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1. Introduction

Studying the maximum and its hitting time for a random process, denoted
(M, p), is an interest in numerous models in economics, biology, or data science.
The law of the maximum of some standard diffusion processes is used in statistics
to understand the quality of an estimator (such as the law of the maximum of a
reflected Brownian bridge which is the basis of the Kolmogorov-Smirnov test).
Moreover, a better understanding of these laws builds some connections between
probabilities and complex analysis: for example the maximum of a Brownian
excursion is closely related to the Riemann zeta function. See [3] for a review of
various probabilistic interpretations of this function. Finally, studying the law
of the time when various processes achieve their maximum yields to surprising
and often counter-intuitive answers. The first of this kind of results is the case of
the Brownian motion and the Brownian bridge on [0, 1]. These are the ‘arcsine
law’ and the ‘uniform law’ found by Levy in [21].

Brownian motion : M = ;
du T/ u(l —u)
P d
Brownian bridge : 7@ de ) = 1
U

See also [31] for more background and some generalizations.

In [25], Satya. N. Majumdar, Julien Randon-Furling, Michael J. Kearney, and
Marc Yor have computed the joint density of the place and time of the maximum,
(M, p), for three constrained Brownian motions: the standard excursion, the
Brownian meander, and the standard reflected Brownian bridge. They have
used two methods. The first one relies on a physical argument, based on the
idea that the statistical weight of a path is proportional to a propagator defined
with a Hamiltonian and a potential (describing the constraints). Shortly said, it
is a path integral method. The second method uses some ‘agreement formulas’
and decomposition at the maximum (as discussed in Section 2). These formulas
are identities in law with the following form, where U and V are independent
positive random variables, ¢ and u some reals, and F' an arbitrary non-negative
measurable function.

E[F(M?,p)] = cE {F <le %) (U + V)“} (1)
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The laws of U and V' and the values of ¢ and p depend on the case according
to the following table.

Excursion Meander Reflected bridge

o
e
|3
o1

1 1 1
" 2 2 2
B0 NG NG 1

sinh(v/2)) sinh(v/2)\) cosh(v/2))

E(e ) V2A 2 tanh V2A 1
sinh(v2)) | V2 2 cosh(v/2))

The authors of [25] verified that the two methods give the same expression
for the density of (M, p) in each case, and confirmed their results numerically
with high precision. The proofs of the above formulas can be found explicitly
in the literature for the case of the excursion and reflected Brownian bridge, in
[32], by Jim Pitman and Marc Yor, for example. However, in [25], it is pointed
out the same can not be said for the case of the meander. Here we present a
general theorem of decomposition at the maximum, then apply it explicitly to
derive these formulas, and so we focus ourselves on the method based on the
agreement formula.

In 2010, Schehr and Le Doussal also derived the joint density of (M, p) in
[36] thanks to another method called the real space renormalization group. This
method is powerful enough to study not only the Brownian excursion, meander,
and reflected bridge, but also Bessel bridges. It also shares with the path integral
method the quality to be more physically intuitive than the agreement formula
method. However, both of these methods raise some issues of technical rigor. So
we prefer to work here with the rigorous methods of one-dimensional diffusion
theory.

Moreover, the authors of [25] and [36] deduced expressions for the densities
of p and M for each case, as a double series. To do so, they integrated the
joint density of (M, p). Especially in [25], it was obtained thanks to a version
of the agreement formula (1) in the terms of densities and after expanding the
densities of U and V as a series. This yielded the following expressions, with
z>0and 0 <wu < 1.
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Excursion
P(M €d pLETS 292 a2e2 w22
( ; z) _ 211'2 Z (_1)m+n T;L n _ (e 2 e 2.2 )
z =~ m2—n
IE”(pE du) _3 i ymen m2n?
e [n2u + m2(1 )]5/2
Meander
P(M e€dz) 2372 & n w12 w2 w2
=7 m;f(_” S (0 )
P(pedu 5 Z i n2

[n2u + (2m + 1)2(1 — u)]3/2

m=0,n=1

Reflected bridge

oo

P(Medz) _ Z%W% Z (71)m+n (m+%)(n+%)
dz 22 o (m+ %)2 —(n+ %)2
( _ (n+1/2)272 (m+1/2)2 2)
X le 222 —e 222

(p € du -9 Z m+n (2m + 1)(277‘ + 1)
[(2n + 1)2u+ (2m + 1)2(1 — u)]3/2

m,n=0

Bessel bridge of dimension § > 0

32 iy,m
P(M € dz) Z i o' e 2 —e
dz Zl+5 J V1 ]Vm) Jy+1(]u,n) Jg,m - Jl%,n
Plpedu) _yy 5 e 1
du m,n>1 J Jrl(]l/}m) Jl/+1(jl”n) [jl%’nu +]3,m(1 - ’u,)]”+2

The notations used for the case of Bessel bridges are precised in Section 4.1.

Some of these series are not absolutely convergent. In [25], it is explained that
their meaning should be given by a regularization by adding some o™ terms, or
said with other words, with the non-standard Abel summation. Abel summation
can give values to some divergent series but in general divergent series are not
Abel summable either. Even if those series were indeed Abel summable, their
Abel summations do not need to be equal to the desired densities. As these
points were not fully addressed in [25] nor [36], we shall make precise a sense of
these summations before proving them.

First, in Section 2, we will present a family of known results, called agreement
formulas, linked with a decomposition at the maximum for diffusion processes.
We will give some examples in Section 3, including (1) as a particular case.
In Section 4, from the agreement formula, we will rigorously derive the above
expressions for the densities of M and p for all Bessel bridges. Those expressions
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have been properly proven in [33] (Section 11) by Pitman and Yor for M and
Bessel bridges of index v < —1/2, but our results are a generalization, and our
rigorous proof of the expression for the density for p seems to be new.

To deduce these results we will employ three tools already provided by others:
the agreement formula, the Abel summation, and a series expansion of the
density of the first hitting time of 1. We will discuss our use of these tools and
under which conditions the method might or might not be extended to a wider
class of processes. We also provide similar formulas for skew Brownian bridges
in Section 5, for which the same method can not be applied. In Section 6, we
provide some formulas for the case of generalized Bessel meanders.

2. Decomposition at the maximum and Agreement formula

We place ourselves within the framework of the theory of diffusion processes
detailed by Ito and McKean in Diffusion Processes and Their Sample Paths,
[12]. See [12] for the precise definitions of the following notions and the proofs
of the following facts.

Let X be a one dimensional regular diffusion process taking values on a real
interval I containing [0, 00), with infinite lifetime. Its infinitesimal generator
is A = D,,D,, with s the scale function and m the speed function. Then, for
x € I, the distribution of X; given Xy = x, which is denoted P, admits a jointly
continuous density according to m, denoted p(¢,x,y). In other words,

Py (X¢ € dy) = p(t, 2, y)m(dy).
Several functions of the path of X interest us. For z € I, we denote by
T,=inf{t >0, X; ==z}

the first hitting time of z. It is known, and we will use, that T, has a continuous
P,-density relative to dt, denoted f, such that

P,(T. € dt) = fo.(t)dt.

Let also M; = sup X, be the maximum of X on [0, ¢], and
0<u<t

pr = inf{u >0, X, = M}

be the first time when it is reached. Almost surely, p; is the unique time s € [0, ¢]
such that Xy = M;. In the following, we will often denote by 7' the random
variable T7 under Py, and by f = fy1 its density.

A result of decomposition at the maximum is an identity of law about the
paths of a stochastic process. Such theorem first describes the joint distribu-
tion of (My, ps, X¢) then states that conditionally given (M, pt, X+), the path
fragments before and after the argmax are independent and follow some law.
Levy, in [22], Louchard, in [23], and Vincze, in [39], provided the cases of Brow-
nian motion and Brownian bridge. However, Williams first gave a general path
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decomposition on [0, 00) at the time when the maximum is reached for all diffu-
sion processes verifying M., < co almost surely. Moreover, in those works, the
joint distribution of respectively (M, p, X¢) and (Moo, poo) were described by
a factorization of their density.

This paved the way for various authors to extend those fundamental ideas to
a broader context. We can cite for example Denisov [7], Millar [28], Le Gall [19],
Pitman [30], Salminen [35]... About our needs, we will use the generalization of
the path decomposition at the maximum of Williams to all diffusion processes
on a finite time interval.

Theorem 1. Let0<u<1, z,y<z<oo and x,y,z € 1.
(i)
P, (M; € dz,pi € du, X; € dy) = fr.(u) fy-(t —u)s(dz)m(dy)du  (2)

(iz)
fwz(u)fyz(t - u)
P, (M, € dz,p € du| X, =y) = T s(dz)du (3)
(iti) Under P, conditionally given My = z, pp = u, and Xy = y, the path
fragments (X,,0 < v < u) and (Xi;—p,0 < v <t —u) are independent,
and respectively of law (X,,0 < v < T,) under P, given T, = u, and
(Xy,0 <v <T.) under P, given T, =t — u.

This theorem has been stated exactly in the same form in [32] as the Theorem
2. The point (i) of the theorem is a density factorization for the joint law of
(M, pt, X)) and will be the main tool of this paper. It was independently proved
at the same time by Fitzsimmons in [9], a former unpublished manuscript, and
by Cséki, Foldes, and Salminen in [6]. This fundamental formula generalizes
the results on the Brownian motion of Levy, Louchard, and Vincze. Moreover,
Shepp has written (2) for the Brownian motion with drift in [37], while Imhof in
[11] and Louchard in [24] have treated the cases of the killed Brownian motion
and the tree-dimensional Bessel process.

By conditioning on X;, the point (ii) is a direct consequence of (2). The point
(i77) is shown by Fitzsimmons in [9], with a proof similar to that of Williams in
[40]. Since (2) is a key formula, we will briefly recall one of its proofs later.

As said in [32], if Vz > x, T, < oo P, -a.s., then for any z,y, the theorem
gives two equivalent definitions of a o-finite measure on the space of continuous
function on [0, c0) with compact support:

(I) pick ¢ according to p(t, z,y)dt and run an X-bridge of length ¢ to = from
Y.

(IT) pick z according to s(dz) restricted to (z V y,00), run two independent
copies of X till T, one starting from z and the other from y, then put
them back to back.

Remark. When X is a 3-dimensional Bessel process, this measure corresponds
to Ito’s excursion law. While (I) is conditioning on the length, (II) is conditioning
on the maximum.
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This ‘agreement’ between the two descriptions of the measure motivated Pit-
man and Yor to call the formula (3) an agreement formula, in [32]. We will do
the same in this work and we will also call agreement formula any particular
case or equivalent formulation of (3). In particular, in Section 3, we prove that
(1) is indeed an agreement formula, as a particular version of (3).

2.1. Standard bridge of a diffusion process with a Brownian scaling

In the following, we fix z = y = 0 and t = 1. We suppose Vz > 0, T, < oo
a.s. and we denote by XP* the X-bridge of length 1 from 0 to 0. Moreover, we
assume that X enjoys a Brownian scaling. In more precise words, we suppose

(Xy) < (V/cXy/c) for any ¢ > 0. The scaling implies, for z >y > 0,

1 u _ 22 Y
foew) = 5 f21 (55) and By(e7T) = By ('),

Futhermore, we let the reader show that the scaling implies that s is dif-
ferentiable and that there is a u € R such that s'(z) = s’(1)z#. The proof of
those facts could also be found in [18]. Under those assumptions, the agreement
formula (3) becomes

br br 1 u 1—wu\ §(2)

Inspired by the equivalence of definitions of the measure of paths presented at
the end of the previous section, we construct a process by re scaling the definition
(IT) and we compare it with the standard bridge. It is a direct generalization of a
construction in [32] for Bessel bridges. In other words, the only useful hypotheses
to adapt the proof of Pitman and Yor are the ones above. The case for Bessel
bridges from [32] is also presented later.

Construction: Take X and X two independent copies starting at 0, respec-
tively hitting 1 for the first time at 7" and T'. Define a new process by putting
them back to back.

% X4 ift<T

Y\ Xy, HT<t<THT
~ 1
Finally, let X:fr = —AXu(T+T) for 0 < v < 1. Its maximum and its
T+T
argmax are respectively

- 1 T

Mbr - - and ﬁbr _

VT +T T+

Since the mutual density of 7' and T is f, the joint density of (M br 5Pr) is easily
1—u

u A~
computed, thanks to change of variable ¢t = — and t = —
z z

Crbr ~br _ ﬂ L—u l
P(MY € dz, 5 edu)—2f<z2>f( > )ZSdzdu
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Comparing this formula with (4), we deduce a new form of the agreement for-
mula for standard diffusion bridge with a Brownian scaling. If F' is an arbitrary
non-negative measurable function, then

BIF((M™)?, p™")]

G

1 T 1 1
F < [’ [ ) [ S/ [
Ir'+T T+T) \JT+T <\/T+T>
The point (i) of the Theorem 1 extends (5) to the functions of the paths: if ¥

is an arbitrary non-negative measurable function, then

EWLWW]=ZR555ENMXMMW”§MWﬂ] (6)

1
-~ E
2p(1,0,0)

Remark. Starting from the above equality of expectations, and assuming the
scaling property, a simple change of variable gets us the agreement formula as
in Theorem 1 for the case of bridges from 0 to 0, and reversely. The assumption
T, < oo is only needed to well define the construction, but not to have the
equivalence between (4) and (5).

2.2. Proof of the agreement formula

We recall a computational but straightforward proof of (2) provided in [6]. A
more probabilistic proof was also proposed in [6] and [9]. It is based on the
Levy-Khintchine representation of Levy processes, on the fact that the hitting
time process of a diffusion is a subordinator, and on the theory of the excursions
below the maximum of a diffusion. If the reader wishes to know more about the
excursions below the maximum, we advise to check [34].

Let o > 0, and let ¢T and ¢* respectively be the increasing and the decreasing
solution of

AQS = ad)?

where we recall that A is the infinitesimal generator of X. We denote by W =
toTt — ¢t ¢t the Wronskian, which is constant, where ¢ is the derivative
with respect to s. For =,z € I, let also g be the Green function:

ooz = [ e tptt,n, 2
0

Ito and McKean, [12], give expressions for g and for the Laplace transform of
T, thanks to ¢" and ¢*.

¢T(m) if <
_aTz j— ¢T(z) e - z
]Em(e ) - ch'(a:)
#+(2)

{%wwwu>ﬁsz

fx>z

9w, 2) = %dﬁ(z)dﬂ(z) ifx >z
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1
Because the Wronskian is constant, and since %(oo) = 0 because the lifetime

is infinite, we observe that

g(a,2) = 8726 @) | °° %

Now, let w € [0,¢] and z,y < z.

/ e P, (X, € dy, M; > z)dt
0

/ / (T, € ds)P,(X;—s € dy)dt

_/ e~ P, (T, eds)/ e “'P.(X; € dy)dt

0 0
= ]Er (eiaTz )g(Z, y)m(dy)
> s(dv)
—31@'l) [ ezmdy
(@)¢' (y) G0 (dy)
The first equality comes from the strong Markov property at 7T, , while the last is
an use of the formulas for g and for the Laplace transform of T,. We differentiate

with respect to z to found:

_9'(2) 6" (y)
= 52 6 (=) s(dz)m(dy)

=E.(e "B, (e *T*)s(dz)m(dy).

o0
/ e P, (X; € dy, M; € dz)dt
0

By uniqueness of the Laplace transform, we deduce the joint density of (X, My).

P, (X; € dy, M; € dz) (/ frz(u) fya(t — u)d >8(dZ)m(dy)

Eventually,

P.(X; € dy,M; € dz, p; > u)
= Em(:ﬂ'[Mu < Z]PXU (thu € dy7Mt7u € dZ))

_E, (IL[MU <] /u a0 — )yt — U)du) s(d=)m(dy)
-(/ BT > (v — w) fyalt — ) ) s(dzym(ay)
-(/ o) et~ ) ) s(d=mldy).

Here, we have used the Markov property at u. The formula (2) follows by dif-
ferentiating with respect to u.
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3. Examples

We apply the previous section to write the agreement formula for three ex-
amples of Brownian-related processes, all enjoying a Brownian scaling, at least
indirectly. In this section, F' and ¥ are arbitrary non-negative measurable func-
tions, z > 0, and 0 < u < 1. Various examples of (2) or (4) can be found in the
excellent Handbook of Brownian Motion — Facts and Formulae of Borodin and
Salminen, [4]. Let us cite that 3.1.13.8 page 351 and 5.1.13.8 page 449 represent
(2) respectively for the cases of reflected Brownian motion and 3-dimensional
Bessel process.

3.1. Case of Bessel bridges

A Bessel process of parameter § > 0 is the solution of the stochastic differential
equation
o0—14dt

2 X
where B is a one-dimensional Brownian motion. When ¢ is a positive integer,
X has the law of the norm of a J-dimensional Brownian motion. Precise def-
inition, background, and more details about Bessel processes are provided in
[32] by Pitman and Yor. Moreover, our application of the decomposition at the
maximum and the agreement formula for the Bessel bridges is already presented
more carefully in [32].

Let 6 > 0, X 4 BES(6) and 6 = 2(v + 1), we can choose s(dz) = z'~dx,
m(dr) = 220~ dz. We have p(t,0,y) = (Qt)_%F (g) exp (—%) We denote

1 s 1)
C,=-—— =—25-1p (7).
2p(1,0,0) (2>

For the case of a (standard) Bessel bridge of dimension §, we can respectively
write (4), (5), and (6) as follows.

dXt = dBt +

. . 2C, u 1—u
P(M™ € dz, o € du) = 5, (2—2) £, ( > )dzdu (7)

1 T .
E[F((M")?,p")] = C,E {F( —> T+T "}
[F((M™)7, p")] T+TT+T( )
E[¥(X")] = CLE[¥(XP7)(MP7)?~°)
Moreover, we have the well-known Laplace transform

oy (207
M) = oL vy

where I, is the modified Bessel function of the first kind of index v.

1 2\ 2k+v
L(z) = ;;) KT+ k+ 1) (i)
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For § = 1, the Bessel bridge is simply the reflected Brownian bridge. For
0 = 3, we have the case of the Brownian excursion. Respectively,

1 AT®N V2

cosh(v/2X)’ E(e )= sinh(v/2X)’

E(e_)‘TU) =

and
C_1)o=Cypp =

Observe that we have retrieved the formulas (1) of [25].

3.2. Case of skew Brownian bridges

Let 0 < 8 < 1, the skew Brownian motion of parameter /3 is a diffusion process
which behaves like the Brownian motion away from 0, but such that we have
P(X; > 0) = 8 for any t > 0. It can be constructed as a Brownian motion
where the signs of the excursions away from 0 are independent and identically
distributed. See the survey of Lejay [20] for definitions and more details on skew
Brownian motions.

Let X be a skew Brownian motion of parameter 3, we define

1 ifz>0
U(x):{i ifxz <0

2
and we can choose s(x) = o(z)z (then s'(x) = o(z)) and m(dzr) = ——dz. For
o(z

a>0,P(X; >a) =26P(By > a)and P(X; < —a) = 2(1 — B)P(B; < —a),
so, p(1,0,y) = \/%oxp (—%), which is the density of B; against dy. After

application of the agreement formulas (4) and (5) for the case of a (standard)
skew Brownian bridge, we find the following formulas.

MM“GMW“GMQ:Vﬁh(%)h(yﬂqdwu 8)

Bz4 22

T2 T\l _ Il 1 T L
E[F((M"")?, p° )]—\/gﬂE F<T+T’T+T) VT +T

To compute the Laplace transform of T, we consider the successive excursions
above 1 of a reflected Brownian motion and condition on which one is the first
to remain positive for X.

B

ATy _
Ble™™) = cosh(vV2X) — (1 — B)e~V2A

Remark. By applying the equality with § = 1, corresponding to the reflected
Brownian bridge, we easily verify that we found the same formula as before. It
is not surprising, as a consequence of a convergence in law.
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The case 8 = 1/2 corresponds to the (non-reflected) Brownian bridge, and
we have

\/gé =V2r and E(e ) = e V2,

3.3. Case of generalized Brownian meanders

Let £k € N*. The kth Brownian meander is a cgntinuous stochastic process
2

X*k=me on [0, 1] such that P(XF7m¢ e dy) = Wyk_le_%dy for y > 0,
and conditionally given Xf_me =y, X*~m¢ is a Bessel bridge of dimension 3,
from 0 to y, and of length 1. In fancier words X f ~™€ follows the chi distribution
of dimension k. In particular, the cases k = 1,2,3 are respectively called the
Brownian co-meander, the Brownian meander, and the 3-dimensional Bessel
process started at 0 on [0, 1]. Mansuy and Yor give some background, properties,
and equivalent definitions of these processes in [26].

From (3), the Brownian scaling of a Bessel process, and after integrating with
respect to y, we have

k
k—me k—me _ Z_ i l-u
P(M* ™ € dz, pF ™ € du) = 2055 f (z2> on ( > > dzdu,
where , .
1 23 2F(3/2) k1
= — _ = - > (.
Cp = 7 X SOENTIE) and ¢y () /0 kx" 7 fe1(t)de > 0

Here, f;1 is the density of 71 = T for the 3-dimensional Bessel process started
at z and f = fo;. The function ¢ is the density of some random time Sy > 0
oo

because / or(t)dt = 1. We can assume Sy to be independent from T and

0
rewrite the identity with the densities as an equality of distribution.

E[F((MF7)2, p~)] = o,

i) ()
T+ S, T+ Sk T + Sk

V2X

We already know E(e M) = — =2
Y ( ) sinh(v/2X)

. Let us compute the Laplace trans-

form of Sg.

E —ASk _ * — At d
(e=35%) /Oe Gu(t)dt

k Yoo
= ~“sinh(v2\z)d
E—y _2)\)/0 "~ sinh( x)dx
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The last equality comes from the strong Markov property and the Brownian
scaling of the 3-dimensional Bessel process:

Eo(e 1) = Eg(e By (e ) = Eg(e M THE, (e ).

Moreover, for § > 0, n € N, it is easy to prove by induction the following
identities.

g2+l 1 o n_op2i _ n—l p2it1
20yl /0 2" sinh(fz)dx = cosh(h) ; 2 sinh(#) ; @D
g2n+2 1 — n g2i+1 n g2
_— " sinh(fz)dx = cosh(f ——— —sinh(f —
(2n+1)!/0 x sinh(0z)dx = cosh( ); i) sinh( );(%)!
They can be written for any m € N as
9m+1 1 . 6—9 m 9i mee m (_9)1’ 14+ (_1)m
— /0 2™ sinh(z)dx = - ; ] +(-1) ) 2 - 5 .
For the case k = 1 (or m = —1) we use the function Shi, the hyperbolic sine
integral.
“ sinh(t
Shi(z) = / Smt( ) at
0

To serve as an example, we explicitly give the expressions of ¢, and E(e=*5%)

for the cases k = 1,2,3, i.e the Brownian co-meander, the classical Brownian
meander, and 3-dimensional Bessel process.

7)\51) _ Shl(\/ﬁ)
 sinh(V2))

_Jr easay 2 (V2A

—A9s) — 73 —sin
E(e %) = 2)\Smh(m)(\/ﬁcosh(\/ﬁ) sinh(v/2)))

Remark. For k = 2, we have retrieved (1) for the case of the Brownian meander.
Moreover, we recognize 4S5 has the same law as the last zero of a reflected
Brownian motion started at 0 before hitting 1.

For k = 3, E(e_’\T(s))E(e_AS?’) = E(e‘AT(B)) where T®) or T®) is the first
hitting time of 1 respectively for the 5-dimensional or the 3-dimensional Bessel
process started at 0.

c1 = 1 E(e

Wl =

C3 =

4. Marginal densities for Bessel bridges

In this section, we deduce the marginal densities of M and p from the agreement
formula for Bessel bridges. The expressions are already presented in [25] for
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the reflected Brownian bridge and the Brownian excursion, and in [3] for all
Bessel bridges, after non-rigorous manipulations (see our introduction). To make
rigorous the expressions of the densities of M and p from agreement formula we
need to ‘sum’ divergent series.

4.1. Some background on divergent series

The addition of a finite number of terms enjoys very natural and pleasant prop-
erties, associativity and commutativity. Sadly, the situation is far less obvi-
ous when the numbers of terms is infinite. For example, if we try to consider
S=1-14+1-1+..., then by analogy with the summation of a finite
number of terms, we could be tempted to use the property of associativity: S =
(1-1)+(1-1)+(1-1)+(1-1)+--- = 0+04+040+- - - = 0. But on the other hand,
S=1+(-1+1)+(-1+1)+(-1+1)+(-1+1)+--- = 1404+04+04+0+--- = 1.
The core of the problem was to give a value of a not-defined-yet object. The
formalism developed by Cauchy of convergent and absolute convergent series
brought a satisfying answer to those concerns and provided a wonderful tool in
analysis. However, it excluded the now-called divergent series such as S.

As noticed by Euler, Abel, Ramanujan and many others, careless manipula-
tion of divergent series often leads to absurd and confusing observations. Never-
theless, sometimes a divergent series seems to have a ‘natural’ value, simply de-
duced by algebraic manipulation. Specifically, S = 1—(1—-1+1—-1+...) = 1-S5,
then we would like to say that S = 1/2, which is also the mean of 0 and 1, the
two values guessed above. A method of summation should be a way to give some
value to some series, should share as many properties as possible with classical
summation, and should be consistent with the addition of a finite number of
terms. In 1890, Cesaro gave the first rigorous definition of sum of some divergent
series with its Cesaro summation. This opened the way for several other sum-
mation methods. However, more a method can be applied to a lot of series, more
it lacks good properties. Even when two methods can be applied to the same
series, they do not need to give the same value in general. The book Divergent
Series of Hardy, [10], perfectly presents those years of work and gathers the
most important results about divergent series. It is a wonderful and essential
reference for the reader who would like to learn more about this subject.

Here, we will use the same non-standard summation as in [25], called the
Abel summation in the literature. It is motivated by the Abel’s Theorem on
radius convergence of entire series and has inherited its name.

Definition. Abel summation

Let (un) be a sequence of complex numbers. If Va € (0,1), Z a"|uy| < oo
n>0
and if there is S € C such that

Z o u, — S,

a—1
n>0
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we say that S is the Abel summation of (u,) and we denote

> un =S (A).
n>0
n_ 1 . .
For example, 1 —1+1—-14---= Z(—l) =3 (A). This summation has
n>0
good properties and often gives a value for divergent series with alternating
terms. See [10] for details and the proof of the proposition below.

Proposition 1. The Abel summation enjoys these three properties.

Linearity: If Z up, =S (A) and Z v, =T (A) then

n>0 n>0
Zun—F/\Un =S+ AT (A).
n>0
Stability: If Z un, =S (A) then Z Unt1 =S —ug (A).
n>0 n>0

N
Regularity [Abel’s Theorem]: If Z Un S then Z u, =5 (A).
n=0 n>0
We will use a straight-forward generalization for double series that keeps the
above properties.

Definition. Let (uy, ) be a double sequence of complex numbers. If for all
€ (0,1), Z Q"™ U, | < 0o and if there is S € C such that

m,n>0

m n
E o' 0y — S,

m,n>0 a1—>17
as—1

we write

> U =S (A).

m,n>0

In particular, in this case, Z Z Umn | =S (A).

k>0 m,n>0
m+n=k

4.2. The formulas and their proof
In this subsection, § = 2(v + 1) > 0 is fixed. Let us begin by defining some

notations: Cp, = 2"T'(v 4+ 1) and j,,,, are the strictly positive zeros in increasing
order of J,, where J, is the Bessel function of the first kind of index v defined

by
B (,1)1C 2N\ 2k+v
Tu(2) = ;;) KT+ k+1) (i) '
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We recall the agreement formula (7) for a standard Bessel bridge of dimension
d:for z>0and 0 < u < 1,

22

2C, u 1—u
B(M € dz,p € du) = S5, (_) f ( . ) dzdu,

where f, is the density of the first hitting time of 1 of a Bessel process of
dimension ¢ started from 0 (previously denoted T'). From [15] and [33], we know
a series expansion formula for f,.

1 gt B, 1 L Zn,
utzi — R Tt = 1) ynié 9
0= g 3 e & S e )

This series expansion is a key-point for the following work. We will discuss
its basis later. We precise some notations and asymptotic equivalents (see [29]
pages 237-242 and 247-248). Plus, most of useful facts about Bessel functions
and their zeros can be read in [8].

jz/+l
Gom = ()" 50
‘]V+1(.7V,7l)

Jun ~ TN

Gun ~ \/g(ﬂn)u-s-ia/z

Theorem 2. The density of the mazx of a standard Bessel bridge is equal to

2
P(M € dz) gt b
dz -G, z3+5 Z Joi1Gum) °

1/+1 jl/n
41 41 Ju,n Ju,m
i ] e 222 —e 222
- Z S e (A). (10)
C z J v+1 Jum) Jqul(]V,n) ]y,m _]z/,n

The convergence in (a1, as) — (17,17) is uniform on (0,00).
Theorem 3. The density of the argmaz of a standard Bessel bridge is equal to
ed i i 1
Plp € du) _ 3 J Jvin _ - — (A).
du mn>1 J, +1(.7V,m) Jl’+1(]l/,n) []u,nu +.7U,m(1 - u)]u
(11)
The convergence in (a1, a2) — (17,17) is uniform on every segment of (0,1).

Remark. We would like to integrate the agreement formula with respect to z
or u to find the marginal densities. However, for example with § = 3,

QZ yn=t g/omexp(_ W2t>dt:22(_1)n7§1:/Ooof%(t)dt?!

n>1 n>0
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The integration erases the small exponential term so the series can not commute
with the integral. It is why the Abel summation would be so useful because it
adds new small terms independent of the integration and allows the commuta-

1
tion. We can remark also that with Z(fl)" =3 (A) the previous calculation
n>0
works just fine.

Proof. For this proof, to simplify the notations, we could forget the indexes v.
Let us define for 0 < aa < 1 and ¢t > 0,

fa(t) _ i § :an—l jzj’f;l e—j'z’T'"t _ i § (_1)n—1an—1g e—ét
= ‘ = n .
CV n>1 Ju+1(]u,n) Cu n>1

By normal convergence, f¢ is continuous on [0, 00). We denote naturally f! = f.

1 EH
Ift >0and 0 < o < 1, [f¥(?)] < ol Zgne*Tt. Thus, by dominated
Y on>1
convergence, there is ¢ty > 0 such that for any 0 < o < 1:

2
_J0y
4

If t > tg, then |fY(t)| <e — 0. (12)

t—+oo

First, we are going to show

s [ () e (5w = S [ () ()

042*)1_

uniformly for z € (0, 00), then we will compute the LHS by inverting the series
and the integral. We begin by a simple estimate for ¢t > 0.

1 . _ia 1 _in
PO =0 < 5 DM —a"gae T < L—al x = D ngae” F (13)

Y n>1 Y on>1

1 iz
So for any 7 > 0, [|f — f*]|sc,[ro0) < |1 —af X ol anne*TT — 0.

a—1
Y on>1

Let us first admit a lemma we will prove later.

Lemma 1. For any q > 0, the family (f*)o<a<1 is bounded in L*(R,,t9~1dt)
by a constant C(q) > 0.

The reader could remark that this lemma (with the inequality (13)) implies
I[fl|L2(ry ta—1aty < C(q). Since we will often apply the lemma with ¢ = 1, i.e.
the family (f®)o<a<1 is bounded in L?(R;), we will simply write C(1) = C.

Let € > 0. For any 0 < a3, a3 < 1 and z > 0, by using (12) and the lemma,

1 3 1 _ 45 3
u —Uu e 8z
[e5) _ a2
z3+5/0 ! <z2>f ( 22 )du < B /0

[ (z%) ‘ du for small z
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j2

oY 2| F ey
Jo
e 822

\/_22+5

< ¢ for small z.

For big z, we can provide an other inequality,
1 ! U 1—u
23+5/0 fe (_z)fa2< )du
2 ! 1—u\’
z3+5\// fal —2> du\//o f°‘2< e ) du

23— 2 ezl L2y
C2

146

< ¢ for big z because 1+ d > 0.

| /\

<

<

So we can choose a small r > 0 and a big R > r such that

i [ 17 (5) (V50 o] <

Moreover, thanks to the uniform convergence deduced from (13), for any n > 0
we know that

1 1=n U 1—u 1 1=n U 1—u
R a1 N &3] > R R -
23+9 /n / <22> / < z? > du ar—1- 23%9 /77 f (22) ! ( 22 ) du.

ag%l_

sup
0<ap,az<l1
2z€(0,7)U(R,00)

uniformly on [r, R].
Now, to obtain the desired convergence, we only need a small n > 0 such that

IO MR

Using (12), there is a constant ¢ > 0 such that for all 0 < o < 1, we have
£ ¥lo0,[1/2R2,00) < ¢. For any small n > 0 and z € [r, R],

[ z)m ()l [ G [ ()

< 2l f 2 @y) X F ooy 1/2R2,00) VT
< RCecy/n

sup
0<aq,a2<1
z€[r,R]
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< ¢ for small 7.

Finally, we only need to compute the integral depending on «. Notice all
equalities are justified thanks to absolute convergence coming from a™.

oan/Olfal( )f‘”( )du

1 N j2 1 j2 7‘7'2
= — —1)m el ol ex LY ex My ) du
Cl% mél( 109 gmdn p < 222) /0 p < 222 >
j2
ro7] Z arag)” exp ("2>
V n>1 2z
222 in i
L g e ()
CI/ mn>1 Im — JIn

The convergence

> (a1a2)" g exp ( ) e > gnexp < )

n>1 _n>1
(Xg—)

is ensured by monotone convergence. From the equality

[ () () tum gy e

YV n>1
2 i3, i
_|_% Z (_l)m-&-n% (62722 —6222) (A)
Cl/ mn>1 Im —JIn
m#n

and the formula (7), we deduce the first theorem (10).
The proof of the second theorem is also based on the lemma 1 and various
control inequalities. Let U € (0,1/2), u € [U,1 — U] and € > 0.

/OOO z32+5f (:2) ! (1;2u) dz = 2/00 f(@?uw) f(2?(1 — )z da

/ flzu) f(z(l — u))x%dx < oo (14)

To control what happens near 0 (for z), let us take a small r, for any 0 <
ap,ap <1,

\ / L @) (a1 - w)at da
< / h Sl 0 a1~ )
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<Tl+o\// for(a? \// fera(l—w)?

C(1/2)? 145
r
T YU -0)
< ¢ for small r because 1 + 6 > 0.

To control what happens near oo (for z), notice that thanks to (12), for any t

big enough, VYo € (0,1], | f¥(¢)] < e_jTot, and for R big enough,

) fal (xu)fozz (x(l _ u))x%dx
R

< /R £ () | £ (21 — ) d

< s g
< x2e” +%dx
R

< ¢ for big R, by dominated convergence.

After choosing a small r and a big R, we have that for all < ay,as <1 and
ue U, 1-U],

" (wu) £ (21— w))edda] +
0

h f (zu) f*2 (x(1 — u))x%dx <e.
R

Moreover, by (13), uniformly on [U,1 — U],

R R
[ et -witar — [ @i - vt
r a1—1" r
as—1"
Eventually,
/Oo £ () £o2 (2(1 — w))a2de — h Flau) f(z(l — u))z2de
0 a;—17 Jo

042%1_

uniformly on [U,1 — U].
The proof ends with some easy computations.

e / T e el - w)rtds
0
- % Z (_1)m+na?a;ngmgn /OO.’L' exp( w )dl‘

2
Y mn>1

- L (=10t 0 gmg ( )V+2 /oo a’ e dy
- mdJdn
C2 u + ]m 1 - U) 0

Y m,n>1
2V (v + 2) Img
— _1 m+n_n_m mJdn
o mzn;( et G T R (- wp
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2" 20 (v 4 2) 2T(v+1) 26

=4v+ 1) x ———= = —

cy cy Cy
After using (7), we find the second theorem (11).
]P(p € d’LL — 95 Z m+n ImYn (.A) 0

Py Zu+ 32,0 —w e

For the Brownian excursion and the reflected Brownian bridge, there are
explicit expressions for j,, and g,, and the formulas (10) and (11) can be written
as follows.

Theorem 4. For the Brownian excursion, i.e. when v = 1/2, we have

IP)(M S dZ) _ 27T7T4 Zn4efn27‘r§

dz =
2v/2mm? man MEN2 n2x2  m2s2
F D (T ) (), )
m#n
and P(p ¢ du) -
p € du) m+n mn
— =3 A). 16
Theorem 5. For the reflected Brownian bridge, i.e. when v = —1/2, we have
P(M € dz) 27?2 1\? _(nt1/2)202
dz T A Z (n + 5) € >
n>1
2v2 +1/2)(n+1/2
L2 NS (e (nEU201/2)
2 = (m+1/2)2 —(n+1/2)
mn
x <6‘<"“z/222)2”2 —e‘(mgg)w) (A), (17)
and
P(p € du) 2m+1)2n+1)
——2 =2 —1)mtn A). (18
du Z (=1) [(2n + 1)2u + (2m + 1)2(1 — u)]3/2 (4). (18)

m,n>0

Remark. The use of the Abel summation is not arbitrary. First, (10) becomes
false with the standard summation because they are an infinity of not-small
terms, as said in [33]. However, Pitman and Yor pointed out the formula could
become correct for v = % (the case of the excursion) when you use the equality
> ,51(—1)""1 =1/2, as it happens with Abel summation. Furthermore, in [25],
the authors interpret their numerical calculations with a regularization o — 1.
The summation in (10) is absolutely convergent iff v < f% while the summation
in (11) is never absolutely convergent.
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Let us point out there exists simpler formulas than (15) and (17) to express
the density of the maximum for the Brownian excursion and for the reflected
Brownian bridge. For the excursion,

P(M € dz)

_ 2,2 2 —2n?z?
- —822(471 2z —3)n’e

n>1

was found by Chung [5] and by Kennedy [14]. For the reflected bridge, the
famous formula

P(Med
( € Z) _ 822(—1)”717;672”222

dz
n>1

appears within the study of the statistical Kolmogorov-Smirnov test, and was
first demonstrated by Kolmogorov in [17]. The reader could also check [27] for
more information about this test.

In fact, these two formulas are the cases 6 = 3 and 6 = 1 of an expression
proven in [33] by Pitman and Yor, called the Gikhman-Kiefer Formula, for the
density of the maximum of the d-dimensional Bessel bridge.

P(M; € dz) 2 i Jen 8\ _itm
23 z €

= - 2.2 19
dz C,z° = T2 1 (o) (19)

The cases 6 = 3 and § = 1 of (19) can be also found in [4], respectively as
5.1.1.8 page 435 and 3.1.1.8 page 339, but in a different form from the two above
formulas. More precisely, it is possible to obtain them from (19) by using the
functional relation of Jacobi’s theta function (see [33] for more details).

The formula (10) has also been found in [33] (Section 11) for v < —1, but
with the standard summation. Moreover, in this article, Pitman and Yor deduced
formulas on the zeros of the Bessel functions, equating their double series with
the Gikhman-Kiefer Formula. This led to interesting identities since (10) is quite
different from other representations in the literature. Indeed, Pitman, Yor, and
us were not able to prove directly that the RHS of (10) and (19) give the same
result. Even for the particular cases § = 3 or § = 1, this respectively leads in
[33] to the noteworthy identities for any n € N*,

—-1)mm? 3 n—
> (mz)fnz = 7(=D"" (A), and
m>1
m¥#n

—1)"™(2m — 1 —1)"!
Z( (=D)™( ) (=1)

2m —1)2 — (2n—1)2  4(2n—1)

m>1

m#n

We will unsuccessfully try to derive more identities in the same way later in

Section 4.4. Justifying this method seems theoretically promising and extending
it to p may be the goal of another publication.

The formulas (10) and (11) could also be applied for numerical simulations.

We advise the reader to check [25] for a very nice numerical analysis of (16).
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Moreover, they could be useful to study more easily the tails of the distributions
of M and p. Eventually, we will show in Section 4.4 that the Abel summation
in (10) and (11) commutes with the integration when we compute the expected
value of a bounded function of M or p. Once again, this could lead to some
theoretical identities of interest or facilitate numerical approximations of the
law of M or p.

4.3. Proof of the lemma

We keep the same notations as before. First,

0o - © 4 B j2 +j2 B
@ 2 1 _ m+n—2 m n 1
/0 fe)“ i de —/0 2 E (—a) ImJn €XP (—Tt t17 dt
1

Y m,n>1

= (—Oz)m+"_2g g ootq—lexp —Mt dt
C? " o 2

_ QQF(C]) Z (_a)nH—n—Q ImIn
(Jim + 7)1
n—1

29T _
— (Q) Z(_a)n—Qun with Uy = Z ( 9kGn—k

.2 .2 .
n>2 k=1 Jk +dn-r)?

Begin by observing that (u,,) has a polynomial growth. We only need to show
((=1)"uy,,) is Abel summable. The strategy of the proof is to provide an asymp-
totic expansion of u,, where all the terms are either of the form constant x n® or
absolutely summable. For this, we use the existence of asymptotic expansions
of the following form at any order for j2 and g,: for all N € N*,

N-1

2
73;:)2 =1+ ; constant(i) x n=¢ + O(n~), and

N-1
2 In ’/. —1 —-N
\/;W =14+ ;:1 constant’ () x n=" +O(n™").

It comes (after some manipulations) from Hankel’s expansion of J,,11(z) for
large z and McMahon’s expansion of j, for large n (see [29] pages 237-242 and
247-248 or more simply [8]). Then, we will conclude thanks to the following fact.

1 n—1
Proposition 2. Vs € C, Z anfl is absolutely convergent for x € C,
nS
n>1
|z] <1 and can be continuously extended to 1. In particular, ((—=1)"n~*%) is Abel
summable.

—~

Remark (A short digression about 1 and ¢ functions). In fact,

n(s) =Y (=1)""'n7* (4)

n>1
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defines an entire function. Since the series is absolutely convergent for s > 1,
we can easily verify the relation 7(s) = (1 — 217%)((s) where  is the Riemann
zeta function. Then, we can use the relation to extend ¢ to C except to the
points s, = 1+ 2in7/In(2), n € Z. More work is required to show 7(s,) = 0
for n # 0 and to give an analytic definition of ¢ on C\{1}. Moreover, the
well-known value of the alternating harmonic series gives n(1) = In(2) and so
(s = 1)¢(s) = 1. While (n) is not Abel summable, it is not difficult to prove

n(—1) = 1/4 to assign to Zn the famous value ((—1) = —1/12. This is a
n>1

particular case of another non-standard summation called the method of zeta

function regularization. See [13] for more details and a proof of the proposition.

The proof of the Abel summability of ((—1)"n~*) is also done in [10], Section

6.10. [38] solves the problem of the vanishing of 7 at the s,.

We use the symbol =< when an inequality is true up to a multiplicative con-
stant independent of k or n. We denote

o, —n2n— P
m2k2 + 72 (n— k)2
1 1 1

Jetine ™R+ —k)?) 1+a(kn)

xz(k,n) = , and

Observe that " L )
| < kt(n-k) < n < -,
B+ (n—k?2 " n%2 " n
By classic Taylor expansion, we have a polynomial P which does not depend on
our problem such that, for x — 0,
1

(14 z)

|z(k,n)

— P(x) = O(z°™).

It follows that

n—1 n—1

IkGn—k |9k Gn—k|
Up, — Z 202 + (n— k)2)qP(x(k,n)) = Z 7200 + (n — k)Q)Qx(k’n)5+4

k=1 k=1

n—1 ku+3/2(n _ k)u+3/2 1
= m24(k2 + (n — k)2)2 nd+4

nol o 2v43
= o+
k=1
1
= rox
n—1 Grg
We only need the Abel summability of (—1)" S — k,n)? where

d € N, by linearity. We write the asymptotic expansion for j,% and g, with
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1 n— .
order O <m> and after expanding (kz_fk(i—_kkww(k,n)d, without

precising the constant coefficients, we have a finite number of terms of the form

function(k) x function(n — k)
(k2 + (n — k)?)atd

be either explicit, with the form function(k) = k* where a < d + v + 3/2, or

(k)

implicit, with the form function(k) = 2 where p is a bounded function.

. The functions do not depend on k or n and can

We now want to show

Z am=lgn1(_1ymn function(m) x function(n)

lim (mZ + n2)itd

a—1
m,n>1
exists for each type of terms.
Lemma 2. Let ¢ > 0. If f(z,y) Z 2"y Ya,, , absolutely converges
m,n>1
for |z|, |yl < 1 and xz,y € C, and if it can be continuously extended to (1,1),
then the function g defined by

m—1 n 1 Am,n
z (m2 + n2) 2)q
(m?+n
m,n>1
satisfies the same properties.

It is simply because for |z, |y| < 1 we have the identity

24 1 orl S S
g(x,y)W/o /0 |Int|? | Ins|? s f(t1 s i, t1 s 0y ) dtds

that extends continuously ¢ to (1,1) (by dominated convergence).
Since ¢ > 0 and d > 0, this lemma allows us to just do the case ¢+ d =0
where the double series can be factorized. We just have to show

Zx" L(—1)"function(n)
n>1

absolutely converges for |z| < 1 and can be continuously extended to 1. If the
function is implicit, function (k) = p(k)/k?, it is true by dominated convergence.
If the function is explicit, function (k) = k%, it is the proposition 2.

Our proof works because g, and j, have a very regular growth. They can
be asymptotically expanded at any order, with only sequences k, such that
((=1)"k,,) are Abel summable. We have also used the convergence of j, /n.

4.4. Complements for double series formulas

Theorem 6. If ¢ a bounded measurable function then

// (,u) :igfal (%)f% <;> dedu — Elp(M,p)]

as—1"
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In particular, the Abel summation in (10) and (11) commutes with the integra-
tion when we compute the expected value of a bounded function of M or p.

Proof. We want to show
1 00 s
/ / olu, ) x f*(zu) f*(x(1 —u))r2dedu
o Jo

o [ et < stwsat et
as—1"

Thanks to the uniform convergence of f* on any segment of (0, c0) (see (13)), we
just have to dominate the behavior of | £ (zu) f*2(z(1 — u))z?| at the bound-
aries of (0,1) x (0,00). On (0,1) x [R, 00), we write

/o1 /Roo|fa1(x“)fa2 (@(1 — ) |dedu
- /oé /: |2 () o (@ (1 = w))a?|dwdu

% S i3
< 2/ / x2e” 1 ®dxdu for big R
o JR
< ¢ for bigger R, by dominated convergence.

On [0,1] x [0, 7], we write

[N

du < ¢ for small r.

1 T 1 )
) C
|fo* (wu) f** (2(1 — U))QS% |dxdu <r / -
/0 /0 0 Val-w
We fix » > 0 small enough and R > r big enough. Thanks to the inequality
£ o0,[r/2,00) < € < 00 for all 0 < a < 1 given by (12), for a small > 0, we
can conclude.
On [0, 7] x [r, R], we write

n rR s
/0 / 12 () 22 (21 — ) |
R s n
< / o3 / £ () £ (1 — )| dude
) R 5—1
< \/7_706'/ x 2z dx

< ¢ for small 7. O

Conjecture 1. Vn € N*, V§ > 0,

5 g 1 vt
- - = - - X = A). 20
4 Ju+1(]vm) Z ]3,n - Jﬁ,m Ju1(Gum) “ (20)

m>1
m#n
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Remark. This statement was proven in [33] for —1 < v < —1/2 with absolute
convergence. Pitman and Yor have also remarked it becomes true for v = 1/2 if
> s0(—=1)2 = 1/2, that is the case with the Abel’s summation. We would like
to adapt their method for the Abel summation.

Recall Pitman and Yor have derived in [33] another expression for the density
of M called the Gikhman-Kiefer formula, (19).

P(M; € dz) Jeh Jen O\ _ian
dz 0252 <z3_; ¢ =

n>1 1/+1 Ju n)

Combining this with (10), and after a change of variable t = 1/2% we obtain
that for all ¢ > 0,

2 2
2 +1 +1 _Jun _Jv,m
Z ]yn L’é”t _ 2 : ]L’m Jgn e- 2 t—e" s ! (A)
Ju+1 Jun o1 Jv+10v,m) Jv+1(Jvn) jl%,m - jl%,n

m#n

Moreover, we can use the Fubini theorem on the RHS to find

52 2
a1 1 v, _Jvm,
Z O[m+n .]u m .71/ n € 2 — ¢ 2
mon>1 Jv+1(Gvm) Jv1(Gvn) jg,m - .]g,n
m#n
+1 +1
) Z a .7571 J” LYY Z ]Zm
n>1 V+1(.7Vn m>1 .]u n ]u m Jy+1(]u,m)
m#n

-2
We would like to identify the coefficients of e~ 5™t but we lack a stronger
convergence to do this. We can also say that Pitman and Yor showed how (20)
can be deduced from the Mittag-Leffler expansion below (true when —1 < v <

~1/2).

]u+1
—9 v,m
7;1 Jum - ']V"rl(.]’/,m)

4.5. A key point of the proof: the series expansion of f

Our proof of (10) and (11) lies on 3 (4 for p) key points: the agreement for-
mula, the series expansion of f, and the lemma 1 (and the scaling property
for p). The agreement formula was already presented in Section 2, and the proof
of the lemma only depends on the coeflicients of the series expansion of f and
their regularity. Let us see where does this expansion come from, and if it could
exist for other processes than Bessel processes.

In [15], Kent applied Sturm-Liouville theory of second order differential equa-
tions and complex analysis to study the distribution of diffusion hitting times.
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For a regular diffusion on [rg,r], the differential generator A of the diffusion
is a generalized second order linear differential operator. If rg < a < b < 7y,
A > 0, there is a unique solution v(x) up to a multiplicative constant of Av = A\v
together with a boundary condition at ry (depending on the boundary behavior
of the scale function and the speed measure). Moreover, there is the relation
Eq(exp(—ATy)) = v(a)/v(b).

If rg is not a natural boundary (the diffusion cannot start at ro nor reach rq
in finite time with positive probability, for example g = —o0), we even have a
unique joint solution u(xz, A) satisfying some initial and boundary conditions at
ro, and we know this solution is entire in A. Plus, its zeros correspond to the
eigenvalues of a Sturm-Liouville problem defined by A. Thanks to the Sturm-
Liouville theory, Kent concluded the zeros —A\, , are negative, simple and go
to —oo fast enough. So, he could apply Hadamard’s factorization theorem to
express E,(exp(—AT}p)) as a infinite product indexed by the zeros, which could
be view as a formal infinite partial expansion.

Then, Kent showed that under some mild regularity conditions, and again if
o is not a natural boundary and if 7o < a < b < 11, E,(exp(—AT})) could be
inverted to give the P, density of T} as a series of the form

fap(t) = dee_“"bt where di, = —u(a, \i.p)/u' (b, Akp),

and Ve > 0, d = O(e**%) and 3\, ) < oo.

Bessel processes satisfy all those hybotheses and (9) comes from this method.
It was even the example chosen [15] by Kent to illustrate its method, and so (9) is
explicitly written there. However, it is not the case for many diffusion processes.
For example, rp = —oo for skew Brownian motions or the Ornstein-Uhlenbeck
process. While such series expansion exists for the Ornstein-Uhlenbeck process
anyway (see [1] for a complete study), it is impossible to find one for skew
Brownian motions. A simple way to see it is to recall that E,(7}) = oo for skew
Brownian motions, while such formula necessarily implies E,(73) < 0.

Eo(Ty) <14 Eq(Tol[Ty > 1]) <1+ 4 > a2 < o0
Ak Ak,b

More essentially, the distribution of a diffusion hitting time is intimately con-
nected with the spectral measure of the differential generator. In particular, the
existence of a series expansion for its density is closely related with the discrete
nature of the spectrum of the differential generator of the killed diffusion. For a
precise discussion about these deep links, the reader could check another paper
of Kent, [16].

4.6. How could we generalize those formulas?

We consider a continuous stochastic process defined on [0, U]. Let us suppose
the 3 key points of our proof: the agreement formula of course, but also the
series expansion of f and the lemma 1. We verify which complementary
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hypothesis we need to make our proof work. More precisely, we suppose 3C' > 0
such that Vz >0, uw € [0,U], t >0, i =1 or 2, we have

P(M € dz,p € du) = cp1(z, u)(/) (z,U — u)s(dz)du, (21)
(bz z, t Z dl n i,n(z)t’ (22)
n>1
C > 187 (2, ez ey + 102 (25 )l L2 @y (23)
where ¢ (z,t) Za in( —Ain(2)t
n>1

In the case of a diffusion bridge, ¢1(z,u) = fr.(u) and ¢a2(z,u) = fy.(u)
where x and y are some fixed points. To have an expression of the form of (10)
for P(M € dz), without asking for the uniform convergence, our reader can
remark that we used that for any z > 0 and ¢ = 1 or 2,

0< )\q,yn(Z) —> +OO,
> ldin(2)lne ™ < oo,
n>1
> Q" dy g (2)da g (2) e (I (I
m,n>1

< Y @ () a(2)] < oo

m,n>1

The conditions only depend on the coefficients d,, and \,, and we do not
need any assumptions on s or the Brownian scaling, because we integrate the
agreement formula with respect to u. They are satisfied for example when for
any z > 0and ¢ =1 or 2,

Ain(2) — 400 and Ve > 0, d;,(2) = O(e"),

n n— 00

0<
that is the case for the Bessel bridges.
Then, we can use the same proof as the Section 4.2 to derive
7}\2771(2)U _ efAl,m(Z)U

A (2) = Ao n(2)

P(M—Gd’z_czdlm dn() (A)

m,n>1

ith th tion om0 eI s i A
wi e convention Mo (7) = an(?) e if A1 (2) = A2n(2).

It seems rather easy to derive such expressions for more processes. If you
have the agreement formula, and could apply Kent’s theory to obtain some
series expansions, you just have to study the asymptotic behavior of d,, and A,
to prove the lemma 1 and the above conditions. Even if it does not work well,
another possibility of generalization is to replace a™ by an other regularizing
sequence in the definition of ¢®. For example, if we take e "¢, ¢°(t) = ¢(t+¢).
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However, to derive an expression of the form of (11) for P(p € du), our proof
also asks to have a scaling property such that the agreement formula could
be written, for all z > 0 and u € [0, U],

P(M € dz,p € du) = c¢, (wlf(z)> 62 (5;;) ws(flé))zd

where w is a continuous strictly increasing function on [0, 00) such that w(0) = 0
and w(oo) = oo (with the Brownian scaling w(z) = 1/z). It is necessary because
we want to integrate with respect to z and so to remove the dependance in
z of d,,(z) and A, (z). In the beginning of this paper, such simplification was
possible because we were in the case of a diffusion bridge from 0 to 0, with
a self-similarity property. More precisely, ¢1(z,t) = ¢2(z,t) = fo.(t) and
(Xat)t>0 4 (w(a)X¢)i>0, 80 fo:(t) = for(t/w™t(2))/w1(z). Note this does not
work for other bridges from x to y, when x # 0 or y # 0. We precise the
definition of a self-similar process.

Definition. A stochastic process (X¢):>0, continuous in probability with Xy =
0, is self-similar (or semi-stable) when there is a function w on (0, c0) such that

Va >0, (Xa)iz0 % (w(a)X,)eso.

It is easy to see that if X has a non-degenerate distribution then w(a) = a4
for some g > 0. We call ¢ the order of X.

Remark. Bessel processes and skew Brownian motions are self-similar of order
1/2.

In [18], Lamperti classified the self-similar Markov processes and in particular,
the self-similar diffusion processes. His results imply any non-degenerate semi-
stable diffusion on [0, 00) such that 0 is not absorbing (with other words Py (71 <
00) > 0) is of the form

X = cR% with ¢ > 0 and R < BES(5) for some § > 0. (24)

Moreover, the left boundary of a self-similar diffusion can only be —oo or
0, so the series expansion theorem of Kent (see previous section) could only
be applied if the diffusion is on [0,00). In fact, if X is also regular on R, it is
possible to show Ey(T}) = co thanks to the above description. So, we cannot
hope for a series expansion like (9) if the left boundary is —oc.

In short, to be able to reproduce the exact same proof to find an expression
of the density of the argmax like (11) for an X-bridge from z to y, we need X
to be a self-similar diffusion on [0,00), and z = y = 0. But, in this case, the
density of p can simply be deduced from (11) and (24). Thus, our method to
prove the formula (11) can not be generalized to essentially different diffusion
bridges without being modified.

Nevertheless, one has to be aware they are the conditions we used in our
proof and not necessary conditions. Some expressions like (11) may be found
for other processes by using different series expansions or other simplifications



Time and place of the maximum for diffusion bridges and meanders 31

of the agreement formula. It is what happens for the next example of skew
Brownian bridges.

5. Marginal densities for skew Brownian bridges

Recently, in [2], Appuhamillage and Sheldon derived a series expansion for fa,
the density of T for the case of a skew Brownian motion such that P(X; > 0) =
Be(0,1).

fa(t)

1(2n — 1) exp < W) (25)

\/ 27rt3 Z

n>1

Notice this expression is different from the one for the Bessel processes. Al-
though (9) comes from the Sturm-Liouville theory and the method of Kent (see
Section 4.5 and [15]), (25) comes from conditioning on the signs of the excursions
away from 0 of the skew Brownian motion (details in [2]). The two methods are
essentially different and can not be applied to the other family of processes.
However, it is possible to use (25) instead of (9) with the agreement formula to
derive an expression for the density of p looking like (11).

We also recall the agreement formula (8) for a (standard) skew Brownian
bridge: for z > 0 and 0 < u < 1,

P(M € dz,p € du) = ‘ﬁ/jfﬁ< )fﬁ< >dzdu

Theorem 7. The density of the argmaz of a standard skew Brownian bridge is
equal to

P(p € du)
du

2m—-1)2n—-1)
[(2n — 1)2u+ (2m — 1)2(1 — u)]3/2’

=28 Z (1 _ 26>m+n—2

m,n>1

(26)

Proof. The following equalities are justified by absolute convergence because
[1—28] <1.

P(p € du)
—
:TX T /0 A u(l— ) 3/2mzn;1 Tn=2(2m —1)(2n — 1)
o (-5 : S ‘“%2) i
4p

= ——= x [u(l—w)]7*? Y (1-28)"""2(2m — 1)(2n — 1)

m,n>1

X /OOO 2% exp (— (2n - 1)21;2((12711@ DA =) z2> dz
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= —— x [u(l—w)] 732 Y (1-28)"""2(2m — 1)(2n — 1)

m,n>1

g [(2" - 1)2U2j:((127_nw 1)2(1 - U)r/2 /OOO e dz

_ 28 Vrx4 o ayman— (2m—-1)(2n—1)
VA >, (=28 2[(21171)2u+(2m71)2(17u)]3/2'

m,n>1
u

For 8 = 1/2, the case of the (non-reflected) Brownian bridge, (25) and (26)
simply become the classical formulas

fl/Q(t) = ! exXp (—l> s and

If we denote a = 26 -1 < 1, « — 1 when f — 1, or in other words
when skew Brownian motion(8) converges in law to the reflected Brownian
motion, which is also the Bessel process of dimension § = 1. Remarkably, the
convergence a — 1 in (26) is exactly the convergence in the definition of
the Abel summation used in (18) when a; = as = «a. (18) is almost a direct
consequence of (26).

It shows the strong links between (26) and (11), even if there is not any
obvious connections between (25) and (9). It is very interesting and strange,
mainly because the same thing does not happen for M.

Theorem 8. The density of the mazx of a standard skew Brownian bridge is
equal to

w =802 (1 2p)k g2 2" (27)
E>1

Proof. First, we recall an integral equality for a,b > 0, which comes from the
stability of the laws of Levy.

/1 a e_’fu / b e~ Tw \/——&—\/_ _aE)?
o V2rm u3/2 l—u?’/2 V2T

By absolute convergence,

P(M € dz)

dz

= \B/z? Z (22577)2 (1—28)"t""2(2m — 1)(2n — 1)2°
m,n>1

y ! 1 o C(2n—1)%2% (2m —1)%2? y
[ e (- )



Time and place of the maximum for diffusion bridges and meanders 33

4ﬁ 2 m+n—2
o r > @=28)m 2 (2m — 1)(2n - 1)

7\/;_77 (2m—1)+(2n—1) (2m—1)+(2n—1))2 ,
T (2m—1)2n—1) exp (_ D) z )
= 852 Z (1 _ 26)m+n72(m +n— 1)6*2(m+n71)2z2

m,n>1

=862 (1 —28)F k2 20, O

k>1

For 8 = 1/2, the case of the (non-reflected) Brownian bridge, (27) is again a
classical formula.
P(M € dz)
dz

For 8 = 1, the absolute convergence also holds and (27) becomes the well known
formula used for the Kolmogorov-Smirnov test, already mentioned at the end
of Section 4.2.

— 422

P(M dz 2,2
% _ 3, Z(fl)’“lk%*% 2
k>1
This expression belongs to the family of the Gikhman-Kiefer formulas (19) for
all Bessel bridges of dimension § > 0. More precisely, it is the case § = 1,
after using a functional relation for a Jacobi’s theta function (see [33] for more
details). The essential links between this formula and (27) with (17) and (10)

are not obvious to us at all.

6. Marginal densities for generalized Bessel meanders

In Section 4.6, we discussed the importance of enjoying a scaling property to
find a double series expression for the density of p with the method of Section
4.2. For a bridge where the end point is fixed, this one can only be 0. However,
if the end point has a continuous distribution, we can obtain different processes
for which the agreement formula can be simplified by scaling.

For k = 2(u+1) > 0 and § = 2(v + 1) > 0, the k-generalized Bessel
meander of dimension ¢ is a continuous stochastic process X on [0, 1] such that

2
P(X1 e dy) = ﬁ(km)yk_le_%]lywdy, i.e. X7 follows the chi distribution of
parameter k, and conditionally given X; = y, X is a Bessel bridge of dimension
4, from 0 to y, and of length 1.

The k-generalized Bessel meander of dimension § gives a generalization of
several processes. When k = 2, it is the classical Bessel meander of dimension §.
When 0 = 3, it is the k-generalized Brownian meander (seen in Section 3.3 when
k is an integer). When k = 2 and 6 = 3, it is the classical Brownian meander.
When k = 4, it is the Bessel process of dimension § on [0, 1]. See [26] for details,
background, and properties about this class of processes.
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We fix k and § and use the notations of Sections 3.1 and 4.2: C, = 2"T'(v+1),
fz1 the density of the first hitting time of 1 for the Bessel process of dimension
0 started at = € [0,1], and f = fp1. As mentioned in Section 4.5, the method
of Kent developed in [15] provides series expression for f,; when z € [0,1]. In
fact, the case of the Bessel processes was done explicitly in [15].

v+1

0= g X e = g S e
C v,n

Cy n>1 Jut1 (jl/,n) v s

tfor0<az<1

fa1(t) = Z(_l)n_lgu,nwe—]”g”

2 (@jm)”

We could and would forget the indexes v of j,, and g, ,. In this case, the
agreement formula becomes

2C, 1 u 1—u
P(M € dz, p € du) = w0 " e (;2) or ( 5 > dedu,  (28)

1
where ¢ (t) = / ka* =1 for (t)dx > 0.

0
Remark that ¢y is the density of some random time Sy > 0 because we have
oo
¢ (t)dt = 1. The chi distribution of X; allows us to simplify the agreement

foormula thanks to the scaling

By making a change of variable in the integral with respect to y, we find
fy=(u) = fuq(u/2?)/z?, which makes appear ¢j. Then, the series expansion of
fz1, T € (0,21)7 induces a series expansion for ¢g.

1 . .
- —1 (@) _dny
ont) = Y- ([ ret ) g, (20)
nzz:l 0 (zjn)”

For the particular cases of the classical Bessel meander, the generalized Brow-
nian meander, and the Bessel process, the formula (29) can be reduced by using
classical identities for J, and j,,. Once again, we advise to check [8] if one is
not familiar with Bessel functions.

e For the classical Bessel meander, k = 2, we compute

j'n/ .
/ 2 7, (x)dx = [—xl_”Jl,,l(:v)](J)"
0

1 -1—v -
T o141 n v-1(jn)

1

1—v .
= Jl/ nJ)s
Cufl +Jn +1(.] )

then deduce

i2, 2 gr—t 2,
do(t) =2 e 2"+ n_—e 2", 30
( ) Z Cu—l 7; Ju+1(]n) ( )
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e For the generalized Brownian meander, § = 3, we compute

x] n
g1, / kak— 1 \/? 2 2/4:\/7 2F "2 sin(xmn)dx
.CE]l

—ﬂkn/ 282 sin(2zmn)dz,
0

then deduce

t) =nk Z(fl)”*ln (/01 zh2 sin(:mm)dx) e~ TE, (31)

n>1

e For the classical Brownian meander, § = 3 and k = 2, we directly find

D=2 (14 (1) e TF 24 Y o TEH L (3

n>1 n>0

e For the Bessel process, k = §, we compute

Jn. .
[t = @l
0

= 3 Jug1(in),

t) :525%. (33)

n>1

then deduce

We can observe ||¢s]|r2r,) = 00, which means the ¢, do not satisfy the
lemma 1 in general, so we will need to slightly adapt the proof of the Section
4.1 to prove the following theorem.

Theorem 9. If0 < k <1+6, then

e The density of the max of the k-generalized Bessel meander is equal to

POM € d2)
dz
‘7”+1 2 J (x] ) Jgn
v,n kx k— lmd:C) e_?_
k‘C Z3+6 k Z( 1/+1 jun)> </O (-1']1/71)
S - I Jom'
kC Zl+6 k oy Jus1 ]um) Jy+1(]y,n)
m;ﬁn

2 2
Jv,n Jv,m

(/ k17 "”J”“d) € ). (34)

m]Vn) Juvm — Jon

The convergence in (a1, a2) — (17,17) is uniform on every segment of

(0, 00).
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o The density of the argmax of the k-generalized Bessel meander is equal to

P(p € du) 2C,_, T ot

du kCM mon>1 Jll-‘rl(jl/,m) JV+1(jV,n)
1 .

x( / kz’“‘]”(_x”“”)dx) : ! (A). (35)
0

(@jn)" 2 nw 4 52 m (1 — w))r=rt

The convergence in (a1,a2) — (17,17) is uniform on every segment of
(0,1).
Proof. As for the proof of Section 4.2, we will compute those densities using
(28) and the series expansions of f, (9), and of ¢, (29). We want to show that
forany 0 <r < Rand 0 < U < 1/2,

1 ! o (11— 1 ! 1—
z3+5*k/0 " (z%) k ( 22u> du a:— z3+5*k/o f(:_2) ¢k< 22u> du
042%1_
/oofo‘l(xu) 2 (p(1— )z dz — oof(xu)¢k(x(1—u))x5_7kdx
0

a1—17 Jo
as— 17

uniformly respectively for z € [r, R] and for u € [U,1 —U].

Since ) .
Jyu(zjg 1 [ J,
/ 2h1 V(?W:l/)d = — 2h1 V(Ux) dz = O(1),
0 (2jn) Jn Jo T
the function ¢y, satisfies the inequalities (12) and (13). We study the asymptotic
behavior of this integral by an integration by parts.

/J'" . {_xkzmr +(k—2) /jn st g,
. 1

xrv J}V_l 1 xrv— 1

After such successive integrations by parts, we have a finite linear combination
Jy—i(x) ] . .
ackmyyl_(i)} where ¢ > 1, plus the following integral

x

with some multiplicative constant:

Jn
/xk_”_LkJ_?’Jl,,LkJ,Q(x)dx
1

oo (oo}
:/ xk_”_LkJ_3Jy,LkJ,2(a:)dx—/ xk_”_LkJ_sJu,LkJ,Q(x)dx
1

Jn

of terms of the form [

:/ xk—u—LkJ—3JV7LkJ72(x)dx+O (nk—u—m—z)
1
because k —v — |k| =3 < —1 and J,_||_2 is bounded on (1, 00). Moreover, for

1> 1, we know

k—i—v . (v On y _
Jﬁ Jo—i(jn) = O(n’“ ( +1+1/2)) and == O(n +1+41/2 k).

n
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So,

T ik I

j"L
</ kzkl‘]”(yx)d:v> g—n — constant x % + O(1).
0

Observe that ¢ (t) is the sum of two terms. The first one is

Bult) = S (-1 S

k
n>1 In

up to a multiplicative constant and the second one is dominated by ¢;(t). Be-

k N-1 ]
cause VN € N*, (7r7z) =1+ Z constant(i) x =% + O(n~ ), the proof of the
In i—1

Section 4.3 directly shows that ¢~)k verifies the lemma 1. We let the reader check
that we can reuse the proof of Section 4.2 for ¢, because § — k > 0. Thus,
to deduce the desired convergences, we only have to control the integrals of

1 U 1—u
23+ (5-F) ! (;) %5 ( 22
Note that if ¢ > 0,

1
1681|222, t0ary < 03/297 T (g +1) Y =7 < 00

n>1JIn

) near the boundaries. Let € > 0.

Let 0 < r < R. For any small n > 0, z € [r, R], and 0 < ay, a2 < 1, we have

[ (e () o = [ 1o () [ (252

<2l f 2@y X P60, 1/2R2,00) v/

< RC|[¢5|o0,[1/2R82,00) /7
< ¢ for small 7.,

and
[ () e ()
<[ e (3 vaan] [ (5 o

1
du
< Z3/2||¢5||L2(R+,\/Edt) XL oo, [1/2R2,00) VM /O Y

< 2R*?|| 5| 12, viar S 1 loo,11/2R2,00) X ¥/

< ¢ for small 7.
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Let 0 < U < 1/2. For any small r > 0 and big R > 0, u € [U,1 — U], and
0 < ay,a9,< 1, we have

/Oo [ (zu) gy (I(1*U))x%dx

R

= /R £ () s (2 (1 — )|z da

o0 -2
5 _dg,
< r2e” 4 dx
R

< ¢ for big R, by dominated convergence,

/f‘“ (zu) ((1—u))x¥dx‘

S [ e X 1 — e

\// f“l(xuwagldx\// on(a(1 - )
0 0

1+6—k

ro8 1+6—k & 145—k
< 2 1
= u1+5k(1u)1+1+6kc< 9 ) \//0 ¢s(z)?x dx

C((L+0-k)/2) x|osl

L2(Ry,t +‘ffkdt) 1ok
[U(l*U)]H_Hé k Xr
< ¢ for small r because 1 +6 — k > 0.

O

Eventually, we simplify the expressions (34) and (35) for some particular
cases.

Theorem 10. If 1 < 4, then for the classical Bessel meander, i.e. k = 2, we
have

P(M € dz) o IR b
— 1 -7 22
< stZ( + )

1/+1 ]un CV*l Ju+1(.71/,n

4 ju+1 1 jy—l e—j;'T’; . e—ji’;"
+ v,m 1+ v,n : : A ’ 36
2571 m%l Jl/+1(]l’,m) ( CV—l Ju+1(]u,n) ]y,m - ]u,n ( ) ( )

m#n

and

IP v+1 1 v—1
(p € du) — 20, Z Jv,m <1 n Jv,n >

du m,n>1 JV+1(‘7V7m) Cv Jl/-H(ju,n)

1
X = -
[Jl%,nu + jg,m(l - u)]qul

(A). (37)
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Theorem 11. If0 < k < 4, then for the k-generalized Brownian meander, i.e.
0 = 3, we have

3 1 22
P(M €dz)  mv2r n3 (/ k2 sin(;mn)dx) —5E
0

dz 0“267]6 n>1
27r\/27r 1), Yoo T e
T mzn;l (/0 v sin(ernde | = (),
m;én
(38)
and
P(p € du) _ k=2, 271'01/27# Z (_1)m+nm2n /1 k2 sin(zmn)dx
du Cu 0
m,n>1
1
(A). (39)

x [n2u + m?(1 — u)]3/2—#

Theorem 12. For the classical Brownian meander, i.e. k = 2 and 6 = 3, we
have

POLE ) _ mV2R Sy (e 55

dz z4
n>1

_nem 7m7r
2\/27r e 2:2 —e 222

m+n _ (_1\m 2
Z2 ’m%;l(( 1) ( 1) ) m m2 — n2 A)v (40)
m#n
and
P( p € du) 2
S dw 2m2n2>1 [(2n —1)2u+m?2(1 — u)]3/2 (A)- (41)

Theorem 13. For the Bessel process on [0,1], i.e. 0 < k = §, we have

P(M € d2) ot R
dz = Zd Z e 2

u+1 ]un

itm itm

4 AR A 2

+ - - (A), (42)
Cyz m;>1 Jv+1(Jv,m) .]3,m - ]3,n
m#n
and .
Plpcdu) 2 g 1

e : (A). (43

m,;n>1 JV+1(.7u,m) Jﬁ,nu + jgﬁm(l — u)
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Remark. The formulas (40) and (41) have been found in [25] after some non-
rigorous manipulations. The formula (42) has been discussed in [33]. But for
the case of the maximum of a Bessel process, we can compute the density much
more simply. Indeed,

2 1
hence, P(M € dz) = ;f (;)dz

7. Conclusion and perspectives

Thanks to the decomposition at the maximum, it is possible to give the densities
of M and p for Bessel bridges and skew Brownian bridges as double Abel sum-
mation. While the law of M has often been studied (in [33] for Bessel bridges
for example), much less is known about the law of p. More details such as its
moments or its Mellin transform could be examined thanks to the provided den-
sity. As discussed at the end of Section 4.2, our formulas seem promising to find
some interesting identities or to facilitate some numerical approximations of the
law of M or p.

For the bridges, the decomposition at the maximum is very satisfying because
it makes appear two independent parts with almost the same law of the path.
In particular, the lengths of the two parts are i.i.d and are almost explicit in the
decomposition. Their law is just a first hitting time of 1, up to a scaling of the
total length.

The case of the classical Brownian meander is quite appealing because it
shows how things are worse when the end point is not fixed. The two parts of
the decomposition are again independent but obviously not of the same law.
More disturbing, the second part can be viewed as if its starting point is chosen
before running it. So the length of this part is not explicit and its density is an
integral of densities corresponding to the possible starting points.

However, in the case of the meander, the law of S is surprisingly not too
exotic. In fact, 4S5 has the same law as the last zero of a Brownian motion
before hitting 1 or —1. We do not know if it is only a pretty coincidence, or
if it comes from something deeper. Reformulating the question, could we find
another decomposition for a class of processes making the end point or the time
between the end of the path and the time of the maximum explicit?

A further interest could be finding different ways to deduce the joint density
of (M, p) from decomposition at the maximum. For example, the articles [25]
and [36] present how the path-integral method and the real space renormaliza-
tion group lead to that density, even if they lack some technical arguments. A
stronger approach may be used to unify the methods used for Bessel bridges
and for skew Brownian bridges in our work, and even to generalize those results
to other processes.
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