
HAL Id: hal-04154767
https://hal.science/hal-04154767v1

Preprint submitted on 6 Jul 2023 (v1), last revised 7 Jul 2023 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution 4.0 International License

Explainability is NOT a Game
Joao Marques-Silva, Xuanxiang Huang

To cite this version:

Joao Marques-Silva, Xuanxiang Huang. Explainability is NOT a Game. 2023. �hal-04154767v1�

https://hal.science/hal-04154767v1
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr


Explainability is NOT a Game
Joao Marques-Silva∗

joao.marques-silva@irit.fr
IRIT, CNRS

Toulouse, France

Xuanxiang Huang∗

xuanxiang.huang@univ-toulouse.fr
University of Toulouse

Toulouse, France

Abstract
Explainable artificial intelligence (XAI) aims to help hu-

man decision-makers in understanding complex machine learn-
ing (ML) models. One of the hallmarks of XAI are measures
of relative feature importance, which are theoretically justi-
fied through the use of Shapley values. This paper builds on
recent work and offers a simple argument for why Shapley
values can provide misleading measures of relative feature
importance, by assigning more importance to features that
are irrelevant for a prediction, and assigning less importance
to features that are relevant for a prediction. The significance
of these results is that they effectively challenge the many
proposed uses of measures of relative feature importance in
a fast-growing range of high-stakes application domains.
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• Computing methodologies → Artificial intelligence; Ma-
chine learning algorithms; Machine learning; • Theory of
computation → Automated reasoning.
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1 Introduction
The societal and economic significance of machine learning

(ML) cannot be overstated, with many remarkable advances
made in recent years. However, the operation of complex ML
models is most often inscrutable, with the consequence that
decisions taken by ML models cannot be fathomed by hu-
man decision makers. It is therefore of importance to devise
automated approaches to explain the predictions made by
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complex ML models. This is the main motivation for eX-
plainable AI (XAI). Explanations thus serve to build trust,
but also to debug complex systems of AI. Furthermore, in
situations where decisions of ML models impact people, one
should expect explanations to offer the strongest guarantees
of rigor.

However, the most popular XAI approaches [Bach et al.
2015; Lundberg and Lee 2017; Ribeiro et al. 2016, 2018;
Samek et al. 2019] offer no guarantees of rigor. Unsurpris-
ingly, a number of works have demonstrated several miscon-
ceptions of informal approaches to XAI [Huang and Marques-
Silva 2023; Ignatiev 2020; Ignatiev et al. 2019b; Izza et al.
2022; Marques-Silva 2023; Narodytska et al. 2019]. In con-
trast to informal XAI, formal explainability offers a logic-
based, model-precise approach for computing explanations [Ig-
natiev et al. 2019a]. Although formal explainability also ex-
hibits a number of drawbacks, including the computational
complexity of logic-based reasoning, there has been contin-
ued progress since its inception [Marques-Silva 2022; Marques-
Silva and Ignatiev 2022].

Among the existing informal approaches to XAI, the use
of Shapley values as a mechanism for feature attribution is
arguably the best-known. Shapley values [Shapley 1953] were
originally proposed in the context of game theory, but have
found a wealth of application domains [Roth 1988]. More
importantly, for more than two decades Shapley values have
been proposed in the context of explaining the decisions of
complex ML models [Lipovetsky and Conklin 2001; Lund-
berg and Lee 2017; Strumbelj and Kononenko 2010, 2014].
The importance of Shapley values for explainability is illus-
trated by the massive impact of tools like SHAP [Lundberg
and Lee 2017], including many recent uses that have a direct
influence on human beings (see [Huang and Marques-Silva
2023] for some recent references).

Unfortunately, the exact computation of Shapley values
in the case of explainability has not been studied in practice,
in part because of its computational complexity. Hence, it is
unclear how good are existing approximate solutions, with
a well-known example being SHAP [Chen et al. 2022; Lund-
berg et al. 2020; Lundberg and Lee 2017]. Recent work [Are-
nas et al. 2021b] proposed a polynomial-time algorithm for
computing Shapley values in the case of classifiers repre-
sented by deterministic decomposable boolean circuits. As
a result, and for one concrete family of classifiers, it be-
came possible to compare the estimates of tools such as
SHAP [Lundberg and Lee 2017] with those obtained with
exact algorithms.

Furthermore, since Shapley values aim to measure the rel-
ative importance of features, a natural question is whether
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the relative importance of features obtained with Shapley
values can indeed be trusted. Given that the definition of
Shapley values is axiomatic, one may naturally question how
reliable those values are. Evidently, if the relative order of fea-
tures dictated by Shapley values can be proved inadequate,
then the use of Shapley values in explainability ought to be
deemed unworthy of trust.

A number of earlier works reported practical problems
with explainability approaches based on Shapley values [Ku-
mar et al. 2020] ([Huang and Marques-Silva 2023] covers a
number of additional references). However, these works fo-
cus on practical tools, which approximate Shapley values,
but do not investigate the possible existence of fundamental
limitations with the use of Shapley values in explainability.
In contrast with these other works, this paper offers a sim-
ple argument for why relative feature importance obtained
with Shapley values can provide misleading information, in
that features that bear no significance for a prediction can
be deemed more important, in terms of Shapley values, than
features that bear some significance for the same prediction.
The importance of this paper’s results, and of the identified
flaws with Shapley values, should be assessed in light of the
fast-growing uses of explainability solutions in domains that
directly impact human beings, e.g. medical diagnostic appli-
cations, especially when the vast majority of such uses build
on Shapley values for explainability.

The paper is organized as follows. Section 2 introduces
the notation and definitions used throughout. This includes a
brief introduction to formal explanations, but also to Shapley
values for explainability. Section 3 revisits the concepts of rel-
evancy/irrelevancy, which have been studied in logic-based
abduction since the mid 1990s [Eiter and Gottlob 1995]. Sec-
tion 4 demonstrates the inadequacy of Shapley values for
feature attribution. Finally, Section 5 discusses the paper’s
results, but it also briefly examines additional flaws of Shap-
ley values.

2 Definitions
Throughout the paper, we adopt the notation and the def-

initions introduced in earlier work, namely [Marques-Silva
2022; Marques-Silva and Ignatiev 2022] and also [Arenas
et al. 2021b].

2.1 Classification Problems
A classification problem is defined on a set of features F =

{1, . . . ,𝑚}, and a set of classes K = {𝑐1, . . . , 𝑐𝐾 }. Each feature
𝑖 ∈ F takes values from a domain D𝑖 . Domains can be ordinal
(e.g. real- or integer-valued) or categorical. Feature space
is defined by the cartesian product of the domains of the
features: F = D1 × · · · × D𝑚 . A classifier M computes a (non-
constant) classification function: 𝜅 : F→ K1. A classifier M
is associated with a tuple (F , F,K, 𝜅). For the purposes of this
paper, we restrict 𝜅 to be a non-constant boolean function.

1A classifier that computes a constant function, i.e. the same predic-
tion for all points in feature space, is of course uninteresting, and so
it is explicitly disallowed.

This restriction does not in any way impact the validity of
our results.

Given a classifier M, and a point v ∈ F, with 𝑐 = 𝜅 (v) and
𝑐 ∈ K, (v, 𝑐) is referred to as an instance (or sample). An
explanation problem E is associated with a tuple (M, (v, 𝑐)).
As a result, v represents a concrete point in feature space,
whereas x ∈ F represents an arbitrary point in feature space.

As a running example, we consider the decision tree (DT)
shown in Figure 1. Since it will be used later, we also show
the truth table for the DT classifier. Given the information
shown in the DT, we have that F = {1, 2, 3, 4}, D𝑖 = {0, 1}, 𝑖 =
1, 2, 3, 4, F = {0, 1}4, and K = {0, 1}. The classification function
𝜅 is given by the decision tree shown, or alternatively by
the truth table. Finally, the instance considered is (v, 𝑐) =
((0, 0, 0, 0), 0).

2.2 Formal Explanations
The presentation of formal explanations follows recent ac-

counts [Marques-Silva 2022]. In the context of XAI, abduc-
tive explanations (AXp’s) have been studied since 2018 [Ig-
natiev et al. 2019a; Shih et al. 2018]. Similar to other heuris-
tic approaches, e.g. Anchors [Ribeiro et al. 2018], abductive
explanations are an example of explainability by feature se-
lection, i.e. a subset of features is selected as the explanation.
AXp’s represent a rigorous example of explainability by fea-
ture selection, and can be viewed as the answer to a “Why
(the prediction)?” question. An AXp is defined as a subset-
minimal (or irreducible) set of features X ⊆ F such that the
features in X are sufficient for the prediction. This is to say
that, if the features in X are fixed to the values determined
by v, then the prediction is guaranteed to be 𝑐 = 𝜅 (v). The
sufficiency for the prediction can be stated formally:

∀(x ∈ F).
[∧

𝑖∈X (𝑥𝑖 = 𝑣𝑖 )
]
→(𝜅 (x) = 𝜅 (v)) (1)

Observe that (1) is monotone on X, and so the two con-
ditions for a set X ⊆ F to be an AXp (i.e. sufficiency for
prediction and subset-minimality), can be stated as follows:

∀(x ∈ F).
[∧

𝑖∈X (𝑥𝑖 = 𝑣𝑖 )
]
→(𝜅 (x) = 𝜅 (v))∧ (2)

∀(𝑡 ∈ X) .∃(x ∈ F) .
[∧

𝑖∈X\{𝑡 } (𝑥𝑖 = 𝑣𝑖 )
]
∧ (𝜅 (x) ≠ 𝜅 (v))

A predicate AXp : 2F → {0, 1} is associated with (2), such
that AXp(X; E) holds true if and only if (2) holds true2.

An AXp can be interpreted as a logic rule of the form:

IF
[∧

𝑖∈X (𝑥𝑖 = 𝑣𝑖 )
]

THEN (𝜅 (x) = 𝑐) (3)

where 𝑐 = 𝜅 (v). It should be noted that informal XAI meth-
ods have also proposed the use of IF-THEN rules [Ribeiro
et al. 2018] which, in the case of Anchors [Ribeiro et al. 2018]
may or may not be sound [Ignatiev 2020; Ignatiev et al.
2019a]. In contrast, rules obtained from AXp’s are logically
sound.

2When defining concepts, we will show the necessary parameteriza-
tions. However, in later uses, those parameterizations will be omitted,
for simplicity.
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row # 𝑥1 𝑥2 𝑥3 𝑥4 𝜅 (x)
1 0 0 0 0 0
2 0 0 0 1 1
3 0 0 1 0 1
4 0 0 1 1 0
5 0 1 0 0 1
6 0 1 0 1 0
7 0 1 1 0 0
8 0 1 1 1 0
9 1 0 0 0 0
10 1 0 0 1 0
11 1 0 1 0 0
12 1 0 1 1 0
13 1 1 0 0 0
14 1 1 0 1 0
15 1 1 1 0 0
16 1 1 1 1 0

Figure 1: Example classifier – decision tree and its truth table. For this classifier, we have F = {1, 2, 3, 4}, D𝑖 = {0, 1}, 𝑖 = 1, 2, 3, 4,
F = {0, 1}4, and K = {0, 1}. The classification function is given by the decision tree shown, or alternatively by the truth table. Finally,
the instance considered is ( (0, 0, 0, 0), 0), corresponding to row 1 in the truth table. The instance is consistent with path ⟨1, 2, 4, 6, 10⟩,
which is highlighted in the DT. The prediction is 0, as indicated in terminal node 10.

Moreover, contrastive explanations (CXp’s) represent a
type of explanation that differs from AXp’s, in that CXp’s
answer a “Why Not (some other prediction)?” question [Ig-
natiev et al. 2020; Miller 2019]. Given a set Y ⊆ F , suffi-
ciency for changing the prediction can be stated formally:

∃(x ∈ F).
[∧

𝑖∈F\Y (𝑥𝑖 = 𝑣𝑖 )
]
∧ (𝜅 (x) ≠ 𝜅 (v)) (4)

A CXp is a subset-minimal set of features which, if allowed
to take a value other than the value determined by v, then
the predicted can be changed by choosing suitable values to
those features.

Similarly to the case of AXp’s, for CXp’s (4) is monotone
on Y, and so the two conditions (sufficiency for changing the
prediction and subset-minimality) can be stated formally as
follows:

∃(x ∈ F) .
[∧

𝑖∈F\Y (𝑥𝑖 = 𝑣𝑖 )
]
∧ (𝜅 (x) ≠ 𝜅 (v))∧ (5)

∀(𝑡 ∈ Y) .∀(x ∈ F) .
[∧

𝑖∈F\(Y\{𝑡 }) (𝑥𝑖 = 𝑣𝑖 )
]
→(𝜅 (x) = 𝜅 (v))

A predicate CXp : 2F → {0, 1} is associated with (5), such
that CXp(Y; E) holds true if and only if (5) holds true.

Algorithms for computing AXp’s and CXp’s for differ-
ent families of classifiers have been proposed in recent years
([Marques-Silva and Ignatiev 2022] provides a recent account
of the progress observed in computing formal explanations).
These algorithms include the use of automated reasoners (e.g.
SAT, SMT or MILP solvers), or dedicated algorithms for
families of classifiers for which computing one explanation is
tractable.

Given an explanation problem E, the sets of AXp’s and
CXp’s are represented by:

A(E) = {X ⊆ F | AXp(X;E)} (6)

C(E) = {Y ⊆ F | CXp(Y;E)} (7)

For example, A(E) represents the set of all logic rules that
predict 𝑐 = 𝜅 (v), which are consistent with v, and which are
irreducible (i.e. no literal 𝑥𝑖 = 𝑣𝑖 can be discarded).

Furthermore, it has been proved [Ignatiev et al. 2020] that
(i) a set X ⊆ F is an AXp if and only if it is a minimal
hitting set (MHS) of the set of CXp’s; and (ii) a set Y ⊆ F
is a CXp if and only if it is an MHS of the set of AXp’s. This
property is referred to as MHS duality, and can be traced
back to the seminal work of R. Reiter [Reiter 1987] in model-
based diagnosis. Moreover, MHS duality has been shown to
be instrumental for the enumeration of AXp’s and CXp’s,
but also for answering other explainability queries [Marques-
Silva 2022].

For the running example, and since it is feasible to repre-
sent the function with a truth table, then there exist polyno-
mial-time algorithms (on the size of the truth-table) for com-
puting all AXp’s and all CXp’s [Huang and Marques-Silva
2023]. This is illustrated in Figure 2. Table 1 illustrates how
each set is analyzed when computing AXp’s or CXp’s.

Formal explainability has made significant progress in re-
cent years, covering a wide range of topics of research. [Marques-
Silva 2022] represents a recent overview of the progress in the
emerging field of formal explainability.

2.3 Shapley Values in Explainability
Shapley values were proposed in the 1950s, in the con-

text of game theory [Shapley 1953], and find a wealth of
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S rows picked by S 𝜅 (x) = 𝑐? S is AXp? F \ S rows picked by F \ S 𝜅 (x) ≠ 𝑐? S is CXp?

∅ 1..16 No {1, 2, 3, 4} 1 No
{1} 1,2,3,4,5,6,7,8 No {2, 3, 4} 1,9 No
{2} 1,2,3,4,9,10,11,12 No {1, 3, 4} 1,5 Yes Yes
{3} 1,2,5,6,9,10,13,14 No {1, 2, 4} 1,3 Yes Yes
{4} 1,3,5,7,9,11,13,15 No {1, 2, 3} 1,2 Yes Yes
{1, 2} 1,2,3,4 No {3, 4} 1,5,9,13 Yes
{1, 3} 1,2,5,6 No {2, 4} 1,3,9,11 Yes
{1, 4} 1,3,5,7 No {2, 3} 1,2,9,10 Yes
{2, 3} 1,2,9,10 No {1, 4} 1,3,5,7 Yes
{2, 4} 1,3,9,11 No {1, 3} 1,2,5,6 Yes
{3, 4} 1,5,9,13 No {1, 2} 1,2,3,4 Yes
{1, 2, 3} 1,2 No {4} 1,3,5,7,9,11,13,15 Yes
{1, 2, 4} 1,3 No {3} 1,2,5,6,9,10,13,14 Yes
{1, 3, 4} 1,5 No {2} 1,2,3,4,9,10,11,12 Yes
{2, 3, 4} 1,9 Yes Yes {1} 1,2,3,4,5,6,7,8 Yes
{1, 2, 3, 4} 1 Yes ∅ 1..16 Yes

Figure 2: Computing AXp’s/CXp’s for the example DT and instance ( (0, 0, 0, 0), 0). All subsets of features are considered. For
computing AXp’s, and for some set S, the features in S are fixed to their values as dictated by v. The picked rows are the rows
consistent with those fixed values. For example, if S = {2, 3, 4}, then only rows 1 and 9 are consistent with having features 2, 3 and
4 assigned value 0. Similarly, for computing CXp’s, and for some set S, the features in F \ S are fixed to their values as dictated
by v. The picked rows are again the rows consistent with those fixed values. For example, if S = {2}, then F \ S = {1, 3, 4}, and so
only rows 1 and 5 are consistent with having features 1, 3 and 4 assigned value 0. An AXp is an irreducible set of features that is
sufficient for the prediction. In this example, only {2, 3, 4} respects the criteria. Moreover, a CXp is an irreducible set of features
which, if allowed to take any value from their domain, the prediction changes. For this example, {2}, {3} and {4} respect the criteria,
i.e. by only changing one of these features, we are able to change the prediction.

S Template Rows Points Value 𝜅 (x) = 𝑐?

{2, 3} (𝑥1, 0, 0, 𝑥4)

1 (0, 0, 0, 0) 0

No2 (0, 0, 0, 1) 1
9 (1, 0, 0, 0) 0
10 (1, 0, 0, 1) 0

{1, 2, 4} (0, 0, 𝑥3, 0)
1 (0, 0, 0, 0) 0 No3 (0, 0, 1, 0) 1

{2, 3, 4} (𝑥1, 0, 0, 0)
1 (0, 0, 0, 0) 0 Yes9 (1, 0, 0, 0) 0

Table 1: Examples of how each set is analyzed when computing
AXp’s. For CXp’s, a similar approach is used.

uses [Roth 1988]. More recently, Shapley values have been
extensively used for explaining the predictions of ML mod-
els, e.g. [Chen et al. 2019; Datta et al. 2016; Lipovetsky
and Conklin 2001; Lundberg and Lee 2017; Merrick and
Taly 2020; Slack et al. 2021; Strumbelj and Kononenko 2010,
2014; Watson 2022], among a vast number of recent exam-
ples (see [Huang and Marques-Silva 2023] for a more com-
prehensive list of references). Shapley values represent one
example of explainability by feature attribution, i.e. some
score is assigned to each feature as a form of explanation.
The complexity of computing Shapley values (as proposed in
SHAP [Lundberg and Lee 2017]) has been studied in recent
years [Arenas et al. 2021a,b; den Broeck et al. 2021, 2022].

This section provides a brief overview of how Shapley val-
ues for explainability are computed. Throughout, we build
on the notation used in recent work [Arenas et al. 2021a,b],
which builds on the work of [Lundberg and Lee 2017].

Let Υ : 2F → 2F be defined by,

Υ(S; v) = {x ∈ F | ∧𝑖∈S 𝑥𝑖 = 𝑣𝑖 } (8)

i.e. for a given set S of features, and parameterized by the
point v in feature space, Υ(S; v) denotes all the points in
feature space that have in common with v the values of the
features specified by S. Observe that Υ is also used (implic-
itly) for picking the set of rows where are interested in when
computing explanations (see Table 1).

Also, let 𝜙 : 2F → R be defined by,

𝜙 (S;M, v) = 1

2 |F\S |

∑
x∈Υ (S;v) 𝜅 (x) (9)

Thus, given a set S of features, 𝜙 (S;M, v) represents the av-
erage value of the classifier over the points of feature space
represented by Υ(S; v). The formulation presented in ear-
lier work [Arenas et al. 2021a,b] allows for different input
distributions when computing the average values. For the
purposes of this paper, it suffices to consider solely a uni-
form input distribution, and so the dependency on the input
distribution is not accounted for.

Table 2 illustrates how the average value is computed for
two concrete sets of features. For example, if S = {1, 4}, then
features 1 and 4 are fixed to value 0 (as dictated by v).
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S Template Υ(S; v) Rows 𝜙 (S)

{1, 4} (0, 𝑥2, 𝑥3, 0)

{(0, 0, 0, 0),
(0, 0, 1, 0),
(0, 1, 0, 0),
(0, 1, 1, 0)}

{1, 3, 5, 7} 2/4

{3, 4} (𝑥1, 𝑥2, 0, 0)

{(0, 0, 0, 0),
(0, 1, 0, 0),
(1, 0, 0, 0),
(1, 1, 0, 0)}

{1, 5, 9, 13} 1/4

Table 2: Computation of average values. Rows represents the num-
bers of rows to consider when computing the average value.

We then allow all possible assignments to features 2 and 3,
obtaining Υ({1, 4}) = {(0, 0, 0, 0), (0, 0, 1, 0), (0, 1, 0, 0), (0, 1, 1, 0)}.
To compute 𝜙 (S), we sum up the values of the rows of the
truth table indicated by Υ(S), and divide by the total num-
ber of points, which is 4 in this case.

To simplify the notation, the following definitions are used
throughout,

Δ(𝑖,S;M, v) = (𝜙 (S ∪ {𝑖};M, v) − 𝜙 (S;M, v)) (10)
𝜍 (S;M, v) = |S|!( |F| − |S| − 1) !/|F|! (11)

Finally, let Sv : F → R, i.e. the Shapley value for feature
𝑖, be defined by,

Sv(𝑖;M, v) =
∑

S⊆(F\{𝑖 }) 𝜍 (S;M, v) × Δ(𝑖,S;M, v) (12)

Given an instance (v, 𝑐), the Shapley value assigned to each
feature measures the contribution of that feature with re-
spect to the prediction. A positive/negative value indicates
that the feature can contribute to changing the prediction,
whereas a value of 0 indicates no contribution.

Besides the polynomial-time computation of Shapley val-
ues for deterministic decomposable boolean circuits [Arenas
et al. 2021b], for functions represented by truth tables, there
exist polynomial-time algorithms (on the size of the truth ta-
ble) for computing the Shapley values [Huang and Marques-
Silva 2023]. This is illustrated in Figure 3.

It should be noted that both formal explanations (i.e.
AXp’s and CXp’s) and Shapley values look at a prediction
given a point v in feature space, but consider the function’s
behavior across all points that are consistent with the val-
ues dictated by v. Additional similarities exist. Both formal
explanations and Shapley values look at sets of features to
fix, and then analyze all the points consistent with the fixed
features. However, while formal explanations look at some
of those sets of features to fix, Shapley values will analyze
all possible subsets.

The use of Shapley values in explainability have been jus-
tified by significant claims. We illustrate some of the claims
stated in earlier work [Strumbelj and Kononenko 2010]:
• “According to the 2nd axiom, if two features values have

an identical influence on the prediction they are assigned
contributions of equal size. The 3rd axiom says that if a
feature has no influence on the prediction it is assigned a
contribution of 0.”

(Note: the axioms above refer to the axiomatic character-
ization of Shapley values in [Strumbelj and Kononenko
2010].)

• “When viewed together, these properties ensure that any
effect the features might have on the classifiers output
will be reflected in the generated contributions, which
effectively deals with the issues of previous general expla-
nation methods.”
Given the above, one would expect a direct correlation

between a feature’s importance and the absolute value of its
Shapley value. As the rest of the paper shows, this is not the
case.

3 Feature (Ir)relevancy
Given (6) and (7), we can aggregate the features that oc-

cur in AXp’s and CXp’s:

FA(E) =
∪

X∈A(E) X (13)

FC(E) =
∪

Y∈C(E) Y (14)

Moreover, MHS duality between the sets of AXp’s and CXp’s
allows proving that: FA(E) = FC(E) . Hence, we just refer to
FA(E) as the set of features that are contained in some AXp
(or CXp).

A feature 𝑖 ∈ F is relevant if it is contained in some AXp,
i.e. 𝑖 ∈ FA(E) = FC(E) ; otherwise it is irrelevant, i.e. 𝑖 ∉
FA(E)3. We will use the predicate Relevant(𝑖) to denote that
feature 𝑖 is relevant, and predicate Irrelevant(𝑖) to denote that
feature 𝑖 is irrelevant.

Relevant and irrelevant features provide a fine-grained
characterization of feature importance, in that irrelevant fea-
tures play no role whatsoever in prediction sufficiency. In
fact, if 𝑝 ∈ F is an irrelevant feature, then we can write:

∀(X ∈ A(E)) .∀(𝑢𝑝 ∈ D𝑝 ).∀(x ∈ F).[∧
𝑖∈X (𝑥𝑖 = 𝑣𝑖 ) ∧ (𝑥𝑝 = 𝑢𝑝 )

]
→(𝜅 (x) = 𝜅 (v)) (15)

The logic statement above clearly states that, if we fix the
values of the features identified by any AXp then, no matter
the value picked for feature 𝑝, the prediction is guaranteed
to be 𝑐 = 𝜅 (v). The bottom line is that an irrelevant feature
𝑝 is absolutely unimportant for the prediction, and so there
is no reason to include it in a logic rule consistent with the
instance.

For the example DT, we have that A(E) = {{2, 3, 4}} and
that C(E) = {{2}, {3}, {4}}, i.e. the explanation problem has
one AXp and three CXp’s. (Recall that the computation of
both AXp’s and CXp’s is summarized in Figure 2.) As ex-
pected, FA(E) = FC(E) = {2, 3, 4}. Hence, we conclude that
feature 1 is irrelevant, and that features 2, 3 and 4 are rele-
vant. Observe that no AXp/CXp includes feature 1. For any
AXp X this means that, adding feature 1 to X, when fea-
ture 1 is assigned any value from its domain D1, would not
change the prediction.
3It should be noted that feature relevancy is tightly related with the
concept of relevancy studied in logic-based abduction [Eiter and Got-
tlob 1995].
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S rows for S rows for S ∪ {1} 𝜙 (S) 𝜙 (S ∪ {1}) Δ(S) 𝜍 (S) 𝜍 (S) × Δ(S)
∅ 1..16 1..8 3/16 3/8 3/16 0!(4 − 1) !/4! = 1/4 3/64
{2} 1,2,3,4,9,10,11,12 1,2,3,4 2/8 2/4 1/4 1!(4 − 2) !/4! = 1/12 1/48
{3} 1,2,5,6,9,10,13,14 1,2,5,6 2/8 2/4 1/4 1!(4 − 2) !/4! = 1/12 1/48
{4} 1,3,5,7,9,11,13,15 1,3,5,7 2/8 2/4 1/4 1!(4 − 2) !/4! = 1/12 1/48
{2, 3} 1,2,9,10 1,2 1/4 1/2 1/4 2!(4 − 3) !/4! = 1/12 1/48
{2, 4} 1,3,9,11 1,3 1/4 1/2 1/4 2!(4 − 3) !/4! = 1/12 1/48
{3, 4} 1,5,9,13 1,5 1/4 1/2 1/4 2!(4 − 3) !/4! = 1/12 1/48
{2, 3, 4} 1,9 1 0 0 0 3!(4 − 4) !/4! = 1/4 0

Shapley value for feature 1 Sv(1) = 0.1719

S rows for S rows for S ∪ {2} 𝜙 (S) 𝜙 (S ∪ {2}) Δ(S) 𝜍 (S) 𝜍 (S) × Δ(S)
∅ 1..16 1,2,3,4,9,10,11,12 3/16 2/8 1/16 0!(4 − 1) !/4! = 1/4 1/64
{1} 1..8 1,2,3,4 3/8 2/4 1/8 1!(4 − 2) !/4! = 1/12 1/96
{3} 1,2,5,6,9,10,13,14 1,2,9,10 2/8 1/4 0 1!(4 − 2) !/4! = 1/12 0
{4} 1,3,5,7,9,11,13,15 1,3,9,11 2/8 1/4 0 1!(4 − 2) !/4! = 1/12 0
{1, 3} 1,2,5,6 1,2 2/4 1/2 0 2!(4 − 3) !/4! = 1/12 0
{1, 4} 1,3,5,7 1,3 2/4 1/2 0 2!(4 − 3) !/4! = 1/12 0
{3, 4} 1,5,9,13 1,9 1/4 0 −1/4 2!(4 − 3) !/4! = 1/12 −1/48
{1, 3, 4} 1,5 1 1/2 0 −1/2 3!(4 − 4) !/4! = 1/4 −1/8

Shapley value for feature 2 Sv(2) = −0.1198

S rows for S rows for S ∪ {3} 𝜙 (S) 𝜙 (S ∪ {3}) Δ(S) 𝜍 (S) 𝜍 (S) × Δ(S)
∅ 1..16 1,2,5,6,9,10,13,14 3/16 2/8 1/16 0!(4 − 1) !/4! = 1/4 1/64
{1} 1..8 1,2,5,6 3/8 2/4 1/8 1!(4 − 2) !/4! = 1/12 1/96
{2} 1,2,3,4,9,10,11,12 1,2,9,10 2/8 1/4 0 1!(4 − 2) !/4! = 1/12 0
{4} 1,3,5,7,9,11,13,15 1,5,9,13 2/8 1/4 0 1!(4 − 2) !/4! = 1/12 0
{1, 2} 1,2,3,4 1,2 2/4 1/2 0 2!(4 − 3) !/4! = 1/12 0
{1, 4} 1,3,5,7 1,5 2/4 1/2 0 2!(4 − 3) !/4! = 1/12 0
{2, 4} 1,3,9,11 1,9 1/4 0 −1/4 2!(4 − 3) !/4! = 1/12 −1/48
{1, 2, 4} 1,3 1 1/2 0 −1/2 3!(4 − 4) !/4! = 1/4 −1/8

Shapley value for feature 3 Sv(3) = −0.1198

S rows for S rows for S ∪ {4} 𝜙 (S) 𝜙 (S ∪ {4}) Δ(S) 𝜍 (S) 𝜍 (S) × Δ(S)
∅ 1..16 1,3,5,7,9,11,13,15 3/16 2/8 1/16 0!(4 − 1) !/4! = 1/4 1/64
{1} 1..8 1,3,5,7 3/8 2/4 1/8 1!(4 − 2) !/4! = 1/12 1/96
{2} 1,2,3,4,9,10,11,12 1,3,9,11 2/8 1/4 0 1!(4 − 2) !/4! = 1/12 0
{3} 1,2,5,6,9,10,13,14 1,5,9,13 2/8 1/4 0 1!(4 − 2) !/4! = 1/12 0
{1, 2} 1,2,3,4 1,3 2/4 1/2 0 2!(4 − 3) !/4! = 1/12 0
{1, 3} 1,2,5,6 1,5 2/4 1/2 0 2!(4 − 3) !/4! = 1/12 0
{2, 3} 1,2,9,10 1,9 1/4 0 −1/4 2!(4 − 3) !/4! = 1/12 −1/48
{1, 2, 3} 1,2 1 1/2 0 −1/2 3!(4 − 4) !/4! = 1/4 −1/8

Shapley value for feature 4 Sv(4) = −0.1198

Figure 3: Computation of Shapley values for the example DT and instance ( (0, 0, 0, 0), 0). For each feature 𝑖, the sets to consider are
all the sets that do not include the feature. For each set S, we show the rows consistent with the values of the features in S, as
dictated by v. For example, if S = {2, 4}, then the rows of the truth table consistent with having features 2 and 4 assigned value 0
are 1, 3, 9 and 11. The average values are obtained by summing up the values of the classifier in the rows consistent with S and
dividing by the total number of rows. For S = {2, 4}, only row 3 in the truth table takes value 1, and so the average becomes 1/4.
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There are a few notable reasons for why irrelevant features
are not considered in explanations. First, one can invoke Oc-
cam’s razor (a mainstay of ML [Blumer et al. 1987]) and
argue for simplest (i.e. irreducible) explanations. Second, if
irreducibility of explanations were not a requirement, then
one could claim that a prediction using all features would
suffice, and that is never the case. Third, the fact that irrel-
evant features can take any value in their domain without
that impacting the prediction shows how unimportant those
features are.

4 Refuting Shapley Values for Explainability
We now proceed to demonstrate that Shapley values for

explainability can produce misleading information about fea-
ture importance, in that the relative feature importance ob-
tained with Shapley values disagrees with the characteriza-
tion of features in terms of (ir)relevancy. Clearly, information
about feature (ir)relevancy is obtained by a rigorous, logic-
based, analysis of the classifier, and so it captures precisely
essential information about how the classifier’s prediction
depends (or not) on each of the features.

4.1 Misleading Feature Importance
Given the definition of Shapley values for explainability

and of irrelevant features, we show that Shapley values will
provide misleading information regarding relative feature im-
portance, concretely that an irrelevant feature can be as-
signed the largest absolute Shapley value. Evidently, mislead-
ing information will cause human decision makers to consider
features that are absolutely irrelevant for a prediction.

For the example DT, we have argued that feature 1 is
irrelevant and that features 2, 3 and 4 are relevant. (The
computation of AXp’s and CXp’s using a truth table is illus-
trated in Figure 2. Section 3 details how feature (ir)relevancy
is decided.) Furthermore, from Figure 3, we obtain that,

∀(𝑖 ∈ {2, 3, 4}) .|Sv(1) | > |Sv(𝑖) |
Thus, the feature with the largest absolute Shapley value is
irrelevant for the prediction.

One might be tempted to argue that the sign of Sv(1) dif-
fers from the sign of Sv(2), Sv(3), Sv(4), and that that could
explain the reported issue. However, the hypothetical rela-
tionship between the sign of the Shapley values and their
perceived impact of the value of the prediction is a flawed
argument, in that feature 1 plays no role in setting the pre-
diction to 0, but feature 1 also plays no role in changing the
value of the prediction. The results in the next section fur-
ther confirm that the sign of a feature’s Shapley value bears
no direct influence on a (ir)relevancy of a feature.

4.2 Issues with Shapley Values for Explainability
By automating the analysis of boolean functions [Huang

and Marques-Silva 2023], we have been able to identify a
number of issues with Shapley values for explainability, all
of which demonstrate that Shapley values can provide mis-
leading information about the relative important of features.
The list of possible issues is summarized in Table 3. Observe

that some issues imply the occurrence of other issues, e.g. I4
implies I3, and I5 implies I2, among others. Our goal is to
highlight a comprehensive range of problems that the use of
Shapley values for explainability can induce, and so different
issues aim to highlight such problems.

By analyzing all possible boolean functions defined on four
variables, Table 4 summarizes the percentage of functions ex-
hibiting the identified issues. For each possible function, the
truth table for the function serves as the basis for the compu-
tation of all explanations, for deciding feature (ir)relevancy,
and for the computation of Shapley values. The algorithms
used are the ones sketched earlier in the paper, and all run
in polynomial-time on the size of the truth table. For exam-
ple, whereas issue I5, which is exemplified by the example
DT and instance (also, see Section 4.1), occurs in 1.9% of
the functions, issues I1, I2 and I6 occur in more than 55%
of the functions, with I1 occurring in more than 99% of the
functions. It should be noted that the identified issues were
distributed evenly for instances where the prediction takes
value 0 and instances where the prediction takes value 1.
Moreover, it should be restated that the two constant func-
tions were ignored.

4.3 Verdict & Justification
First, it should be plain that any of the issues described

in Table 3 should be perceived as problematic in terms of
assigning relative importance to features, with some issues
serving to confirm the existence of misleading relative feature
importance. This is the case with issues I2, I4, I5 and I7.
However, assigning a Shapley value of 0 to a relevant feature
or assigning non-zero Shapley value to an irrelevant feature
will also cause human decision makers to overlook important
features, or to analyze unimportant features. Such cases are
also covered by the remaining issues.

Second, and as the results of the previous two sections
amply demonstrate, the concept of Shapley values for ex-
plainability is fundamentally flawed. Furthermore, any ex-
plainability tool whose theoretical underpinnings are Shap-
ley values for explainability is also fundamentally flawed.

Third, given the similarities between the computation of
abductive and contrastive explanations and Shapley values
for explainability, an immediate question is: why do Shapley
values for explainability produce misleading measures of rel-
ative feature importance? It seems apparent that, whereas
in the original definition of Shapley values for game the-
ory, all coalitions are acceptable, this is not the case with
explainability, i.e. some sets of features should not be con-
sidered when assigning importance to a feature. Thus, one
reason that causes Shapley values to produce misleading in-
formation is the fact that some disallowed set of features are
accounted for.

5 Discussion
This paper presents a simple argument demonstrating that

Shapley values for explainability can produce misleading in-
formation regarding relative feature important. A number of
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Issue Condition

I1 ∃(𝑖 ∈ F ) .[Irrelevant(𝑖) ∧ (Sv(𝑖) ≠ 0)]
I2 ∃(𝑖1, 𝑖2 ∈ F ) .[Irrelevant(𝑖1) ∧ Relevant(𝑖2) ∧ (|Sv(𝑖1) | > |Sv(𝑖2) |)]
I3 ∃(𝑖 ∈ F ) .[Relevant(𝑖) ∧ (Sv(𝑖) = 0)]
I4 ∃(𝑖1, 𝑖2 ∈ F ) .[Irrelevant(𝑖1) ∧ (Sv(𝑖1) ≠ 0)] ∧ [Relevant(𝑖2) ∧ (Sv(𝑖2) = 0)]
I5 ∃(𝑖 ∈ F ) .[Irrelevant(𝑖) ∧ ∀(1 ≤ 𝑗 ≤ 𝑚, 𝑗 ≠ 𝑖) .|Sv(𝑖) | > |Sv( 𝑗) |]
I6 ∃(𝑖1, 𝑖2 ∈ F ) .[Irrelevant(𝑖1) ∧ Relevant(𝑖2) ∧ (Sv(𝑖1) × Sv(𝑖2) > 0)]
I7 ∃(𝑖1, 𝑖2 ∈ F ) .[Irrelevant(𝑖1) ∧ Relevant(𝑖2) ∧ (|Sv(𝑖1) | > |Sv(𝑖2) |) ∧ (Sv(𝑖1) × Sv(𝑖2) > 0)]

Table 3: Identified potential issues with Shapley values

Metric Value

# of functions 65534
# number of instances 1048544

# of I1 issues 781696
# of functions exhibiting I1 issues 65320
% functions exhibiting I1 issues 99.67

# of I2 issues 105184
# of functions exhibiting I2 issues 40448
% functions exhibiting I2 issues 61.72

# of I3 issues 43008
# of functions exhibiting I3 issues 7800
% functions exhibiting I3 issues 11.90

# of I4 issues 5728
# of functions exhibiting I4 issues 2592
% functions exhibiting I4 issues 3.96

# of I5 issues 1664
# of functions exhibiting I5 issues 1248
% functions exhibiting I5 issues 1.90

# of I6 issues 109632
# of functions exhibiting I6 issues 36064
% functions exhibiting I6 issues 55.03

# of I7 issues 11776
# of functions exhibiting I7 issues 7632
% functions exhibiting I7 issues 11.65

Table 4: Results over all 4-variable boolean functions. The two
constant functions were discarded, since 𝜅 is required not to be
constant.

potential issues with Shapley values for explainability has
been identified, and shown to occur rather frequently in
boolean classifiers. It is therefore plain that the continued
use of XAI approaches based on Shapley values (see [Huang
and Marques-Silva 2023] for additional references) in high-
risk domains will inevitably cause human decision makers to
assign importance to unimportant features, and to overlook
important features. Evidently, such uses of Shapley values
for explainability are bound to have unwanted grave conse-
quences.

If exact computation of Shapley values for explainabil-
ity yields misleading information regarding relative feature

importance then, evidently, any XAI tool that claims to ap-
proximate Shapley values for explainability, e.g. SHAP and
variants [Chen et al. 2022; Lundberg et al. 2020; Lundberg
and Lee 2017], cannot guarantee not produce misleading rel-
ative feature importance.

More importantly, it should be underlined that our re-
cent experimental results [Huang and Marques-Silva 2023]
suggest little to no correlation between exact Shapley val-
ues and the results produced by SHAP [Lundberg and Lee
2017]. To put it bluntly, a flawed approximation of a flawed
concept does not offer any guarantees whatsoever regarding
the rigor of that flawed approximation at estimating feature
attribution values. Evidently, the continued practical use of
tools that approximate Shapley values is also bound to have
unwanted grave consequences.

Given the demonstrated inadequacy of Shapley values for
explainability, a natural line of research is whether an al-
ternative metric could be devised which respects feature
(ir)relevancy. Although recent work proposed a possible met-
ric [Huang and Marques-Silva 2023], it is unclear how it could
be related with Shapley values for explainability.
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