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Abstract

Consider a diffusion process X = (X¢);e[o,1] observed at discrete times and high frequency,
solution of a stochastic differential equation whose drift and diffusion coefficients are assumed to be
unknown. In this article, we focus on the nonparametric esstimation of the diffusion coefficient. We
propose ridge estimators of the square of the diffusion coefficient from discrete observations of X
and that are obtained by minimization of the least squares contrast. We prove that the estimators
are consistent and derive rates of convergence as the size of the sample paths tends to infinity, and
the discretization step of the time interval [0, 1] tend to zero. The theoretical results are completed
with a numerical study over synthetic data.

Keywords. Nonparametric estimation, diffusion process, diffusion coefficient, least squares con-
trast, repeated observations.
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1 Introduction

Let X = (Xt)i[0,1) be a one dimensional diffusion process with finite horizon time, solution of the
following stochastic differential equation:

dXt = b(Xt)dt + O'(Xt)th, XO =0 (].)

where (Wy)i>0 is a standard Brownian motion. The drift function b and the diffusion coefficient
o are assumed to be unknown Lipschitz functions. We denote by (F;):c[o,1) the natural filtration
of the diffusion process X. The goal of the article is to construct, from NN discrete observations
X7 = (XI]CAn)OSkSTN 1 < j < N with time step A,, = 1/n, a nonparametric estimator of the square of
the diffusion coefficient 02(.). We are in the framework of high frequency data since the time step A,
tends to zero as n tends to infinity. Furthermore, we consider estimators of ¢2(.) built from a single
diffusion path (N = 1), and those built on N paths when N — oo. In this paper, we first propose
a ridge estimator of ¢2(.) on a compact interval. Secondly, we focus on a nonparametric estimation
of 02(.) on the real line R. We measure the risk of any estimator 52 of the square of the diffusion

. . 2
coefficient o2 by E [||a2 - a2||%,N} ,where [62—02||2 y := (Nn)~t 2N 0] (02(X,gA) - JQ(X,gA))

is an empirical norm defined from the sample paths.



Related works. There is a large literature on the estimation of coefficients of diffusion processes,
and we focus on the papers studying the estimation of 2.

Estimation of the diffusion coefficient has been considered in the parametric case (see e.g. [Genon-|
Catalot & Jacod| (1993)), Jacod| (1993), Genon-Catalot & Jacod| (1994)), Clement| (1997)), Genon-Catalot
et al| (1999)), Gloter| (2000)), Sgrensen| (2002)). In the nonparametric case, estimators of the diffusion
coefficient from discrete observations are proposed under various frameworks.

First, the diffusion coefficient is constructed from one discrete observation of the diffusion pro-
cess (N = 1) in long time (T" — oo) (see e.g. |Hoffmann (1999a)), |(Comte et al| (2007), |Schmisser
2012), [Schmisser| (2019))), or in short time (T" = 1) (see e.g. |Genon-Catalot et al| (1992)), [Soulier
1993)), Hoffmann| (1997)), [Florens| (1998), [Hoffmann| (1999b))). Note that in short time (T < o), only
the diffusion coefficient can be estimated consistently from a single discrete path contrary to the drift
function whose consistent estimation relies on repeated discrete observations of the diffusion process
(see e.g.|Comte & Genon-Catalot, (2020a)), Denis et al.| (2021)). For the case of short time diffusion pro-
cesses (for instance T' = 1), estimators of a time-dependent diffusion coefficients ¢ — o(¢) have been
proposed. In this context, Genon-Catalot et al| (1992) built a nonparametric estimator of ¢ — o2(t)
and studied its Lo risk using wavelets methods, [Soulier| (1993)) studies the L, risk of a kernel estima-
tor of ¢2(t), and Hoffmann| (1997) derived a minimax rate of convergence of order n=P%/(1+25) where
s > 1 is the smoothness parameter of the Besov space B, .. ([0,1]) (see later in the paper). For the
space-dependent diffusion coefficient x — o%(z), a first estimator based on kernels and built from a
single discrete observation of the diffusion process with T' = 1 is proposed in [Florens-Zmirou| (1993).
The estimator has been proved to be consistent under a condition on the bandwidth, but a rate of
convergence of its risk of estimation has not been established.

Secondly, the diffusion coefficient is built in short time (7" < oo) from N repeated discrete observa-
tions with N — oco. In|Denis et al|(2022), a nonparametric estimator of o2 is proposed from repeated
discrete observations on the real line R when the time horizon T'= 1. The estimator has been proved
to be consistent with a rate of order N~1/% over the space of Lipschitz functions.

Two main methods are used to build consistent nonparametric estimators of z + o2(z). The first
method is the one using kernels (see e.g. Florens| (1998)), Bandi & Phillips) (2003)), Reno) (2006), Gourier-|
oux et al. (2017)), Schmisser| (2019), Park & Wang] (2021)), the other method consists in estimating o2
as solution of a nonparametric regression model using the least squares approach. Since the diffusion
coefficient is assumed to belong to an infinite dimensional space, the method consists in projecting
o? into a finite dimensional subspace, estimating the projection and making a data-driven selection of
the dimension by minimizing a penalized least squares contrast (see e.g. Hoffmann| (1999b)), [Hoffmann|
(1999a)), [Schmisser| (2012]), (Comte| (2017)), [Schmisser| (2019), Denis et al.| (2022)).

Main contribution. In this article, we assume to have at our disposal N i.i.d. discrete observations
of length n of the diffusion process X. The main objectives of this paper are the following.

1. Construct a consistent and implementable ridge estimator of ¢? from a single diffusion path
(N = 1) using the least squares approach. We derive rates of convergence of the risk of estimation
of the ridge estimators built on a compact interval and on the real line R over a Holder space,
taking advantage of the properties of the local time of the diffusion process, and its link with the
transition density.

2. We extend the result to the estimation of o on repeated observations of the diffusion process
(N — o0). We prove that the estimators built on a compact interval and on R are more
efficient considering their respective rates compared to nonparametric estimators built from a
single diffusion path.



3. Focusing on the support of the diffusion coefficient, we consider an intermediate case between a
compact interval and R by proposing a ridge estimator of o2 restricted to the compact interval
[~An, An] where Ay — oo as N — oo. The benefit of this approach is that the resulting
projection estimator can reach a faster rate of convergence compared to the rate obtained on the
real line R.

4. Finally, we propose adaptive estimators of o2 based on a data-driven selection of the dimension
through the minimization of the penalized least squares contrast in different settings.

We sum up below the rates of convergence (up to a log-factor) of the ridge estimators of 0'|21 with
I C R over a Hélder space defined in the next section with a smoothness parameter 5 > 1.

Estimation interval N=1and n— +oo | N — +oo and n — +00
I=[-AA], A>0 n—B/(28+1) (Nn)—ﬂ/(25+1)
I'=[-ANn,AN], AN Notoo +00 XXXX (Nn)=B/CB+D) N xn
I=R n—B/(48+1) (Nn>f,8/(46+1) + 2

2
Table 1: Rates of convergence of the square root of the risk of estimation E [H&\Q — 0‘21

n,N

} of the

non-adaptive estimators o2 of the square of the diffusion coefficient a|2] built from one diffusion path
(N = 1) on the left column, and from repeated observations of the diffusion process (N — 0o0) on the
right column. For the precise results, see Sections [3] and

Outline of the paper. In Section [2] we define our framework with the key assumptions on the
coefficients of the diffusion process ensuring for instance that Equation admits a unique strong
solution. Section 3| is devoted to the non-adaptive estimation of the diffusion coefficient from one
diffusion path both on a compact interval and on the real line R. In Section [4] we extend the study
to the non-adaptive estimation of the diffusion coefficient from repeated observations of the diffusion
process. We propose in Section[5] adaptive estimators of the diffusion coefficient, and Section[6]complete
the study with numerical evaluation of the performance of estimators. We prove our theoretical results
in Section [8

2 Framework and assumptions

Consider a diffusion process X = (X;)ic[o,1], solution of Equation whose drift and diffusion coeffi-
cient satisfy the following assumption.

Assumption 2.1. 1. There exists a constant Ly > 0 such that b and o are Lo— Lipschitz functions
on R.

2. There exist constants oy, 01 > 0 such that : o9 < o(z) < o1, VYV eR.

3. 0 € C*(R) and there exist C > 0 and o > 0 such that:

o' ()| + |o" (@) < C (1 + |2|*), VzeR.



Under Assumption , X = (Xt)te[o,l] is the unique strong solution of Equation (|l)), and this
unique solution admits a transition density (¢,x) — px(t,x). Besides, we draw from Assumption
that

Vg>1, E

sup |Xt|q] < 0. (2)
t€[0,1]

2.1 Definitions and notations

We suppose to have at our disposal, a sample Dy, = {Xj, j=1--- ,N} constituted of N indepen-
dent copies of the discrete observation X = (Xga,, Jo<k<n of the diffusion process X where A, =1/n
is the time-step. The objective is to construct, from the sample Dy ,, a nonparametric estimator of
the square o2 of the diffusion coefficient on an interval I C R. In the sequel, we consider two main
cases, the first one being the estimation of o2 on the interval I from a single path (N = 1 and n — 00).
For the second case, we assume that both N and n tend to infinity.

For each measurable function h, such that E [h%(X;)] < oo for all ¢ € [0,1], we define the following
empirical norms:

n—1

2 1 j
N = R Z Z (Xia,): (3)
j=1k=

IR]I7 = Ex

9

1 n—1

- 2

- > h* (Xka,)
k=0

For all h € L2(I), we have

n—1

Ih]2 = / pr (A, 70, 2)dz = /I B (@) ful()da,

where f, : x — %ZZ;(I) px(kAy,, ) is a density function. For the case of non-adaptive estimators of
02, we also establish bounds of the risks of the estimators based on the empirical norm ||.||,, or the
LL2—norm ||.|| when the estimation interval I is compact.

For any integers p,q > 2 and any matrix M € RP*?, we denote by ‘M, the transpose of M.

2.2 Spaces of approximation

We propose projection estimators of o2 on a finite-dimensional subspace. To this end, we consider for
each m > 1, a m-dimensional subspace S,,, given as follows:

Sm::Span(qu? 6207"'7777‘_1)’ m 21 <4>

where the functions (¢, ¢ € N) are continuous, linearly independent and bounded on I. Furthermore,
we need to control the #2—norm of the coordinate vectors of elements of S,,,, which leads to the following
constrained subspace,

m—1 m—1

SmL = {h = Z agPy, Z a? = ||la|3 <mL, a=(ao, - ,am_1), L> 0} . (5)
£=0 =0

Note that S, ;. C S, and Sy, 1, is no longer a vector space. The control of the coordinate vectors

allows to establish an upper bound of the estimation error that tends to zero as n — oo or N, n — oc.

In fact, we prove in the next sections that the construction of consistent estimators of o2 requires the

functions h = er;_ol ag@e to be bounded, such that

hlloe < ,_max_[lérll lall>

PERReY AL

This condition is satisfied for the functions of the constrained subspaces S, 1 with m > 1. In this
article, we work with the following bases.



[B] The B-spline basis This is an exemple of a non-orthonormal basis defined on a compact interval.
Let A > 0 be a real number, and suppose (without restriction) that I = [—A, A]. Let K, M € N*  and

consider u = (u_ps, -+ ,ur ) a knots vector such that u_py = - =u_1 =uy = —A, ug41 =+ =
ugsym = A, and foralli =0, , K,
2A

One calls B-spline functions, the piecewise polynomial functions (By),__ Mo K1 of degree M, associ-
ated with the knots vector u (see|Gyorfi et al. (2006), Chapter 14). The B-spline functions are linearly
independent smooths functions returning zero for all x ¢ [— A, A], and satisfying some smoothness con-
ditions established in |Gyorfi et al.|(2006). Thus, we consider approximation subspaces Sk defined
by

Skym =Span{By, {=—-M,--- /K —1}

of dimension dim(Sk ) = K+M, and in which, each function h = Zf:__lM ayBy is M —1 times contin-
uously differentiable thanks to the properties of the spline functions (see |Gyorfi et al.|(2006)). Besides,
the spline basis is included in the definition of both the subspace S, and the constrained subspace S, 1,
(see Equations () and (5))) with m = K+ M and for any coordinates vector (a_pz, . .., ax—1) € REFTM,

K—-1 m—1
Z agBy = Z ag—pBe -
=M =0

The integer M € N* is fixed, while K varies in the set of integers N*. If we assume that o belongs to
the Holder space ¥;(3, R) given as follows:

(8, R) = {h € D), [nO @) — O ()| < Rlz =y, wy e},

where § > 1,/ = | 3] and R > 0, then the unknown function 0‘21 restricted to the compact interval I can
be approximated in the constrained subspace Sk s, spanned by the spline basis. This approximation
results to the following bias term:
inf [|h— 0?2 < C|I[2P K2 (6)
he€SKk+Mm,L

where the constant C' > 0 depends on §, R and M, and |I| = supI — inf I. The above result is a
modification of Lemma D.2 in |Denis et al.|(2021).

e ourier asls € subspace oy, Can be Spanne the Fourier basis
[F] The Fourier basis The subspace S be spanned by the Fourier basi
{fo, £=0,...,m—1} ={1,V2cos(2mjz),V2sin(2rjz), j =1,...,d} with m = 2d + 1.

The above Fourier basis is defined on the compact interval [0, 1]. The definition can be extended to any
compact interval, replacing the bases functions = — fy(x) by z +— 1/(maxI — min I)fg(ﬁ)
We use this basis to build the estimators of 02 on a compact interval I C R.

Define for all s > 1 and for any compact interval I C R, the Besov space Bgm(l ) which is a space
of functions f € L?(I) such that the |s|"" derivative f(l*)) belongs to the space B;:XL)SJ (I) given by

Bg:ﬂ () = {f € L*(I) and fj’_ft(s? € L°°(IﬂR+)}



where for s — |s] € (0,1), wa ¢(t) = sup||mnf — fll2 with 7, f(x) = f(x — h), and for s — [s] = 1,
|h|<t
wo ¢(t) = sup||7nf +7-nf —2f||2. Thus, if we assume that the function a|2[ belongs to the Besov
h|<t

space Bgm, then it can be approximated in a constrained subspace Sy, 1, spanned by the Fourier basis.
Moreover, under Assumption and from Lemma 12 in Barron et al. (1999), there exists a constant
C > 0 depending on the constant 71 of Equation , the smoothness parameter s of the Besov space
such that

2
<7 inf
n hESm,L

inf
hES’rn,L

2 2
2 2 2 -2
h—of h—0|IH SC‘JU‘Bm d (7)
where |O"21’S is the semi-norm of 0|21 in the Besov space B3 . (1).

Note that for all 8 > 1, the Holder space ¥;(3, R) and the Besov space Bg,oo satisfy:

L¥(R) NZ(B,R) € BL, (I) € B (1)

(see |DeVore & Lorentz| (1993), Chap. 2 page 16). As a result, we rather consider in the sequel the
Holder space X7(8, R) which can also be approximated by the Fourier basis.

[H] The Hermite basis The basis is defined from the Hermite functions (h;,j > 0) defined on R
and given for all j > 0 and for all z € R by:

) .
hj(z) = c¢jH;(x), where H;(x)= (—1)exp (ﬂ;) % (e*x2/2> and ¢j = (2jj!ﬁ)_1/2.
The polynomials H;(z), j > 0 are the Hermite polynomials, and (h;,j > 0) is an orthonormal basis of
L*(R). Furthermore, for all j > 1 and = € R, |hj(z)| < c|z|exp(—cox?) for 22 > (3/2)(4j + 3) where
¢, ¢ > 0 are constants independent of j (see Comte & Genon-Catalot| (2020b)), Proof of Proposition
3.5). We use the Hermite basis in the sequel for the estimation of o2 on the real line R.
If one assumes that o2 belongs to the Sobolev space ws (R, R) given for all s > 1 by

W} (R, R) = {g € L*(R, fu(a)de), ¥ £ > 1, |lg - goll’ < RE*)

where for each £ > 1, g, is the L?(R, f,,(z)dz)—orthogonal projection of g on the /—dimensional vector
space Sy spanned by the Hermite basis. Consider a compact interval I C R and the following spaces:

We(I,R) :

g e LX(I), Y i*{g.¢))° <Ry,

j=0
Wi (I, R) = {g € L*(I, fu(x)dx), Y £> 1, |lg = gull;, < RO}

where (¢;);>0 is an orthonormal basis defined on I and for all £ > 1, g, is the orthogonal projection of
g onto Sy = Span(h;, j <€) of dimension £ > 1 (see e.g. |Comte & Genon-Catalot| (2021)). Then, for
all g € W*(I, R), we have

9=> (9.6;)¢; and |lg—gell>= > (g.0,)> <L Y j*(9,¢;)° < RL.
J=0 j=t+1 j=0+1

We have W} (I, R) = W*(I, R) as the empirical norm ||.[|, and the L?—norm ||.|| are equivalent. The
space W3 (R, R) is an extension of the space Wi, (I, R) wher I =R and (¢;);>0 is the Hermite basis.



Remark 2.2. The B-spline basis is used for the estimation of o> on a compact interval on one side
(N =1 and N > 1), and on the real line on the other side restricting o on the compact interval
[—log(n),log(n)] for N =1, or [—log(N),log(N)] for N > 1, and bounding the exit probability of the
process X from the interval [—log(N),log(N)] (or [—log(n),log(n)]) by a negligible term with respect
to the estimation error. In a similar context, the Fourier basis is used as an othonormal basis to built
nonparametric estimators of 0% on a compact interval and on R, both for N = 1 and for N > 1.
The main goal is to show that, in addition to the spline basis which is not orthogonal, we can built
projection estimators of o on orthonormal bases that are consistent. The advantage of the Hermite
basis compared to the Fourier basis is its definition on the real line R. As a result, we use the Hermite
basis to propose for N > 1, a projection estimator of o> whose support is the real line R.

Remark 2.3. Denote by M, the set of possible values of the dimension m > 1 of the approximation
subspace Sp,. If (¢o,-++ , dm—1) is an orthonormal basis, then for all m,m’ € M such that m < m/,
we have Sy, C S,,y. For the case of the B-spline basis, one can find a subset I C M of the form

IC: {2q7 qzoa 7Qmax}

such that for all K, K' € K, K < K' implies Sk+m C Sgr+m (see for example |Denis et al.| (2021)).
The nesting of subspaces Sy, m € M is of great importance in the context of adaptive estimation of
the diffusion coefficient and the establishment of upper-bounds for the risk of adaptive estimators.

In the sequel, we denote by [F], [H] and [B] the respective collection of subspaces spanned by the
Fourier basis, the Hermite basis and the B-spline basis.
2.3 Ridge estimators of the square of the diffusion coefficient

We establish from Equation and the sample Dy, the regression model for the estimation of o2
For all j € [1,N] and k € [0,n — 1], define

. NS
J _yJ
Uj L (X(k:—‘rl)A" Xk;An)
kA, An .
. j . . o . d(X,X), . .
The increments U,z A, are approximations in discrete times of % since, from Equation (|1)), one has

d(X,X), = 0%(X;)dt. From Equation (]), we obtain the following regression model,
Uln, = 0*(X{x ) +Cla, + Rla,, V(.)€ [1,N] x [0,n—1]

where U,z A, 1s the response variable, CIJC A, and Ri A, are respectively the error term and a negligible
residual whose explicit formulas are given in Section [
We consider the least squares contrast v, y defined for all m € M and for all function h € S, 1, by

N
() = 5= SO (Vs — (X)) (®)

For each dimension m € M, the projection estimator 52, of 02 over the subspace S, 1, satisfies:

G2, € argmin y, y(h). 9)
hGSm,L

Indeed, for each dimension m € M, the estimator 52, of o2 given in Equation @ satisfies 02, =
ZZL;OI Ay, where
~ ~ ~ . 2
a=(ap, - ,am—1) = argmin||U — Fy,al|; (10)
llal[3<mL



with *U = (U&, ceey U(ln—l)An> cees Uév, ey U(]X—l)An> and the matrix F,, is defined as follows

— (T J J Nnxm
Fm = ( ($e(X0), - ’@(X(n*l)An)))ogegmq €k '
1<G<N
The vector of coefficients a is unique and called the ridge estimator of a because of the ¢2 constraint
on the coordinate vectors (see Hastie et al.| (2001) Chap. 3 page 61).

3 Estimation of the diffusion coefficient from a single diffusion path

This section focuses on the nonparametric estimation of the square of the diffusion coefficient o2 on
an interval I C R when only a single diffusion path is observed at discrete times (N = 1). It is proved
in the literature that one can construct consistent estimators of the diffusion coefficient from one path
when the time horizon T is finite (see e.g. |[Hoffmann| (1999b)). Two cases are considered. First, we
propose a ridge estimator of o2 on a compact interval I C R, say for example I = [~1,1]. Secondly,
we extend the study to the estimation of o2 on the real line I = R.

3.1 Non-adaptive estimation of the diffusion coefficient on a compact interval

In this section, we consider the estimator 72, of the compactly supported square of the diffusion
coefficient 021 on the constrained subspaces S, 1, from the observation of a single diffusion path.

Since the interval I C R is compact, the immediate benefit is that the density function f, defined
from the transition density of the diffusion process X = (Xpa) is bounded from below. In fact, there
exist constants 7, 71 € (0, 1] such that

V:CEI, T()an(:v) <, (11)
(see Denis et al| (2021)). Thus, for each function h € L2(1),
7ollal* < [IR]l7 < A (12)

where |.|| is the L2—norm. Equation allows to establish global rates of convergence of the risk of
the ridge estimators &2, of a|21 with m € M using the L?—norm ||.|| which is, in this case, equivalent
with the empirical norm ||.||,.

To establish an upper-bound of the risk of estimation that tends to zero as n tends to infinity, we
need to establish equivalence relations between the pseudo-norms ||.|[,,1 (N = 1) and ||.||x on one side,
and ||.||x and the L?2—norm ||.|| on the other side, where the random pseudo-norm ||.||x is defined for
each function h € L2(I) by

1
Iy = [ (X)ds, (13)
0
Define for z € R, the local time £* of the diffusion process X = (X¢).c[0,1] by
1 M
LY = ;%25/0 ]l(m—s,x—o—e) (Xs)ds (14)

In general, the local time of a continuous semimartingale is a.s. cadlag (see e.g. Revuz & Yor| (2013)).
But, for diffusion processes and under Assumption the local time £ is bicontinuous at any point
z € R (see Lemma in Section [§)). Furthermore, we obtain the following result.

Lemma 3.1. Under Assumption[2.1], and for any continuous and integrable function h, it yields,



1 [y h(Xs)ds = [, h(z)Lda.

2. For allx € R, E(L") = fol px(s,z)ds.

In Lemma(3.1} we remark that there is a link between the local time and the transition density of the
diffusion process. Thus, if we consider the pseudo-norm ||| x depending on the process X = (X;);ejo1]
and given in Equation , and using Lemma we obtain that,

1
B[|4] = [ #@EE)de = [ 2 [ px(sadsde > mlhlP. (15)
R R 0
where fol px(s,2)ds > 79 > 0 (see Denis et al.|(2021), Lemma 4.3), and ||h||? is the L2—norm of h.

Theorem 3.2. Set L =log(n). Suppose that o is approzimated in one of the collections [B] and [F].
Under Assumption[2.]], it yields

2 2 m  m**llog(n)
~2 _ 2 : _ 2 mo om~7 " log(n) 2
E |:H0-m Uu n,1:| S 3h€1«191iL h U|I n + C < n * nV/Q T An)
2 34T 2 m ~ m?Tllog(n)
~92 2 1 . 2 1 g 2
— <22t — Sy eV
E |:H(Tm U‘I n:| T 70 helgfl,L h JII n +C < n + nv/2 * An)

where the number v > 1 comes from the use of the Holder inequality. The constant C' > 0 depends on
o1 and the constant C' > 0 depends on o1, 79 and T1.

We observe that the upper-bound of the risk of estimation of 52, is composed of the bias term,
which quantifies the cost of approximation of a|21 in the constrained space S, 1, the estimation error
O(m/n) and the cost of the time discretization O(A2) are established on a random event in which
the pseudo-norms ||.||,,1 and ||.||x are equivalent, and whose probability of the complementary times

2
H&,%l — 0|21H is bounded by the term O (M> (see Lemma and proof of Theorem .
o0

nY/2
The next result proves that the risk of estimation can reach a rate of convergence of the same order
than the rate established in Hoffmann| (1999b) if the parameter v > 1 is chosen such that the term
O(m**11og(n)/n7/?) is of the same order than the estimation error of order m/n. Note that the risk

2
/\2 o 2 Lo d Lt
g g 1S random since
m |] n

2
~2 2
75 o, = Ex

1 n—1
- > (G - UFI)(XkA)]
k=0

and the estimator 52, is built from an independent copy X! of the discrete times process X. Thus, the
expectation E relates to the estimator &2,.

Corollary 3.3. Suppose that o € (B, R) with 8 > 3/2, and v = 2(28+1)/(28 — 3). Assume that
Kopt nt/ 26+ for [B] (mopt = Kopt + M), and mep o nt/ @5+ for [F]. Under Assumptions
it yields,

2
E [Hafnopt — g‘QIH J =0 (log(n)n*w/(w“))
n,
2
3 [ -t - ().
n
Note that we obtain the exact same rates when considering the risk of ﬁfnopt defined with the

L2—norm equivalent to the empirical norm ||.|,,. Moreover, these rates of convergence are of the same
order than the optimal rate n=%/(25t1 established in [Hoffmann| (1999b)) over a Besov ball.



3.2 Non-adaptive estimation of the diffusion coefficient on the real line

In this section, we propose a ridge estimator of o2 on the real line R, built from one diffusion path. In
this context, the main drawback is that the density function f, :  — %ZZ;& px (kA,z) is no longer
lower bounded. Consequently, the empirical norm ||.||,, is no longer equivalent to the Lo—norm ||.|| and
the consistency of the estimation error is no longer ensured under the only assumptions made in the
previous sections. Consider the truncated estimator 372717 ., of o2 given by

T2 (®) = (@) 2 (< + Vg2 (v (16)

Thus, the risk of the ridge estimator 87%% 1, is upper-bounded as follows:

~ 2 o~ 2 ~ 2
E[[[62.:—0*2,] < E[1GhL = o1 togmozerla] + E 162z = 01 togmytogor 1.

~ 2
<E |:H(Uzn,L - 02)]1[— log(n),log(n)]Hn’1:| + 410g2(n)tSE%]P(|Xt‘ > IOg(n))'
€10,

The first term on the 7.A.s. is equivalent to the risk of a ridge estimator of o2 on the compact interval
[—log(n),log(n)]. The second term on the r.h.s. is upper-bounded using Lemma[8.4] We derive below,
an upper-bound of the risk of estimation of 52,.

Theorem 3.4. Suppose that L = log?(n). Under Assumption it yields,

. 2 : mdlog®(n)
E (5.~ oI}, <, duf Ih—o?l;+C

where C' > 0 is a constant, ¢ = 1 for the collection [B|, and q = 2 for the collection [F].

We first remark that the upper-bound of the risk of the truncated estimator of o2 differs with
respect to each of the chosen bases. This contrast comes from the fact that the Fourier basis {f;, £ =
0,...,m — 1} and the spline basis {By_p;, £ =0,...,m — 1} satisfy

m—1 m—1
fe(xz) < Cpm, and Z Bi_p(z) =1.
=0 =0

Secondly, the estimation error is not as fine as the one established in Theoremwhere o2 is estimated
on a compact interval. In fact, on the real line R, the pseudo-norm ||.|| x can no longer be equivalent to
the L2—norm since the transition density is not bounded from below on R. Consequently, we cannot
take advantage of the exact method used to establish the risk bound obtained in Theorem which
uses the equivalence relation between the pseudo-norms |.||,,1 and ||.||x on one side, and ||.|| x and the
L2—norm ||.|| on the other side. Moreover, we can also notice that the term of order 1/n? does not
appear since it is dominated by the estimation error.

We obtain below rates of convergence of the ridge estimator of o2 for each of the collections [B]

and [F].

Corollary 3.5. Suppose that 0% € ¥1(8, R) with 3 > 1

For [B]. Assume that K oc n'/(*#+1)  Under Assumptions there exists a constant C > 0 depend-
g on B and o1 such that

o A

n,J < Clogw(n)n_zﬁ/(‘w“).

10



For [F|. Assume that m oc n'/2C8+D - Under Assumptions it yields,
E [Hazn,L - 02Hi 1} < C'log(n)n=#/(26+1)

where the constant C' > 0 depends on f and o71.

As we can remark, the obtained rates are slower than the ones established in Section where o2 is

estimated on a compact interval. This result is the immediate consequence of the result of Theorem [3.4]

4 Estimation of the diffusion coefficient from repeated diffusion paths

We now focus on the estimation of the (square) of the diffusion coefficient from i.i.d. discrete observa-
tions of the diffusion process (N — 00).

4.1 Non-adaptive estimation of the diffusion coefficient on a compact interval

We study the rate of convergence of the ridge estimators 2, of O" 7 from Dy, when [ is a compact

interval. The next theorem gives an upper-bound of the risk of our estimators 52,, m € M.

Theorem 4.1. Suppose that L = log(Nn) and M = {1, ...y y/min(n, N)/log(Nn)}. Under As-

sumption and for all m € M, there exist constants C > 0 and C' > 0 depending on oy such
that,

2
E [Hﬁfn—afl N} < BhEigf h—O‘u —l—C’(——{—mlog(Nn exp( C'y/min(n, N) > +A2)
n, m,L
2
E [H?f?n —O'|21 } < 34h igf h — a|2[ —}—C' (N——l—mlog(Nn exp( C'y/min(n, N) ) +A2)
n €Sm,L

Note that the result of Theorem is independent of the choice of the basis that generate the
approximation space Sp,. The first term on the right-hand side represents the approximation error of
the initial space, the second term O (m/(Nn)) is the estimation error, and the last term characterizes
the cost of the time discretization. The next result is derived from Theorem [4.1]

Corollary 4.2. Suppose that 0> € X1(8, R) with 8 > 3/2. Moreover, assume that Koy oc (Nn)'/(28+1)
for [B] (mopt = Kopt + M), and mepy o< (Nn)Y @B+ for [F|. Under Assumptions it yields,

[H Tmopt N] =0 ((Nn)*%/(%ﬂ))

2

n,

Mopt

] _0 <( Nn)—m/(zﬁm) ,

n

The obtained result shows that the nonparametric estimators of a|2] based on repeated observations
of the diffusion process are more efficient when N,n — oo. Note that the same rate is obtained if the
risk of /U\?nopt is defined with the L?—norm ||.| equivalent to the empirical norm ||.|,,.

The rate obtained in Corollary is established for 8 > 3/2. If we consider for example the collec-
tion [B] and assume that 8 € [1,3/2], then Kop oc (Nn)'/ 2541 belongs to M for n oc v/N/log*(N)
and we have

2
~2 2
E |:HO-WLOPt - Ul[ ‘nN

] < O(Nn)-28/26+1),

Under the condition n oc v N/ log4(N ) imposed on the length of diffusion paths, the obtained rate is
of order n=38/A+1) (up to a log-factor) which is equivalent to N —38/2C8+1) (up to a log-factor).
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4.2 Non-adaptive estimation of the diffusion coefficient on the real line

Consider a ridge estimator of o? on R built from N independent copies of the diffusion process X
observed in discrete times, where both N and n tend to infinity. For each m € M, we still denote by
72, the ridge estimators of o2 and ﬁfm 1, the truncated estimators of o? given in Equation . We
establish, through the following theorem, the first risk bound that highlights the main error terms.

Theorem 4.3. Suppose that L = log?(N). Under Assumptions and for any dimension m € M,
the following holds:

2

11og?(N
m*10g ( ) 2
n,N

[, — o’ W) | a2

}§2 inf [|h— 022 +C
hESm’L

where C > 0 is a constant depending on the upper bound o1 of the diffusion coefficient. Moreover,
g =1 for the collection [B] and ¢ = 2 for the collection [H].
If we consider the risk of &7, ; using the empirical norm ||. |, then we obtain

mdlog?(N) N m? log3(N)
Nn N

E[Hafnra?\\ﬂ <2 inf |h—o*|2+C + A2 (17)
’ heSm.L
The risk bound given in Equation is a sum of four error terms. The first term is the approximation
error linked to the choice of the basis, the second term is the estimation error given in Theorem the
third term m?log®(N)/N comes from the relation linking the empirical norm ||.||,, to the pseudo-norm
[|-[ln,v (see Lemma [8.7), and the last term is the cost of the time-discretization.

We derive, in the next result, rates of convergence of the risk bound of the truncated ridge estimators
33”7 ; based on the collections [B] and [H] respectively.

Corollary 4.4. Suppose that 0 € X1(8, R) with > 1, I = [~ log(N),log(N)], and K o (Nn)'/(48+1)
for [B], and o? € w3 (R, R) with s > 1 and m oc (Nn)/?@s+t1) for [H]. Under Assumption the
following holds:

For [B] E[|[62,, - o*[2 ] <C <1og2ﬁ(N)(Nn)2ﬁ/<4ﬂ+1> 4 nl2> ,

s —s/(2s 1
For [H] E [HUZ%L - aQHiN] <C <10g3(N)(Nn) /@2s+1) 4 n2> .

where C' > 0 is a constant depending on B and o1 for [B], or s and o1 for [H].

The obtained rates are slower compared to the rates established in Section for the estimation
of 021 where the interval I C R is compact. In fact, the method used to establish the rates of
Theorem from which the rates of Corollary are obtained, does not allow us to derive rates
of order (Nn)~®/(2¢+1) (up to a log-factor) with & > 1 (e.g. o = f,s). Finally, if we consider the
risk defined with the empirical norm [|.||,,, then from Equation with n oc N and assuming that
m oc N4+ for [H] or K oc N4+ for [B], we obtain

Bl: E[6k, - o?}] < Clog®(w)(vm)#200),
) B (57,0~ 0%[] = Olog’ (M) vy

where C > 0 is a constant depending on o7 and on the smoothness parameter. We can see that the
obtained rates are slower compared to the results of Corollary £.4] for n o N. The deterioration of
the rates comes from the additional term of order m?log3(N)/N which is now regarded as the new
estimation error since it dominates the other term in each case as N — oo.
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4.3 Non-adaptive estimation of the diffusion coefficient on a compact interval
depending on the sample size

This section combines the two first sections and focusing on the estimation of o2 on the

compact interval [— Ay, Ay] where (Ay) is a strictly positive sequence such that Ay — 0o as N — oc.

Consequently, we obtain that the estimation interval tends to R as the sample size N tends to infinity.
Define from the observations and for each dimension m € M, the following matrices:

—_

T, = NlnzN:n o0 (Xis) év (Xia) : (18)

j=1k=0 0<0,0'<m—1

n—1
Uy i=E (Tyn) = (E [; 3" 6 (Xia) bo (Xm)] ) . (19)
k=0 0<L,0/<m—1

These two matrices play an essential role in the construction of a consistent projection estimator of

o2 over any approximation subspace S,, spanned by the basis (¢g, -+ ,®m_1). Furthermore, for all

h = Z?:Ol a¢Pp € Sy, we have:
1h]5n = "alna, (k)% =E (k] y) = a¥na,

where a = (ag, -+ ,am—1). The Gram matrix ¥,, is invertible under the spline basis (see Denis et al.
(2022)) and the Hermite basis (see Comte & Genon-Catalot| (2021)). We define for any invertible
matrix M, the operator norm HM‘lHop of M~ given by HM_lHOp = 1/inf{)\;} where the \; are
eigenvalues of M. R

For all dimension m € M, the matrices ¥,, and F,, satisfy:

U, = 'F,,F,,.

Consider the ridge estimator 52, of U%N = 0-2]1[_AN7AN]’ with m € M and Ay — o0 as N — oco. The
estimator 72, can reach a faster rate of convergence if the Gram matrix ¥,, given in Equation

satisfies the following condition,

N m—1
L(m) (H\I/;llHOp V; 1) < Cm, where L(m) := sggz $3(z) < o0 (20)
TR e=0

where C' > 0 is a constant. In fact, the optimal rate of convergence is achieved on a random event
Q,, N,m in which the two empirical norms |||, x and ||.||,, are equivalent (see |(Comte & Genon-Catalot

(2020a)), Denis et al| (2021)). Then, Condition is used to upper-bound P (QC ) by a neg-

n,N,m

ligible term with respect to the considered rate (see Comte & Genon-Catalot (2020a))). Note that
in Equation , the square on log(N) is justified by the fact that the value of constant C' > 0 is
unknown, and that the spline basis is not othonormal (see Denis et al. (2022), proof of Lemma 7.8).
The assumption of Equation is also made in |[Comte & Genon-Catalot| (2020a) on the operator
norm of ¥ based on an orthonormal basis with the bound ¢ N/ log(N) where the value of ¢ is known,
and chosen and such that the upper-bound of P( . N’m) is negligible with respect to the estimation
error. In our framework, since the transition density is approximated by Gaussian densities, we derive
the following result.
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Lemma 4.5. Suppose that n < N and that the spline basis is constructed on the interval [—An, AN]
with Ay > 0. Under Assumption[2.1], for allm € M and for all w € R™ such that ||w||2m =1, there
exists a constant C' > 0 such that

C 300(4m+ 3)
For [H]: Wpw > e - ’
or [HJ I = 10g(N) eXp( 2(1—10g_1(N))>
CAn

For [B] : w,\I]m’lU > m exp (_CO'A?V) s

where the constant ¢, > 1 that comes from the approximation of the transition density, depends on the
diffusion coefficient o.

The result of Lemma implies for the Hermite basis that

B log(N) 3cq(4m + 3)
(1931, 1) = 250 e (e

where the upper-bound is an exponentially increasing sequence of N since the dimension m € M has

a polynomial growth with respect to N. Thus, Condition cannot be satisfied for the Hermite

basis in our framework. Considering the spline basis, one has £(m) = L(K + M) < 1 and there exists

a constant C' > 0 such that log(V)
mlog

<(C——F=
A

o, < "

exp (CUA%V) . (21)

For K o« (N?/(25+D Ay), Condition (20) is satisfied if the estimation interval [—~Ay, Ay] is chosen

such that Ay = o ( log(N )) In the next theorem, we prove that the spline-based ridge estimator of

O‘iN reaches a faster rate of convergence compared to the result of Corollary {4.4{ for the collection [B].

Theorem 4.6. Suppose that N x n and consider the ridge estimator 8124]\;,771 of 01241\7 based on the
spline basis. Furthermore, suppose that L = log(N), Ay = 0( log(N)) and K o< (Nn)Y @D Ay

hOldS.‘

where C > 0 is a constant depending on [3.

The above result shows that the risk of the ridge estimator of U%N on [—Apn, An] reaches a rate of

order (Nn)=#/F+1) (up tp a log-factor) thanks to Condition which allows us to take advantage
of the equivalence relation between the empirical norms ||.||,, and |.||, ~ given in Equation (3] to
derive a finer estimation error (see proof of Theorem [1.6]). Note that the obtained result depends on
an appropriate choice of the estimation interval [— Ay, Ay] which tends to R as N tends to infinity.
Therefore, any choice of Ay such that Ayx/+/log(IN) — 400 cannot lead to a consistent estimation

error since Equation is no longer satisfied for the upper-bounding of P (Qc > by a term that

n,N,m
tends to zero as N — oo. Thus, the assumption Ay = o (x/log(N )> is a necessary and sufficient

condition for the validation of Condition which leads, together with Assumption to the result
of Theorem . Finally, under the assumptions of Theorem and considering the risk of E%N’m
based on the empirical norm ||.||,,, we also obtain

E ([ — o4 |I5] = O (1og? () (Nm) 720/ D).
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In fact, under Condition , the estimator 81241\;,771 satisfies the results of Theorem with I =

[—An, An] and Ay = 0( log(N )), which implies rates of the same order for the two empirical
norms.

5 Adaptive estimation of the diffusion coefficient from repeated ob-
servations

In this section, we suppose that n o N and we propose a adaptive ridge estimator of o by selecting
an optimal dimension from the sample Dy . In fact, consider the estimator 3}( . where K satisfies:

)

K = argmin{y, v (6%) + pen(K)} (22)
Kek

and the penalty function pen : K +— pen(K) is established using the chaining technique of Baraud
et al| (2001). We derive below the risk of the adaptive estimator of 0'|21 when the interval I C R is
compact and the sample size N — oc.

Theorem 5.1. Suppose that N o« n, L =log(N) and consider the collection [B] with
Kek={2% ¢g=0,1,...,¢max} C M= {1,‘,.7\/N/1Og(]\])}‘

Under Assumption[2.1] , there exists a constant C > 0 such that,

L
Nn

2
} <34 inf{ inf ||h—a|2]||,21+pen(K)}

E||e%, ok
K,L n,N KeK | heSk 4,1

where pen(K) = k(K + M)log(N)/Nn with & > 0 a numerical constant.

)

We deduce from Corollary and its assumptions that the adaptive estimator 8%{ I satisfies:

5[t -t = o (x5,

This result is justified since the penalty term is of the same order (up to a log-factor) than the estimation
error established in Theorem [£.11

Considering the adaptive estimator of o on the real line I = R when the sample size N — oo, we
obtain the following result.

Theorem 5.2. Suppose that N o< n and L = log(N), and consider the collection [B] with
KeK={27 ¢g=0,1,...,¢max} CM = {L...,W/log(N)}.

Under Assumption[2.1] and for N large enough, the exists a constant C > 0 such that,

C

~2 2 o
+Nn'

2 . . 2
n,N:| = 31?%% {heSlfr(l-{M,LHh - JQH” * pen(K)}

1 (K+M)log(N)
Nn

where pen(K) = k with " > 0 a numerical constant.

We have a penalty term of the same order than the one obtained in Theorem [5.1] where o is
estimated on a compact interval. One can deduce that the adaptive estimator reaches a rate of the
same order than the rate of the non-adaptive estimator given in Corollary for the collection [B].

If we consider the adaptive estimator of the compactly supported diffusion coefficient built from a
single diffusion path, we obtain below an upper-bound of its risk of estimation.
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Theorem 5.3. Suppose that N =1, L = \/log(n) and consider the collection [B] with

K e K ={29, q:O,...,qmaX}CMZ{1,...,\/ﬁ/log(n)}_

Under Assumption it yields

2 5 12 C
] §3inf{ inf h—a|IH +pen(K)}+.
n,1 KeK hGSK_,_M,L n n

where C > 0 is a constant depending on 1y, and pen(K) = k
constant.

~2 2
E [HJIA{,L air

(K—H\/Zw with k > 0 a numerical

We deduce from Theorem that if we assume that o2 € ¥;(8, R), then the adaptive estimator

3%( ; reaches a rate of order n~—A/(2B+1) (up to a log-factor). The result of this theorem is almost a

deduction of the result of Theorem the slight difference being the use, in the proofs, of the local
time of the process and the equivalence relation between the pseudo-norm ||.||,,1 with the pseudo-norm
||.||x instead of the empirical norm ||.||,, considered in the proof of Theorem 5.1

6 Numerical study

This section is devoted to the numerical study on a simulation scheme. Section focuses on the
presentation of the chosen diffusion models. In Section [6.2] we describe the scheme for the implemen-
tation of the ridge estimators. We mainly focus on the B-spline basis for the numerical study, and in
Section we add a numerical study on the performance of the Hermite-based ridge estimator of o2
on R. Finally, we compare the efficiency of our estimator built on the real line R from a single path
with that of the Nadaraya-Watson estimator proposed in [Florens-Zmirou| (1993).

6.1 Models and simulations

Recall that the time horizon is T =1 and Xy = 0. Consider the following diffusion models:
Model 1 Ornstein-Uhlenbeck: b(z) =1 -z, o(z) =1
Model 2: b(z) =1 -2, o(z)=1— 22

Model 3: b(z) =1—z, o(z)= m + cos? ()

Model 1 is the commonly used Ornstein-Uhlenbeck model, known to be a simple diffusion model
satisfying Assumption Model 2 does not satisfy Assumption 2.1} Model 3 satisfies Assump-
tion 2.1] with a multimodal diffusion coefficient.

The size N of the sample Dy takes values in the set {1,10,100,1000} where the length n of paths
varies in the set {100, 250, 500, 1000}. As we work with the spline basis, the dimension m = K + M of
the approximation space is chosen such that M = 3 and K takes values in K = {2P, p =0,---,5} so
that the subspaces are nested inside each other. We are using R for the simulation of diffusion paths
via the function sde.sim of sde package, (see lacus| (2009) for more details on the simulation of SDEs).
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6.2 Implementation of the ridge estimators

In this section, we assess the quality of estimation of the adaptive estimator 3% in each of the 3 models
through the computation of its risk of estimation. We compare the performance of the adaptive
estimator with that of the oracle estimator 52, where m* is given by:

m* := arg min H?ffn — U2H721N' (23)
meM ’
For the spline basis, we have m* = K* + M with M = 3. Finally, we complete the numerical study
with a representation of a set of 10 estimators of o2 for each of the 3 models.
We evaluate the MISE of the spline-based adaptive estimators 3}( by repeating 100 times the

following steps:
1. Simulate samples Dy, and Dy ,, with N € {1,10,100, 1000}, N" = 100 and n € {100, 250, 1000} .
2. For each K € K, and from Dy ,, compute estimators Eg( given in Equations @D and .

3. Select the optimal dimension Kek using Equation and compute K* from Equation (23))

2 2

2o and |5k - 0?2 .

4. Using Dy 5, evaluate H&E —0

n,
2 H2 2

n,N n,N'’
over the 100 repetitions. Note that we consider in this section, the estimation of ¢ on the compact
interval I = [—1, 1] and on the real line R. The unknown parameters k£ and £’ in the penalty functions
given in Theorem and Theorem respectively, are numerically calibrated (details are given in
Appendix , and we choose k = 4 and x’ = 5 as their respective values.

We deduce the risks of estimation considering the average values of HE?% -0 , and H&?n* —o? H

6.3 Numerical results

We present in this section the numerical results of the performance of the spline-based adaptive esti-
mators of 0'|21 with I C R together with the performance of the oracle estimators. We consider the case
I = [-1,1] for the compactly supported diffusion coefficient, and the case I = R.

Tables |2[ and |3| present the numerical results of estimation of 0'|21 from simulated data following the
steps given 1n Section [6.2]

The results of Table and Table[3|show that the adapted estimator 6\% is consistent, since its MISE
tends to zero as both the size IV of the sample Dy, and the length n of paths are larger. Moreover,
note that in most cases, the ridge estimators of the compactly supported diffusion coefficients perform
better than those of the non-compactly supported diffusion functions. As expected, we observe that the
oracle estimator has generally a better performance compared to the adaptive estimator. Nonetheless,
we can remark that the performances are very close in several cases, highlighting the efficiency of the
data~driven selection of the dimension.

An additional important remark is the significant influence of the length n of paths on the perfor-
mance of 62 and 8%(*’ ;. (by comparison of Table |2 with Table , which means that estimators built
from higher frequency data are more efficient. A similar remark 1s made for theoretical results obtained

in Sections 4.2l and [4.1]

Performance of the Hermite-based estimator of the diffusion coefficient We focus on the
estimation of o2 on R and assess the performance of its Hermite-based estimator (see Section [4.2)). We
present in Table [4] the performance of the oracle estimator 372n*7 I

From the numerical results of Table [4] we observe that the Hermite-based estimator of o2 is con-
sistent as the sample size N and the length n paths take larger values.
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Models | Intervals | Estimators N =10 N =100 N = 1000
=R E%L 0.0102 (0.0083) | 0.0009 (0.0009) | 0.0002 (0.0001)
’ G2, .0094 (0. . ) .0002 (0.0001
Model 1 Ofce 1, 0.0094 (0.0065) | 0.0009 (0.0009) | 0.0002 (0.0001)
R &%L 0.0096 (0.0062) | 0.0009 (0.0008) | 0.0003 (0.0002)
8%(*714 0.0093 (0.0057) | 0.0009 (0.0008) | 0.0003 (0.0002)
1) G%L 0.0048 (0.0052) | 0.0019 (0.0008) | 0.0005 (0.0002)
7 G2, ) .004 . .0002
Model 2 O I, 0.0039 (0.0043) | 0.0009 (0.0005) | 0.0005 (0.0002)
R 3%]; 0.0195 (0.0140) | 0.0057 (0.0006) | 0.0012 (0.0002)
3%{*7L 0.0048 (0.0064) | 0.0025 (0.0021) | 0.0010 (0.0003)
1] G%L 0.0521 (0.0191) | 0.0176 (0.0070) | 0.0073 (0.0021)
’ G2, 0.0260 (0.0081) | 0.0073 (0.0030) | 0.0048 (0.0009
Model 3 UK ,L ( ) ( ) ( )
R E%L 0.1132 (0.0595) | 0.0319 (0.0031) | 0.0179 (0.0054)
8%(*7L 0.0351 (0.0169) | 0.0319 (0.0031) | 0.0116 (0.0051)

Table 2: Assessment of MISEs (mean and standard deviation between brackets) of both the adaptive

estimator 3%( . and the oracle estimator E%{*7 1, from diffusion paths of size n = 100.

)

Models | Intervals | Estimators N =10 N =100 N = 1000

1] E%L 0.0047 (0.0037) | 0.0003 (0.0002) | 0.0001 (0.00003)

’ G2, .0042 (0. . .0002) | 0.0001 (0.
Model 1 Ofcr I, 0.00 (0.0030) | 0.0003 (0.0002) | 0.0001 (0.00003)
R E%L 0.0053 (0.0037) | 0.0003 (0.0002) | 0.0001 (0.00004)
8%(,% 0.0050 (0.0031) | 0.0003 (0.0002) | 0.0001 (0.00004)
L E%L 0.0027 (0.0019) | 0.0003 (0.0002) | 0.0002 (0.00004)
, G2, 0.0018 (0.0019) | 0.0002 (0.0001) | 0.0001 (0.00004
Model 2 GK ,L ( ) ( ) ( )
R c???L 0.0091 (0.0077) | 0.0028 (0.0025) | 0.0008 (0.0002)
&\%(*L 0.0020 (0.0023) | 0.0021 (0.0023) | 0.0002 (0.00004)
= E%L 0.0306 (0.0150) | 0.0058 (0.0012) | 0.0010 (0.0003)

’ o2, 021 . 0023 (0.002 .001 .
Model 3 Ok 1, 0.0216 (0.0067) | 0.0023 (0.0020) | 0.0010 (0.0003)
R E%(L 0.0560 (0.0313) | 0.0275 (0.0049) | 0.0069 (0.0049)
8%@% 0.0261 (0.0127) | 0.0096 (0.0051) | 0.0065 (0.0041)

Table 3: Assessment of MISEs of both the adaptive estimator 8% . and the oracle estimator 3%*7 I

from diffusion paths of size n = 250.
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Models | Intervals | Estimators | N =10, n =100 | N = 100, n =100 | N = 100, n = 250
Model 1 R 8%(*7L 0.0082 (0.0059) 0.0015 (0.0008) 0.0006 (0.0004)
Model 2 R 8%(*’]: 0.0058 (0.0111) 0.0007 (0.0004) 0.0003 (0.0002)
Model 3 R &\%{*L 0.0188 (0.0151) 0.0077 (0.0037) 0.0040 (0.0036)

Table 4: Assessment of MISEs of the Hermite-based oracle estimator 8%{*, ;, of the square of the diffusion
coefficient.

Estimation of the diffusion coefficient from one path Consider ridge estimators of 0|2] with

I = [—1,1]. For the case of the adaptive estimators of J|21, the dimension K is selected such that
K =arg min'yn(?i%) + pen(K) (24)
Kek

where pen(K) = k(K + M)log(n)/n with x > 0. We choose the numerical constant x = 4 and we
derive the numerical performance of the adaptive estimator of a|21.

Models | Intervals | Estimators n = 100 n = 1000
o2 0.1751 (0.1921) | 0.0915 (0.1925
Model 1 | [-1,1] K,L ( ) ( )
3%(*’,; 0.1563 (0.1776) | 0.0783 (0.1699)
o2 0.1721 (0.3483) | 0.1365 (0.5905
Model 2 | [-1,1] KL ( ) ( )
3%{*7]4 0.0987 (0.1644) | 0.0552 (0.2409)
o2, 0.2184 (0.2780) | 0.2106 (0.5790
Model 3 [—1,1] K,L ( ) ( )
( ) ( )

0.0751

Ok 1 0.1263

Table 5: Evaluation of MISEs of adaptive estimators 3%( I built from a single diffusion path (N = 1)

for each of the three models. ’

Table [5] gives the numerical performances of both the adaptive estimator and the oracle estimator
of a|21 on the compact interval I = [—1, 1] and from a single diffusion path. From the obtained results,
we see that the estimators are numerically consistent. However, we note that the convergence is slow
(increasing n from 100 to 1000), which highlights the significant impact of the number N of paths on
the efficiency of the ridge estimator.

Comparison of the efficiency of the ridge estimator of the diffusion coefficient with its
Nadaraya-Watson estimator. Consider the adaptive estimator 8%{ of the square of the diffusion

coefficient buit on the real line R from a single diffusion path (N = 1), where the dimension K
is selected using Equation . For the numerical assessment, we use the interval I = [—105,10°] to

approximate the real line R, and then, use Equation for the data-driven selection of the dimension.
We want to compare the efficiency of 3%{ with that of the Nadaraya-Watson estimator of o2 given
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from a diffusion path X = (Xk/n)1<k<n and for all x € R by

-1 Xi/m—
k1 K( o x) (X (kt1)/m — Xijnl® /0
Y K (P)
where K is a positive kernel function, and h,, is the bandwidth. Thus, the estimator S,,(z) is consistent

under the condition nhi — 0 as n tends to infinity (see Florens-Zmirou| (1993)). We use the function
ksdiff () of the R-package sde to compute the Nadaraya-Watson estimator .5,,.

Sn(m) =

Models | Ridge estimator | Nadaraya-Watson estimator
Model 1 | 0.0020 (0.0023) 0.9377 (0.0017)
Model 2 | 0.1323 (0.0794) 0.5086 (0.0885)
Model 3 | 0.4077 (0.1178) 1.3175 (0.3039)

Table 6: This table shows the loss errors of the ridge estimator 6\%{ ; on R and the Nadaraya-Watson

)

estimator S,, of 02 built from a diffusion path (N = 1) of length n = 1000.

We remark from the results of Table [f] that our ridge estimator is more efficient. Note that for
the kernel estimator Sy, the bandwidth is computed using the rule of thumb of Scott (see |Odell-Scott
(1992)). The bandwidth is proportional to n~1/(d+4) where n is the number of points, and d is the
number of spatial dimensions.

6.4 Concluding remarks

The results of our numerical study show that our ridge estimators built both on a compact interval
and on the real line are consistent as N and n take larger values, or as only n takes larger values
when the estimators are built from a single path. These results are in accordance with the theoretical
results established in the previous sections. Moreover, as expected, we obtained the consistency of
the Hermite-based estimators of o on the real line R. Nonetheless, we only focus on the Hermite-
based oracle estimator since we did not establish a risk bound of the corresponding adaptive estimator.
Finally, we remark that the ridge estimator of o2 built from a single path performs better than its
Nadaraya-Watson kernel estimator proposed in |[Florens-Zmirou (1993) and implemented in the R-
package sde.

7 Conclusion

In this article, we have proposed ridge-type estimators of the diffusion coefficient on a compact interval
from a single diffusion path. We took advantage of the local time of the diffusion process to prove the
consistency of non-adaptive estimators of o2 and derive a rate of convergence of the same order than
the optimal rate established in [Hoffmann| (1999b). We also propose an estimator of o2 on the real line
from a single path. We proved its consistency using the method described in Section and derive a
rate of convergence order n=%/(4#+1) gver a Hélder space for the collection [B]. Then, we extended the
study to the estimation of o from repeated discrete observations of the diffusion process. We establish
rates of convergence of the ridge estimators both on a compact interval and on R. We complete the
study proposing adaptive estimators of ¢ on a compact interval for N = 1 and N — oo, and on the
real line R for N — oo.
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Figure 1: Bundles of 10 estimators 8%( I (in green) of the true diffusion coefficient a|21 restricted on the

compact interval I = [—1,1] (in red) of each of Models 1,2,3 (from top to bottom) using samples of
size N = 1000 with diffusion paths of length n = 500.
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A perspective on the estimation of the diffusion coefficient could be the establishment of a minimax
rate of convergence of the compactly supported (square of the) diffusion coefficient from repeated
discrete observations of the diffusion process. The case of the non-compactly supported diffusion
coefficient may be a lot more challenging, since the transition density of the diffusion process is no
longer lower-bounded. This new fact can lead to different rates of convergence depending on the
considered method (see Section .
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8 Proofs

In this section, we prove our main results of Sections [3} [ and [5] To simplify our notations, we set
A, = A(=1/n) and constants are generally denoted by C > 0 or ¢ > 0 whose values can change from
a line to another. Moreover, we use the notation C, in case we need to specify the dependency of the
constant C on a parameter .

8.1 Technical results

Recall first some useful results on the local time and estimates of the transition density of diffusion
processes.

Lemma 8.1. For all integer ¢ > 1, there exists C* > 0 depending on q such that for all0 < s <t <1,
E [|Xt - Xsyﬂ < CF(t — s)1.

The proof of Lemma [8.1|is provided in Denis et al| (2022).

Proposition 8.2. Under Assumptions there exist constants ¢, > 1, C > 1 such that for all

te (0,1], z € R,
2

o (Co'e) mtn s G (35)
——exp | —Co— ) < —exp | —— ).
C\/E p (o} t _— pX \/E p Co—t
The proof of Proposition is provided in |Gobet| (2002), Proposition 1.2.

Proposition 8.3. Let h be a Lo-lipschitz function. Then there exists h € Sky,M, such that

log(NV)

h(a) - h@) < C5

) Vo € (_ IOg(N),IOg(N)),

where C' > 0 depends on Ly, and M.

The proof of Proposition is provided in |Denis et al.| (2022)). The finite-dimensional vector space
Skn.M = Sky+ is introduced in Section [2]

Lemma 8.4. Under Assumption[2.1], there exist C,Ca > 0 such that for all A > 0,

sup P(| Xy > A) < ﬁexp(—CQAQ).
t€(0,1] A
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The proof of Lemma is provided in |Denis et al. (2022), Lemma 7.5.
Lemma 8.5. Under Assumption the following holds:
VeeR, L%=L" a.s.
where L%~ = ii_r)l(l)ﬁ‘”*e.

The result of Lemma justifies the definition of the local time L£*, for x € R, given in Equa-
tion (|14)).

Proof. From Revuz & Yor| (2013)), Theorem 1.7, we have

1 1 1
VzeR, L£®—L7 = 2/ 1x,—pdXs = 2/ 1x,—ob(Xs)ds + 2/ Lx,—o0(Xs)dW.
0 0 0

For all x € R and for all s € [0,1], we have for all ¢ > 0,
P(Xs=2)=lim P(X; <z+4+¢)—lim P(X; <z —¢)=lim Fs(z +¢) — lim Fs(x —¢)
e—0 e—0 e—0 e—0

= Fs(z) — Fs(z7)
=0

Thus, for all x € R,

1
E[C" — £7-[] < 2/0 1b(2)[P(X, = 2)ds + 2 [

|

Using the Cauchy Schwartz inequality, we conclude that

1
/ Ly, (X)W,
0

|

1
:21[«:{ / Tx.—po(X.)dWV,
0

E[|L* - L] < 2\/E (/01 ]lXS:xO'Q(XS)dS) = 20(x) /01 P(Xs =x)ds = 0.
Using the Markov inequality, we have
Wes0, P(LT— L] >e) < EEHEC‘” _ LT =0,
We finally conclude that for all z € R,

P(LT # £5-) = P(|LT — £7~| > 0) = 0.

8.2 Proofs of Section B
8.2.1 Proof of Lemma [3.7]

Proof. The proof is divided into two parts for each of the two results to be proven.
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First result. Since the function A is continuous on R, let H be a primitive of h on R. We deduce
that for all s € [0, 1],

. H(Xg+e)— H(X, - Xs*f 1t
) = fig ot [ e = [ bt ()

Finally, since h is integrable on R and using the theorem of dominated convergence, we obtain

1 ~+o00 1 1 +o00
/ h(Xs)ds —/ h(a;)limzf 1(p—c pte) (Xs)dsdx —/ h(z)L*dz.
0 0

—00

Second result. Fix t € (0,1] and consider Px : (t,x) — [*__px(t,y)dy the cumulative density
function of the random variable X; of the density function x — px(t,x). We have:

I I
VaeR, E(LY) :lim/ E (L pie)(Xs)] ds—hm/ Plz—e< Xs;<z+¢e)ds
0 0

e—02¢ e—02¢
1 _ —_
:/ limPX(s,a:+€) Px(s,z g)ds
0 e—0 26

1
—/ px (s, z)ds.
0

8.2.2 Proof of Theorem [3.2

Let Q, m
by

Q= () {

2
lolis _ 1‘ . ;}
ooy | Tl

The proof of Theorem relies on the following lemma.

Lemma 8.6. Let v > 1 be a real number. Under Assumption[2.1], the following holds

2
P(Q5,,) < C— !

T
where C' > 0 is a constant depending on 7.

The parameter v > 1 has to be chosen appropriately (ie. such that m?/n"/2 = o(1/n)) so that
we obtain a variance term of the risk of the estimator 2, of order mlog(n)/n (see Theorem and

Corollary |3.3 .

Proof of Theorem [3.2] . Recall that since N =1, (}, = g‘;g + C,iﬁ + Ckl;ﬁ is the error term of the
regression model, with:

1 (k+1)A 2 (k+1)A
di=x ([ eexhawt) - [ T x| )
A kA kA
1.2 2 (k+1)A 1 2 1 1
A = A /kA ((k+1)A = 5)0'(Xg)o™(Xg)dWy, (26)
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(k+1)A
GR=2xty) [ (xbyawl. 27
kA
Besides, Ri, = R,IC’A + R\, with
(k+1)A 2 (k+1)A
1.1 1 1
Ry = — / b(XNds | + ~ (k+1)A —s)®(X}ds (28)
A kA A kA
Ly 2 (k+1)A (k+1)A
- / (b(X1) — b(XLy)) ds / o(XDdW! (29)
A\ Jika kA
where
® = 2bo'0 + [0’”0’ + (O’l)2:| 0. (30)

By definition of the projection estimator 2, for each m € M (see Equation @D), for all h € Sy, 1., we
have:

Va1 (Gi) = 1 (o) < Ani(h) = (o). (31)

Furthermore, for all h € Sy, 1.,
2y _ || .2 2 2 2 2 2
Tt (B) =31 (0F) = o = b +201(0F = h) + 20s(0f = B) + 205(0F = 1) + 2l — 1),

where,
n—1
1

- Z h(Xia)Rias (32)
k=0

and C;i, C;ﬁ, Ck’A are given in Equations , , , and finally, Rilm = R,lci + R,lci given in

Equations and . Then, for all m € M, and for all h € S, 1, we obtain from Equation (31)

that

1« .
52 (Xia)Gas 1€ {123}, p(h) =
k=0

2
H&fn—afj Hh I n1+21/(872n—h)+2,u (372n—h), with v =1 + 19 + v3. (33)
Then, it comes,
2
E [“a;—JQI n,1:| Sheigi,L h—afy +2E[ (G2, — h)] +2E [n (G2 — 1)] - (34)

Besides, for any a,d > 0, using the inequality zy < na? + y?/n with = a,d, we have,

2 2
2v (62, —h) < 2 “872”_0‘2[“X+% U|21H +a sup  v3(h),

heSm, ”h”X:1

(35)

2 2 2
+EHh_U|I

n,

2
20 (5%, ~h) < 3|52~ o

m
n,1

AR (RIAP
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Upper bound of 1377 | (Ri,)?

We hayve:
Vk € [1,n], Ria = Rya + Rps + Rys with,
1 [ DA 2 (k+1)A
R = N / b(XDds | , RR = K ((k+ 1A — )®(X})ds
13 9 (k+1)A L ) (k+1)A ) L
RN = A / (b(X3) — b(Xja)) ds / o(X)dW, | .
kA kA

], using the Cauchy-Schwarz inequality and Equation

For all k € [1,n

(k+1)A

/ b*(Xja)ds
k

9 (k+1)A 2
E UR}CX‘ } <E / (XL )ds | | < AE
kA

Consider now the term R,lfﬁ. From Equation (30)), we have ® = 2bo’c + |00 + (o)
to Assumption [2.1] there exists a constant C' > 0 depending on o and « such that

< CA?.

A

2 .
o2 and according

[@(X)] < C L2+ XD +[X,1%) + 1+ X%
Then, from Equation and for all s € (0, 1]
E [®*(X1)] < C sup E[(2+ X1+ [XH*)2+ 1+ X)) < 00
s€(0,
and
1 [k+DA ) (k+1)A P 9
“R q ] AQ/ ((k+1)A—s) ds/ E[®2 (X1)] ds < CA
kA
Finally, under Assumption m 2.1} from Equation and using the Cauchy-Schwarz inequality, we have
(k+1)A

1,3]2 4 DA 1 12 1 ’
UR,;A‘ ] < —E A/k Lg | X5 — Xpal|" ds /m o(X1)dWs

A2 A
(k+1)A . (k+1)A 4
| X:— X1\ ds| E / o(X1)dW,
kA

kA

4
<AL |E LA

< CA?.

As a result, there exists a constant C' > 0 such that
n

1 132
=13

k=1
We set @ = d = 8 and considering the event €, ,, on which the empirical norms ||.||x and ||.|[,1 are

equivalent, we deduce from Equations , and that,

2
[H 0” + CE ( sup

11Qn,m] < 3 inf Hh — o
n hE€Sm,||h||x=1
where C' > 0 is a constant depending on o7.

< COAZ. (36)

y2(h)) + CA? (37)

hESm
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h€Sm, ||h]|x=1

Upper bound of E ( sup 1/2(h))

For all h = Y}, Yaygy € Sm such that ||h]|% = 1, we have ||h]? < % (see Equation (15)) and the

coordinate vector a = (a M, " ,QK— 1) satisfies:
e |al]3 < Cm (m = K + M) for the spline basis (see Denis et al|(2021), Lemma 2.6)
e |la]|3 < 1/7 for an orthonormal basis since ||h||?> = ||a||3.

Furthermore, using the Cauchy-Schwarz inequality, we have:

m—1 2 m—1
= <Z av (¢e)> <llall3 > v* (¢0).
=0 =0

Thus, since v = v; + v9 + 3, for all £ € [-M, K — 1] and for all i € {1,2, 3},

2
]E[UZQ (W = *E (Z‘W XkA CkA)

1. Casei =1

2
Recall that ¢\n = L [( (k+1)A a(X;)dm) — flkrna 02(X51)ds] where W = W We fix a

kA

initial time s € [0,1) and set M} = fst o(XD)dW,, vt > s. (M§);>s is a martingale and for all

€ [s, 1], we have:

t
(M*, M*®), = / o (X;) du.

(k+1)A (k+1)A
Burkholder-Davis-Gundy inequality, we obtain for all k£ € [0,n — 1],
(k+1)A

2
E[g;g }:0, E[(Q’A) |ka} §2E (/M UQ(X;)du> < Cot.

Then, using Equation we have:

2
Then, GiA = & (M8,),) — (M*2, M%)

1 n—1 9 1 n—1 9
E [vf (¢0)] = o [Z o7 (Xiia) (C;Al) ] =Sk > 67 (Xja)E [(C;Al) \J-"kAH

k=0 k=0

C 4 n—1

< TJE Y6 (XéA)]
k=0
and,

m—1 00_4 n—1m-—1
S et o] < Sole |55 ot
=0 k=0 =0
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One has:

T B? <X71](S)) <1 for the Spline basis (m = K + M),

40
Yo qbz (X1 s)) < Cm for an orthonormal basis with C = <Ilp<ax | pell2 - o
Thus, it comes that
. Zf:__lM E [v? (B¢)] < C/n for the Spline basis,
. Zzn:_ol E [V} (¢¢)] < Cm/n for an orthonormal basis,
and,
E ( sup I/%(h)) <o (41)
hESm, |h||%=1 n

where C' > 0 is a constant depending on o7 and the basis.

. Case i =2
Wa have (1) BHD2 ((k +1)A = 5) o' (X1) 0% (XL) dW, and
k:A - A kA s s S )

(k+1)A 2
E [} (¢0)] = 4E (Zm Xia) / (k+1)A = s)o’ (X}) o? (Xsl)dWS>

= 4E </ o] ( n(s) ) (n(s) + A —s)o’ (X}) o? (X)) dWS)2]

< CotA’E [ / oF (X5 >ds}

where C' > 0 is a constant. We deduce for both the spline basis and any orthonormal basis that
there exists a constant C' > 0 depending on ¢ such that:

IE( sup yg(h)> <o, (42)
h n

ESm, [[Bl%=1

. Casei =3
We have (12 = 26 (X}5) [ETD% 6 (X1) dW, and,
E [Vg (ngﬂ = 2

- ( / o ( n(s>b(X,17(s)>a(X;)dWS>2]
< 4;’2115 { /0 2 (X;(s)) b (X;(s)) ds]

Since for all z € R, b*(z) < Co(1 + 2?) and sup E (| X;]?) < oo, there exists a constant C' > 0
te€(0,1]

4

depending on o1 such that:

E ( sup V3 (h)) < C—. (43)

heSm, |2 =1
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We finally obtain from Equations , and that there exists a constant C' > 0 depending on
o1 such that:

E sup  vA(h) | < o, (44)
heSm, k%= "
We deduce from Equations and that there exists a constant C' > 0 depending on ¢; such
that,
E|62 = o110, | <3 inf [of —hl2+C (= +Aa?).
) ’ h€Sm, L

For n large enough, we have |52, — U|21||gO < 2mL since ||62,]lc0 < VmL. Then, from Lemma [8.6| and
for all m € M, there exists a constant C' > 0 depending on o; such that

2 2
~92 2 ~2 2
o e R o W R (R
<E|llz - 02| 1 +2mLP ()
= m |1 nl Qn,m m n,m
2'y+1L
<3 inf of - h|2+c<m mﬁ 2>
ESm,L ny

Since the pseudo-norms ||.||,,1 and ||.||x are equivalent on the event ), ,,, then, using Lemma
there exists a constant C' > 0 depending on o7 such that

2 2 2
e[t ot | =2 [Jot ~ et 10| + o8~ b [ 1o

~2 2 ||? 2 2
<8E [Ham — o ] + 10 inf HO‘U — hH +2mLP (2, )

hESm
2'y+1L

<34 inf |h—of| oMy LAY,
heSm L n nY/2

Finally, since the estlmator 52, is built from a diffusion path X! independent of the diffusion process
X, and from Equations and ., the pseudo-norm ||.||x depending on the process X and the
empirical norm |.||, are equivalent (V h € L2(I), [[R]|2 < (11/70)E [||R]|%]), there exists a constant
C > 0 depending on o1, 79 and 7 such that

2] < 34711

27+1L
E |54 - o Lo (B ).
n

n n/2

< inf
T0 hESm,L

O]

Proof of Lemma[8.6] . The proof of this Lemma mainly focus on the spline basis and the Fourier
basis based on functions cos and sin which are Lipschitz functions. Thus, for all g = ZT:BI apde € S,

1 1
gl < / 102X, 00)) — 9%(X)] ds < 2]glloo / 0(Xo) — g(Xo)|ds.  (45)
0 0

From Equation (L5), one has E [||g]|%] > 7ollg/|?. Thus, if ||g]|% =1, then ||g[|* < 1/70, and we deduce
for all g = Zzn:?)l ag@p that there exists a constant C' > 0 such that
e Spline basis: ||g]|co < [lall2 < Cy/m  (see Denis et al. (2021)))

e Fourier basis: ||g|lcc < Cy/m since ||g|| = ||al|2 and ZZ':Ol o7 = O(m).
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Moreover, each g € S, such that ||g||3 = 1 is the Lipschitz function with a Lipschitz coefficient
L, =0 (m3/2). For the spline basis, this result is obtained in Denis et al.| (2021), proof of Lemma
C.1 combined with Lemma 2.6. For the Fourier basis, for all x,y € I and using the Cauchy Schwarz
inequality, we obtain

lg(x Z |ael-|pe(x) — do(y)]
(=0

<2mmy/m/alla|z —y|
2
g—ﬂm\/m|x—y|.
70

Back to Equation , there exists a constant C' > 0 such that

1
llglZs — llglk| < Cm? /0 X, ) — Xlds (46)

2
1
lolia [ 11,
%~ 7|72

1
sup  |Igl21 — llgllx| < Cm? / X,0) — Xalds.
9ESm, |lgl%=1 0

We have:

Qm = {w €Q, dg € Sy, \ {0},

and, using Equation , we obtain

2
nl o

gesmvio| 191k

Finally, using the Markov inequality, the Holder inequality, Equation , and Lemma we conclude
that

! 1
P (Q%,m) § P <Cm2/ |X”7(5) — Xs|d8 Z 2)
0
1
<Cm® | E[| X — Xs"] ds
0

2y
m
<C

_W

with v € (1, +00). O

8.2.3 Proof of Theorem [3.4]

Proof. Since L = log?(n), we have

2
n,l

o~ 2 ~ 2 ~
E (62— 0*2,] = E [1GhL = o1 togmyostmlle | +E |Gz = 01 togim st

= 2
<E [H(U?n,L - 02)11[— log(n),log(n)]HnyJ + 210g2(n)ts%p1}P(|Xt| > log(n)).
€(0,

From Equation (34) (Proof of Theorem , for all h € Sy, 1,

E (1621 — )1 gt sos |1 <, dof fln—o?f, +22E vi (G — h)]+2E [ (67, — h)] (47)
i=1
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where v;, i = 1,2,3 and p are given in Equation (32)). For all ¢ € {1,2,3} and for all h € S, 1, one
has

m—1

E [v; (E%L — h)] < y/2mlog?(n J Z E[v . (48)
=0

1. Upper bound of ZZ":_OI E [V%(gbg)]
According to Equation , we have

Ve e [0,m —1], vi(¢e) = ZW Xia)Gia

where C;i =1 [( k(ZH)A J(Xsl)dWs> k(ZH)A 2(X1)ds] is a martingale satisfying

1,1 11\2 (k+1)A 2
E[GialFka] =0 and E[(Ck’A) !fm] < F /k . otxhas) | <oof

with C > 0 a constant, W = W' and (F;);>0 the natural filtration of the martingale (Mt)iepo,1)
given for all ¢t € [0,1] by M; = fo o(X1)dW;,. We derive that

m—1 m— n—1 2 n—1m—1
S et~ 5 k| (Soorads) | - 2655 ot (6
/=0 (= = k=0 ¢=0

since for all integers k, k' such that k > &’ > 0, we have

E [(M(XI%A)C;K(M(XI%’A)C;’JA“FkA} = $0(X5a)Cin@e(Xha)E {Ciﬁlfm} =0.
For each k € [0,n — 1], we have

ST de(XEA) = P By(X}A) =1 for the spline basis

S ¢e(XEA) < Cm For an orthonormal basis with C' =  max | ¢y]|eo-
0<t<m—1

Finally, there exists a constant C' > 0 such that

% for the spline basis

m—1
> E[vi(¢)] <

=0 C % for an orthonormal basis.

2. Upper bound of 37" ' E (V3 (0)]
For all k € [0,n — 1] and for all s € [0,1], set n(s) = kA if s € [kA, (k + 1)A). We have:

—_

m—1

3

n=1 .(k+1)A 2
E[v3(¢0)] =4) E (Z /k <zs<XéA><<k+1>A—s)a’(Xi)o%X;)dWs)

=0 =0 A
m—1 2
=43 E (/ Ge( X)) (n(s) + A — s)a'(XSl)UQ(Xsl)dWS> ] :
£=0
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We conclude that

m—1 n% for the spline basis

E [v5(¢0)]

£=0 C ;”—2 for an orthonormal basis.

where the constant C' > 0 depends on the diffusion coefficient and the upper bound of the basis
functions.

3. Upper bound of 377" E [13 ()]
We have:

1 —1 —1 2
m— qm n (k+1)A ) )
E[v3(¢)] =— > E / de(Xja)b(Xfa) o (X1)dW,
=0 =0 k

4 m—1 1 2
= — E b(X! X! dWs>
=3) (/Om (X )o(xD) ]
4 = 2 2 1 2 1
S EE / Z¢£( r](s))b (Xr](s))a (Xs)ds .
(U

Since for all z € R, b(z) < Co(1 + 2?) and sup E (|X;|*) < oo, there exists a constant C > 0
te(0,1]
depending on the diffusion coefficient such that

m—1 n% for the spline basis

E [v3(60)]

=0 C % for an orthonormal basis.

We finally deduce that from Equations and that for all h € Sy, 1,

E 162, = o)L ogtmtogml3.1] < inf [1h =022 + O/ ™0 198 (52, , — b)| (B

E 162, = o) ogtmtogtilan| < inf 1= 023+ /"0 4 9k (052, — )] [F)

(49)
where C' > 0 is a constant. It remains to obtain an upper bound of the term M(&fn’ ;,—h). Foralla >0
and for all h € &y, 1,

~ 2~ 2 2 2 a 2
20 (O = 1) <2 (e =l + =L+ D (Ria)

—1
2 2 2 a s 2
~2 ~2 2 - 212 1
2 [ (s = W] SR =%l + G =l TSR (7La)?).
Using Equations (36)), (49)) and setting a = 4, we deduce that there exists constant C' > 0 depending
on o1 such that,

E |52, — 0®2,] < inf [|Ih = 2|2 + €/ ™ 1 210g%(n) sup P(X| > A,) [B]
’ ’ heSm t€(0,1] (50)

o~ . 2
B (1870 = o%h,] < inf Ih— oI+ /=5 & 2log*(m) sup (il > 4n) [,
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From Proposition [8.3] sup P(|X;| > log(n)) < log™!(n) exp(—clog?(n)) with ¢ > 0 a constant. Then,
te(0,1]
we obtain from Equation that

_ | _
E (152, — 0?2.] < inf b~ 0?2+ Oy/7EC [y

n

(51)

n

~ . 2 1oo2
E[62,, —o®I2,] < inf b — 02| +Cy/mEt  [p.

8.3 Proof of Section [

The following lemma allows us to obtain a risk bound of 8317 ;, defined with the empirical norm ||.||,
from the risk bound defined from the pseudo norm ||. ||, v

Lemma 8.7. Let afn’L be the truncated projection estimator on R of o2 over the subspace Sm,L- Suppose

that L = logQ(N)7 N > 1. Under Assumption there exists a constant C' > 0 independent of m and
N such that

21063
N 9 . 2 m*log”(N)
B[[58, — o ] - 22 [J72,0 - o?] < T )
The proof of Lemma is provided in |Denis et al| (2021), Theorem 3.3. The proof uses the
independence of the copies X!, ..., X of the process X at discrete times, and the Bernstein inequality.

8.3.1 Proof of Theorem [4.1]

For fixed n and N in N*| we set for all m € M,

Qn,N,m = ﬂ {

heSn\{0}

17117 &
1117

| <;} (52)

As we can see, the empirical norms ||h||, x and ||A||,, of any function h € S, \ {0} are equivalent on
Q. N,m. More precisely, on the set Q, n ., for all h € S, \ {0}, we have : %HhH% < Hh||3LN < %Hh”%
We have the following result:

Lemma 8.8. Under Assumption the following holds:

e I[fn>Nornx N, thenm e M = {1,...,\/N/10g(Nn)} and,
P (Q y ) < 2exp(—CVN).

« [fn<N, thenme M={L,...,/ii/log(Nn)} and

P (2%, nm) < 2exp(—Cv/n)

where C' > 0 is a constant.
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Proof of Lemmal(8.§ . We have:

n,N,m

e :{weQ, Jho € Sm,

hl|? 1
Ity | 1)
[hll7 2

Denote by Hy,, = {h € Sp, ||h|ln = 1} and HE, the e—net of H,, for any € > 0. We have

h n,N

—1
1117

= sup [IBI2 x — 1.
he€Hm heHm

Let £ > 0 and let H5, be the e—net of H,, w.r.t. the supremum norm ||.||s. Then, for each h € H,,,
there exists he € H$, such that |h — hel|oo < €. Then

A~ = 1] < 1155 = ell? |+ (117 = 1]

and,

N n-—1

A e = Wl ] < 5= D7 7 1K) = oK) | (oo + o) < (Wbl + o)
7=1 k=0

Moreover, we have ||h||?, ||h||> < 1/79. Then, there exists a constant ¢ > 0 such that

‘||h||72LN - ||ha\|iN‘ < 2,/%%e for the spline basis (see Lemma 2.6 in Denis et al.(2021))

‘HhHiN — HhEHfLN‘ <2,/%*e for an orthonormal basis (Inl%, < (0<Ieriax | del| 2 )m||R||?).

Therefore, for all § > 0 and for both the spline basis and any orthonormal basis,

m

P < sup [y — 1] 5) <P < sup [[2x — 1] 5/2) I
heH heHs, 0~

We set 6 = 1/2 and we choose € > 0 such that 4e, [ <1 /2. Then, using the Hoeffding inequality,

there exists a constant ¢ > 0 depending on ¢ and 7y such that

N
P (9% ) < 2N o) e () (53)
where N (g, Hyp) is the covering number of H,, satisfying:

Noo (e, Hn) < (M/m)m (54)

3

where the constant x > 0 depends on ¢ > 0 (see |Denis et al| (2021), Proof of Lemma D.1). We set
€= “TW with m* = max M and we derive from Equations and that

N N m*2log(N)
P < 2N™ —c— | =2 —c— (1 - ——22) ).

o If n >N, then me M = {1, ce \/N/log(Nn)}. Since m*?log(N)/N — 0 as N — +o0o0, there
exists a constant C' > 0 such that

]P’( %Nm) < 2exp (—CW) .
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e If n < N, then m € M = {1,...,/n/log(Nn)}, m*2log(N)/N < log(N)/log?(Nn) — 0 as
N,n — 0o, and
P (€, nm) < 2exp (—Cv/n).

o If nx N, then m € M = {1, ce \/N/log(Nn)}. Since m*?log(N)/N — 0 as N — 400, there
exists a constant C' > 0 such that

P (2, nm) < 2exp <—C\/N).

O

Proof of Theorem[].1. The proof of Theorem [{.1] extends the proof of Theorem [3.2) when N tends
to infinity. Then, we deduce from Equation that

2

E H32 —o?
m |1 n.N

)

1 <3 inf
Qn,N,m:| — hESm,L

2
h — 0|2[H + CE sup  3(h) | + CA? (55)
n heSm)||hlln=1

where C' > 0 is a constant depending on o1, and v = v + v5 + v3 with

N n—1

NLZZ (X]A)GAs i=1,2,3
7=1 k=0

and the Cii’s are the error terms depending on each path X7, j=1,...,N.

Upper bound of E ( sup V2(h)>
h€Sm, ||h|ln=1

For all h = Y0 agpy € S, such that |[h]l, = 1, we have ||h]|? < % and the coordinate vector
a = (ag,- - ,am—1) satisfies:

e ||al|3 < CK < Cm for the spline basis (see Denis et al.| (2021), Lemma 2.6)
e ||al|3 < 1/7 for an orthonormal basis since ||h||* = ||a|3.

Furthermore, using the Cauchy Schwartz inequality, we have:

m—1 2 m—1
= (Z agy (dw)) <llall3 > v* (¢0)
=0 =0

Thus, for all £ € [0,m — 1], v =v; + 12+ v3 and for all i € {1, 2,3}

1 n—1 ) 2
E [ (¢0)] = i <Z b (Xpa) (;i)
k=0

We finally deduce from , and that there exists a constant C' > 0 depending on ¢; such
that:

E ( sup 1/2(h)> <o (56)
h

ESm, Hthzl Nn
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We deduce from and that there exists a constant C' > 0 such that,

2
= o2 -]

constant C' > 0 such that for all m € M and for m and L large enough

~2 2
E [Ham — 0

Z+C<%+A2). (57)

1 <3 inf
Qn’N’m:| - hGSm,L

2

7

— UIIH < 2mUL. There exists a

Since we have HE%H

2 9 9 2 2
=E Ho-m_o-u 1Q$LNm
n,N n,N n,N Y

2
N ]1Qn,N,m] +2mLP (% ) -

]1Qn,N,m] +E |:H63n —of

<E [Hazn o

n,

Then, from Equation , Lemma and for m e M = { \/Imn /\/log Nn) } we have:

E [Ha?n =

where C' > 0 is a constant. Recall that the empirical norms |||, n and ||.||,, are equivalent on Q,, n
that is for all h € S,,, ||||? < 2HhH%7N. Thus, we have

2
o2 - ot = 2|z - ot

e o2 -t n} +2mLB ().

2

i—l—C (% + mLexp (—C\/IW,N)) +A2>

2 2 :
or <3 inf
n,N h€Sm, 1

]1Qc

n,N 7n:|

IN

For all h € §;,, 1, C Sy, we have:

e [[62 - o 10, ] < 28 155 -l 00 +2 - i

) 2
< 4B (62, ~ Ay D] + 20— o]

[ 2
< 8E Haﬁl ol ] +10Hh70|2]
L n,N n
We finally conclude that
2
E [H&fn — 0'|21 } §34h igf h — U|2] +C (N— + mLexp (—C\/min(n, N)) + AQ) .
n €Sm,L

8.3.2 Proof of Theorem [4.3

Proof. We consider the restriction 0211[, log(N),log(N)] Of o2 on the compact interval [—log(N), log(N)]
on which the spline basis is built. Then we have:
.

E |65 - ol2] =B [[1G2.L — o1 ogvsosnlls] + B |Gz = o0 g,
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and from Proposition [8.2] Lemma [8:4] and for N large enough, there exists constants ¢,C' > 0 such
that

o 1=
[H — )1 1og(N)log(N)Je ] = Z ([ Xkal > log(N)) < 2Lt51[ép1]P(|Xt| > log(N))
k=0 €l
< ¢ exp (—clog?(N))
~log(N) '
We deduce that
E|[[62.: - 0*2) = E [1GhL = o1 tosvsosnlls] + 5 ) exp (—clog?(N)) . (58)

It remains to upper-bound the first term on the right hand side of Equation .

2
Upper bound of E [HE%Z’L — U2Hn 1 log(N)Jog(N)]] . Forall h € S, 1, we obtain from Equation @D,

’Yn,N(&Zz,L) - 'Yn,N(UZ) < ’Vn,N(h) - Tn,N (02)- (59)

For all h € Sp, 1,

YN (h) = Yan(02) = ||h — aQHZ v +2v1(0% = h) + 215(0® — h) + 2u3(0® — h) + 2u(0” — h)

where
1 N n—1 ] - 1 N n—1
= =2 D MXAGA, i€ {12.3h p(h) = =Y Y (XA RA. (60)
j=1k=0 j=1k=0

we deduce from Equation that for all h € Sy, 1,

3
E {Ha?n,L - U2Hi7N ]1[—1og(N),1og(N)}] < inf |[h—o?3+ QZE [vi(Gh. — h)] + 2E [u(Gh, L — )] -

hESm,L i—1
(61)
For all 7 € {1,2,3} and for all h € S, 1, one has
m—1
E v (6oL — )] < vV2mL E [12(¢0)]. (62)
£=0

1. Upper bound of 37" ' E (V2 (0)]
According to Equation , we have

N n—1
1 . .
Ve e [0,m—1], vi(¢e) = Nn Z So(X{p)Cn
=1 k=0

where ( =1 [( k(ZH)A U(Xg)de) k(z-i-l)ﬁ 2(Xj)ds] is a martingale satisfying

1,1 1,1)2 1 kDA i 4
E [Ck’d]‘—m} =0 and E [(C;;A) |ka] < oF /m o?(Xhds < Cof
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with C' > 0 a constant, W = W' and (F;);>0 the natural filtration of the martingale (M) 1]
given for all ¢t € [0, 1] by M; = fo (XD)awy. We derive that

me1 e 2 n—1m-—1
Z E [v(¢¢)] :NL Z (Z Pe(Xjin Cki) = NLTLQE [Z ¢ (Xia) (Cii)2] '
— = k=0 (=0

For each k € [0,n — 1], we have

PRy qbg (XiA) = f;_lM BZ(X},) =1 for the spline basis

St @2 (XL,) < Cm For an orthonormal basis with C' = [Jax 1||¢KH§O.
<U<m—

Finally, there exists a constant C' > 0 such that

1 J\% for the spline basis

E [v7(¢0)] <

0 C % for an orthonormal basis.

3

~
Il

. Upper bound of Y7 ' E (V3 (0)]
For all k € [0,n — 1] and for all s € [0,1], set n(s) = kA if s € [kA, (k + 1)A). We have:

n=1 ,(kt1)A 2
E (Z/k Ge(Xja) ((k+1)A — S)UI(XQ)UQ(Xi)dWQ

A

=

m—1

E [13 ()] =
=0 ¢

3

= -
DI

m—

N ( / Dr(X})( >+A—s>a'<X;>a2<X;>dWs)1.

=0

We conclude that

1 NLM for the spline basis

E [v3(¢0)] <

’ C iz

3

~
Il

for an orthonormal basis.

where the constant C' > 0 depends on the diffusion coefficient and the upper bound of the basis
functions.

. Upper bound of Z?:Ol E [v3(¢0)]
We have:

m—1 4 m—1 n— (k+1)A 2
E [v3(¢0)] =Nz 2B (Z/k Pe(Xjia)b(Xpa)o( sl)dWs>

=0 £=0




Since for all z € R, b(z) < Co(1 + 2?) and sup E (|X¢|?) < oo, there exists a constant C' > 0
te(0,1]
depending on the diffusion coefficient such that

m—1 % for the spline basis
E [v3(¢0)]
£=0 C ﬁ for an orthonormal basis.

We finally deduce that from Equations and that for all h € Sy, 1,

E[Ha%w—oZHiNﬂ[-logmmgwn}shggym—a?nzw mL 9 (432, — h)] ()

2

ﬂ[logmlog(zvn} < inf (b= 0?2+ O\ %+ 2B |u@2, 0] ()

n, ]’LGSm L

(63)
where C' > 0 is a constant, the result (1) corresponds to the spline basis, and the result (2) corresponds
to any orthonormal basis. It remains to obtain an upper bound of the term u(?f\%% ,—h). Foralla>0
and for all h € S, 1,

N n—1

~ 2 2 2 a
2u (52, )f|\amL—02Hn7N+aHh_UZHW nzz( )
7j=1k=0
2 2 a N n—1
281 (G0~ ) <N~ o+ oy dnt =0 S0 Y B | (Rl)|
7=1 k=0

Using Equations , and setting a = 4, we deduce that there exists constant C' > 0 depending
on o1 such that,

2
E [HﬁE"»L - 02HnN1[_1og(N),1og(N)}] < inf ||h oz +C ( o T AQ) [B]

h€Sm
(64)
2
E [Hafn,L - 02HH7N ]1[1og(zv>,1og<zv)}] <, b =0l +C < e+ A2> [H].
The final result is obtained from Equations and . O

8.3.3 Proof of Lemma (4.5

Proof. 1t is proven in Comte & Genon-Catalot| (2020al) that for each dimension m € M, the Gram
matrix W, built from the Hermite basis is invertible. For the case of the B-spline basis, let us
consider a vector (z_pr, - ,xx—1) € R™ such that x; € [ujinm,ujpmy1) and Bj(xzj) # 0. Since
(Wi Wipnr+1) N [wjrenr, wrpn41) = 0 for all j, 5 € {=M,--- , K — 1} such that j # j’, then for all
4,7 €{=M,--- K — 1} such that j # j', Bj(zj) = 0. Consequently, we obtain:

det ((Belwe)) _areqocrc—1) = det (diag (By(wn), - Bx-1(wk-1))

K-1
= [] Belzo) #0
="M
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Then, we deduce from Comte & Genon-Catalot| (2020a), Lemma 1 that the matrix ¥, is invertible
for all m € M, where the function fr are replaced by

n—1

1
foix— - pr(kA,x)
k=0

with A([—An, Ax] Nsupp(fn)) > 0, A being the Lebesgue measure.

Case of the B-spline basis. For all w € R™ such that ||w||2, = 1, we have:

AN t2 ($O) K-1
W'V w = ||ty :/ t2(z) fo(z)dz + "2 with ¢, = Z wyBy.
—An " (=M

Under Assumption the transition density (¢, x) — px (¢, x) is approximated as follows

ex —Cg— , ) S —=€X i
K*\/i p (ol t _pX \/i p Co—t

where K, > 1 and ¢, > 1. Since s — exp (—cga:2 / s) is an increasing function, then for n large enough
and for all z € [-An, An],

1= x? 1 (A x?
> —— | > — e
fn(x) > K*n;exp< CkA) > K*/o exp( Co S)ds

N 1 1—(2log(N))~! 22 J
SE i N )T

Y(t,z) € (0,1] x R,

- < Co? >
———— €X —_———] .
~ 2K, log(N) PAT1C log~1(N)
Thus, the density function satisfies

CO-A?V

1
—Anx. A n > -
Vo € [-ANn, ANn], fo(z) > 2K, log(N) exp ( 1 log_l(N)> ~ 2K, log(N

] exp (—CJA?V) . (65)

Finally, since there exists a constant C7 > 0 such that ||t,[|> > C1AyKy" (see Denis et al| (2021),
Lemma 2.6), for all w € R™ (m = Ky + M) such that ||w||2,, = 1, there exists a constant C' > 0 such
that,

CAy

o> ———
W mt = mlog(N)

exp (—CGA?V) .

Case of the Hermite basis. For all w € R™ such that ||w]|2,, = 1, we have

w'Ww = ||t H2:/+Oot2(x)f (x)da:+tg”(7x0) with ¢ zmz:lwh
m wl|n - w n n w pars oreg.
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Recall that for all z € R such that |z| > 1/(3/2)(4m + 3), |he(x)| < c|z|exp(—coz?) for all £ > 0.

Then we have

m—1 2
w/\Ilme/ (Z wﬂw(m)) fn(z)dx
|lz[<4/(3/2)(4m+3) \ 1=
m—1

2
inf fn(:z:)/ (Z wdu(:c)) dx
2€[—+/(3/2)(4m+3),4/(3/2) (4m+3)] l2[<\/(3/2)(4m+3) \ =

;ex B 3¢y (4m + 3)
- 2K, log(N) p< 2 (1 —logl(N))> /|x|<¢m (e;

since for all x € R, f,(x) > (1/2K,log(N)) exp (— 1715233(1\[)). Set ay = /(3/2)(4m + 3), then we

obtain

v

m—1

wﬂw(m)) dx

exp <_ 2(3% (4m+3)

2(1—loa—L(N)) 0o [/m—1 2 m—1 2
W 2 QK*Ilolg(gN)(N))> /Jr (Z wehé(x)) e /|m|>aN (Z wfhf(x)) dx

—o° =0

exp <_ 42(3‘35 (4m+3)

1—log_1(N))> t+oo
> 1—2¢° ? exp(—8coz?)d
> 2K, Tog(N) ( c m/aN x“ exp(—8cpx”) x)

3cq (4m+3)
P (2(1—1g(N))> 2m 3
> - —_ —
=T 2K, log(N) <1 3ey \ 2(4m +3)exp( 12co<4m+3>>>

where ¢, cg > 0 are constants depending on the Hermite basis. Finally, for N large enough,

Am |3

1 — ——/=(4m + 3) exp (—12¢o(4m + 3)) >
860 2

N

Finally, there exists a constant C' > 0 such that for all w € R™ such that ||w||2,m,

' C 3co (4m + 3)
wmw 2 35wy P (‘2 (1- 1og—1(N))> '

8.3.4 Proof of Theorem [4.6]
The proof of Theorem relies on the following lemma:
Lemma 8.9. Under Assumptions and for 0% € ¥1(B, R) with B> 1, I = [-An, An] and

N xn, Ay = 0< log(N)> , K ((Nn)l/(26+1)AN) (m=K+ M),
the following holds:
IP’( %’N’m) < Cexp (—clog?’/Q(N))

where ¢, C' > 0 are constants independent of N.
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Proof of Theorem[[.6 . According to Equations in the proof of Theorem for all dimension
m= K + M, with K € M, and for all h € Sk, there exists a constant C' > 0 such that

(66)

inf ||h—0%, [ +E ( sup 1/2(h)> + A?

he€Sk L he€Sk 1+, llh]ln=1

E[[[6% 0 = 0% 2y T | <€

where €, N, is given in Equation and v = v + v + v3 with the v; given in Equation .
For all h = Zf::IM a¢By € Sky MLy

n—1 K-1 K-1 n—1
1 1
|h2 =E nZhQ(XkA)] =Y Y awaE [nZBg(XkA)Bg/(XkA)] = d'U,,a.
k=0 l=—M (=—M k=0

The Gram matrix U,, is invertible for each K € M (see proof of Lemma [4.5). It follows that for all
h = S0 agBy such that ||h|2 = a/U,,a = 1, one has a = U,"/%u where u € R™ and |lull2m = 1.

Furthermore, we have:
K-1

K-1 K-1
h = Z ayBy = Z Uy Z [‘I’;LI/Q} ) By
{=—M {=—M 4 bt

Then for all h € Sk, we have v2(h) < 3(v2(h) + v3(h) + v3(h)) where,

K—1 | Non-l K-l
. 2 —1/2 j
Vi e {1,2,3}, vi(h) < Z mz [‘Ijm/ L',z By (Xia)Gin
M J=1 k=0 /=M
So we obtain,
| Kl n-1 K-1 A 2
Vie{1,2,3}, E sup ()| < DB D) (22 Bu(Xia)GA
he€Sk m,|[h|ln=1 Ly k=00'=—M et

2
For i = 1, we have Ckl:g =x < k(ZH)A a(Xj)dWs> = k(ZH)A 0'2(X81)d8:| and we obtained in the proof

of Theorem that there exists a constant C' > 0 such that for all k € [0,n — 1],

11 L1\ 2 (k+1)A 2
E [GialFia] =0, E[(ckg) !Fm] <ce|( [ i) | <cofar

We deduce that

—_

S

k=0¢=—M

n—

E

2
\I’_1/2] BK’(X]iA)CLl
heSwsanllhlln=1 [ ™ ey kA

sup I/%(h)] = Nn12A2 Z E (
=0

| K-ln-d K—1 s X 2 "

SN E Z,ZM [‘I’m ]e/,e By (Xja) (Ck’A)

407
<3 9] 55, 927,
- n Z Z m g/’g m Z”}Z m e/}g//

b=—MO=—M "=—M
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We hayve:

Z P Sl W [, = T () = T = .

MO=—M{'=—M ’

So we obtain

For i = 2, we have CkA =2 kuH)A (k+ 1A —5) o' (XHo?(X1)dW, and

1 K-1 n—1 K-1 2
_ j 1,2
an d0] <5 X x| (2 X ], st

hE€SK 1 a,llhIn=1 =M

E

2
10t)0'|2A = = = [o-1/2 '
< D DB X k= ]g,eBﬂ’(XkA)
V=—M ’
407 0’|12 m
Nn?

For ¢ = 3, we have C,iﬁ =2b(X}A) k(ZH)A o(X1)dW; and there exists constants Cy, Cy > 0 such that

= n—1 K-1 2
9 —-1/2 J L3
E sup Vg(h)] < N2 E (Z [‘I’m L,’f BK’(XkA)CkA>

heSk 4 a,llhlln=1 (=M

S2A Kol K—1 2
i ~1/2 1
< Ciy s Y Y E (é/ |:\I,m L/,e Bé'(XkA)>

Finally, there exists a constant C' > 0 depending on o7 and M such that

E <o (67)

sup v2(h) N
n

heSk a5 ||hlln=1

From Equations and , we deduce that

~ 2 . m
E [Hoimm ~ Tyl ]1Qn’N,m] <C (hesmf Ih = oyl + &, + A2>

K+M,L

where C' > 0 is a constant depending on o1 and M. We obtain
~2 2 2 . 22 m 2 ~9 22
E[[5%,m— ol y] <€ (hesglfm”h ~ Oaylln + 5+ A > +E [[|#4y m — oAy L0 ]
2
N < 4mL, and according to Lemma ,
n

E |:H3124N,m - Uz%‘NHiN ]ngL’N’m} < 4mLIP’( nNm) < CmLexp (—Clog3/2(N))

2

and for o2 Anm — Ty
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where ¢ > 0 is a constant. Thus, there exists a constant C' > 0 such that
E (185 — Aull ] < B [1530m = Ay L] + B [1830m — oAy [ R0

gc( inf  ||h—0%, 2 N

heSKk M, L

2, Ty mL exp (—clog?’/Q(N)) + AQ) .

Then, as n o< N and L = log(N), there exists a constant C' > 0 such that

~92 2 2 . 2 m
E [HUAN”” B JANH%N} =¢ (hESlI?fM Ih = ol Nn> '
Finally, since 02 € (83, R) with 3> 1 and I = [~ A, An], one has

inf  |h—o?, |2 < CAV K™

he€SK 1 Mm,L

where the constant C' > 0 depends on 3, R and M. Furthermore, as we chose the inverval [— Ay, An]
such that Ay = o ( log(N)) and for K ((Nn)l/(26+1)AN), we obtain

B [[[5%m — o34 |I5 y] < Clog? () (V) ~28/@5+0),

0
8.4 Proof of Section [l
8.4.1 Proof of Theorem [5.1]
Set for all K, K’ € K = {29, G=0,. .. qmax, 20 < N/ 1og(N)} cM,
Ticae = {9 € Sicrar + Scriars gl =1, lglloe < VL} . (68)

Recall that for all j € [1, N] and for all k& € [0,n],

, 1 (k+1)A , \ 2 (k+1)A '
dA=5 | [ oxnawi) — [ o s
A kA kA

The proof of Theorem [5.]] relies on the following lemma whose proof is in Appendix.

Lemma 8.10. Under Assumption [2.1, for all ¢, v > 0 and g € Tk i, there exists a real constant
C > 0 such that,

GXIGL > e g2y <0* | <exp [0y
’ o1 (EHQHOO+401U )

N
1
YD 9(XIA)GA = 2070V + of|lglleot llglln n < 07 | < exp (~CNna).
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Proof of Theorem [5.1l From Equation , we have

K = argmin{7, n(6%) + pen(K)}.
Kek

For all K € K and h € Sky,1,

YnN (62%) + pen(K) < v n(h) + pen(K),

then, for all K € K and for all h € Sk .1,

TN (0%) = n, (aﬁ) < v (h) = N (07y) + pen(K) — pen(K)
2

~

H L —ofy| < (h—aﬁl +2v (5% — 1) + 24 (% — ) + pen(K) — pen(K)
3 1 2
SHh—aQ HUA—t +d sup (g —i-fHEQA—h
17 d n QETK,R ( ) d K n,N
d N n—1 ' 9 R
Ao > (%A) + pen(K) — pen(K)
7=1k=0

where d > 1 and the space T 7 is given in Equation (68). On the set Qv Ky (given in Equation

(52)): Vh € Skimr, 3||R[2 < HhHi,N < 3||h||2. Then on QN K,y for all d > 1 and for all b € Sk
with K € K,

10Y |52 2
(1 - d) |o% — ot

=

n—

? (1 >h d 2 di R’
< (1) =il oz 00 35 ()
n,N o heT z Nn oo kA

~

+ pen(K) — pen(K).

We set d = 20. Then, on Q) N max and for all h € Sgu 1,

N n—1
2 20 N2
~2 2 2 2
Haf{ = <3 Hh —of nN+20h€s;1_pAV (h)—l—m Z Z <R£A> +2 (pen(K) pen(K )) (69)
K,K 7j=1k=0
Let ¢ : K* — R such that 160¢(K, K') < 18pen(K) + 16pen(K’). Thus, on the set Q,, n k..., there
exists a constant C' > 0 such that for all h € Sk s
. 2 2
{62 = o]t <31 int =B+ penta))
+160E [ sup vi(h) —q(K,K) |+ CA2
hETKJ?
where
N n—1
= Nn Z WX A)GhA (70)
n
7=1 k=0
with (,zi the error term. We set for all K, K’ € K,
Gr(K') = sup v (h) (1)

hETK’K/
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and for 4(K + M)L. We deduce that,

i
o <
1 n,N

2
]lgc

n,N Kmax:|

2
] <E |:HO'A — O‘|I ]IQnNKmX] +E |:H0'A — a|1

<34inf | inf Hh— 2H K
< &z,c(heggw %rf],, +penlf)

—'— CA2 +4(K + M)LP( TLNKmax)

+ 160E [(GK(I?) —q(K, K))+ ]lQn,N,Kmax] :

In the sequel, we refer to the proof of Proposition 6.1 in|Baraud et al. (2001]). We known from Lorentz
et al (see |Lorentz et al| (1996)) that given the unit ball Bj,(0,1) of the approximation subspace
Sk +m with respect to norm ||.||,, defined as follows:

. 1 .
By, (0,1) = {h € Sxconr : [l < 1} = {h € Siean ¢ Ihl < TO} — Ba(0,1/m0),

K+M
we can find a e—net E. such that for each € € (0, 1], |E¢| < <8TO> .

Recall that Tx g = {g € Sk+m + Sk, 19l = 1, |90 < L} and consider the sequence
(Exy)p>; of e—net with e, = €927% and gy € (0, 1]. Moreover, set N, = log(|E.,|) for each k > 0. Then
for each g € Skim + Skraar such that ||gle < VL, there exists a sequence (k) k>0 With g € E;,
such that g = go + > pey 9k — gr—1. Set P.=P (. N QN K ) and -

T = a%\/@ﬁ-al +25k 1{01\/t;+201fx }:y87N+Zy27N
k>1 k=0

For all h € Tk i and on the event €, k..., one has HthLN < 3{|n||2 = 3. Then, using the chaining
technique of Baraud et al|(2001), we have

Iﬁ( sup V1<h) > 7') :ﬁ H(hk)kzo c HE€k/V1( =1 ho +ZV1 hk — hk 1
heTr k! k>0 k=1

< Y P(nlho) >y )+Z > B (vl —her) > ).

ho€Ey k=1 thEEk
hp_1€Eep,_4

According to Equation and Lemma there exists a constant C' > 0 such that

ﬁ (1/1(]10) > yg’N> < ]’fD (Vl(ho) > 01/ 6960 + O'1Hh0HOO.’L'n N>

< exp(—C’Nn:L'g’N),

Vk > 1, ﬁ (l/l(hk — hkfl) > yg’N> < ]’15 (Vl(hk — hkfl) > 011/ 6$Z’N + O'%Hhk — hkl”oon’N>

< exp(—C’Nan’N).
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Finally, since Nj, = log(|Ex, |) for all k£ > 0, we deduce that

o0
P (h s71_1p vi(h) > 7') < |Eg| exp(—C’Nn:L‘g’N) + Z (|1Be| + | B2y ) exp(—CNan’N)
K k! k=1

o0
< exp (NO — C’Nnxg’N> + Zexp (Nk + Ni—1 — CchZ’N).
k=1

We choose xg’N and xZ’N, k > 1 such that,

No— CNnag™ = —a (K + K'+2M) — b
Ny + N1 — ONnap™ = — k(K + K’ +2M) —a (K + K' +2M) — b

where a and b are two positive real numbers. We deduce that

K+ K +2M K+ K +2M
2N < (1 + k)% and T < cm%\/\FL+N+ (72)
n n

with Cy > 0 and (' two constants depending on a and b. It comes that

IF’( sup V(t)>r> < ¢ eltexp{—a(K+K +2M)}.
teTx K e—1

From Equation , we set
K+ K' +2M
K K/ — * 2 L—
q( y ) K 0'1\/> Nn

where k* > 0 depends on C7 > 0. Thus, for all K, K’ € K,

—b+1
2 ! € . /
P <{h€s7¥?mu (h) > q(K,K)} QON,KW) < Py exp{—a (K +K'+2M)}

and there exists constants ¢, C' > 0 such that

E [(GK (K') - q(K,K")), 1q

’ﬂyNmeax:|

K+ K'
< C(Ntz)P ({ sup 2(t) > q(K, K’)} n Qn,NKmax)

teTK,K’
C a
< e {2 (K+K)}.
~ Nn exp{ 2 ( + )
Finally, there exists a real constant C' > 0 such that,
E (GK(I?) —g(K f()) 1q < Y E [(GK (K') — q(K,K")) 1g } < @
’ + n,N,Kmax — ’ + n,N,Kmax — Nn

K'eKk
We choose the penalty function pen such that for each K € IC,
K+M
Nn

For N large enough, one has o? < v/L. Thus, we finally set pen(K) = /ﬁw with L = log(N).
Then, there exists a constant C' > 0 such that,

pen(K) > ko?VL

C

~2 2
]E|:HO-I?_O-I +m

2 2
] < 34 inf { inf Hh—af,H —l—pen(K)}
n,N KeK | heSkx+m n
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8.4.2 Proof of Theorem [5.2]
Proof. From Equation , we have

K :=arg miny,, N(J%{+M 1) + pen(K).
KeK

Then, for all K € K and for all h € Sk4ar,1,, we have
TN (0% )+ pen(K) < ynn(h) + pen(K).

Then, for all K € K and for all h € Skym.1,

~

N (0% ) = MmN (0) <y (h) = nn(0%) + pen(K) — pen(K)

2 N
HEQA — g2Hn . < ||h - 02”%7]\[ + 2V(8§?,L —h)+ 2M(8§?,L — h) + pen(K) — pen(K).

We have for all a > 0,

N n—1
2 2 2 a
~2 ~2 2 s . 22 J
2k [M (UI?,L - h)] SEE HUIACL 7 ln,n * ahESIII(lfM,LHh 7l Nn ;kZOE [(RM) ]

and since v = vy + v3 + 13, according to the proof of Theorem [1.3] there exists a constant ¢ > 0 such
that

E [y(a% - h)} < cE [ul @%, - h)}

)

where the for i € {1,2,3} and for all h € Sk1p ., K € K,

—_

n—

1 N
> > (XA GA,

Nn
7=1k=0

and the C]JC A are given Then,

(1-2) =[P

2 . ~
}g (1+a> inf [ =02 +2E [1n(5% , —n)]

h€SKk+M,L

N
~ a
+ pen(K) — pen(K) + — Z
From Equation and for a = 4, there exists a constant C' > 0 such that

2
E ‘AQ 52
OR.L nN

<3 inf —?||* 4 4R |G — 9 K CA2
} - 3hesl}(1+M,LHh 7 Hn Tac [Vl(aK,L h)} + (pen( ) — pen(K )) +

(73)
Since for all K € K, pen(K) > 2k*03(K + M)v/2L/(Nn), define the function ¢ : (K, K') — q(K, K')

such that

K+ K' +2M)V2L
o(K,K') = 20*0%( i ; ) > 200V N + gPug™ N (74)
n
where ;
K+ K +2M
SN o <+N+> and v — VL
n
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The constant C* > 0 depends on constants x* > 0 and ¢ > 0 of Equation such that
4eq(K, K') < pen(K) + 2pen(K’).

Then for all K € K and for all h € Sk w1,

~2
E {HUI?,L -
For all K € K and for all h € Sk, such that ||h]l < VL, we have ,
~2
‘GKL -

Then, using Equation and Lemma there exists a constant C' > 0 such that for all K, K’ € K
and for all h € Sy,

9 2 . 2112 ~2 7 2
et - ot - )
(75)

P (1(B%, —h) = (K, K'), 5%, — b2y < v?) < exp (~CNna™). (76)

Since L = log(N), then for N large enough, 0? < /log(N), we finally choose

(K + M)log(N)
pu—
pen(K) = Nn
where k£ > 0 is a new constant. Since E [ul(aA - h)} <O <\/(Kma"+]]\\,{)tlog2(]v)> (see proof of

Theorem , for all K € K and h € Sk4ar,1,, there exists a constant ¢ > 0 such that

K'ek
< cq(K, Kpax) Ir{naX{IP’ (n(o O'K/ —h)>q(K,K'"))}.

E [(yl(a}“ —h) —q(K, f{)u < max{E [(yl(ag(,ﬁL —h) - q(K, K +]}

From Equation , we obtain that

N C
~2
E |:<V1(O—I?,L - h) - q(K7 K)>+:| < CQ(Ka Kmax) exp(—CNn) < Ni (77)
since K and K.y increase with the size N of the sample paths Dy ,, and
cNnq(K, Kmax) exp(—CNn) -0 as N — oo.

Then, from Equations and , there exists a constant C' > 0 such that

E [Ha%L = 02Hi7N] < 3inf { inf [|h—o?|’ + pen(K)} 2 (78)

Kek hESK-HW,L Nn
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8.4.3 Proof of Theorem [5.3

Proof. The proof of Theorem is similar to the proof of Theorem Then, from Equation 7
for all h € Sk,

2 2
‘UI?,L O

n—1
’ <3 Hh - 0‘21 ’ +20 sup v*(h) @Z RkA ‘12 (pen(K) - pen(f()) ,
n,1 n,1 hET 7 n R
where TK,K’ = {h € Sk+m + Sk, HhHX =1, HhHoo < \/Z} Let q : K2 — R4 such that
160g(K, K'") < 18pen(K) + 16pen(K’).

Recall that the L2—norm ||.||, the norm E[||.|x] and the empirical norm ||.||,, are equivalent on
IL2(I) since the transition density is bounded on the compact interval I. Then, for all K € K and
h € SK-',—M,L, we have

2 ~
E HEQA - 0"21 <3 inf ||h— O"I + pen(K) ) +20E [ sup v¥(h) —q(K,K) | + CA?
KL n,1 he€Sk4m,L heTy &
where
1 n—1 .
= Z h(Xia)Cia
k=0
with C;i the error term. We set for all K, K’ € K, G (K') ;== sup vZ(h). Then, there exists C' > 0
hETK’K/
such that
E H?T? 211° | < 3infd  juf h—02H2—|—pen +2()Z [ K') — ¢(K, K")) }
K,L I nl| ~  Kek hGSK+M,L 1 n

+ CA2.

Considering the unit ball EH-II (0,1) of the approximation subspace given by
1
B (0,1) = {h € S, |IWlI% <1} = {h € Sicrurs [|0]? < TO}.
We obtain from the proof of Theorem [5.1 with N = 1 that,
! ! C
> E|(Gr(K) = q(K,KN) | <~
K'eKk

where C' > 0 is a constant, (K, K') o of (KA +2M)/log(m) o ng pen(K) (K+M7731cg(n)' Then we

. n
obtain
2
~2 2
B |[o%, ot

2 C
h—a‘QIH +pen(K)} + e

3. .
< — inf inf
1 To Kek hGSKjL]\/[’L
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Appendix

Calibration

Fix the drift function b(x) = 1 — x, the time-horizon 7" = 1 and at time ¢ = 0, xo = 0. Consider the
following three models:

Model 1: o(z) =1
Model 2: o(z) = 0.1 +0.9/V1 + 22
Model 3: o(z) = 1/3 + sin?(27z) /7 + 1 /(7 + ?).

The three diffusion models satisfy Assumption and are used to calibrate the numerical constant
k of the penalty function given in Theorem

As we already know, the adaptive estimator of o on the interval [—/log(N), \/log(NN)] necessitate
a data-driven selection of an optimal dimension through the minimization of the penalized least squares
contrast given in Equation . Since the penalty function pen(dy) = k(Ky + M)log?(N)/N?
depends on the unknown numerical constant xk > 0, the goal is to select an optimal value of x in the
set V ={0.1,0.5,1,2,4,5,7,10} of its possible values. To this end, we repeat 100 times the following
steps:

1. Simulate learning samples Dy and Dy, with N € {50,100}, N’ = 100 and n € {100, 250}

2. For each k € V:

(a) For each Ky € K and from Dy, compute 83% Ly given in Equations (9) and (10).
(b) Select the optimal dimension Kyek using Equation

2 ~ ~
(c) Using the learning sample Dy, evaluate ’ G2 -} where dy = Ky + M.
dn,Ln n,N’
2
-4 for each k € V and obtain the following
N,LN n,N’

results:
We finally choose 5 € V as the optimal value of x in reference to the results of Figure 2] .

Proof of Lemma [8.10]
Proof. We obtain from Comte, Genon-Catalot, Rozenholc (2007) proof of Lemma & that for each j €
[1,N], ke€[0,n—1] and p e N\ {0,1}

A
£ exp (ug(X;iA)ﬁi’i— 2)) |7,

1—bu

with a = e (407 ¢? ) b= 402c%e||gl|oo, u € R such that bu < 1 and ¢ > 0 a real constant. Thus,

N n—1
1

- i 7,1 2 2 _
Nn;kz_og Xialoia 2 & llgllvn < v _E< (5, ) w0 el 2 N ngnNsU?>

- <1{eXp<Z§V_1 ZZ;& ug(X )§ i 1)> _Nn“5>1} ”gHN 7z<v2>
n—

N n-1

—Nnue J 7,1

se E | Ljg)2 <02 €XP Z ug(Xpa)&ia
=1 k=0
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N=50, n=250 N=50, n=100

1.000 -

0.100 - 0.10 -

0.010-
0.01 -

0.001 -

0.0 2.5 5.0 7.5 10.0 0.0 2.5 5.0 7.5 10.0

N=100, n=250 N=100, n=100

1.000 - 1.000 -

0.100 =
0.100 -

0.010~-
0.010-

0.001 -

0.001 - —

0.0 2.5 5.0 7.5 10.0

Figure 2: Calibration of the constant x € V of the penalty function

It follows that,

N n—1
]. 2,2
mz g(X] e > € elgllay <o | < exp{—Nnue—i—N?f#}.
j=1k=0
We set u = =55 Then, we have —Nnue + Nnav?u?/(1 — bu) = —Nne?/2(eb + 2av?) and,
N n—1
1 Nne?
— (X7 )€l > < < -
Nn;kz—og kA 5 e llgllnn <v? | < eXp( 2(5b—i—av2)>
Nne?
<exp|-C
( 7 gl +4a%v2)>
where C' > 0 is a constant depending on ¢ > 0. O
Proof of Lemma [8.9]

Proof. Set K, n = Ky since N o n. Let us remind the reader of the Gram matrix Vg, given in

Equation ,
1 ~
U, = E [NnF}(NFKN} —E (Ty)
where,

Froy = ((Bu(X)), - (BulX], 1) )))O%KN_1 ¢ RNnx(Kn+M) (79)
1<j<N

The empirical counterpart ¥ is the random matrix given by {I\IKN of size (Ky + M) x (Ky + M) is
given by

~ 1 X A ,

g SO (XA for (X ) - (80)

00 e[—M,Ky—1]

/
= — Fg, =
N Nn Ky N



For all t = Zf:N__z\} a¢By yviu € Sk, M one has
Ht”%,N =ad'Vk,a and ||tH?L =dVkya, with a= (a_ps,--- ,aKN,l)I.

Under Assumption we follow the lines of |Comte et al| (2018) Proposition 2.3 and Lemma 6.2.
Then,
2 2 o 1 (3
N A sup [ (T = Wiy ) w]
teSK s [Itn=1 weRKN+JW’Hq)}(/2 wH =1
N 2,Kn+M

— sup u’\I/I_éV/2 (\TIKN — \I/KN> \I/I_SV/QU‘
UGRKNJer”u”Q,KN-FM:l

—1/235 —1/2
U0 v —IdKN+MHOp.

Therefore,

% s = { [V 0~ Wy > 172
op

Since Ay = 0( log(N)), we obtain from Denis et al. (2022), proof of Lemma 7.8, there exists a
constant C > 0 such that

P (0 v xy) < 20K + M) exp (—Clog3/2(N)) . (81)

Finally, since 2(Ky + M) exp (—(0/2) log3/2(N)) — 0 as N — 400, one concludes from Equa-
tion and for N large enough,

P (QZ,N,KN) < Cexp (*Clog3/2(]\7))

where ¢ > 0 and C > 0 are new constants. O
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