N

N

On a Calculable Skorokhod’s Integral Based Projection
Estimator of The Drift Function in Fractional SDE

Nicolas Marie

» To cite this version:

Nicolas Marie. On a Calculable Skorokhod’s Integral Based Projection Estimator of The Drift Function in
Fractional SDE. Statistical Inference for Stochastic Processes, 2024, 27, pp.391-405. <10.1007/s11203-024-09306-
5. <hal-04158208v2)

HAL Id: hal-04158208
https://hal.science/hal-04158208v2

Submitted on 15 Jan 2024

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Au‘to':'lizition
HAL Authorization


https://hal.science/hal-04158208v2
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

ON A CALCULABLE SKOROKHOD’S INTEGRAL BASED PROJECTION
ESTIMATOR OF THE DRIFT FUNCTION IN FRACTIONAL SDE

NICOLAS MARIET

ABsTrRACT. This paper deals with a Skorokhod’s integral based projection type estimator Em of the
drift function by computed from N € N* independent copies X',..., XN of the solution X of dX; =
bo(X¢)dt + odB¢, where B is a fractional Brownian motion of Hurst index H € (1/2,1). Skorokhod’s
integral based estimators cannot be calculated directly from X?1,..., XN, but in this paper an L2-error

bound is established on a calculable approximation of [
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1. INTRODUCTION

Consider the differential equation
t
(1) X, = X +/ bo(Xo)ds + 0By ; ¢ € [0, T,
0

where T' > 0, B = (B¢)ier is the two-sided fractional Brownian motion of Hurst index H € (1/2,1)
constructed in Hairer and Ohashi [6] (Section 4.1), Xj is a square integrable and o((B;)cr_ )-measurable
random variable, by € C*(R) and o € R*. Moreover, b}, is bounded, and then Equation (1) has a unique

solution X.

The oldest kind of estimators of the drift function by is based on the long-time behavior of the solu-
tion of Equation (1). In the parametric estimation framework, the reader may refer to the monograph
[10] written by K. Kubilius, Y. Mishura and K. Ralchenko, but also to Kleptsyna and Le Breton [9],
Tudor and Viens [17], Hu and Nualart [7], Neuenkirch and Tindel [14], Hu et al. [8], Marie and Raynaud
de Fitte [13], etc. In the nonparametric estimation framework, the reader may refer to Saussereau [16]
and Comte and Marie [2].

Recently, a new kind of estimators of by have been investigated: those computed from N independent
Key words and phrases. Fractional Brownian motion; Projection estimator; Malliavin calculus; Stochastic differential equa-

tions.
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copies X1, ..., X~ of X observed on [0, 7] with T fixed but N — co. The reader may refer to Marie [12]
in the parametric framework, but also to Comte and Marie [3| dealing with an extension to Equation
(1) of the projection least squares estimator computed from independent copies of a diffusion process in
Comte and Genon-Catalot [1].

Note that copies based estimators are well-adapted to some situations difficult to manage with long-
time behavior based estimators. For instance, in pharmacokinetics, X may model the elimination process
of a drug administered to one people and then, in a clinical-trial involving N patients, X* may model the

elimination process of the same drug for the i-th patient.

The stochastic integral involved in the definition of the estimators studied in [7], [8], [13], [2], [3] and [12]
is taken in the sense of Skorokhod. To be not directly calculable from one observation of X is the major
drawback of the Skorokhod integral with respect to X. To bypass this difficulty by extending the fixed

point strategy of Marie [12] to the nonparametric estimation framework is the main purpose of this paper.

Consider the copies X*,..., X" of X such that
X' =Tp(X{,BY) ; Vie {1,...,N},

where Zr is the solution map for Equation (1) and B',..., BN (resp. X{,...,X{) are independent
copies of B (resp. Xp). Moreover, assume that the probability distribution of X;, ¢ € (0, 7], has a density
f+ with respect to Lebesgue’s measure such that ¢ — f;(z) belongs to L*([0,T]) for every x € R. This
legitimates to consider the density function f defined by

T
flx):= %/0 fs(x)ds ; Vo € R.

Consider the interval I of R on which z — by(x) will be estimated, and let (¢1, . .., @) be an I-supported
orthonormal family of L2(R, dz). For instance, if I is compact, one can take the trigonometric basis, and

if I =R, one can take the Hermite basis. A suitable nonparametric estimator of by could be

N m N T ) )
bn(e) = 772 <N1T > soj<X;>5xg> pi(e)sw e,

but it is not directly calculable from X!,..., X~ because the stochastic integral is taken in the sense of

Skorokhod. However, by assuming that ¢1, ..., ¢, are differentiable on I,

o~

(2) by = @y (bo) = By (byn)

thanks to Nualart [15], Proposition 5.2.3, where ®,,, is the map defined on C(R) by

@ ()(2) :@i N}i Lo | ) [ e ([ 0x) |t—s|2“dsdthx>

for every p € C1(R) and z € R, a:= 0?H(2H — 1) and

T
L, ¢:/0 @i (Xg)d X
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for any ¢ € {1,...,N} and j € {1,...,m}. In the definition of I;

pathwise (in the sense of Young).

j» the stochastic integral is taken

So, Section 3 deals with an L2-error bound on the auxiliary (pseudo-)estimator /b\m7 and then Section
4 with the existence, the uniqueness and an L2-error bound on the nonparametric estimator b,, of by
defined as the fixed point of ®,, in

S ={p€8m : |¢]lc <} with ¢ > [|byllec and S, =span{p1,...,pm}

For instance, if X is the stationary solution of Equation (1), which exists and is unique under an appro-
priate dissipativity condition on by (see (6)), and if (p1,..., @) is the I-supported trigonometric basis
with I = [£,r] (/,r € R such that ¢ < r), then the main result of our paper (see Theorem 4.7) says that

(3) E </°° (b (z)1A,, — bo(x))Qfo(x)Qda:> <m2 e md(NET 4 TRHAY),

where fo is the (stationary) density of Xy and A,, is an event defined later. By Inequality (3), there is
a double compromise to manage with. First, T needs to be of order N~/ () and then m needs to be
of order NGH-1)/(20H) {5 get a rate of order N—(2H—1)/(10H)

Some preliminary results on Skorokhod’s integral are given in Section 2.

2. BASICS ON THE SKOROKHOD INTEGRAL

Let (.,.)3; be the inner product defined by

T T
(hym)p == aH/ / h(s)n(t)|t — s|* ~2dsdt with ag = H(2H — 1),
o Jo

and consider the reproducing kernel Hilbert space H = {h : ||h|% < 0o} of BT = (By)ie(0,1], Where |.]|%

is the norm associated to (.,.)g. Consider also the isonormal Gaussian process (B(h))ney defined by
T
B(h) ::/ h(s)dBs ; h € H,
0
which is the Wiener integral of h with respect to B on [0, T].

Definition 2.1. The Malliavin derivative of a smooth functional
where n € N*, ¢ € C°(R™;R) (the space of all the smooth functions ¢ : R™ — R such that ¢ and all its
partial derivatives have polynomial growth) and hq, ..., hy, € H, is the H-valued random variable

DF :=Y  owp(B(h1),...,B(hn))hy.
k=1

Proposition 2.2. The map D is closable from L2($;R) into L2(Q;H). Its domain in L2(;R), denoted

by DY2, is the closure of the smooth functionals space for the norm ||.||1,2 defined by
IF|I% 2 := E(F?) + E(|DF|3).

The Malliavin derivative of F € DY? at time s € [0,T) is denoted by D4F.
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See Nualart [15], Proposition 1.2.1 for a proof.

Definition 2.3. The adjoint § of the Malliavin derivative D is the divergence operator. The domain of
0 is denoted by dom(0), and Y € dom(0) if and only if there exists a deterministic constant ¢y > 0 such
that for every F € DY2,

E(DEY)n)| < oy B(F?)=.

For any process Y = (Y;)scpo,r) and every t € (0,T], if Y1y 4 € dom(d), then its Skorokhod integral with
respect to BT is defined on [0,¢] by

t
/ YYS(SBS = (S(Yl[(),t]),
0
and its Skorokhod integral with respect to X is defined by
t t t
/ Y. 0X, = / Yibo(Xs)ds + O’/ Y,0Bs;.
0 0 0

Note that since § is the adjoint of the Malliavin derivative D, the Skorokhod integral of Y with respect

to BT on [0,¢] is a centered random variable. Indeed,

(4) E (/0 YS(SBS> = E(1-6(Y1py)) = E(D(1), Y1jq)n) = 0.

Let S be the space of the smooth functionals presented in Definition 2.1 and consider D*2(#), the closure
of

S’H:: Zthj;hl,...7hn€H,F1,---;FnES
j=1

for the norm ||.||1,2,7 defined by
Y17 2.5 =E(IY13) + E(DY[3g)-

Consider also the norm ||.||s defined by
T T 3
Il = (aH L[ e o -le- s|2H-2dsdt> ,
the Banach space $) := {h : ||h]|s < o0} and
D'2(9) == {Y € DV(H) : E(|Y]|5) + E(IDY |3 55) < oo}
By Nualart [15], Proposition 1.3.1,
DY ($H) ¢ DY (H) C dom(6).

The two following propositions are crucial in Sections 3 and 4.
Proposition 2.4. For every ¢ € C'(R) of bounded derivative, (¢(Xy))icpo, 1) belongs to DV2($) and
T T T t
/ o(X)oXs = / o(X)dX, — CYHO'Q/ / @' (X¢) exp (/ bg(Xu)du) |t — 5|27 ~2dsdLt.
0 0 o Jo s

Proof. For any s,t € [0,T] such that s < ¢, since

D,B, = DS(B(l[O,t])) = 1[0,t](5),
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since Xy is a 0 ((By)ucr_ )-measurable random variable, and by Equation (1) and Nualart [15], Proposition
1.2.3,

DX, = /t bo(Xu)Ds Xudu + ol 4(s).
Therefore, "

D, X = ol14(s)exp (/t 6(Xu)du>
and, by Nualart [15], Propositions 1.2.3 and 5.2.3, )

T T T T
/ 0(Xs)0X, = / o(X,)dX, —aHa/ / D, (p(X))|t — s/ ~2dsdt
0 0 0 0

- / L (X)ax,

T t t
fozHaz/ / @' (Xy) exp </ b6(Xu)du> [t — s> ~2dsdt.
0 0 s

Proposition 2.5. Consider

M := sup by (z).
z€R

There exists a constant ¢a5 > 0, only depending on H and o, such that for every ¢ € C1(R) of bounded

derivative,

T 2 T T
E (/ <p(Xs)5BS> < o smpT?H 1 (/ E(QO(XS)Q)dS-i-/ E(cp’(XS)Q)ds>
0 0 0
with mpr =1V myr and

g 2H H 2H
mr = <—M> 1M<0 + T2H1M:0 + (M) 62]V[T1M>0.

See Hu et al. [8], Proposition 4.4.(2) and Comte and Marie [3], Theorem 2.9 for a proof.

For details on the Malliavin calculus, the reader may refer to Decreusefond [4] and Nualart [15].

3. AN L2-ERROR BOUND ON THE AUXILIARY ESTIMATOR by,

First, the probability distribution of X;, ¢t € (0,7, and the function by need to fulfill the following

assumption.

Assumption 3.1. For everyt € (0,T], the probability distribution of X; has a density f; with respect to

Lebesgue’s measure such that:

(1) The function t — fi(z) belongs to L*([0,T]) for every x € R.
(2) The function |by|® belongs to L%(R, f(x)dx) for every o € Ry, and Sy, is a subset of L2(R, f(z)dz),
where [ is the density function defined by

T
f(z) = %/0 fs(x)ds ; Vz € R.

Example 3.2. In the two following situations, Assumption 3.1 is fulfilled:
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Assume that Xo(.) = xg with xg € R. For every t € (0,T], the probability distribution of X; has

a density f; with respect to Lebesgue’s measure such that, for every x € R,

(z — l’o)2>

fi(w) < cH,TFH exp (mH,T oI}
where ¢, and my, are positive constants depending on T but not ont and x (see Li et al. [11],
Theorem 1.3). So, t — fy(x) belongs to L1([0,T]). Still by Inequality (5),
lbo|* € L*(R, f(2)dz) ; Vo € Ry

because by is bounded, and S,, C L(R, f(z)dx) because the ¢;’s belong to L*(R,dx).

Assume that by satisfies the dissipativity condition
Jm > 0:Vr €R, by(z) < —m.

Then, Equation (1) has a unique stationary solution X with a o((By)ier_)-measurable initial
condition Xy, and the common probability distribution of the X;’s has a density fo with respect

to Lebesgue’s measure such that, for every x € R,

fola) < cpe ™",

where ¢y and my are positive constants not depending on © (see Li et al. [11]|, Theorem 1.1). So,
bo and f = fo fulfill Assumption 3.1.(2). Of course, Assumption 3.1.(1) is fulfilled with f; = fo
for every t € (0,T].

Notations:

For every measurable function ¢ : R — R,

nm%=4ﬂm%a\m@:[w@%umxam wmw=zwwvwwm

The orthonormal projection of by f on S, is denoted by (bf),, in the sequel:

m

b )m =D _(bof, 0509

Jj=1

Moreover, by, := (bf)m/f.

The following proposition provides a suitable L2-error bound on Zm.

Proposition 3.3. Under Assumption 3.1,

where

~ 2 m
BB bol3) < o = ol + 5 (Ib0l320m) + ca50 5y (2m) + 580m)) )

gm) =Y llesllk  and  R(m) = ok,
j=1 j=1

Proof. First of all,

(7)

E(|[bm — bol2) = E(|[bf,, — bo %)
= |(0f)m — bof 1> + E(I6f 1 — (5f)m1?)
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because g?m (w) (we Q) and (bf)n, belong to Sy, and (bf), is the orthogonal projection of by f on Sy,.
Since X!,..., XN are independent copies of X, and since the Skorokhod integral with respect to BT is

centered, for every j € {1,...,m},

N T T
E (;Tz_;/() wj(Xi)zSle) = %E (/0 goj(Xs)bo(Xs)ds>

o T
- %[m @j(a:)bo(x)/o fs(@)dsdz = (bof, ¢;)-

Then, since (¢1,...,@m) is an orthonormal family in L?(R, dx),
A ) m 1 N T , ) 2
B = t)l?) = |3 (573 [ es(X03XE = (tos.o)
j=1 i=1
m 1 N T
= ZV&Y ﬁ Z/ LpJ(X;)(SX;
j=1 i=170
5 m LT 2 i - 2
< = — 4
<% ; E T/o 0;j(Xo)bo(Xs)ds | | +o°E T/o 0;(X4)0 B,
Moreover,
SE (T | e (Xs)bo(Xs)d5> <72 [ B hx))ds
J=1 Jj=1
=3[ eiPtola) fla)de < Lol
j=177%
and, by Proposition 2.5,
2 m
1 [T mp > 2 102
ZE T, ©;j(X5)dBs < C2.5mz (pj(@)” + ¢;(2)°) f(z)dx
j=1 j=1v7°°
< e2sg o7 (L(m) + %(m))
Therefore, by Equality (7),
~ 2 m
B — oll) < 10m — o+ 5 (I00IF20m) + cas0® 25 (2(m) + 92 ).

4. EXISTENCE, UNIQUENESS AND L2-ERROR BOUND ON THE FIXED POINT ESTIMATOR b,,

The Skorokhod integral, and then Bm are uncomputable. However, by Proposition 2.4,

T T T t t
[ eiccsxi= [Coceiaxi-ane? [ [ goxes ([ o) - oo 2asi
0 0 0 0 s

—_—

=l
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for every i € {1,...,N} and j € {1,...,m}. Then, b = Py, (bo), where ®,,, has been defined in Section

1 by
Nlivj I, - / / (X exp(/ ¢ (X)) |t—s|2“dsdthx>

for every p € C1(R) and = € R. Since by i & converging estimator of by as established in Section 3,

m

By ()() = ﬁ >

which legitimates to consider the fixed point Em of ®,, as a computable estimator of by. This section

deals with the existence, the uniqueness (thanks to Picard’s theorem) and an L2-error bound on Em.

In the sequel, consider the map F;,, from R™ into itself such that

N T ,t m t
Fal0) =573 [ [ eirhen (Zw / w%(Xi)dU> o= s 2t
=1 =1 s

for every # € R™ and j € {1,...,m}. Moreover, I is compact and the density function f fulfills the

following additional assumption.
Assumption 4.1. There exists my > 0 such that
f(x) >my; Ve el

Example 4.2. In the two following situations, the density function f fulfills Assumption 4.1:

(1) Assume that Xo(.) = x¢ with x9 € R. By Li et al. [11], Theorem 1.3, there exist two constants
Cyr, My >0 such that, for every t € (0,T] and x € I,

(x — $0)2)

fe(z) > CH,Tt_HeXp( myr o]

2
_ _ ./,U
> us(t) ==yt P exp ( mHTt2H> >0

with xp = |min(I — {x0})| V |max(I — {zo})|. Then, f fulfills Assumption 4.1 with

1 /7
my = T/() ur(s)ds > 0.

(2) Assume that by fulfills the dissipativity condition (6). By Li et al. [11|, Theorem 1.1, there exist
two constants g, my > 0 such that, for every x € I,

folz) > tue ™% > Tre ™1 > 0
with x; = |min(1)| V | max(I)|. Then, f = fo fulfills Assumption 4.1 with mj = Tye ™11,

Note that under Assumption 4.1, the norms ||.|| and ||.|;2 are equivalent on S, .. Indeed, for every
¢ € Sme,

1
lellre < IIfIZNell and ol < = llell -
my
Notations:

e For any ¢ € S, its coordinate vector in the basis (1, ..., ©n) is denoted by 6% = (67,...,6%).



ON A CALCULABLE PROJECTION ESTIMATOR OF THE DRIFT FUNCTION IN FRACTIONAL SDE 9

e The usual norm on L£(R™) is denoted by ||.||op-
First, an event on which the map ®,, has a unique fixed point in S,, . is provided in the following

proposition.

Proposition 4.3. Under Assumptions 3.1 and 4.1, consider | € (0,1) and the event Ay, := Ay, c N A1,

where

1
Apy e = sup  ||Pn(9) oo < ¢ and Apy:=<{ — sup ||DFm(0“")H§p <Py,
PESm, ¢ M% veSm,

On the event Ay, @y, is a contraction from Sy, o into itself, and then it has a unique fizved point gm n

Smc-

Proof. First, by the definition of A, ¢, @1, (Sm.c) C Sm,c 00 Ay, . For any ¢, @ € Sy, since (g1, .., ©m)

is an orthonormal family of L?(R, dz),

1@ (0) = (@2 = 1 (6%) = Fu (097,

2

_ 1 _

< ( sup ||DFm(9“/’)||0p> 169 — 6717, < (2 sup ||DFm(9w)||§p> le —Pl1%.
1&65m,c mf wESm,c

This leads to
[ @ () = (D)2 < Ul —Pllp2 on Ap

Therefore, ®,, is a contraction from Sy,  into itself on the event A,,. O

Now, assume that by fulfills the dissipativity condition (6). Then, as already mentioned in Section 3,
Equation (1) has a unique stationary solution X, and f = fy is the density of the common probability
distribution of the X;’s. Assumptions 3.1 and 4.1 are fulfilled as established in Example 3.2.(2) and

Example 4.2.(2) respectively. Moreover, consider
m
Im) = %1%
j=1

where, for every j € {1,...,m}, ; is a primitive function of ¢;. In the sequel, X', ..., X" are inde-
pendent copies of the stationary solution X of Equation (1), and the ¢;’s fulfill the following additional

assumption.
Assumption 4.4. There exists a constant ¢, > 0, not depending on m, such that
J(m) VvV £(m) < c,R/(m).

Example 4.5. Assume that I = [{,x] with {,x € R satisfying £ < r, and that (p1,...,pm) is the

trigonometric basis:
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for every x € I and j € N* satisfying 2j + 1 < m. Let us show that the trigonometric basis fulfills
Assumption 4.4. On the one hand,

m3 > cym = ¢ £(m)

as established in Comte and Marie [3]|, Section 3.2.1. On the other hand, assume that for every j €
{1,...,m}, the primitive function ; of p; is chosen such that ©;(x;) =0 with x; € I. Then,

501 =| [ eitiay

< Arllgjllee with  A; = max(I) — min(]),

leading to J(m) < A2&(m).

In order to provide an L2-error bound on the truncated estimator
g:,’l[ = gmlAm

in Theorem 4.7, a suitable control of P(A¢,) needs to be established first.

Lemma 4.6. If by fulfills the dissipativity condition (6), and if X*,..., X" are independent copies of
the stationary solution X of Equation (1), then there exists a constant ¢s4.61 > 0, not depending on m,
N and T, such that

P(AS,) < ca6,1((L(m)F + 9R(m)E)(N"23(m) 2T + 9R(m) 2T T 1) + R(m)eTT?T).

m

Under Assumption 4.4, if T € (0,1], then there exists a constant c4.62 > 0, not depending on m, N and
T, such that

(8) P(AS) < cagoR(m)(N~2T~1 4 T2H-1),

Inequality (8) suggests that, at the end, there will be a double compromise to manage with. First, the
usual bias-variance tradeoff between the number N of observations and the dimension m of the projection
space, but also a compromise between N and T'. Indeed, the time horizon T should be chosen near to 0
in order to minimize 727 ~1, but not that much because N~1/27~1 and the variance term in the L2-error
bound on the auxiliary estimator Zm (see Proposition 3.3) explode when T goes to 0. See the final remarks
for details. Finally, note that if X', ..., X~ have been observed on [0, Tinax] for a fixed Tiax > 0, then
our estimator is calculable for T'=T(N) with T(N) | 0 when N — oo.

Proof. The proof of Lemma 4.6 is dissected in three steps. Step 1 deals with a bound on P(Ag, ), Step

2 with a bound on P(Ay, (), and the conclusion comes in Step 3.

Step 1. Consider ¢ € S, .. Since f = fo € C'(R) and f’ is bounded by Li et al. [11], Theorem
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1.1, for every = € R,

f'(x)
f(z)?

B(9) ()] < ]

éw M) + |71

(Hflloo ) (lps (@) + ¢, (=)D U5 ()

j=1

::mf,f/
where, for every j € {1,...,m},
1 |& ¢
. i 2H—2
Uj(p) = NT ; [ i — / / <p] ) exp (/ '(Xu)du> [t — s dsdt]
1 [T s 2H—2
< WZ/O S(XDdX! +—||<pj||oce N/o /O |t — s ~2dsdt
=1
1 al a
_ 5.(XL) — 3. (X? e TT2H-1
by the change of variable formula for Young’s integral. So,
180 (#) oo < Wz D (llslloo + 16]]lo0)
j=1
. a
— G.(XE) — 5. (XE — || eeeTTH ) = V.

Moreover, since X is a stationary process, f = fo = fr, and then

N N 3
1 vy — (i 1 — (XL _ o (i
E ( NT Z(@j(XT) - @j(Xo))D < var (NT Z(@j(XT) - @j(Xo))>
i=1 i=1
1 _ _ i _ 2Pl
< WE(((pj(XT) - 9;(X0))7)2 < NleT
for every j € {1,...,m}. This leads to
m 1 N ) ‘ m
E Zl(\\%llooJr 1€ 1loc) WZ;(@(X%) sﬁj(Xé))| < N1/2 Z 1©5llo0 + 165 1100)11B; lloo
j= i= j=1
< g (Sm)E 4 9t(m))a(m)
= N2T '

Therefore, by Markov’s inequality,

pas, ) < BVl

< =L (g(m)} + 3(m) ) (QN—%J(m)iT‘l + sEEE T m(m)ie‘TT”"l) :
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Step 2. For every 6 € R™,

|2l m=1

o z(z ) < 3" [OE0)

zlzlm=1 521 \ 53 =

2
IDEw(0)I13, ( sup IIDFm(G)-Z||m>

Then, for every ¢ € S, ¢,

| DF, (69)]2, f: NTZ/ /@] ) exp </ ’(X;)du) (/:@;,(X;)du) |t—52H2dsdtr

7, 0=1

2 2

a 2 2T 2H—1 a 2 2cTrpdH
< —_— — _— .
< yzgzRm)’e [ / / |t — s] dsdt] (2 e +1)> R(m)?e*"'T

So, by Markov’s inequality,

N[

1 1 a
P(AS ) < —E DEF,,(09)]? <— —— R cTp2H
(5 < oq (gp | DEw( >||op> ot ZHET e

Step 3 (conclusion). By the two previous steps, there exists a constant ¢; > 0, not depending on m,
N and T (because f = fy), such that

P(A7) < P(A7, ) +P(AT )
< a((L(m)E +R(m)2)(N"2I(m) 2T + R(m)2eTTH 1) 4 R(m)eTT?H).
Moreover, by Assumption 4.4, if T € (0, 1], then there exists a constant ¢ > 0, not depending on m, N

and T, such that
P(AS) < cR(m)(N"2T~1 4 T2H-1),

Theorem 4.7. Under Assumption 4.4, if T € (0,1], by fulfills the dissipativity condition (6), and if
X1 ..., XN are independent copies of the stationary solution X of Equation (1), then there exists a
constant cq7 > 0, not depending on m, N and T, such that

B(|[b5' = boll72) < 2llbm = bol[72 + casRm)V(N,T),
where (f = fo doesn’t depend on T, and)

V(N,T):=N"2T"' 4 7201,

Proof. The proof of Theorem 4.7 is dissected in two steps. The first one deals with the following regularity

result on the map ®,,

9) 1@ () = P (@)l y2 < Um, T)|¢" — P llos 5 Ve, 90 € S

with

¢ = 1RI /oog m.c T:# %CTTQH.
S = {9 € CHR): ¥/l < 6} 3 S and 1m T) = gt oRlm) e
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Then, Step 2 deals with the L2-error bound on an[

Step 1. For any ¢, % € S, since (1, ..., ¢m) is an orthonormal family of L2(R, dz),

[P () = @ (D)l 2 = [|1F() = F(D)llm,

where F' is the map from S, into R™ defined by

Fly) = (;‘Tﬁ / ' / (K exp (/ t (XL I~ s|2H-2dsdt)

for every ¢ € S.. Moreover, for every j € {1,...,m},

N T et
_ a 1y 2H-2
Feh - F@u < yp 2 [ [ 1Dl e

exp (/: w'(Xi)dU> —exp (/St w’(Xf;)dU>

J€e{l,....m}

X dsdt

T .t
a
< pletlle” (8 [0 [ je = st tasat ) ' - 7l
NT"™J o Jo
a _
= mH%Hm@@TQHHW — P oo
This leads to Inequality (9):
1 _ . a
[ () — P (@)l 2 < aR(m)ze T | — 7| with o = SHERH+1)

Step 2. On A,,, by Equality (2) and Inequality (9),

Hbm - bO”f2 < ”(I)m(bm) - (I)m(bO)HP + ”(I)m(bo) - b0||f2
< W(m, T) |[Bl, — bloo +1[Bm — boll 72
———
<2c

Moreover, by Proposition 3.3,

~ 2 m
B~ oll) < [~ ol + 2 ( 0lF£0m) + 250% 7 (2m) + () )

< [lbm = boll% + S (£(m) + T2 =203 (m))
with
H 2H
c2:2max{||b0? ; C2‘50'2 1v (—M> ‘|}
So,

E(|[55 = bol|22) = E([bm — boll321a,.) + [lbo]| 2 P(AL,)
8¢*1(m, T)? + 2[|bm — bol|7> + 22N 7' (£(m) + T*" >R (m))
+eg.2]|bo 2R (m) (N ~ET1 4 T2

2][bim — boll % + c3R(m)(N "2~ 4 T2H 1),

N

N

where c3 is a positive constant not depending on m, N and T (because f = fp).

13
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Remarks:

e Consider T(N) := N~'/(4H)  Then, for every t € (0, 1],

2H—1

V(N,T(N))=2N""11 < V(N,t),

and by Theorem 4.7 with "= T'(N),

2H—1

]E(ch’[ - b()”?cz) < 2||bm - b()”?cz + 2c4_7§ﬁ(m)N’ 4H

m

e Assume that (¢1,...,¢n,) is the trigonometric basis defined in Example 4.5, and that (bof);

belongs to the Fourier-Sobolev space
Wg(]) = {go : I — R B times differentiable on I : /4,0(5) (z)%dx < oo}
I

with 8 € N*. By DeVore and Lorentz [5], Corollary 2.4 p. 205, there exists a constant cg ¢, > 0,

not depending on m, such that

(B )m = bo 1> < ep,e0m ™.

Then,
2H—1

E(|[65! — boll22) < Taz(m ™% + m3N~7m),

where ¢47 > 0 is a positive constant not depending on m and N. Therefore, the bias-variance

tradeoff is reached for
2H—1
m < N 3HGEF2E)

e Thanks to a well-known consequence of Picard’s fixed point theorem, for every n € N* and

p e Sm,u
- n
| @0 0B)(0) = bl < T Bm(9) — g2 on Ap.
—_— —— -
n times
Then, the estimator gf;l[ can be approximated by g,‘;l{n = ’l;m,nl A,,, Where the sequence (Em,n)nGN

is defined by by, o € Sp.c and

gm,nJrl = CDrn(ﬂl;mn) pn e N.
e In practice, the density function f is unknown. So, f needs to be estimated, for instance by the

projection estimator

N m 1 XM ,
fm(z) = Z (NT Z/ goj(X;)ds> pj(x);zel.
j=1 i=170

Then, for numerical purposes, (by, n)nen should be replaced by the sequence (b, »)nen such that
Bm,O S S’rn,c and

bm7n+1 = $m(bm,n> VNS Na

where
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