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Abstract

Consider a diffusion process X = (Xt)te[o,1] observed at discrete times and high frequency,
solution of a stochastic differential equation whose drift and diffusion coefficients are assumed to
be unknown. In this article, we focus on the nonparametric estimation of the diffusion coefficient.
We propose ridge estimators of the square of the diffusion coefficient from discrete observations of
X that are obtained by minimization of the least squares contrast. We prove that the estimators
are consistent and derive rates of convergence as the number of sample paths tends to infinity, and
the discretization step of the time interval [0, 1] tend to zero. The theoretical results are completed
with a numerical study over synthetic data.

Keywords. Nonparametric estimation, diffusion process, diffusion coefficient, least squares con-
trast, repeated observations.
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1 Introduction

Let X = (Xi)sc(0,1] be a one dimensional diffusion process with finite horizon time, solution of the
following stochastic differential equation:

dX; = b(Xt)dt + U(Xt)th, Xo=x29€R (1)

where (W;)¢>0 is a standard Brownian motion. The drift function b and the diffusion coefficient o are
assumed to be unknown.

For a number of years now, there has been a great deal of interest in stochastic processes that are
solutions of stochastic differential equations, also known as diffusion processes. This mathematical tool
has been the subject of many studies in the modelling of complex random phenomena in a number
of fields such as finance, with the modelling of the price of a financial asset (see e.g. |Jaillet et al.
(1990), Lamberton & Lapeyre| (2011), El Karoui et al. (1997)), or the modelling of interest rates (see
e.g. [Kijima et al| (2009), [Duffie & Kan| (1996)), in cell biology (see e.g. |Sbalzarini (2006]), Erban
& Chapman| (2009))), population genetics or population dynamics (see e.g. Etheridge| (2011)), Ethier
& Norman! (1977))), or in physics (see e.g. [Domingo et al. (2020)). The estimation of coefficients of
stochastic differential equations plays a key role in the study of these processes. It is the case for
example for the construction of some classification procedures for diffusion paths (see Gadat et al.
(2020), Denis et al. (2020))), the automation of which is actively contributing to the development of
several scientific and economic sectors. The analysis of the diffusion coefficient and its estimation plays
a significant role in finance, with the volatility study of a financial asset.



We denote by (F¢);e[0,1] the natural filtration of the diffusion process X. The goal of the article is to
construct, from Nn observations {X,ZAn, k=0,....n—1, 5=1,..., N} coming from N independent

discrete time copies {X Lo XN } of X with time step A,, = 1/n, a nonparametric estimator of the
square of the diffusion coefficient o2(.). We are in the framework of high frequency data since the time
step A, tends to zero as n tends to infinity. Furthermore, we consider estimators of o2(.) built from
a single diffusion path and the n observations (Xia,, £ =0,...,n) (N = 1), and those built when
N tends to infinity. In this paper, we first propose a ridge estimator of o2(.) on a compact interval.
Secondly, we focus on the nonparametric estimation of o%(.) on a non-compact interval, especially the
real line R. We measure the risk of any estimator 52 of the square of the diffusion coefficient o2 by

. . 2
E 152 = 0|2 x|, where |52 = 02|12 = (Nn) " S0, 5072 (72(Xfa) — 0%(X],) ) is an empirical

norm defined from the Nn observations.

Related works. There is a large literature on the estimation of coefficients of diffusion processes,
and we focus on the papers studying the estimation of o2.

Estimation of the diffusion coefficient has been considered in the parametric case (see e.g. [Genon-|
Catalot & Jacod| (1993)), Jacod| (1993), Genon-Catalot & Jacod (1994)), Clement| (1997)), (Genon-Catalot
et al (1999)), Gloter| (2000)), Serensen| (2002)). In the nonparametric case, estimators of the diffusion
coefficient from discrete observations are proposed under various frameworks.

First, the diffusion coefficient is constructed from one discrete observation of the diffusion pro-
cess (N = 1) in long time (T" — oo) (see e.g. [Hoffmann (1999a)), |(Comte et al| (2007), |Schmisser
2012)), |Schmisser| (2019)), or in short time (7' = 1) (see e.g. \Genon-Catalot et al| (1992)), |Soulier
1993)), Hoffmann| (1997), [Florens| (1998)), Hoffmann| (1999b)). Note that in short time (T < oc), only
the diffusion coefficient can be estimated consistently from a single discrete path contrary to the drift
function whose consistent estimation relies on repeated discrete observations of the diffusion process
(see e.g.|Comte & Genon-Catalot| (2020a)), Denis et al. (2021))). For the case of short time diffusion pro-
cesses (for instance T' = 1), estimators of a time-dependent diffusion coefficients ¢ — o2(¢) have been
proposed. In this context, (Genon-Catalot et al| (1992) built a nonparametric estimator of ¢ + o2 (t)
and studied its Lo risk using wavelets methods, [Soulier| (1993)) studies the L, risk of a kernel estima-
tor of ¢2(t), and |Hoffmann| (1997) derived a minimax rate of convergence of order n=P%(1425) where
s > 1 is the smoothness parameter of the Besov space B, .. ([0,1]) (see later in the paper). For the
space-dependent diffusion coefficient x — o%(z), a first estimator based on kernels and built from a
single discrete observation of the diffusion process with 7' = 1 is proposed in |[Florens-Zmirou| (1993)).
The estimator has been proved to be consistent under a condition on the bandwidth, but a rate of
convergence of its risk of estimation has not been established.

Secondly, the diffusion coefficient is built in short time (7" < oo) from Nn observations of the
diffusion process, with N,n — oo. In [Denis et al|(2022), a nonparametric estimator of o on the real
line R is proposed when the time horizon T' = 1. The estimator has been proved to be consistent with
a rate of order N~1/5 over the space of Lipschitz functions.

Two main methods are used to build consistent nonparametric estimators of z + o2(z). The first
method is the one using kernels (see e.g. Florens| (1998)), Bandi & Phillips| (2003)), Reno) (2006), Gourier-|
oux et al. (2017)), Schmisser| (2019), Park & Wang] (2021)), the other method consists in estimating o2
as solution of a nonparametric regression model using the least squares approach. Since the diffusion
coefficient is assumed to belong to an infinite dimensional space, the method consists in projecting
o2 into a finite dimensional subspace, estimating the projection and making a data-driven selection of
the dimension by minimizing a penalized least squares contrast (see e.g. Hoffmann| (1999b)), [Hoffmann|
(19994)), Schmisser| (2012)), |Comte| (2017), Schmisser| (2019)), [Denis et al| (2022)).




Main contribution. In this paper, we assume to have at our disposal the following Nn observations

{X’]CA"7 ']:1’7N7k:077n_1}7

gathered in the NV independent sample paths {Xj = (XizAn)OSkSn—l’ ji=1,..., N} which are discrete-

time copies of the diffusion process X solution of Equation . The main objectives of this paper are
the following.

1. The construction of a consistent ridge estimator of ¢ on a compact interval from a single diffusion
path (N = 1), using the least squares approach. In the literature and in the same framework,
Hoffmann| (1999b)) proposed a projection estimator of o2 on the compact interval [0, 1], over
an approximation space spanned by the wavelet basis. The author established an optimal rate
of order n=Ps/2(25+1) on a Besov space of parameter s, defined from the space LP([0,1]). To
obtain this result, it is necessary to be sure that the data points are uniformly distributed
over the compact interval [0, 1] using the local time of the diffusion process X, and working
conditionally on the event "the local time is lower bounded on [0, 1]". In this paper, we do not
establish our results conditionally on the same event, we rather take advantage of the assumptions
made on the coefficients b and o, the properties of the local time, and on the approximation of
the transition density by Gaussian densities proposed in |Gobet, (2002), to prove that the data
points are uniformly scattered in the estimation interval. We establish, over a Holder space,
a rate of the same order as the one obtained in [Hoffmann (1999b) with p = 2. Moreover, we
propose an adaptive estimator of o based on a data-driven selection of the dimension through
the minimization of a penalized least squares contrast.

2. The construction of a nonparametric estimator of ¢ on a non-compact interval and from n + 1
observations (Xxa,, k=0,...,n) of a single diffusion path (N = 1), particularly on the real line
R. In the literature, only [Florens-Zmirou| (1993) studied the nonparametric estimation of ¢ on
a non-compact interval from a single diffusion path. The author proposed a kernel estimator
of 02 and proved its consistency. No rate of convergence has been established. In this article,
we propose a projection estimator o2 using the least squares approach. We establish a rate of
convergence, and propose an adaptive estimator through a data-driven selection of the dimension.

3. For the case of repeated observations of the diffusion process (N — o0), only Denis et al.| (2022)
tackled the problem of estimation of o2 and established a rate of order N=/5 over a space of
Lipschitz functions. In this paper, we propose projection estimators of o2 both on a compact
interval and on a non-compact interval, particularly on the real line R. We establish rates of
convergence and propose adaptive estimators for both the compact and the non-compact cases.

4. Focusing on the support of the diffusion coefficient, we consider an intermediate case between a
compact interval and R by proposing a ridge estimator of o2 restricted to the compact interval
[~An, An] where Ay — 00 as N — oo. The benefit of this approach is that the resulting
projection estimator can reach a faster rate of convergence compared to the rate obtained on the
real line R.

We sum up below the rates of convergence (up to a log-factor) of the ridge estimators of 0|21 with
I C R over a Hélder space defined in the next section with a smoothness parameter 5 > 1.



Estimation interval N=1and n = +c0 N — 400 and n — +00

I=[-AA, A>0 n—B/(28+1) (Nn)—/(26+1)
I'=[-An,An], Ay — +o00 XXXX log?/?(N)(Nn)=P/@28+D) N o n
I=R log? (n)n~/(4F+1) log? (N)(Nn)=8/(48+1) 4 -1

2
Table 1: Rates of convergence of the square root of the risk of estimation E [HEQ — 0‘21

n,N

} of the

non-adaptive estimators o2 of the square of the diffusion coefficient a|2] built from one diffusion path

(N = 1) on the left column, and from repeated observations of the diffusion process (N — oo0) on the
right column. For the precise results, see Sections [3] and [4]

Outline of the paper. In Section [2] we define our framework with the key assumptions on the
coefficients of the diffusion process ensuring for instance that Equation admits a unique strong
solution. Section [3] is devoted to the non-adaptive estimation of the diffusion coefficient from from
one discrete observation of the diffusion process both on a compact interval and on the real line
R. In Section [d, we study the non-adaptive estimation of the diffusion coefficient from repeated
discrete observations of the diffusion process. We propose in Section [5, adaptive estimators of the
diffusion coefficient, considering the nature of the estimation interval together with the number of
discrete observations of the process, and Section [6] complete the study with numerical evaluation of the
performance of estimators. A conclusion and some perspectives are given in Section [7} and we prove
our theoretical results in Section [§

2 Framework and assumptions

Consider a diffusion process X = (X¢);eo,1], solution of Equation whose drift and diffusion coeffi-
cient satisfy the following assumption.

Assumption 2.1. 1. There exists a constant Lo > 0 such that b and o are Lo— Lipschitz functions
on R.

2. There exist constants oy, 01 > 0 such that : 09 < o(z) < o1, VYV €R.
3. o € C*(R) and there exist C > 0 and o > 0 such that:
o' (@) + 0" ()] < C(1+|2|*), VzeR.

Under Assumption , X = (Xt)se[0,1] is the unique strong solution of Equation (1) (see Karatzas
& Shreve| (2014))), and this unique solution admits a transition density (¢, zo, x) — px (¢, zo, x) (see e.g.
Gobet/| (2002)). Besides, we obtain from Assumption the following result.

Lemma 2.2. Under Assumption[2.1], it holds:

Vg>1, E
te(0,1]

sup \Xt\q] < 0.

The above result shows that under Assumption the diffusion process solution of Equation ({1])
admits moments of any order ¢ € N*. The proof of Lemma is provided in appendix.



2.1 Definitions and notations

We suppose to have at our disposal Nn observations Dy, = {XZA, k=0,....n, j=1,--- ,N}

constituted of N independent copies of the discrete observation (Xia,, k= 0,...,n) of the diffusion
process X, where A, = 1/n is the time-step. The objective is to construct, from the sample Dy p,
a nonparametric estimator of the square o2 of the diffusion coefficient on an interval I C R. In the
sequel, we consider two main cases, the first one being the estimation of ¢ on the interval I from n+ 1
observations D1, = {XkA , k=0,... ,n} (N = 1), with n — oo. For the second case, we assume
that both N and n tend to 1nﬁnity.

For each measurable function h, such that E [h?(X;)] < oo for all ¢ € [0,1], we define the following
empirical norms:

n—1 N n—1 1
1 .
IAII7, = E nzh%mn)], I8~ = 5 ZZ (Xia,)s Il = /0 P(Xo)ds  (2)

where Ex is the corresponding expectation of the probability distribution of the diffusion process X
solution of Equation . Besides, for all h € L?(I), we have

Il = [ #o); prmn,xo, iz = [ @)

where f, : x — %ZZ;(I) px (kAy, zo, ) is a density function. For the case of non-adaptive estimators
of 0, we also establish bounds of the risks of the estimators based on the empirical norm ||.||,, or the
L2—norm ||.|| when the estimation interval I is compact.

For any integers p,q > 2 and any matrix M € RP*?, we denote by ‘M, the transpose of M.

In the sequel, without loss of generality and for the simplification of notations, we set xg = 0.
The transition density is therefore defined by px : (t,z) — px(t,x). Thus, for any solution X of
Equation such that Xo = g € R\ {0}, we consider the diffusion process Y = (X; — )01
solution of B

4Y; = B(Vi)dt + F(Y)dWi, Yo =0,

with b : @ — b(z + 20) and & : 2 — o(2 + 0). Besides, setting the time horizon to T = 1 is without
loss of generality.

For any real number z € R, we denote by || € N the largest integer strictly smaller than x, and
for all integer p,q € N\ {0, 1} such that p < g, we denote by [p, q] the set of integers {p,p+1,...,q}.

2.2 Spaces of approximation

We propose projection estimators of o2 on a finite-dimensional subspace. To this end, we consider for
each m > 1, a m-dimensional subspace S,,, given as follows:

Sm::Span(¢47 620,"',7’”—1), m =1 (3)

where the functions (¢, ¢ € N) are continuous, linearly independent and bounded on I. Furthermore,
we need to control the #2—norm of the coordinate vectors of elements of S,,,, which leads to the following
constrained subspace,

m—1 m—1
S = {h = Z apdy, Z a? = |al3 <mL, a=(ag, - ,am1), L> O} . (4)

£=0 =0



Note that S,, 1, C Sy and Sy, 1 is no longer a vector space. The control of the coordinate vectors
allows to establish an upper bound of the estimation error that tends to zero as n — oo or N,n — oo.
In fact, we prove in the next sections that the construction of consistent estimators of o2 requires the
functions h = 22'1:61 ay¢¢ to be bounded, such that

hlle < ,_max _[lgellc il

This condition is satisfied for the functions of the constrained subspaces S, with m > 1. In this
article, we work with the following bases.

[B] The B-spline basis. This is an example of a non-orthonormal basis defined on a compact
interval. Let A > 0 be a real number, and suppose (without restriction) that I = [—A, A]. Let K, M €

N* and consider u = (u_pz, -+ ,ux+a) & knots vector such that u_p; = -+ = u_q1 = ug = —A4,
Ug41 = - =ugs+ym = A, and for all i =0,--- | K,
24

One calls B-spline functions, the piecewise polynomial functions (By),__ M.... k-1 Of degree M, associ-
ated with the knots vector u (see|Gyorfi et al.| (2006), Chapter 14). The B-spline functions are linearly
independent smooth functions returning zero for all z ¢ [—A, A], and satisfying some smoothness con-
ditions established in |Gyorfi et al.| (2006). Thus, we consider approximation subspaces Sk s defined
by

Skym =Span{By, {=—-M,--- K —1}
of dimension dim(Sk ) = K+M, and in which, each function h = Zf:__lM ayBy is M —1 times contin-
uously differentiable thanks to the properties of the spline functions (see |Gyorfi et al.|(2006)). Besides,

the spline basis is included in the definition of both the subspace S, and the constrained subspace S, 1,
(see Equations (B) and () with m = K+ M and for any coordinates vector (a_pz, . .., ax—1) € RETM,

K-1 m—1
Z agBy = Z ag—pBo_
=M =0

The integer M € N* is fixed, while K varies in the set of integers N*. If we assume that ¢ belongs to
the Holder space X(3, R) given as follows:

(8, R) = {h € D), [nO @) — O ()| < Rla =y, wy e},

where 8 > 1, ¢ = [ 3] and R > 0, then the unknown function 0‘21 restricted to the compact interval I can
be approximated in the constrained subspace Sk 47,1, spanned by the spline basis. This approximation
results in the following bias term:

inf [|h - o |2 < ClIPPK 2

h€SK ML

where the constant C' > 0 depends on §, R and M, and |I| = supl — inf I. The above result is a
modification of Lemma D.2 in Denis et al.| (2021)).



[F] The Fourier basis. The subspace S, can be spanned by the Fourier basis
{fo, £=0,...,m—1} = {1,V2cos(2mjz), V2sin(2mjz), j = 1,..,d} with m =2d+ 1.

The above Fourier basis is defined on the compact interval [0,1]. The definition can be extended

to any compact interval I C R, replacing the bases functions = — fy(x) by x — 1/(maxI —

min /) fg(ﬁ_ﬁﬂl[). We use this basis to build the estimators of 02 on a compact interval I C R.
Define for all s > 1 and for any compact interval I C R, the Besov space B3 (/) which is a space

of functions f € L?(I) such that the |s|*" derivative f(l5)) belongs to the space BS;ESJ (I) given by

s—|s t
By (D) = {f € L*(I) and "m : LOO(ImRﬂ}

where for s — |s] € (0,1), wa ¢(t) = sup||7nf — fll2 with 7, f(z) = f(z — h), and for s — [s| = 1,
h|<t
wo f(t) = sup||7nf + 7—nf — 2f|2. Thus, if we assume that the function a|21 belongs to the Besov
Ih|<t

space B5 ., then it can be approximated in a constrained subspace Sy, 1, spanned by the Fourier basis.
Moreover, under Assumption and from Lemma 12 in Barron et al.| (1999), there exists a constant
C > 0 depending on the constant 71 of Equation @D, the smoothness parameter s of the Besov space
such that

inf

2
< T1 inf
he€Sm, L

n hGSm,L

2 2

where \0‘21]5 is the semi-norm of 0'|21 in the Besov space BS (I).

Note that for all 5 > 1, the Holder space ¥;(5, R) and the Besov space 82’3700 satisfy:
L*(R) N E1(8, R) C B oo (1) C By oo (1)

(see DeVore & Lorentz| (1993)), Chap. 2 page 16). As a result, we rather consider in the sequel the
Holder space ¥7(3, R) which can also be approximated by the Fourier basis.

[H] The Hermite basis. The basis is defined from the Hermite functions (h;, j > 0) defined on R
and given for all j > 0 and for all z € R by:

N :
hj(z) = cjHj(z), where H;(z) = (—1)7exp (332> % (e_$2/2> and c¢j = (2jj!ﬁ)_1/2.

The polynomials H;(x), j > 0 are the Hermite polynomials, and (h;,j > 0) is an orthonormal basis

of L?(R). Furthermore, for each j > 1, the function h; satisfies |h;(z)| < c|z| exp(—cox?) for all z € R

such that 22 > (3/2)(4j + 3), where ¢,co > 0 are constants independent of j (see (Comte & Genon-

Catalot| (2020b]), Proof of Proposition 3.5). We use the Hermite basis in the sequel for the estimation

of o on the real line R.

If one assumes that o2 belongs to the Sobolev space w3 (R, R) given for all s > 1 by
Wi (R R) i= {g € AR, fu(e)dz), ¥ €2 1, |lg— gill? < RE™)

where for each £ > 1, gy is the L?(R, f,,(z)dz)—orthogonal projection of g on the /—dimensional vector
space Sy spanned by the Hermite basis. Consider a compact interval I C R and the following spaces:

W(I,R) = qge L), Y j°(9.4))" < R,
=0

j
Wi (I, R) = {g € L*(I, fu(x)dx), Y £> 1, |lg = gull;, < RO}



where (¢;);>0 is an orthonormal basis defined on I and for all £ > 1, g, is the orthogonal projection of
g onto Sy = Span(h;, j < ¢) of dimension £ > 1 (see e.g. (Comte & Genon-Catalot| (2021)). Then, for
all g € W#9(I, R), we have

9=> (9.6;)¢; and |lg—gell>= > (g.0,)> <L Y j°{9,¢;)° < RC.
=0 je=t+1 j=t+1

We have W (I, R) = W*(I, R) as the empirical norm ||.|,, and the L?—norm ||.|| are equivalent. The
space W} (R, R) is an extension of the space W} (I, R) where I = R and (¢;);>0 is the Hermite basis.

[L] The Laguerre basis. The Laguerre basis (¢;);>1 is defined from the Laguerre functions defined
on RT and given for each j > 1 by

0(2) = V2L;(20)e " L,50, with Lj( Z ()’“

=0

The collection [L] is a complete orthonormal basis of L2(R™).

[CS—OB] Other orthonormal bases. We consider any orthonormal basis (¢, .. ., ¢m—1) of com-
pactly supported functions that satisfies the following condition:
m—1
IreN: £m §:H%H O(m"), and 3+ € N*: =Y | &|2, =om™).  (5)
7=0
Thus, under Condition (5)), any function h € S, satisfies [|h].c = O (m r/2||a||2) and |1 ||eo =

0 (m” / 2||a||2>, and, applying the finite increments theorem, there exists a constant C > 0 such
that for all z,y € Support(h),

|h(z) = h(y)| < Cm"?|la]lzle - y].

Among these bases, we have the Legendre basis with » = ' = 2, the orthonormal basis of piecewise
polynomials on [0, 1] with » = 7/ = 2, the Fourier basis with r = 1 and 7’ = 3.

Remark 2.3. The B-spline basis is used for the estimation of o> on a compact interval on one side
(N =1 and N > 1), and on the real line on the other side restricting o on the compact interval
[—log(n),log(n)] for N =1, or [—log(N),log(N)] for N > 1, and bounding the exit probability of the
process X from the interval [—log(N),log(N)| (or [—log(n),log(n)]) by a negligible term with respect
to the estimation error. In a similar context, the Fourier basis is used as an orthonormal basis to
built nonparametric estimators of o on a compact interval and on R, both for N = 1 and for N > 1.
The main goal is to show that, in addition to the spline basis which is not orthogonal, we can build
projection estimators of o® on orthonormal bases that are consistent. The advantage of the Hermite
basis compared to the Fourier basis is its definition on the real line R. As a result, we use the Hermite
basis to propose for N > 1, a projection estimator of o whose support is the real line R.

Remark 2.4. Denote, by M, the set of possible values of the dimension m > 1 of the approrimation
subspace Sp,. If (¢o,-++ , pm—1) is an orthonormal basis, then for all m,m’ € M such that m < m/,
we have Sy, C S,,y. For the case of the B-spline basis, one can find a subset I C M of the form

]C:{2q’ q=20,--- >Qmax}

such that for all K, K' € K, K < K" implies Sxynm C Skr4m (see for example |Denis et al.| (2021)).
The nesting of subspaces S;,, m € M 1is of great importance in the context of adaptive estimation of
the diffusion coefficient and the establishment of upper-bounds for the risk of adaptive estimators.



In the sequel, we denote by [CS—OB], [NCS —OB] and [B], the respective collections of subspaces
spanned by the orthonormal bases of compactly supported functions, the orthonormal bases of non-
compactly supported functions, and the spline basis. Note that on one side, the collection [CS — OB]
includes the Fourier basis related to the collection [F], and on the other side, the collection [NCS —OB]
includes the collection [H] for the Hermite basis, and the collection [L] for the Laguerre basis. Finally,
we denote by [OB], the merger of the two collections [CS — OB| and [NCS — OB|.

2.3 Ridge estimators of the square of the diffusion coefficient

We establish from Equation and the sample paths Dy, the following regression model for the
estimation of o

Uln, =02 (Xip )+ Ca, +Rin, Y5 k) €[1,N] x [0,n—1] (6)

where for each pair (j,k) € [1, N] x [0,n — 1], the response variable UiAn is given by

. . 2
(X(Jk+1)An B Xl?;An)

L%An:: Aﬂ )
and the error terms are respectively given by CZ A= C C Ck N, with:
A 1 (k+1)An, . \ 2 (k+1)An, ,
dho=n ([ oenaws) - [ e das|

t Ay kAn N

- 9 rk+DA, . , .
AR == (k +1)An — )0/ (X3)o? (X)dWY,

n JkAy,

) A (k+1)An 4 ,
G2, =2wxts,) [ o () v,

and R}, = RJx + RIA + RL3, with:

JAVS A,

a2 [ A } S
RE = | [ (o —bixgs,) ds /M S(xawi ).

d :=2bo'0 + [J”J + (J,)2:| o2

‘1 1 (k+1)A, 2 , 1 DA, .
R =a ([ oxhas) o miE =4 ((k+ 1), — $)8(x])ds

where

d(X,X)

The increments U ,g A, are approximations in discrete times of === since, from Equation , one has
d(X,X), = 0%(X;)dt. The proof of the establishment of the regression model is given in appendix.

We consider the least squares contrast 7, ny defined for all m € M and for all functions h € Sy, 1,
by

—_

n—

1 & 2
Yn,N (R 72 ( kA thiA )> .
7=1 k=0



For each dimension m € M, the projection estimator 52, of 02 over the subspace S, is defined as:

G2, € argmin y, y(h). (7)
hGSm,L

Indeed for each dimension m € M, the estimator 52, of o2 given in Equation satisfies 02, =

> agd)g, where ,
a=(ap, - ,am—1) = argmin||U — F,al; (8)
lafl3<mL

with *U = (Uol, cees U(ln—l)An> cees Uév, ey U(]Xfl)An> and the matrix F,, is defined as follows

— [t J Nnxm
Fro = ({0nX3). 00X ya ) oy, SRV
1<G<N
The vector of coefficients a is unique and called the ridge estimator of a because of the £? constraint
on the coordinate vectors (see |Hastie et al|(2001) Chap. 3 page 61).

3 Estimation of the diffusion coefficient from a single diffusion path

This section focuses on the nonparametric estimation of the square of the diffusion coefficient o2 on
an interval I C R when only a single diffusion path is observed at discrete times (N = 1). It is proved
in the literature that one can construct consistent estimators of the diffusion coefficient from one path
when the time horizon T is finite (see e.g. |[Hoffmann| (1999b)). Two cases are considered. First, we
propose a ridge estimator of o2 on a compact interval I C R, say for example I = [—1,1]. Secondly,
we extend the study to the estimation of o2 on the real line I = R.

3.1 Non-adaptive estimation of the diffusion coefficient on a compact interval

In this sectlon we consider the estimator 52, of the compactly supported square of the diffusion
coefficient o2 7 on the constrained subspaces Sm7 1, from the observation of a single diffusion path.

Since the interval I C R is compact, the immediate benefit is that the density function f, defined
from the transition density of the diffusion process X = (Xpa) is bounded from below. In fact, there
exist constants 7, 71 € (0, 1] such that

\V/$EI, Toﬁfn(l‘)ﬁﬁa

(see Denis et al|(2021)). Thus, for each function h € L2(I),

2 2 2
7ollAll” < Al < 7[Rl (9)
where ||.|| is the L?—norm. Equation (9) allows establishing global rates of convergence of the risk of
the ridge estimators &2, of a|2] with m € M using the L?—norm ||.|| which is, in this case, equivalent

with the empirical norm ||.||,.

To establish an upper-bound of the risk of estimation that tends to zero as n tends to infinity,
we need to establish equivalence relations between the pseudo-norms |.|[,1 (N = 1) and ||.[[x (see
Equation (2))) on one side, and |.|x and the L?—norm ||.|| on the other side. Define for z € R, the
local time L? of the diffusion process X = (Xt);c(0,1] by

1

1
LT = il_rf(l)%/o ﬂ(x—a@-i,-g)(Xs)dS- (10)

10



In general, the local time of a continuous semimartingale is a.s. cadlag (see e.g. Revuz & Yor| (2013)).
But, for diffusion processes and under Assumption the local time £ is continuous at any point
x € R (see Lemma in Section . Furthermore, we obtain the following result.

Lemma 3.1. Under Assumption[2.1, and for any continuous and integrable function h, it holds,
1 [y h(Xs)ds = [, h(z)Lda.
2. For all x € R, E(L?) fopxsm)ds

In Lemma we show that there is a link between the local time and the transition density of the
diffusion process. The proof of the Lemma is provided in appendix. Thus, if we consider the pseudo-
norm ||.||x depending on the process X = (Xt);¢[o,1) and given in Equation (), and using Lemma
we obtain that,

1
E [|h)%] —/ha(x)IE[L‘“”] dg;_/Rh?(x)/o px (s, 2)dsdz > 7oA (11)

where fol px(s,2)ds > 79 > 0 (see Denis et al|(2021), Lemma 4.3), and ||h||? is the L2—norm of h.

Theorem 3.2. Set L = log(n) and n — oo. Suppose that o? is approvimated in one of the collections
[CS — OB] and [B]. Under Assumption[2.1], it holds

‘ o/ ma'y+1 log(n) )
SR MR ”'( I e
2 34T m®  m®*log(n)
~2 2 1. _ ' g 2
E |:HUm O-‘I n:| S T0 helgiyL h UII +C ( n + n’Y/Q +An

where the numerical constant v can take any value of the interval (1,+00), with o = 2 and o/ =1
for the collection [B], a = (r +1')/2 and o/ = r for the collection [CS — OB]. The constant C > 0
depends on o1 and the constant C' > 0 depends on o1,79 and T1.

We observe that the upper-bound of the risk of estimation of 72, is composed of the bias term,
which quantifies the cost of approximation of 0|2[ in the constrained space Sy, 1, the estimation error

O(m®' /n) and the cost of the time discretization O(A2) are established on a random event in which
the pseudo-norms ||.||,,1 and ||.||x are equivalent, and whose probability of the complementary times

2 a
H&?n - O'|21~H is bounded by the term O (%) (see Lemma and proof of Theorem .
[e.e]

Note that for the two collections [B] and [F|, we have a = 2, and o = 1. The next result proves
that for the collections [B] and [F], the risk of estimation can reach a rate of convergence of the same
order as the rate established in [Hoffmann| (1999b)) if the parameter v > 1 is chosen such that the term
O(m?*1 log(n)/n?/?) is negligible with respect to the estimation error of order m/n. Let us also note

2
that the risk H&?n - a|2]

n

is random since

2
~2 2 _
== "an = Ex

1 n—1
- > (G - Uﬁ[)(XkA)]

k=0

and the estimator 52, is built from an independent copy X! of the discrete times process X. Thus, the
expectation E relates to the estimator 52,.

11



Corollary 3.3. Suppose that o> € X;(B8, R) with B > 3/2, and v = 4(28 + 1)/(28 — 3). Assume
that Kopy o nt/ @B+ for B] (mopt = Kopt + M), mept o nt/ @B+ for [F|, and n — oco. Under
Assumptions[2.1], it holds,

E [Ha\?nopt - U|21Hi 1] =0 <n725/(25+1))

2
~2 2 _ —28/(2B+1
B |52, ~ .| =0 (n2ree),
Note that we obtain the exact same rates when considering the risk of anopt defined with the

L?2—norm equivalent to the empirical norm |.||,,. Moreover, these rates of convergence are of the same
order as the optimal rate n=%/(25+1) established in [Hoffmann| (1999b) over a Besov ball.

3.2 Non-adaptive estimation of the diffusion coefficient on non-compact interval

In this section, we propose a ridge estimator of 02 on a non-compact interval I = Z, built from one diffu-
sion path. In this context, the main drawback is that the density function f, : z — % Zz;l px (kA x)
is no longer lower bounded. Consequently, the empirical norm ||.||,, is no longer equivalent to the
Lo—norm ||.|| and the consistency of the estimation error is no longer ensured under the assumptions
made in the previous sections. Consider the truncated estimator 37271 ; of o2 given by
~2 ~2

For the specific case of approximation spaces spanned by bases of compactly supported functions, we
proceed to the dilation of the bases and consider the following decomposition of the risk of the ridge

estimator 2
2
n,1

m,L:

Y TN ) P R

2
‘ 1] 4L sup P(|X;| > log(n)).

<E |:H(672n,L - 0-\21)]1[— log(n),log(n)]
te[0,1]

The first term on the 7.h.s. is equivalent to the risk of a ridge estimator of o2 on the compact interval
[—log(n),log(n)]. The second term on the r.h.s. is upper-bounded using Lemma The estimation
interval Z is set to Z = R™ for the collection [L], and Z = R for the collection [H] and any chosen
basis of compactly supported functions like those related to the collections [B] and [F], and in this

case, 0‘21 = 02. We derive below, an upper-bound of the risk of estimation of 52,.

Theorem 3.4. Suppose that L = log?(n) and n — co. Under Assumptz’on it yields,

~ 2 : m4log?(n)
2 2 2)12
e N e

where C' > 0 is a constant, ¢ = 1 for the collection [B], and q = 2 for the collection [OB].

We first remark that the upper-bound of the risk of the truncated estimator of o2 differs with
respect to each of the chosen bases. This contrast comes from the fact that any orthonormal basis
{¢¢, £=0,...,m — 1} and the spline basis {By_ps, £ =0,...,m — 1} respectively satisfy

m—1 m—1
¢e(x) < Cym, and Y Byp(z) = 1.
=0 =0

12



Secondly, the estimation error is not as fine as the one established in Theorem [3.2 where o2 is estimated

on a compact interval. In fact, on the real line R, the pseudo-norm ||.|x can no longer be equivalent to
the L2 —norm since the transition density is not bounded from below on R. Consequently, we cannot
take advantage of the exact method used to establish the risk bound obtained in Theorem [3.2] which
uses the equivalence relation between the pseudo-norms ||.||, 1 and ||.||x on one side, and ||.|| x and the
L2—norm ||.|| on the other side. Moreover, we can also notice that the term of order 1/n? does not
appear since it is dominated by the estimation error.

We obtain below rates of convergence of the ridge estimator of o2 for each of the collections [B]
and [F.

Corollary 3.5. Suppose that o € ¥1(3, R) with > 1

For [B]. Assume that K o< nY/**Y) and n — oo. Under Assumptions there ezists a constant
C > 0 depending on B and o1 such that

MamL—U I } < Clog?® (n)n=28/(48+1),

For [F|. Assume that m oc n'/?CP*Y) and n — co. Under Assumptions it holds,
o~ 2 _
E|[52.. — oI}, | < Clog(nyn=?/+1

where the constant C' > 0 depends on 3 and o7.

As we can remark, the obtained rates are slower than the ones established in Section where
0% is estimated on a compact interval. This result is the immediate consequence of the result of
Theorem [3.4] At this stage, we cannot position ourselves on the optimality or not of the obtained
rates of convergence, as a lower-bound on the risk of estimation is not provided in this paper. The
establishment of a lower-bound could be obtained by adapting the method provided in Hoffmann
(1999b) to the case of a non-compactly supported diffusion coefficient. This study is beyond the scope
of this paper, and will be subject to further investigations.

4 Estimation of the diffusion coefficient from repeated diffusion paths

We now focus on the estimation of the (square) of the diffusion coefficient from i.i.d. discrete observa-
tions of the diffusion process (N — 00).

4.1 Non-adaptive estimation of the diffusion coefficient on a compact interval

We study the rate of convergence of the ridge estimators &2, of 0‘21 from Dy, when I is a compact

interval. The next theorem gives an upper-bound of the risk of our estimators 52,, m € M.

Theorem 4.1. Suppose that L = log(Nn), n,N — oo and M = {1,...,\/min(n,N)/log(Nn)}.

Under Assumption and for all m € M, there exist constants C > 0 and C'" > 0 depending on o
such that,

2
E [H82 —O'|I N} < Shei‘lglf h—ofl +C(—+mlog(Nn exp( C+/min(n, N ) +A2)
n, m,L
2
E [Hﬁfn—afl TJ < 34heigfL h_‘7|I +C'/ (N——leog(Nn exp( C'y/min(n, N ) +A2)
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Note that the result of Theorem [£.1] is independent of the choice of the basis that generates the
approximation space Sp,. The first term on the right-hand side represents the approximation error of
the initial space, the second term O (m/(Nn)) is the estimation error, and the last term characterizes
the cost of the time discretization. The third term on the right-hand side is negligible with respect to
the estimation error, and is derived from the result of Lemma [8.8] Note that Theorem does not
extend Theorem [3.2] since Theorem [£.1], contrary to Theorem [3.2] holds for any compactly supported
basis, takes advantage of the independence of the sample paths X7, j = 1,..., N, and requires the
condition m < y/min(n, N)/log(Nn) on the dimensions m of the approximation spaces, which reduces
the set of dimension M to the empty set () for N = 1.

We derive below and from Theorem some rates of convergence related to the collections [B]
and [F].

Corollary 4.2. Suppose that o® € Y7(B, R) with 3 > 3/2. Moreover, assume that n < N, N —
00, Kopy (Nn)Y/ @B+ for [B] (Mopt = Kopt + M), and mepy (Nn)Y @B+ for [F]. Under
Assumptions[2.1], it holds,

2

n,N
2

B[, — i ] = 0 (v 2areen)

Mopt

~2 2
EUJ —0j;

] = O ((wn)=29/2551))

n

The obtained result shows that the nonparametric estimators of U|2[ based on repeated observations
of the diffusion process are more efficient when N,n — co. Note that the same rate is obtained if the
risk of ’a\g%pt is defined with the L2—norm ||.|| equivalent to the empirical norm ||.||,,.

The rate obtained in Corollary is established for 8 > 3/2. If we consider for example the collec-
tion [B] and assume that 8 € [1,3/2], then Kop; oc (Nn)/ 5+ belongs to M for n oc v/N/logh(N)
and we have

2

E ||, — oi [ | o(@mrese 4 o2),

n,N

Under the condition n < v/N/log?(N), the obtained rate is of order n=3%/(8+1) (up to a log-factor)
which is equivalent to N~38/2(28+1) (up to a log-factor).

It remains to prove the optimality of the obtained rate of convergence, especially when N o n.
Unfortunately, the method proposed in|Tsybakov| (2008]) does not work for the establishment of a lower-
bound of the risk of estimation of the diffusion coefficient. In fact, the third condition of Theorem 2.5
in [Tsybakov| (2008)) states that there exists a numerical constant o € (0,1/8) such that

M

1

LS~ R (RS, PPY) < alog(h),
j=1

where M is the number of hypotheses satisfying M > 2™/8 with, in our framework, m defined such that
m?? oc (Nn)?A/28+1) and IC(P]-@’N , PPY) is the Kullback divergence between the two joint probability

distributions P]®N and P(()X)N characterized by their respective diffusion coefficients ¢ and ¢(®. In
our framework, the computation of the Kullback divergence is based on the ratio of their respective
transition densities, and one obtains:

M
1
i > K(PPN, PEN) = O(Nn).
j=1
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Consequently, since m is negligible with respect to Nn, it is not possible to satisfy this third condition
using the inequality M > 2™/8. A way to solve this problem may be to reconsider the construction
of the set {U(O), oM )} of hypotheses, and use the technique developed in Hoffmann| (1999b)). This
study is beyond the scope of this paper.

4.2 Non-adaptive estimation of the diffusion coefficient on a non-compact interval

Consider a ridge estimator of 02 on a non-compact interval Z built from N independent copies of the
diffusion process X observed in discrete times, Where both N and n tend to infinity. For each m e M,
we still denote by 2, the ridge estimators of 0% and & am ; the truncated estimators of o2 given in
Equation (12). We establish, through the following theorem the first risk bound that highlights the
main error terms

Theorem 4.3. Suppose that L = logZ(Nn) and N,n — oo. Under Assumptions and for any
dimension m € M, the following holds:

e [[oh ot

where C > 0 is a constant depending on the upper bound o1 of the diffusion coefficient. Moreover,
q =1 for the collection [B] and g = 2 for the collection [OB].

malog?(Nn) 9
———— 4+ A
Nn o

<2 inf ||h-— c
RN

The result of Theorem is clearly an extension of Theorem [3.4] it suffices to set N = 1 in
Theorem [£.3] to obtain Theorem [3.4] with the same hypotheses. Moreover, the respective proofs of the
two theorems are similar, the only difference being the number of sample paths.

If we consider the risk of 672”7 ;, using the empirical norm .|, then we obtain

mdlog?(Nn) n m?log3(Nn) LA (13)

[H mL_J\IH } <2 inf ||h—0‘21||721+0 Nr N .

hESm,L

The risk bound given in Equation is a sum of four error terms. The first term is the approximation
error linked to the choice of the basis, the second term is the estimation error given in Theorem [.3]
the third term m?log3(N)/N comes from the relation linking the empirical norm ||.||,, to the pseudo-
norm ||.|[,, v (see Lemma [8.7), and the last term is the cost of the time-discretization. In this case,
Theorem can no longer be an extension of Theorem since the establishment of Equation 7
which is derived from Lemma requires a large number N > 1 of independent sample paths (see
Denis et al.| (2021), proof of Theorem 3.3).

We derive, in the next result, rates of convergence of the risk bound of the truncated ridge estimators
372”7 ; based on the collections [B] and [H] respectively.

Corollary 4.4. Suppose that o € X;(B8,R) with B > 1, N,n — oo, I = [~log(N),log(N)], and
K o< (Nn)Y/ Y for [B], and 0* € W} (R, R) with s > 1 and m o< (Nn)/?25+Y) for [H]. Under
Assumption [2.1], the following holds:

For [B] E[|[52,. - o*[ ] <€ (log2’8(N)( Nn)~28/8+1) | 732) ’

s —s/(2s 1
For [H] E [Hame - aQHiN] <C <10g3(N)(Nn) /@s+1) 4 n2> .

where C' > 0 is a constant depending on B and oy for [B], or s and o1 for [H].
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The obtained rates are slower compared to the rates established in Section [4.] for the estimation
of 021 where the interval I C R is compact. In fact, the method used to establish the rates of
Theorem from which the rates of Corollary are obtained, does not allow us to derive rates
of order (Nn)=®/(2e+1) (up to a log-factor) with o > 1 (e.g. o = f,s). Finally, if we consider the
risk defined with the empirical norm [|.||,,, then from Equation with n o« N and assuming that
m oc N4+ for [H] or K oc N4+ for [B], we obtain

Bl: E[Jah, - o%|2] < Clog(vm) 26,
H]: E |62, - o?|2] < Clog*(v) () /25,

where C' > 0 is a constant depending on o; and on the smoothness parameter. We can see that the
obtained rates are slower compared to the results of Corollary [£.4] for n o N. The deterioration of
the rates comes from the additional term of order m?log3(N)/N which is now regarded as the new
estimation error since it dominates the other term in each case as N — oo.

Finally, the study of an optimal rate of convergence, which is beyond the scope of this paper, has
to take into account the new problem related to the non-compact support of the square of the diffusion
coefficient.

5 Adaptive estimation of the diffusion coefficient from repeated ob-
servations

In this section, we propose an adaptive ridge estlmator of o2 ~ by selecting an optimal dimension from
the sample Dy 5. In fact, consider the estimator O'K where K satisfies:

~

K = argmin{yn v (%) + pen(K)} (14)
KekK

and the penalty function pen : K +— pen(K) is established using the chaining technique of Baraud
et al| (2001). We derive below the risk of the adaptive estimator of a|21 when the interval I C R is
compact, and the number N of sample paths tends to infinity.

Theorem 5.1. Suppose that N xn, L =1og(N), N — oo and consider the collection [B] with
K€K =1{2% ¢=01,....qma} C M= {1,..., [VN/log(N) ] }.
Under Assumption[2.]], there exists a constant C' > 0 such that,

where the penalty function pen; is given by

C
< 34 inf inf ||h—o%|? K —
2] < sagne ], ant 1 o 4 penata) |+

(K + M)log(N)
Nn

pen; (K) ==k

with k£ > 0 a numerical constant.

We deduce from Corollary and its assumptions that the adaptive estimator 8%{ satisfies:

= -] o (o).
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This result is justified since the penalty term is of te same order (up to a log-factor) as the estimation
error established in Theorem . If we consider the estimation interval [—Apy, Ay] where Ay
\/log(N), then we obtain the following result:

C
2 <341 i — o —
el < s, et} -
where the penalty function K +— pen(K) is given by
K + M)log?(N
pen(K) := m( ]\;n ( ) (16)

Considering the adaptive estimator of o2 on the real line I = R when N > 1 and n — oo, we obtain
the following result.

Theorem 5.2. Suppose that N > 1, n — oo and L =log(Nn), and consider the collection [B] with
KEIC:{2(1’ q:0717"'7qInax} CM:{].,,NTL}

Under Assumption[2.1] and for N large enough, the exists a constant C > 0 such that,

E||%, - "<zt it [h-o?)? +peny(i) -
K,L n,N - KeK hesK+]y[7L n 2 \/NTL
where the penalty function peny given by
K + M)log*(Nn
peny(K) := n\/( ]Lng (Nn) (17)

with K > 0 a numerical constant.

We have a penalty term of the same order as the one obtained in Theoremwhere o2 is estimated

on a compact interval. One can deduce that the adaptive estimator reaches a rate of the same order as
the rate of the non-adaptive estimator given in Corollary [4.4] for the collection [B]. For the numerical
study of the nonparametric estimation of the square of the diffusion coefficient, we rather consider the
compact interval [—log(Nn),log(Nn)] on which is built the spline basis, and which tends to the real
line as N,n — oo or N =1 and n — oo. Then, we use the penalty function K +— pen(K) given in
Equation ({16]).

If we consider the adaptive estimator of the diffusion coefficient, built on a compact interval from
a single diffusion path, we obtain below an upper-bound of its risk of estimation.

Theorem 5.3. Suppose that N =1, L =log(n), n — oo and consider the collection [B] with
KeK={2% ¢=0,...,qmax} CM={1,...,[{n]}.
Under Assumption [2.1], it holds

E HAZ 2 || < 3inf inf ||h— o} H2 + peng(K) ¢ + ¢
05 —0 —0 —.
K I n,1 ~  Kek hGSKJr]LfyL |I n P 3 n
where C' > 0 is a constant depending on 9, and
K+ M)l
peng(K) = /{( i n) 0g(n)

with k& > 0 a numerical constant.
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We deduce from Theorem [5.3| that if we assume that o2 € ¥;(3, R), then the adaptive estimator
52 reaches a rate of order n=?/(2f+D) (up to a log-factor). The result of this theorem is almost a
deduction of the result of Theorem the slight difference being the use, in the proofs, of the local
time of the process and the equivalence relation between the pseudo-norm ||.||,1 with the pseudo-norm
||.||x instead of the empirical norm ||.||,, considered in the proof of Theorem Since the condition
imposed on the dimension of the approximation subspace strongly restricts the model selection, we
extend the set of possible values of the dimension to M = {1,...,/n/log(n)} for the numerical study
of the estimation of the square o2 of the diffusion coefficient.

6 Numerical study

This section is devoted to the numerical study on a simulation scheme. Section focuses on the
presentation of the chosen diffusion models. In Section [6.2] we describe the scheme for the implemen-
tation of the ridge estimators. We mainly focus on the B-spline basis for the numerical study, and in
Section we add a numerical study on the performance of the Hermite-based ridge estimator of o2
on R. Finally, we compare the efficiency of our estimator built on the real line R from a single path
with that of the Nadaraya-Watson estimator proposed in Florens-Zmirou, (1993]).

6.1 Models and simulations

Recall that the time horizon is T'=1 and Xy = 0. Consider the following diffusion models:
Model 1 Ornstein-Uhlenbeck: b(z) =1 -2z, o(z) =1
Model 2: b(z) =1 -z, o(z)=1—2?

Model 3: b(z) =1—z, o(z)= m + cos? (5 )

Model 1 is the commonly used Ornstein—Uhlenbeck model, known to be a simple diffusion model
satisfying Assumption Model 2 does not satisfy Assumption Model 3 satisfies Assump-
tion 23] with a multimodal diffusion coefficient.

The number N of sample paths takes values in the set {1,10,100,1000} where the number n of of
observations of each diffusion path varies in the set {100,250, 500,1000}. As we work with the spline
basis, the dimension m = K + M of the approximation space is chosen such that M = 3 and K takes
values in I = {2P, p =0,--- ,5} so that the subspaces are nested inside each other. We are using R for
the simulation of diffusion paths via the function sde.sim of sde package, (see lacus| (2009) for more
details on the simulation of SDESs).

6.2 Implementation of the ridge estimators

In this section, we assess the quality of estimation of the adaptive estimator 872% in each of the 3 models
through the computation of its risk of estimation. We compare the performance of the adaptive
estimator with that of the oracle estimator 52,. where m* is given by:

m* := arg min |55, — O'ZHi N (18)
meM ’
For the spline basis, we have m* = K* + M with M = 3. Finally, we complete the numerical study
with a representation of a set of 10 estimators of o2 for each of the 3 models.
We evaluate the MISE of the spline-based adaptive estimators E% by repeating 100 times the
following steps:
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1. Simulate observations Dy ,, and Dy, with N € {1,10,100,1000}, N’ = 100 and n € {100, 250, 1000} .
2. For each K € K, and from Dy ,, compute estimators 3%( given in Equations and .
3. Select the optimal dimension Kek using Equation and compute K* from Equation (18]

2
4. Using Dy, evaluate H&%{ — o2 v and H/U\%(* - UanNf
n7

?|I5 v and |37, -

We deduce the risks of estimation considering the average values of H&% -0 o2 H

n,N'’
over the 100 repetitions. Note that we consider in this section, the estimation of ¢ on the compact
interval I = [—1,1] and on the real line R. The unknown parameter x of the corresponding penalty
functions given in Equations and , are numerically calibrated (details are given in appendix).
We choose x = 4 for the compact interval I = [~1,1], and x = 5 for the estimation of o2 on the real
line R, more precisely, on the interval [—log(/N),log(/V)] which tends to R as the number N of sample
paths tends to infinity.

6.3 Numerical results

We present in this section the numerical results of the performance of the spline-based adaptive esti-
mators of a|21 with I C R together with the performance of the oracle estimators. We consider the case
I = [—1,1] for the compactly supported diffusion coefficient, and the case I = R.

Tables [2| and [3| present the numerical results of estimation of 0'| 7 from simulated data following the
steps given 1n Section [6.2]

Models | Intervals | Estimators N =10 N =100 N = 1000

—11) Af(L 0.0102 (0.0083) | 0.0009 (0.0009) | 0.0002 (0.0001)
’ ~9

Model 1 Ofce I, 0.0094 (0.0065) | 0.0009 (0.0009) | 0.0002 (0.0001)
R U%{L 0.0096 (0.0062) | 0.0009 (0.0008) | 0.0003 (0.0002)
8%(* L 0.0093 (0.0057) | 0.0009 (0.0008) | 0.0003 (0.0002)
—1,1) A;L 0.0048 (0.0052) | 0.0019 (0.0008) | 0.0005 (0.0002)
Model 2 aK* L 0.0039 (0.0043) | 0.0009 (0.0005) | 0.0005 (0.0002)
R A?{L 0.0195 (0.0140) | 0.0057 (0.0006) | 0.0012 (0.0002)
UK*L 0.0048 (0.0064) | 0.0025 (0.0021) | 0.0010 (0.0003)
1) Ai{L 0.0521 (0.0191) | 0.0176 (0.0070) | 0.0073 (0.0021)
Model 3 O'K* L 0.0260 (0.0081) | 0.0073 (0.0030) | 0.0048 (0.0009)
R A?(L 0.1132 (0.0595) | 0.0319 (0.0031) | 0.0179 (0.0054)
O‘%{* L 0.0351 (0.0169) | 0.0319 (0.0031) | 0.0116 (0.0051)

Table 2: Assessment of MISEs (mean and Standard deviation between brackets) of both the adaptive

estimator 6\%{ I and the oracle estimator O’K* from diffusion paths of size n = 100.

)
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Models | Intervals | Estimators N =10 N =100 N = 1000

L E%L 0.0047 (0.0037) | 0.0003 (0.0002) | 0.0001 (0.00003)

7 2. .0042 (0. . .0002) | 0.0001 (0.
Model 1 O L, 0.00 (0.0030) | 0.0003 (0.0002) | 0.0001 (0.00003)
R 5%{ B 0.0053 (0.0037) | 0.0003 (0.0002) | 0.0001 (0.00004)
ai*vL 0.0050 (0.0031) | 0.0003 (0.0002) | 0.0001 (0.00004)
L E%L 0.0027 (0.0019) | 0.0003 (0.0002) | 0.0002 (0.00004)
’ 0. .001 .001 .0002 (0.0001) | 0.0001 (0.00004
Model 2 Ofcs I, 0.0018 (0.0019) | 0.0002 (0.0001) | 0.0001 (0.00004)
R &\%L 0.0091 (0.0077) | 0.0028 (0.0025) | 0.0008 (0.0002)
8%(*7,: 0.0020 (0.0023) | 0.0021 (0.0023) | 0.0002 (0.00004)
= E%L 0.0306 (0.0150) | 0.0058 (0.0012) | 0.0010 (0.0003)

’ G2, .021 . .002 .002 .001 .
Model 3 Ok 1, 0.0216 (0.0067) | 0.0023 (0.0020) | 0.0010 (0.0003)
R 5% L 0.0560 (0.0313) | 0.0275 (0.0049) | 0.0069 (0.0049)
8%(*7L 0.0261 (0.0127) | 0.0096 (0.0051) | 0.0065 (0.0041)

Table 3: Assessment of MISEs of both the adaptive estimator 8%{ . and the oracle estimator 3%*7 I
from diffusion paths of size n = 250. 7

The results of Table [2| and Table |3 show that the adapted estimator 3%{ is consistent, since its
MISE tends to zero as the number Nn of observations is larger. Moreover, note that in most cases,
the ridge estimators of the compactly supported diffusion coefficients perform better than those of the
non-compactly supported diffusion functions. As expected, we observe that the oracle estimator has
generally a better performance compared to the adaptive estimator. Nonetheless, we can remark that
the performances are very close in several cases, highlighting the efficiency of the data-driven selection
of the dimension.

An additional important remark is the significant influence of the number n of each diffusion path on
the performance of 8%( and /U\f(*’ 1, (by comparison of Table[2{with Table, which means that estimators
built from higher frequency data are more efficient. A similar remark is made for theoretical results
obtained in Sections 4.2l and [4.1]

Performance of the Hermite-based estimator of the diffusion coefficient We focus on the
estimation of 02 on R and assess the performance of its Hermite-based estimator (see Section 4.2). We
present in Table 4} the performance of the oracle estimator 872n*’ I

From the numerical results of Table [4] we observe that the Hermite-based estimator of o2 is con-
sistent as the sample size N and the length n paths take larger values.

Estimation of the diffusion coefficient from one path Consider ridge estimators of a|2[ with

I =[—1,1]. For the case of the adaptive estimators of 0|2[, the dimension K is selected such that
K =arg minfyn(ﬁ%() + pen(K) (19)
KeKk
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Models | Intervals | Estimators | N =10, n =100 | N = 100, n =100 | N = 100, n = 250
Model 1 R 8%(*7L 0.0082 (0.0059) 0.0015 (0.0008) 0.0006 (0.0004)
Model 2 R 8%(*’]: 0.0058 (0.0111) 0.0007 (0.0004) 0.0003 (0.0002)
Model 3 R &\%{*L 0.0188 (0.0151) 0.0077 (0.0037) 0.0040 (0.0036)

Table 4: Assessment of MISEs of the Hermite-based oracle estimator 8%{*, ;, of the square of the diffusion
coefficient.

where pen(K) = k(K + M)log(n)/n with k > 0. We choose the numerical constant x = 4 and we
derive the numerical performance of the adaptive estimator of U|21'

Models | Intervals | Estimators n = 100 n = 1000
o2 0.1751 (0.1921) | 0.0915 (0.1925
Model 1 [—1,1] K.L ( ) ( )
3%(*’L 0.1563 (0.1776) | 0.0783 (0.1699)
o2 0.1721 (0.3483) | 0.1365 (0.5905
Model 2 | [-1,1] K.L ( ) ( )
3%(*’,; 0.0987 (0.1644) | 0.0552 (0.2409)
o2 0.2184 (0.2780) | 0.2106 (0.5790
Model 3 | [-1,1] KL ( ) ( )
3%{*7]4 0.1263 (0.1486) | 0.0751 (0.1469)

Table 5: Evaluation of MISEs of adaptive estimators 8%{ . built from a single diffusion path (N = 1)
for each of the three models. 7

Table [5| gives the numerical performances of both the adaptive estimator and the oracle estimator
of a|2] on the compact interval I = [—1,1] and from a single diffusion path. From the obtained results,
we see that the estimators are numerically consistent. However, we note that the convergence is slow
(increasing n from 100 to 1000), which highlights the significant impact of the number N of paths on
the efficiency of the ridge estimator.

Comparison of the efficiency of the ridge estimator of the diffusion coefficient with its
Nadaraya—Watson estimator. Consider the adaptive estimator E%{ of the square of the diffusion

coefficient buit on the real line R from a single diffusion path (N = 1), where the dimension K
is selected using Equation (19). For the numerical assessment, we use the interval I = [—10%,10°] to

approximate the real line R, and then, use Equation for the data-driven selection of the dimension.
We want to compare the efficiency of 3%{ with that of the Nadaraya-Watson estimator of o2 given

from a diffusion path X = (X} /,)1<k<n and for all z € R by

n— Xk /n—2
K ( ki/zn ) (X (k1) /n — Xpynl? /10

Xk/n —T
S K ()
where K is a positive kernel function, and h,, is the bandwidth. Thus, the estimator S, (z) is consistent

under the condition nhi — 0 as n tends to infinity (see [Florens-Zmirou| (1993))). We use the function
ksdiff () of the R-package sde to compute the Nadaraya—Watson estimator S,.

Sp(z) =
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Models | Ridge estimator | Nadaraya-Watson estimator
Model 1 | 0.0020 (0.0023) 0.9377 (0.0017)
Model 2 | 0.1323 (0.0794) 0.5086 (0.0885)
Model 3 | 0.4077 (0.1178) 1.3175 (0.3039)

Table 6: This table shows the loss errors of the ridge estimator 3%( ; on R and the Nadaraya-Watson
estimator S, of o2 built from a diffusion path (N = 1) of length n = 1000.

We remark from the results of Table [f] that our ridge estimator is more efficient. Note that for
the kernel estimator S, the bandwidth is computed using the rule of thumb of Scott (see |Odell-Scott
(1992)). The bandwidth is proportional to n~'/(*%) where n is the number of points, and d is the
number of spatial dimensions.

6.4 Concluding remarks

The results of our numerical study show that our ridge estimators built both on a compact interval
and on the real line are consistent as N and n take larger values, or as only n takes larger values
when the estimators are built from a single path. These results are in accordance with the theoretical
results established in the previous sections. Moreover, as expected, we obtained the consistency of
the Hermite-based estimators of o on the real line R. Nonetheless, we only focus on the Hermite-
based oracle estimator since we did not establish a risk bound of the corresponding adaptive estimator.
Finally, we remark that the ridge estimator of o2 built from a single path performs better than its
Nadaraya-Watson kernel estimator proposed in |Florens-Zmirou (1993) and implemented in the R-
package sde.

7 Conclusion

In this article, we have proposed ridge-type estimators of the diffusion coefficient on a compact interval
from a single diffusion path. We took advantage of the local time of the diffusion process to prove the
consistency of non-adaptive estimators of o2 and derive a rate of convergence of the same order than
the optimal rate established in [Hoffmann| (1999b). We also propose an estimator of o2 on the real line
from a single path. We proved its consistency using the method described in Section and derive a
rate of convergence order n=%/(4#+1) gver a Holder space for the collection [B]. Then, we extended the
study to the estimation of o from repeated discrete observations of the diffusion process. We establish
rates of convergence of the ridge estimators both on a compact interval and on R. We complete the
study proposing adaptive estimators of ¢ on a compact interval for N = 1 and N — oo, and on the
real line R for N — oco.

A perspective on the estimation of the diffusion coefficient could be the establishment of a minimax
rate of convergence of the compactly supported (square of the) diffusion coefficient from repeated
discrete observations of the diffusion process. The case of the non-compactly supported diffusion
coefficient may be a lot more challenging, since the transition density of the diffusion process is no
longer lower-bounded. This new fact can lead to different rates of convergence depending on the
considered method (see Section [4)).
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Figure 1: Bundles of 10 estimators 8%( I (in green) of the true diffusion coefficient a|21 restricted on the

compact interval I = [—1,1] (in red) of each of Models 1,2,3 (from top to bottom) using samples of
size N = 1000 with diffusion paths of length n = 500.
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8 Proofs

In this section, we prove our main results of Sections [3] [4] and [} To simplify our notations, we set
A, = A(=1/n) and constants are generally denoted by C' > 0 or ¢ > 0 whose values can change from
a line to another. Moreover, we use the notation C, in case we need to specify the dependency of the
constant C' on a parameter a.

8.1 Technical results

Recall first some useful results on the local time and estimates of the transition density of diffusion
processes.

Lemma 8.1. For all integer ¢ > 1, there exists C* > 0 depending on q such that for all0 < s <t <1,
E [|Xt . Xs|ﬂ < O*(t — )1

The proof of Lemma is provided in [Denis et al.| (2022).
Proposition 8.2. Under Assumptions there exist constants ¢, > 1, C > 1 such that for all

te (0,1], z € R,
2

oo () st < oo (<)
——exp | —co— , o) < —exp | —— ] .
C\/E p (2 t — pX \/‘E p Cat
The proof of Proposition is provided in |Gobet| (2002), Proposition 1.2.
Proposition 8.3. Let h be a Lo-Lipschitz function. Then there exists h € Sk, M, such that

Ih(z) - h(z)| < 25

) Vo € (_ log(N>710g(N))7

where C' > 0 depends on Ly, and M.

The proof of Proposition is provided in |Denis et al.| (2022)). The finite-dimensional vector space
Sk .M = Sk y+m 1s introduced in Section Q

Lemma 8.4. Under Assumption[2.1], there exist C,Cy > 0 such that for all A > 0,

sup P(|X;| > A) < G exp(—CyA?).
te(0,1] A

The proof of Lemma is provided in |Denis et al. (2022), Lemma 7.5.
Lemma 8.5. Under Assumption the following holds:
VeeR, LY=L a.s.
where L%~ = ;i_r%ﬁ‘”*s.

The result of Lemma justifies the definition of the local time L%, for x € R, given in Equa-
tion . The proof of Lemma, is provided in appendix.
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8.2 Proofs of Section [3]
8.2.1 Proof of Theorem [3.2

Let €, ,, be a random event given by

Q= () {

gESm\{O}

—_

lollz,
l9l%

11 <=5,
<!

On the event Oy, n, the two pseudo-norms ||.||l,1 and |.|x are equivalent with (1/2)||g[|3 < ||g||?L1 <
(3/2)||9l% for each function g € S, \ {0}. The proof of Theorem (3.2 relies on the following lemma.

Lemma 8.6. Let v > 1 be a real number. Under Assumption[2.1], the following holds

meY

P (€, ) < C

where C > 0 is a constant depending on vy, with o = 2 for the collection [B], and o« = (r +1")/2 for
the collection [CS—OBY.

The parameter v > 1 has to be chosen appropriately so that we obtain a variance term of the risk
of the estimator 2, that is negligible with respect to me /n as n tends to infinity (see Theorem
and Corollary [3.3). The proof of Lemma is provided in appendix.

Proof of Theorem [3.2] . Recall that since N = 1, (}\ = C,ii + C,iﬁ + Ciﬁ is the error term of the
regression model, with:

1 (k+1)A 2 kDA
A= ([ eahawt] - [ T x| (20)
A kA kA
1.2 2 (k+1)A / 1\ 2 1 1
GA= A /kA ((k +1)A = s)o' (X1)o* (X)W}, (21)
(k+1)A
Gi=mxky) [ o (xdyaw 22
kA
Besides, R,lfA = R,lgi + Rii + R,lci, with:
1 (k+1)A 2 L, 1 kDA )
RA=x ([, wobas) . mE-g [ (evA-gecxhes @)
s 2 (k+1)A ) X (kDA
Rix =K« / (b(X;) = b(Xja)) ds / (X )dW; (24)
kA kA
where

® = 2b0'0 + [a”a + (O’l)2:| 0. (25)

By definition of the projection estimator 2, for each m € M (see Equation ), for all h € Sy, 1., we
have:

In,1 (8721) - 'Yn,l(0|21) < 'Vn,l(h) - 'Vn,l(0|2])- (26)
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Furthermore, for all h € Sy, 1,

2
Y1 (h) = Yni(of) = Haﬁ[ - th 2m(oh = h) + 2un(ofy — )+ 20Ty — h) + 2u(oF, — h),

where,
n—1
1

- > h(Xia)Ria, (27)

1« .
g Z XkA CkAa (S {17273}7 ,LL(h) =
k=0 k=0

and CkAv CkAv CkA are given in Equations ([20) , , , and finally, Rlch = R,lci + R,lci given in
Equations (23) and (| . Then, for all m € M, and for all h € S, 1, we obtain from Equation (26)
that

’ +21/(372n—h)+2,u(372n—h), with v =v; + 12 + 13.

H m_J|I

Then, it comes,

H < inf
n,l hESm,L

Besides, for any a,d > 0, using the inequality zy < na? + y?/n with n = a,d, we have,

+2E[ (G2, — h)] +2E [n (G2, — 1)] - (28)

2
w (52 —h) <262 -t +2

= h—a|21H2 +a sup v2(h),

h€Sm, |[hllx=1

2
20 (52~ h) < 3|52 - o

n,1

2 2 2
+g”h—0'|1

n,

e (Rl

Upper bound of 1 377 | (RjA)?
We have:

Vk € [1,n], Ria = RA + Rps + Ry with,

L1 (k+1) X 2 L (k+1) )
R -1 / b(XDds | , R2= ((k+ 1A — 5)®(X])ds
A kA A kA
13 9 (k+1)A ) L (k+1)A L L
Rix =X /k . (b(X)) — b(X}A)) ds /k R o(X5)dWy | .

For all k € [1,n], using the Cauchy-Schwarz inequality and Lemma ((2.2]),
1112 (k+1)A 2 (k+1)A
E UR,C’A‘ } <E / (X1 )ds | | < AE / bA(X 1L )ds
kA k

A
Consider now the term R,lgﬁ. From Equation (25]), we have ® = 2bo’c + |:0'// o+ (o )2] o? and according
to Assumption [2.I] there exists a constant C' > 0 depending on o7 and « such that

< CA%.

[2(X)] < Cl@+ X DA+ X5 + 1+ |X4]%)] -
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Then, from Lemma ((2.2)) and for all s € (0,1],

E[@*(X1)] < C sup E[(2+ X121+ X2+ (1 + |X1™)*] < 00
s€(0,1]

and

1 (k+1)A ) (k+1)A S 9
‘R ] = (k+1)A — 5)2ds E[02 (X1)] ds < CA
A kA

Finally, under Assumption from Lemma (2.2)) and using the Cauchy-Schwarz inequality, we have

4 (k)2 . (k+1)A X 2
“R ” E A/ L2|x! — x}A| ds / o(XD)dw,
kA kA

(k+1)A A (k+1)A 4
LiA X! - x1\|"ds|E / o(X1)dW,
kA kA

4
<— |E
—A

< CA2.

As a result, there exists a constant C' > 0 such that,

E [i i (Ria)”

k=1

< CA? (30)

We set @ = d = 8 and considering the event €, ,, on which the empirical norms ||.||x and ||.|[,1 are

equivalent, we deduce from Equations , and that,

2
+CE ( sup V2(h)> + CA? (31)

~2 2 ||? : 2
E Ham—o|IH 1q, .. | <3 inf Hh—au
n,1 RESm,||h||x=1

heSm

where C' > 0 is a constant depending on o7.

h€Sm, ||Ihllx=1

Upper bound of E ( sup I/Q(h))

For all h = Y7}, Yagpe € Sy such that ||h]|% = 1, we have ||h]|? < % (see Equation (11])) and the
coordinate vector a = (a_M, . aK_l) satisfies:

e |a]3 < Cm (m = K + M) for the collection [B] (see Denis et al|(2021), Lemma 2.6)
e ||a]|3 < 1/70 for the collection [CS—OB] since ||h[]* = ||al|3.

Furthermore, using the Cauchy—Schwarz inequality, we have:

m—1 2 m—1
= (Z apy (W)) < |all3 Z V2 (¢0).
=0

=0

Thus, since v = v; + v9 + 13, for all £ € [-M, K — 1] and for all i € {1,2, 3},

2
]E[VZQ (@bé = 7E (Z¢£ XkA %A)
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1. Case i =1

2
Recall that ¢(\f = 1 [( K o(xhaw, ) = [ETD® 02 (Xh)ds| where W = W We fix

initial time s € [0,1) and set M} = fst o(XD)dW,, vt > s. (M§)i>s is a martingale and for all
t € [s,1], we have:

t
(M*®, M*), = / o (X)) du.

2
Then, C,ii = % (M(k,ﬁrlm) - <M’“A,M’“A>(k+l)A is also a Fpa-martingale, and, using the

Burkholder-Davis-Gundy inequality, we obtain for all k£ € [0,n — 1],

(k+1)A

2
C
E [Czii ka} =0, E [(C;ii)z Ifm} < B (/M aQ(Xi)du) < Cof. (32)

Then, using Equation we have:

1 n—1 1 n—1 2
E 17 (¢0)] = —E | > ¢7 (Xka) (G12) ] = SE Y ¢F (X[a)E [(c,ig) |fm]]
k=0 k=0
C 4 n—1
N
k=0
and,
m—1 C,0_4 n—1m-—1
S e bt < S 55 0t
=0 k=0 =0
One has:

f:__lM B? (X}](s)) <1 for the Collection [B] (m = K + M),

S 97(X),)) < Cm” for the collection [CS — OB].
Thus, it follows that
. Zf:__lM E [v? (By)] < C/n for the Spline basis,
o STV E V2 (¢0)] < Cm'/n for the collection [CS-OB],

and,

E sup vi(h) | < fopian (33)
heSm, ||hl%=1 "

where C' > 0 is a constant depending on o7 and the basis, with o/ = 1 for the collection [B], and
o/ = r for the collection [CS—OB].

2. Casei=2
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We have CkA =2 kSZH) (k+1)A —s)o’ (X})o? (X)) dW, and,

(k+1)A 2
E [ (¢0)] = 4E (Zm Xia) / (k+1)A - 5)o’ (X}) o2 (Xsl)dW5>

= 4E (/ o ( n(s) ) (n(s) + A —s)o’ (X)) o* (X)) dWS>2]
< Co'A’E [ / 9 ( )ds}

where C' > 0 is a constant. We deduce for both the spline basis and any orthonormal basis that
there exists a constant C' > 0 depending on ¢ such that:

E sup va(h) | < Cm—z. (34)
h€Sm, [Ihl%= n

3. Casei=3
We have CkA =2b (X%A) (kH (X ) dWy and,

1 2
214 0] = 2 |( [ or (k) () o (2 ) ]
4‘71 1 2 (y1
< % [ 0 ¢ b (X ’ )) ds
Since for all x € R, b*(z) < Co(1 + 2?) and sup E (|Xt|2) < 00, there exists a constant C' > 0
t€[0,1]
depending on o1 such that:
E sup va(h) | < Cm—z. (35)
RESm, ||hl%=1 n

We finally obtain from Equations , and that there exists a constant C' > 0 depending on
o1 such that:

/

IE( sup ;ﬂ(h)) < o™ (36)

hESm, ||hl|%=1 n

We deduce from Equations and that there exists a constant C' > 0 depending on o; such
that,

~2 2112 : 9 9 me )
E [”Um - Uan,ﬂlQn,m] < 3h61§1i’LHa|] — bl +C (n + A > :

For n large enough, we have |52, — JEIHEO < 2mlL since ||62,]lc0 < VmL. Then, from Lemma [8.6| and
for all m € M, there exists a constant C > 0 depending on o1 such that

E[Ha ~ ] M Xak

<E [Ha}; - aﬁlun 1 ngn,m] +2mLP (Q5,,)

2

”"] +E [H&fm _0‘21 n,1

Log m}

/

o oz'y+1L
<3 inf o —nlZ+C [+ T +AZ).
hESm.L n nY/2
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Since the pseudo-norms |.||,1 and ||.||x are equivalent on the event €, ,,, then, using Lemma
there exists a constant C' > 0 depending on o1 such that

2 2 2
e |Jot. i) =& [Jon -t 1o -2 |- ot 1o

* L omLP (20,
n

heSm
) moe’ meY+Lr,
- aQIH +C + + A% ).
| n n n/?
Finally, since the estlmator 52, is built from a diffusion path X! independent of the diffusion process

X, and from Equations and @, the pseudo-norm ||.|x depending on the process X and the
empirical norm ||.||,, are equivalent (V h € L*(I), [[Rh||2 < (11/70)E [||h]%]), there exists a constant

C > 0 depending on o1, 7 and 7, such that
2 mo/ ma'erlL
h—0|21H +C + +A%).
n n nV/z

[H — o

8.2.2 Proof of Theorem [3.4]
Proof. Since L = log?(n). From Equation (Proof of Theorem [3.2 , for all h € Sy, 1,

o

where v;, ¢ = 1,2,3 and p are given in Equation . For all i € {1,2,3} and for all h € S, 1, one
has

2
<S8E [HG’Q" — o 1] +10 inf |0 -
n,

<34 inf
6Srn L

<—— inf

2] 34711

T0 hESm,L

2 .
< inf
n,1 h€5m7L

a‘IH +2ZE vi (62 —h)] +2E [u (3% — k)] (37)

m—1

E[v; (5%, — h)] < y/2mlog’(n Z E[v : (38)
=0

1. Upper bound of 37" ;' E (V2 (0)]
According to Equation , we have

Ve e [0,m —1], vi(¢y) = Z¢£ (Xra)Cin

2
where C,ig =x [( k(ZH)A O'(Xsl)dW5> — k(ZH)A 02(X§)ds] is a martingale satisfying

(k+1)A

2
1
E[GiAlFka] =0 and E[(@}A) |]:m] E ( /m 02(X51)ds> < Co?

with C' > 0 a constant, W = W1 and (]:t)t>0 the natural filtration of the martingale (M), 1)

given for all ¢t € [0, 1] by M; = fO DYdW,. We derive that
m—1 1 m— n—1 2 1 n—1m—1 9
S B0 =4 (z axtaiid) [ = 52 S5 dtoda (@)
=0 =0 k=0 k=0 £=0
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since for all integers k, k' such that k > &’ > 0, we have
1\ 11 1 11 _ 1\ 1,1 1 1,1 _
E [¢£(XkA)CkA¢€(Xk/A)CM\fm = 00(Xpa)Gin®e(Xpwa)E {Cm!fm} =0.
For each k € [0,n — 1], we have

Yoo m(X;A) P By(X}\) =1 for the spline basis

S ée(XEA) < Cm For an orthonormal basis with C' = | Jnax 1”¢g||oo.
<t<m-—

Finally, there exists a constant C' > 0 such that

% for the spline basis

m—1
Y E[vi(en)] <

=0 C % for an orthonormal basis.

. Upper bound of >/ E [v3(¢e)]
For all k € [0,n — 1] and for all s € [0,1], set n(s) = kA if s € [kA, (k + 1)A). We have:

-1

n (k+1)A 2
E[v3(¢)] =4) E (Z/k de(Xpa) ((k+1)A — S)O’I(XSI)UQ(XSI)CZWS)

m—1

3

=0 =0 A
m—1 2
—4YE (/ Be(X} ) (1(s) + A — 5)o’ (X D)o 2<X;>dws> ]
=0
We conclude that
m—1 n% for the spline basis
E V2 ¢z
(=0

C % for an orthonormal basis.

where the constant C' > 0 depends on the diffusion coefficient and the upper bound of the basis
functions.

. Upper bound of >/ E [v3(¢e)]
We have:
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Since for all z € R, b(z) < Co(1 + 2?) and sup E (|X;|*) < oo, there exists a constant C > 0
te(0,1]
depending on the diffusion coefficient such that

m—1 n% for the spline basis
E [v3(¢0)]
£=0 C % for an orthonormal basis.

We finally deduce that from Equations and that for all h € Sy, 1,

E[1@2,, - o)l2:] < nf [|h - o2 +Oy/mog o (@, , )] (B
E (162, — o)I2a] < inf 10— o2 + Oy "0 4 0 (@2, — 1)] (OB

where C > 0 is a constant. It remains to obtain an upper bound of the term ,u(?i\,zn’ . — h). For all
a >0 and for all h € S, 1,

(39)

2

Hh O'|I

n—1
e H S
k=0

2

n—1
212 , @ 1 32
S -+ 2 S B [(RE)Y)
™ k=0

Using Equations , and setting a = 4, we deduce that there exists constant C > 0 depending
on op such that,
~ . log?
E (62, — ol2:] < nf b= of [+ 0y/meee By

~ . 2 1op2
E (152, - ol12,] < inf |h—oF |2 +Cy/"RE0 (0B,

For the case of bases of compactly supported functions, we proceed to the dilation of the bases
so that o2 can be estimated on the compact interval [—log(n),log(n)]. Then, we use the folowing
decomposition:

~ 2 ~ 2 o~ 2
E[[[62.:—0*2,] < E1GhL — o1 togmozeila] +E |16z = 01 togmytogtor 1.

<E |:H( Om,L — 0 )]l[ log(n),log(n ]Hn 1} +4L SFP]P(’XH > 1Og( ))

and we deduce from Equation that

[ in mlog?(n
[”( ) [—log(n )log(n)}“%,l} < hleé‘fm”h oﬁIH%—i—C 1+() [B]

[ : m2 log?(n
|:”( ) [~ log(n),log(n)] H72’L,1i| < hleIS]fm”h 0'|21”$L +C 1+H [OB],
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and

E 52, — 0% 21| < inf b= oZ |2 + O/ ™2 4 210g%(n) sup P(IXi| > An) [B]
’ ’ heSm t€(0,1]

2
E (152, — o%lI2.] < inf I —of |2 + 0/ 4 210g2(n) sup F(IXi| > A,) (OB

te(0,1]
(41)
From Proposition [8.3] sup P(|X;| > log(n)) < log™!(n) exp(—clog?(n)) with ¢ > 0 a constant. Then,
te(0,1]
we obtain from Equation that
~ . log?
E (6%, —o%li2a] < inf b= of |2 +0y/met  [B]
~ . 2 1op2
E[[62,, — o%l2:] < inf b= of |3+ Oy REC (0B,
O

8.3 Proof of Section [4]

The following lemma allows us to obtain a risk bound of 3,2”7 ;, defined with the empirical norm ||.||,
from the risk bound defined from the pseudo norm ||. ||, v

Lemma 8.7. Let 8m7L be the truncated projection estimator on R of o2 over the subspace Sm,1. Suppose

that L = log2(Nn), N > 1. Under Assumption there exists a constant C > 0 independent of m
and N such that

2 1003
~ 2 ~ 2 m*log®(Nn)
E[II6%,0 - oIl y] - 2B [Il55.0 - o*] < ™20
The proof of Lemma is provided in |Denis et al| (2021), Theorem 3.3. The proof uses the
independence of the copies X!, ..., X" of the process X at discrete times, and the Bernstein inequality.

8.3.1 Proof of Theorem [4.1]

For fixed n and N in N*, we set for all m € M,

v = () Iy
i |h]2

heSm\{0}

< ;} (42)

As we can see, the empirical norms ||k, x and ||k, of any function h € S, \ {0} are equivalent on
Qn,N,m. More precisely, on the set Q, nm, for all b € Sy, \ {0}, we have : 3|2 < HhH?LN < 3|2
We have the following result:

Lemma 8.8. Under Assumption the following holds:

e Ifn>N ornx N, thenme./\/l:{1,...,{\/ﬁ/log(Nn)J} and,

P (28 nm) < 2exp(—CVN).
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e I[fn< N, thenmeM=A{1,...,|v/n/log(Nn)|} and

P (% ym) < 2exp(—Cy/n)

where C' > 0 is a constant.
The proof of Lemma is provided in appendix.

Proof of Theorem . The proof of Theorem (.1 extends the proof of Theorem [3.2] when N tends
to infinity. Then, we deduce from Equation that

S §

where C' > 0 is a constant depending on o1, and v = v1 + v5 + 3 with

1 <3 inf
Q'n,,N,'m:| —_ hES»m,L

—|— CE sup  v2(h) | + CA? (43)
heSm,||h|ln=1

N n-—1
ZZhX,gA Ch, i=1,2,3

]1k0

and the CJ ’s are the error terms depending on each path X7, j=1,...,N.

h€Sm, |[hlln=1

Upper bound of E ( sup V2(h)>

For all h = mol arpe € Sy, such that ||h||, = 1, we have ||h? < % and the coordinate vector
a = (ag,- - ,am—1) satisfies:
e ||al|3 < CK < Cm for the spline basis (see Denis et al.| (2021), Lemma 2.6)

e ||al|3 < 1/79 for an orthonormal basis since ||h||* = ||al|3.

Furthermore, using the Cauchy—Schwarz inequality, we have:

m—1 2 m—1
2(h) = (Z agy (¢e)> <llall3 > v*(¢0)
=0

Thus, for all £ € [0,m — 1], v =v; + 12+ v3 and for all i € {1, 2,3}

E [v7 (¢0)] = <Z¢e Xia) C;Z)

We finally deduce from , and that there exists a constant C' > 0 depending on o; such
that:

E sup  v3(h) | < O—. (44)
(hesm, hfln=1 Nn
We deduce from and that there exists a constant C' > 0 such that,

2

E H62 —o?
m |1 DN

Z+C<%+A2>. (45)

2

1 <3 inf
Q”’N’m] = heSm.i
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— 0'|IH < 2mUL. There exists a

Since we have H&\an

constant C' > 0 such that for all m € M and for m and L large enough

[

Then, from Equation (45]), Lemma 8.8 and for m € M = {17 ..., y/min(n, N)/\/log(Nn)}, we have:

[H —a|1 +C’< + mLexp (—C\/M) —|—A2)

where C' > 0 is a constant. Recall that the empirical norms ||.||,, v and ||.||;, are equivalent on Q,, N m,
that is for all h € S, ||B|% < 2||h”%7N' Thus, we have

it ]:Emaa-a.zf

For all h € §p,,1 C Sy, we have:

2 2
] | T 1| L e P

gE[H& a|,H Lo, v ]—i—?mL]P’(nNm).

] < 3 inf
hESmyL

2

n} +E ma; - a;,u n%m]

: [ 2

. |:H6-\7%1 a O-IQIHn HQH’NWL] <2k _Hb\'?n - thL ]lQn,N,m] +2 Hh N GFIHn
[ 2
< 4B (|52 = Alls v Vo | +2 |- R

m

[ 2 2
< sE ||e2 - of ] +10||n - ot
L n,N n

We finally conclude that

[H Tm — ‘7|21

2
} <34 inf
hGSm,L

—i—C (% + mLexp (—C\/IW) +A2) .

8.3.2 Proof of Theorem [4.3]
Proof. For each dimension m € M, we have:
2 " ~ 2
E||62,1 = o*[12) = B[22 = o1 rogemaesonlls] +E (12 2 = o)1 g sonene ]

and from Proposition Lemma and for IV large enough, there exists constants ¢,C' > 0 such
that

n—1
2 2L
[H L — 0L log(N) Jog(N )¢ n] <— P (| Xka| > log(N)) < 2L sup P (| X;| > log(N))
k=0 tE[O,l]
< ¢ exp (—clogQ(N))
~log(N) '

We deduce that

~ C
E |5 = o?I1] = [1G5s — i saemiostilly | + oy 0 (—elog™(V)) . (46)

It remains to upper-bound the first term on the right hand side of Equation .

35



2
Upper bound of E [HE?TZ’L — 02H L—1og(N)tog(n)) |- For all h € Sy, 1, we obtain from Equation ,

N (o) = YN (07) < Vv (h) = v (). (47)
For all h € Sy, 1,
Y (h) = n(0?) = |[h = 0?|[}  + 21(0% = h) + 20(0® — h) + 2v3(0® — h) + 2u(0® — h)
where
N n—1 1 N n—1
ZZh X] ¢, i€ {1,2,3), u(h):mz h(X]\)RiA, (48)
g 1 k=0 j=1 k=0

we deduce from Equation that for all h € Sy, 1,

E |:H8721,L _0.2Hi7N]1[—10g(N),log(N)}] < lnf Hh_O-QHQ +2ZE Vl m,L — h)] +2E[ ( Om,L — h)] :
i=1

(49)
For all i € {1,2,3} and for all h € S, 1, one has
m—1
E [vi (52, — h)] < vV2mL E [V2(¢¢)]. (50)
=0
1. Upper bound of 37" E [13(¢y)]
According to Equation , we have
1 N n—1 ' 4
\Z2S [[O’m - 1]]7 Vl(d)ﬁ) = m Z (be(X]‘Z;A)C]‘Z;i
j=1 k=0

. N\ 2 .
where C =1 [( k(Z—H)A U(Xg)dWsJ) — kDA UQ(Xg)ds] is a martingale satisfying

(k+1)A

2
1
E [C;iﬂfm} =0 and E [(C;A) |fm] Ao (/m 02(X51)ds> < Cof

with C > 0 a constant, W = W' and (F;);>0 the natural filtration of the martingale (M¢)efo]
given for all ¢t € [0,1] by M; = fo o(X1)dW,. We derive that

el m— 2 n—1m-—1
Z E [v{(¢0)] ZNL Z (Z Pe(Xia Cki) = ﬁE [Z Z 91 (Xia) (C’igf] '
— s k=0 (=0

For each k € [0,n — 1], we have

POy d)e(X%A) = f:__IM B2(X}A) =1 for the spline basis

Yoo qﬁg (X}A) < Cm For an orthonormal basis with C' = max ||¢[/%.
0<f<m—1
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Finally, there exists a constant C' > 0 such that

m—1 % for the spline basis

E [v](¢0)]

£=0 C % for an orthonormal basis.

2. Upper bound of 377 ' E (V3 (0)]
For all k € [0,n — 1] and for all s € [0,1], set n(s) = kA if s € [kA, (k4 1)A). We have:

m—1 4 m—1 n (k+1)A 2
Bl =5 D E((X [ e+ DA - 90 (Xho*Cx)aw,

=0 =0 kA

4 m—1 i 1 2

N B[ [ exhes) + A - 9o (xhorxhaw, ) |.

N =0 0 !

We conclude that
m—1 NLM for the spline basis
E [15(¢e)] <
£=0 C-25 for an orthonormal basis.

Nn?
where the constant C' > 0 depends on the diffusion coefficient and the upper bound of the basis
functions.

3. Upper bound of Z?L:_ol E [v3(¢¢)]

We have:
m-l 4y ™l =l (k+1)A ) ) ) 2
B [v3(0)] = Nn2 E Z/ Ge(Xjpa)b(Xga)o (X )dWs
=0 /=0 kA
4 m—1 9
:W E (/ Ge(X n(s Xls)>( )dW)]
=0
1m—1
= NnQ]E Z QZ)?(X%(S))Z)(X%(S))U%X;)ds] .
=0

Since for all z € R, b(z) < Co(1 + 2?) and sup E (|X;|?) < oo, there exists a constant C' > 0
t€[0,1]
depending on the diffusion coefficient such that

m—1 N(:ﬂ for the spline basis
E [v3(¢0)]
£=0 C NQQ for an orthonormal basis.

We finally deduce that from Equations and that for all h € Sy, 1,

2
~92 2
E |:H0'm’[ — 0

~ 2 . m2L
E[Ha%z,L—ﬁHnﬁmgw»log(mﬂshelgﬂfw||h—a2u%+c L 198 (@2, — 1) ()
(51)

N]I[log(N),log(N)}:| < ol =02+ C\BE + 2B [u(@2,, ~1)] (1)

n, hGSm L
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where C' > 0 is a constant, the result (1) corresponds to the spline basis, and the result (2) corresponds
to any orthonormal basis. It remains to obtain an upper bound of the term (2 Ol —h). Foralla >0
and for all h € S, 1,

~ 2
20 (G 1 *HO'mL HnN+—Hh—a2H o anzszfm)
=1 k=
9 92 a N n—1
281 (5%~ ) <25~ ol 4 ydnt ol S0 Y B | (R)|
7=1 k=0

Using Equations , and setting a = 4, we deduce that there exists a constant C' > 0 depending
on o1 such that,

E |:H37?n,L — o2

2

ﬂ[‘l"g“”“gwﬂk inf "h—02!!2+0< %ﬁwz) B]

n,N heS,,
(52)
2
" [Haﬁm -7 ]1[10g<N>,log<Nn] <, Jof [lh—o®[; +C ( e + A2> [H].
n,N heS,, L
The final result is obtained from Equations and . O
8.4 Proof of Section [5l
8.4.1 Proof of Theorem [5.1]
Set for all K, K' € K = {2‘1, qg=0,...,qmax, 20 < \/N/log(N)} M,
Ticir = {9 € Sicear + Sxrars gl =1, liglloo < VI}. (53)

Recall that for all j € [1, N] and for all k& € [0,n],

(k+1)A . \ 2 (k+1)A .
/ o(X1)dw! / o?(X7)ds
kA kA

The proof of Theorem [5.1] relies on the following lemma whose proof is in Appendix.

Lemma 8.9. Under Assumption foralle, v>0 and g € Tk g, there exists a real constant C > 0
such that,

n—1

1 XN
Pl i

Nne?
9(XI )G = e llgll2 v < v* | <exp <—C )
j=1 k=0 71 (

? (ellglloe + 4otv?)

and for all x > 0 such that x < e?/o} (¢||gl oo + 40F0?),
n—1

N
1
P> (X5 > 2000V + ofglleon, 197 < 07 | < exp (~CNna).
7=1k=0
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Proof of Theorem [5.1l From Equation , we have

K := argmin{v, y(G%) + pen; (K)}.
KeK

Forall K € K and h € SK—i—M,La
YN (6% ) + pens (K) < y,,n(h) + peny (K),

then, for all K € K and for all h € Sk m.1,

Yu, N (6%) = N<a|%> < Y (h) = N (07y) + pen; (K) — pen; (K)

) ~
R T R R ——
< Hh 2 H t +d sup v2(g) + ! HAQ h
_0- 0% — 19z —
- d n QGTER g d K nN

|
—

n

N
d ~
m Z R{CA + pen, (K) — pen; (K)
0

W

Jj=1

where d > 1 and the space T, » is given in Equation . On the set Q,, N K,... (given in Equation
(42)): Vh € Skynr, 5|02 < HhH%N < 3||h||2. Then on QN Ky for all d > 1 and for all b € Sk

with K € K,
2
< (1+ ) Hh
n,N

10 ||~
(=) Ik =t

nN heTk &

j=1 k=0
+ pen, (K) — pen, (K).
We set d = 20. Then, on Q, N max and for all h € Sgu 1,
) 2 o0 .t N
HO’A akardi §3Hh—ff|21 nN+20h€s%£)§u2 M;kz_(](RiA)2+2<pen1(K)—pen1(K)>.

(54)
Let g1 : K — Ry such that 160q; (K, K') < 18pen; (K) + 16pen; (K’). Thus, on the set QN Kypues
there exists a constant C' > 0 such that for all h € Sk

[

h€SKk+m,L

2
nan,N,Km}é%( inf h—o%Hn+penl<K>)

+ 160E< sup vi(h) —ql(K,I?)> + CA?

heTy »

where
n—1

N
= Nn Z h(X]A)GIA (55)
7j=1 0

i

with Ci/,i the error term. We set for all K, K’ € K,

Gre(K") == sup v3(h)
hETK’K/
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and for 4(K + M)L. We deduce that,

i
o <
1 n,N

2
]lgc

n,N Kmax:|

2
] <E |:HO'A — O‘|I ]IQnNKmX] +E |:H0'A — a|1

<34inf | inf Hh— 2H K
< &z,c(heggw %r],, +Pem )

—'— CA2 +4(K + M)LP( TLNKmax)

+ 160E [(GK(I?) - q(K, K))+ ]lan,N,Kmax] :

The unit ball By, (0,1) of the approximation subspace Sk 4 with respect to norm ||.||,, defined as
follows:

_ 17
B ,(0,1) ={h € Sgrm : ||h]l < 1} = {h € Sicrm R < TO} = B2(0,1/70),

admits an e—net E. such that for each ¢ € (0,1], |E;| < (%)IG—M (see |Lorentz et al.| (1996),
Proposition 1.3, page 487).

Recall that T g = {g € Sk+m +Srr+a |9lln = 1, 19]]co < \/f} and consider the sequence
(E-,)p>, of e—net with e, = £927% and ¢ € (0, 1]. Moreover, set Ny, = log(|E.,|) for each k > 0. Then
for each g € Sk+m + Skryar such that ||g]lee < VL, there exists a sequence (gx)z>o with g € E,
such that g = go + > pey 9k — gr—1. Set P:=P (. NV QN Koy ) and -

max

T::O’%\/@‘i‘al +ZEk 1{0—1\/6;4_20’1\/71’ }:yEL’N—i—ZyZ’N

k>1 k>0

For all h € Tg j and on the event €, N k.., one has [[h]|2 < 3||h|)2 = 2. Then, using the chaining
technique of Baraud et al|(2001), we have

IF’( sup V1<h) > 7') :IFEE H(hk)kzo S HEEk/Vl( =1 hg —I—Zl/l hy — hy_ 1
hETK’K/ E>0 k=1

S IR DR FD DI S (XIS RSy )
ho€Ey k=1 thE“:k
hg_1€Eep_4

According to Equation and Lemma , there exists a constant C' > 0 such that

P (yl(ho) > yng) <P (le(ho) > 01/ 620N + 02| ho| ol N)

< exp(—C’Nnxg’N),

vk Z 1, ﬁ (Vl(hk - hkfl) > yg’N> S fD (l/l(hk — hkfl) > o11\/ 6$Z’N + U%Hhk - hkl”OOHJZ’N>

< exp(—CNan’N).
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Finally, since Nj, = log(|Ex, |) for all k£ > 0, we deduce that

o0
P (h s71_1p vi(h) > 7') < |Eg| exp(—C’Nn:L‘g’N) + Z (|1Be| + | B2y ) exp(—CNan’N)
K k! k=1

o0
< exp (NO — C’Nnxg’N> + Zexp (Nk + Ni—1 — CchZ’N).
k=1

We choose xg’N and xZ’N, k > 1 such that,

No— CNnag™ = —a (K + K'+2M) — b
Ny + N1 — ONnap™ = — k(K + K’ +2M) —a (K + K' +2M) — b

where a and b are two positive real numbers. We deduce that

K+ K +2M K+ K +2M
2N < Co(1 + k:)% and 7 < Cla%\/fL+Nn+ (56)

with Cy > 0 and C two constants depending on a and b. It follows that

IF’( sup V(t)>r> < ¢ eltexp{—a(K+K +2M)}.
teTx K e—1

From Equation (b6)), we set
K+ K'+2M
K K') =r*oiVL——" "
ql( , ) K 01\/> N

where k* > 0 depends on C7 > 0. Thus, for all K, K’ € K,

—b+1
P({ sup v2(h) > qui(K, K') p 0 QN | < ——exp{—a (K + K’ +2M)}
he€Tk e+1

and there exists constants ¢, C' > 0 such that

E [(GK (K') - (K, K")), 1q

’ﬂ»Nmeax:|

K+ K’
< C(NZ)IP ({ sup v2(t) > q1 (K, K’)} N Qn,N,Kmax)

tGTK’KI
C a
< e {2 (K+K)}.
~ Nn exp{ 2 ( + )
Finally, there exists a real constant C' > 0 such that,
E (GK(I?) — (K f()) 1q < Y E [(GK (K') — qu(K, K")) 1g } < C
) + n,N,Kmax —_ ) + n,N,Kmax — Nn

K'eKk
We choose the penalty function pen such that for each K € IC,
K+M
Nn

For N large enough, one has 02 < v/L. Thus, we finally set pen, (K) = nw with L = log(N).
Then, there exists a constant C' > 0 such that,

E [Ha; e

pen, (K) > koL

2 C
h-at Kb+ —.
UII n-l-penl( )}+Nn

2
< 34 inf inf
n7N Kek hESKJr]u
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8.4.2 Proof of Theorem [5.2]
Proof. From Equation , we have

R := argminy, (6% 1) + peny(K).
KeK

Then, for all K € K and for all h € Sk4ar,1,, we have
TN (0% )+ peny(K) < 7y x(h) + peny(K).

Then, for all K € K and for all h € Skym.1,

YN (0% ) = N (0%) < v (h) = n(0%) + peny(K) — peny(K)

~

2
Ha-\%\ _ U2HnN < ||h _ 02”721’]\[ + QV(E%,L — h) + QM(&\??,L — h) + pGHQ(K) — pen2(K).

We have for all a > 0,

N n—1
2 2 2 a
~2 ~2 2 s . 22 J
2k [M (UI?,L - h)] SEE HUIACL 7 ln,n * ahESIII(lfM,LHh 7l Nn ;kZOE [(RM) ]

and since v = vy + v3 + 13, according to the proof of Theorem [1.3] there exists a constant ¢ > 0 such
that

E [y(ag( - h)} < cE [ul @%, - h)}

)

where the for i € {1,2,3} and for all h € Sk1p ., K € K,

—_

n—

1 N
> > (XA GA,

Nn
7=1k=0

and the (]JC A are given Then,

(1-2) =[P

2 . ~
}g (1+a> inf [ =02 +2E [1n(5% , —n)]

h€Sk4m,L
a N
+ peny(K) — peny(K) + — Z
From Equation and for a = 4, there exists a constant C' > 0 such that

2
B ’/\2 52
OR.L nN

. 2112 ~9 7> 2
[ <3, dnt =+ 4c (6%, — )] + 2 (pens() — peny(R)) + OO
(57)

Since for all K € K, peny(K) > 2x*03+/(K + M)L/(Nn), define the function gs : (K, K') = go( K, K')
such that

K+ K +2M)L —
n

where KoK oM
2V % and v = V2L.
n
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The constant C* > 0 depends on constants x* > 0 and ¢ > 0 of Equation such that
deqa(K, K') < peny(K) + 2peny(K).

Then for all K € K and for all h € Sk w1,

2 ~
n,N] <3 < inf ||h— UZHi + pen2(K)) +4cE |:<I/1(a'\72/ﬁ7L —h) — q(K, K))J +CA%

h K+M,L

For all K € K and for all h € Sk sz, such that ||h]l < VL, we have ,

2
~2
0% . —h <
H K,L n,N

Then, using Equation and Lemma there exists a constant C' > 0 such that for all K, K’ € K
and for all h € Sy,

P (11(B% —h) = g, K'), 5%, — b2y < v?) < exp (~CNna™). (60)

Since L = log(Nn), then for N large enough, 0% < \/log(Nn), we finally choose

0} 2 n

where © > 0 is a new constant. Since E [Vl(/a\%L - h)} <O (\/(Kmaﬁ%zlogz(m) (see proof of

Theorem , for all K € K and h € Sg4r,1, there exists a constant ¢ > 0 such that

IN

g}gé{ﬂz [(yl(aim —h) — go(K, K'))J }

C‘]Z(Ka Kmax)%g}é{ﬂn (Vl(a%(QL - h) > QZ(Ka K/))}

E [(yl(a}{’L —h) — (K, f{))J

IN

From Equation , we obtain that

B | (1065, ~ 1)~ (KB)) | < el K oxp(- OO + Kwd) < <22 (61
since K and Kpax increase with the size N of the sample paths Dy ,,, and
VNnga(K, Kpay) exp(—C(K 4+ Kpax)) = 0 as N,n — oo (or N =1 and n — o).
Then, from Equations and , there exists a constant C' > 0 such that
T T B o
O
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8.4.3 Proof of Theorem [5.3

Proof. The proof of Theorem is similar to the proof of Theorem Then, from Equation 7
for all h € Sk,

2

E HEQA —o?
K |,

)

2
11Qn,Kmx] <3 inf Hh = aﬁ,H +20E ( sup y2(h)11gnmex> + A2

heSkm heSk 1 |hl x=1
+2 (pen(K) - pen([?)),
where TK,K’ = {h S SK+M +SK/+Ma HhHX = 1, HhHOO < \/Z} Let qs : K:Q — R+ such that
160¢3(K, K') < 18pens(K) + 16pens(K’).
Recall that the L2—norm ||.||, the norm E[||.|x] and the empirical norm ||.||,, are equivalent on

IL2(I) since the transition density is bounded on the compact interval I. Then, for all K € K and
h € Sk+m,1, we have

HO'A — O'u <3 inf
he€SK ML

+CA? 4+ CL—==

sup vi(h) — g3(K, K)lg
hGTK,f(

n, Kmax

2
h— aﬁ,H + peng(K)> +20E

2
Km’Zix
n¥/2’

where the numerical constant v can take any value in (1, 400), and

n—1

vi(h) = - Z h(XEA)Cia

k=0

—_

with (;i the error term. We set for all K, K’ € K, Gx(K') :== sup v?(h) and v = 20. Then, for
hETK,K/

Kyax = n'/5 and L = log(n), there exists C' > 0 such that

: . 2 10g( )
2 2
|:HO'A - ‘7|I ] < Slygc{heslélfML h — U|]Hn + peng (K )} + CAHC—5—+
+20 Y E [ K') — g3(K, K))ﬂ@nkm].
K'eKk

Considering the unit ball EH-II (0,1) of the approximation subspace given by

1
B x(0,1) = {h € Skqm, [R5k <1} = {h € Skim, ||B]? < }

0
Then, using a similar reasoning as in Theorem [5.1] we obtain that,

> E[(Gr (K — a6, K) ] <

K'eK

4 (K+K'+2M)
01 n

where C' > 0 is a constant, q3(K, K') o

obtain
2 3
E HUQA — 021 < — inf inf
K,L n,l To Kek hESK+]\47L

5 and peng(K) o (K+M7731cg(n). Then we

n

2 C
h — O'|21Hn + pen3(K)} + —.
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Appendix

Calibration

Fix the drift function b(x) = 1 — x, the time-horizon 7" = 1 and at time ¢ = 0, xo = 0. Consider the
following three models:

Model 1: o(x) =1
Model 2: o(z) = 0.1 +0.9/V1 + 22
Model 3: o(x) = 1/3 +sin?(2nz) /7 + 1/ (7 + x?).

The three diffusion models satisfy Assumption[2.1] and are used to calibrate the numerical constant
k of each penalty function.

As we already know, the adaptive estimator of o on the interval [—y/log(N), /log(N)] necessitate
a data-driven selection of an optimal dimension through the minimization of the penalized least squares
contrast given in Equation . Since the penalty function pen(dy) = k(Ky + M)log?(N)/N?
depends on the unknown numerical constant x > 0, the goal is to select an optimal value of x in the
set V =1{0.1,0.5,1,2,4,5,7,10} of its possible values. To this end, we repeat 100 times the following
steps:

1. Simulate learning samples Dy and Dy, with N € {50,100}, N’ = 100 and n € {100, 250}
2. For each k € V:

(a) For each Ky € K and from Dy, compute 8§N7LN given in Equations and .
(b) Select the optimal dimension Ky € K using Equation

2 ~ ~
(c¢) Using the learning sample Dy, evaluate HE}QA - 0124H where dy = Ky + M.
dn,Ln n,N’
N 2
Then, we calculate average values of ’ 03 LT o for each k € V and obtain the following
N>LN n,N’

results:
We finally choose 5 € V as the optimal value of x in reference to the results of Figure

Proof of Lemma/[3.1 The proof is divided into two parts for each of the two results to be proven.

First result. Since the function h is continuous on R, let H be a primitive of h on R. We deduce
that for all s € [0,1],

H(X; — H(X; — 1 [Xete 1 [t
X, = im 2K+ =X =) 1 / h(z)da = lim— / B(@) (g ey (Xo) .
e—0 2e e—02¢ X.—¢ e=02¢ J_ ’

Finally, since h is integrable on R and using the theorem of dominated convergence, we obtain

1 +00 1 1 +00
/ h(XS)ds:/ h(x)lim2/ ]I(I_E,IJFE)(XS)dsdx:/ h(z)L%dz.
0 0

—00
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N=50, n=250 N=50, n=100

1.000 -

0.100 -

1.00-
0.10-
0.010-
0.01 -
0.001 - I
0.0 2.5 5.0 7.5 10.0

0.0 2.5 5.0 7.5 10.0

N=100, n=250 N=100, Nn=100
1.000 - 1.000
0.100-
0.100-
0.010-
0.010-
0.001 -
0.001 - T
0.0 2.5 5.0 7.5 10.0 0.0 2.5 5.0 7.5 10.0

Figure 2: Calibration of the constant x € V of the penalty function

Second result. Fix t € (0,1] and consider Px : (t,x) — [*__px(t,y)dy the cumulative density
function of the random variable X; of the density function x — px(¢,z). We have:

1 [t 1 [t
VzeR, E(LY) ;1_r>1(1)2€ /0 E []l(x,g,m%) (XS)] ds ;111%28 /0 Plx—e< Xs<zxz+e)ds

_ 1hmPX(s,x+8)—PX(S,m—a)dS
0 e—0 25

1
:/ px (s, z)ds.
0

Proof of Lemma[8.5 From Revuz & Yor| (2013), Theorem 1.7, we have

1 1 1
VeeR, Lf—L = 2/ ]lXS::chXs = 2/ ﬂXS:xb(Xs)ds + 2/ ]lXS:mO'(XS)dWS.
0 0 0

For each s € [0, 1], let Fs be the cumulative density function of the random variable Xg. For all z € R
and for all s € [0, 1], we have for all € > 0,

P(Xs=2z)=1lim P(X; <z+¢)—lim P(X; <z—¢)=Ilim Fy(x +¢) — lim Fs(z —¢)
e—0 e—0 e—0 e—0

= Fs(x) — Fs(x™)
=0

Thus, for all x € R,

E[L® — £ < 2/0 Ib(z)|P(X, = z)ds + 2 [

|

1
/ 1x,—o0(Xs)dW,
0

|

1
_ZE{ / Ty —oor(Xs)dIV,
0
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Using the Cauchy Schwartz inequality, we conclude that

E[|L* — L] < 2\/IE (/01 ]lXS:IUQ(XS)ds) = 20(x) /01 P(Xs = z)ds = 0.
Using the Markov inequality, we have
Wes0, P(LT— L] >e) < EEHE‘” _ LT =0,
We finally conclude that for all z € R,
P(LY # L) =P(|L* — L*| > 0) = 0.
O]

Proof of Lemma [8.6 . The proof of this Lemma mainly focuses on the spline basis and the Fourier
basis based on functions cos and sin which are Lipschitz functions. Thus, for all g = 22”261 appy € S,

1 1
llgl21 — lgl%| < /0 102X, 00)) — 9%(X)] ds < 2]glloo /O 0(Xo) — g(X)|ds. (62)

From Equation (LI)), one has E [||g]|%] = mollg][*. Thus, if ||g||% = 1, then ||g|* < 1/70, and we deduce
for all g = 22”261 appy that there exists a constant C' > 0 such that

e Collection [B]: ||g]lco < |lall2a < Cy/m (see Denis et al. (2021)))

e Collection [CS—OB]: ||g]lcc < Cm™/? since ||g| = ||al|2 and Zzn:Bl ¢7 = O(m").

Moreover, each g € S, such that ||g||% = 1 is a Lipschitz function with a Lipschitz coefficient L, =
O (m3/2) for the collection [B], or Ly = O (mrl/2> for the collection [CS—OB]|. For the spline basis,
this result is obtained in Denis et al.| (2021), proof of Lemma C.1 combined with Lemma 2.6. For

the collection [CS—OB|, for all z,y € I and using the Cauchy—Schwarz inequality together with
Equation and the finite increments theorem, there exists a constant C' > 0 such that

<Cm"?|z —y|.

Back to Equation , there exists a constant C' > 0 such that

1
lgl21 — lgll| < Ome /0 X, () — Xalds (63)

with a = 2 for the collection [B], and a = (r + ') /2 for the collection [CS — OB]. We have:

2
1
lolia [ 1)
l9l% 2

Qm = {w €Q, dg € Sy, \ {0},
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and, using Equation , we obtain

2 1
1
5 — 1‘ = s llgllng = llglk] < Cm“‘/o | X (s) — Xslds.

gesmv(or] 1191k 9ESm, lgl%=1

Finally, using the Markov inequality, the Holder inequality, Lemma ({2.2]), and Lemma , we conclude
that

C (03 ! 1
P (Qn,m) <P (Cm /0 | Xi(s) — Xslds = 2)

1
< Cm*? E [‘Xn(s) - XSW] ds
0

m
< C—+=
- n'Y/2

with v € (1, 4+00). O

IhEy |1
Rl 2

sup [[|2])7 v — 1.
 heHum

Proof of Lemma[8.8 . We have:

O Nm = {w € Q, Jhy € Sy,

Denote by Hy,, = {h € Sp, ||h]|ln = 1}. We have

-1

heHom HhH2

Let € > 0 and let 5, be the e—net of H,, w.r.t. the supremum norm ||.||s. Then, for each h € H,,,
there exists he € H$, such that |h — he||oo < e. Then

A~ = 1] < 1155 = ell? |+ (117 = 1]

and,

N n-—1

2l ZZ\ (X{a) = he(X]a)| Ulhlloe + llrclloo) < (1hlloe + el &
7=1 k=0

[IAI15,x = llhe

Moreover, we have ||h||?, ||h||> < 1/79. Then, there exists a constant ¢ > 0 such that

‘||h||721N - ||h€\|721N‘ < 2,/%*e for the spline basis (see Lemma 2.6 in Denis et al.(2021))

(112 5 = e | < 2,/ for an orthonormal basis ([All%, < (,_max_ el )mi[Al]).

Therefore, for all 4 > 0 and for both the spline basis and any orthonormal basis,

P < sup ’||h|| — 1| > 5) <P < sup ‘||h||iN— 1‘ > 5/2) +1, remss
heHs, 0~

heHm
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We set 6 = 1/2 and we choose ¢ > 0 such that 4e, /<" < 1/2. Then, using the Hoeffding inequality,
0

there exists a constant ¢ > 0 depending on ¢ and 7y such that

N
P (06 ) < 2N, o) e () (64
where N (g, Hyp) is the covering number of H,, satisfying:
Noo(e, Hi) < <I£\/5T7L> (65)

where the constant x > 0 depends on ¢ > 0 (see [Denis et al. (2021) Proof of Lemma D.1). We set
€= “\{VW with m* = max M and we derive from Equations (64) and . that

N N *210g(N
> — 2exp <_C (1 B mog())) .
m* m* cN

o If n >N, then me M = {1, ce \/N/log(Nn)}. Since m*?1log(N)/N — 0 as N — 400, there
exists a constant C' > 0 such that

P (2, nm) < 2exp (—CW) .

P (25 n.m) < 2N™ exp(

e If n < N, then m € M = {1,...,y/n/log(Nn)}, m*2log(N)/N < log(N)/log?(Nn) — 0 as
N,n — oo, and
P (%, ym) < 2exp (—Cv/n).

o If nox N, thenme M = {1, ey \/N/log(Nn)}. Since m*?log(N)/N — 0 as N — 400, there
exists a constant C' > 0 such that

P (2, nm) < 2exp <—C\/N) .

Proof of Lemma [8.9]
Proof. We obtain from Comte, Genon-Catalot, Rozenholc (2007) proof of Lemma & that for each j €

[1,N], ke€[0,n—1] and p e N\ {0,1}

) ) au292 XJ'
E |exp (ug(XZ:A){i’i — M |Fra| <1

1—bu

with a = e (40%02)2 , b=40%c%||gl|oo, u € R such that bu < 1 and ¢ > 0 a real constant. Thus,

N n—1
1

- i 7,1 2 2 _
Nn;kz_og Xialoia 2 & llgllvn < v _E< (5, ) w0 el 2 N ngnNsU?>

- <1{8XP(Z§V—1 Spd ug(X])ER JemNnue>1] ||gNn<”2>
n—

N n-1
—Nnue J
<e E ]IHQHi,NS”Q exp E ug(Xin) £kA
j=1k=0

52



It follows that,

N n—1
1 2,,2
mz ngCA kA— HanN<v < exp{—Nnue—i—N?f#}.
j=1k=0
We set u = 5. Then, we have —Nnue + Nnav?u?/(1 — bu) = —Nne?/2(eb + 2av?) and,
N n—1
1 Nne?
J 2 2
Nn Z 9(Xja) ka Z6& HanN ST | S exp <_2(5b+av2)>
7j=1k=0
Nne?
<exp|-C
( o? (ellglloe +4a%v2))
where C' > 0 is a constant depending on ¢ > 0. O

Proof of Lemma [2.2 Let ¢ > 1. Suppose that Xy = 0. Under Assumption [2.1| we deduce from

Equation that for all ¢ € [0, 1],
t t
/ b(Xs)ds +/ o(Xs)dWs
0 0

/t |b(Xs)|ds +
0

t
X< [ o+ Xahds +
0

Xy

o(Xs)

/0 ()

where the constant Cy > 0 depends on the constant Ly > 0 given in Assumption Let p > 1bea
real number such that 1/p+1/¢ = 1. From the Holder inequality, there exists a constant C; depending

on ¢ such that
t q
/ o(Xs)dWs ) .
0

| Xt

IN

t
vielo,1], X< c, (/ (1+ | X,|%)ds +
0

Using the Cauchy Schwarz inequality, one deduces that

1 t q
E [ sup | X¢|7| < Cy (/ (1+E[|Xs|%)ds + E | sup / o(Xs)dWs ])
te[0,1] 0 tefo,11/o
1 t 2q
<y / (1+E[|Xs|7))ds + 4| E [ sup / o(Xs)dWy ]
0 tef0,1]1/0

From the Doob inequality (see Revuz & Yor| (2013)), corollary 1.6), one has

q] _ (2;31)(1 E /Olg(XS)dWs

E | sup

te(0,1]

/ o(X)dW,

q
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moreover, using the Burkholder-Davis-Gundy inequality, there exists a constant C7, depending on

q > 1 such that
1
/ o (X,)dW,
0

2q
E

1
< CLQE [/ O‘q(Xs)d8:| < 017(10'[11.
0

Then, we deduce that

E | sup | X9
te[0,1]

c, </01 (14 E[|X.])ds + Cl,qa;1> .

Finally, from Proposition [8.2] we have for all ¢ > 1 and for all s € [0, 1], E [|X,]7] < oc. O

Lemma .10. Under Assumption we obtain from FEquation and the sample paths Dy, the
following regression model for the estimation of o°:

Uln, =0 (X{p )+ Cla +Rin . Y, k) €[1,N] x [0,n—1]

where for each pair (j,k) € [1, N] x [0,n — 1], the response variable UZAH is given by

. . 2
_ (X(]k+1)An o Xl]cAn)

UlgAn - An ’
and the error terms are respectively given by CkA = { C CkA’ with:
1 (k-+1)An 2 (k+1)A, .
Gho=a ([ exhawi) — [ x|
KAV kA, N
9 rk+DA, , 4 ,
CkAn A (k + DA, — 8)o' (X))o (XT)dW7,
kA,

(k+1)A ) .
3 = 2b(xi, ) /k L eaw

and R{CA = Rfc’A + RkA + RkA, with:

1 (k+1)A, , 2 . 1 (k+1)A, ,
R =a ([ vedas) o RR =5 [ (e nA, - e

where
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Proof of Lemma[10 From Equation (1)), we have
dXt = b(Xt)dt + O'(Xt)th,

and for all (j,k) € [1, N] x [0,n — 1],

. L2 (kDA kDA 2
(Khopa—a) = ([ wexdas+ [ atxjaw]

A A

k+1A  \? (k+1)A k+D)A
/ b(X9)ds | +2 / b(X7)ds / o (X)dW?
kA kA kA

k+Da 72
+ / o(X2)dw!
kA
(k+1)A . . (k+1)A A A
—2( [ e vy s | ([ elxhaw]
kA kA
(k+1)A _ 2 (k+1)A _ \ 2 (k+1)A ,
+ / b(XD)ds | + / o(XHdwi | — / o?(X7)ds
kA kA kA
(k+1)A , . (k+1)A . .
+ / o (X7)ds + 2Ab(X} ) / o(XHaw?.
kA kA

Then, we deduce that

. N2 A krna o \? Y
(X(jk+l)A_XlJ€A) :/m 0" (X{)ds + /M b(X])ds | + ARJA + ACiy + Ay (66)

As o is a C? function on R, from the It6 formula, one has for all j € [1, N]

d(o*(X7)) = 20 (X))o (X])dX] + 2 [0" + (o/)?] (X{)dt
= ®(X7)dt + 20" (X])o? (X])dW]

with ® = 2bo’o + [0”0—1— (0”)2} o2. We deduce that for all (j,k) € [1,N] x [0,n — 1] and s €
[EA, (k+ 1)A) tels que,

S S

O(X7)du + 2/ o (XX (XD dW.

2(XI) = (X]y) + / -

kA
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We then integrate on the interval [kA, (k + 1)A) and we obtain

(k+1

(k+1)A ) )
/k o} (XI)ds = Ac*(X],) +/k

JA s :
/ O (X)) duds
A kA

A

(k+1)A s ) ) ]
+ 2/ / o' (X))o (XI)dWids
kA kA

. (k+1)A k1A
= Ac?(X],) + / d(X7) / dsdu
kA u

(k+1)A ) ) (k+1)A )
+2 / o (X)) o?(X7) / dsdW?
kA u

, (k+1)A '
—a(xiy)+ [ [+ DA - We(x)du
kA
(k+1)A , 4 :
4 2/ [+ 1)A — ulo’ (X7 )o (X7 )dIV.
kA
Thus, we obtain for al (j, k) € [1, N] x [0,n — 1],
(k+1)A
A kA
We finally deduce from Equations et that
j i)
(X(k+1)A - XkA)
A

= 0 (X]A) + Gia + Ria-

56

(k+1)A ) ) ] )
/ o} (X)ds = Ao? (X)) + / [(k+1)A — u]®(X7)du + c,iﬁ
k

(67)
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