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Abstract

A novel beam model is proposed in order to consider deformations of its cross-section in the context of straight
thin-walled tubes. For this purpose, the straight beam kinematics is enriched by addition of orthogonal shell-type
displacement field of the tube section.

in conjunction with the non-linear coupling between local deformation of the
section and its global rotation. Both Euler-Bernoulli and Love-Kirchhoff hypotheses for beam and shell kinematics,
respectively, are adopted as well as the thin-walled assumption. First-order shear deformation for the radial variable
and Fourier expansion in terms of the circumferential variable are also considered for the mid-surface displacement
field. Then, the stress tensor is obtained under plane stress conditions. The virtual power principle is finally used
to obtain the equations of motion satisfied by the corresponding generalized forces. Afterwards, an explicit updated
Lagrangian Finite-Element approach using a lumped mass matrix is proposed for solving the tube governing equations
and the stability condition of the time integration is given. Test-cases are then chosen to assess the present tube finite-
element. Both static and dynamic problems are considered. First, the proposed model is compared to analytical
solutions. Finally, a tube subjected to a distributed patch loading is studied. The influence of the number of Fourier
modes, of warping and coupling terms is examined. The proposed model makes it possible to retrieve classical shell
solution of the cross-section deformation with significant computational savings.

Keywords: Beam kinematics, shell kinematics, straight thin-walled tubes, explicit time integration, Finite-Element
method

1. Introduction

Piping systems are widely used in many industrial energy and transportation applications. Under operational or
accident conditions, pipelines can be subjected to a wide variety of static or dynamic loads. The dynamic behavior
of such structures has therefore received much attention in recent decades. Furthermore, the presence of fluid inside
the pipes also has a significant influence on the pipe motion. The fluid-structure interaction (FSI) effects in piping
systems are summarized in following comprehensive textbooks [[1} 2] and reviews [3} |4]. Two main approaches have
been developed in order to represent the mechanical behavior of pipelines based on shell or beam models. A very
large literature exists for describing models issued from different theories. Shell models describe the pipe mid-surface
motion in order to depict the cross-sectional evolution. However, the high computational cost associated with these
models prohibits their use for realistic complex piping systems. In contrast, beam models describe the pipe center line
motion considering rigid cross-sections rendering these models very computationally efficient without taking account
of cross-sectional evolutions. What is more, some piping elements such as elbows are known since the pioneer work
of von Karman [5] to present significant cross-section deformations under bending. As a consequence, formulations
able to represent the pipe cross-section deformations at an affordable computational cost are of strong interest.

For this purpose, many researchers have previously proposed formulations based on finite elements for both curved
and straight pipes [6} 7, 18,9, [10L 11, 124 [13L 144 15, [16L [17]. In addition, Weicker et al. [[14] have reviewed much of the
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aforementioned research. For example, in order to consider the pipe radial expansion into their formulation, Ohtsubo
& Watanabe [6] use the thin Love-Kirchhoff shell kinematic constraints in conjunction with Fourier series expan-
sions in terms of the tangential variable for longitudinal, tangential and radial displacements of the pipe mid-surface.
Furthermore, Bathe & Almeida [7] have proposed a formulation based on the combination between beam and shell
kinematics where cross-sectional deformations are expressed in Fourier series. In addition, warping deformations are
neglected and the inextensibility in the circumferential direction is assumed by the authors. Additional improvements
have been proposed in order to consider interaction effects between straight and curved pipes [18] and pressure stiffen-
ing effects [19]. Then, Militello & Huespe [9] consider warping displacements into the formulation initially proposed
by Bathe & Almeida in [[7]. What is more, Abo-Elkhier [[10] consider a more complete displacement-strain relations
into this formulation. Finally, as reviewed in [[14], there is a great difference among the previously mentioned works.
For example, incomplete Fourier expansions are considered as well as some displacements as warping are neglected.
For instance, only the second mode of ovalization is considered in [8} [11]]. For more generality, complete Fourier
series for all three displacements of the mid-surface are adopted in [[14}15] within the framework of the approach pro-
posed by Ohtsubo & Watanabe [6]. The obtained formulation considers warping deformations, variations of tangential
and longitudinal displacements in the longitudinal and transverse directions as well as the pipe radial expansion. In
addition, Attia et al. [16] have compared three different interpolating schemes for the displacement fields in the cir-
cumferential direction showing the good behavior of the Fourier series expansion in the context of straight pipes.

As in [12], the coefficients in Fourier expansion corresponding to rigid-body motion are excluded to avoid
redundancy with the beam displacements and rotations.

In conjunction with this new model, an explicit solver based on an updated Lagrangian Finite-Element approach
is also developed here. Focus is given to the explicit time integration for considering fast-transient events occurring in
accidental conditions. Due to the use of explicit schemes, additional questions arise especially concerning the mass
matrix as well as the stability condition. As for all elements involving both translational and rotational degrees of
freedom (DOFs), a special attention has to be given to the lumped mass matrix. Finally, stability conditions are here
simply estimated using natural frequencies of both beams and shells.

The paper is organized as follows. Section [2]is devoted to the derivation of the proposed tube model. The tube
kinematics decomposed into both beam and shell terms is presented as well as the non-linear coupling between the
tube cross-section deformations and the tube axis rotations. The assumptions adopted for the derivation of the present
tube model are also detailed. Afterwards, explicit finite-element resolution of the proposed model is presented in
Section 3] In particular, the lumped mass matrix is described and stability conditions are given. The tube model is
then assessed on several problems involving a variety of loads in Sectiond] Both static and dynamic problems are
examined. A series of test-cases where analytical solutions are available is first considered. Finally, the proposed tube
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model is assessed on a distributed patch load via the comparison with shell elements. In particular, influence of the
number of Fourier modes is analyzed as well as influence of warping and of non-linear coupling.

2. Theoretical model: kinematics, strain-displacement relations and equations of motion

This section is devoted to the derivation of the model proposed here for straight thin-walled tubular geometries.
For this purpose, kinematics is decomposed into beam and shell contributions. Conditions of Euler-Bernoulli for
the beam contribution and Love-Kirchhoff for the shell description are assumed. In addition, a non-linear coupling

between cross-section deformation and rotation of the tube axis is considered. Finally, the tube equations of motion
obtained using the virtual power principle are given.

2.1. Enriched beam kinematics of a straight tube

Let us consider a straight tube of length L, mean radius a and thickness e along the axis E, as depicted in Fig.
(II]). The axial, circumferential and radial (with respect to the mean radius) coordinates are denoted by x, 6 and z,

L

Figure 1: Sketch of a straight pipe: flat view (left), cross-sectional view - cylindrical coordinate system (center), pipe mid-surface, i.e. z = 0, and
thickness (right).

respectively, while ¢ denotes the time.

The kinematics is here decomposed into beam-type and shell-type contributions. The beam motion is given
by displacements of the tube axis, i.e. U,(t, x), W,(t, x) and V,(t, x) expressed in the basis (E,, Ey,E;) and by
rotations of section, i.e. R(z, x). Thereafter, the shell-type kinematics is associated with the relative displacements
with respect to the rotated section, i.e. u(t, x,6,z), w(t, x,0,z) and v(t, x, 0, 7) expressed in the basis (E,, Eg, Eg),
where —e/2 < z < e/2 (see Figs. and (3)). These displacements represent respectively the warping (associated

Figure 2: Beam and shell displacements: U,,, Vo, Wo, Qx, Qy and Q; for the beam kinematics and u, v and w for the shell kinematics.

s with u) and the ovalization (associated with v and w) of the deformed section, (see Figs. (2)) and (3)).
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The coordinates of the point denoted by M(x, 6, z) in the initial state and the coordinates of the pointm(z, x, 6, 7)
in the deformed state are respectively given by:

M=M, +(a+z)Eg =xE, +(a+2)Eg

m=M+ U= (x+Uy)Ey +V, E, + W, Ey +R(t, x). ((a+z+ w)Eg + uE, +UE9) W
The rotation of the section is considered to be small, therefore:
R(t,x) = 1+ Q(1,x), Q.V=(Qt,x)Ex + Qy(t, x)Ey + Q. (t, x) E;) A V 2)
where V is any 3-D vector and I the identity matrix.
Even if a full 3-D motion has been developed ,only an in-plane motion in (E,, E,) is considered

in the following in order to simplify the presentation of the new model, i.e. W, = 0 and Q, = Q, = 0 (see Fig. (3)).
Assuming small perturbations, linear strain in terms of displacement is considered. However, in order to take into
account the ovalization of the section in a straight tube, a non-linear coupling between the beam-type rotation and the
shell-type displacements is also introduced. Only the coupling between the cross-section ovalization driven by w and
v and the rotation of the tube axis, i.e. Q,, is taking into account, the coupling involving the warping cross-section
being here neglected. As it is explained in the following, the consideration of this coupling ensures that the inertia of
the section can evolve.

E;
m
ex
0 eX\Qy
L__/Nm X1
L
1
1
Vo | >
1
e
' y
Al
M,| U, E,

Figure 3: In-plane beam motion (left) and shell displacement in the tube cross-section (right).

The current position, m(, x, 6, 7), is written in the cylindrical basis (E,, Eg, Eg) as:
m=(x+U,+u+[(a+z+w)sind+0vcos0]Qy)Ex +(a+z+V,sinf+w)Eg+(V,cos0+v)Eg  (3)

The non-linear coupling is described in the axial component by the term hQ, with 2 = w sin 8+v cos 6. The derivatives
of the position vector m with respect to the coordinates x, § and z are detailed in as well as the strain-



e displacement relations which are given in Eq. (A.T) and summarized in the following:

sxxz%+(a+z)sin6%+%+(ﬂy+%‘;’)g—z+h%
Ego = ! (@+w)

a+z\d0

_ Ow
T 4)
Zexgz(Q +%)cose+;%+@+L( +%)%

Y ox a+z900 Ox a+z\ > dx] a6

2st=(Qy+%)sin9+g—:+2—i}+(ﬂy+%)g—lz
2¢&,0 = ! (6—w—v)+@

a+z\00 0z

13 The strain tensor given in Eq. @b is decomposed into three contributions: linear beam-type kinematic terms &?, linear
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shell-type kinematic terms &° and non-linear coupling terms &"':

L aalio +(a+72) SiHQ%, Exx = g_z et = (Qy " %)% " h%

sé,’e:(), ggezaiz(%-’_w)’ SZ‘IQ:O’

62, =0, = e =0 5)
ZSfez(Qy-'—%)cosg’ zgiezaiz%+g_i’ 28;‘19:%“( y+%)%’

Considering the beam strain, the absence of shear deformation corresponding to the Euler-Bernoulli hypothesis

imposes that:
Vo

ox

Under this hypothesis, the beam kinematics enforces planar sections normal to the neutral axis to remain planar after
deformation. As a consequence, the deformation terms associated to the beam are only present in the sf . component.
Finally, this corresponds to a beam whose straight section is an undeformed circular ring. Note that one of the main
consequences of the previous hypothesis is that the non-linear coupling term is only present in the &,, component

sfc’z =0 orequivalently Q, + =0 (6)

Concerning the shell-type kinematics, the mid-surface of the tube corresponding to z = 0 (see Fig. () is taken to
be the reference surface and the local rotations of this surface are here considered and assumed to be small. Taking
the classical Love-Kirchhoff hypothesis corresponding to the absence of shear deformation for the shell kinematics,
i.e. the shell-type terms in the &3, and &, components being null, leads to the two following additional relations:

+5-=0 7

ou N ow 0 d 1 (Jw av
—+—=0 an — -
dz Ox a+z\060
The shell kinematics follows here the first-order shear deformation shell theory [27, 28] leading to the following
displacement field:
W=w, U=U,+Z0], U=U,— U] 8)

5



Figure 4: Shell geometry: tube mid-surface at z = 0 in gray, its associated cylindrical coordinates system (Ex, Er, Eg) and the shell DOFs: u,,,
Vo, We, up and vy.

1e  with u; and v the rotation angles of the mid-surface of transverse normal Ey in the (E, Eg) and (Eg, Eg) planes,
20 respectively, (see Fig. {@)). As a consequence, Eq. (7) rewrites as:

up = duwo and vy = —l (6& —vo) ©)
X a

122 Under this hypothesis, the shell kinematics enforces straight fibres initially perpendicular to the middle surface to
122 remain straight and perpendicular to the deformed mid-surface.

123

124 In addition, the global strain tensor is decomposed into first-order terms related to the radial variable z and the
125 thin-shell hypothesis is also considered. As a consequence, terms in " are approximated as follows:
a+z
1 1 z Z
=—-Z 40 (—) 10
a+z a a2 a? (10)

12e  neglecting the second-order and higher order terms. Consequently, the strain tensor can be decomposed as the sum of
12z a membrane term denoted by €™ and a linear term in z corresponding to curvatures denoted by k as € = & + z k
128 which can be expressed in terms of both axis displacements, i.e. U, and V,,, and mid-surface displacements, i.e. u,,
129 Up and Wo:

Wy OV, duy PV
Exx = I —asinf 2 + ar W(wn sin @ + v, cos 0) + 7 kyx
1 ({dv,
€99 = E(%"’wo) + 2 koo an
10u, Ov,
289 = — + + 227 ky
Ex0 a 00 ox o
10 and the following curvature terms:
.8, 0w, cos@d*V, (dw,
kyy = —sin@ - + - — Vo
ax2  0x? a 0x2\ 00
1 (0%w,
oo =~ ( A wo) (12)
1{.0%w, 1du, v,
2kyg=——1|2 + - -
x0 a ( 0x00 a 06  Ox
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Notice that the shell-type membrane and curvature terms correspond exactly to those obtained with the Fliigge shell
theory [29]]. A brief review of thin cylindrical shell theories can be found in [[14] where it is shown that the different
contributions on thin-shell theory all agree concerning the expressions of the membrane strain. However, different
expressions for curvature have been obtained relying upon the assumptions used in the derivation. For example, the
shell-type curvature terms adopted in Ohtsubo and Watanabe [6], Millard and Roche [8]], Berton [[11] or in Weicker et
al. [14] are different from the present ones and correspond to those developed by Timoshenko [30]. However, it has
to be noticed that with the additional assumption of the pipe radial inextensibility, the mentioned thin cylindrical shell
theories lead to the same strain-displacement relations. In the present work, the pipe is not assumed to be inextensible
in order to capture its radial expansion/contraction. Finally, in all these previous works, the coupling terms between
the section deformation and the axis rotation have not been taken into account. The coupling contributes only in the
uni-axial components €7 and k.

2.2. Fourier series expansion

The shell displacement field is now expanded in Fourier series in terms of the tangential variable 8. In contrast to
previous works [31 1813113217, [9,[10] where incomplete displacement Fourier series are considered, the longitudinal,
tangential and radial mid-surface displacements, i.e. u,, v, and w,, are here all expanded in Fourier series:

Ny
ul(t, x) + us (t, x) cos 0 + uj(r, x) sin @ + Z (uf (1, x) cos(i6) + u(z, x) sin(i0))

i=2
Ny

vo(t, x) + vy (t,x)cos O + vy (t,x)sinf + Z (v5 (2, x) cos(i@) + v (1, x) sin(i6)) 13)

i=2
Ny

w§ (t, x) + w (1, x) cos @ + w;(t, x) sin 6 + Z (wf (2, x) cos(if) + w; (1, x) sin(i))
i=2

uy(t, x,0)

vo(t, x, 0)

Wo(t, x, 6)

Ny represents the number of Fourier modes considered in the expansion. ul.c(t, X), u; (1, x), vic(t, x), v} (t, x), wl.c(t, x) and
w; (¢, x) are the coeflicients of the Fourier series becoming the new unknowns and depending only on the longitudinal
variable x (and on the time ¢). The index c represents the coefficients in cosine while the index s the coefficients in
sine in the Fourier expansion.

The coefficients in the expansion producing a rigid-body motion are set equal to zero in order to avoid redundancy
with the beam-type degrees of freedom. As a consequence, u, corresponding to a rigid-body longitudinal displace-
ment is taken to be zero. Similarly, uf, uj and v; are also null as these terms correspond to a rigid-body rotation
about the E,, the E, and the E, axis, respectively. In addition, the coeflicient multiplying cos 6 in the expansion of v,
has been set to the negative of the coefficient multiplying sin @ in the expansion of w,, i.e. v{(f,x) = —wj(t, x). This
produces a vanishing rigid-body displacement of the cross-section in the E, direction [[12] via the integration over
the tangential variable 6. In the same way, the coefficient multiplying sin 6 in the expansion of v, has been set to the
coeflicient multiplying cos 6 in the expansion of w,, i.e. v{(#, x) = w{(#, x) in order to produce a vanishing rigid-body
displacement of the cross-section in the E, direction.

In addition, for Fourier modes of higher order, i.e. greater than or equal to two, an inextensibility assumption in
the circumferential direction of the section is also taken in consideration meaning that the section perimeter remains
constant [33] [34]]. In other words, the circumferential membrane deformation is null, i.e. (&™)gy = 0, fori > 2. As
(e™)gg = é (Ogvo + wy), this allows to obtain a relation between vf, w;, w{ and v] fori > 2:

Ny

1 . ) - '

P Z;‘ (% (vf cos(if) + v} sin(if)) + wy cos(if) + w? sin(if) | = 0 (14)
i=
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Thus, the shell-type displacements of the tube mid-surface can be expressed as:

Ny

u, = Z (uf cos(i@) + u sin(i0))
=2
Ny

1 1
Vo = —wj cos 6 + wy sin O+ Z (?wls cos(if) — lec sin(if) (15)

i=2
Ny

we = ws +w]cosf+ w;sinf+ Z (wf cos(if) + w sin(i@))

o
i=2

w,, represents the radial extensibility of the cross-section. w{ and wy are associated with vanishing lateral rigid-body
displacements. w{ and w; for i > 2 represent cross-section distortions. In addition, u{ and u} for i > 2 represent the
warping cross-section deformations.

Finally, the tube displacement field is given by:
U= (Up+u+[(a+z+w)sind+vcosd]Qy) Ex + (V,sind + w)Eg + (V, cos 6 + v) Eq (16)

respecting for the beam-type displacement terms the Euler-Bernoulli hypothesis

av,
Q =-5=
and with the shell-type displacement field:
W= Wy U=0y+20], U=U,—2ZIU] (17)
where u,, v, and w, are expressed in Eq. @]) and with
N
up = Bau;o and v = —2 2wy cos O — 2wy sin @ + lz_f;‘ 2 z_ ! (wf cos (if) — wy sin (i@)) (18)

respecting the Love-Kirchhoff hypothesis.

2.3. Virtual power principle

The equations of motion can be obtained through the application of the virtual power principle which expresses
the equilibrium between the forces of inertia, external and internal forces:

Po = Pe + P (19)

with P, P. and P; the power of inertia, external and internal forces, respectively. The power of inertia forces is
defined in the current (deformed) configuration as:

9*U
Py= | p—r -5UdV 20

in which the integration is performed over the current volume € occupied by the solid body and where p is the solid
2

density, 57 the acceleration vector, ¢ U the virtual displacement field.
The power of external forces (without considering volume forces) is defined as:

7>e=/ T.5UdS @1
oQ

8
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Figure 5: Tube surfaces decomposed by the two cross-sections S, and Sy, and by A~ the inner and A* the outer lateral sections.

T is the vector of applied forces on the boundaries. The edge of the tube is decomposed into the two end surfaces
denoted by S, and S where the elementary surface dS is set to be equal to a d6dz instead of (a + z) d6dz due to the
thin-walled assumption, and the inner and outer skins of the tube denoted by A~ and A* where A* = 2nL(a = ¢/2) as
depicted in Fig. (3).

Finally, the power of internal forces is given by:

7’,-=—/0':6st (22)
Q

where o is the Cauchy stress tensor and ¢ € the virtual stress tensor. Using the circular geometry of the considered
pipe leads to the following expression for the power of internal forces:

L 2 e/2
Pi:—/ (/ / ozésadedz)dx (23)
o \Jo Joep

Due to the thin-shell assumption, i.e. 7 << a, the integration is performed through the elementary volume a dfdzdx
instead of (a + z) d6dzdx.
The strain-stress relationship is here obtained using a local linear elastic behavior:

o= 1 _EV2 ((1 —v) & +vtrac(g) I) 24)

Using plane stress conditions in the (Eg, Ey) plane, i.e. 0, = 0y, = 0y, = 0, this leads to:

Oxx E 1 v 0 Exx
Tpg | = 1—2 v 1 0 E00 (25)
Txo YN0 0 1-v/\ew

with v the Poisson’s ratio and E the Young’s modulus of the pipe wall material.

The power of inertia forces as well as the power of internal forces are expressed in (see Egs.
and (B.8) respectively) when considering all the Fourier modes and the non-linear coupling terms. In addition,

the governing equation of the tube are expressed in Eq. (B.14) and the corresponding generalized forces in Egs.

In the following, details are given when considering only the mode 0 in the Fourier series and then only the Fourier
mode 2. As previously mentioned, Fourier mode 0 corresponds to the radial expansion/contraction of the tube cross-
section whereas Fourier mode 2 corresponds to its ovalization. Comments are also given when higher Fourier modes
are considered.



205 2.4. Governing equations and generalized forces for Fourier mode O for linear-type motion

206 When only the first Fourier mode (N = 0) is considered, the shell kinematics is only carried by w, (i.e. up = v, =
207 0) and uy (i.e. v; = 0) (cf. Egs. and ). In addition, the non-linear coupling term is not taken into account at
208 this stage. As a consequence, the shell-type displacement field is given by:

a c
wo(t, x,0) = wo(t, x), wu = %o (26)
ox
200 leading to the tube displacement field:
ows av,
U=|U,-z 6”)" —(a+z)sin@ 6—") E. + (V,sin6 + wS) Eg + (V, cos 0) Eg 27
X X
210 AsS a consequence, the non-zero components of the strain tensor are given by:
U, 9%, 0%V, 0w 1 oz)\ .
Exx = axo —asinf c’)x; +7 (— sin @ (’)xzo - ax;) and &9 = (; - ;) ws (28)
211 The power of internal forces can thus be expressed as:
L 2 2 c
) ooU, 06V, . 0°owg c o ¢
Pi = —LO' :0edV = —A (N Ix — My axz - (mw)” W + (tw)() 611)”) dx (29)

21z where the generalized forces are defined as:

N=/0'xde ; Myzfcrxx(a+z)sin6d5
s s

c 1z c
([u))(;:‘/s‘o-eﬁ (Z_a_z) ds ; (mw)O:LGxedS

213 with dS = adfdz. The term z/a? in (t,,)¢, is neglected in the following due to the thin-walled assumption.
214 In addition, the power of inertia forces can be expressed as:

(30)

9’U
Py = [ p—-6UdV
o 0 b (31)
L 2 2 4 2..¢c 2 4. .c
0-U, otv, Ij 9%, 0 0 .
- / P S—O(SU() +S -2 o 6‘/() +S o - e_ o (L) dx
0 or? 02 S 0120x2 o2 12 0r20x2

2
. . . N e
25 with the pipe cross-section S = 27ae and the moment of inertia I” = nae (a2 + E) ~ na’e.

216 Without considering external forces, i.e. P, = 0, the equations of motion write:

0°U, ON
PS5 T ax =0

9%V, , 0%V, *M,
S — - — = O 32
L 012 Ply 0120x2 0x? (32)
g ws  e* *ws 9% (my)S < _ )
PS\Tr " ade) T o W =

217 Note that for a plate element with uniform material properties, the ratio between the moment of inertia and the area of
21 the cross-section corresponds to ¢%/12 which thus takes the same role as 1,/ S for the shell-type DOFs.
219 The static counterpart of Eq. (32)) corresponds to:

Wy M P
Ox T ox2 ’ 0x2
10

T (t)S = 0 (33)
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For the considered behavior given in Eq. ([23), the generalized forces are given by:

N ES (0Uo  wi) o EL 2V,
1-v2\ dx a > 1-v2 0x2 ~ (34)
. ES 1{oU, w . ES & 8w
(two ===V +—| ; mw)y=-"7—7F
1-v2a\ Ox a 1-v212 0x2

where N corresponds to the beam-type axial force with an additional term involving the pipe radial contraction/expansion
corresponding to the Poisson effect, My, to the beam in-plane bending moment whereas (%), corresponds to the radial
force divided by the mean radius and (m,,);, to the bending moment of the mid-surface in the (E,, Eg) plane. Egs.
and correspond to Egs. and described in[Appendix B]

Note that, without considering the Poisson effect, the two first equations in Eq. correspond to the classical
straight Euler-Bernoulli beam governing equations which, for example, are given in [35]. In addition, it has to be
noticed that Eq. (32) correspond to the axisymmetric thin-shell cylinder equations of motion as expressed in [36]
where the terms e”/12a is neglected due to the thin-walled assumption and thus the integration over a dfdz instead of
(a + z) d6dz. Finally, neglecting the 8}%2 (my);, term in Eq. li makes it possible to retrieve the equations of motion
proposed by Walker & Phillips [37] for an axisymmetric small-deformed elastic plane-stressed tube as also reported
in the review [3]].

2.5. Governing equations and generalized forces for Fourier mode 2

Only the second Fourier mode is here considered corresponding to the cross-section ovalization. As in [8L[11], only
the shell membrane deformations are considered (i.e. for shell-type DOFs k = 0 except kgg # 0)). The assumption
of the section inextensibility is taken into account (see Eq. (I4)) as well as the non-linear coupling terms. As a
consequence, for an in-plane motion, the considered shell kinematics of the mid-surface writes:

1 .
us(t, x,0) =0, wy(t, x,0) = w5 (t, x)cos(26), v,(t, x,60) = —§w§ (¢, x) sin(20) (35)

The strain tensor is thus given by:

o, : 0%V,
Exx = 8x0 —[(a+z)sm9+ho]6720 1
Z . _ . . ¢
g00 = 3; cos(20) w3 with  h, = (COS(ZH) sin@ — 5 sin(26) cos 6) w; (36)
1. wy
2¢&x0 = ) sin(26) 6x2

After some algebraic manipulations, the power of internal forces leads to the following expression:

L 95U, a2V, dows
P; = —/O (N 8x0 - M, 8x20 + (tw)s OWS + (N5 axz) dx (37

where the generalized forces are defined as:

N=/0'xde
s

M, = /O’xx [(@a+z)sinf + h,] dS
. (38)

azvo Z
92 + 3;0’99 cos(26)] dS

(tw)5 = / (%o—xx (sin(26) cos 8 — 2 cos(26) sin 8)
s
1
(nw); = - / —0ryg sin(26) dS
52
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20 Without considering external forces, i.e. P, = 0, the equations of motion write:

U, AN

s - =0

P ot? ox

S82VO_ a*v, _ M, N %

Y zpyat2§x24 o2 (39)
1[50°w5 ¢* d"wS 0 (nw)s :

S| -= - tw) = 0

P3\2792 " 12oi20x2 ox )

221 with the moment of inertia given by:
2 c c\2 c c\2
e 3w, 5 (w 3wy 5 (w
I, =na’e |1+ S22 (22 | rrdle1 -2 242 (22
4 nae( 12a2 2 a S(a rae 2a 8\la
22 where I” ~ nd’e.

23 In a similar way, the equilibrium equations in static are obtained as:

N *M, 8 ()5 :
_—= : = N — (I ¢ = 4
ax 0 dx2 0 =5 (fw)y =0 (40)

2 With the behavior law given in Eq. (23), the generalized forces are expressed as:

_ES 0U, wy
N_-'-l—v2 x ~ °  a
EI} 35\ 8%,
Moo= 1264282 o
y 1—v2( 2§+8§)6x2
(s =+ ES L((L3,5,) (8% 521 w
w21 y22 4 8 ox2 442 a
ES 1 0¢
C— —_— e ] ——
()2 =+177 76%%x

25 As previously, N corresponds the beam-type axial force and M, to the beam in-plane bending moment. For the shell
26 DOFs, (1,,)5 corresponds to a force divided by the mean radius and (n,,)5 to a shear-type force. Egs. and @
2 correspond to Egs. and described in[Appendix B}

248 Due to the non-linear coupling between the tube cross-section deformation (here linked to wy) and the rotation of
2e0  the tube axis, i.e. —dxV,, the in-plane bending moment M, depends on terms in wj and, in a similar way, terms in
20 0y V), are involved in the expression of (tw)g. Let consider the curvature « defined as:

a® ( 9%V,
K= —|-——=
e 0x?

251 In the case of Euler-Bernoulli beams and in the case of Fourier mode O described previously, it appears that the
22 bending moment M, is linear with respect to the curvature « as the inertia remains constant. In contrast, in the present
253 model involving both the Fourier mode 2 and the non-linear coupling, due to the terms in & in the expression of the
25« bending moment, the inertia of the section can change with its deformation leading to a non-linear relation between
25 M, and . Comparison between the different moment-curvature and ovalization-curvature relationships encountered
2ss  in the literature is performed in [34]]. The ovalization-curvature are obtained taking (¢,)5 equal to zero. For example,
257 considering only the first-order terms in the expressions of M, and (z,,)3, i.e.

EI® 3\ 6%, ES 3 2V,\> &
_ y _ - o c_ =2 “|_ o .
My = 1-v2 (] 25) 9x? and  (fw); 1-v28 a( Ox? ) " a3§
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leads to the following moment-curvature and ovalization-curvature relationships:
3 2
My:Kl—Efk and ¢ =«

with K a constant. This exactly corresponds to the relationships initially derived by Brazier [33]]. Then, considering
the second-order terms in Eq. [#1]leads to the following moment-curvature and ovalization-curvature relationships:

P

_ 3,.32 _
My—K(1—§§+§§)K and 6—1+%K2

which corresponds to the relationships referred to as modified Brazier initially straight tubes in [34].

2.6. Higher Fourier modes

The derivation of both governing equations and generalized forces has been presented previously when only
considering Fourier mode O or Fourier mode 2. Taking into account higher Fourier modes together makes this deriva-
tion more complex, especially due to the coupling between different modes. The corresponding tube governing
equations are derived in and are expressed in Eq. (B.I4). The generalized forces are given in Egs.
(B.9), (B.10), (B.T1), (B.12) and (B.13). In addition, mathematical tools dedicated to formal computation such as
Sympy (https://www.sympy.org) and wxMaxima (https://wxmaxima-developers.github.io/wxmaxima/)
have been used for verification.

2.7.

In the following section, the numerical method used to solve the derived tube model is detailed.

3. Numerical approximations: an explicit updated Lagrangian Finite-Element approach

The governing equations are here discretized using an explicit updated Lagrangian Finite-Element approach which
is described in the following. For simplicity, the numerical methods are detailed in the case where only the 0-mode
is considered in the Fourier expansion as described in Sec. [2.4] and the extension to higher Fourier modes is briefly
discussed. In addition, even if the numerical method as well as the tube element have been derived for a 3-D motion,
only an in-plane motion is presented in the following for simplicity. The time integration is performed using the

central difference operator whose stability condition is given considering both beam and shell contributions.
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3.1. Nodal unknowns and shape functions

By means of the Finite-Element method, the spatial domain of the beam is discretized into a number of sub-
domains named here tube element. Each element has two nodes and the vector of nodal generalized displacements is
defined as:

L2\t ' i vioOf i i\"
d, = (de, de) where di = (U;,, Vi Qi () u’l) (42)

when only Fourier mode 0 is here considered. The subscript e associates a given quantity with a typical tube element
whereas the superscript i = 1,2 associates a given quantity with the corresponding node of the considered tube
element. The length of the element is denoted by {.. Due to the assumption of small deformations, the length of the
tube element is assumed to be the same as the initial undeformed element, i.e. £ = {7 where the superscript n denotes
the time level. Shape functions are used to approximate the displacement field inside the tube element of any arbitrary
point located at the beam axis for the beam-type DOFs and at the mid-surface of the tube for the shell-type DOFs. In
addition, the displacement field is assumed to satisfy the conditions imposed by the tube kinematics, in particular the
Euler-Bernoulli and the Love-Kirchhoff hypotheses:

av, ows
Q = d = o 43
vt oy 0 and u o (43)

To this end, for the beam-type DOFs, linear and cubic interpolating polynomials are chosen to approximate, respec-
tively, the axial and transverse neutral fiber displacements within each tube element whereas cubic shape functions
are used for the mid-surface displacements for the shell-type DOFs. As a consequence the displacement field within
the tube element is approximated using N, the matrix of shape functions as follows:

Nyi 0 0 0 0
NV(I; NQ; 0 0
3 . 1 2 . dNVi dNQi!
d,=Ned, wih No=(NN2) and Ni=| 0 -—% ——& 0 0 (44)
0 0 0 Niyei Nu;‘
Wiyt N
0 0 0 dx dx
with the following shape functions:
NU(I) = 1-2a NU(z) = A
Nyy = Nyep = (A- 1)? (24 ;' ) and § Nz =Nyep = A2 (32— 21)
NQ; = —Null = —LeA(1-1) NQ§ = —Nulz = L A7(1-1)
with A = x/{, where £, corresponds to the length of the tube element.
We can also note that the tube displacement field given in Eq. can be expressed as:
_ 1 0 (a+z)sinf 0 -z
U=Td, with T=| O sin6 0 1 0 (45)

0 cosé 0 0 0

as the non-linear coupling term is here neglected.
For the discretized pipe, the virtual power principle (see Egs. and (29)) writes:

9*U te (36U, 3%sV, . . 0%ws
Z (‘[/e pﬁ -0U dV) = — Z |;/(; (N Ix + My (—W) + (tll))() 5wg — (mw)o WZU) dx] (46)

e e

with V, the volume of the tube element and considering the sum over the tube elements. This can be rewritten in the

following form: ,
2 e
> [/V (p((SU)T ‘98—:) dV] ==y /0 ((6E)T F) dx

e e e

(47)
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with the generalized force vector F and the generalized strain vector E defined as:

ou, %, . oMwg\"

T
F= (N’ My, (tw)g’ (mw)g) and E= ox ox2’ Wy, Ox2

which are related using the constitutive matrix denoted here by D as follows:

1 0o % o0
I
E L
F=DE with D=_2> 9 S ? 0
1-v?l 2 0 5 0
00 0 <

—
[\S]

With the assumed displacement field within the tube element, the vector E can be expressed using the nodal displace-
ment vector, i.e. E = B, d., with the strain-displacement matrix B, given by:

dN, ;
__ Yo 0 0 0
&N,; &Ny
vi o,
B, =(BB2) with Bi=| 0 & a0 0
0 0 0 N, i N i
(wg) u
dzN( oy &N,
IUO l
0 0 0 dx2 dx2

With the previous notations, the virtual power principle can be expressed as:

D6 de) Mede] == [Ede) £ ein] (48)
e e
with the consistent mass matrix M, and the nodal internal forces vector f . i defined by:
le
M,= | oNIT'TN,dV and f.jp = / B! F dx
Ve 0

The internal forces are approximated using a Gauss quadrature approach:

le Ng
fe,im:‘/ BIFd:~ ) wBl (1) F(4) (49)
0 =)

with Ng the number of Gauss points used for the present tube element, w; and A; the weight and location of each
Gauss point, respectively. The number of Gauss points as well as the corresponding weights and locations depends on
the order of the polynomials used in Bg F. Due to the presence of the cubic interpolating functions Niyeyi fori =12,
a polynomial of power six is involved as F = DB, d.. A four-point Gauss rule is thus necessary to integrate this
six-order polynomial function in an exact manner, i.e. Ng = 4, with the following weights and locations:

A1 =0.0694318442, w; = 0.1739274226 ¢,
A2 =0.3300094782, w;y = 0.3260725774 ¢,
A3 = 0.6699905218, w3 = 0.3260725774 €,
A4 =0.9305615580, w4 = 0.1739274226 €,

In the case of the standard Euler-Bernoulli beam element, only two Gauss points are required as described in [35, 38|
39].

3.2. Consistent and lumped mass matrices
Based on the assumed displacement field within the tube element, the consistent mass matrix has the following
explicit form:
Ml 1 M12
e e
M M2

. ij iT TN/
M, = with MY = p(Ne) TT TN, dv
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3 as M{;i = (MQ)T, the consistent mass matrix is symmetric and its components are given by:
3 0 0 0 0
0 R+ts N -mw 0 0
. - :
oo R e
0 0 0 _1211% _%ISZ 1%"'%?_2
1 0 0 0 0
0 Bty SErmw 0 0
M2 =pst| 0 3+ %SI;E G+ 53 0 0
o0 0 SR T
0 0 0 ]211% +10 ISZ 1%5 + %?‘2
i 0 y 0 0 0
0 %3)5_ gské, , 42(;2 - % S}(, 0 0
MP=pSt.| O ~5F s T WS 0 0 and M2 = (M12)"
0 0 0 9 _6_ ¢ 136, 1 ¢
70 T 51222 i 42(}2 10 1262(,,
0 0 0 _1231% +%1§€e = a3

340

341

342

343

344

345

346

347

348

349

350

351

352

353

354

355

356

357

Note that the first 3 X 3 block-matrix of each component of the mass matrix of the present tube element corresponds
exactly to the component of the consistent mass matrix of the Euler-Bernoulli beam element as described in [35} 38]].
As an explicit time integration is retained in the following, the use of lumped or diagonal mass matrix in place of
the consistent mass matrix is classically used to enhance the computational efficiency of the explicit scheme. For
the Euler-Bernoulli beam element described in [35] with both translational and rotational DOFs, the lumping of the
mass matrix is performed as follows. Concerning the translational terms, a “row-sum‘ approach is used. This also
corresponds to the element mass preservation by dividing the total mass among the diagonal entries of the mass matrix
and setting all other entries to zero. This leads to the diagonal term: pS¢. /2. In contrast, for the rotational terms, the
lumping is performed by ignoring the off-diagonal terms of the consistent mass matrix and scaling the term involving
inertia in the diagonal term as performed in [38, [35]. The same procedure is here used for both beam and shell
translational and rotational DOFs leading to the following lumped mass matrix:

10 0 0 0
o 1 0 0 0
~ 11 2
= Mo 0 ) i M eMP=psn]| 0 0 L4h o o (50)
0 M22 e e 105 S
e 0 0 0 : 0
2 2

where the same scaling is used for the terms /, /S and % /12 in the rotational beam and shell DOFs, respectively.

The local coordinate system for each tube element has been used for expressing the nodal displacement vector d,.
In order to express the unknowns in the global coordinate system, the transformation matrix is used P,. Note that
the present lumped mass matrix is independent of the coordinate system, i.e. P,M,PZ = M,. The assembly is then
obtained through the sum over the elements after the connectivity transformation:

P.d, =C.d 61V}

with d the global displacement expressed in generalized coordinates and C, the connectivity matrix associated with
the finite element in question. As the two displacement vectors P, d, andd are expressed in the same coordinate
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system, the C, matrices are simply Boolean matrices. Finally, this leads to the following relation:
d’Md=-d"f;, orequivalently Md = —fjy (52)
with M = Z (CZI\N/Ie Ce) the global lumped mass matrix and f,; = Z (CZPe f e,im) the global internal force vector.
e e

3.3. Explicit central difference scheme
The explicit time integration of Eq. is here performed using the central difference operator leading to:

a'r o= @t ramd'2

= @t ard™t!? “
. ~ i1\ "]

dn+1 _ (M +1) (f:;l _fﬁ{:l) (53)
dn+1 _ an+1/2 £ A" 'dn+1/2

withd, d and d the nodal displacements, velocities and accelerations, fi,; and fey the nodal internal and external forces,
respectively, the superscript n denoting the time level. As the inertia of the section can evolve, the lumped mass matrix
is updated at each time step.

The explicit central difference scheme is one of the most popular explicit time integration operator due to its
simplicity and its second-order accuracy in time. In addition, in the case of constant time step, this scheme is known
to be non-dissipative [40].

3.4. Extension to higher Fourier modes
The previous derivation has been detailed for Ny = 0 in the Fourier expansion described previously and for an
in-plane motion. Considering the Fourier mode 1 leads to the integration of the two following additional DOFs wj and

% for an in-plane motion in the generalized displacement vectord,. Cubic interpolating shape functions are thus

used for wy. Then, considering the k-th Fourier mode for k > 2 induces to take into account three additional DOFs
w)"
3

for an in-plane motion, i.e. ", w;" and —= with m = s if k is impair and m = c if k is pair. As a consequence, linear
shape functions are used for u!"

% Whereas cubic shape function for w;". For the same reason as previously, a 4-point
Gauss quadrature approach is still used for the computation of the internal forces (cf. Eq. (49)) even if higher Fourier

modes are considered. In addition, the lumped mass matrix of the tube element is modified in Eq. (50) as follows:

10 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
00 &+% 0 0o 0o o0 00 0
0 0 0 : 0 0 0 0 0 0
00 0 0 &+2 0 o0 00 0
0 0 0 0 0 i 0 0 0 0
M =M =pSl o0 0 o0 o0 0 &2 00 0 (54)

0 0 0 0 0 0 0 1o 0

0 0 0 0 0 1 0
00 0 0 0 0 00 42

where the first 3 X 3 block diagonal matrix corresponds to the standard Euler-Bernoulli lumped mass matrix [35}[39],
the following 2 X 2 block diagonal matrix corresponds to the Fourier mode 0, the next 2 x 2 block diagonal to the
Fourier mode 1 and the next 3 x 3 to the Fourier mode i. The diagonal term for the transitional DOFs for both
beam and shell is pS¢. /2, whereas the term of the rotational DOFs for beam and shell are pS¢, (l’?/ 105+ 1,,/§ ) and
pSC, (£2/105 + €2/12) respectively.
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3.5. Stability condition and time step evaluation

For the explicit time integration of an undamped system with the central difference operator, the time step Az"
used in Eq. (53)) has to respect the following stability condition [411 42]:

= CAt"?

crit

with A" —
Crlt wrrrz] ax

(55)

where 0 < C < 1 is the Courant number, Az, the critical time step and wy,
which is classically bounded by the largest element eigenvalue:

" ax the maximum eigenvalue of the system

Winax S Max (0} gy (56)

with Wy ., the maximum eigenvalue of the e-th element, unrestrained.

Therefore, to express the stability condition, the expression of the maximum frequency of the proposed tube
element is required. Instead of solving the eigenvalue problem which can be complex in the case of the present element
especially when considering higher Fourier modes, this is here performed using the natural frequencies of beams and
cylindrical shells which are given in [43]].

the maximum element eigenvalue corresponds to the maximum
of the eigenvalues associated to all of the contributions of the present tube element:

n _ n n
= max (], 02 ) (57)

where for the beam-type contribution, i.e. beam axial and beam flexural, as described in [35, 39]:

E EIy ”
p = max 58
Vp fz\J o8

and the natural frequencies of cylindrical shells as expressed in [43] in terms of a dimensionless frequency parameter
A are given by:
22 E

n _ 2~ _ 59
o= i (59)

with the following expressions of the dimensionless frequency parameter A:

=1 for the radial tube mode
At = ; (1-v?)n? for the axial tube mode
e
1 - 2 2
A= l L for the torsional tube mode
le 1+v /] 2
1 = (60)
¢ al n#
A==4/(1-v?) = for the flexural tube mode
2 >
4
JteT )
le 1242 le
/l?j = — for the ovalization tube mode
i2 + (f[ﬂ)

withi =6 and j = 1 asi and j correspond to the number of circumferential and axial modes, respectively.
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As a consequence, the maximum element eigenvalue is defined as:

2 E 2 El 24 E
W pax = Max | — [ =, = 4[—=nt, = (61)
: te \\p' 2\ pS a p(1-v?)

where Apm,x = max (/lr, A% 24 A5, /l:’J) given in Eq. making it possible to express the stability condition used for

the time step evaluation at each time iteration using Eq. (53).

4. Numerical results

The new tube finite-element proposed here and detailed in the previous sections is then assessed via comparisons
with analytical or numerical reference solutions. For this purpose, several test-cases on a single straight pipe under
various loading conditions are considered dealing with extension, breathing due to internal pressure, pure bending
and punctual force on the tube cross-section. The pipe configuration used for all the considered tests is described in
Table [T] and respects both the thin-shell and the Euler-Bernoulli hypotheses. In the following, in order to assess the

L(m)[a@m)[em) [ ECP) ][ v | pkg/m’)
10 1 [ ol 200 | 03| 7800

Table 1: Geometric and material properties of the pipe configuration used for the present tests.

grid-independence of the numerical solution, two computations are performed: the first one with a single tube element
and the second one with ten tube elements. The verification of the present beam model is assessed on both static and
dynamic problems. All the computations considered here are performed using a Courant number C = 0.5 in Eq. (53).
For all considered test-cases, it appears that the critical time step is linked to the pipe cross-section ovalization (cf.
Eq. (61)) leading to the following expression:

a |p(1-v?)
Ar=c L) 62
C/lj’j 7 (62)

with /1?/. the dimensionless ovalization frequency parameter expressed in Eq. . Finally, the following values of

the time step are obtained: Ar = 9.039 x 107> s for one element and Ar = 9.862 x 107 s for ten elements. For
the considered static problems, as an explicit time integration is used for solving the tube equations of motion, the
imposed loading is not imposed suddenly but with a smooth increase in time in order to avoid spurious numerical
oscillations. The associated rise time which is denoted here by 7 is set to be significantly greater than the maximum
time scale of each contribution of the tube element, i.e. beam axial, beam flexural, tube radial, tube torsional, tube
flexural and tube ovalization, expressed in Sec. @ In other words, 7 is taken to be:

. P oS a p(1-v?)
=N th 7 = ley| 50 4] s\ 63
T T wi 9 = max 7 e EIyIT4 . z (63)

where Ay, = min (/lr, 2,28 A, /l?j) given in Eq. 1@) and N >> 1.

4.1. Test 1: Pipe contraction due to a uniform and static extension via the Poisson effect

The first test-case considered here consists in a simple extension. For this purpose, a symmetric displacement is
imposed at the two boundaries of the tube, i.e. +up/2 at each side. Due to the Poisson effect which is taken into
account in the present tube model, the pipe elongation is accompanied by a pipe cross-section reduction.

First, the analytical solution of the present test-case is derived from the proposed model considering only a uniform
radial displacement which corresponds to the 0 mode in Fourier series as described in Sec. [2.4] In the present case of a
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uniform extension, only the beam-type axial displacement U,, and the shell-type radial displacement w$ are non-zero.
Considering a uniform radial displacement, the non-zero components of the strain tensor given in Eq. (I1)) and the
non-zero generalized forces defined in Eq. (34)) are expressed as:

ES (0U, S
Exx = aau() N = ﬁ a—o + V&
X -V X a
oo (T2, ™ . _ ES 1[0U, ut (64)
66 a a2 [ (tw)o = =2 ; VW + 7

Finally, the static equilibrium equations expressed in Eq. (33)) write:

ON

e 0, (tw);=0 (63)

leading to the two following relations verified by the axial and the radial displacements:

o U,

wt = —va 5y d o= 0 (66)

Finally, using the value of the axial displacements at the two pipe boundaries, i.e. U,(0) = —MTD and U,(L) = MTD,
leads to: u u

U, = f (2x-L) and w¢= —vaTD (67)

In the present test-case, the elongation is taken as: up/L = 0.01 satisfying the small deformation assumption and

leading to the following constant value: wS/a = —3 x 1073, Then, the numerical solutions are compared to the

analytical solution previously described in order to assess the numerical method used for approximating the governing
equations of the tube model.

The time evolution of the imposed displacement at the boundaries depicted in Fig. () starts with a smooth increase
in order to avoid spurious numerical oscillations. The associated rise time is set to be equal to 7 = 1007 in Eq. (63).

0.8 —

Ud/L (%)

04r- —

0.2 -

Figure 6: Test 1: Time evolution of the axial imposed normalized displacement.

The numerical solutions of the radial displacement obtained with one single element and ten elements are com-
pared with the analytical solution in Fig. (7). It is shown that the steady-state solution is in good agreement with the
analytical one as expected.
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Figure 7: Test 1: Comparison between numerical and analytical solutions of the radial displacements for the elongation test.

4.2. Test 2: Radial pipe expansion due to an internal pressure

The second test-case consists in a tube under an internal pressure. A uniform pressure denoted by Pjy is applied
inside the pipe and creates a uniform expansion of the tube cross-section.

As in the previous case, the analytical solution of the present test is derived from the enriched beam model
developed in this paper and considering only the mode 0 in the Fourier expansion. Once again, under an internal
pressure loading, only the beam-type axial displacement U, and the shell-type radial displacement w;, are non-zero.
In addition, let us consider that w;, is uniform and that U,, is null. As a consequence, the only non-zero component
of the strain tensor €99 expressed in Eq. (IT)) and the generalized force associated with the radial pipe cross-section
expansion (f,,)5, given in Eq. can be expressed as:
€90 = (é - %) wg and (tw)g = ll_zs;z %wg (68)

The power of the internal pressure applied to the inner tube surface writes as:

L 2 e L e
P, = / PiSwSdA™ = / / PiuS (a - -) dodx = / 27 Py (a - -) Swedx (69)
A- o Jo 2 0 2

Knowing the external loading, the equilibrium equation derived from Eq. becomes:
c e
(1) = 2P (a = 5 (70)

As a consequence, the radial displacement due to the internal pressure can be expressed as:

° E e 2

The numerical solutions are now compared with this analytical solution. In the present test-case, a uniform internal
pressure Pip of 100 bar is imposed following a time evolution similar to the one depicted in Fig. (6) with a smooth
linear increase in order to avoid spurious numerical oscillations where 7 = 100 7 as defined in Eq. (63). In addition,
a condition of zero axial displacement, i.e. U, = 0, is imposed at the two boundary nodes.

ye o Pn(1=v)a (e-) a

The comparison between the numerical solutions and the analytical radial displacement is shown in Fig. (§). The
numerical results for one element is registered at the right boundary node and at the middle node for the computation
with ten elements. As in the previous test-case, a good agreement between the numerical solutions and the analytical
one is achieved.
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Figure 8: Test 2: Comparison between numerical and analytical solutions of the radial displacements for the breathing test

4.3. Test 3: Dynamic radial tube motion

The present test-case is similar to the previous one except that a dynamic internal pressure loading is now consid-
ered. Following the same assumptions as previously, the equation of motion given in Eq. (32)) writes as:

O*ws e . ES 1
pSa—tzo + (ty) = 27 Piny (a - E) with  (f,)5 = . ;wﬁ (72)
with the initial condition: w$(¢# = 0) = 0 m. The analytical solution of this equation writes as:
Pin (1 =72 1
ws (1) = wf;’sm(l —cos (wt)) with  wS = ME (a - E) and w= - (73)
E e 2 a

wS™™ corresponds to the static solution, i.e. the analytical solution of the previous test, and w corresponds to the radial

pulsation of a cylindrical shell as expressed in [43]].

The computation of the present test-case is performed by imposing the internal pressure of 100 bar at the first
time step. The corresponding numerical solutions obtained with both one element and ten elements shown in Fig.
() correspond to a periodic function. The period obtained from the numerical solution is compared to its analytical
counterpart: Tihe ~ 1.1836761 X 1073 s versus Tyum ~ 1.183688 x 1073 s, showing the good agreement between the
two results.

In the two previous cases, only mode O in the Fourier expansion is considered which corresponds to the radial
expansion/contraction of the tube cross-section. In the next test-case, only Fourier mode 2 is considering in order to
represent the cross-section ovalization.

4.4. Test 4: Ovalization due to a pipe in-plane bending

The present test-case consists in a pure in-plane bending test where a symmetric rotation is imposed at the two
boundaries of the tube, i.e. +Q at each side. Due to the bending, it is expected that the tube tends to ovalize.

The analytical solution of the present test is derived from the present beam model considering only mode 2 in the
Fourier series as it is detailed in Sec. Considering in addition that wg is uniform and that wg /a < 1, the non-zero
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Figure 9: Test 3: Time evolution of the radial displacement in the case of an internal pressure loading.

forces defined in Eq. (1)) can be expressed as:

E 3 3w\ 0%V,
My = ‘1_vz””(1‘§7 e \
() = E 3mae| (3%V, > 2w 74
YT 1oy 4 dx? a? a?
and the equilibrium equations given in Eq. (#0) write:
azMy c
Ox2 =0, (tw)z =0 (75)
with the following boundary conditions:
oV,
V,(0) = 0 -Q,(0) = —=(0) = -Q
v,(L)=0 v, (76)
° -0,(1) = 2L =0
X
As a consequence, the beam-type vertical displacement V,, and the shell-displacement w3 are given by:
X c 2 a4
V, = QZ (x—L) and w§ =4Q a3 (77)

In the present test-case, the rotation at the two pipe ends is taken as Q = 0.1 radian.

The numerical solutions are now compared to the analytical reference previously described. The time evolution
of the imposed rotation at the two tube boundaries is once again similar as the one shown in Fig. (6). As previously, a
smooth increase of the imposed rotation is considered in order to avoid spurious oscillations. In the present case, the
rise time 7 is taken as 7 = 3000 7" as defined in Eq. (63). In addition, the beam-type vertical displacement is set to be
zero at the two pipe ends, i.e. V,,(0) = 0 and V,,(L) = 0.

The time evolution of the shell displacement corresponding to the second Fourier mode associated with the pipe
cross-section ovalization is depicted in Fig. (T0). The numerical results are taken at the outlet end of the tube for both
one and ten elements. Once again, the analytical solution corresponds to the numerical steady-state solution. Note
that, during the period 0 < ¢ < 7 where the imposed rotation € evolves linearly in time, the radial displacement wy
follows a quadratic behavior. This is explained as wj evolves with the square of Q as shown in Eq. (@
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Figure 10: Test 4: Comparison between numerical and analytical solutions of the shell-type radial displacement corresponding to the second Fourier
mode.

4.5. Test 5: Cross-section deformation of a clamped tube subject to a distributed patch load

This test-case consists in a tube clamped at its two ends and subjected to a downward distributed patch load
of amplitude F, = 10'" N acting at the mid-region of its mid-surface within an area given by 0.4L < x < 0.6L,
n/2-6, <0 <m/2+80,atz=0with 6, = n/100 as depicted in Fig. . A reference numerical solution is first

0.4L 0.2L 0.4L
FZ EZ/\
) a— E,
l,I Ex
L

Figure 11: Test 5: Clamped tube subjected to a distributed patch load - patch loading area and direction of the vertical force.

obtained with shell elements in order to identify the tube cross-section deformation due to the present loading. For this
purpose, this reference numerical solution is obtained using Code_Aster (https://www.code-aster.org) with the
9-node linear and bi-quadratic quadrilateral shell elements named Coque_3D [44]]. The corresponding computation is
performed with 9 082 elements, 32 068 nodes and 171 345 DOFs. Afterwards, the ability of the present tube model to
retrieve the tube deformation is assessed. To this end, the distributed loading is applied with a smooth increase and

7 = 1007 in Eq. (63) similarly as in Fig. (6). Due to the longitudinal variation of the distributed patch loading, 10
elements are used in the present computations

The different tests performed for the analysis
of the present tube model on this test-case are described in the following.
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4.5.1. Influence of the number of Fourier modes

First, the influence of the number of modes considered in the Fourier expansion in terms of the circumferential
variable expressed in Eq. @) is examined. For this purpose, the numerical solutions of the tube model using Ny = 2,
Ny = 4 and Ny = 6 are compared to the reference shell-type solution. Fig. @) shows the tube cross-section
deformation at x = 0.5L obtained with the different computations as well as the initial undeformed circular cross-
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Figure 12: Test 5: Influence of the number of Fourier modes on the tube cross-section deformation at x = 0.5L.

section. The tube cross-section obtained with Ny = 2 has an elliptical shape with a slight asymmetry which is due
to the inextensibility hypothesis as discussed in [34]. In contrast, the tube cross-section obtained with Ny = 4 and
Ny = 6is in good agreement with the reference shell solution with an improved concordance with Ny = 6. Note that
this result is in accordance with the following references [6, 15, 145] where Ny = 6 is also retained by the authors. In
the following, Ny = 6 is thus considered.

4.5.2. Influence of the warping terms
The influence of the consideration of the warping terms in the tube displacement field is now studied. The tube
cross-sections at x = 0.5L obtained with and without the warping terms are compared in Fig. (T3). It is clearly shown

initial
with warping tube FE

without warping tube FE

with only 2nd mode of warping tube FE
shell FE

Z-axis (m)
o
°
3

-0.50

-0.75

-1.00

-15 -1.0 -0.5 0.0 0.5 1.0 15
Y-axis (m)

Figure 13: Test 5: Influence of the warping terms on the tube cross-section deformation at x = 0.5L.

that considering the warping terms is necessary to retrieve the reference deformation. This shows the interaction
between warping and ovalization terms through the distortion £,9. Note that this coupling is also observed in the

generalized forces as terms in uf/ ¥ are involved in the forces (z, )f/ ¥ (see Eq. ). In addition, it has to be noticed
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that the second Fourier mode for the warping terms u,, seems to be sufficient to be in agreement with the shell solution.
However, in the following the warping terms are considered in conjunction with Ny = 6 for u,, v, and w,.

4.5.3. Influence of the non-linear coupling terms
The influence of the consideration of the non-linear coupling terms in the tube kinematics is now analyzed. Fig.
(T4) shows the cross-section deformations at x = 0.5L obtained with or without the non-linear terms. This demon-
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non linear tube FE
linear tube FE

shell FE

Z-axis (m)
o
°
3

-1s -1.0 -05 00 05 10 15
Y-axis (m)

Figure 14: Test 6: Influence of the non-linear coupling terms on the tube cross-section deformation at x = 0.5L.

strates the requirement of considering the non-linear coupling to retrieve the reference shell deformation. To complete
the analysis, the same comparison is now performed at different locations along the pipe, i.e. x = 0.6L, x = 0.7L,
x = 0.8L and x = 0.9L. In addition, the warping of the tube cross-section is also examined. Fig. shows the
corresponding results. At x = 0.6L, the highly deformed cross-section presents also a significant warping as well
as a notable rotation which is not observed at x = 0.5L due to the symmetry of the present problem. Once again,
considering the non-linear coupling makes it possible to improve the agreement between the tube and the shell solu-
tions. The more the sections are far from the pipe center the less is the corresponding deformation (ovalization and
warping). In the same way, the influence of the non-linear coupling is reduced as the section moves away. In all the
observed locations, the solutions considering the non-linear coupling is in good agreement with the reference solution.

4.5.4.
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Figure 15: Test 5: Influence of the non-linear coupling on the tube cross-section (a) ovalization and (b) warping at different locations along the
pipe: (1) at x = 0.6L, (2) at x =0.7L, (3) at x = 0.8L and (4) at x = 0.9L.
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The previous analysis demonstrates the accuracy of the present tube model in comparison with a shell solution.
The two types of numerical solution are now compared in terms of computational efficiency.

4.5.5. Further discussion on the computational efficiency of the present tube model

In order to estimate the computational savings providing by the use of the present tube model with respect to
the use of shell elements, focus is here given to the number of DOFs involved in the two types of model
considered here. Classically when using quadrangle shell elements, it corresponds to 4-node elements with 6 DOFs
per node (3 translations and 3 rotations). Let us denote by N the number of shell elements used to discretize the pipe
circumference. A lower estimation of N is 16 where only 4 nodes are used for the discretization of a quarter of the pipe
circumference which corresponds to a quite coarse description of the pipe perimeter. Using only one shell in the pipe
longitudinal direction leads to 192 DOFs. In contrast, when using one single tube element, only 2 nodes are considered
with 42 DOFs per nodes (or 22 DOFs for an in-plane motion), i.e. 84 DOFs (or 44 DOFs for an in-plane motion).
As a consequence, with similar length and stability condition, the use of the present tube model makes it possible to
reduce the computational effort by a factor of 2.28 (or 4.56 for an in-plane motion). Obviously, the computational
savings are increased when the pipe circumference is more accurately discretized. For example, in the present test-
case, N = 64 nodes are used for the pipe perimeter leading to a ratio of 9.14 (or 17.45 for an in-plane motion) between
the DOFs with shell elements and the DOFs with one single tube element

[Appendix 4
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(78)

This demonstrates the interest of the present tube model in terms of computational
efficiency. In addition, it has to be noticed that for FSI problems, the present tube model has to be coupled with a 1-D
fluid model for the internal fluid. In that case, only one 1-D fluid cell is required in conjunction with the present tube
model as described in [39]. In contrast, it is necessary to mesh the 3-D internal fluid domain inside the tube when it
is discretized with shell elements. Once again it strongly increases the computational effort associated with the use
of shell elements in contrast to the one of the present tube model. What is more, it also makes it possible to avoid
the numerical problems due to the rezoning procedure with large pipe cross-section deformations where robustness
problems can appear due to the apparition of high distortions of meshes in the fluid domain. This is an additional
major interest of using the present tube model.

5. Conclusion and perspectives

tube equations of motion are obtained and expressed through the virtual power
principle. Afterwards, an explicit updated Lagrangian Finite-Element solver is proposed for the present tube model.
In particular, the lumped mass matrix is described as well as the stability condition of the explicit scheme taking into
account both beam and shell contributions. Then, the proposed tube model is assessed on several test-cases. A first
series of simple cases where analytical solutions of the tube model can be obtained is considered in order to evaluate
the numerical method. Finally, a more complex test-case involving a distributed patch loading is studied. The numer-
ical solution of the present tube model is here compared with a reference solution obtained with shell elements. The
influence of the Fourier modes number as well as the warping terms and the non-linear coupling is examined. The
shell-type cross-section deformation is retrieved with the present tube model. Finally, a discussion concerning the
computational efficiency of the proposed element is also provided in order to illustrate the corresponding savings in
comparison with the use of shell elements.
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The present tube element has been proposed and derived in the context of straight thin-walled tubular geometries.
However, realistic piping systems involve elbows and bends. For this reason, the present model has first to be extended
to curved thin-walled tubes via the introduction of the elbow’s radius of curvature and the associated local frame
of reference where the tube displacement field has to be expressed. In addition, only a linear elastic behavior is
considered in the present study. Plasticity has thus to be taken into account in the future in order to perform inelastic
analysis of piping systems where additional questions arise. In particular, a yield criterion taking into account all
of the generalized forces of the tube element has to be defined. In addition, focus has also to be given to the local
detection of the tube region where plasticity occurs. Finally, for considering FSI problems, the present tube model has
also to be coupled with a 1-D fluid model in a similar way as it is proposed in [39] where a standard Euler-Bernoulli
beam element is used. In this kind of coupling, the cross-section deformation has a direct impact on the wave speed
of the internal fluid pressure waves whereas the internal fluid pressure variation has an influence on the tube section
evolution. These different issues are under consideration for current research in order to use the present tube element
for the simulation of fast-transient events occurring in industrial piping systems such as pipe whipping for example.
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Appendix A. Derivatives with respect to coordinates x, 6 and z

As given in Eq. (I), the coordinates of the point m in the deformed configuration following an in-plane motion in
the (Ey, E,) plane, i.e. W, = 0 and Q, = Q, = 0, are expressed as:

m = (x+U,+u+[(a+z+w)sind+vcosf]Qy) Ex + (V,sin0 +a+z+w—uQysind) Eg+
(Vo cos6 + v —uQy cos0) Eg

The coupling terms involving the tube axis rotation and the warping degree-of-freedom, i.e. u€,, are here neglected
leading to:

m=(x+U,+(a+2)Qysinf +u+Qyh) Ex + (V,sin0 +a+z+w)Eg + (V,cos6 +v)Eg

with h = wsin @ + v cos 6. The derivatives of the coordinates of the point m with respect to the
variables x, 6 and z are given by:
oU, Odu 0Q, | 0 ov, . ow v, ov
c')xm = (1+6—;+a‘l’(a'f‘Z)WSlng‘Fa(th))Ex+(xsln9+a)ERﬂ'(gCOSG"'a)EQ

0, m

ou . oh ow av
(0_1 +Q, s1n9+an—Z) E, + (1 + 6_z)ER + a—ZEg

ou oh ow av
Ogm = (%+(a+z)9ycose+9y%) Ex+(——U)ER+(%+a+Z+w)Eg

The metrics associated with this gradient are defined as:
81/ = 6,m6]m
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withi = x,6, z and j = x, 6, z. Then, neglecting both the second-order beam-type displacement terms and the second-

order shell-type displacement terms leads to the following metrics expressions:

“ % @
820 = g9 ~ VT Z(?Z

The strain tensor is directly obtained with the metrics using the relations:

1
28xx = gxx — 1 2&x0 = 8x6
1 a+z
2800 = —5800 —1 and {2&x; = gx:
(a+2) |
285 = 8oz — 1 2829=a+zgze

As a consequence, the strain-displacement relations are given by:

ou, .09y, 9
Exx = — + (a +2)sin— + 2y (Qy +

ox ox ox

1 ov
Epo = 2tz (%+w)
ow
0z

av,,) oh 09,

ox £+ ox

Ezz =

aV,
28xg=(Qy+a—;)COSG+—— + ax | 30

1 6u+@ 1 oV, \ oh
a+z900 O0x a+z\°

aV, 0 0
stzz(Qy+6—;)sin9+a—u+—w+(Q

z Ox
2&,9 = ! 6—w—v +@
= arz\ 00 0z

6Vo) oh

T oy | oz

Appendix B. Virtual power principle

The virtual power principle writes:

2
Po=Pi+P. with Pazfpa—U~6UdV and P,-:—/o-:ésdv
qQ O0r? Q

with the elementary volume dV = a dfdzdx and the elementary surface dS = a dfdz.
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U, du 09y . aV,\ oh 0Qy
xx=1 2 e —_ 0 21Q —_— _—
8 " (0x+6x+(a+z)6xsm)+ (y+8x)8x+ 0x

=(a+ )2+2( +2) @+
800 = a+2 a+z 90 w
ow
gzzzl"'za_Z
ou aV, oV, \ oh v
ng:%+(a+z)(Qy+a—;)cose+(9y+a—;)%+(a+z)a
ou ov,\ . ov,\ oh oOw
gxz=6—Z+(Qy+—axo)slrl0+(Qy"r—axo)a—z-Fa

(A.1)

(B.1)



n2  Appendix B.1. Power of inertia

743 Based on the displacement field expressed in Eq. (I6)), the acceleration and virtual displacement vectors are given
744 byZ
9*U U, = 0%u 629 dh 0Q, 0%h 02V, 2w 0%V,
— = +— +[(a+2)sinf+h F2——2 10— +|—sinf+ —|E
a2 g+ g tHarsing+hl = at ot e ( oz " T g2 | PR T a2

oU

75  leading to the following scalar product:

9*U a%U, 0%u 9*Q

W.6U = 20(5U +(226u+[(a+z)sin0+h]2 t2y69y+
5] v; a%v, 0*h 0% 0*w
?5‘/04' (926h 626V+626 +W6w

(6Up + 6u + [(a + 2)sin@ + h] 6Qy + Q,6h) Ey + (6V, sin @ + 6w) Eg + (6V, cos 6 + 6v) Eq

76 Using the Euler-Bernoulli condition (cf. Eq. (6)) and the relation 64 = dwsin6 + 6v cos 6 leads to the following

747 expression:

Uy s, (92Vo . » 0%, 0%h
/ [ 6[22 —[(a +z)sin@ +2h] Btzé')xz + Fr
o ‘/()
ou + —+avcose ov + 6_w+8
6:2 o2 or? or? 012

oV,+

sin 9) 6w] dv

us  Then, using the first-order decomposition of the shell-type displacements (cf. Eq. (8)) makes it possible to rewrite the

79 power of inertia as:

d%U, Up 5 a%V, , 0%V, a2h
/ [ U, ( e —[(a + 2)sin6 + K] o T o ) 6Vo+
aZuO (9 ui 5 a2’40 azul Sur+
- Uo = —z——|ou
oz o o2 or !
621),, + 6201 + BZVO cos @] dv, + c')zv(, + 8201 + 62\/,, cos@|dvi+
Vo v
o " o or? Vo2 T or? !

sin 9) 5w,,] dv

70 AS f_ 2//22 zd z = 0, this relation can be simplified to:

8%V, , AL
/ [ 6t2 U, ( e —[(a+ z)sin6 + h] 202 +

0%u, 0%, 0%V,
or?
(62w0 %V,

02 or?
dv

a2 + 2 smG) ow,

d%h,

12
32141 32 U1

ou, + z o2 oup + ( + cos 6) ov, + 2 W(501+

)6V+

71 with h, = w, sin 6 + v, cos 6. Then, using the Love-Kirchhoff conditions (cf. Eq. (E[)) leads to:

(92 0 62 2 64‘/0
P, = /Qp[ oU, ( oy —[(a + z)sin 6 + k] 6t26x2+

62u0 2 O *wy dowy (%0, 07V,
S 9rax ox oz or?

22 (Pw, 0%, (FSw, *w, 0%V,
— - -0y
012 ot

01200 012 06

33

82h,
ot?

cos 8| dv,+

)6V+

(B.2)
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After integration by parts this rewrites as:

2 2y 4 2
P, = /p[a U06U0+(26 —[(a +z)sin6 + h)? 9 Vo +%)6VO+
Q
0

o Z T arax " or
0%u, v, 0%V, = [ 0°w, 070,
e et \Gr * e 0 2 \arae e )) Ot

w, 0%V, 2 &*w, 2 *w, v,
inf — - —= - ow, | dV
( oz o T Giax (aﬂaez aﬂae)) w}

The mid-surface displacement field are expressed as Fourier expansions (cf. Eq. (I3)). In addition, note that the
integral of the product of two Fourier expansions given by:

Ny

@ = aS+ Z (af cos(if) + «; sin(i))
i=1
S

B o= B+ ). (Bf cos(i6) + B sin(if))
i=1

is as follows:
o Ny
/ aﬁd@=2ﬂagﬂg+ﬂ2(afﬁf+a/isﬁf)
0 i=1

As a consequence, the power of inertia is expressed as:

9%U, d%V, v,
P, = /p 2mae— 3= 26U, +(27r ae 62" Iymz—aoz)(svo+
Ny (92 c BZMS 62 ¢ 62 azv
nan( e ~ous + o ~ou; +7rae(1 + — 12a2 ( 6t2 Sw; + 6w )—ﬂaea—tzoéwf

N.
62 (9211);: c 62 . azwic c 2 K
+mae ——ow; + 611)1 Z ow; + 6w. +

1242\ 0a¢2 012 orr !

: 62 s A
6w + mae ( 6t2 ow; + 6w )+7rae i 6w1

2 (9 2 Ny (94 c 54 s 62 ¢ 62w§
-2nrae— ¢ wo ——=0wS - ﬂae— Z ( ows + ow; |+ 7rae - Z 6w. +i? .
i=1

12 0120x2 6t26x ! at2ax 02
2 [ 9%we 0*ws Ne  92we 0w’
€ 1 1o i i :
+rmae e Swy + e ow; — ; e ow; + o ow; dx

2 . ..
as J; g h, d0 = 0 and with the area moment of inertia:

I, :/S((a+z)sin0+h)2 ds

which can be expressed as:

. c s\ 2 X )
ws 3 w; 3wy ws 3w
Ji = 71'3 1+2-2 - - = 4+|=— =2 _Z_=| 4
Y ae( a 2a (4a a 4a
U ((ir2uh i=2+200 w0\ (4200 i=2+ 200 uf 5
4i>2 i+1 a i—1 a i+1 a i—1 a
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750 Note that the moment of inertia for a beam is given by:

b e’
Iy =ra e(l + 202 ) (B.4)
760 After some algebraic manipulations, this can be rewritten under the following form:
azv I, 8%,
2 -2 0 |6V, +
o2 S 91202
2.8 2.,.c 2 q4.,c
u; 0w, e~ 0'w§ c
nae; 32 6u + 2 L ou l.) + 2mae 32 129729.2 +
2 62w1 . azw‘lY s &3 84wf . 84w“
2rae 1+212a2 Ey owy + 572 owy —7ra— Bt26x26w1 + 720 26w1 (B.5)
Ny ) 2..,c 2 w? ~ c 2.8
iZ+1 07wy . 0w P
+nae; 7 ( o2 ow; + o2 Low )+na a2 Z ( a2 5wi + o2 ow;
e 3, 34wic Swe d*ws 5 q
—-na— — _sw¢ + ——sw’
"2 L\ aze ™ T aze ™ || Y
w1 with § = 2rae.
w2 Appendix B.2. Power of internal forces
763 The power of internal forces is now expressed using the stress-strain relation. Following the decomposition & =
e &M + zK, the stress tensor can also be decomposed as:
E E
o=0"+z0" with o™ =7 ((1 —v) &" + vtrac(&e™) I) and o* = =2 ((1 —v)k + v trac(k) I)
- -V

75  The power of internal forces can thus be expressed as:
P, = — / (0"” 5eM+ 2ok 5k) dv (B.6)
Q

766 as / et dz = 0. Based on the strain-displacement relationship expressed in Eq. li we can write:

m (95U, . 0%6V, 0du, 9%V, 9%V, .
P, = —/ [o-xx( e —asinf 92 + 7 a2 hy — 72 2 (Sw, sin 0 + Sv, cos O) | +
2ok _Smeazav Gzéwo cos 9>V, (dw, cos 9V, (dsw, so)) s
ax? a oxx \ag ° a oax2\ 90 ‘ B.7)
06, ok 626w0 N ’
90 o0 oz "
196u, 090dv, k E)Zéwo 1 96u, 09ddév,
- + 2 + - - dv
x0 (a 00 O0x ) X0 0x06 a 00 ox
77 which can be rearranged as:
asU, : z dw, 8%V,
;= - n—_— + 0+ h, — —cosf - +
P; /Q [o-xx P Oxx ((a z) sin o~ cos ( 50 vo)) Fp)
wO0u, 1 22 ) ddu,
xx g + E x0 ~ Yx0 50 +
w0V, (., 22 4 2?2, 0%, dow, 22, 0%0w,
(—a'xx ) sinf + P (0'09 ~ %00 ow, + o T py) cos @ EY: ) 99 207
2?2, 0%6w, 5 4 0%6w,
IR axo0 _62 o 0x2 5 5 Lo
m, Z k Ve z ) w1 060
- (O—xx + EO'XX) axzo cos Bov,, + ( O, T EO’ 0) axo + 0—605(9_00 dv
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7 The mid-surface displacement virtual field is now expanded in Fourier series as in Eq. (T3):

ooU, 26V
Pio= _/[O';cr)lc ox —0x ((a+7)sin@ + h)
ax?
’ < oous 1 2 Nr
x 12; ( L cos(if) + axl Sin(iO)) - (0';”9 - ;o{fg) ;i (—ouf sin(i@) + su? cos(if)) +
2

9%V, 1 2 .
(—0';'; pye sinf + — (0'(5'; - %0'59)) Sw + dwy cos B + sw; sin 6 + Z (6wf cos(if) + dw? sin(iH)))

i=2

22 0%V, &

+ok = 7o —6w§ sinf + dwy cos 6 + Z —6w¢ sin(if) + sw; cos(if))
i=2

7 &

ok 3 Swf cos @ + dw; sinf + Z (6wf cos(if) + dw? sin(if))
i=2
B L L0 G & [ dswe L
2= - + + - +
p Oy I sin P cos ;1 g sin(i6) g cos(if)
oows 96w Pow; & [Pews  Pews
7ok, 6x20 + ?21 cos g + 6x21 sin g + Z % cos(if) + WrER sin(i@)
i=2
2 0%V, Ny

_ (a')’gC + %O')fx) Fp cos @ [ —6wy cos 6 + Swy sin 6§ + Z (Sw; cos(if) — swy sin(i))

1 &
+0'6.6, dwy cos § + dwy sin6 — Z (6w; sin(i0) + dw¢ cos(ih))

i=2
2 osw? oow¢ Ny 1 {0ow? ddwe

+ (0';”9 + %0‘4‘9) - axl cos @ + 6x1 sin @ + ; i ( 8xl cos(if) — (9xl sin(iH)) dv

70 Introducing the generalized forces and moments associated with the beam-type and shell-type motions, this can be
770 rewritten as:

Ll asU, 9%V, XA, . . (L osut  dsuf

P = _/0 N= 2 = My = ;((tu) Sul + (1)} 6u?) + ;((nu) )} )+
> swt
(1) 515 = (ma)y =5+
X
e e oo . 6w , Oow; . 626w , 0%ow;

(tw)l 6w] +(tw)1 6w] +(nw)1 a_x +(nw) —(m w) _(mw)1 Ix2

Ny aowe dow;} 626w 926w

D | @) 8w + (@)} w} + ()} =5+ (1) = = (mu)f — 55 = (ma)} ——* || dx

— 0 0x?
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771 with the following definition of the generalized forces and moments:

N = /0';')‘6 ds
M, = g oxx ((a+z)sin@ + h) dS
c . 1 m Zz k ..
(t); = —i | —|oyy— —0,y]sin(if) dS
s a a
(tu); = +i [ =|oyy— =0y ]|cos(id) dS
s a a
(ny); = / o cos(if) dS
(ny); = ol sin(if) dS
S
9V, 1 2
(tw)o = /S (—0')?; szo sin @ + - (0'5"9 - %0‘59)) ds
(mw); = ok ds
2 3V, 1
(tw)] = ‘/SZ (— (o-;'j( + %O'fx) 6x20 cos 6sin @ + ;o-é”(, cos 9) ds
2 v, 1
(tw)] = ./s ((o-;’j( (0052 6 — sin’ 0) + 2%0’,’& cos’ 0) 6x20 + 250'(’}}, sin 0) ds
2
() = +/ (O';'g + 32—0';‘9) sin 6 dS
S a
2
(nw)y = —/ (O';'Z, + 3Z—O'f9) cos 6 dS
S a
(my)] = /s 2ok coso ds
(my)] = / 2ok sing ds
s
1 %V, 2 21 2 52y
(to) = / (+-,a;’; 5 = (cos 8 sin(if) — i sin 0 cos(if)) + (i2 - 1) %agg cos(if) - —— ok, = 3 5 cos 6 sin(ie)) ds
s\ i x a i a 0x
1 8%V, 2 21 2 52y
(to)! = / — =0 S (c0s 0 cos(i0) + i sin 05in(i6) + (2 = 1) S0k, sin(i0) + —— ok, === cos G cos(i0) | dS
s\ i Ox a i a 0x?
. 1 2
(nw); = —/ - (0';'5 + (1 - 2i2) Z—(T)]fg) sin(i@) dS
sl a
s L m 2\ 2k .
(nw); = + [ o+ (1 —2i ) — 0 | cOs(i6) dS
sl a
(my); = / 220k cos(if) dS
my); = 2ok sin(ig) ds
1 XX
s
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for i > 2 with the following components of the stress-tensor:

E (0U, . 0%V, Ou, 0%V, v
Uﬁzm 8—;—as1n66x20 (9x0 e (wosm9+vocose)+v;(a(;+w0))
E Av au, . 0%V, Ou, 9%V,
0—%21_,,2 = 690 )+v(ax0—asm96x2"+ 6;_ e (wosm6+vocosﬂ))
m _ E 16140 . v,
Ix0 = 1+v 2 a 00  ox
ok = —sin962v0 ~ ow, cos oV, (dw, Y —vi 0w, tw
W —y2 2x2 ax? a axj , ¢ a? \ 062 ¢
E 1 (07w o0V, o“w cos @ 0°V, (Ow
k _ ~ o e o o o o _
To0 = 1-v ( a? ( 06?2 " wo) " V( sin ¢ 0x? Ox? " a 0x? ( a0 Uo)))
k__ E 1 262100 +16uo_6uo
x0 1+v2a\ 0x00 a 08 0x

N and M, are the axial force and the in-plane bending moment, respectively, associated with the beam-type DOFs.
(tu)l.c/ ¥ and (nu)f/ * are the forces associated with the cross-section warping. (t,,)5 and (my, ), are associated to the
radial expansion/contraction of the tube cross-section while (tw)1 , (N )C/ ¥ and (mw)f/ ¥ are linked to the vanishing

rigid-body of the tube cross-section. Finally, (tw);'/ 5 (nw)f/ ¥ and (mw)lf/ ¥ fori > 2 correspond to the forces associated
to the tube cross-section distortion.
The axial force and the in-plane bending moment corresponding to the beam motion are expressed as:

ES (oU, w§
N = — +v=2
l—vz(ax ya)
M, = b PV
1-v2 0x2 )
L ES 1 Zl oui (i+2 o i—-2+420n ouj (i+2 . i-2+26pn .
— = ol w4 — w; - |\—w - w;
1-v22\&2\ax i+ 1™ i-1 e w1 i-1
aa2ws
€ 1 K
1292 +2vw1)

(B.9)
It has to be noticed that N corresponds to the classical axial force of a beam with an additional term related to the
cross-section expansion/contraction corresponding to the Poisson effect. My, involve two type of terms: the first one is
similar to the beam-type bending moment with the modified moment of inertia given in Eq. (B.3) whereas the second
one are due to the non-linear coupling.
Then, the forces corresponding to the cross-section warping are expressed for i > 2 as:

ES 1 e? \ ut e? ow¢
W) = 2 (1 S (2'2—1) i
(t) +1+v4a( (+12a2)a+(+12a2 : dx
[u . = _— —
(tu); 1+v4a 12a2 i +12a2(’ ) ox
(B.10)
c 2 .
() = l ul 107V, [i—2+20; Wl - i+ 2w§_ |
! 22\ 9x 2 0x2 -1 T Vi
) = 1(0u] 10%, (i-2+26n , i+2 .
wio - 22\ ax 2 9x2 i1 Vi T Y
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The moments and forces associated to the mode 0 in the Fourier expansion of the cross-section deformation are given
by:

ES (1 (wS oU,\ 1[ 1 3 PV, wioty, & (wS  ($PwS  wi R,
c =02 o o - — (2w = Zwe o _ 1 o o o 1 o
(tw)o T2 (a(a Y o )+2 (a+2( "o 2w2))(6x2) "a o a2 \@ T\ T a ax

ES &2 (62w§ 8%V, wf+vw€)

C — - ___o - o 1 i
)y = 1-v212\ 0x2 0x2 a a?

(B.11)
In addition, the moments and forces associated to the mode 1 in the Fourier expansion of the cross-section deformation
are given by:

(tw)] = +E_S(2w_lc 1%V, au_zazwg) —vaz‘:”§(1 ) & )ﬁ
1-v2 2 29x2 | x  12a 9x2 0x2 4 12a2) a
2
(5 (ol i) - 3121 )
i = s e G [ (0 2R e () S ) T
Z(m—) o1+ s -5 (125 )
()i = +1€Sv411(1+91§; 6611))5
N L
) —— e_z(f’zwfﬁzvﬁwi)
1-v224\ 0x2  0x? 4a
i = - (G (122

(B.12)
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Finally, the moments and forces associated to the mode i (for i > 2) in the Fourier expansion of the cross-section
deformation are expressed as:

i ES [i2=1 &2 w¢ w182, ous ou’ 2 [ d*ws, 0w
Wi = T ’2 122 ('2—1)—'2 e meriemcl RV () 6"1+(i2—l)]£7 R
-V a a X 1 X X X a X X
Vazv,, i+1 _7w;.“_, +i2—1 & (i=2420p w5, i+2w,
x>\ 2 7 a 4 1242 i-1 a i+l a
1 (6%V,) i+ 1) -2-(1-62)(1-263)) . (i-12+G+1> . @(-1@i+3) .
+§(a ;) (72(i+ 1)ad;, — i+ D@ ( 3 i2) 13))11),{;2+ Unk)) ,(l ) wy — G 1_(12 )w;ﬂ
1 X“ 1 — 1 1
2 . 2 - ) . 2
2 e . (=2 =1+26;3 . - =1 . ((+2)7-1 .
+(l - l) 22 (2(1(),-2+ 1_72'(1 —On)w;_,+2 ; w; + ) Wi,y
ES [i?-1 &2 w? *ws\ 1 6%V, ous ou_ 2 [ 9% 3w
W) = T | (P ) v G (- D e S (P o) - -
1-v 2 1242 a? ox2 | 4i 0x2 Ox 0x 12a 0x? 0x?
L0, i+l wi +i2—1 & (i=2420p W, i+2w,
a2 \ 2i 74 4 22\ i-1 4 i+l a
1 (8%, (i+1)(i—-3+263) o (=D L (-1 +3)
P e (i-2)-1+263 P2 (221,
+(lb_])12a2( e GO ES R Y w;}*z)))
ES 1 e \uf 1 2 2\ dw
c _ - 2 I R _ 2 _ i
L +1+v4((1+(2’ 1) 12a2) a2 1+ (2 -1) 12a2) ax)
. ES 1 2w 1 2 o2\ dws
L 1+(2'2—1)— 4,2 1+(2'2—1) L P
() 1+v4(( ' 12¢2) a " 2 ' 1242 ox
. ES & [0%wf 10%V, (((+1Y - 1wl (i—1)7—1+25,w, _2 we
(mo)i = 1224\ ax2 2 9x2 i+1 a * i—1 a _V(l _l)ﬁ
P Py 10V, ((+17 1wy (=1~ 1+255 v, _V(l.z_l)w_f
YT 1—y224 | 0x2 2 9x2 i+ 1 a i—1 a a?

(B.13)
Terms in magenta in the previous equations are due to the non-linear coupling between the axis rotation and the cross-
section deformation. First, it has to be noticed that without this coupling, the forces corresponding to mode i depends
only on DOFs of mode i. In contrary, terms with 6)%2 V, involves DOFs of mode i — 1, i and i + 1 whereas terms with

2
(632 Vo) involves DOFs of mode i — 2, i and i + 2. Finally, the cross-section warping and the cross-section ovalization

are connected through the forces (tu)l.c/ ¥ (nu )f/ 5 (tw)l.c/ ¥ and (nw)l.c/ ¥, Terms in blue in the previous equations involved
the ratio e?/12a” which can be neglected in the case of very thin-walled tubes.
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Appendix B.3. Tube equations of motion

Finally, the equations of motion of the tube are:

sl _oN 0
Ox B
I, A 32My = 0
af s aﬂf)ﬂ 62x2 -
6 c 2 0tuwg 0% (my)S
3 —— +(tw)y = 0
12 ot 6x ox
&2 azwlc 1 uf o*we P (me)] 3 ()i ft) = 0
12a2 aﬂ 212 8t26x2 9x2 dx
2 62 1 62 64 As 32 (mw)I o (”w)i s
2 2 T 37129292 - 2 - +(tw)y = 0 (B.14)
12¢2] 02 2120¢ ax dx dx
R N Gl RO A I S S 1 VR
2 i2 2 1242 82 12 H12Hx2 Ox2 Ox Wi
JL[[E1 2-1)7 2 \ o' 2 ow P m)_9m) @) = 0
Pyl T2 2 1242 02 1201%0x2 0x2 ax wi =
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1% 9 ()}
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2 012 Ox (u);

S62U0 ON
L o2 s Ox
pS(aZVO L, 8%, ) _0°My
012 S 0120x2 0x2
*ws e_2 *ws ) 0% (my)5 )
p ( o 1200%0x2 ax2 wo

with the generalized forces:

ES (0U, w

with the moment of inertia given by:

N - IE—IVZ Ox a
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My T 1o 92 .
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For the specific case where only mode 0 is considered in the Fourier expansion, the equations of motion write:

(B.15)
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When neglecting the terms associated with the non-linear coupling and the terms in e?/12a? due to the thin-walled

assumption, this leads to:

ES (0U, ws
N — o + Yo
-2\ ax " a )
Ely, 9%V,
My - _1—);2 0x2 ith I = 3 _Ib B.16
(tw)y = +ES ! wg+ U, wit yZrae=ly (B.16)
wo = T T 0q\7a T ax
ES ¢ 9%w§
(m)y = -l
1-v212 9x
For the specific case where only mode 2 is considered in the Fourier expansion, the equations of motion write:
9?U, ON
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P07 T S aox %2 = (B.17)
1{(5 9 & \ 8w 2 d*ws d? S 0 (nw)S .
pS= (2 + == _& 2 (mo)y 0 (mw)y +(tn)5 = 0
2\\4  412a%2) 012 12 9120x2 0x2 0x
with the following generalized forces:
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with the moment of inertia given by:
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I, = 3 1_772 bl I
y ”“( 2a +8(a 1242

Assuming that (952 w3 = 0 and neglecting the terms in e?/12
leads to:
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with I, = nale (1 - 572 + 3 (72) )
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a? in (ny)5, (my)5, in the coupling term in (#,))5 and in 7,

(B.18)
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Appendix B.4. Cylindrical shell equations of motion

It has also to be noticed that the present tube kinematics incorporates the circular cylindrical shell kinematics.
Considering the shell terms in Eqgs. (B:2) and (B.7) leads to the two following relationships:

0%u, ,0%u; 0%v, ,0%0; 9w,
P, = /Qp[ o Oy + 2 Wé‘ul + W&vo +2Z Wé‘vl + Wé‘wo dav

and

b
Q

Tox gy T Tag T Ty T9x0 T T5p T x0Ty

dsv 22 ddv 2\ 1
k .2 1 k 1 k
+O'x9Z Ox ++O'095W+(0'319—0'995 Zéwo dv

00U, 106u, 5 , 06wy . 22 06u; _,, 06v, m 22\ 106v,
) ) o0 =700 | 4 "g6

As a consequence, the corresponding equations of motion write:

paea2u0 _ 0Ny, 90u

o ox 00 N, = / oM dz

62 (92141 3MX ang / m

-7 - _ = o’ dz
PaeTs o “ox T a0 Qo x0

M, = k2 d

v, 80w . 9Q9 . : / Tt
pae—— = a + = with (B.19)

o ox a6 Ny = / ok 2 dz

e 0% ONyg ONg /( m k Zz)

i B 270 Qg = ohy —0n,— | dz
Pe9r = “Tox T ae “ Ta
pae—=L = -Qy

ot

where the variables Q, N and M correspond to the transverse shearing force, in-plane force and moments, respectively.
These equations are in agreement with those expressed in [47} 48] for circular cylindrical shells when considering
integration over the elementary volume a dfdzdx instead of (a + z) dédzdx.
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where the matrix Kfzj has a symmetric/anti-symmetric form with for k£ > 2:

x 0 0 X X 0O 0 0 O 0O 0 0 0 0 O
K= 0 x x|, Kfjt‘vo X x| Kf’jfs‘ X X X x| Ksz” X X X X X X |
0 x X X X X X X X X X X X X X
So X X SouS1 0 0 x X sos2 _ [0 x x 0 0 O
Ki=lx x| K (OOxx)’Kij_OXXOOO’
x x 0 0 0 0 0 x X X 0 x x 0 0 0
s | x x 0 0 s 0 0 0 x x X g 0 x o x 0 0 0
Ki=lo o x x| %% | xxxo0o0o0|] %% =[ooo0o0x x|
0 0 x X X X x 0 0 0 0O 0 0 0 x x
and for k > 2
X x x 0 0 0 0 0 0 0 x x 0O 0 0 0 0 O
X X x 0 0 O 0 0 0 x X X 0 x x 0 0 0
Ko = | X X X 0 0 O KSkske — 0 0 0 x x X KSeske — 0 x x 0 0 0
i 0 0 0 x x x| ij 0 x x 0 0 01V} ij 0O 0 0 0 0 O
0 0 0 x x X X X x 0 0 0 0O 0 0 0 x x
0 0 0 x x X X X x 0 0 0 0O 0 0 0 x x

where the non-zero components due to the non-linear coupling are colored in magenta and where the superscript b and
sk correspond to the beam and the shell DOFs associated with the Fourier mode k&, respectively. As a consequence, the
number of the non-zero components of the stiffness matrix of the tube element is 1948 for the non-linear formulation
and 476 for the linear formulation. In comparison, the stiffness of a rectangular plate with 4 nodes and 6 DOFs per
node can be written as:
L P r
kg=( K ) where k;fz( [ ) for 1 <i,j <4
ij

where the superscript 77 and rot correspond to the translational and rotational DOFs, respectively, with:

0
tr __ rot __
kl.j = 8 and kij =

S X X
S X X
X X X
X X X
X X X

As a consequence, the number of the non-zero components of the shell stiffness matrix is 208.
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