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Strengthening a theorem of Meyniel

Quentin Deschamps* Carl Feghali' Frantisek Kardog!

Clément Legrand-Duchesned Théo Pierron*

July 10, 2023

Abstract

For an integer £ > 1 and a graph G, let Kx(G) be the graph that has vertex set
all proper k-colorings of G, and an edge between two vertices a and 5 whenever the
coloring (8 can be obtained from « by a single Kempe change. A theorem of Meyniel
from 1978 states that K5(G) is connected with diameter O(5V()) for every planar
graph G. We significantly strengthen this result, by showing that there is a positive
constant ¢ such that K5(G) has diameter O(|V (G)|¢) for every planar graph G.

1 Introduction

Let k be a positive integer, and let G be a graph. A Kempe chain in colors {a,b} is a
maximal connected subgraph B of GG such that every vertex of B has color a or b. By
swapping the colors a and b on B, a new coloring is obtained. This operation is called a
K-change. Let K (G) be the graph that has vertex set all proper k-colorings of GG, and an
edge between two vertices a and [ whenever the coloring S can be obtained from « by a
single K-change.

A graph G is d-degenerate if every subgraph of GG contains a vertex of degree at most
d. Las Vergnas and Meyniel [1] proved the following result.

Theorem 1.1. If G is d-degenerate and k > d is an integer, then Ki(G) is connected.
Meyniel [2] strengthened this result for planar graphs by proving

Theorem 1.2. If G is a planar graph, then KCs(G) is connected.
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Here, the number 5 of colors cannot be replaced by 4 [3].

The proof of Theorem 1.1 implies that Kx(G) has diameter O(dV(@)]). Similarly, the
proof of Theorem 1.2 implies that K5(G) has diameter O(5V(@)). Bonamy, Bousquet,
Feghali and Johnson [1] conjectured that the former can be significantly improved.

Conjecture 1.3. If G = (V, E) is d-degenerate and k > d is an integer, then Ki(G) has
diameter O(|V]?).

For k > d + 1 in Conjecture 1.3, a result of Bousquet and Heinrich [5] regarding the
reconfiguration graph for colorings of graphs with bounded degeneracy implies the following

Theorem 1.4. If G = (V, E) is d-degenerate and k > d+1 is an integer, then KCr(G) has
diameter O(|V]41).

The case k = d + 1 in Conjecture 1.3 seems much more challenging. It was only
until very recently that Bonamy, Delecroix and Legrand-Duschene [6] addressed this case
for some proper subclasses of degenerate graphs such as graphs with bounded treewidth,
graphs with bounded maximum average degree and (A — 1)-degenerate graphs, where A
denotes the maximum degree.

The object of this paper is to break the & > d + 1 (in fact, £ = d + 1) barrier for the
class of planar graphs, by proving the following strengthening of Theorem 1.2.

Theorem 1.5. If G is a planar graph, then Ks(G) has diameter at most a polynomial in
the number of vertices of G.

The proof of Theorem 1.5 is based on a proof method introduced in [7] and some ideas
from [3], but of course has many of its own features. We also note that the proof can be
adapted for a larger number of colors.

The paper is organized as follows. In Section 2, we analyze a proof from [J] to get an
essential estimate (Proposition 2.2) that we use in Section 3 to prove Theorem 1.5.

2 The case of 3-colorable planar graphs

In [9], Mohar has proved the following theorem.
Theorem 2.1. Let G be a 3-colorable planar graph. Then K4(G) is connected.

In this section we show, by making a few simple observations, that the proof of Theorem
2.1 in fact establishes the following stronger fact that is crucial to our main theorem.

Proposition 2.2. Let G be a 3-colorable planar graph on n vertices. Then for every 4-
colorings v and B of G, there exists a sequence of K-changes from « to B that changes the
color of each vertex O(n?) times.



In particular, note that Proposition 2.2 implies that K4(G) has diameter O(n?) when
(G is a 3-colorable planar graph on n vertices. The rest of this section is devoted to the
proof of Proposition 2.2. We basically follow the same steps as the proof of Theorem 2.1,
except that we add some complexity estimates to:

e a result of Fisk [10] that handles the case of 3-colorable planar triangulations, and

e a reduction to the (preceding) case as done by Mohar [9].

Analysing the result of Fisk.
We consider the theorem of Fisk [10] stated below.

Theorem 2.3. Let G be a 3-colorable triangulation of the plane. Then KC4(G) is connected.
We show that the proof of Theorem 2.3, word for word, gives us the following estimate.

Lemma 2.4. Let G be a 3-colorable triangulation of the plane on n vertices. Then for
every 4-colorings o and 8 of G, there exists a sequence of K-changes from « to [ that
changes the color of each vertex O(n?) times.

Let f be a 4-coloring of a triangulation GG of the plane, and let e = zy be an edge of
G. We denote by f(e) = {f(z), f(y)} the color of e under f. If xyz and zyw are the two
triangles containing an edge xy, we say that zy is singular under f if f(w) = f(2).

To prove Lemma 2.4, we require the following key structural lemma extracted from the
proof of Theorem 2.3. Note that, for a triangulation G of the plane, if G has a 3-coloring,
then this coloring is unique up to permutations of colors. Moreover, a 4-coloring of G is a
3-coloring if and only if all edges are singular.

Lemma 2.5. Let G be a 3-colorable triangulation of the plane, and let f be a 4-coloring of
G. Then every monochromatic set of non-singular edges of G contains a cycle that bounds
some region of the plane.

Using this lemma, we can conclude the proof of Lemma 2.4.

Proof of Lemma 2.4. We shall show, by exhibiting at most n - |E(G)| K-changes, that any
4-coloring of G is K-equivalent to the (unique) 3-coloring of GG, which will prove the lemma.
To do so, given a 4-coloring f of GG, we show how to obtain, via at most n K-changes, a
new coloring ¢ that is K-equivalent to f and with more singular edges. As every edge in
the 3-coloring of G is singular, by iterating this argument at most |E(G)| times the result
will follow.

Let e be a non-singular edge of G. By Lemma 2.5, there is a cycle in G whose edges
have the same color as e and bounding some region D of the plane. By interchanging the
two colors in {1,2,3,4} \ f(e) in the interior of D, we obtain a new coloring g with more
singular edges than f (singular edges in the interior of D stay singular, while the edges of
the cycle on the boundary of D change from non-singular to singular). ]



Reduction to the triangulation case.

We first restate Proposition 4.3 from Mohar [9] except that we add some observations
about the number of vertices of the resulting triangulation and the number of K-changes
involved — these directly follow from Mohar’s proof.

Proposition 2.6. Let G be a planar graph with a facial cycle C' and two 4-colorings c¢q, cs.
Then there exist a graph H formed from G by adding a near-triangulation of size O(|C/)
inside C' and two 4-colorings c|,cy of H such that ¢\ |y and c4|y ) are obtained from
1, ¢y using at most O(1) K-changes. Moreover, if the restriction of ¢y to C' is a 3-coloring,
then ¢ is a 3-coloring of H that coincides with ¢; on V(G).

We may now prove Proposition 2.2.

Proof of Proposition 2.2. The proof follows the same steps as Theorem 4.4 in [9]. We
apply Proposition 2.6 to each face of G (instead of Proposition 4.3 from [9]). We thus
made O(n) K-changes, and the resulting triangulation 7" has O(n) vertices. We then apply
Lemma 2.4 (instead of Theorem 4.1 from [J]) to obtain a sequence of K-changes between
the two colorings of T' that changes the color of each vertex O(n?) times. O

3 Main Theorem

In this section we prove Theorem 1.5. Thanks to the celebrated Four Colour Theorem [11,
], it suffices to prove the following result.

Theorem 3.1. Let G be a plane graph with n vertices. For every 5-coloring o of G and
every 4-coloring 8 of G, there is a sequence of K-changes from o to [ where each vertex
18 recolored polynomaially many times.

In the remainder of this section, we prove Theorem 3.1. Let us briefly sketch the details
of the approach. The proof proceeds by induction on the number of vertices. Our aim is
to describe a sequence of K-changes from « to 3 such that each vertex is recolored at most
f(n) times, where f will satisfy a recurrence relation given at the end of the section. To
establish this, we roughly adopt the following strategy:

1. We find a ‘large’ independent set I that is monochromatic in both o and  and that
contains vertices of degree at most 6 in G (that [ is ‘large’ will enable us to show
that f is a polynomial function).

2. We introduce an operation at a vertex that we call collapsing, which when applied to
each vertex of I gives a new graph H where the degree of each vertex of I is at most
4 in H and such that /' = H — I is planar. We use these to show that any sequence
of K-changes in F' extends to a sequence of K-changes in H and, in turn, in G.

3. We apply induction to find a sequence of K-changes in F' from any 5-coloring of F
to a 4-coloring of F' avoiding the color «(I). Applying Step 2, this sequence extends
to a sequence in GG ending at a 5-coloring, where color 5 may appear only on [.
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4. By definition, I C B for some color class B of 3; so we can recolor each vertex of B
to color 5. Finally, noting that G — B is a 3-colorable planar graph, we then apply
Proposition 2.2 to recolor the remaining vertices in G — B to their color in .

In the rest of this section, we give the details and conclude with a small analysis of the
maximum number of times a vertex changes its color.

Step 1: Constructing /.
We prove that the required independent set [ exists.
Lemma 3.2. There exists an independent set I of G such that:

e all the vertices of I have degree at most 6,

e [ is contained in a color class of a and of 3,
o |I| > {5

Proof. Let S be the set of vertices of degree at most 6 in G. Then |S| > n/7 since otherwise

> dw) = Y dw) 27— ) =6n.

VeV (G) VeV (G)—S8

which contradicts Euler’s formula.
Forie {l,...,5} and j € {1,...,4} define the set

Sig=SNa (@) NE7()).

Note that each S; ; satisfies all the criteria from the lemma, except maybe the last. However,
by the pigeonhole principle, there exists ¢ and j such that S; ; contains at least |S|/(5x4) >
n/140 vertices, which concludes the proof. ]

From now on, we fix a set [ satisfying the hypotheses of Lemma 3.2.

Step 2: Constructing H and extending recoloring sequences.

For a subset X of vertices in a graph, we denote by N(X) the set of neighbors of X in the
graph; moreover, if X = {v}, then we write N(v) instead of N({v}.

In order to construct H, we want to identify vertices in N(I) that are colored alike
(recall that I is the independent set satisfying the hypotheses of Lemma 3.2) so that
vertices of I end up with degree 4 and the resulting graph with I excluded is planar. We
show that we can modify the coloring « so that such identifications become possible.

Let P be a plane graph. For a 5-coloring ¢ of P and a vertex v of V(P) with d(v) = 6,
we say that v is p-good if, in ¢, the vertex v has three neighbors colored alike or two
pairs (a,b) and (c,d) of neighbors colored alike that are non-overlapping, i.e. such that
P —v+ab+ cd is planar. We say that a set of vertices X is ¢-good if all the vertices in X
are p-good. A sequence of K-changes is said to avoid color a if no vertex involved in some
K-change in the sequence changes its color to a.
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Lemma 3.3. Let P be a plane graph, a a 5-coloring of P, and v € I such that d(v) = 6.
There exists a sequence of at most three K-changes avoiding a(v) that transforms « into a
5-coloring 8 of P such that v is B-good.

Proof. We can assume that v is not a-good. We present a visual proof in Figure 1, where
the six neighbors of v are represented by circles from left to right in the cyclic ordering
around v and the numbers represent their color. Since v is not a-good, the neighbors of v
can be colored in four possible ways up to permutation of colors (if the neighbors of v use
exactly three colors, then the only possibility is Case 3; if they use all four colors, then we
have three cases depending on the distance, on the cyclic ordering, of the two neighbors of
v having their color not appearing on any other neighbor of v).

A bold circle represents an attempt to perform a Kempe change, a curved edge between
two vertices u and w represents a Kempe chain containing both v and w. Dashed arrows
between two configurations represent the actual Kempe changes while solid arrows point
to subcases with the same configuration but with more information on the Kempe chains.
Case 1 is solved in exactly one Kempe change, so Cases 2 and 4 are solved in at most two
Kempe changes, and Case 3 is solved in at most three Kempe changes. O

Case 1 Case 3

CBOCEC DDODED
@@@@@@A®@@@@@
Peenus HoTens
CBOEEC

DQOOOO®
OQUOBOD

1

@@@@@@N@@@@@@
DO

A}

K==+
k--4

Case 2 Case 4

1\\ n

QOO IWO®OAQWRL OOOOB®W

L=

LB 5

eEeLeM®
~— T —

QOO

L@O0EO®

Solved by case 1

Solved by case 1

OGO

OO0

TOOOED

SolMe 1

SolMe 1

Figure 1: The proof of Lemma 3.3

Equipped with the lemma, we shall intuitively successively process each vertex of I as
follows. For each v € I, we apply Lemma 3.3 to make v a-good, then we identify vertices



in N(v) so that v has degree at most 4 in the resulting graph P’, and moreover, P’ — v is
planar. Note that since we avoid the color of v in a K-change by Lemma 3.3, the vertices
of I are never recolored at any stage of the construction. We now formalize this intuition.

Let P be a plane graph. Let ¢ be a 5-coloring of P. For a vertex v of P of degree at
most 6 such that v is p-good if d(v) = 6, we say that (P’,¢’) is the result of collapsing
(P,v, ) if

e in the case 1 < d(v) <4, P'= P and ¢’ = ¢;

e in the case d(v) = 5, P’ is the graph obtained from P by identifying two neighbors
u and w of v with p(u) = ¢(w) into a new vertex z and ¢’ is the coloring obtained

from ¢ by setting ¢'(z) = ¢(u) = p(w);
e in the case d(v) = 6, P’ is the graph obtained from P by either

— identifying three neighbors u, w, z of v with ¢(u) = p(w) = ¢(z) into a new
vertex . In this case, ¢ is obtained from ¢ by setting ¢'(z) = p(u), or

— for two non-overlapping pairs (u,w) and (z,z) of neighbors of v with ¢(u) =
e(w) and p(z) = ¢(z), identifying u, w into a new vertex s and z, z into a new
vertex t, and defining ¢’ by setting ¢'(s) = ¢(u) and ¢'(t) = p(z).

Since v is p-good, it should be immediate that P’ and ¢’ are well-defined, and that
P’'—{v} is planar. We now focus on showing that we can extend a given recoloring sequence
of the collapsed graph to a recoloring sequence of the original graph.

Lemma 3.4. Let P be a plane graph with a 5-coloring ¢. Let v be a vertex of P of degree
at most 6 such that v is p-good if d(v) = 6. Let (P',¢") be the result of collapsing (P, v, p).
Then every sequence of K-changes in P — {v} starting from ¢’ | (V(P')\ {v}) extends to
a sequence of K-changes in P starting from . Moreover, each vertex of P — v changes its
color as many times as in P' — v, and v changes its color at most once every time one of
its meighbors in P’ changes its color to the color of v.

Proof. Each time a neighbor w of v is recolored in P’ — v, we may use the same K-change
in P’ unless it involves the color of v and there is another neighbor u of v of the same color
as w. In this case, since at most 3 colors appear on Np/(v) (as v has degree 4 in P’) we can
precede this K-change by first recoloring v to a color not appearing in its neighborhood.
This shows that any sequence of K-changes in P’ — {v} extends to a sequence in P’. To
extend the sequence to P, observe that we can simulate in P a K-change in P at a vertex
w by performing a K-change at each vertex that was identified to form w. Clearly, each
vertex of P — v changes its color as many times as in P’ — v, and v changes its color at
most once every time one of its neighbors in P’ changes its color to the color of v, which
concludes. [

We now successively apply Lemma 3.4 to each vertex of I in GG, so that every vertex of
I becomes a-good. We formalise this in the following lemma.



Lemma 3.5. Let P be a plane graph with a 5-coloring . If I is an p-monochromatic
independent set of vertices of degree at most 6 in P, then there is a 5-coloring ¢ of P for
which I is 1-good and a sequence of K-changes from ¢ to v that changes the color of each
vertex at most 3|I| times.

Proof. We shall prove by induction on |V(P)| the stronger claim that there is such a
sequence that avoids the color of I.

By Lemma 3.3, we can assume, up to at most three K-changes, that I contains a vertex
v of degree at most 5 or a vertex of degree 6 that is p-good. So we can let (P, ¢’) be the
result of collapsing (P, v, ). Since P” = P' — {v} is planar, we can apply our induction
hypothesis to P” (with I — {v} instead of I and ¢’ | P” instead of ¢) to find a sequence of
K-changes in P” that avoids the color of v and that transforms ¢’ [ P” to some 5-coloring
¢ of P” so that the following holds:

o [ —{v}is ¢"-good, and
e cach vertex changes its color at most 3(|I| — 1) times.

By Lemma 3.4, this sequence extends to a sequence in G. Moreover, v does not change
its color (as the sequences avoids «(v)), and every other vertex changes its color at most
3(]7] — 1) + 3 = 3|I| times. This completes the proof. O

Step 3: Induction.

By Lemma 3.5, we can assume that [ is a-good. Let n = |[V(G)| and f(n) be the maximum
number of times a vertex in G is involved in a K-change. Write I = {vy,..., v}, set
Gi=G, Yy =aand, fori=2,... m+1,let H_; =G; —{vy,...,v;_1} where (G;,v;) is
the result of collapsing (G;_1,v;_1,%;_1). Then the final graph H,, is planar. Hence, by the
induction hypothesis combined with Lemma 3.2 (with H,, in place of G), there is a sequence
of K-changes from ¢, 41 | V(H,,) to some 4-coloring ' of H,, on colors {1,...,5}\ a(I)
where each vertex changes its color at most f(n — |I|) times. By successively applying
Lemma 3.4 to H,, etc. up until H; this same sequence extends to a sequence in G from
a to some 5-coloring ¢ of G where ¢ | (G — I) uses only colors {1,...,4}. Now, recalling
Step 4 verbatim, by definition, I C B for some color class B of 3; so we can recolor each
vertex of B to color 5. Finally, noting that G — B is a 3-colorable planar graph, we then
apply Proposition 2.2 to recolor the remaining vertices in G — B to their color in 5.

Complexity analysis.

By Lemma 3.5, the color of each vertex is changed at most 3|I| times in order to reach a
5-coloring v in which [ is 1-good. During the induction step, by Lemma 3.4, the color of
each vertex in I is changed at most 4f(n — |I|) times, while the color of the other vertices
changes at most f(n —|I|) times. By Proposition 2.2, the final step requires O(n?) changes

of color per vertex. We deduce that f(n) satisfies the recurrence
n

F(n) <3|I| +4f(n — |I]) +O(n?) < Af <n . m) +On?).
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0g 140 (4)) —

The master theorem [13] then yields that each vertex changes its color O(n1 139

O(n'*) times, hence the sequence has length at most O(n

4

195) " which concludes the proof.
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