is the

unique spatial equilibrium (see Anderson and Neven, 1991).

Thus Proposition 1 establishes that for low values of (the scale parameter of) expected

harm, strict liability and no-liability have equivalent e¤ects, i.e. both foster central ag-

glomeration, and thus do not leads �rms to di¤erentiate their products/locations. When

expected harm is low, whatever the quantity delivered at each local market, the liability

regime has no bearing on location choice. In contrast, larger values of the expected harm

weigh on the trade-o¤ between competitive pressure and transportation costs, and the

liability cost pushes �rms to di¤erentiate: the spatial equilibrium involves symmetrical

di¤erentiation, with �rms�locations/varieties to the left and to the right of the mid-market

point.

To sum up, we �nd that liability does not impact the spatial/di¤erentiation decisions

when the expected harm is low enough: whether �rms face strict liability or no liability,

it will only a¤ect their output decisions at each local market. Hence, with �rms identical

in all respects at each local market, the (only) spatial equilibrium is the "standard" one,

where both �rms share the central location (i.e. minimum di¤erentiation - see Anderson

and Neven, 1991). In contrast, liability matters when the expected environmental harm

becomes large enough, and impacts both the output decision (which is still decreasing

with the harm) and �rms�incentive to di¤erentiate (which is increasing with the harm).

4.3.2 Social Optimum

Let us now consider the problem a benevolent social planner would face:25 the planner

�rst chooses a location for each �rm, in order to maximize Social Welfare over the di¤erent

markets on the whole line de�ned as WG =
R 1
0
W (x)dx. In a second stage, he chooses

a level of output at each local market x, such that given �rms�locations, Social Welfare

W (x) at each location x is maximized.

In this set up, Social Welfare at each location is the sum of gross consumers�surplus,

25For preliminary results regarding the welfare analysis of location equilibrium in the Cournot spatial

competition framework that we use here, see Matsumura and Shimizu (2005).
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minus total transportation costs, minus the expected harm:

W (x) = aQ(x)� (Q(x))
2

2
�

2X
i=1

Ciqi(x)� h�Q(x): (Wnc)

Let us start with the socially optimal output decisions:

At each location x the derivative of (SW) w.r.t. quantity delivered by �rm i 2 f1; 2g
is written as

@W (x)

@qi(x)
= a�Q(x)� Ci � h:

Hence, at any given location x, either a) C1 = C2 = C, and the solution to the stage-2

FOC, @W (x)
@qi(x)

= 0; is q1(x) = q2(x) =
Q(x)
2
= a�h�C

2
; or b) Ci < Cj, and the solution is

qi(x) = Q(x) = a� h� Ci > qj(x) = 0.
At stage 1, assume the planner contemplates distinct locations/product speci�cations

for the two �rms: 0 � x1 � 1
2
� x2 � 1. At each local market x, the aggregate outputQ(x)

is always delivered with the lowest transportation cost (denoted ~C), and thus using stage-

2 FOC, Social Welfare at each x may be written as W (x) = 1
2
(Q(x))2 = 1

2

�
a� h� ~C

�2
.

Given the assumption of distinct locations, minimizing total transportation costs implies

that �rm 1 supplies all the local markets in [0; x1] together with those in [x1; x1+x22
],

whereas �rm 2 supplies all the local markets in [x2; 1] together with those in [x1+x22
; x2]

respectively. As a result, Social Welfare over all locations is given by

WG =
1

2

Z x1

0

(Q(x))2 dx+
1

2

Z x1+x2
2

x1

(Q(x))2 dx+
1

2

Z x2

x1+x2
2

(Q(x))2 dx+
1

2

Z 1

x2

(Q(x))2 dx;

(WGnc)

where as before, Q(x) depends on transportation costs at each location, with dW (x)
dxi

=

�Q(x) d ~C
dxi
at each location where �rm i operates. In the Appendix, we show that the next

result holds:

Proposition 2 The �rst best location/product speci�cation choices are x1 = 1
4
and x2 =

3
4
.

Comparing Propositions 1 and 2 reveals that for low levels of the environmental harm,

strict liability fails to provide �rms with e¢ cient output and location incentives, both deci-

sions being suboptimal. In contrast, the socially optimal product di¤erentiation/location
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pattern corresponds to symmetric dispersion around the market center. In turn, for larger

levels of expected harm, �rms have incentives to di¤erentiate under strict liability, thus

some dispersion (symmetrical around the central location) occurs in equilibrium. How-

ever, although the extent of di¤erentiation is increasing with the harm, it is nevertheless

generally ine¢ cient (for h = a� 11
10
, strict liability leads to x1 = 3

10
> 1

4
and x2 = 7

10
< 3

4
).

5 Precautionary measures

We now extend the base model to allow for �rms�investments in environmental preser-

vation measures. To this end, we assume that the expected harm generated by �rm�s i

output is given by D(qi(x)) = �i(x) � h � qi(x), where �i(x) is chosen by �rm i 2 f1; 2g
and denotes the probability of accidental harm at each local market x. Hence, a decrease

in �i(x) here corresponds to an increase in preservation measures. Let us assume that

the total cost of care borne by �rm i at each location is c � �i(x) � qi(x) + k(�i(x)), as-
suming k0(�i(x)) < 0 < k00(�i(x)); this means that apart from the harm-mitigating e¤ect,

investments in environmental preservation measures impact the (constant) marginal cost

of production, and play the role of a �xed cost in the production process; w.l.o.g. we

assume in what follows that c = 0.26 To obtain closed-form solutions latter on in the

analysis, we specify the care technology as:

Assumption 3 : for any � � �0(< 1), let k(�) = k
2
(� � �0)2 where a� h > k > 4

3
h2.

We modify slightly the timing of the game as follows : at stage 0, Courts announce a

liability regime (strict liability) to which they commit, both �rms observing the liability

regime they will face in case of an accidental harm to environment; at stage 1, �rms

simultaneously choose a location/product speci�cation xi 2 (0; 1), and at stage 2, they
choose a level of care/probability of harm �i(x); at stage 3, they compete in quantities at

every local market x; at stage 4, the liability regime is enforced.

26Alternatively, h may be changed to h + c in the sequel, the constant (marginal cost of production)

c playing thus a role similar to h; the (constant) scale parameter capturing the impact of output on the

environmental harm.
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At stage 3, each �rm delivers at each location x on the unit line an output qi(x) that

maximizes its pro�t given the output of the other, where the individual pro�t is written

for i 2 f1; 2g as

�i(x) = (a�Q(x)� Ci � h� �i(x)) qi(x)� k(�i(x)):

The FOC w.r.t. output at each location x is given by

(a�Q(x)� Ci)� qi(x) = h� �i(x); (4)

which has a similar interpretation to (1), excepted that the marginal liability cost (RHS)

is no longer constant. Thus the output level chosen by �rm i 2 f1; 2g is now set according
to

qi(x) =
1

3
(a� 2 (h�i(x) + Ci) + (h�j(x) + Cj)) : (5)

At stage 2, �rms choose their care activity �i(x) at each local market in order to

maximize their total pro�t, anticipating they will play Cournot-Nash quantities de�ned

by (5). Using (4), it can be veri�ed that stage 3-equilibrium pro�t at each location x for

i 2 f1; 2g is now given by
�i(x) = (qi(x))

2 � k(�i(x)):

Thus the pro�t derivative w.r.t. care at each location x is @�i
@�i(x)

(x) = 2qi(x)
dqi(x)
d�i(x)

�
k0(�i(x)); where, using (5),

dqi(x)
d�i(x)

= �2
3
h. As a result, the FOC w.r.t. care level, i.e.

@�i
@�i(x)

(x) = 0, implies that at each local market, care is set such that27

4

3
hqi(x) = �k0(�i(x)): (6)

The LHS of condition (6) is the marginal bene�t of care activity, while the RHS corre-

sponds to the marginal cost of care. The meaning of (6) is that at each local market x

a �rm chooses a level of care that minimizes the total cost of an accidental harm at that

location; the implication is that the level of care chosen is increasing in the level of output

to be delivered (i.e. care and output are complement according to (6)). As a consequence,

27The SOC requires that @2�i
@�2i (x)

(x) = 8
9h

2 � k00(�i(x)) < 0, which holds for k00(�i(x)) large enough.
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�rms choose a location-speci�c level of care at each local market: the level of care depends

both on the characteristics of the safety technology and (through the output) on those of

the market demand and transportation costs.

At stage 1, �rms choose their location xi 2 [0; 1] in order to maximize their total

pro�t, anticipating they will play their Cournot-Nash quantities at stage 3 and choose

care activities at stage 2, as de�ned by (5)-(6). Assuming 0 � x1 � x2 � 1 and using

(�G) and (5), total pro�t for �rm i over the whole unit line writes as

�i =

 R x1
0

�
(qi(x))

2 � k(�i(x))
�
dx+

R x2
x1

�
(qi(x))

2 � k(�i(x))
�
dx

+
R 1
x2

�
(qi(x))

2 � k(�i(x))
�
dx:

!
:

Di¤erentiating w.r.t. xi the pro�t at any location x yields

@�i(x)

@xi
= 2qi(x)

dqi(x)

dxi
� k0(�i(x))

d�i(x)

dxi
= 2qi(x)

�
dqi(x)

dxi
+
2

3
h
d�i(x)

dxi

�
;

where the second equality results from (6). Note that by di¤erentiating (5) we obtain

that dqi(x)
dxi

+ 2
3
hd�i(x)

dxi
= �2

3
dCi
dxi
. Therefore, after substituting in @�i(x)

@xi
, the derivative of

total pro�t w.r.t. xi is given by

@�i
@xi

=
4

3

�
�dCi
dxi

Z x1

0

qi(x)dx�
dCi
dxi

Z x2

x1

qi(x)dx�
dCi
dxi

Z 1

x2

qi(x)dx

�
:

This expression is very similar to the one obtained in the case without care,28 the only

di¤erence being that the output level depends here on care.

The next proposition provides the equilibrium outcome in terms of locations/product

choices. Denote h the level of harm that satis�es the condition 4
3
h2

k

�
a� h�0 � 1

2

�
+h�0 =

a� 3
2
; and h the level of harm that satis�es 4

5
h
2

k

�
a� h�0 � 1

2

�
+ h

�
4
5
+ 3

5
�0
�
= a� 11

10
; we

obtain :

Proposition 3 Under A1,A2 and A3, the unique stable location equilibrium is either :

a) x1 = 1
2
= x2 if h < h; or b) 0 < x1 =

1
2
(a� h�0)

�
1� 4

3
h2

k

�
+ 1

3
h2

k
� 1

4
< x2 =

5
4
� 1

3
h2

k
� 1

2
(a� h�0)

�
1� 4

3
h2

k

�
< 1 if h 2 [h; h).

28And still represents the quantity-median property.

20



Proof. See the Appendix, where both speci�c thresholds of the environmental harm,
h and h, are determined. Note that these di¤erent thresholds are required for reasons

that are similar as before: the lower bound, h; allows to distinguish the stable/unstable

equilibrium, whereas the upper one, h; guarantees the full market coverage by both �rms.

According to Proposition 3, the consequences in terms of product di¤erentiation/location

choices are very similar to those obtained in Proposition 1 : minimum di¤erentiation pre-

vails for low levels of environmental harm, whereas dispersion obtains for higher levels.

However, some new �ndings are now available. In case of central agglomeration, the min-

imum di¤erentiation also characterizes the investment in care: there is neither horizontal

di¤erentiation, nor vertical di¤erentiation. In turn, when �rms are dispersed in equi-

librium, they are also vertically di¤erentiated: at each location x they obtain di¤erent

market shares for their output (because they do not share the same location/product

speci�cation), and at the same time they undertake di¤erent levels of investment in en-

vironmental measures. Finally, note that similarly to the previous case without care, the

larger the environmental harm, the larger the degree of di¤erentiation under strict lia-

bility. Nevertheless, the highest possible degree of di¤erentiation obtained in equilibrium

falls short of the socially e¢ cient one - hence, product di¤erentiation in a duopoly is

always suboptimal, as we show next.

The properties of the social optimum with durable precaution are as follows:

At stage 3, Social Welfare at each location is given by

W (x) = aQ(x)� (Q(x))
2

2
�

2X
i=1

(Ci + h�i(x)) qi(x)�
2X
i=1

k(�i(x)): (Wdc)

Thus the derivative of W (x) w.r.t. output for �rm i 2 f1; 2g is

@W (x)

@qi(x)
= a�Q(x)� (Ci + h�i(x)) :

This implies that at any given location x, either a) C1 + h�1(x) = C2 + h�2(x), and the

solution to the stage-2 FOC, @W (x)
@qi(x)

= 0; is qi(x) =
a�Ci�h�i(x)

2
> 0 for i 2 f1; 2g with

q1(x) =
Q(x)
2
= q2(x); or b) Ci + h�i(x) < Cj + h�j(x), and the solution is qi(x) = Q(x) =

a� Ci � h�i(x) > qj(x) = 0.
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At stage-2, the derivative of Social Welfare w.r.t. care investment for �rm i 2 f1; 2g
at a location where qi(x) > 0 is

@W (x)
@�i(x)

= � (qi(x)h+ k0(�i(x))). Hence, the stage-2 FOC
for �rm i 2 f1; 2g corresponds to a �i(x) > 0 (otherwise �i(x) = 0), now given by:

hqi(x) = �k0(�i(x)): (7)

Note that (7) implies that at a location x where both �rms are active, they deliver the same

quantity q1(x) = q2(x) and undertake the same level of care, i.e. �1(x) = �2(x) = �(x),

which is no longer constant across locations but now depends on the distance (i.e. the

transportation cost through qi(x)).

At stage 1, assume the planner contemplates distinct locations/product speci�cations

for the two �rms: 0 � x1 � 1
2
� x2 � 1. At each local market x, the aggregate output

Q(x) is always delivered with the lowest transportation cost (denoted ~C), while avoiding

to duplicate the cost of care. Thus, using the stage-2 FOC, Social Welfare at each x may

be written as W (x) = 1
2
(Q(x))2� k(�(x)) with Q(x) = a� h�(x)� ~C and �(x) satisfying

hQ(x) = �k0(�(x)): (7�)

Given the potentially distinct locations, �rm 1 will deliver output and exert a certain

amount of care at all the local markets in [0; x1] together with those in [x1; x1+x22
], whereas

�rm 2 will do the same at all the local markets in [x2; 1] together with those in [x1+x22
; x2]

respectively. As a result, Social Welfare over all locations along the unit line is now

written as

WG = (WGdc)Z x1

0

�
1

2
(Q(x))2 � k (�(x))

�
dx+

Z x1+x2
2

x1

�
1

2
(Q(x))2 � k (�(x))

�
dx

+

Z x2

x1+x2
2

�
1

2
(Q(x))2 � k (�(x))

�
dx+

Z 1

x2

�
1

2
(Q(x))2 � k (�(x))

�
dx:

Di¤erentiating WG w.r.t. xi at any location x where �rm i operates yields

@W (x)

@xi
= Q(x)

dQ(x)

dxi
� k0(�(x))d�(x)

dxi
= Q(x)

�
dQ(x)

dxi
+ h

d�i(x)

dxi

�
;

where the second equality results from stage-2 FOC. From the de�nition of total output

Q(x), one obtains after di¤erentiating w.r.t. xi that
dQ(x)
dxi

= �hd�i(x)
dxi

� dCi
dxi
. Substituting
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yields @W (x)
@xi

= �Q(x)dCi
dxi
; which is very similar to what happens without care, except that

here, the output does depend on the level of care. Again, to obtain closed-form solutions,

we still consider Assumption 3. In the Appendix, we show that the next result holds:

Proposition 4 Under A1,A2 and A3, the �rst best solution corresponds to a di¤eren-
tiated level of care at each location according to (7�), and the same locations as without

care, i.e. x1 = 1
4
; x2 =

3
4
.

Proposition 4 establishes that the socially e¢ cient locations are still independent from

the care decision, the same degree of �rm dispersion being always socially e¢ cient. In

contrast, the socially optimal level of durable care does depend on the optimal location

(through the output level, and thus the transportation costs): hence, some degree of

vertical di¤erentiation is always socially optimal.

Returning to Proposition 3, several implications are worth mentioning w.r.t. strict

liability. The comparison of (6) and (7�) suggests that the equilibrium level of care now

departs from the �rst best level at any location, and furthermore, it may be smaller than

the socially optimal one. Duopoly �rms may invest too much in care, since this choice is

driven by two opposing forces. First, at each location the marginal bene�t of care per unit

of output is larger under strict liability than at the social optimum, all else equal �this

tends to raise the equilibrium level of care above the socially optimal one for any given

level of output. Second, the marginal bene�t of care under strict liability depends on the

individual level of output, whereas at the social optimum, it depends on the aggregate

output �this in turns tends to make the market equilibrium level of care fall below the

socially optimal level.29 A further third reason explains the di¤erence at each location

between the market-set level of care and the socially optimal one: this is related to the

�rms�location decisions, which are always suboptimal. The distortion in output and care,

which stems from the fact that transportation costs are not minimized, is the third factor

behind the di¤erence between the equilibrium and the optimal levels of care. The net

e¤ect of these three forces is thus generally hard to sign.

29This ambiguous e¤ect of strict liability when care is durable has been also obtained for a duopoly

with a homogeneous good - see Charreire and Langlais 2021.
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6 Equilibrium under Negligence

We now examine the case of a negligence (at-fault) rule, which covers the activities out

of scope for existing liability laws such as the CERCLA, or the Environmental Liability

Directive of the European Union, which only address strict liability.

An injurer subject to a negligence rule is only liable for damages if she acted negligently,

in the sense that her decision falls short of some predetermined behavioral standard of

care; according to the L&E literature, a natural behavioral standard is provided by the

�rst best level of care.

The timing of the game is as before, except that at stage 0, Courts enforce the neg-

ligence rule, using for each local market x a standard of care �̂i(x) set according to the

�rst best e¢ cient level of care de�ned by (7); this corresponds to a �exible standard of

care, i.e. �rms are not considered negligent as soon as their investment in care is the best

reply to the output delivered to the local market.30

At stage 3, each �rm chooses a level of output qi(x) that maximizes its pro�t given

the output of the competitor at each location x. The individual pro�t at x writes for

i 2 f1; 2g as

�i(x;�i) = (a�Q(x)� Ci � �i � h� �i(x)) qi(x)� k(�i(x));

with

(
�i = 0 if �i(x) � �̂i(x)
�i = 1 otherwise

, meaning that abiding by the standard of care allows a

�rm to avoid the liability cost (i.e. a �rm faces a "no liability" rule, but at a cost k(�i(x))),

while departing from it makes a �rm face the same consequences as under strict liability.

Thus, a �rm�s pro�t under the negligence rule is either the pro�t obtained under a "no

liability" rule (up to the cost of e¢ cient care activities when it adheres to the standard)

or, alternatively the pro�t made when facing the strict liability rule (as it deviates from

the standard), all else equal.

30The due care depends on the quantity to be delivered at a local market. This captures the fact that

Courts may not focus on a speci�c level of care, but instead, in order to establish whether a �rm is liable

or not in case of environmental harm, they proceed with a negligence test so as to assess whether the

�rm/defendant adopted an e¢ cient rule of behavior, in the sense that it was the o¤ender�s best reponse,

given the circumstances.
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To see this, note that the FOC w.r.t. output at each location x are similar to (5) (up

to the multiplicative factor �i), and solving for qi(x) for i 6= j 2 f1; 2g, we obtain

qi(x) =
1

3

�
a� 2 (�ih�i(x) + Ci) +

�
�jh�j(x) + Cj

��
: (8)

This means that abiding by the standard rather than not provides a strategic advantage

which materializes into a higher output. However, this advantage is dampened (respec-

tively, enhanced) when the rival also complies with (respectively, deviates from) his own

standard.

Furthermore, at stage 2, complying with the standard may be costly since for any

given level of output, the �rst best level of care leads to a di¤erent cost incurred as

compared with the pro�t-maximizing care level (see before): thus, whether a �rm is

better o¤ at each local market by complying with �̂i(x) which satis�es (7) or, on the

contrary, deviating towards �i(x) which satis�es (6), eventually depends on the sign of

the di¤erence �i(x;�i = 0) � �i(x;�i = 1). Actually, we show that the output e¤ect

dominates the cost of care e¤ect, and therefore the next result holds:

Proposition 5 At each location, a �rm�s pro�t is higher when complying with the �exible
standard instead of not complying (�i(x;�i = 0) > �i(x;�i = 1) for i 2 f1; 2g).

Proof. The individual pro�t for �rm i 2 f1; 2g at any location x may be written as
�i(x;�i) = (qi(x;�i))

2 � k(�i(x;�i)) (still using the stage-3 FOC). Di¤erentiating w.r.t.
�i yields

d�i
d�i
(x;�i) = 2qi(x)

dqi(x)
d�i

� k0(�i(x))d�i(x)d�i
. Note that the stage-2 choice of care

�i(x) for �rm i 2 f1; 2g is set according to

h

�
1 +

1

3
�i

�
qi(x) = �k0 (�i(x)) ; (9)

which encompasses both (6) (when �i = 1) and (7) (when �i = 0). Di¤erentiating (8)-(9)

w.r.t. �i and solving, we obtain

dqi(x)

d�i
=

�
�2
3
h

�
k00 (�i(x)) �i(x)� 1

3
h�iqi(x)

k00(�i(x))� 2
3
h2
�
1 + 1

3
�i
�
�i
; (10a)

d�i(x)

d�i
=

�
�1
3
h

�
qi(x)� 2h

�
1 + 1

3
�i
�
�i(x)

k00(�i(x))� 2
3
h2
�
1 + 1

3
�i
�
�i
: (10b)
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Now di¤erentiating �i(x;�i) w.r.t. �i, we can write

d�i
d�i
(x;�i) = qi(x)

�
2
dqi(x)

d�i
+ h

�
1 +

1

3
�i

�
d�i(x)

d�i

�
=

�
�1
3

h2

�

�
(qi(x))

2 (1� �i) +
�
�4
3

h

�

�
qi(x)�i(x)

 
k00(�i(x))�

1

2

�
1 +

1

3
�i

�2
h2

!
:

The �rst line is obtained using (9), while the second line is obtained using (10a)-(10b),

where � � k00(�i(x))� 2
3
h2
�
1 + 1

3
�i
�
�i > 0 by the SOC. It is obvious that 1��i � 0 and

k00(�i(x))� 1
2
h2
�
1 + 1

3
�i
�2
> 0. Thus d�i

d�i
(x;�i) < 0.

In other words, at stage 2, it is sequentially rational for �rms to comply with the

�exible standard of care (7).

Finally, at stage 1, �rms choose their location xi 2 [0; 1] in order to maximize their
total pro�t, anticipating they will both comply with their care standard at stage 2 and

then play their Cournot-Nash quantities at stage 3, de�ned respectively by (7)-(8). The

next proposition states the equilibrium outcome in terms of locations/product choices:

Proposition 6 Under A1,A2 and A3, the unique location equilibrium is x1 = 1
2
= x2.

Proof. See the Appendix. The intuition of the result is that since both �rms comply
with their standard of care at stage 2, then the marginal impact of location choices on

their pro�ts is driven by the adjustment of output with the change in the transportation

costs, as it is the case under the "no liability" regime.

To fully grasp the result displayed in Proposition 6, remember that negligence guar-

antees that �rms adhere to their �exible standard of care at each location. But given the

up-front cost associated with the investment in environmental preservation, and given

that �rms thereby avoid liability whatever the level of output delivered at each location,

they ultimately sell at each local market the same Cournot quantity as under a "no li-

ability" rule. As a result, the negligence rule prevents �rms� dispersion, and instead,

the equilibrium spatial pattern corresponds to the "no liability" outcome (i.e. central

agglomeration/no di¤erentiation: x1 = 1
2
= x2).
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Thus, similarly to the case of strict liability, negligence also triggers suboptimal prod-

uct speci�cation choices. However, for large enough levels of environmental harm, the

negligence rules entails more distortions in the scope of product di¤erentiation than strict

liability. As a result, the comparison of equilibrium output and precautionary e¤ort

between the two liability regimes is not straightforward: it depends on the various pa-

rameters (a, h, c(:)), and also on the distance to the local market where the product is

sold. To see this, consider a level of environment harm low enough such that under both

liability rules the equilibrium is characterized by central agglomeration. Then comparing

(5) and (8) (by setting �i = 0 = �j) indicates that for any given level of care, the output

under strict liability is smaller than under negligence (the marginal liability cost is higher

under strict liability); in turn, comparing (6) and (7) shows that for any given level of

output, the level of care under strict liability is larger than under negligence (the mar-

ginal bene�t of care is larger under strict liability) �the net e¤ect being thus ambiguous.

Therefore, for levels of environmental harm that are large enough for spatial dispersion

to occur under strict liability, the comparison is complicated by the in�uence of distance

and transport costs.

7 Conclusion

The main objective of this paper is to shed some light on the issue of the endogenous prod-

uct speci�cation (or, equivalently, strategic location choices) when �rms�outputs generate

harm for the environment; more generally, the results extend to any situation involving

third parties (victims having no economic nor contractual relationships with �rms/the

injurers), including cases where accidents lead to casualties. We examine the impact on

the equilibrium spatial/product di¤erentiation pattern of the size of the external harm

and of the type of environmental precautionary measures that �rms may undertake, un-

der alternative liability regimes. The next table summarizes our central results, according

to which strict liability and negligence lead to quite di¤erent outcomes in terms of both
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horizontal and vertical di¤erentiation, as long as the environmental harm is large enough:

Horizontal di¤erentiation

(Product customization)

Vertical di¤erentiation

(Precautionary e¤ort)

Strict Liability
no

yes

low harm

high harm

no

yes

Negligence
no

no

low harm

high harm

no

no

Under strict liability, �rms will vertically di¤erentiate whenever it is individually prof-

itable to horizontally di¤erentiate �which occurs for large enough levels of environmental

harm. In contrast, negligence has a chilling e¤ect on both horizontal and vertical di¤er-

entiation for any size of the environmental harm.

Our results are obtained under few assumptions (uniform density of consumers, linear

demand, production and transportation costs) that may easily be relaxed without altering

our qualitative conclusions. Moreover, our assumption regarding the cost of preservation

measures is general enough, i.e. with a mixed nature durable/non durable, to encompass

a large variety of situations.
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8 Appendix

In the proofs of Propositions 1, 3 and 4 below, we show that any candidate to a SPNE

outcome in terms of location is a solution to the system of �rms�best reply functions

denoted, x2 = fF1(x1) for Firm 1, andx2 = gF2(x1) for Firm 2 respectively, which have

the next general expression:(
x2 = fF1(x1), A+ � (x2 � x1)2 � �x1 � �x2 = 0
x2 = gF2(x1), A� � (x2 � x1)2 � �x1 � �x2 = 0

: (A)

The precise parameters A > 0, � > 0 and � > 0 (under appropriate assumptions) are

speci�ed in the di¤erent proofs below. In case of multiplicity of candidates, we select as

the unique SPNE the candidate passing the stability test, i.e. the one that satis�es the

condition jf 0F1(x1)j > jg0F2(x1)j, which is written as����2� (x2 � x1) + �2� (x2 � x1)� �

���� > ����2� (x2 � x1)� �2� (x2 � x1) + �

���� : (B)

Proof of Proposition 1. The (subgame perfect) equilibrium outcome in terms

of location choices may be characterized as follows. Consider a couple x1; x2, such that

0 � x1 � x2 � 1. Using (�G) and (2), total pro�t for �rm 1 over the whole unit line

writes

�1 =
1

9

 R x1
0
(a� h+ x2 � 2x1 + x)2 dx+

R x2
x1
(a� h+ x2 + 2x1 � 3x)2 dx

+
R 1
x2
(a� h+ 2x1 � x2 � x)2 dx

!
:

The derivative w.r.t. x1 writes:

@�1
@x1

=
4

9

��
a� h� 1

2

�
+ (x2 � x1)2 � 2 (a� h� 1)x1 � x2

�
:

The SOC is satis�ed since under Assumption 2, for any 0 � x1 � x2 � 1 we obtain:

@2�1
@x21

=
4

9
(�2 (a� h� 1)� 2(x2 � x1)) < 0

Hence �rm 1�best reply function may be written in implicit form (A) (setting @�1
@x1

= 0),

with A =
�
a� h� 1

2

�
, � = 1 and � = 2 (a� h� 1).
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Similarly, total pro�t for �rm 2 over the whole unit line writes as

�2 =
1

9

 R x1
0
(a� h+ x1 � 2x2 + x)2 dx+

R x2
x1
(a� h� x1 � 2x2 + 3x)2 dx

+
R 1
x2
(a� h+ 2x2 � x1 � x)2 dx

!
:

The derivative w.r.t. x2 is:

@�2
@x2

=
4

9

��
a� h� 1

2

�
� (x2 � x1)2 � 2 (a� h� 1)x2 � x1

�
:

Again the SOC is satis�ed since we have @2�2
@x22

= @2�1
@x21
. Hence �rm 2�best reply function

may be written using the implicit form (A) (setting @�2
@x2

= 0), again with A = a� h� 1
2
,

� = 1 and � = 2 (a� h� 1).
Candidates to a SPNE.

a) It is straightforward that x1 = 1
2
= x2 is a natural solution to the system (A) (i.e.

it solves @�1
@x1

= 0).

b) Let us investigate whether a asymmetric solution such as x2 � x1 = � > 0 exists.
Solving (A) for � gives � = 3

2
� (a� h) > 0 only if h > a� 3

2
, and thus substituting in (A)

and solving for x2; x1 yields x2 = 5
4
� 1

2
(a� h), and x1 = 1

2
(a� h)� 1

4
.

Stability of SPNE. Given Assumption 2, it can be seen that :

� for x1 = 1
2
= x2 the stability condition (B) becomes : 2 (a� h� 1) > 1

2(a�h�1) .

It can be veri�ed after rearranging that it is equivalent to
�
a� h� 3

2

� �
a� h� 1

2

�
> 0;

which holds if and only if h < a� 3
2
(and thus for h > a� 3

2
, it cannot be the solution).

�for x1 = 1
2
(a� h)� 1

4
; x2 =

5
4
� 1

2
(a� h), the stability condition (B) is now written

1
2(a�h�1) > 2 (a� h� 1) ,

�
a� h� 3

2

� �
a� h� 1

2

�
< 0; which holds if and only if h >

a� 3
2
(and thus for h < a� 3

2
, it cannot be the solution).

Full market coverage. Finally, for each equilibrium outcome in terms of location,

substituting in (2) yields the equilibrium output at each location x. Our analysis holds

under the assumption of full coverage of the market by both �rms, i.e. both �rms sell

positive outputs at any local market, and neither �rm holds a monopoly position at some

location:

�for x1 = 1
2
= x2, it is easy to verify that q1(x = 1) = 1

3

�
a� h� 1

2

�
= q2(x = 0) > 0

under Assumption 1.

� for x1 = 1
2
(a� h) � 1

4
; x2 =

5
4
� 1

2
(a� h), it can be veri�ed that q1(x = 1) =

1
3

�
5
2
(a� h)� 11

4

�
= q2(x = 0) > 0 only if 52 (a� h)�

11
4
> 0, h < a� 11

10
, which is more
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restrictive than Assumption 2.

Proof of Proposition 2. It is straightforward that the derivative of (WGnc) w.r.t.

to x1 is

@WG

@x1
= �

Z x1

0

((a� h)� (x1 � x)) dx+
Z x1+x2

2

x1

(a� h� (x� x1)) dx

= �2(a� h)x1 + (a� h+ x1)
�
x1 + x2
2

�
� 1
2

�
x1 + x2
2

�2
;

and the derivative of (WGnc) w.r.t. to x2 is

@WG

@x2
= �

Z x2

x1+x2
2

((a� h)� (x2 � x)) dx+
Z 1

x2

(a� h� (x� x2)) dx

=

�
a� h� 1

2

�
� 2

�
a� h� 1

2

�
x2 + (a� h� x2)

�
x1 + x2
2

�
+
1

2

�
x1 + x2
2

�2
:

Note that since the derivatives are not identical, then x1 = 1
2
= x2 cannot be the solution

to the system @WG

@x1
= 0; @WG

@x2
= 0. On the other hand, both �rms being identical in all

respect except maybe their location, the location equilibrium is necessarily symmetric, i.e.

x1+x2 = 1. As a result, both FOCs can be simpli�ed to @WG

@x1
= 2

�
a� h� 1

4

� �
1
4
� x1

�
= 0

and @WG

@x2
= 2

�
a� h� 1

4

� �
3
4
� x2

�
= 0 respectively. Hence the solution is x1 = 1

4
; x2 =

3
4
.

Proof of Proposition 3. Assuming 0 � x1 � x2 � 1 and using (�G) and (4), total
pro�t for �rm 1 over the whole unit line writes:

�1 =

 R x1
0

�
(q1(x))

2 � k(�1(x))
�
dx+

R x2
x1

�
(q1(x))

2 � k(�1(x))
�
dx

+
R 1
x2

�
(q1(x))

2 � k(�1(x))
�
dx

!
:

Di¤erentiating w.r.t. x1 yields, at any x;

@�1(x)

@x1
= 2q1(x)

dq1(x)

dx1
� k0(�1(x))

d�1(x)

dx1
= 2q1(x)

�
dq1(x)

dx1
+
2

3
h
d�1(x)

dx1

�
;

where the second equality results from (6). Di¤erentiating (5) we obtain that dq1(x)
dx1

+
2
3
hd�1(x)

dx1
= �2

3
dC1
dx1
. Therefore we can write equivalently

@�1(x)

@x1
= �4

3
q1(x)�

dC1
dx1

;
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and �nally
@�1
@x1

=
4

3

�
�
Z x1

0

q1(x)dx+

Z x2

x1

q1(x)dx+

Z 1

x2

q1(x)dx

�
;

which is very similar to the expression obtained for the proof of Proposition 1. More

precisely, it can be veri�ed using (5) that

@�1
@x1

=
4

3

0@ �
@�1
@x1

�
no care

� 1
3

R x1
0
h(1� 2�1(x) + �2(x))dx

+1
3

R x2
x1
h(1� 2�1(x) + �2(x))dx+ 1

3

R 1
x2
h(1� 2�1(x) + �2(x))dx

1A :
Now plunging Assumption 3 into (6), we can write that at each local market x the levels

of care chosen by the �rms are set such that

�k (�1(x)� �0) =
4

3
hq1(x); and

�k (�2(x)� �0) =
4

3
hq2(x) respectively.

Solving with (6), we obtain

�1(x) = v � wC1 � rC2;
�2(x) = v � rC1 � wC2;

where we denote

v =
k�0 � 4

9
ha

k � 4
9
h2

; w =
8
9
h
�
2
3
h2 � k

��
k � 4

9
h2
� �
k � 4

3
h2
� ; r = 4

9
h� k�

k � 4
9
h2
� �
k � 4

3
h2
� :

Substituting, then integrating by part, we obtain

@�1
@x1

=
4

3

�
@�1
@x1

�
no care

� 4
9
h

�
(1� v + (2w � r)x1 + (2r � w)x2)x1 �

w + r

2
x21

�
+
4

9
h

 
(1� v � (2w � r)x1 + (2r � w)x2)x2 + 3

2
(w � r)x22

� (1� v � (2w � r)x1 + (2r � w)x2)x1 � 3
2
(w � r)x21

!

+
4

9
h

 
(1� v � (2w � r)x1 � (2r � w)x2) + w+r

2

� (1� v � (2w � r)x1 � (2r � w)x2)x2 � w+r
2
x22

!
:
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Finally, collecting the di¤erent terms and developing, it can be veri�ed that

@�1
@x1

=
4

9

��
a� h� 1

2

�
+ (x2 � x1)2 � 2 (a� h� 1)x1 � x2

�
| {z }

term without care

+
4

9
h

��
1� v + w + r

2

�
+ 2

�
r � w

2

�
(x2 � x1)2 � 2

�
1� v + w � r

2

�
x1 � 2

�
r � w

2

�
x2

�
:

The SOC requires now that for any 0 � x1 � x2 � 1 it must be that @
2�1
@x21

< 0, where

@2�1
@x21

=
4

9
(�2 (a� h� 1)� 2(x2 � x1))| {z }

<0; under Ass:2

�4
9
h

0BB@2�r � w2 � (x2 � x1)| {z }
>0 under Ass:3

+ 2
�
1� v + w � r

2

�1CCA :
As a result, given Assumption 2, a su¢ cient condition for @2�1

@x21
< 0 to hold is that

1 � v + w � r
2
� 0 , a � h � k, which corresponds to Assumption 3. Hence, collect-

ing the di¤erent terms, �rm�s 1 best reply function may be written as in (A) (setting
@�1
@x1

= 0), and denoting A =
�
a� h� 1

2

�
+ h

�
1� v + w+r

2

�
, � = 1 + 2h

�
r � w

2

�
and

� = 2
�
(a� h� 1) + h

�
1� v + w � r

2

��
.

By the same token, it can be shown that @�2(x)
@x2

= �4
3
q2(x)� dC2

dx1
; and thus

@�2
@x2

=
4

3

0@ �
@�2
@x2

�
no care

� 1
3

R x1
0
h(1� 2�2(x) + �1(x))dx

�1
3

R x2
x1
h(1� 2�2(x) + �1(x))dx+ 1

3

R 1
x2
h(1� 2�2(x) + �1(x))dx

1A
=

4

3

�
@�2
@x2

�
no care

� 4
9
h

�
(1� v + (2w � r)x2 + (2r � w)x1)x1 �

w + r

2
x21

�
�4
9
h

 
(1� v + (2w � r)x2 � (2r � w)x1)x2 � 3

2
(w � r)x22

� (1� v + (2w � r)x2 � (2r � w)x1)x1 + 3
2
(w � r)x21

!

+
4

9
h

 
(1� v � (2w � r)x2 � (2r � w)x1) + w+r

2

� (1� v � (2w � r)x2 � (2r � w)x1)x2 � w+r
2
x22

!
:

Finally, after developing and rearranging, it can be veri�ed that

@�2
@x2

=
4

9

��
a� h� 1

2

�
� (x2 � x1)2 � 2 (a� h� 1)x2 � x1

�
| {z }

term without care

+
4

9
h

��
1� v + w + r

2

�
� 2

�
r � w

2

�
(x2 � x1)2 � 2

�
r � w

2

�
x1 � 2

�
1� v + w � r

2

�
x2

�
:
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The SOC is also satis�ed since it can be veri�ed that @2�2
@x22

= @2�1
@x21
. Hence �rm�s 2 best

reply function may be written (setting @�2
@x2

= 0) as in (A), now denotingA =
�
a� h� 1

2

�
+

h
�
1� v + w+r

2

�
, � = 1 + 2h

�
r � w

2

�
and � = 2

�
(a� h� 1) + h

�
1� v + w � r

2

��
.

Candidates to a SPNE.

a) Let us check whether x1 = 1
2
= x2 is a solution to the system (A). By construction,

as shown in the proof of Proposition 1, x1 = 1
2
= x2 satis�es

�
@�1
@x1

�
no care

= 0, implying

that
�
@�1
@x1

�
x1=

1
2
=x2

simpli�es to

�
@�1
@x1

�
x1=

1
2
=x2

=
4

9
h

 �
1� v + w+r

2

�
+ (2r � w) (x2 � x1)2

�2
�
1� v + w � r

2

�
x1 � (2r � w)x2

!
x1=

1
2
=x2

:

It can be checked that the RHS is also equal to 0. Thus x1 = 1
2
= x2 is a solution to (A)

(i.e to the FOC @�1
@x1

= 0).

b) It can be shown that an asymmetric solution such as x2 � x1 = � > 0 also exists
under ad hoc conditions. Solving (A) for � yields � = 1

2

�
1� �

�

�
or

� =
4

3

h2

k

�
a� h�0 �

1

2

�
�
�
a� h�0 �

3

2

�
= 1�

�
a� h�0 �

1

2

��
1� 4

3

h2

k

�
;

such that on the one hand � < 1 is satis�ed, and on the other hand � > 0 if � > �; or,

equivalently rearranging, if 4
3
h2

k

�
a� h�0 � 1

2

�
+ h�0 > a � 3

2
. Note that the LHS of this

inequality is increasing in h, while the RHS does not depend on h; thus de�ning h the

threshold that satis�es the condition 4
3
h2

k

�
a� h�0 � 1

2

�
+ h�0 = a� 3

2
, we obtain that for

any h > (<)h we have that � > (<)0. Substituting in (A) and solving for x2; x1, gives

x1 =
1
2
(1� �) and x2 = 1

2
(1 + �) ; or

x1 =
1

2

�
a� h�0 �

1

2

��
1� 4

3

h2

k

�
=
1

2
(a� h�0)

�
1� 4

3

h2

k

�
+
1

3

h2

k
� 1
4

and

x2 = 1�
1

2

�
a� h�0 �

1

2

��
1� 4

3

h2

k

�
=
5

4
� 1
3

h2

k
� 1
2
(a� h�0)

�
1� 4

3

h2

k

�
:

As shown in Proposition 1, ĥ = a � 3
2
is the threshold such that for any h > (<)ĥ

then the unique SPNE when �rms do not invest in care corresponds to the agglomeration

(dispersion, respectively); hence it comes h < ĥ.
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Stability of SPNE. Given (B), we obtain that

�for x1 = 1
2
= x2, the condition becomes

�
�
> �

�� ,
�
� + �

2

� �
� � �

2

�
> 0 such that

if � > �
2
then the candidate x1 = 1

2
= x2 is a stable equilibrium, and is thus the unique

SPNE (i.e. the asymmetric solution cannot be the SPNE).

�for x1 = 1
2
(1� �) ; x2 = 1

2
(1 + �), the condition is now �

�
> �

�
, (�+ �) (�� �) > 0

such that if � < � then the candidate x1 = 1
2
(1� �) ; x2 = 1

2
(1 + �) is the unique SPNE

(i.e. the symmetric solution cannot be the SPNE).

Full market coverage. Finally, for each equilibrium location outcome, substituting in

(5) yields the equilibrium output at each local market x. Both �rms sell positive outputs

at any local market if:

� for x1 = 1
2
= x2, then q1(x = 1) = 1

3

�
a� h�(x)� 1

2

�
= q2(x = 0) > 0 holds,

where �(x) satis�es (6). It is easy to verify that 1
3

�
a� h�(x)� 1

2

�
> 1

3

�
a� h� 1

2

�
; hence

q1(x = 1) > 0 holds under Assumption 1.

�for x1 = 1
2
(a� h) � 1

4
; x2 =

5
4
� 1

2
(a� h), then q1(x = 1) > 0; q2(x = 0) > 0. Note

that

q1(x = 1) =
1

3
(a� 2 (h�1(x) + C1) + (h�2(x) + C2)) >

1

3
(a� 2h� 2C1 + C2) ;

q2(x = 0) =
1

3
(a� 2 (h�2(x) + C2) + (h�1(x) + C1)) >

1

3
(a� 2h� 2C2 + C1) ;

with �2C1 + C2 = �2C2 + C1 = �11
4
+ h2

k
+ 3

2
(a� h�0)

�
1� 4

3
h2

k

�
. Hence we have

a � 2h � 2C1 + C2 > 0 if equivalently 5
2
a � 11

4
� 2h

�
1 + 3

4
�0
�
� 2h2

k

�
a� h�0 � 1

2

�
> 0,

which is also written as

5

2
a� 11

4
> 2h

�
1 +

3

4
�0

�
+ 2

h2

k

�
a� h�0 �

1

2

�
or

a� 11
10

> h

�
4

5
+
3

5
�0

�
+
4

5

h2

k

�
a� h�0 �

1

2

�
;

where both bracketed terms on the RHS are positive under Assumption 2, and increasing

in h. De�ne the threshold h such that a � 11
10
= h

�
4
5
+ 3

5
�0
�
+ 4

5
h
2

k

�
a� h�0 � 1

2

�
. As a

result, for any h < h; we have that both q1(x = 1) > 0 and q2(x = 0) > 0 are satis�ed.

Hence the threshold condition may be either more or, in contrast, less restrictive as
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compared with Proposition 1, since it depends on several parameters �0; a; k.

Proof of Proposition 4. Let us consider a location where �rm i 2 f1; 2g operates;
di¤erentiating W (x) = 1

2
(Q(x))2 � k(�(x)) w.r.t. xi yields

@W (x)

@xi
= Q(x)

dQ(x)

dxi
� k0(�(x))d�(x)

dxi
= Q(x)

�
dQ(x)

dxi
+ h

d�i(x)

dxi

�
;

where the equality results from stage-2 FOC. By de�nition of total output Q(x), one

obtains after di¤erentiating w.r.t. xi that
dQ(x)
dxi

= �hd�(x)
dxi

� dCi
dxi
. Substituting in @W (x)

@xi
,

we can write equivalently

@W (x)

@xi
= �Q(x)�dCi

dxi
= � (a� h�(x)� Ci)�

dCi
dxi

= � ((a� h� Ci) + h(1� �(x)))�
dCi
dxi

:

Thus, both derivatives of WG w.r.t. x1; x2 respectively write

@WG

@x1
=

�
@WG

@x1

�
no care

� h
Z x1

0

(1� �(x))dx+ h
Z x1+x2

2

x1

(1� �(x))dx

and
@WG

@x2
=

�
@WG

@x1

�
no care

� h
Z x2

x1+x2
2

(1� �(x))dx+ h
Z 1

x2

(1� �(x))dx:

Using Assumption 3, and solving the stage-2 FOC, it can be veri�ed that

�(x) = � + �Ci;

where we denote � = k�0�ah
k�h2 and � = h

k�h2 . Substituting, it comes that

@WG

@x1
=

�
@WG

@x1

�
no care

� h
Z x1

0

(1� � � �(x1 � x))dx+ h
Z x1+x2

2

x1

(1� � � �(x� x1))dx

=

�
@WG

@x1

�
no care

+ h

(
�2 (1� �)x1 + (1� � + �x1)

�
x1 + x2
2

�
� �
2

�
x1 + x2
2

�2)
;

@WG

@x2
=

�
@WG

@x1

�
no care

� h
Z x2

x1+x2
2

(1� � � �(x2 � x))dx+ h
Z 1

x2

(1� � � �(x� x2))dx

=

�
@WG

@x2

�
no care

+ h

( �
1� � � �

2

�
� 2

�
1� � � �

2

�
x2 + (1� � � �x2)

�
x1+x2
2

�
+�
2

�
x1+x2
2

�2
)
:
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A socially optimal location pattern x1; x2 is de�ned as a solution to the following

system of FOCs: @WG

@x1
= 0; @WG

@x2
= 0. In can be seen that :

�Given that these two conditions are not symmetric, then x1 = 1
2
= x2 cannot be the

�rst best outcome.

�Again, �rms being identical, the location equilibrium is symmetric, i.e. x1 + x2 =

1, and we have that @WG

@x1
=
�
@WG

@x1

�
no care

+ 2h
�
1� � � �

4

� �
1
4
� x1

�
= 0 and @WG

@x2
=�

@WG

@x1

�
no care

+ 2h
�
1� � � �

4

� �
3
4
� x2

�
= 0; hence (using the proof of Proposition 2)

x1 =
1
4
; x2 =

3
4
is still �rst best e¢ cient under durable care.

Proof of Proposition 6. At each location for �rm 1 for example, the derivative of

pro�t w.r.t. x1 yields

@�1(x)

@x1
= 2q1(x)

dq1(x)

dx1
� k0(�1(x))

d�1(x)

dx1
= q1(x)

�
2
dq1(x)

dx1
+ h

d�1(x)

dx1

�
Now di¤erentiating (8) we obtain that dq1(x)

dx1
= �2

3
dC1
dx1
, and plugging Assumption 3 in (9)

yields d�1(x)
dx1

= �h
k
dq1(x)
dx1

As a consequence, we can write

@�1(x)

@x1
= �2

3

�
2� h

2

k

�
q1(x)�

dC1
dx1

;

with q1(x) = 1
3
(a� 2C1 + C2), which is the same output level at each location as under

a "no liability" rule. Hence, the derivative of total pro�t w.r.t. x1 is

@�1
@x1

=
4

3

�
2� h

2

k

��
�
Z x1

0

q1(x)dx+

Z x2

x1

q1(x)dx+

Z 1

x2

q1(x)dx

�
;

such that the best reply function for �rm 1 is identical to the one obtained under a "no

liability" regime (see the proof of Proposition 1, with h = 0); by symmetry, this also holds

for �rm 2. Hence the negligence rule with durable precautionary measures yields the same

SPNE outcome in terms of location as the no liability regime.
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