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A third derivative test for mean values of

exponential sums

with application to lattice points problems

by O. Robert and P. Sargos

1. Introduction and statement of the result

1.1 Third derivative test for exponential sums
Let M be a large integer (say M > 10) and X be a small positive number (say 0 < A < 1/10).
Let f:[1,M] — R be a C? function which satisfies Van der Corput’s hypothesis :
A f(z) <\ for 1 <o < M, (1-1)

where the Vinogradov’s symbol u < v means that v is positive and that we have |u| < Cv for
some positive absolute constant C.

The exponential sum Sy = Zn]\le e(f(m)), where we have set e(z) = e?™* can be bounded by

means of Van der Corput’s classical « third derivative test» (cf [1], Theorem 2.6) :

SM < M}\1/6+M3/4+M1/4)\71/4. (12)

For «short ) exponential sums (say M < A~2/3), this bound has been sharpened into :
Sar < MAYS - \=1/3, (1-3)

independently by Gritsenko [3] and the second author [8]. But the exponent 1/6 in (1-2) has never
been improved, even for «long ) exponential sums (say M > A~1). In fact, the second author has
conjectured [9] that the bound :

Sy < MY, (1-4)

whenever f satisfies (1-1), under the restriction M > A~!, does not hold for any ¥ > 1/6.
1.2 Third derivative test for the distribution of fractional parts

Now, we consider the analogous problem in terms of fractional parts. For any real x, we set
Y(z) = {z} — 1/2. We introduce the sum :

e = 0 (f(m)). (1:5)

Giving upper bounds for 7,/ is the key point in many lattice points problems (cf [6], [1], [4]). For
instance, under the assumption (1-1), one deduces from (1-3) :

T € MAYT 4 X713, (1-6)
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and, without additional hypothesis, nothing more is known.

As above, the question whether the exponent 1/7 can be increased(at least under some restrictions
on the relative size of M and \) arises naturally. For comparison, in the same problem, but with
the second derivative instead of the third one, the corresponding exponent is 1/3 and a counter-
example, due to Grekos [2], shows that, even in a much weaker problem, this last exponent can
never be increased.

The aim of this paper is to show that the exponent 1/7 can be increased to 3/19. This is a
consequence of a slightly more general problem that we describe now.

1.3 A third derivative test for mean values of exponential sums

Let f, M, X be as above. Let H be a positive integer. We consider the following mean value of

exponential sums :
2H

1 h
S=5 D | D el fm))], (17)
h=H+1 |m=1
where the integers M}, satisfy : 1 < M), < M for each h € [H 4+ 1,2H].
A rough application of (1-3) yields the bound :
S <« MAY6 4 \7V/3, (1-8)
Our main result may be stated as follows :
Theorem 1. With the above notations, and assuming (1-1), we have :
MAY/S 1/5 3/4 -1/3
S<<€ME<H1/9+M)\/+M/>+)\ /3, (1-9)

Here and in the sequel, the notation <. means that the bound holds for each ¢ > 0 and that
the implied constant depends at most on € and on the previous implied constants.

The proof relies on the same mean value theorem for quadruple exponential sums as in [7]. But
this one works much stronger here, because the phase function in (1-7) is now linear in h. In return,
the optimization, with respect to the various parameters introduced in the proof, becomes intricate.

From Theorem 1, we derive our main application in a standard way :

Theorem 2. If we assume (1-1), we have :

M
ST U(F(m) e MIFENI o ppRArE 3T, (1-10)

m=1

Remark The problem of giving upper bounds for Zi\,{:l ¥(f(m)) is mostly studied with more
hypotheses on f, namely under the hypotheses of the method of exponent pairs (cf [1], §3.3).
All best results up to day have been obtained by Huxley (cf [4], §18.5), combining deep methods
stemmed from Bombieri and Iwaniec’s method, and are summed up in tables 18.1 of [4].

If we restrict our Theorem 2 to such functions, then our bound (1-10) is not entirely contained
in Huxley’s result : our bound is slightly better when « is close to 1.450 in table 18.1 of [4].

Moreover, additional hypotheses on f would yield stronger estimations in the «second spacing
problem » with corresponding improvement in Theorem 1 and Theorem 2. This will be done by
the first author in a forthcoming paper.

NOTATIONS

We only use classical notations :
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u < v or u = O(v) means that u is a complex number, v is a positive number and that there
exists an absolute constant C' which depends at most on previous constants such that we have
lul < Cv;

u < v or u = Og(v) means furthermore that the bound holds for each ¢ > 0 and that the
constant C' may depend on €.

u < v means that we have both u < v and v < w.

We denote by ||z|| the distance of = to the nearest integer.

The symbol O means that the proof is finished or has been omitted.

The function ¢ is defined on R by the formula ¢ (t) = {t} — 1/2 = ¢ — [t| — 1/2, where [t] is the
integer part of ¢, and {¢} is the fractional part of .

2. Lemmas stemmed from the previous paper

Our method is quite similar to that of our previous paper [7]. We sum up the exact results we
need by means of independent lemmas.

2.1 A Diophantine system

Let R,Q, H, N be positive integers and ¢ be a positive number. We denote by N (R, Q, H, N; )
the number of integers points (71,72, q1,q2, h1, ha,n1,n2) € Z8, lying in the domain :

{O<m<R, Q<|g| <2Q,H<h;<2H, 1<n; <N 21)

fori=1,2, and q1q2 > 0
and satisfying the system of two equations and an inequality :
T =T2
rint + higr = rang + hago (22)
Irini + 2higina + higi — (ron3 + 2hagons + hags)| < SHQ?

Lemma 1. If we suppose R < H/2, we have the bound :

N(R,Q,H,N;5) <. (RQHN)""(1 +6Q).

This is Theorem 2 of [7]. O

2.2 The «second spacing lemma »

According to Huxley’s terminology [4], the double large sieve method for exponential sums uses
two spacing lemmas. Here, the first one is Lemma 1, and the second one is the following.

Let f : [I,M] — R be a C3 function. We set B = B(R,Q,H,N;f) = the number of
(m1,mso) € {1,2,..., M}? which satisfy the system of three inequalities :

|f"(m1) — f"(m2)] < (QN)™*
(£ (m1) — f'(m2))/H| < (HQ)™" (2:3)
[(f(m1) — f(m2))/H| < R}

Lemma 2. We suppose that the hypothesis (1-1) is satisfied. We then have

M log M

M .
B < 375N T o

(2:4)

The proof of (2-4) goes as in step 6 in section 4 of [7]. We note that this proof does not use the
third inequality of (2-3). More hypotheses on f would yield a better bound in (2-4) and thus would
improve Theorem 1 and Theorem 2.

2.3 The main inequality
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Let f:[1,M] — R be a C® function that satisfy (1-1) and let H > 2 be an integer. We want to
bound S, where S is defined in (1-7).

For this, we choose integer parameters R, @), N which satisfy

1I<SR<H/2, 1<Q<N< N3 RN < HQand MQA > 1. (2-5)

Lemma 3. With the above hypotheses and notations we have the bound

+ M(QN)Y* (E)M + (Mgl)l/z + (MN)1/2> : (2:6)

(@R

S<<€M€<

where we have set B = B(R,Q, H,N; f) and

M=

1 R
Sl:ﬁz
r=1

e<};f<m>>| . (27)

m=1

Proof a) We want to bound

h=H+1 |m=1

But we may suppose that My = M for each h thanks to Lemma 5.2.3 of [4] and we have only to
pay a factor log M. From now on, we suppose that M, = M for each h.

b) We write
| 2 Mo
S= 13 a) Y el m))
h=H+1 m=1

where a(h) is some complex number of modulus 1, and we apply van der Corput’s lemma A x A
(cf [7], Lemma 1) to the above double sum and we get :

M MSIN\'Y?  (MSN\Y? MSs N\
S<<(QR)1/2+(Q> +(R +lagr) M7

where we have set

5= g 23

q#0 h

S el (flm+a) - f(m)))|

m

and

L h h+r
S3 = Z Z Z Z b(T, q, h)e(ﬁf(m + Q) - H f(m))

0<[r|<R0<|q|<Q h=H+1 m=Q+1

and where 57 is defined as in (2-7). The coefficients b(r, g, h) are complex numbers of modulus at
most one ; the term O(M'/2Q'/?) in the above inequality comes from the O(Q) values of m which
are not counted in Ss.

We apply van der Corput’s inequality (cf [1], Theorem 2.2) to bound the exponential sum in Sy
and we get, :

Sy << M(QN)Y? 4+ (QN) Y2 < M(QN)Y/?

‘We have

Mo M@QNYE (MS\Y? MSs\ P
S < GrE Tt (RQUQ +(Q1> +(HQ;%> +MY2QV? (28)
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c¢) Now, we have to give a bound for S5. We get a new variable by applying Weyl’s shift on the
variable m :

1 M—-Q-N

S < > ZZZZbrq, (m+q+n)—Lf(m+n))+RQHN.

m=Q+1 |r#0q¢#0 h n=1

By Taylor’s formula, we can write

f'(m)
H

B fm -+t m) L m ) = L pm) +

f”( )
2H

(hg —rn)

(hq2 + 2hq’ﬂ - Tnz) + SDm(T, q, h’a Tl)

The condition «1 < Q@ < N < A™Y/3) in (2-5) implies that the term ,,(r,q, h,n) is small
enough and can be removed by a four-dimensional summation by parts without cost as in Lemma
2 of [7]. Splitting the summation on ¢ according to its size, we finally get the inequality :

M—-Q—-N

< TSy Y S Y

m=Q+1 | r#0 Q1<|q|<2Q1 h=H+1n=1

L Lm)
2H

f'(m)

g Fm) + 7

where the complex numbers ¢(r, ¢, h,n) have modulus at most one.

d) We conclude by applying the Bombieri and Iwaniec’s double large sieve to the above sum
which is of the form :

ST N alm)e(r,q, hon)e (i yqu,hn)>.

m r,q,h,n

Thus, by lemma 7.5 of [1], or Lemma 5.6.6 of [4], we get
log M

Sy < ———BY*(MARHQ*N)'/? R,Qy,H,N; 1/2
3K ( Q°N) \18?2 N(R, Q1 M)\QQ)
If we apply Lemma 1 and if we take (2-5) into account, we finally obtain :
Sy <. RQ*?HMY?\1/2BY2 L RQHN. (2:10)
We take back (2-10) into (2-8), and this gives (2-6). O

Remark We have somewhat condensed the proof of Lemma 3. The reader interested in more
details should refer to §4 of [7]. However, Lemma 3 is not exactly contained in [7].

As we have said above, an improvement of Lemma 2 is still possible with more hypotheses on f.
But, if we only suppose (1-1), Lemma 2 seems to be best possible. The following lemma follows at
once from Lemma 2 and Lemma 3.

Lemma 4. We suppose that the hypotheses of Lemma 3 are satisfied and we suppose furthermore
that

ANHQ?N > 1. (2-11)
We then have

1/2
S <. M® ( M(QNV* + (Msl> + (MN)1/2> . (2:12)

M
QR " Q

O
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3. Proof of Theorem 1

We split the proof of Theorem 1 into two steps. In the first one, we use Lemma 4 to get a slightly
weaker form of Theorem 1. In the second one, we use the above result to bound S; in Lemma 4.
This means that Lemma 4 is iterated once to prove Theorem 1.

3.1 An intermediate step

Lemma 5. Let f : [I,M] — R a C® function which satisfies (1-1). We define S as in (1.7). We

then have :
MXY/S 13/66 3/4 1/3
S <. M*° (H1/9+MA +M/>+/\‘ . (3-1)

Proof a) We suppose firstly that M < A~2/3. Then Lemma 5 is not stronger than (1-3). Indeed,
by (1-3), we have
S < MNVE 4+ XT3 < M/ 4 NTB

and this is better than (3-1).
b) We set Hy = A73/11 and we suppose now that

M > 2723 and 10 < H < Hy (3-2)

In Lemma 4, we fix the size of the parameters R, Q, N :

R=H*3 Q=X "Y3H4% £ (MN™!, N=<X\"V3H Y (M)~ (3-3)

For this choice of R, @, N, it is easy to see that all conditions in (2-5) and (2-11) are satisfied, so
that Lemma 4 may be applied :

M1+a M1+asl 1/2
S M1+5 A 1/4 MN 1/2+¢
< T+ MU+ (e g (S
and thus s
M1+5)\1/6 M1+551
S e =g + M+ (Q > : (3-4)
with
1 L& T
o= 33|32 e sm)|
By (1-3), we get
BN /6 7\ /3
M| — — .
5 < ( i ) " ( RA)
We recall that Q~'/? < min (A1/6H2/9, (M)\)l/z), so that we have
1/2
(qul) < MAYAHTS 4 MAY3HJ' <« MAIB/66,
We take back this bound into (3-4) and we recover (3-1).
¢) We suppose now that
M > \"2/3 and H > H,. (3-5)
We choose our parameters as follows :
H _ _
Rx—— Q=X'Y3H 4 (M), N< " V3a Y 4 (MmN~ (3-6)

HY3
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Conditions (2-5) and (2-11) are again satisfied, and Lemma 4 yields
S . MUFENIB/66 4 pr3/dte.
This completes the proof of Lemma 5. O

3.2 Proof of Theorem 1

Let f : [1, M] — R be a C? function which satisfies (1-1). and let S be defined by (1-7). We have
to prove that
M1+5)\1/6
H1/9
As in the proof of Lemma 5, we may suppose that M > A~2/3. We split the proof into two cases.
a) We set Hy = A3/10 and we assume that
M > \"2/3and 10 < H < H,. (3-8)

S <. +M3/4+€+M1+8)\1/5+)\_1/3. (37)

In order to apply Lemma 4, we introduce the parameters R, @, N and we fix their size as in (3-3).
the conditions (2-5) and (2-11) are satisfied and we get (3-4) as in the previous proof.

The difference with the proof of Lemma 5 occurs here. Instead of (1-3), we use Lemma 5 to
bound S7.

1 el r
S1 = E; mzde(ﬁf(m))
2R, M
R1 1 T R1
log M L = — x —
S BER R R T:%:H mz::le(}z1 . Hf(m))‘
Ry o (RyH™INYS) Ry _ R, [ H\Y?
=M +e =M +e R H 1)\ 13/66 M3/4+€ -
<5 71%}/9 + 0 (R1 ) + + VA

In each term of the above formula, R, appears only with positive exponent so that we may take

Rl =R= H2/3 :

M1+s)\1/6 M1+s>\13/66
[7/54 + []13/198
As we have chosen Q = M "Y3H=%9 4 (MMN)~!, we may write Q~'/2 < AVSH?/9 or

QY2 < (NV3HAY)EB(MNYE = MYENVAHYS or Q12 < (MX)Y/2, so that we have

51 e + M3/Ate +H1/9)\*1/3,

1/2
Mgi;s;l/ o MUFENVAFIT/I08 | g pite \35/182 r25/132 | £ rlbe \L/AF1/6 4 prite \1/3 /8
<o MUENVARLS
<. M+EAL5,
We take back this bound into (3-4), and we recover (3-7) in this case.

b) We now assume that

M > \"%/3 and H > H;. (3-9)
The size of the parameters R, ) and N must be changed into
R = PEI/?’ Q= \"1VBHMY L (MA)TY, N =< AV3HTYO 4+ (M) (3-10)
Conditions (2-5) and (2-11) are again satisfied and Lemma 4, together with the bound
Ml;?;gjm <. ]\41+e>\1/57

yield
S<<E M3/4+6 +M1+8)\1/5

from which we deduce (3:7). Theorem 1 is now proved. O
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4. Application to lattice points problems

4.1 Fractional parts and exponential sums

Let g : [1, M] — R be any function. The sum

=Y ¥(g(m))

can be expressed in terms of mean values of exponential sums by means of the classical following
lemma, which is a weaker form of Theorem A.6 of [1].

Lemma 6. Let H be any positive integer. We then have

H M
™ K % + ;}ll mz_:le(hg(m))| ) (4-1)
O

4.2 Proof of Theorem 2

We suppose furthermore that ¢ is a C® function which satisfies van der Corput’s hypothesis :
gd"x) =\ 1<z<M (4-2)
and we have to prove that

™ <<E M1+E)\3/19+M3/4+5+)\71/3. (43)

Let H be a positive integer. From Lemma 6, we deduce that

Y | 2R M
™ K T + Z = Z Z e(hg(m))|,
R~ h=R+1|m=1

where R runs over all possible values which are powers of 2 and smaller than H. We are now in a
position to apply Theorem 1. This yields

M )\—1/3
™ <<E ﬁ + E (M1+€R1/18)\1/6 +M1+ER1/5)\1/5 4 M3/4+6 T R1/3 >
R

<. % +M1+6H1/18)\1/6+M1+€H1/5A1/5 +M3/4+E +A—1/3.

The choice of H is determined by Srinivasan’s Lemma (cf [1], Lemma 2.4), that is H =< \~3/19,
and this implies (4-3). O

4.3 Integer points close to a curve

To illustrate our Theorem 1 and Theorem 2 in terms of lattice points, we choose the problem of
integer points close to a curve. Let g : [1, M] — R be any function, and let §(0 < 6 < 1/2) be a
real number. We set

R(g,0) = #{m € {1,2,...., M}||lg(m)|| <} . (4-4)

Two problems can be considered. The first one consists in finding an upper bound for R(g, ¢),
while the second consists in finding the asymptotic behaviour of R(g,d), that is in writing
R(g,6) =2MJ + E, where E is an error term.

4.3.1. An upper bound for R(g,?d)

The problem reduces to exponential sums by means of the following lemma.
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Lemma 7. Let H be a positive integer, H < 6~ '. We then have

M1 M
R(g,0) < — + T Z Z e(hg(m))‘ )

h=1|m=1

Proof : This is a weaker form of Lemma 5.3.2 of [4]. O
Under the assumption
g"(x) =<\, for 1 <x < M, (4-5)
we deduce from (1-3) and Lemma 7
5\ 1/3

R(g,6) < M8 + MY + M?/3 + <A> . (4-6)

For small values of , the method of divided differences yields the better bound (cf [5])

s\ /3
R(g,0) < M3 4 MAYS + (A> : (4-7)

From Lemma 7 and Theorem 1, we deduce at once the following bound.

Corollary 1. If we assume (4-5), we have

5 1/3
R(g,8) <o M+ MMEENY19 4 pp3/4+e 4 (A) .

Proof : By Lemma 7, we reduce the problem to the estimate of exponential sums which depend
on a parameter h. By theorem 1, we arrive at the bound :

R(g,0) <« % 4 MEEAYS FUS A pie\L/S L5 o p3/ake o ()13,

with the restriction 1 < H <« §—L.

We optimize this bound depending on the parameter H as in Srinivasan’s Lemma (cf [1], Lemma
2.4). We get

1/3
R(g,0) <o M5+ MITENY9 4 pp3/4+e (i) 4 M6/ N2/21

because the remaining terms given by Srinivasan’s Lemma are M'T¢\/6 and M5/8+¢ and can be
obviously removed. But the term M6/7t€X2/21 can also be removed ; indeed, we have

M6/7)\2/21 < M6/7A9/133 _ (M3/4)4/7(M)\3/19)3/7 < M3/4 _’_M)\S/lg.
The proof of Corollary 1 is complete. ]

4.3.2 Asymptotic behaviour of R(g,0)

In the next lemma, we reduce the problem of the asymptotic behaviour of R(g, d) into estimating
the sum Z%Zl P(g(m) £ 9).
Lemma 8. Let g: [1, M] — R be any function. Then for any ¢ € [0,1/2], we have

R(g,8) = 2M5 + E (4-8)
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with

M
< .
|E| < 2_1/52%21/2 mZ:li/J(g(m) + 1)

Proof : We set

M
Ro =Y (lg(m)+6] = [g(m) = 9]).

It is easy to see that

We have Ny
Ry =Y ((g9(m)+ 38— {g(m) + 6}) = (g(m) — 9 — {g(m) — ¥}))
" M

= ZmZ_l (6 + 9 — ¢(g(m) + 8) + P(g(m) — V)

=> M(5+9)+E1+ E;
with Ny

Bl < max mzzjlw(g(m) +1)|,

provided that ¢ < 1/2. By letting 9 tend to § 4 0, we recover(4-8). 0

The following Corollary can be deduced at once from Lemma 8 and Theorem 2.

Corollary 2. We assume that (4-5) holds. Then, for any ¢ € [0,1/2[, we have

1]

R(g,6) = 2M5 + O (MIF903/19 1 M¥/44<) 1 O(A1/2),
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